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PREFACE
 

This bookis about implementing functional programming languages using
graph reduction.

Functional languages have becomethe focus of much active research in
recent years (Backus, 1978] [Peyton Jones, 1984], but their acceptance has
been delayed by the inefficiency of their available implementations when
compared with more conventional languages.

This situation has changed recently, with the advent of rather fast imple-
mentations of functional languages such as Cardelli’s ML [Cardelli, 1983],
Fairbairn’s Ponder [Fairbairn, 1982], and the Chalmers Lazy ML compiler
[Johnsson, 1984]. These implementations rival the speed of compilers for
more conventional languages.
There appearto be two main approachestotheefficient implementation of

functionallanguages. Thefirst is an environment-based scheme, exemplified
by Cardelli’s ML implementation, which derives from the experience of the
Lisp community. The otheris graph reduction, a much newertechniquefirst
invented by Wadsworth [Wadsworth, 1971], and on which the Ponder and
Lazy ML implementations are founded. Despite the radical differences in
beginnings, the most sophisticated examples of each approach show remark-
able similarities.
The techniquesof graph reduction are to be found scattered amongstthe

proceedingsof various conferences and workshops,andit is one purpose of
this bookto collect some ofthis work together. The bookis intended to have
two main applications:

(i) As a course text for part of an undergraduate or postgraduate course on
the implementationoffunctional languages.

(ii) As a handbook for those attempting to write a functional language
implementation based on graph reduction.

The materialis presentedin

a

fairly informaltutorial fashion, the idea being to
conveythe framework and someoftheintuitions that will render the original
sources moreaccessible.

Chapters 5 and 7 were written by Philip Wadler, of the Programming
Research Group, Oxford, and Chapter 4 was written in collaboration with

xvii



One
 

INTRODUCTION

This book is about implementing functional programming languages using
lazy graph reduction, and it divides into threeparts.

Thefirst part describes how to translate a high-level functional language

into an intermediate language, called the lambdacalculus,including detailed

coverage of pattern-matching and type-checking. The secondpart begins with

a simple implementation of the lambda calculus, based on graph reduction,
and then develops a numberof refinements and alternatives, such as super-

combinators, full laziness and SK combinators. Finally, the third part

describes the G-machine,a sophisticated implementation of graph reduction,
which provides a dramatic increase in performanceoverthe implementations
describedearlier.

Oneof the agreed advantages of functional languages is their semantic
simplicity. This simplicity has considerable payoffs in the book. Over and
over again we are able to make semi-formal arguments for the correctnessof
the compilation algorithms, and the whole bookhas a distinctly mathematical
flavor ~ an unusual feature in a book about implementations.
Most of the material to be presented has appeared in the published

literature in some form (though somehas not), but mainly in the form of

conference proceedings and isolated papers. References to this work appear
at the end of each chapter.

1.1 Assumptions

This book is about implementations, not languages, so we shall make no

attempt to extol the virtues of functional languages or the functional
programming style. Instead we shall assumethat the readeris familiar with
functional programming; those without this familiarity may find it heavy

1



2 Chapter 1 Introduction
 

going. A brief introduction to functional programming may be found in

Darlington [1984], while Henderson [1980] and Glaseretal. [1984] give more

substantial treatments. Another useful text is Abelson and Sussman [1985]
which describes Scheme,an almost-functional dialect of Lisp..

Anencouraging consensus seems to be emerging in the basic features of

high-level functional programming languages, exemplified by languages such
as SASL [Turner, 1976], ML [Gordonet al., 1979], KRC [Turner, 1982],
Hope [Burstall et al., 1980], Ponder [Fairbairn, 1985], LML [Augustsson,
1984], Miranda [Turner, 1985] and Orwell (Wadler, 1985]. However, for the
sake of definiteness, we use the language Miranda as a concrete example
throughout the book (When used as the nameof a programming language,
‘Miranda’ is a trademark of Research Software Limited.) A brief intro-
duction to Miranda maybe foundin the appendix,but no serious attemptis
madeto givea tutorial aboutfunctional programmingin general, or Miranda

in particular. For those familiar with functional programming, however, no
difficulties should arise.

Generally speaking,all the material of the book should apply to the other

functional languages mentioned, with only syntactic changes. The only

exception to this is that we concern ourselves almost exclusively with the
implementationof languages with non-strict semantics (such as SASL, KRC,

Ponder, LML, Miranda and Orwell). The advantages and disadvantages of

this are discussed in Chapter 11, but it seems that graph reduction is probably

less attractive than the environment-based approach for the implementation

of languages with strict semantics; hence the focus on non-strict languages.

However, somefunctional languagesare strict (ML and Hope,for example),

and while much of the bookis still relevant to strict languages, some of the

material would needto be interpreted with care.
The emphasis throughoutis on an informal approach,aimedat developing

understanding rather than at formalrigor. It would be an interesting task to
rewrite the book in a formal way, giving watertight proofs of correctness at
each stage.

1.2 Part 1: Compiling High-level Functional Languages

It has been widely observed that most functional languagesare quite similar to
each other, and differ more in their syntax than their semantics. In order to

simplify our thinking about implementations,the first part of this book shows

howtotranslate a high-level functional program into an intermediate language
which has a very simple syntax and semantics. Then,in the second and third

parts of the book, we will show how to implementthis intermediate language

using graph reduction. Proceeding in this way allows us to describe graph

reduction in considerable detail, but in a way that is not specific to any

particular high-level language.

The intermediate language into which wewill translate the high-level

Section 1.2 Part I: compiling high-levelfunctional languages 3
 

functional program is the notation of the lambda calculus (Figure 1.1). The

lambdacalculus is an extremely well-studied language, and wegive an intro-

duction to it in Chapter 2.

 

 

a High-level language program |

| Part I

| Program expressed in lambda notation |

 

 

| Parts II and II

 

| Concrete impiementation |
    

Figure 1.1 Implementing a functional program

The lambdacalculusis not only simple,it is also sufficiently expressive to
allow us to translate any high-level functional language into it. However,

translating some high-level language constructs into the lambda notation is

less straightforward thanit at first appears, and the rest of Part I is concerned
with this translation.

Part | is organized as follows. First ofall, in Chapter 3, we define a language

whichis a superset of the lambdacalculus, which wecall the enriched lambda
calculus, The extra constructs provided by the enriched lambdacalculus are
specifically designed to allow a straightforward translation of a Miranda
program into an expression in the enriched lambda calculus, and Chapter3
showshow to perform this translation for simple Miranda programs.

After a brief introduction to pattern-matching, Chapter 4 then extends the
translation algorithm to cover more complex Miranda programs, and gives a

formal semantics for pattern-matching. Subsequently, Chapter 7 roundsout
the picture, by showing how Miranda’s ZF expressions can also be translated

in the same way. (Various advanced features of Miranda are not covered,

such as algebraic types with laws, abstract data types, and modules.)

Muchofthe rest of Part I concernsthe transformation ofenriched lambda
calculus expressionsinto the ordinary lambdacalculus subset, a process which

is quite independent of Miranda. This language-independencewas oneof the

reasonsfor defining the enriched lambdacalculus languagein thefirst place.
Chapter 5 shows how expressions involving pattern-matching constructs may
be transformedto use case-expressions, with a considerable gainin efficiency.

Then Chapter6 showshowall the constructs of the enriched lambdacalculus,
including case-expressions, may be transformed into the ordinary lambda
calculus.

Part I concludes with Chapter 8 which discusses type-checking in general,
and Chapter9 in which a type-checkeris constructed in Miranda.
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1.3 Part ll: Graph Reduction

Therest of the book describes how the lambdacalculus may be implemented
using a techniquecalled graph reduction.Itis largely independentof the later
chapters in Part I, Chapters 2-4 being the essential prerequisites.

Asa foretaste of things to come,we offer the following brief introduction to

graph reduction. Suppose that the function f is defined (in Miranda)like this:

f x = (x + 1) * «x - 1)

This definition specifies that f is a function of a single argument x, which
computes ‘(x + 1) * (x — 1)’. Nowsupposethatwe are required to evaluate

£4

thatis, the function f applied to 4. We can think of the program like this:

/\
f 4

where the @ stands for function application. Applyingf to 4 gives

IN.
/\, J,

(Note: in the main text we will use a slightly different representation for
applications of +, + and —, butthis fact is not significant here.) We may now
execute the addition and the subtraction(in either order), giving

*

5 3

Finally we can execute the multiplication, to give the result

15

From this simple example we canseethat:

(i) Executing a functional program consists of evaluating an expression.
(ii) A functional program has a natural representation as a tree (or, more

generally, a graph).

(iii) Evaluation proceeds by means of a sequence of simple steps, called

reductions. Each reduction performsa local transformation of the graph

(hence the term graph reduction).

(iv) Reductions may safely take place in a variety of orders, or indeed in

parallel, since they cannot interfere with each other.
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(v) Evaluation is complete when there are no further reducible expressions.

Graph reduction gives an appealingly simple and elegant model for the
execution of a functional program, and onethatis radically different from the
execution modelof a conventional imperative language.

Webegin in Chapter 10 by discussing the representation of a functional

program as a graph. The next two chapters form a pair whichdiscussesfirst the
question of deciding which reduction to perform next (Chapter 11), and then

the act of performing the reduction (Chapter 12).
Chapters 13 and 14 introduce the powerful technique ofsupercombinators,

whichis the key to the remainderof the book. This is followed in Chapter 15

with a discussionoffull laziness, an aspect of lazy evaluation; this chapter can
be omitted on first reading since later material does not dependonit.

Chapter 16 then presents SK combinators, an alternative implementation
technique to supercombinators. Hence, this chapter can be understood

independently of Chapters 13-15. Thereafter, however, we concentrate on

supercombinator-based implementations.
Part II concludes with a chapter on garbagecollection.

1.4 Part ill: Advanced Graph Reduction

It may seem atfirst that graph reductionis inherently less efficient than more

conventional execution models, at least for conventional von Neumann

machines. The bulk of Part HI is devoted to an extended discussion of the

G-machine, which shows how graph reduction can be compiled to a form that
is suitable for direct execution by ordinary sequential computers.

In view of the radical difference between graph reduction on the one hand,

and the linear sequenceof instructions executed by conventional machines on

the other, this may seem a somewhatsurprising achievement. This (fairly
recent) developmentis responsible for a dramatic improvementin the speed
of functional language implementations.

Chapters 18 and 19 introduce the main concepts of the G-machine, while
Chapters 20 and 21 are devoted entirely to optimizations of the approach.

The book concludes with three chapters that fill in some gaps, and offer
some pointers to the future.
Chapter 22 introducesstrictness analysis, a compile-time program analysis

method which has been the subject of much recent work, and whichis crucial

to manyofthe optimizations of the G-machine.
Perhaps the major shortcoming of functional programming languages,

from the point of view of the programmer,is the difficulty of estimating the

space and time complexity of the program. This questionis intimately bound
up with the implementation, and we discuss the matter in Chapter 23.

Finally, the book concludes with a chapter on parallel implementations of
graph reduction.
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Two

THE LAMBDA CALCULUS

This chapter introduces the lambdacalculus, a simple language which will be
used throughoutthe rest of the book asa bridge betweenhigh-levelfunctional
languagesand their low-level implementations. The reasons for introducing
the lambdacalculusas an intermediate languageare:

(i) It is a simple language, with only a few, syntactic constructs, and simple
semantics. These properties make it a good basis for a discussion of
implementations, because an implementation ofthe lambdacalculus only
has to support a few constructs, and the simple semantics allows us to
reason about the correctness of the implementation.

(ii) It is an expressive language, which is sufficiently powerful to expressall
functional programs(and indeed,all computable functions). This means
that if we have an implementation of the lambda calculus, we can
implementanyotherfunctional languagebytranslatingit into the lambda
calculus.

In this chapter we focus on the syntax and semantics of the lambdacalculus
itself, before turning ourattention to high-level functional languagesin the
next chapter.

2.1 The Syntax of the Lambda Calculus

Hereis a simple expressionin the lambdacalculus:

(+ 4 5)

All function applications in the lambdacalculus are written in prefix form, so,

9
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for example, the function + precedes its arguments 4 and 5. A slightly more
complex example, showing the (quite conventional) use of brackets,is

(+ (* 5 6) (* 8 3)) -

In both examples, the outermost brackets are redundant, but have been

addedforclarity (see Section 2.1.2).
From the implementation viewpoint, a functional program should be

thoughtofas an expression, whichis ‘executed’ by evaluating it. Evaluation
proceeds by repeatedly selecting a reducible expression (or redex) and

reducingit. In our last example there are two redexes: (* 5 6) and (* 8 3).

The whole expression (+ (* 5 6) (* 8 3))isnotaredex,since a + needs to be

applied to two numbers beforeit is reducible. Arbitrarily choosingthe first
redex for reduction, we write

(+ (* 5 6) (* 8 3)) — (+ 30 (* 8 3)

where the— is pronounced‘reduces to’. Now there is only one redex, (* 8 3),
which gives

(+ 30 (* 8 3)) — (+ 30 24)

This reduction creates a new redex, which we now reduce

(+ 30 24) + 54

Whenthere are several redexes we have a choice of which one to reduce

first. This issue will be addressed laterin this chapter.

2.1.1 Function Application and Currying

In the lambdacalculus, function application is so importantthatit is denoted

by simple juxtaposition; thus we write

fx

to denote ‘the function f applied to the argument x’. How should we express
the application of a function to several arguments? We could use a new

notation, like (f (x,y)), but instead we use a simple and rather ingenious

alternative. To express ‘the sum of 3 and 4’ we write

((+ 3) 4)

Theexpression (+ 3) denotes the function that adds3 to its argument. Thus

the whole expression means‘the function + applied to the argument3, the

result of which is a function applied to 4’. (In common with all functional

programming languages, the lambdacalculus allows a function to return a
functionas its result.)

This device allows us to think of ail functions as having a single argument

only. It was introduced by Schonfinkel[1924] and extensively used by Curry
[Curry and Feys, 1958]; as a result it is known as currying.  
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2.1.2 Use of Brackets

In mathematics it is conventional to omit redundant brackets to avoid

cluttering up expressions. For example, we might omit brackets from the
expression

(ab) + ((2c)/d)
to give

ab + 2c/d

The secondexpressionis easier to read thanthefirst, but thereis a dangerthat
it may be ambiguous.It is rendered unambiguousbyestablishing conventions
about the precedence of the various functions (for example, multiplication
binds moretightly than addition)..

Sometimesbrackets cannotbe omitted, as in the expression:

(b+c)/a

Similar conventions are useful when writing down expressions in the
lambdacalculus. Consider the expression:

(+ 3) 2)

Byestablishing the convention thatfunction application associates to theleft,

we can write the expression more simplyas:

(+ 3 2)

or even

+32

Weperformed somesuch abbreviations in the examplesgiven earlier. As a
more complicated example, the expression:

((f (+ 4) 3) @ x)

is fully bracketed and unambiguous. Following our convention, we may omit
redundantbrackets to make the expression easierto read,giving:

f (+ 4 3) (g x)

No further brackets can be omitted. Extra brackets may, of course, be
inserted freely without changing the meaning of the expression; for example

(f (+ 4 3) @g »))

is the same expression again.

2.1.3 Built-in Functions and Constants

In its purest form the lambdacalculus doesnot havebuilt-in functions such as
+, butourintentionsare practical and so we extend the pure lambdacalculus
with a suitable collection of such built-in functions.
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These include arithmetic functions (such as +, —, *, /) and constants (0, 1,

...), logical functions (such as AND, OR, NOT) and constants (TRUE,
FALSE), and character constants (‘a’, ‘b’,. . .). For example

-54 > 1
AND TRUE FALSE — FALSE

Wealso includea conditional function,IF, whose behavioris described by the

reduction rules:

IFTRUE &, Er > €&

IF FALSE E, Ey — E&;

Wewill initially introduce data constructors into the lambda calculus by
using the built-in functions CONS (short for CONSTRUCT), HEAD and TAIL

(which behave exactly like the Lisp functions CONS, CAR and CDR). The

constructor CONS builds a compound object which can be taken apart with

HEADandTAIL. We maydescribetheir operation by the following rules:

HEAD (CONS ab) > a
TAIL (CONS ab) — b

Wealso includeNIL, the emptylist, as a constant. The data constructors will
be discussed at greater length in Chapter 4.

The exactchoice of built-in functionsis, ofcourse, somewhatarbitrary, and

further ones will be added as the needarises.

2.1.4 Lambda Abstractions

Theonly functionsintroduced so far have been the built-in functions (such as
+ and CONS). However, the lambdacalculus provides a construct, called a
lambda abstraction, to denote new (non-built-in) functions. A lambda
abstractionis a particular sort of expression which denotesa function. Hereis
an exampleof a lambda abstraction:

(Ax . + x 1)

The A says ‘here comesa function’, and is immediately followed bya variable,
x in this case; then comesa . followed by the body ofthe function, (+ x1) in

this case. The variable is called the formal parameter, and we say that the A

binds it. You can think ofit like this:

(A x. + x 1)

t t Tf t ft t
That function of x which adds x to 1

A lambdaabstraction always consists ofall the four parts mentioned: the A,

the formal parameter, the . and the body.  
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A lambda abstraction is rather similar to a function definition in a

conventionallanguage, such as C:

Inc( x )

int x;

{retum( x + 1 );}

The formal parameter of the lambda abstraction corresponds to the formal

parameter of the function, and the body of the abstraction is an expression
rather than a sequence of commands. However, functions in conventional
languages must have a name(such as Inc), whereas lambda abstractions are

‘anonymous’functions.
The bodyof a lambdaabstraction extends as far to the right as possible, so

that in the expression

(Ax. + x 1) 4

the body of the Ax abstraction is (+ x 1), not just +. As usual, we may add

extra bracketsto clarify, thus

(ax.(+ x 1)) 4

When a lambdaabstraction appears in isolation we may write it without any
brackets:

dAx.+ x1

2.1.5 Summary

Wedefine a lambda expressionto be an expressionin the lambdacalculus, and
Figure 2.1 summarizes the forms which a lambdaexpression may take. Notice

that a lambda abstraction is not the same as a lambda expression;in fact the
formeris a particular instance ofthelatter.

 

<exp> :: = <constant> Built-in constants
| <variable> Variable names
| <exp> <exp> Applications
| Xd <variable>.<exp> Lambdaabstractions

This is the abstrdct syntax of lambda expressions. In order to write down
such an expression in concrete form we use brackets to disambiguate its
structure (see Section 2.1.2).

Wewill use lower-case letters for variables (e.g. x, f), and upper-case
letters to stand for whole lambda expressions (e.g. M, E).
The choice of constants is rather arbitrary; we assume integers and

booleans (e.g. 4, TRUE), together with built-in functions to manipulate
them (e.g. AND,IF, +). We also assumebuilt-in list-processing functions
(e.g. CONS, HEAD). :  
 

Figure 2.1 Syntax of a lambda expression (in BNF)
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In what follows we will use lower-case names for variables, and single

upper-case letters to stand for whole lambda expressions. For example we

mightsay ‘for any lambda expression E,. . .,’. We will also write the namesof

built-in functions in upper case, but no confusion should arise.

2.2 The Operational Semantics of the Lambda Calculus

So far we have describedonly the syntax of the lambdacalculus, butto dignify

it with thetitle of a ‘calculus’ we must say howto‘calculate’ with it. We will do

this by giving three conversion rules which describe how to convert one

lambdaexpressioninto another.

First, however, we introduce an importantpiece of terminology.

2.2.1 Bound and Free Variables

Consider the lambda expression

(Ax.+ x y) 4

In order to evaluate this expression completely, we need to know the ‘global’

value of y. In contrast, we do not need to know a ‘global’ value forx,sinceit is

just the formalparameterof the function, so we see that x and y have a rather

different status.
The reasonis that x occurs boundbythe Ax;it is just a ‘hole’ into which the

argument4 is placed when applying the lambda abstraction to its argument.

 

An occurrence of a variable mustbe either free or bound.

Definition of ‘occursfree’ ;
x occurs free in x (but notin any othervariable or constant)

x occurs free in (E F) <= x occurs free in E

or xoccurs free in F

xandy are different variables
and xoccurs free in E

x occurs free in Ay .E <>

Definition of ‘occurs bound’ ;

x occurs boundin (E F) => x occurs bound in E

or xoccurs boundin F

(x and y are the same variable
and x occurs free in E)

or xoccurs bound in E

x occurs boundin Ay.E =>

(No variable occurs boundin an expression consisting of a single constant

orvariable.)

Note: ‘<>’ means‘if andonlyif’    
Figure 2.2 Definitions of bound and free  
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On the other hand, y is not bound by any A, and so occurs free in the

expression. In general, the value of an expression dependsonly on the values
of its free variables.

An occurrence of a variable is bound if there is an enclosing lambda

abstraction which bindsit, and is free otherwise. For example, x and y occur

bound,but z occurs free in this example:

AX. + ((Ay.+ y z) 7) x

Notice that the terms ‘bound’ and ‘free’ refer to specific occurrences of the

variable in an expression. This is because a variable may have both a bound
occurrence and a free occurrence in an expression; consider for example

+ x ((Ax.+ x 1) 4)

in which x occurs free (the first time) and bound (the second time). Each

individual occurrenceofa variable mustbe either free or bound.
Figure 2.2 gives formal definitions for ‘free’ and ‘bound’, which cover the

forms of lambda expression given in Figure 2.1 case by case.

2.2.2 Beta-conversion

A lambdaabstraction denotes a function, so we must describe how to applyit

to an argument. For example, the expression

(Ax.+ x 1) 4

is the juxtaposition of the lambda abstraction (Ax.+ x 1) and the argument4,
and hence denotes the application of a certain function, denoted by the

lambdaabstraction, to the argument 4. The rule for such function application

is very simple:

Theresult of applying a lambdaabstraction to an argumentis an instance of
the body of the lambda abstraction in which (free) occurrences of the
formal parameterin the body are replaced with (copiesof) the argument.

Thus the result of applying the lambda abstraction (Ax.+ x 1) to the
argument4 is

+41

The (+ 4 1) is an instance of the body (+ x 1) in which occurrences of the

formal parameter, x, are replaced with the argument, 4. We write the

reduction using the arrow ‘>’ as before:

(xt x1)4 > +41

This operationis called 8-reduction, and much of this book is concerned with

its efficient implementation. Wewill use a series of examples to show indetail
how f-reduction works.
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2.2.2.1 Simple examples ofbeta-reduction
The formal parameter mayoccurseveraltimesin the body:

Qx.+ xx) 5 > +55
— 10

Equally, there may beno occurrencesofthe formal parameterin the body:

(x.3)5 > 3

In this case there are no occurrencesofthe formal parameter(x) for which the
argument(5) should be substituted, so the argumentis discarded unused.
The body of a lambda abstraction may consist of another lambda

abstraction:

(Ax.(Ay.— y x) 45 — (ayi— y 4) 5
—> -—-54

—> 1
Notice that, when constructing an instance of the bodyof the x abstraction,
we copy the entire body including the embedded ay abstraction (while
substituting for x, of course). Here we see currying in action: the application
of the Ax abstraction returned a function (the Ay abstraction) as its result,
which whenapplied yieldedthe result (— 5 4).

Weoften abbreviate

(Ax. (Ay. E))

to

(Ax. Ay.)

Functions can be argumentstoo:

(Af.f 3) (Ax.+ x 1) —> (ax.+x 1) 3
> +31
> 4

An instance of the Ax abstraction is substituted for f wherever f appears in the
bodyofthe Af abstraction.

2.2.2.2 Naming
Someslight care is needed whenformalparameter namesare not unique. For
example

(Ax. (Ax. + (— x 1)) x 3) 9
—> (Ax.+ (— x 1: 93
> +(-91)3
— 11

Notice that we did not substitute for the innerx in the first reduction, because
it was shielded by the enclosing Ax;thatis, the inner occurrence ofx is not free
in the bodyof the outer Ax abstraction.  
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Given a lambda abstraction (4x.E), how can we identify exactly those
occurrences of x which should be substituted for? It is easy: we should
substitute for those occurrences of x which are free in E, because,if they are
free in E, then they will be bound by the Ax abstraction (Ax.E). So, when
applying the outer Ax abstraction in the above example, we examineits body
(Ax.+ (— x 1)) x 3

andsee that only the second occurrenceofx is free, and hence qualifies for
substitution.

This is why the rule given above specified that only the free occurrences ofthe formalparameterin the bodyare to be substituted for. The nesting of the
scopeofvariablesin a block-structured languageis closely analogousto this
rule.

Hereis another example of the same kind

(Ax. Ay. + x ((AX.— x 3) y) 56
— (Ay.+ 5 ((Ax.— x 3) y)) 6
> +5 ((Ax.— x 3) 6)
—> +5 (- 6 3)
—> 8

Again,theinnerx is not substitutedforin the first reduction,sinceit is not free
in the bodyof the outer Ax abstraction.

2.2.2.3 A larger example
Asa larger example, we will demonstrate the somewhat surprising fact that
data constructors can actually be modelled as pure lambda abstractions. We
define CONS, HEAD and TAIL in the following way:

CONS = (Aa.Ab.Af.f a b)
HEAD = (Ac.c (Aa.Ab.a))
TAIL = (Ac.c (Aa.Ab.b))

These obeythe rules for CONS, HEAD and TAIL given in Section 2.1.3. For
example,

HEAD (CONS p q)
(Ac.c (Aa.Ab.a)) (CONS p q)

— CONS p q (Aa.Ab.a)
= (Aa.Ab.M. fab) pq (Aa. Ab. a)
—> (Ab.Af. f p b) q (Aa.Ab.a)
— (Af. f p q) (Aa.aAb.a)
— (Aa.Ab.a) pq

— (Ab.p) q
> p

This means, incidentally, that there is no essential need for the built-in
functions CONS, HEAD and TAIL, andit turns outthatall the otherbuilt-in
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functions can also be modelled as lambda abstractions. This is rather satis-
fying from a theoretical viewpoint, butall practical implementations support
built-in functions for efficiency reasons.

2.2.2.4 Conversion, reduction and abstraction
WecanusetheB-rule backwards,to introduce new lambda abstractions, thus

+41 <— (Ax.+ x 1) 4

This operation is called B-abstraction, which we denote with a backwards
reduction arrow ‘<—’, B-conversion means f-reduction or B-abstraction, and
we denote it with a double-ended arrow <. Thuswe write

+41 <> (Ax.+ x 1) 4

The arrow is decorated with £ to distinguish 8-conversion from the other
forms of conversion we will meet shortly. An undecorated reduction arrow
‘>’ will stand for one or more f-reductions, or reductions of the built-in
functions. An undecorated conversion arrow ‘<>’ will stand for zero or more
conversions, of any kind.

Rather than regarding B-reduction and f-abstractionas operations, we can
regard B-conversionas expressing the equivalence of two expressions which
‘look different’ but ‘ought to mean the same’. It turns out that we need two
morerulesto satisfy our intuitions about the equivalence of expressions, and
weturn to theserules in the next two sections.

2.2.3 Alpha-conversion

Consider the two lambdaabstractions

(Ax.+ x 1)

and

(ay.+ y 1)

Clearly they ‘ought’ to be equivalent, and a-conversion allows us to change
the nameofthe formal parameterofany lambdaabstraction, so long as we do
so consistently. So

(Ax.+ x 1) <— (Ay.+ y 1)

where the arrow is decorated with an a to specify an a-conversion. The newly
introduced name mustnot, of course, occur free in the body of the original
lambdaabstraction. a-conversionis used solely to eliminate the sort of name
clashes exhibited in the examplein the previoussection.
Sometimes a-conversionis essential (see Section 2.2.6).  
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2.2.4 Eta-conversion

Onemoreconversion rule is necessary to express our intuitions about what
lambdaabstractions‘ought’ to be equivalent. Considerthe two expressions

(Ax.+ 1 x)

and

(+ 1)

These expressions behave in exactly the same way when applied to an
argument: they add1 to it. n-conversionis a rule expressing their equivalence:

Ox.+ 1x) <> (+ 1)

Moregenerally, we can express the n-conversion rulelike this:

(AX.F x) <> F
n

provided x does not occurfree in F, and F denotesa function.
The conditionthatx does not occurfree in F prevents false conversions. For

example,

(AK. + x x)

is not n-convertible to

(+ x)

because x occurs free in (+ x). The condition that F denotes a function
prevents otherfalse conversionsinvolving built-in constants; for example:

TRUE

is not n-convertible to

(Ax. TRUE x)

Whenthe 7-conversionruleis used fromleft to rightit is called n-reduction.

2.2.5 Proving Interconvertibility

Wewill quite frequently want to prove the interconvertibility of two lambda
expressions. When the two expressions denote a function such proofs can
becomerathertedious, andin this section we will demonstrate a convenient
methodthat abbreviates the proof withoutsacrificing rigor.
As an example,consider the two lambdaexpressions:

IF TRUE ((Ap.p) 3)

and

(Ax.3)
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Both denote the same function, namely the function which alwaysdelivers the
result 3 regardless of the valueof its argument, and we might hope that they
were interconvertible. This hopeis justified, as the following sequence of
conversions shows:

IF TRUE ((\p.p) 3) <> IF TRUE 3
<> (Ax.IF TRUE 3 x)
<> (dx.3)

Thefinal step is the reductionruleforIF.
Analternative method of proving convertibility of expressions denoting

functions, which is often more convenient,is to apply both expressions to an
arbitrary argument, w,say: ,

IF TRUE ((Ap.p) 3) w (Ax.3) w
— (Ap.p) 3 > 3
> 3

Hence

(IF TRUE ((Ap.p) 3)) <> (ax. 3)

This proof has the advantagethatit only uses reduction, and it avoids the
explicit use of n-conversion.Ifit is not immediately clear whythefinal step is
justified, consider the general case, in which we are given two lambda
expressions F; and Fo. If we can show that

Fy wo iE

and

Fo wo iE

where w is a variable which does not occur free in F, or F2, and E is some
expression, then wecan reason as follows:

F, 9 (Aw .Fy w)

<> (dw.E)
— (Aw.Fe w)

2 Fe

and hence F; <> Fo.
It is not alwaysthe case that lambda expressions which ‘ought’ to mean the

samethingare interconvertible, and we will have moreto say about this point
in Section 2.5.

2.2.6 The Name-capture Problem

As a warningto the unwary wenow give an example to show whythe lambda
calculusis trickier than meets the eye. Fortunately, it turns out that none of
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our implementationswill come across this problem,so this section can safely
be omitted on first reading.
Suppose wedefine a lambda abstraction TWICEthus:

TWICE = (Af.ax.f (f x)

Nowconsiderreducing the expression (TWICE TWICE)using B-reductions:

TWICE TWICE
= (Af.Ax.f (fx) TWICE
— (Ax. TWICE (TWICE x))

Now there are two f-redexes, (TWICE x) and (TWICE (TWICE x)), so let us
(arbitrarily) choose the inner one for reduction,first expanding the TWICEto
its lambda abstraction:

= (Ax. TWICE ((Af.Ax.f (f x)) x)

Nowwesee the problem. To apply TWICE to x, we must makea newinstance
of the body of TWICE (underlined) replacing occurrences of the formal
parameter,f, with the argument, x. But x is already used as aformalparameter
inside the body.It is clearly wrong to reduce to

(Ax. TWICE ((Af.Ax.f (fx) x))
— (Ax. TWICE (Ax.x (x x)) wrong!

because then the x substituted for f would be ‘captured’ by the inner Ax
abstraction. This is called the narne-capture problem. Onesolution is to use
e-conversion to change the nameofoneof the aAx’s; for instance:

(Ax. TWICE ((af.ax.f (fx)»))
<> (Ax.TWICE ((af.ay.f (Fy) x))
— (Ax.TWICE (Ay.x (« y))) right!

We conclude:

(i) B-reductionis only valid providedthe free-variables of the argument do
not clash with any formal parameters in the body of the lambda
abstraction.

(ii) a-conversion is sometimes necessary to avoid(i).

2.2.7 Summary of Conversion Rules

Wehave now developedthree conversionruleswhich allowusto interconvert
expressionsinvolving lambdaabstractions. They are

(i) Namechanging. a-conversion allowsus to change the nameofthe formal
parameter ofa lambdaabstraction, so long as we do so consistently.

(ii) Function application. B-reduction allows us to apply a lambdaabstrac-
tion to an argument, by making a new instance of the body of the
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abstraction, substituting the argumentfor free occurrencesof the formal
parameter. Special care needs to be taken when the argument contains
free variables.

(iti) Eliminating redundant lambda abstractions. y-reduction can sometimes
eliminate a lambdaabstraction.

Within this framework we mayalso regard the built-in functions as one more
form ofconversion, 5-conversion. For this reason the reduction rules for
built-in functions are sometimescalled delta rules.
As we haveseen, the application of the conversion rules is not always

straightforward,so it behovesusto give a formaldefinition of exactly what the
conversionrulesare. This requiresus to introduce one new piece of notation.
The notation

E[M/x]

meansthe expression E with M substituted for free occurrencesofx.
As a mnemonic, imagine ‘multiplying’ E by M/x, giving M where the x’s

cancel out, so that x[M/x] = M. This notation allows us to express
@-conversion very simply:

_ x.£E) M ? E[M/x]

andit is useful for a@-conversion too.
Figures 2.3 and 2.4 give the formal definitions of substitution and

conversion. They are rather forbidding,butall the complexity arises because
of the name-capture problem described in Section 2.2.6 whichwill notarise at
all in our implementations. Hence a-conversion will not be necessary, B-
reduction can proceed by simple substitution, and 7-reductionwill prove to
be a compile-time techniqueonly.
To summarizeour progress so far, we now have:

(i) a set of formalrules for constructing expressions (Figure 2.1);
(ii) a set of formalrules for converting one expression into anequivalent one

(Figures 2.2-2.4).

 

x [M/x] =M

c [M/x] wherecis any variable or constant other than x

(E F)M/x} = E[M/x] FIM/x]
(Ax. E)[M/x] = ax.
(Ay. E)[M/x] where y is any variable other than x

= Ay.E[M/x] if x does not occurfree in E
or y does not occurfree in M

= Az.(E[z/y)[M/x] otherwise
where z is a new variable name which does not
“ occurfree in EorM   
Figure 2.3 Definition of E[M/xq
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It turns out that this small formalbaseis sufficient to build a large and complex
theory of interconvertibility; the standard workis Barendregt [1984]. While
this bookis very well written,it is not intended for the casual reader, and Stoy
[1981] gives a less comprehensive but more readable treatment. Curry and
Feys also give a clear accountofthe historical origins and basic properties of
the lambda calculus [Curry and Feys, 1958]. The lambda calculus was
originally invented by Church [1941].
Wewill not take the lambda calculus any further as an endinitself; rather

we will simply appropriatethe fruits ofthe theory as and when we need them.

 

a-conversion: if y is not free in E then
(Ax.&) > (ay . E[y/x])

B-conversion: (Ax. E) M 3 E[M/x]

if xis not free in E

and E denotesa function then
(Ax.E x) > E

7-conversion:

Whenusedleft to right, the8 and y rules are called reductions, and maybe
written with a ‘>’ arrow.   

Figure 2.4 Definitions of a-, B- and n-conversions

2.3 Reduction Order

If an expression contains no redexes then evaluationis complete, and the
expression is said to be in normalform. So the evaluation of an expression
consists of successively reducing redexes until the expression is in normal
form.

However, an expression may contain more than one redex, so reduction
can proceed by alternative routes. For example, the expression
(+ (* 3 4) (* 7 8)) can be reduced to normal form with the sequence

(+ (* 3 4) (* 7 8))
— (+ 12 (* 7 8))
— (+ 12 56)
— 68

or the sequence

(+ (* 3 4) (* 7 8))
> (+ (* 3 4) 56)
— (+ 12 56)
— 68
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Notevery expression has a normalform;consider for example

(D D)

where D is (Ax.x x). The evaluation of this expression would not terminate
since (D D) reduces to (D D):

(Ax. X) (AX.xX x) —>  (AX.X x) (Ax.x x)
— (AX.x x) (AX.x x)

This situation correspondsdirectly to an imperative program going into an
infinite loop.

Furthermore, some reduction sequences may reach a normal form while
others do not. For example, consider

(Ax.3) (D D)

If wefirst reduce the application of (Ax.3) to (D D) (without evaluating (D D))
wegettheresult 3; butif we first reduce the application of D to D, we just get

(D D) again, and if we keep choosing the (D D) the evaluation will fail to
terminate.

2.3.1 Normal Order Reduction

These complications raise an embarrassing question: can two different
reduction sequencesleadto different normal forms? Fortunately the answer
is ‘no’. This is a consequenceofa profoundand powerfulpair of theorems,the

’ Church-Rosser Theorems I and II, which savethe day.

 

THEOREM

Church-Rosser Theorem I (CRT I)

If E, <> Ez, then there exists an expression E, such that

E, > E and Es > E   
 

The following corollary is an easy consequence:

Corollary. No expression can be converted to two distinct normal forms
(that is, normal formsthat are not «-convertible).
Proof. Suppose thatE <> E,andE <> £2, where E; andE2are in normal
form. Then, E; <> E2 and, by CRTI, there must exist an expression F,
such that E; — F and Es — F. But E; and Eo have no redexes,
SOE; = F = Ep.

Informally, the corollary says that all reduction sequences which terminate
will reach the sameresult. The second Church-Rosser Theorem concerns a
particular reduction order,called normalorder:  
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THEOREM

Church-Rosser Theorem II (CRTI)

IfE; -> Es, and Eis in normal form, then there exists a normal order
reduction sequence from E; to Eo.   

This is as much as we can hopefor; there is at most one possible result, and
normal order reduction will find it if it exists. Notice that no reduction
sequence can give the ‘wrong’ answer — the worst that can happenis non-
termination.

 

Normalorderreduction specifies that the leftmost outermost redex should
be reducedfirst.   

Thus, in our example above ((Ax.3) (D D)), we would choose the Ax-redex
first, not the (D D). This rule embodies the intuition that arguments to
functions may bediscarded, so we should apply the function (Ax.3)first, rather
thanfirst evaluating the argument(D D).
The shortest proofs of the Church-Rosser Theorem I (which is the harder

one) are in Welch [1975] and Rosser [1982].

2.3.2 Optimal Reduction Orders

While normalorderreduction guaranteesto find a normal form (ifoneexists),
it does not guarantee to do soin the fewest possible numberof reductions. In
fact, for tree reduction (see Section 12.1.1)it is provably least favorable, but
fortunately for graph reduction (see Section 12.1.1) it seems that normal
orderis ‘almost optimal’, andthat it probably takes moretimeto find the
optimal redex than to pursue normal order. Some work has been done on
finding more nearly optimal reduction orders that preserve the desirable
properties of normalorder [Levy, 1980].
For SK-combinator reduction (see Chapter 16), normal order graph

reduction has been shownto be optimal. This result, among many others on
graph reduction,is shown in Staples’ series of papers [Staples, 1980a, 1980b,
1980c]. A more accessible treatment of this work is given by Kennaway
[1984].

2.4 Recursive Functions

Webeganby saying that we proposeto translate all functional programsinto
the lambda calculus. One pervasive feature of all functional programs is
recursion, and this throws the viability of the whole venture into doubt,
because the lambda calculus appears to lack anything corresponding to
recursion.
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In the remainderofthis section, therefore, we will show that the lambda

calculus is capable of expressing recursive functions without further exten-
sion. This is quite a remarkable feat, as the reader may verify by tryingit
before reading the following sections.

2.4.1 Recursive Functions and Y

Considerthe following recursive definition of the factorial function:

FAC = (An.IF (= n 0) 1 (* n (FAC (- n 1)

' The definition relies on the ability to name a lambda abstraction, and then
to refer to this nameinside the lambda abstraction itself. No such constructis
provided by the lambdacalculus. The problem is that lambdaabstractions are
anonymous functions, so they cannot name(and hencerefer to) themselves.

Weproceed by simplifying the problem to one in which recursion is
expressedinits purest form. We begin with a recursive definition:

FAC = An. (... FAC...)

(Wehave written parts of the body of the lambdaabstractionas‘... .’ to focus
attention on the recursive features alone.)

By performing a B-abstraction on FAC, we can transform its definitionto:

FAC = (Afac. (An. (...fac...))) FAC

Wemaywrite this definition in the form:

FAC = H FAC (2.1)

where

H = (Afac. (An. (...fac...)))

The definition of H is quite straightforward. It is an ordinary lambda
abstraction and does notuse recursion. The recursion is expressed solely by
definition (2.1). .
The definition (2.1) is rather like a mathematical equation. For example, to

solve the mathematical equation

xw—-2=x

weseek values ofx which satisfy the equation (namely x = -1andx = 2).
Similarly, to solve (2.1) we seek a lambda expression for FAC whichsatisfies

(2.1). As with mathematical equations, there maybe more than onesolution.

The equation (2.1)

FAC = H FAC

states that whenthe function H is applied to FAC,the result is FAC. Wesay that
FACis a fixed point(orfixpoint) of H. A function may have more than one
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fixed point. For example, both 0 and 1 arefixed points of the function

AX. XX

whichsquaresits argument.
To summarize our progress, we now seek a fixed point of H.Itis clear thatthis can depend on

H

only,so let us invent (for now) a function Y which takes afunction and delivers a fixed pointof the function as its result. Thus Y has the
behavior that

YH=H(YH)

andas a result

Y

iscalled afixpoint combinator. Now,ifwe can produce such a
Y, our problemsare over. For we can now give a solutionto (2.1), namely

FAC = YH

which is a non-recursive definition of FAC. To convince ourselves that this
definition ofFAC does whatis intended,let us compute (FAC 1). We recall the
definitions for FAC and H:

FAC = YH
H Mac.An.IF (= n 0) 1 (* n (fac (— n 1)))

So

FAC 1
= YH1
= H (YH) 1
= (Afac.An.IF (= n 0) 1 (* n (fac (— n 1)(YH) 1— (an.IF (=n ) 1 (* n (YH (— 0 1))) 1
— IF (= 10) 1 (* 1 (YH (- 1 1))
> *1(YHO)
= * 1 (H (Y H) 0)
= * 1 ((Afac.An.IF (= n 0) 1 (* n (fac (— n 1 H) 0
> +1 (Qn.(not @nvHen py oe 9)> *

1

(IF (= 0 0) 1 (* 0 (YH (- 0 1)
> £11
=> 1

2.4.2 Y Can Be Defined as a Lambda Abstraction

We have shown howto transform a recursive definition of FAC into a non-
recursive one, but we have madeuse of a mysterious.new function Y. The
property that Y mustpossessis

YH=H (YH)

and this seems to express recursioninits purest form,since we canuseit to
express all other recursive functions. Now here comes the magic: Y can be
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defined as a lambdaabstraction, without using recursion!

Y = (Ah. (Ax. (x x)) (Ax. (« x)))

To see that Y has the required property, let us evaluate

YH

= (Ah. (Ax.h (x x)) (Ax. (x x))) H
— (AX.H (x x)) (AxX.H (x x))

<> H ((Ax.H (x x)) (AX.H (x x)))

— H (Y H)

and we are homeand dry.

Forthose interested inpolymorphic typing (see Chapter8), the only respect
in which Y might be considered an ‘improper’ lambdaabstractionis that the
subexpression (Ax.h (x x)) does not havea finite type.
The fact that Y can be defined as a lambdaabstractionis truly remarkable

from a mathematical point of view. From an implementation point of view,
however,it is rather inefficient to implement Y usingits lambda abstraction,
and most implementations provide Y as a built-in function with the reduction
rule

YH > H(YH)

We mentioned above that a function may have more than onefixed point,

so the questionarises ofwhich fixed pointY produces.It seemsto be the‘right’

one, in the sense that the reduction sequence of (FAC 1) given above does

mirror ourintuitive understandingofrecursion, butthis is hardly satisfactory

from a mathematical point of view. The answer is to be found in domain

theory, and the solution produced by (Y H) turns out to be the unique/east

fixpoint of H[Stoy, 1981], where‘least’ is used in a technical domain-theoretic
sense,

2.5 The Denotational Semantics of the Lambda Calculus

There are two ways of looking at a function: as an algorithm which will
produce a value given an argument, or as a set of ordered argument—value
pairs.

Thefirst view is ‘dynamic’ or operational, in that it sees a function as a
sequenceofoperationsin time. The secondviewis‘static’ or denotational: the
function is regardedas a fixed set of associations between arguments and the
correspondingvalues.

In the previous three sections we have seen how an expression may be

evaluated by the repeated application of reduction rules. These rules
prescribe purely syntactic transformations on permitted expressions, without

reference to what the expressions ‘mean’; and indeed the lambdacalculus can

be regarded as a formal system for manipulating syntactic symbols. Never-

theless, the developmentof the conversion rules was based onourintuitions  
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about abstract functions, and this has, in effect, provided us with an
operational semantics for the lambda calculus. But what reason have we to
suppose that the lambdacalculusis an accurate expression of the idea of an
abstract function?
To answerthis question requiresus to give a denotational semantics for the

lambdacalculus. The framework of denotational semantics will be useful in
the rest of the book, so we offer a brief sketchofit in the remainderofthis
section.

2.5.1 The Eval Function

The purposeof the denotational semantics of a languageis to assign a value to
every expression in that language. An expressionis a syntactic object, formed
according to the syntax rules of the language. A value, by contrast, is an
abstract mathematical object, such as ‘the number5’, or ‘the function which
squaresits argument’.

Wecantherefore express the semantics of a language as a (mathematical)
function, Eval, from expressionsto values:

Wecan now write equations such as

Eval[ +34] =7

 

This says ‘the meaning (i.e. value) of the expression (+ 3 4) is the abstract
numerical value 7’. We use bold double square brackets to enclose the
argumentto Eval, to emphasizethatit is a syntactic object. This conventionis
widely used in denotational semantics. We mayregard the expression (+ 3 4)
as a representation or denotation of the value 7 (hence the term denotational
semantics).
Wewill now give a very informal developmentofthe Evalfunction for the

lambdacalculus. Thetaskis to give a value for Evalf[ E Jj, for every lambda
expression E,and wecan proceed bydirect reference to the syntax of lambda
expressions (Figure 2.1), which gives the possible forms which E might take.
For the moment wewill omit the question of constants and built-in

functions, returningtoit in Section 2.5.3. Suppose,then, that E is a variable,
x. Whatshouldbethe value of

Evalfl x JJ

where

x

is a variable? Unfortunately, the value of a variableis given byits
surroundingcontext, so we cannottell its valuein isolation. We can solvethis
problem by giving Eval an extra parameter, p, which gives this contextual
information. The argumentp is called an environment, andit is a function
which mapsvariable names onto their values. Thus

Eval. x ]]} p = px
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The notation (9 x), on the right-hand side, means‘the function p applied to
the argumentx’.

Next we treat applications. It seems reasonable that the value of (E1 E2)

should bethe value of E; applied to the value of Ez:

Eval. E, E2 9 p = (Eval E; 9 p) (Evalil E2 Bi p)

The final case is that of a lambda abstraction. What should be the value of

(Evalf[ \x.E JJ p)? It is certainly a function, and so wecanfully define it by
giving its value when appliedto an arbitrary argument,a:

(Evalfl Ax.E J] p) a

(Following our usual conventions aboutcurrying, we will omit the brackets in
future.) The following statement sums up our intuitions about lambda
abstractions:

The value of a lambda abstraction, applied to an argument,is the value of
the body of the lambda abstraction, in a context where the formal
parameteris bound to the argument.

Formally, we write

Evalf[ Ax.E J] p a = Evalfl © §j p[x=a]

where the notation p[x=a] means ‘the function p extended with the

informationthat the variablex is boundto the value a’. Moreprecisely:

pix=a] x =a

plx=a]l y= py

ify is a different variable fromx.

That’s it! Apart from constants andbuilt-in functions, each ofwhich require
individual treatment, we have now provided a simple denotational semantics

for the lambdacalculus. Figure 2.5 summarizes our progress.

Needless to say, this accountis greatly simplified (though hopefully not
misleading). The main component that is missing is a description of the
collection of all possible values which Eval can produce. This collection is
called a domain,andit is quite a complicated structure,sinceit includesall the

 

<see Section 2.5.3>
px

(Eval £1 J p)
Eval’ E Jj pix=a]

Eval k J] p
Evalf[ x I] p
Evalf[ E; Eo yi p
Eval ax.E Jpa

(Eval E2 Il p)

where k is a constantor built-in function
x is a variable

E, E1,E2 are expressions   
 

Figure 2.5 Denotational semantics of the lambda calculus  Ferra
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functions and data values that can be denoted by a lambdaexpression. The
really serious complicationis that, in view of the self-application required in
the lambdaabstractionforY, the domain mustincludeits own function space.
Giving a soundtheory to such domainsis the purpose ofdomain theory [Scott,
1981].
Wewill take the existence and soundness of domain theory and denota-

tional semantics for granted,and the framework they providewill prove to be
quite useful. Theyare rich and beautiful areas of computer science, and Stoy
[1981] is a good starting-point for further reading.|
A note on notation: as we have seen, the environmentp is an essential

argumentto Eval. Nevertheless,in all the situations where we use Eval in the
rest of this book,p plays nosignificantrole. For the sake ofsimplicity, we will
therefore omit the argumentp from now on

—

itcould be restored by adding p
to every call of Eval. For example,wewill write

Evalll E, I} = Evalf[ E. J

where weshould morecorrectly write

Eval[ E; J] o = Evalfl E2 Jip

2.5.2 The Symbol 1

Oneofthe most useful features of the theory we have describedin this section
is that it gives us a way to reason aboutthe termination (or otherwise) of
programs.
As remarked in Section 2.3, the reduction of an expression may not reach a

normal form. Whatvalue should the semantics assign to such programs? All
that we haveto dois to include an element 1, pronounced ‘bottom’, in the
value domain,whichis the value assigned to an expression without a normal
form:

Eval{f <expression with no normal form> JH.L

i has a perfectly respectable mathematical meaning in domain theory, and,
like the symbol0 (whichalso stands for ‘nothing’), its use often allows us to
write down succinct equations instead of rambling words. For example,
instead ofsaying‘the evaluation of the expressionE fails to terminate’, we can
write

EvalJT E JJ=1

2.5.3 Defining the Semantics of Built-in Functions and Constants
In this section we will see how to define the value of Evalil k 9], where

k

isa
constantor built-in function.
For example, whatis the value of Evall * 9}? It is certainly a function of
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two arguments, and we can define it by giving the value of this function
applied to arbitrary arguments:

Evaill + Jab=axb

This gives the meaningofthe lambdacalculus * in terms of the mathematical
operation of multiplication x. The distinction between the * and x is crucial:
the * is a syntactic expression in the lambdacalculus, while x is the abstract
mathematical operation. In the case of multiplication, the mathematical
notation x differs from the program notation*, butin the case ofaddition (for
example) the symbol+ is used by both. This is a ready source of confusion,
and we must keep aclear head!

Wewill use lower-case letters, such as a and b, to stand for values in
semantic equations.
The equation given above is, however, an incomplete specification for *.

We mustdefine what * does to each possible argument, including 1. Thefull
set of equations should therefore be:

Eval[ * Jab=axb
Eval— + Jilb=L
Eval[ * JaL=L1

ifa#l and b#L

The two new equations complete the definition of +, by specifying that if

either argumentof * fails to terminate, then so does the application of *.

They are not the only possible set of equations for a multiplication
operator. For example, here are the equations for a more ‘intelligent’
multiplication operator, #: ~

Evall # JJab=axb if a+1 and a#0 and b#1.
Evall # J] 0b =0
Evall # JlaL=L if a#0
Eval[ # Jib=1

‘These equations imply that # should evaluateits first argument and,ifitis
zero, return the result zero without examining the second argumentatall;

otherwise it behaves just like +. Using # instead of * would cause the

evaluation of some expressions to terminate when they would not have done
so before.
The point of the example is that the semantic equations for a built-in

function enable us to express subtle variationsin its behavior, with a precision

thatis hard to achieve by giving reduction rules. The semantic equationsfor a
function both specify the meaningof the function and imply its operational
behavior (reduction rules).

Strictly speaking we should also provide equations such as

Eval[ 6 J] = 6

wherethe ‘6’ on the left-handside is a lambda expression, andthe ‘6’ on the
right-hand side is the abstract mathematical object. Ideally, we should

P
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distinguish the two kinds of ‘6’ typographically, but commonpractice is to
write them in the same wayanddistinguish them only by context. This applies

to all constants and built-in functions. Thus we write

Evalfl| TRUE J] = TRUE
Evalf[ IF qj = IF
Eval + }i = +

and so on.

This is sloppy, but it saves clutter. For example, using this more relaxed
notation, we could write the following semantic equations for the built-in

function IF:

IF TRUE ab=a

IF FALSE a b = b
IF L ab=L

The use of = and the occurrenceof|continue to remindus that we are looking
at semantic equations rather than reduction rules.

2.5.4 Strictness and Laziness

Wesay that a functionis strict if it is sure to need the value of its argument.
This is a concept that will arise repeatedly in the book. Can wegive a

denotational definition ofstrictness?
If a function,f, is sure to need the valueof its argument, and the evaluation

of the argumentwill not terminate, then the application of f to the argument

will certainly fail to terminate. This verbose, operational argument suggests
the following concise, denotational, definitionof strictness:

 

DEFINITION

A functionfis strict if and onlyif

fl=L    
The definition generalizes easily to functions of several arguments. For

example,if g is a function of three arguments, then g is strict in its second

argumentif and only if

galc=l1

for all values of a and c.
If a function is non-strict, we say thatit is lazy. Technically, this is an abuse

of terminology, since lazy evaluation is an implementation technique which
implements non-strict semantics. However,‘lazy’ is such an evocative term
thatit is often used where ‘non-strict’ would be morecorrect.
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2.5.5 The Correctness of the Conversion Rules

The conversion rules given earlier in this chapter express equivalences
between lambda expressions.It is vital that these equivalences are mirroredin
the denotational world. For example, using a-conversion we may write

(Ax. + x 1) - (Ay.+ y 1)

Our hopeis that both of these expressions mean the same thing or, more
precisely, denote the samefunction, so that

Eval[[ Ax.+ x 1 9] = Evalf[ ay.+ y 1 JJ

In general, we hope that conversion preserves meaning, which we maystate
as follows:

E, <> Ep

implies

Evalff E; J] = Evalfl Eo qj

In other words,if E; is convertible to E2 then the meaningofE,is certainly the

same as the meaning of Ez. (As wewill see in the next section, however, the

reverse is not always true.) There is a burden of proof here,to show thatthe
above statement always holds, given the conversion rules and the semantic
function Eval. We will content ourselves with observing that proofis required,
leaving the hard workto Stoy [1981].

Since the reduction rules (@-reduction and 7-reduction) are a subsetofthe
conversion rules, we certainly know that

E, — Es

implies

Ei — Ee

and hence

E: — Ee

implies

Evalf[ E, ]] = Evalf[ Eo

2.5.6 Equality and Convertibility

In the previous section we saw that conversion preserves equality. Butis the
reverse true? In particular, does the equality of two expressions imply their
interconvertibility? The answer is ‘no’, as the following example shows.
Consider the two lambda abstractions, which wewill call F; and Fo:

Fy = (Ax.+ x x)
Fo = (Ax.* x 2)

e
e
e
e
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e
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It is clear that F; cannot be converted into Fz using the conversionrules ofthe
lambdacalculus. To a mathematician, however, a functionis a ‘black box’,
and twofunctionsare the sameif (and only if) they give the sameresult for
each possible argument. This sort of equality of functionsis called extensional
equality. The function denoted by F; and that denoted by F2 are certainly
(extensionally) equal, so we may write

Evaifl F; ]j = Evalfl Fo T}

So F, andFz are not interconvertible, but they do denote the samefunction.
To summarize the main conclusion:

If E, Sg Eo

then Eval] E; J] = Evalf[ E. yj

butnotnecessarily the other way around.
Wecantherefore regard conversion as a weak form of reasoning about the

equality of expressions. It can never cause us to believe that two expressions
are equalwhentheyarenot, but it may notallow us to prove the equality of
two expressionswhich arein fact equal. From this point ofview, reductionis a
still weaker form ofinference.

2.6 Summary

A working understandingof the lambdacalculuswill prove extremely useful
for the rest of the book, and in this chapter we havetried to give a compact
summary ofthe material wewill require. The treatment has necessarily been
rather superficial, and the reader’ is again referred to Stoy [1981] or
Barendregt [1984] for fuller treatments.
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Three

TRANSLATING A HIGH-LEVEL
FUNCTIONAL LANGUAGEINTO THE
LAMBDA CALCULUS

In the next few chapters we will describe how to translate a high-level
functional languageinto the lambdacalculus.

Wecanregardthis translation in two ways:

(i) As a description of the semantics of the language, giving the meaning of
eachofits constructs in terms of lambda expressions, whose meaningis
well understood. This is precisely the approach taken by denotational
semantics [Gordon, 1979].

(ii) Asa stepin the implementationofthe high-level language, by expressing
all its constructs in termsof the lambdanotation.

Forthe sakeofdefiniteness we use a subsetofthe language Miranda [Turner,
1985], but the techniques apply to any functional language. An introduction
to Miranda canbefound in the Appendix.

Disclaimer
In this book Miranda is used as an example of a modern functional
programming language, to illustrate various points about the imple-
mentation of functional programming languages in general. This bookis
notintended to be a source ofreference for the definition of Miranda.
Notethat:

 

(i) Miranda has a numberoffeatures, both major and minor, which are
not discussed hereatall.

(ii) The material about Miranda in this book was based on a prerelease
version of the Miranda system and maytherefore be inaccurate by the
timeit is published.

The Mirandafunctional programming system is a product of Research
Software Limited, and a full description of the language andits pro-gramming environmentis in preparation by them.   
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3.1 The Overall Structure of the Translation Process

Mirandais a powerful, high-level functional language, providing a rich set of
programming constructs. The purpose of the next few chapters is to demon-

strate how some of these constructs can be translated into the lambda
calculus. Specifically, we will discuss structured data types, pattern-matching,
conditional equations and ZF expressions. Miranda includes a number of
other constructs, such as abstract data types and structured data types with

laws, which wewill not study in this book.

Evenso, the translation we describe is a substantial task, and we begin by
outlining the structure ofthe translation process.

It might be possible to translate a program directly from Mirandainto the
lambdacalculus, but this would be an extremely complicated translation, so

wewill take a more step-by-step approach.In orderto dothis,it is convenient

to regard much ofthe translation as a process ofsuccessively transforming one

program into another, until finally the result is a program in the lambda

notation. (We are here using ‘translation’ to suggest a process which takes a
program in one language and produces a program in another, while a
‘transformation’ produces a program in the sare language.)

Two waysof organizing the translation then suggest themselves:

(i) We could perform mostof the translation by successive transformations

of one Miranda program into another, each transformation performing a

simplification step. We would complete the process by translating the

resulting (simple) Miranda program into the lambdacalculus. Theideais
that the earlier transformations would have doneall the hard work,so the

final step should consistoflittle more than a changeof syntax.
(ii) Alternatively, we could begin the translation by performing a simple

syntactic translation of the Miranda program into an enriched version of
the lambda calculus. This enriched lambda calculus would include the
ordinary lambda calculus as a subset, but would also: include extra

constructs, chosen so that the first step consists of little more than a

changeofsyntax. Then we could do most ofthe hard work by successively
transforming the expression into simpler and simpler forms, until it
becomes an ordinary lambda expression, free from any of the extra
constructs.

Initially, the first method looks moreattractive than the second, becauseit

does not require us to define a new language (the enriched lambdacalculus).

However, we choose to follow the second course of action for the following
reasons:

(i) Mirandais designed to be a language for programmers, not compilers,

andit lacks certain features that are desirable for a transformation-based

compiler. (The particular features lacking are lambda abstractions and

the ability to qualify any expression with local definitions. This is not a
criticism of Miranda— it just has a different purpose.)
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lambdacalculus.

Figure 3.1 depicts the overall i iplan of action. We will use the term ordiabda calculus to refer to the language described in Chapter 2, and enrichedwnda calculus to refer to the language introduced here.€ enriched lambda calculus is simply the ordinary lambda calculusaugmented with extra constructs , chosen to allow an eas iMiranda. For each constructwewill Y Mransiation from
(i) say whatitlookslike(giveits syntax);
(ii) say whatit means (give its semantics).
The semantics for each construct can be
formation which shows how

While this method generates correct results, farattainable by using more complicated transformatioconfirm their correctness by referenceto the inefficie

greater efficiency is
ms, but we can always

nt version.

 

Miranda program

(specific to Miranda)

Expression in the
enriched lambda calculus

Muttiple transformations
(independent of Miranda)

Expression in the
ordinary lambda calculus

| Asimple translation

 

 
  

 

    
  Figure 3.1 Translation of Miranda into the lambda calculus

3.2 The Enriched Lambda Calculus

The enriched lambda calculus is a supersetofthe ordithat any expressionin theo alo anerect$0
rdinary lambdacalculusis also an expressionin the- The syntax for function application, lambda
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abstractions, constants and built-in functions therefore remains exactly as
described in Chapter 2. Likewise,all functions are written in prefix form, and
the same conventions hold concerningbrackets.
The only difference from the ordinary lambdacalculusis the provision of

four extra constructs. They are:

(i) let-expressionsandletrec-expressions;
(ii) pattern-matching lambda abstractions;
(iii) the infix operator {];
(iv) case-expressions.

Of these, we will only describe the first here. The other three all concern
pattern-matching, and cannot be defined before the discussion of pattern-
matchingitself. This is given in Chapter4, and the remaining three constructs
are definedthere.

Figure 3.2 summarizes the syntax of the enriched lambdacalculusfor future
reference.
 

<exp> ::= <constant> Constants
| <variable> Variables
| <exp> <exp> Applications .
| A <pattem> . <exp> Lambdaabstractions
1 let <pattem> = <exp> in <exp> Letexpressions
| letrec <pattem> = <exp> Letrec-expressions

<pattemn> = <exp>
in <exp>

1 <exp> J <exp> Fat bar .
| case <variable> of Case-expressions

<patten> = <exp>

<patten> => <exp>

<pattem> ::= <constant> Constant patterns
<variable> Variable patterns

| <constructor> <pattern>: Constructor patterns

<pattern>   
 

Figure 3.2 Syntax of enriched lambda expressions

3.2.1 Simple let-expressions

One of the main constructs in any functional language is the definition,
whereby a nameis bound to a value. This mechanism is provided in the
enriched lambdacalculus,usinglet-expressions andletrec-expressions.
Webegin by defining simplelet-expressions. They are called ‘simple’ by

contrast with pattern-matching \et-expressions, which we deal with later. A
simplelet-expression has the following syntax:

letv=BinE  
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wherethe vis a variable, and Band

E

areexpressionsin the (enriched) lambda
notation.

It introduces a definition for a variable v, which binds v to B in E. The
definition is in scope with E but not B. We say that the ‘v = B’ is the
definition of the let, the v is the variable bound by the \et, and the

B

is the
definition body.
For example,consider the followinglet-expression:

let x = 3 in (* x x)

Intuitively, the value of this expression is found by substituting 3 for x in thebody (* x x), and then evaluating the body,giving the result 9:
let x = 3 in (* x x)

> .*33
> 9g

A let-expressionis an expression like any other, and can beusedin the same
way as any otherexpression. For example,

+ 1 (let x = 3 in (* x x)
> +1 (* 33)
> +19
— 10

For the samereason,let-expressions can be nested:
let x = 3 in (let y = 4 in (* x y))

—> let y = 4 in (* 3 y)
> *34
=> 12

As a matter of convenience, we also allow ourselves to write multiple
definitions in the samelet; thus:

let x = 3

y=4
in *xy

This expression means precisely the same as the previous one. Wedefine alet-expression with several definitions to mean the sameas the nested set oflet-expressions which defines the same variables in the same order, one perlet-expression. (Syntactically, it would have been possible to specify thatmultiple definitions are separated with semicolons, but layoutwill suffice for
our purposes.)

Earlier in this section we developed an informal reduction rule forlet-
expressions. This involved substitution and is very reminiscent of theB-reduction rule, which also uses substitution. For example, to evaluate
(Ax.* x x) 3

we substitute 3 for x in the body (* x x), and then evaluate the body.
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Generalizing this idea, we can now define the semantics of a simple let-
expression as follows:

(let v= Bin E) = ((Av.E) B)

(We use the symbol = to denote the equivalence of two expressions.) That
is all that is needed to define its semantics! By repeated application of this
equivalence, we could eliminateall simple let-expressions from an expression,
in favorof lambdaabstractions.

3.2.2 Simple letrec-expressions

The syntax of a simple letrec-expression is similar to that of a simple tet-
expression:

letrec vi = E;

v2 = Ea

Vn = En

in
E

where the v; are variables, and E, E;,..., En are expressionsin the (enriched)
lambdanotation. Wewill sometimes abbreviate ‘letrec-expression’to ‘letrec’
(and ‘let-expression’to ‘let’), where no ambiguity arises.
The term ‘letrec’ is short for ‘let recursively’, and it introduces possibly

recursive bindings for a numberof variables vi. The difference between lets
and letrecs is that the vi are in scope in the E; (as well as E) ofaletrec. To take an
example, the expression

letrec factorial = An.IF (= n 0) 1 (« n (factorial (— n 1)))
in factorial 4

defines a recursive function factorial, and applies it to the argument 4. The
value of the expressionis thus 24. ;

Likelet-expressions,letrec-expressions can appear embedded anywherein
an expression. Unlike let-expressions, however, -it is essential to allow
multiple definitions in a letrec-expression, so as to permit mutual recursion.
This is demonstrated by the following example:

letrec f = ...f...g...

Here,f refersto itself and g, and g refers to f. This cannot be transformedinto
a nested pair ofletrecs, because then either g would notbe in scope in the body
of f, or vice versa.

It is easy to provide a semantics for a letrec with only a single definition,
using the Y operator developed in Section 2.4. In particular,

(lerec v= Bin —E) = (letv=yY (Av.B) in E)
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The use of Y renders the definition non-recursive, so we can then use alet-expression, whose semantics has already been defined.Thecase of multiple definitions requires the use of pattern-matching, andSO is postponeduntil Chapter6.

3.2.3 Pattern-matchinglet- and letrec-expressions
Wewill also allowPatterns,as wellas variables, to appearon the left-hand sideof definitionsinlets and letrecs. We have not yet defined whata pattern is, soWwepostponethetopic until Chapter 6. However,a variable is just a simpleform ofpattern, so simplelet(rec)-expressions are just simple formsofpattern-matchinglet(rec)-expressions.

3.2.4 Let(rec)s versus Lambda Abstractions

So far we have regarded the ordinary lambdacalculus as the target language,into which we will transform the program, and let(rec)-expressions asintermediate embellishments. However,there are Strong efficiency reasonsfor including simple lat(rec)-expressions in the target language, rather thantransforming them into the ordinary lambdacalculus.
Specifically, the transformation of a let-expression
letv=BinE

into the application of a lambda abstraction

(Av.E) B

is using a sledgehammer (lambda abstraction) to crack a nut (let-expressions).The lambdaabstration (Av.E) could be applied to many arguments,butit is infact only ever applied to one, namely B. The generality of lambdaabstractionis not required,andthe specialcase (that ofapplication toa unique argument)can be exploited by the more sophisticated compilers describedlater in thisbook.
This issue manifestsitself in a number of ways:

(i) Mirandais a polymorphically typed language, and in Chapter 8 we givean algorithm for type-checking programs. Unfortunately, it is notpossible to type-check the program onceit has been transformedinto theordinary lambdacalculus,but the addition of simplelet(rec)-expressionsis sufficient to solve the problem.
(ii) In all implementations exceptthe very simplest, fet-expressions can beevaluated very much more efficiently than the corresponding applicationof a lambda abstraction. This applies to all the implementationsdescribed from Chapter 14 onwards.

(iii) A related problem is that the transformationofletrec-expressionsintothe ordinary lambda calculus compels us to use Y to express recursion
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Theresulting expressionis not an efficient implementation, and a more

sophisticated compiler may wish to handle recursion in a different way

(see Chapter 14). Keeping the recursion explicit usingletrec allows scope
for these optimizations.

To summarize, all our implementations, except the very simplest, will

require the program to be transformed into the ordinary lambda calculus
augmented with simple let(rec)-expressions. This approach makes a dramatic
contribution to the efficiency of the resulting implementations. On the other
hand,little seems to be gained by augmenting the languagestill further.

3.3 Translating Mirandainto the Enriched Lambda Calculus

A program consists of a set of definitions, together with an expression to be
evaluated. To keep these two components of the program separate wewill use
a box,like this:

 

Set of definitions

 

Expression to be evaluated   
 

For example, we could compute twice the square of 5 with the following
Miranda program:
 

square n = n*n
 

  2 * (square 5)
 

(Note: Mirandais an interactive language, and defines a ‘program’to be a set
of definitions, while the ‘expression to be evaluated’is typed by the user. For

the rest of this book, however, we will use ‘program’ to mean ‘a set of
definitions together with an expression to be evaluated’.) Proceeding
informally, we can translate this Miranda program into the enriched lambda

calculus quite easily, to produce the expression

let square = An.* nn
in (* 2 (square 5))

Wenowintroduce somenotation to help describe the translation process.

Considerthe translation of the Miranda expression (2 * (square 5)) into the

lambda expression (* 2 (square 5)). We mayregard this translation process

as a function TE, which takes the Miranda expression as its input, and
produces the lambda expression as its output. We write the translation like
this:

TEN 2 * (square 5) = * 2 (square 5)

The double square brackets {J J] are used to enclose the Miranda expression,
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to emphasize that the argumentto TE is a syntactic object. This conventionwas used in Chapter2,butthe difference onthis occasionis that the result ofthe translationis a syntactic objectalso, and we use = ratherthan = to remindus ofthis fact. Wecall TE a translation scheme.
We also need anothertranslation scheme TD, which translates Mirandadefinitions into definitions suitable for a letrec. For example,
TOL square n = nen J = Square = An.* nn

Here we see another reason for using = whenwriting translation schemes:itavoids confusion with = symbolsin the program being translated. We can nowgeneralize the translation schemeas follows. Given the Miranda program
 

Definition,

Definition,
 

Expression   
wegeneratethe following (enriched) lambda expression:

letrec

TDI Definition; qf

TOL Definition, J]
in

TET Expression 7]

In the previous example we useda let instead of a letrec, but Mirandadefinitionsareall potentially recursive, so we mustuse aletrec in general(laterworkwill optimizethis — Section 6.2.8).
What we have now doneis to reduce the translation problem to one ofdefining the twotranslation schemes TD and TE. Wewill define them forsimple cases in the succeeding two sections, and then lay out the plan of thenext few chapters, whichwill extend them to cover more complicated cases.For the moment, we completely avoid the question ofdeclarations of newtypes and type-checking. The formerwill be introduced in Chapter4 and thelatter in Chapter8.

3.4 The TE Translation Scheme

The translation scheme TE is a function, which takes a Miranda expression asih argument, and produces an equivalent lambda expression asits resultus:
 

 Miranda TE Lambda
expression >   expression 
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Wewill describe TE bycase analysis, giving a rule for each possible form of a
Miranda expression.

3.4.1 Translating Constants

To translate a constantorbuilt-in functionis straightforward, assumingthat
the lambdanotation into which weare translating supports the sameset of
constants. The following ruleis all that is required:

TEL kW = k
wherek is a constant or built-in function name (we include all Miranda’s
operators, andliteral constants in this category). Thus, for example

TEL 5 jj 5
TEL + i +

This translation assumesthat all the constants and built-in functions have
the same namesin the lambda notation. It is straightforward to describe
changes of name, however. For example, the following set of rules for TE
translates the operators +, —, etc. in Miranda into PLUS, MINUS,etc.:

TEL + J] = PLUS
TE - |] = MINUS

etc.

3.4.2 Translating Variables

An equally simple rule suffices to translate variables:

TER vi = v

wherev is a variable (including the names of user-defined functions and
constructors).

3.4.3 Translating Function Applications

Function application in Mirandais denoted by juxtaposition,thus (f x). The
same syntax is used in the lambda notation, so the rule for translation is

simple:

TE E: Eo} = TERE; 9 TEf E2 I

where E; and Ep are arbitrary Miranda expressions. In the case of certain

commonoperators (such as +, etc.), Miranda provides infix syntax (thatis,

the operator is written between its operands). The translation rule to deal
with these constructs is:

TEI E; infix E2 ]] = TER infix J] TEE: J] TE &

p
e
e
r
s

e
y
e 
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where ‘infix’ is an infix operator, and E; and Eo are arbitrary Miranda
expressions. We mustapplyTE to‘infix’ to accomplish any change ofname(see
above).
Furthermore, Miranda allows user-defined functions to be used as infix

operators by prefixing their nameswith $. Wecan treatthis case with the rule

TEE: $v E2 = TER vy} TER E; J TELE

3.4.4 Translating Other Formsof Expressions

Weshall consider two other forms of Miranda expression, namely

(i) list expressions such as [2,5,1];
(ii) ZF expressions.

Wewill deal with these in Chapters 4 and 7 respectively.

3.5 The TD Translation Scheme

The TD scheme takes a Mirandadefinitionas its argument and produces a
letrec definition as its result. Wewill only give a rather simplified TD scheme
here, leaving a more powerful oneforlater chapters.
There are two cases that we can handle immediately, namely variable

definitions and simple functiondefinitions.

3.5.1 Variable Definitions

Consider the Mirandadefinition

Vv = 57

It can betranslatedvery easily to

v= *# 57

All that is required is to translate the body of the definition, using the TE
scheme.In general:

TWHKY=E] = v=TEED

wherev is a variable and E is an expression.

3.5.2 Simple Function Definitions

Wehavealready seen an exampleoftranslating a simple function definition,
whenwetranslated the Mirandadefinition

square n = nen
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TE Exp ]Jtransplates the expression Exp

] = k (assumes no name-changing)
] = V

TEE E; I TE Ee Il4

1 infix Eo JJ = TEQ infix J] TEE E, 7] TEL Ee y}
1 $v Eo J = TEL v J TE] &, 9 TED E2 J]

where k is a literal constant or built-in operator
v is a variable
E; is an expression
infix is an infix operator
 

TD Det Jjtranslates the definition Def

THIV=E9 = v= TEF E 7

TOL fvi... vn = EJ = f = Avyy.-..Avn.TEL E 9

where v, v1, f are variables
E is an expression   
 

Figure 3.3 Translation schemes TE and TD (simple versions)

into theletrec definition

square = An.*# nn

The body of the definition is translated, and a lambda abstraction is

generated aroundit. We can generalize this as follows:

TWHfv...vW= EH = f = Avi... dyn.TELE D

where f, vi, ....Vn are variables and E is an expression.

3.6 An Example

Wehave now shownhowto translate a simple subset of Miranda into the
enriched lambda notation. Our progress is summarized in Figure 3.3.

To illustrate the translation in action, consider the following Miranda

program:
 

average a b = (a+b)/2
 

average 2 (3+5)   
 

This will be transformed to

letrec

TDI[ average a b = (atb)/2 9}
in
TEIL average 2 (3+5) ]}]  
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Application ofthe rules for TE gives

TEI average 2 (3+5) J]

TE average J] TE 2 J] TEL 3+5 J
average 2 (TE. + J] TER 3 9 TER 5
average 2 (+ 3 5)|

D

Similarly, the rules forTD give

TDIL average a b = (atb)/2 JJ
= average = Aa.Ab.TE (at+b)/2 JJ
= average = \a.db.(TEN / 7] TE atb J] TEL 2 7)
= average ="da.db.(/ (TEI. + J] TEL a J} TEL b 9) 2)
= average = Aa.Ab.(/ (+ a b) 2)

Puttingit all together gives the result of the translation:

letrec

average = da.Ab.(/ (+ a b) 2)

in
average 2 (+ 3 5)

To complete the example,let us transform the expressioninto the ordinary
lambdacalculus. Let us suppose that we spot that the letrec may be replaced
with a let, because the definition is non-recursive (the methodis described in
Chapter 6). Then we can use the semantics oflet-expressions to produce the
ordinary lambda expression

(Aaverage .(average 2 (+ 3 5))) (Aa.Ab.(/ (+ a b) 2))

Youcan see why weprefer to write programs in Miranda!

3.7 The Organization of Chapters 4-9

In the interests of simplicity, the equations for TD and TE given in Figure 3.3
are far from comprehensive. Therest of Part I of the bookis devoted to filling
in the details.
Chapter 4 introduces structured data objects, pattern-matching and

conditional equations, andgivesa simple translation into the enriched lambda
calculus. This translation is rather inefficient, and Chapter 5 shows how
pattern-matching can be compiled far moreefficiently. Chapter6 then shows
how to transform all the constructs of the enriched lambdacalculusinto the
ordinary lambdacalculus.
Miranda contains constructs called ZF expressions (also knownaslist

comprehensions). Wediscusstheir translation in Chapter7.
Finally, Mirandais a polymorphically typed language, and we have so far

paid no attention to'the question of type-checking. This is addressed in
Chapters 8 and 9.
The organization of these chapters is depicted in Figure 3.4.
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Figure 3.4 Organization of Chapters 4-8
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STRUCTURED TYPES AND THE
SEMANTICS OF
PATTERN-MATCHING
Simon L. Peyton Jones and Philip Wadler

This chapter concerns structured types, a powerful and general mechanism
for defining data types, provided by several functional languages,including
Miranda, ML and Hope. Intimately associated with structured types is a
notational device known as pattern-matching, which is used by such
languagesfordefining functions.

Section 4.1 gives a general introduction to structured types and pattern-
matching. Section 4.2 begins with a more in-depth lookat pattern-matching
and conditional equations, and then introduces two new constructs in the
enriched lambdacalculus,[| and pattern-matching lambda abstractions. Using
these constructs, we then show how totranslate a general Miranda function
definition into the enriched lambda calculus. Section 4.3 is devoted to
providing a precise semantics for pattern-matching lambdaabstractions.
Weconclude in Section 4.4 by defining case-expressions, the last new

constructof the enriched lambdacalculus. This clears the way for Chapter 5,
whichwill show howto transform pattern-matching lambdaabstractionsinto
case-expressions, thus giving a considerable gain in efficiency.
Whatin this chapterare called ‘structured types’are called ‘algebraic types’

in Miranda,and‘free data types’ by some others [Burstall and Goguen, 1982].

en
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4.1 Introduction to Structured Types

Suppose that we wish to define binary trees with leaves that are numbers. In

the notation of Miranda,this could be doneby declaring a structuredtypetree

as follows:

tree := LEAF num ! BRANCHtree tree

(The symbol::= identifies this as a type declaration.) This might be read as

follows: ‘a tree is either a LEAF, which contains a num, or a BRANCH,which

containsa tree anda tree’. Here LEAF and BRANCHarecalled constructors of

the type. Miranda requires that constructors (and only constructors) begin

with an upper-caseletter, butwe will always write them entirely in uppercase.

LEAF hasonefield, of type num, and BRANCHhastwo,bothoftype tree. The

numberoffields associated with a constructoris calledits arity; thus LEAF has

arity 1 and BRANCHhasarity 2.
Constructors can be used as functions, to create values of type tree. For

example, the equation

treel = BRANCH (BRANCH (LEAF 1) (LEAF 2)) (LEAF 3)

defines tree’ to be a tree. Informally, this tree might be drawn as:

. 3

1 #2

Constructors can also appear ontheleft-handside of an equation,asin the

following Miranda functiondefinition:

reflect (LEAF n) = LEAF n

reflect (BRANCH t1 t2) = BRANCH(reflect t2) (reflect t1)

For example,(reflect tree1) returns

BRANCH (LEAF 3) (BRANCH (LEAF 2) (LEAF 1))

A definition with patterns ontheleft-hand side,suchas thatofreflect, is said

to use pattern-matching to perform case analysis. For example, in evaluating

(reflect t) there are two cases to choose from: t matchesthe pattern (LEAF n),

or t matches the pattern (BRANCHt1 2). If, say, tis (LEAF 1) then the first

case is chosen, with n bound to 1. Much morewill be said about pattern-

matchinglater.

An important difference in the treatmentof structured types in Miranda

from that in ML or Hope,is that in Miranda constructorfunctionsare lazy;

thatis, they do not evaluate their arguments. The componentsofstructured

object are evaluated only when(andif) they are subsequently extracted and

used, not when the objectis built.  
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4.1.1 Type Variables

Type declarations may also contain type variables. For example, the
definition of the type tree above maybe rewritten to allow trees with leaves of
any type:

tree * ::= LEAF * | BRANCH(tree *) (tree *)

Here* is called a generic (or schematic) type variable. The declaration could
be read as follows: ‘a tree of * is either a LEAF, which contains a *, or a

BRANCHwhich containsa tree of + and tree of *, for any type *’.

Leaves of any particular tree must all contain values of the same type, but
different trees may haveleavesof different types. Examplesoftrees and their
types are

BRANCH (LEAF 1) (LEAF 2) :: tree num
BRANCH (LEAF ‘a’) (LEAF ‘b’) :: tree char

(The symbol:: is pronounced‘has type’.) Here,‘tree’ is called a type-forming
operator, since it takes a type (such as num or char) as an ‘argument’ and
producesa type (respectively, (tree num)or (tree char)).
The repeated use of * on the right-hand side of the type declaration

specifies that the two branches ofatree must be ofuniform type. For example,

‘BRANCH (LEAF 1) (LEAF ‘a’)

is notlegal, since it has leaves ofmixed type. Morewill be said about types and
type variables in Chapter8.

4.1.2 Special Cases

This section shows how three ‘built-in’ types, namely lists, tuples and
enumerated types, can be regardedas instances of general structured types.

4.1.2.1 Lists
Mirandahas a special syntax to denotelists, butlists are just an instance of a
general structured type. Lists could be defined as follows:

list * ::= NIL | CONS * (list *)

This type declaration defines the two new constructors NIL and CONS.
Miranda’s built-in syntax for lists could then be translated to use NIL and
CONS,asfollows:

[ Jis translated to NIL

(x:xs) is translated to (CONS x xs).

[x,y,z] is a Miranda abbreviation for (xy:z:[ ]) and hence is translated to
(CONS x (CONS y (CONS NIL)))

[*] is translated to (list *)
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TEL : J = CONS

TEE (10 = NIL
TER (1, Es, .... Enl D = CONS TE[ E: 7 TEL [E2, .... En] J

E;, E = PAIR TEY E: J TEL Ee ITee yd = TRIPLE TEE E: J TEL E2 } TEL Es T
and so on

TEI True Jj = TRUE

TE[[ False J] = FALSE   
 

Figure 4.1 Modifications to the TEscheme forlists, tuples and booleans

(Note: the last example is different from the others, because it describes a
type-expression rather than a value-expression.) ;
We can conveniently perform this translation when translating from

Miranda into the enriched lambda calculus; Figure 4.1 gives the required
equations.

Notice that the elements ofa list of type (list +) mustall be of type +, but the
numberofelements in list is not determinedby its type. Thus (CONS 2 NIL)
and (CONS 3 (CONS 6 NIL)) are both oftype (list num), though they are of

different lengths.

4.1.2.2 Tuples

Mirandaalso provides special syntax to denote tuples, and these also can be

defined using a structured type. Tuples could be defined as follows:

PAIR *
TRIPLE k RE KEK

QUADRUPLE * #* *%% #444

pair % ee =

triple * RR KER

quadruple * #* #%* #4##% ©:

Notice the difference between ‘pair’ and ‘PAIR’: the formeris a type-forming
operator, used only in type-expressions, while the latter is the constructor
function of the type, used only in value-expressions.

Aswith lists, Miranda’s special syntax can be translated as follows:

(x,y) is translated to (PAIR x y)

(xy,Z) is translated to (TRIPLE x y z)

and so on.

(*,**) is translated to (pair * **)
(*,**,##+#) is translated to (triple * ** +++)

Figure 4.1 gives the required equations.

Notice that a tuple may contain elements of mixed type; for example

(3, TRUE) :: PAIR num bool

(‘a’, (3, 2)) :: PAIR char (PAIR num num)

 

e
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However,the type of a tuple completely determines the numberand the types
of its fields. For example, a pair always contains exactly two fields, a triple
containsexactly three fields, and so on.

4.1.2.3, Enumerated types
The type declaration

color ::= VERMILLION | PUCE | LAVENDER

in which each constructorhaszerofields,is just like an enumerated typein
Pascal. Thus, wecandefine the type of boolean values:

bool ::= TRUE | FALSE

The usual functions on booleans can then be defined using pattern-
matching; for example:

if TRUE e1 e2

if FALSE e1 e2
et

e2

Mirandauses the names‘True’ and‘False’forits built-in truth-values.

4.1.2.4 Summary
Sinceit is easy to translate ‘built-in’ typeslike lists and tuples into equivalent
structured types, then any implementation of a functional language that
handlesstructured typeswill also handle these ‘built-in’ types for free. This
cangreatly simplify an implementation. Instead of implementing several type
mechanisms,oneforlists, one for tuples, one for enumerated types, and so
on, we need only implementa single mechanism for structured types, and
translate other types into structured types. Figure 4.1 gives the required
equations.

4.1.3 General Structured Types

In general, the form ofa structured type definitionis:

Tis= C1 Tar... Trey
[...

{ Cha Tra aoe Trt

where the Tj; are types andthe c; are constructors of arity ri. In the ‘tree’
example above, T was (tree *),c; was LEAF,T;,1 was num, ce was BRANCH,Ta;
was(tree *), and T2,2 was (tree *).
Readers familiar with the mathematical operations for constructing types

will recognize that the general type above can be written as the sum (thatis,
discriminated union):

T=T1+...+ Tp»
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where eachT,, for i from 1 ton, canbe written as a product:

Ti = Tia x Ti2 x... & Tig

In other words, a structuredtype is a swm-of-products.
When n=1wesaythat the type is a product type; the types (pair * **),

(triple + ** *#*). . . are all product types. Whenn>1 wesay thatthe type isa
sum type, since it is the sum of more than one domain;the types(tree +),

(list. +), color and bool are all sum types. Thus a product type has exactly one

constructor, and a sum type has two or more constructors.

Wewill often wish to distinguish between the constructors of product
types and sum types. Just as we use the namescjto standforconstructors ofall
types, wewill use the namet to standfor the constructorofa producttype, and
the namess ands;to standfor the constructors of a sum type (t suggests ‘tuple’
and s suggests ‘sum’).

(Note: we use lower-case letters to stand for constructors, to avoid

confusion with the constructors themselves, which are written in uppercase.
Similarly, we use upper-caseletters to stand for types, which are themselves
written in lower case — see Section 4.1.)

(/mportant:at the time whenthis chapter was first written the semantics of
Miranda provisionally specified that a structured type with only one
constructor wasa product type, as above. However, an alternative view is that
a structured type with only one constructor should behave as a sum type with
one componentin the sum, and that product types (tuples) be treated as an

independent construct. It now seemslikely that Research Software Limited

will follow this latter course in their definition of Miranda. As a consequence
someofthe statements madein this chapter about the semantics of structured

types in Miranda maybe incorrect. We draw the reader’s attention to the
caveat on page 37.)

4.1.4 History

As mentioned, structured types are a combination of sum types and product
types, which have a long history in mathematics.

Landin’s Iswim, one of the earliest functional languages, was described
using a stylized form of English for defining structured types [Landin, 1966].
Burstall introduced a more formal notation for defining such types in NPL

[Burstall, 1977]. Hope and ML have type systems based on separate sum and
product types, whereas Miranda and Orwell have type systems based on
sum-of-product types.

Iswim also contained a simple form of pattern-matching, where one could
write definitions such as

addPair (x,y) = x + y

However, the important idea of using pattern-matching for case analysis

appears to have been developed independently by Burstall and Turner.

Pattern-matching appeared in NPL and SASL,andwasusedto good effectin
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ae by stnctural induction [Burstall, 1969] and program transformationall an arlington, 1977]. It was in ilanguages such as Hope, KRC, ML,Miranda andOrwell, mo many later

4.2 Translating Miranda into the Enriched Lambda Caiculus
Weinvolving atteaamonstrate howfo translate Miranda function definitions“matching into the enriched lambdacalcul
invols -m

us. In the processof doing so wewill introduce pattern-matching lambda abstractions and the J]Perator, two of the constructs in the enriched lambda calexplanation was postponed. culus whose

4.2.1 Introduction to Pattern-matching
Webegin this section by ; iy illustrating some further as ects of* .

t "

Tees which have to be handled by an implementation. (Notalltheillustrations should be taken as examples of good Programmingstyle. Someare expressly chosen to d i i
happen ly © demonstrateall the possible nasty things that can

Recall the definition of reflect:

reflect (LEAF n) = LEAF n
reflect (BRANCH t1 t2) = BRANCH (reflect t2) (reflect t1)
The terms (LEAF n) and (BRANCH t t2) occurring on the left-hand side of

en

bound to Eo.

In the Preceding example, the orderin which the equations were writtenwas immaterial, butthisis not . .
definition , always the case. Consider the Mirandafunction

factorial 0 = 4
factorial n = n * factorial (n—1)

The orderof the e

overlap. (As weshall see in Cha( pter 5, there are good reoverlapping patterns, but occasionally they prove useful.)



58 Chapter 4 Structured Types and the Sernantics ofPattern-matching
 

Anotherpoint, illustrated by the first factorial equation, is that a pattern

may consist of a literal constant, such as a numberorcharacter.
Asanother example, consider the Mirandafunction definition

lastElt (x:[])
lastElt («:xs)

x

lastElt xs

The function call (lastElt xs) returns the last element ofthe list xs. Again, the

orderof the equationsis significant, since the patterns overlap. Furthermore,
the first pattern is an example of a nested pattern, in which the pattern [] is

_ nested inside the pattern (x[]). Finally, the equations are not exhaustive,

since neither pattern matches the argument[]. If lastElt is applied to [] some
sort of error should be reported.

Pattern-matching can apply to several arguments, as the following Miranda
definition shows:

xor False y =y
xor True False = True
xor True True = False

Another feature of Miranda that is closely connected with pattern-
matching is conditional equations, which control the selection of alternatives
by the use of guards. Wecould, for example, rewrite the factorial function in
the following way:

factorial n = 1, n=0
=n * factorial (n—1)

A single left-hand side governs several alternatives, which togetherconstitute

the right-handside.In this case there is only one guard, namely the boolean-
valued expression ‘n=0', which appears following a comma. Guards are

evaluated oneat a time, beginning at the top, and when a guard evaluatesto

True, the corresponding alternative expression is selected. The guard may be
omittedin the final right-handside, giving an ‘otherwise’ case (equivalent toa
guard of True).

Thefactorial example shows,incidentally, that a constant appearing in a
pattern can easily be eliminated by replacing it with a variable and adding a
guardto the equationinstead.

Conditional equationsinteract with pattern-matching, as demonstratedin
the next example. The function funnyLastElt returns the last elementofits
argumentlist, except that if a negative element is encountered thenit is

returnedinstead:

funnyLastElt (x:xs) = x, x<0
funnyLastElt (x[]) = x
funnyLastElt (x:xs) = funnyLastElt xs

Pattern-matching proceeds, as usual, from top to bottom; when a left-hand

side matches the argument, the guarded alternative(s) are tried, from top to

bottom. If none of the guards is True, then pattern-matching continues,
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Starting with the next equati i
’ quation. Appl

causethis behavior,since riaticn weesobipond and then third equations are triedY, variables may be repeated on the | ift-hand side of iexample, the function noDups elim} jac teclementsinninee
ps eliminates adjacent dupli ina li

"ebm -
plicate elementsina list:

noDups [x] =
noDups (xxcxs)

=

noDu :PS (xc:xs
noDups (x:y:ys) = x : noDups ys)

The third equation matchesonly
are equal; the repeated use of

f It to the list [1 2] wouldthe first equation would match,but the guardfails

if the first two elements of the argumentlist
condition. * on the left-hand side implies the equality
We may summarize th fe :

follows: ¢ features that the implementation must support as

(i) overlappingpatterns;
(ii) constantpatterns;

(iii) nested patterns;
(iv) multiple arguments;
(v) non-exhaustive sets of equations;
(vi) conditional equations;
(vii) repeated variables.

4.2.2 Patterns

Firstofall, we will need a precise definition of patterns.

 DEFINITION
A pattern pis:
either a variable v,
or

—

_

aconstantk, such as a nui
or

mber, a character, a boolean and so onaRaeaructor Pattern, of the form (c Pt ... Pr) where cis aat Ol arity r, and pi, ..., prare themselves patterns, mon4 atevariables in a pattern should be distinct
€ torm (Ss p; ... p.), wh is z

caitng ‘
Pr), Where s is a sum ite a= neuctor pattern, or sum pattern. A patternOftheferns«++ Pr), is a product iconstructorpattern, orproduatpattem.” S called @ productNote: i i iti

variablesanehy this Gefinition, patterns may not contain repeatedin Sectingwe Miran ows them to do so. This Pointis discussed  
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Here are some examplesof patterns:

x

3
LEAF n

BRANCH (LEAF n) t

CONS x xs written (x:xs) in Miranda

CONS x (CONS 3 NIL) written [x,3] in Miranda

PAIR x 4 written (x,4) in Miranda

The term (PAIR z 2) is not a pattern, because it contains a repeatedvariable.
The term (CONS x)is not a pattern, because the CONS does not have enough
arguments.

Mirandaallows patterns with repeated variables, like (PAIR z z) but the

patterns defined here do not.This is discussed in Section 4.2.7.

A constructor pattern is simple if it has the form (c vi ... v,), where
V1, ---, Vr are distinct variables. If a constructor pattern is not simple it is
nested.

4.2.3 Introducing Pattern-matching Lambda Abstractions

Up to now wehavetranslated function definitions into the lambda calculus
using the following rule:

TOR fvi... vn = EF = f = Avy...dvn.TEL E I

where vi, ..., Vn are variables. Temporarily restricting our attention to

functionsof a single variable, we could derive the less general rule

TOR fv=E 9) = f=arv.TEL E I

Byanalogy, given the function definition

fp=E

(wherep is a pattern),it seems plausible to translate it using the rule

TWH fp=ER = f= rp.Tele R

This is not quite right yet, because we must rememberto translate the
pattern, so that Miranda’slist notationis translated into uses ofCONS and NIL
(and likewise for tuples and booleans). Fortunately, the syntax ofpatternsis a
subsetof that of expressions, so we can use the TE scheme.

TOR fp =E | = f = dATEL p .TER ED

For example, consider the Mirandafunction definition forfst:

fst (xy) = x

Using the rule above gives:

TOU fst (cy) = x} = fst= A(PAIR x y).x  
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This introduces a newsort of lambdaabstraction, apattern-matching lambda

abstraction, which has the form (Ap.E) wherep is a pattern. This leaves us with

two questions:

(i) How can wetranslate a general Miranda functiondefinition into pattern-
matching lambdaabstractions?

(ii) What, exactly, does (Ap. E) mean?

Wediscuss thefirst in the remainderofthis section, leaving the secondfor the
next section.

4.2.4 Multiple Equations and Failure

Considerfirst a Miranda function definition of the form

fpi = Ey
f p2 = Ee

f Pn = En

Intuitively, we expect the semantics to be ‘try the first equation, and if that
fails try the second, and so on’. This introduces the idea that a pattern-match
might fail. Such failure does not necessarily indicate an error, since there
might be a subsequent equation which would match. Hence, we introduce a
new built-in value FAIL, which is returned whena pattern-matchfails.

With the aid of this idea, we can translate the definition of f into the
following enriched lambda calculusexpression:

f = ax.( ((Ap1’.E1’) x)
0) ((Ap2" Ee’) x)

0) ((Apa’ En’) x)
{| ERROR)

where x is a new variable name that does not occur free in any Ej, the
expressionsE/’ are the result of translating the E), and the patternspi’ are the
result of translating the p;. The new definition of f can be read‘try to apply
(Aps'.E1’) to x, and if that succeeds return its result; otherwise try (Apo’ .Ee’),
andso on;if theyall fail, return ERROR’.
Here ERRORis meantto be a special value whose evaluation indicates an

* error, an event which should neveroccur.

The function [J is an infix function, whose behavior is described by the
semantic equations:

a Jb=a if a#! and a#FAIL
FAIL f]} b = b
L Qbe=

Operationally, [] evaluates its left argument; if the evaluation terminates and
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yields something other than FAIL, then [) returnsthat value (first tule); if it
evaluatesto FAIL, [] returns its right argument(second rule);if the evaluation
of the left argumentfails to terminate, then so doesthe application of J (third
rule). :

It is easy to verify that[] is an associative operator, and has identity FAIL.Its
associativity means that we may write expressions such as (E: {] E2 [J Ea)
without ambiguity. It is extremely convenientto write [] between its operands
(thatis, infix) but, sinceall functions are written prefix in the lambda calculus,
we are forced to dignify [] by making it one of the new constructs of the
enriched lambdacalculus. Thesole reason for doingsois notational.

Asan example of the suggested translationin action,recall the definition of
the reflect function:

reflect (LEAF n)

reflect (BRANCH t1 t2)
LEAF n

BRANCH(reflect 2) (reflect t1)

This would betranslatedto:

reflect = At.( ((A(LEAF n).LEAF n) t)
0 (((BRANCH tt t2).BRANCH (reflect t2) (reflect t1)) 1)
| ERROR)

In this case, of course, ERROR can never be returned, since one of the
previous pattern-matches will succeed. This is not always the case, as the
following example shows. Consider the Miranda definition of hd, which
extracts the first elementofa list:

hd (x:xs) = x

It would betranslated to

hd = Axs’.(((A(CONS x xs).x) xs’) [] ERROR)

If hd is applied to NIL, then ERRORwill be the result. (We have used xs’as the
formal parameter ofthe lambdaabstraction, to avoid confusionwith the xsin
the pattern. Technically, however, there would be no problem with using xs,
or any othervariable,since hd has no free variables.)

4.2.5 Multiple Arguments

Functions with multiple arguments are easily handled. As werecalled earlier,
the basic approachis to translate a function of several arguments using the
rule

TH fvi...vn= EW = f = dvy...Avn.TEL E YO

Combining this with the approach of the previous section suggests that we
should translate the definition

f Pp: po... Pm =E  
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where pi, ..., Pmare patterns, into

f = Avi... AV. (((Ap1’.. -APm’.E’) vi... Vm) [] ERROR)

where v4, ..., Vm are new variables that do notoccurfree in E, the pi’ are theresults oftranslating the pi, and E’is the result of translating E. The only newcomplication is that we must specify what happensincaseoffailure. Suppose fis applied to m arguments, and thefirst pattern-matchfails:
(AP1’..-APm’.E’) Ey Eo... Em —> FAIL Eo... Em,
Then wewantthe whole expressionto fail, so we need to add a reductiontule for FAIL:

FAIL E — FAIL

Now we can continue reduction:

FAIL Eo Es... Em — FAIL Es ...Em > ... > FAIL

Thetranslation is readily extended for the case whenf is defined by severalequations. To see an example ofthis in action, considerthe definition ofxor
given above:

xor False y =y
xor True False = True
xor True True = False

Combiningtherulesofthis section and the last allows us to transform this to
(Notice thatth ts hi i

xor = Ax. ay.( ((AFALSE.ay.yxy) © arguments are matched fromleft to right)

Q (ATRUE.AFALSE.TRUE) x y)
{J} ((ATRUE.ATRUE.FALSE) x y)
} ERROR)

4.2.6 Conditional Equations

Next, we describe how to translate conditional equations into the enrichedlambdacalculus. Consider the following Mirandadefinition:
gcd a b

=

gcd (a—b) b, a>b

gcd a (b—a), a<b
a, a=b

It is easy to see that the right-handsideofthis definition could be translated to
(IF (> a b) (gcd (- a b) b)
(IF (< a b) (ged a (— b a)
(IF (= a b) a FAIL)))

Notice that if all the guards fail, then FAIL is returned by the nested IFexpression. (In the case ofged this can never occur, and a very clever compilermight be able to discover this fact and optimize the last IF.) In a more
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i se the next
complicated definition, the failure of all the guards would cau:

tion to be tried (see example below). che. ,

“ARegarding all of an equation after thefirst =sign as a right handsiefee

can now give a new translation scheme, TR, whichtranslatesright- :

 

TRAIL rhs Ytranslates the right-hand side of a definition

Ai, G = (IF TEL Gi 7 TET A: Ol

" = Ae, Ge (iF TE[ G2 9 TEL Az Tl

= An, Gn (IF TE Gn J TEM An Il FAIL) ...))

where Aj is an expression and Gjis a boolean-valued expression.    
Now we can use TR instead of TE to translate the right-hand sides of

function definitions. As an example,recall the definition of funnyLastElt:

funnyLastElt (x:xs)

=

x, x<0

funnyLastElt (x:[]) = x

funnyLastElt (x:xs) = funnyLastElt xs

Wecan nowtranslate it to

Elt = av.( ((A(CONS x xs).IF (< x 0) x FAIL) v)

“ones . i ((A(CONS x NIL).x) v)

(] (A (CONS x xs).funnyLastElt xs) v)

{] ERROR)

If the first equation matches, but the guardfails, then the IF returns FAIL, and

uationis tried. — .

oeMirada thefinal guardG,may be omitted, which is equivalentto giving

a final guard of True.In this case, the innermost IF is of the form

IF TRUE E; FAIL

which can be optimized to

E;

For example,the definition offactorial

factorial n = 1, n=0

=n * factorial (n—-1)

would be translated to

factorial = Av.( ((An.IF (= n 0) 1 (* n (factorial (— n 1)))) v)

{] ERROR)

This can be simplified further, since the pattern-match cannotfail, and this

specialcase will be spotted bythe transformations of Chapter5.

E
E
r
t
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4.2.7 Repeated Variables

It appears atfirst that it is easy to use a conditional equation to eliminate
repeated variables,by introducing a newvariable name to replace one of the
occurrences of the repeated variable, and adding an appropriate equality
condition. For example, we could rewrite the definition of noDups (given in
Section 4.2.1) thus:

noDups [] = {(]
noDups [x] = [x]
noDups (x:y:ys) = noDups (y:ys), x=y
noDups (x:y:ys) = x : noDups (y:ys)

(The last two equations could now be combinedinto a conditional equation
with two alternatives.) Unfortunately, this approach occasionally conflicts
with the left-to-rightrule originally given for pattern-matching. For example,
given the followingdefinition:

nasty x x True = 1
nasty x y z =2

consider the evaluation of

nasty bottom 3 False

wherethe evaluation ofbottom fails to terminate (for example, bottom could be
defined by the degenerate equation: bottom = bottom). We mightexpect that
the evaluation (nasty bottom 3 False) would not terminate, since we will try to
evaluate bottom in order to compare it with 3. However, suppose wetrans-
formed the definition of nasty to use a conditional equation:

nasty’ x y True 1, x=y

nasty’ x y Z 2

Now,if we evaluate (nasty’ bottom 3 False), bottom will match x and 3 will
match y, but the match of True against False will fail, so the second equation
will be tried, and deliver the answer 2. Hence, nasty and nasty’ behave
differently, and the transformationis invalid. (Note: nasty and nasty’ also
behavedifferently for expressions such as (nasty 1 2 bottom).)
There is a further complication raised by repeated variables. Consider the

function multi:

multi p qq p 1
multi p qrs =2

Should we comparethefirst and fourth arguments, and then compare the
second and third arguments, or the other way around? The order of
comparison is important, because it affects termination; consider
{multi bottom 2 3 4).
This section has shown that repeated variables in a pattern are not as

straightforwardasatfirst appeared (the examples were suggested by Simon
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Finn of the University of Stirling). To simplify the rest of this chapter wewill
therefore side-step these complications, by restricting our attention 0a

subset of Miranda which doesnot allow repeated variables in a pattern. <
lose no expressive power thereby, though we do lose some notationa

convenience.

4.2.8 Where-clauses

Mirandaallows the right-hand side of a definition to be qualified with a
where-clause. For example,

sumsq x y = xsq + ysq
where

xSQ = X*X

ysq = yty

It is intuitively clear that this could be translated to

sumsq = Ax.Ay.(let xsq = * x X

ysq=*yy
in

(+ xsq_ysq))

where we use a let-expression instead of a where-clause. In general, the

definitions in a where-clause may be mutually recursive, so we have to use a

letrec-expressioninstead. This will be optimized in Section 6.2.8. ; 4

Finally, the scope of a where-clause mayincludea set of alternatives an

guardsin a conditional equation:

 

a b = gcd diff b, a>b

one = gcd a (—diff), a<b
= a, a=b

where
diff = a—b

TRI rhs Jtranslates the right-hand side of a definition

TR Ai, Gi = letrec TOE Di J]

= An, Gr TOE Dn I
hei in

Dt (IF TEL Gi J TEL Ai 0

Dm (IF TER Gn J) TED An J FAIL) ...)
If Gp is absent, or True, thenthefinal IF-expression

should be replaced by TEI. An JI

where A; is an expression
G, is a boolean-valued expression
Dj is a definition    

Figure 4.2 The final TR translation scheme
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Thescopeofthe definition ofdiff includesall the alternatives and guards.
Figure 4.2 givesthe finalTR translation scheme,whichtranslates right-handsides, usinga letrec to translate a where-clause.

4.2.9 Patterns on the Left-hand Side of Definitions

So far we have only described how to translate function definitions, butMirandaalso allowsa pattern to appearon theleft-handside ofa definition.For example, consider the following Miranda definition:

addPair w = x + y

where (xy) = w

The productpattern (x,y) appears on the left-handsideofthe definition in thewhere-clause.It implies thatw evaluates to a pair, andit binds the names x andy to the componentsofw.
As mentionedin Section 3.2.3, we also allow generalpatterns to appear on

the left-handsideofdefinitions ina let(rec). This extension allows us to make asimple translation of addPair to

addPair = Aw. (letrec (PAIR x y) = w in (+ x y))

The hard workofdealing with patterns ontheleft-hand side ofdefinitionsis
now carriedout by transformingthis letrec into the ordinary lambdacalculus,which is described in Section 6.2. The modification required to TD is verysimple:

WHp=R 9 = Ef p }= TALR JQ
where

p

isapattern andR is a right-handside.

4.2.10 Summary

Wehave now completed the developmentof the translation of a significant
subset of Mirandainto the enriched lambdacalculus. The final translation
schemes, summarized in Figures 4.2, 4.3 and 4.4, look rather forbidding, but
this is becauseof their generality rather than their complexity.

4.3 The Semantics of Pattern-matching Lambda Abstractions

Having described howtotranslate from Mirandainto a language involving
pattern-matching lambdaabstractions, we now give the semantics of pattern-
matching lambdaabstractions of the form (Ap.E).
Wewill do so by devoting a subsection to each form of the pattern, p:

variable, constant, sum-constructor and product-constructor.
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TE], Exp ]|translates the expression Exp

TEL : 1 = CONS
[ = NIL

1 yt. .. En] ] = ~CONS TEE E; 7 TED (Ea, ..., En) I
= PAIR TEE; Jj TEM E2 0

TEEEee) ]) = TAPLE TEE; J TEL 2 D TEL Es I
and soon

TE True jj = ree

TE[| False ]] = FALS

TELL k = K

Tee = E;

J

TEf E2 0E. = TET Ei 2
TE | vides 7 = ‘TE infix J} TE E: 3 TEL Ee I

TE]. E, $v Eo J = TEL v ji TEQ E1 0 TEL E2 0

wherek isa literal constant or built-in operator

v, Wj are variables
E, Ej are expressions
infix is an infix operator    

Figure 4.3 The final TE translation scheme

 

TDI Def ]\translates the definition Def
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where f is a variable ;
vy; is a variable notfree in any Rj
pij isapattem
R is a right-hand side
Ri is a right-handside

 
   

Figure 4.4 The final TD translation scheme

4.3.1. The Semantics of Variable Patterns

i i -matching lambda abstractionnp is a variable v, then the pattern ma

apEsjust en ordinary lambda abstraction (Av.£), whose semantics have

already beendiscussed in Section 2.5.  
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4.3.2 The Semantics of Constant Pattems
Todescribe the semantics of constant patterns we mustspecify the value of

Evall[ Ak.E Jj

wherek is a constant.Its valueis certainly a function, so we can specify it bygiving the value of

Evalff Ak.E Jla

for any argumenta. Thereare thre€ possibilities: either a is the same as k, or itis L, orit is somethingelse. This le.ads to the following semantic equations:
Evalff Ak.£ a = Evalll E jj if a = Eval k J
Evalf[ \k.E J] a = FAIL ifa 4 Evalfl k ]] and a # |Eval Ak.E Ji = 1

Thefirst equationsaysthatif (Ak. E) is applied to something that evaluates to, then the result comes from evaluatinig E. The second equation says that theresultis FAILifthe argumentevaluates to anythingelse, andthe third equationspecifies that, if the evaluation ofthe argumentfails to terminate, then so doesthe whole application. As usual, these semantic equations specify reductiontules by implication. Thus,for example
(1.4341 >» +34
(A1.+ 34) 2 > FAIL

It is also possible to regard constants as sum-constructors of arity zero, asoutlined in Section 4.1.2.3, in which case the rules of this section become aspecial case of thoseofthe next.

4.3.3 The Semantics of Sum-constructor Patterns
Next, we consider the case of constructor patterns, of the form (s Pi... Pr.Initially we will only consider sum patterns, since productpatterns turn out torequire special treatment. Here are the semantic rules for such patterns:
Evalfl A(s p;...p,).E Ji (s at...a) Evall[ Ap1...Apr.E J] a1...a,Evalll \(s pi...p,).E J] (S' a1...ar)

=

FAIL ifs # g!Eval[[ \(s pi... p,).E Ti Lf
o
n

ool

Operationally, the rules work as follows. To apply (A(s p; ... p,). E) toanargumentA wefirst evaluate A to find out whatsort of objectit is. This impliesthatif the evaluation ofA does not terminate then neither doesthe applicationin question (third rule). (Note: to ‘evaluate A’ we only evaluate it toconstructor form; we do not evaluateits components, Theywill be evaluatedonlyifthey are extracted and used.Thisis whatit meansfor constructors to belazy.)
If A evaluates to an object built with a constructor other than s, then thepattern-match fails (second rule). To see how this rule works, consider an
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application of the lambda abstraction (A(BRANCH tt t2).BRANCH t2 t1) to
(LEAF 0):

(A(BRANCH t1 t2).BRANCH (2 ti) (LEAF 0) — FAIL

Theapplication returns FAIL because the constructorin the pattern is different
from that of the argument.

Finally, if A was built with the same constructoras the pattern, thenthefirst
rule applies. To see how this rule works, consider an application of the same
abstraction to a BRANCH:

(A(BRANCH tt t2).BRANCH t2 t1) (BRANCH (LEAF 0) (LEAF 1))
—> (Atl.At2.BRANCH t2 t1) (LEAF 0) (LEAF 1)
—> (\t2.BRANCH t2 (LEAF 0)) (LEAF 1)
—» BRANCH (LEAF 1) (LEAF 0)

In this case the match succeeds,and t1 and t2 are boundto the components of
. : : . le.

the branch with the ordinary B reduction Tu

Notice that for constructors of arity zero (r=0) the three rules correspore

exactly to those of the previoussection. For example,usingthefirst case

xor function gives:

E.Ay.y) FALSE TRUE — (Ay.y) TRUE(AFALSE.Ay.y) > oY

Finally, notice that the rules deal correctly with nested patterns. Ponsider,for

example, the following application of the first case of the functionlast

(CONS 4 (CONS 3 NIL)):

ONS x NIL).x) (CONS 4 (CONS 3 NIL))
ne (Ax.ANIL.x) 4 (CONS 3 NiL) (first rule)

— (ANIL.4) (CONS 3 NIL) (normalf-rule)
—> FAIL (second rule)

Here, the outer pattern matches but the inner one doesnot, so the whole
>

expression returnsFAIL.

4.3.4 The Semantics of Product-constructor Patterns

Finally we consider the semantics of matching productpatterns. This is an

area in which a rathersubtle issue surfaces.

Consider the Miranda functions

zeroAny x =0

zeroList [] = 0
zeroPair (x,y) = 0

The function zeroAny takes a single argumentand returns0. Miranda s my

semantics clearly means that the argument is not evaluated, so that is
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returned evenif the evaluation of the argumentis very expensive or non-
terminating:

Eval[[ zeroAny 9] | = 0

Wesaythat zeroAnyis lazy sinceit does notevaluateits argument.
The semantics of the function zeroList has already been described by thePreceding sections. It specifies that zeroList evaluates its argument, andchecks whetherit is

[

]. If it is, then zeroList returns 0, otherwise it returnsERROR.WesaythatzeroList is strict since it does evaluateits argument:
Evall[ zeroList J] 1 = 1

Should the zeroPair function be lazy orstrict? Since the argumentis a tuplethere is no pointin evaluating it to check thatit really is a tuple, as wasrequired in the case of zeroList, because the check would always succeed(assumingthat the program is type-checked). It would be morein the Spirit ofa lazy languageto specify that

Eval[[ zeroPair J] 1 = 0

and the Miranda language specifies this choice. Wecall this lazy product-matching. On the other hand,an alternative choice would be to specify that
Evalf[ zeroPair J] 1 = 1

and wecall this strictproduct-matching.
Notice that there is no ‘right’ or ‘wrong’ answer;it is simply a question ofmaking a clear choice of semantics for product-matching. The only ‘wrong’approachis notto notice that there is a choice to be made (and henceto riskmaking different choices in different parts of the implementation, withunpredictable results).
Nevertheless, we contend thatthere are persuasive arguments in favor ofthe lazy approach. Wediscussthisissue in the nextsection,while in the rest ofthis section we concentrate on the semantics oflazy product-matching.
Wemaydescribe lazy product-matching by the following semantic rule:
Evalfl A(t pi... p).E Ja = Evalf[ \p1...Ap,-E J] (SEL-t-1 a)

(SEL-tr a)
Here SEL-t-i is a built-in function which selects theith field from a structuredobject built with constructort. It may bedescribed bythe following semanticequations:

SEL-t-i (ta; ... a... a) = a;
SEL-t-i £ =]

Suppose that (Ap.E), where P is a productpattern,is applied to an expressionA. The rule for lazy product-matching postpones the evaluation of theargument A by binding the names for the components to applications ofSEL-t-i to A, rather than evaluatingA andextractingits componentsdirectly. If
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noneof the componentsofA is evaluated, then A will not be evaluatedeither,

which is the effect we wanted to achieve.

Let us see how this works on zeroPair:

zeroPair = A(PAIR x y).0

Hence,

Eval[l zeroPair J] 1 i
Evaiffl A(PAIR x y).0 HL

Eval ax. Ay.0 J] (SEL-PAIR-1 1) (SEL-PAIR-2 |)

Evalll ay.0 J] (SEL-PAIR-2 1)
0

as required.

4.3.5 ADefence of Lazy Product-matching

Consider the Miranda function firsts, which takes a list of naeand

returnsa pair consisting ofthe first odd andfirst even elements of

the

list:

firsts [] = (0,0)
firsts (x:xs) = combine x (firsts xs)

i = ' odd xcombine x (od,ev) = oN oe

i - hing, so that when evaluating
se that we were to usestrict product-matc! >

oneoplication (combine A; Az) we wouldfirst evaluate Ao. Now consider

evaluating(firsts [1..]), where [1..]Jis the infinitelist of integers starting at 1:

' —> combine 1 (firsts [2. .])firsts [1..] > combine 1 (combine 2 (firsts (3. .]))

dso on. . ;

The evaluationof (firsts [1..]) will never terminate. This is hardly satis-

iti firsts [1..]) should be (1,2).
factory, becauseitis clear that the value of( e

walls well, however,if we use lazy product-matching. Then,in effect, the

evaluationgoeslike this:

12 bine 1 (firsts [2..})

frsts [1..] > (1,SEL-PAIR-2 (firsts [2..]))

—> (1, SEL-PAIR-2 (combine 2 (firsts [3..}))
— (1, SEL-PAIR-2 (SEL-PAIR-1 (firsts [3..]), 2))

— (1, 2)

i ine does not evaluate its second
Under lazy product-matching, combine | e

argument. Instead it binds od to (SEL-PAIR-1 A) and ev to (SEL PAIR-2 A),

here A is the argument. ; _

" We conclude that lazy product-matching gives significant benefits to the

programmer. The effect is quite subtle: strict product-matching caused the

entire argument list to be scanned even thoughall the operations onlists ar

lazy. One purpose ofthis section is to point out thatit is easy for a subtle
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difference in evaluation strategy (strict versus lazy product-matching) to
causea gross difference in the operational behavior of the program (scanning
the whole of an infinite list versus looking at the first element only). The
example is derived from a paper by Wadler [1985].
A furtherreason for advocatinglazy product-matchingis thatit allows us to

describe mutual recursion correctly. For an explanation ofthis point, see
Section 6.2.6.

Thereis anotherinteresting mathematical way of looking at the differences
betweenstrict and lazy product-matching. In domain theory there is more
than onewayofforming the productoftwo domainsA and B,that vary in their
treatmentof1. The ordinary product, A x B,is defined likethis:

A x B = {(a,b) | aeA and beB)

All the elements of this domain are pairs, and the bottom element ofA x Bis
(1,1).

Theliftedproduct, (A x B), is defined like this:

(A x B)y = (A x B) U {1}
In this productthe element| is distinct from (1,1). This correspondsclosely to
ouroperationalideas ofhow tuples (or any otherdata structure) are formed:|
stands for a non-terminating computation, while (1,1) isa pair, both ofwhose
elements are non-terminating computations.
The key insight is that lazy product-matching corresponds to ordinary

product, and strict product-matching corresponds to lifted product. To
implement the ordinary product domain (A x B) we have to make (1,1)
indistinguishable from non-termination. Since they clearly differ operation-
ally, the only way to concealtheir differencesis to use values in an ordinary
product domain in a way that makes them indistinguishable. Thisis precisely
whatthe lazy product-matchingrule does:

Evalll (PAIR p: p2).E IL
Eval[l Ap1.Ap2.E I] (SEL-PAIR-1 1) (SEL-PAIR-2 1)
Evall[ Ap1.Ap2.E Jl 1o

t
t

Evaifl (PAIR pi p2).E JJ (PAIR 1 1)
Evaif[ }p1.Ap2.E JJ (SEL-PAIR-1 (PAIR 1 1)) (SEL-PAIR-2 (PAIR 1 1))
Evalf[ Api.Ap2.E Jit

In other words, the abstraction (A(PAIR p1 p2).E) is indifferent to whetherits
argument is | or (1,1); it returns the same result in either case. So lazy
product-matchingcan be regardedas a way ofimplementing ordinary product
domains (A x B)by using the valuesin the lifted product domain (A x B); in
such a waythat(,1) is indistinguishable from |.

Finally, it is worth noting that the use of lazy product-matching carries an
implementation cost. Consider a function addPair, which adds together the
elements ofa pair:

addPair = A(PAIR x y).+ x y
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Now, using lazy product-matching, the reduction of (addPair (PAIR 3 4))

goesas follows:

addPair (PAIR 3 4) PAR 34

yexaeePAIAA (PAIR 3 4)) (SEL-PAIR-2(PAIR 3 4))
(ay. + (SEL-PAIR-1 (PAIR 3 4)) y) (SEL-PAIR-2 (PA )
+ (SEL-PAIR-1 (PAIR 3 4)) (SEL-PAIR-2 (PAIR 3 4))
+ 3 (SEL-PAIR-2 (PAIR 3 4))
+34
7$

h
b
b
d
d
a
u

This takes one reduction to apply the addPair lambda abstraction, and then

two further reductions (subsequently) to reduce the two PPons

SEL-PAIR. Contrast this with the effect of using strict product-matching:

addPair (PAIR 3 4)
PAR x y).+ x y) (PAIR 3 4)
(Ax.Ay.+ x y) 3 4

(Ay.+ 3 y) 4

+34
7h

d
d

This uses fewer reductions, since the application of the accPat lambda

abstraction also takes the argument apart. Furthermore,it usesless me

since no temporary applications of SEL-PAIR are constructed. This Suge

that we should use strict product-matchinginstead of lazy product-matching

i tics.whereverthis does not affect the seman ;

In the case of addPair, it is clear that the argument will certainly me

evaluated in the end, so it would do no harm to evaluate , ingener°

i icati i trict product-matching). :function application (that is, to use s - ) In Benen

ion is strict i t (see Section 2.5.4)it is safe towhenevera functionisstrict in an argumen' t

strict product-matchingfor that argument. The process of workingoutwhe

functionsarestrictis called strictness analysis, and is discussed in Chap .

4.3.6 Summary

This section has examined the semantics of pattern-matchingeee48

i ded this area in the past. .
because much confusion has surroun his are ;

summarizes the results of the section. Thedistinction erainarinandbr

i d FAIL, are both first des
roduct-matching, and the use of {] an ;

Turner’s thesis [Turner, 1981], but the present formulation based on

structured types is due to the authors.

4.4 Introducing case-expressions

The transformations in the last section produce remarkably inefficient

programs! The main reasonforthisis that pattern-matches are attempted,
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testing for FAIL each time, as each equationin the function definition is tried in
turn.

Frequently, however,a single test would suffice to select the appropriate
equation. For example,recall again thereflect function:

reflect (LEAF n) = LEAF n
reflect (BRANCH ti t2) = BRANCH(reflect t2) (reflect t1)

To applyreflect, it would suffice to test the argument, andselectthefirst or
secondright-hand side according to whetherit was a LEAF or a BRANCH.

In this section, therefore, we introduce Case-expressions, a convenient
construct for describing a particularly simple form of pattern-matching which
hasthis single-test property. Chapter5 will then demonstrate how to translate
Mirandafunction definitions into case-expressions, and Chapter 6 will show
how case-expressionscan be transformedinto the ordinary lambdacalculus.
The net effect will be a significant improvementin the efficiency of the
resulting program.
Case-expressions are a notation for describing a simple form of pattern-

matching. To begin with an example, we maytranslate the definition ofreflect,
using a Case-expression,in the following way:

reflect = At.case t of
LEAF n => LEAF n
BRANCH t1 t2 => BRANCH(reflect t2) (reflect t1)

Theimportantpoints aboutacase-expression are that the patterns are simple
(that is, not nested) and exhaustive (thatis, they coverall constructors of the
type). This makes them particularly simple to implement.
The generalform ofa case-expressionis

case v of

C1 Vii... Vig => Ey

Cn Vana --+ Vag => En

wherev is a variable, E; -.. En are expressions, the v;; are distinct variables,
andthec; ... Cn are a completefamily of constructors from a structured type
declaration. The syntax of case-expressions was defined in Figure 3.2.

Operationally, to evaluate this case-expression, v is first evaluated. Then,
according to whatconstructor v was built with, the appropriate E; is selected
and evaluated,with the v,; bound to the componentsofv.
Formally, the constructis defined to be equivalentto

((M(C1 Via... Vi)-E1) v)

0 (Cn Vat +++ Viye)-En) v)

but a case-expressionis far more readable!
Intuitively, case-expressions correspond to a multiway jump, whereas the

equivalentexpressionusing [] correspondsto a sequential‘if. ..then.. elseif...”
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The semantic equationsof (Ap.£) are:

Eval[l Ak.E J} a =Evalil[l E J if a = Evalf[ k J]

Eval[ Ak.E 9) a

=

FAIL if a # Evalf[ k Janda #1

Eval[ aK.E ] L=L

Evalll A(s pi .-- Pr)-E J (Ss a1 -.- a)
Eval X(s p1 ... pr.)-E ]] (s’ a1... arg’) FAIL ifs # s’
EvalA(s pi... pr)-E HL L

Eval{ x(t pi... p,)-E Pa=  Evalfl Api...Apy.E J] (SEL+t1 a)
w
o
u
d

Eval[ Api...Apr,-E Dar... ar

(SEL-t-n a)

wherek is a constant
s is asum constructorofarity fs
t isa product constructor ofarity r
pi is a pattern
E is an expression
aj, a are values

The SEL-t-i functions are defined as follows:

SEL-t-i (tay... aj... a) =a
SELti 1 L

wheretis a product constructorofarity r.

The[] operatoris defined as follows:

a DTb=a if a # Landa # FAIL

FAIL J b = b
L fbeal    
Figure 4.5 Semantics of pattern-matching lambda abstractions and |]

structure. Indeed, the implementation described in Chapters 18-20 will

compile case-expressionsand [] respectively to precisely such machine code!

4.5 Summary

Structured data types have proved more complicated thanatfirst appeared!

We have discussed the background and semantics of pattern-matching,

showing how to translate a Miranda function definition involving pattern-

matching into the enriched lambda calculus. This required us to define two

new constructs, pattern-matching lambda abstractions and the [] operator,

whose semantics we then defined. To clear the way for a moreefficient

translation, we then introduced case-expressions, describing their semantics

in termsof a transformationinto the constructs previously described.
The next two chapters complete the pattern-matching story. Chapter 5
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EFFICIENT COMPILATION OF
PATTERN-MATCHING

Philip Wadler

This chapter shows how to compile function definitions with pattern-matching

into case-expressions that can be efficiently evaluated. Previously, pater

matching has been formally defined, and we have seen some examples o

function definitions with pattern-matching.

5.1 Introduction and Examples

We begin b reviewing two examples. ;

Thefirs example showspattern-matching on more than one pattern. The
function call (mappairs f xs ys) applies the function f to corresponding pairs

from thelists xs and ys.

mappairs f [] ys 0 tt
mappairs f (x:xs)
mappairs f (x:xs) (y:ys) f x y : mappairs f xs ys

For example, (mappairs (+) [1,2] [3,4]) returns [4,6]. The definition even

here specifies that if the argumentlists are not the same length, then re

result will be as long as the shorter of the two lists. For example,
appairs (+) [1,2] [3,4,5]) also returns [4,6]. .

The simplest way to think of pattern-matchingis as trying to match each

equation in turn. Within each equation, patterns are matched fromleft 5

right. For example, evaluating (mappairs (+) [1,2] [3,4] first matches (

againstf in the first equation, which succeeds, and then matches[1,2] agains

78
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[], which fails. Then the second equationis tried. Matching(+)against f and[1,2] against (x:xs) both succeed, but matching [3,4] against (] fails. Finally,matchingin the third equation succeeds, binding f to (+), x to 1, xs to [2], y to3,and ys to [4]. This corresponds exactly to the way pattern-matching wasdefined in Chapter 4.
Performing pattern-matching in this way can require a lot of work. Theexample above had to examine the list [1,2] three times and the list [3,4] twice.It seemsclearthatit should be possible to evaluate this function application ina moreefficient manner that examines each list only once, butstill gives theresult prescribed by the semantics. This can be done by transforming theabove definition into an equivalent one using case-expressions:

mappairs

= Af.Axs’. dys’.

case xs’ of
NIL => NIL
CONS x xs => case ys’ of

NIL => NIL
CONS y ys = CONS (f x y) (mappairs f xs ys)

(Case-expressions were introducedin Section 4.4.) This chapter describes analgorithm that can automatically translate thefirst definition into the second.This algorithm is called the pattern-matching compiler.
The second example shows pattern-matching on a nested pattern. Thefunction call (nodups xS) removesadjacent duplicate elements from

a

listxs. Itcan be defined asfollows:

nodups [] = [J

nodups [x] [x]
nodups (y:x:xs) nodups (x:xs), y=x

= y : nodups (x:xs), otherwise

(As you would expect, the guard ‘otherwise’ applies if no other guard does.See Appendix.) For example, (nodups [3,3,1,2,2,2,3]) returns (3,1,2,3]. Notethat the naming neednot be consistent: x standsforthefirst elementofthelistin the second equation, and for the second elementofthelist in the thirdequation.
Again, one can apply this definition by matching each equation in turn. Forexample,evaluation of (nodups [1,2,3]) willfirst try to match [1,2,3] against [],which fails. Next, it will try to match [1,2,3] against[x], which also fails.Finally,it will succeed in matching[1,2,3] against (y:x:xs), binding y to 1, x to2and xs to [3]. Again,this correspondsexactly to the semantics in Chapter4.Asbefore,this is not very efficient. Thelist [1 ,2,3] is examined three times,and the sublist [2,3] is examined twice (once in the second equation, whereitfails to match[], and once in the third equation,whereit succeedsin matching(x:xs)). The pattern-matching compiler can transform this into a form that
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examinesthelist and the sublist only once:

nodups

= \xs’’. case xs’’ of
NIL => NIL

CONS x' xs’ =>
case xs’ of
NIL => CONS x’ NIL
CONS x xs => IF (= x’ x)

(nodups (CONS x xs))
(CONS x' (nodups (CONS x xs)))

(Herex’ is the variable that was called x in the second equation andy in the
third.
The two kinds of pattern-matching, nested patterns and multiple patterns,

are closely related to one another. The pattern-matching compiler discussed
below works uniformly for both.

In the examples above, the patterns onthe left-hand sidesof the equations
do not overlap. Many people would rewrite the first definition in the form:

(]
()
f x y : mappairs’ f xs ys

mappairs’ f [] ys
mappairs’ f xs []
mappairs’ f (x:xs) (y:ys)

In this case, the patterns overlap because both the first and the second

equation match against (mappairs’ f [] []).

Onereason for preferring mappairs’ to mappairs is that it is considered to be
moreefficient. Indeed,if the simplest implementation of pattern-matchingis
used, matching each equation in turn, then it is slightly less work to match
against xs than to match against (x:xs). However, as we shall see, this

definition mayactually be Jess efficient when the pattern-matching compileris

used. Someother problemswith definitions like mappairs’ will be discussed in
Section 5.5.
The remainderofthis chapter is organized as follows. Section 5.2 explains

the pattern-matching compiler algorithm. Section 5.3 presents a Miranda

program that implements the algorithm.Section 5.4 describes some optimiza-
tions to the pattern-matching compiler. Section 5.5 discusses a restricted class

of definitions, called uniform definitions, which have useful properties.

Credit for the first published description of a pattern-matching compiler

goes to Augustsson, whousedit in the LML compiler [Augustsson, 1985].

Techniquessimilar to Augustsson’s have been discovered independently by
several researchers, including the authors of the Hope compiler [Burstall et
al., 1980]. The material presented here is derived partly from Augustsson’s
paperandpartly from original work by the author (Wadler).

It is also possible to derive the pattern-matching compiler from its
specification using program transformation techniques; see Barrett and
Wadler[1986].
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5.2 The Pattern-matching Compiler Algorithm

A Mirandafunctiondefinition of the form

f piri... Pin = Ey

fma -++ Pmn = En

can betranslatedinto the enriched lambda calculus definition
f = Au. Me ((APi,1’. eee AP4,n’. Ey’) Uy... Un)

0 (XPm1! e mee APm n . Em’ ul ERROR Em) tn)
where the u; are new variables w
and pi,’ are the result of translat
howto dothis translation in Cha

fhich do notoccur free in any E), and the E;’
ing the E; and pi, respectively. It was shownt pter 4, using the TD translation scheme.This section shows how to transform thedefinition of f into a form whichuses Case-expressions, removingall use of pattern-matching lambdaabstrac-ans. ihe transformation applies to the entire body of the Au; AUnstraction, except that we generalizeslightly t i essi

instead ofBana gntly to allow anarbitrary expression

For the sake of simplicity, we assume that constant patterns have beenreplaced by conditional equations,as described in Section 4.2.1.

5.2.1 The Function match
Ourgoal, then,is to transform an expressionof the form

(pit... -APin-E1) uy... Un)
0
u ((APm1. .-. APma-Em) Ur... up) (5.1)

into an equivalent expression which
pattern-matching lambda abstractions.
The transformation is a bit complicated, and so we will use some newnotation to describeit. Specifically, we will use a function match, which takesas its arguments the various Parts of the input expression namely the pij, Eand uj, and Producesasits output the transformed expression The functimatch is similar to the TD and TE translation schemes introduced in Chapter3,except that bothits input andits result i

:
are enriched lambda =sions. Furthermore, the double

ments newha,
Square bracket syntax becomes somew,cumbersome,so weuse a syntax like Mirandainstead. natHere,then,is the call to match which wewill use to compile the expression

uses case-expressions rather than



:
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mn
e
en
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(5.1) given above:

match [u1, ..., Un]

[( (p11, so Pil, E; )

( [Pmt cee Pmal, Em J

E

This call should return an expression equivalentto the expression (5.1), and

wetake (5.1) as the definition ofmatch from a semantic pointofview. A call of

match takes three arguments:a list of variables, a list of equations and a

default expression. Each equation is a pair, consisting of a list of patterns

(representing the left-hand side of the equation) and an expression (repre-

senting the right-handside). Notice that thelist of variables and eachlist of

patterns have the samelength.
Wewill also sometimeswritecalls of match in the form

match us qs E

Hereusis the list of argument variables (of length n), and qsis

a

list of

equations(oflength m). Each equation qi in qs has the form (psi, E;), where ps;

is the list of patterns on theleft-handside (of length n) and E;is the expression

on the right-handside.

As a running example, wewill use the following Miranda function:

demo f [] ys =Afys
demo f (x:xs) [] =Bfx xs
demo f (x:xs) (y:ys) = C f x xs y ys

This function is similar in structure to mappairs, but it has been changed

slightly in order to simplify andclarify the following examples. The right-hand

sides use three unspecified expressions A, B and C.
Translating this into the enriched lambdacalculususingTD gives:

demo
= AUy.AUg.AUg. ((AF.ANIL.Ays.A f ys) U1 U2 Us)

f] ((Af.A(CONS x xs).ANIL.B f x xs) U1 U2 Us)

f] ((Af.A(CONS x xs).A(CONS y ys).C f x xs y ys)U1 U2 ug)

)) ERROR

where Uj, U2, Us are new variable names which do notoccurfree in A, B or Cc.

Now,wetransform thedefinition of demo, by replacingits body witha call of

match:

demo

= NUy.AU2.AUg. match [u1, ue, Us]

{ ([f, NIL, ys ], (A f ys) )
( [f, CONS x xs, NIL 1 (Btxxs)  ),
( [f, CONS x xs, CONS y ys], (C f x xs y ys)) ]

ERROR

The following sections give rules to transform any calli of match to an
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equivalentcase-expression. We be in with rul i
to more general ° eg es for simple cases and proceed

5.2.2 The Variable Rule

In the example above, wehavethe following call on match:

Match [us, uo, us]

[ ( [f, NIL, ys Afif CONS x xs, NIL } ‘8 f 8)
as S x xs, CONS

y

ys], (C f x xs y ys) ) ]

In this case, thelist of i: patterns in every equation begins wi i imay be reduced to the equivalentcall: ° mh a variable. This
match Ihe us]

(NIL, ys 1 (A[CONS x xs, NIL i é un 8)
eece S x xs, CONS y ys], (C us x xs y ys) ) ]

This is derived by removin iS g the first variable, U1, and in each iremoving the corresponding formal variable, f, and replacing f b unintheright-handside of each equation. Seeyanin heThe same method works whenever€ each equati i i ievenif each equationbeginswith a di atiable. Ferransablefferent variable. For example,
match [uz2, us] .

[ Us NIL], (B x) ),
y, CONSmae x xs], (C y x xs) ) J

reducesto the call,

match [us] :

C ¢ [NIL], (B uz) ),
ennoes x xs], (C us x xs) ) ]

(This particular example arises when compiling the definition of nodups. )n general, if every equation beginswith a variable pattern, then th llmatch will have the form:
ecaer

match (u:us)

[ ( (vi:psi), E: ),

( (Vm: im), EmE PSm) )]
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This can be reducedto the equivalentcall:

match us

{ ( ps1, Exlu/vi) ),

(psmEnfu/vnl )}
E

where,as usual, E[M/x] means‘E with M substituted for x’. In order to avoid

too many subscripts, a Miranda-like notation. has been used here; for

example, we write (u:us) instead of [u1, ..., Un]. The general case corres-

pondsto thefirst example above, whereu is u1, us is [uz,Us], v1 is f, pS1 is

[NIL, ys], and so on.

It is not hard to show that the rule is correct, that is, that the two match

expressions are equivalent. This follows from the definition of match and the
semantics of pattern-matching.

5.2.3 The Constructor Rule

The abovestep hasleft us with the following call ofmatch:

match [us, us]

[ ( [NIL, ys 1 (A Uy ys) )

( [CONS x xs, NIL 1, (B us x xs) )s
( [CONS x xs, CONS y ys], (C u: x xs y ys) ) J

ERROR

In this case, the list of patterns in every equation begins with a constructor.

This call is equivalentto the following case-expression:

case U2 of

NIL => match [us]
[ ( fys],
ERROR

CONS us us => match [Us Us, Us}

{ ( [x, xs, NIL], (B uy x xs) )s
( [x, xs, CONS y ys], (C us x xs y ys))]

ERROR

(A u; ys) )]

This call is derived by grouping togetherall equationsthat begin with the same

constructor. Within each group, new variables are introduced corresponding
to eachfield of the constructor. Thus NIL, which has no fields, requires no new

variables, while CONS, which has twofields, introduces the variables u, and

us. These new variables are matchedagainst the corresponding subpatternsof

the original patterns.
It may be useful here to look at a second example. In compiling the

definition of a function like nodups, one would encounterthe followingcallof
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match:

match (us)

C ( [NIL], A )( [CONS x NIL}, (Bx i),
Enon. y (CONS x xs)], (C y X xs) ) ]

This can be reducedto the equivalent expression:

case u; of

NIL => match []
{ (C1, A )]
ERROR

CONS ups U3 => match [u2, Ug]

[ le NOH (B x) ),
, CONS L (Ccene x xs], (C y x xs) ) ]

Again, NIL introduces no new variables (leavi‘ » Nil ing a call ofmatch with an elist of variables), and CONSintroduces two new variables, u2 and us. myMore generally,it may be the case thatnotall equationsbeginning with the
same constructor appear next to each other. Fo am ;. For excall of match such as: ple, one might have a

match [us

[ ( [CONS x NIL], (B x) )
( [NIL], A )

c{eons y (CONS x xs)], (C y x xs) )]

: It is always safe to exchange two equationsthat begin with a differentOnstructor, so we mayrearrangethe aboveto the equivalentcall:
. Match [us]

[ ( [NIL], A )( [CONS x NIL}, (B x) ),
EAeens y (CONS x xs)], (C y x xs) )]

which maybetransformed as before.
It mayalso bethecase thatnotall const i

a ructors appearin theoriginal liequations. For example, a function definition such as: Binet istot
last [x]

last (y:(x:xs))

Xx
last (x:xs)

will result in the following call ofmatch:

match [u1]
{ ( [CONS x NIL}, x )
c{CONS y (CONS x xs)], (last (CONS x xs)) ) J
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This can be reduced to the equivalent expression:

“seI => match [] [] EnAon

match [u2, u
CONS ue U3 => in NIL x \

( [y, CONS x xs], (last (CONS x xs)) ) ]

ERROR

The case-expression muststill contain a clause for the missing constrictor

andthecall of match in this clause will have an emptylist of equations. ‘ rom

the definition of match, we know that (match [] [] ERROR)is equivalent to

R.

Wena discuss the general rule for reducing a call of match where every

equation beginswith a constructor pattern. Say that the constructors are from

a type which has constructors C1, .-- Ck Then the equations an

rearranged into groups of equations qS1, .-.» OSk; such that every equate an

group qs; begins with constructorci.(If there is some constructor ¢; me 8"

no equation,like NIL in the last example above,then the correspon ing group

gsiwill be empty.) Thecall of match will then have the form:

match (u:us) (qs; ++ ... ++ qs) E

where each qs; has the form:

[ ( (cr ps’us):psia), Ent )

( (cr ps'im):pSim), Em ) J
(++ is list append.) In this expression we have abbreviated the constructor

pattern (c pi ... Pr) to the form (c ps), where ps stands for the list of patterns

[p1, Pz, -- +1 Pr). This call to match is reduced to the case-expression:

case u of Ee

c; us’; => match (us’: ++ us) qs'1

Ck US’ => match (us’x ++ us) gs’k E

where each qs’ has the form:

L ( (psi ++ psia), Eis)

( (ps'um ++ PSim), Eum ) J

Hereeachus’is a list of new variables, containing one variable for each field

in ci.
. . . .

Forinstance,in the example at the beginning ofthis section, qs2 1s

[ ( [CONS x xs, NIL ], (B us x xs) )

( [CONS x xs, CONS y ys], (C ur x xs y ys) ) J
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and c2 is CONS,ps’2; is [x, xs], psa,is [NIL], E21 is(B ui x xs), ps’22is[x, xs],
PS22is[CONS y ys], and E22is(C us x xs y ys). The corresponding qs’ zis

C ( [x, xs, NIL ], (B ui x xs) ),
( [x, xs, CONS y ys], (C us x xs y ys) ) J

Thecorrespondinglist of new variables,use", is [U4,Us].
This notation is, of necessity, rather clumsy. The readerwill be pleased to

discover, in Section 5.3, that this transformation can be written as a functional
program which is more concise and (with experience)easier to read.
Again, the correctness of this rule can be proved using the definition of

match and the semantics of pattern-matching.

5.2.4 The Empty Rule

After repeated application of the rules above, one eventually arrivesata call
of match wherethevariablelist is empty, such as the following:

match []
C ( (), (A us us) ) J
ERROR

This reducesto:

(A u; Us)

Thecorrectnessofthis follows immediately from the definition ofmatch, since
Acannotreturn FAIL.

In general, the call ofmatch mayinvolve zero, one or more equations. Zero
equations mayresultif the constructorrule is applied and some constructor of
the type appears in no equations,as in last above. More than one equation can
result if someof the original equations overlap.

Thus,the general form ofa call ofmatch with an empty variablelistis:

match []
C (0) 1),

( (], Em ) ]

E

where m = 0. From thedefinition ofmatch, this reduces to

E:ig...g Ex Qe

Further, we can often guarantee that none of Ey, ..., Emcanbe equalto FAIL.
In this case, the above match expression reduces to E; ifm > 0 and to

E

if
m = 0. Section 5.4.2 discusses this optimization further.
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5.2.5 An Example

Therules given so far are sufficient to translate the definitions ofmappars and

nodups to the corresponding case-expressions given in the intro uction.
Notice that the variable names used in the introduction were chosen for

readability. In practice, the translation algorithm will usually pick new names.
The reader may wish to verify that the rules given above are indee

sufficient to translate the definition

mappairs f [] ys =[]
mappairs f (x:xs) [] = [] ;
mappairs f (x:xs) (y:ys) = f x y : mappairs f xs ys

to the equivalent:

mappairs

= AUy.AU2.AU3.

case Ue of

NIL = NIL

CONS ug Us => case u3 of
NIL => NIL
CONS us uz = CONS (uy Us Us)

(mappairs uy Us U7)

The reader mayalso wish to check that the function nodups transformsto the
case-expression given in the introduction.

5.2.6 The Mixture Rule

The above rules are sufficient for compiling most function definitions into
case-expressions. However,thereisstill one case which has not been covered.

This arises whennotall equations begin with a variable, and notall equations
begin with a constructor; that is, when there isa mixture of both ine 9

equation. For example, hereis an alternative definition of demo (similar in
structure to the alternative definition of mappairs):

demo’ f [] ys = Af ys
demo’ f xs [] = Bf xs
demo’ f (x:xs) (y:ys) = C f x xs y ys

Converting this to a match expression and applying the variable rule to
eliminate f results in the following:

ch [u2,u3

™ ( INI, ys ], (A us ys) )
( [xs, NIL j, (B us xs) )
( [CONS x xs, CONS y ys], (C us x xs y ys) )

ERROR

Neitherthe variable rule nor the constructor rule applies to this expression,

because some equations begin with constructors and others with variables.
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This is where the third argument to the match function is useful. The aboveexpressionis equivalentto:

match [ue, us]

[(INIL, ys], (A uy ys))]
( match [uz, uz]

[(lxs, NIL}, (B uy xs))]
( match [u2, us]

[(({CONS x xs, CONS y ys], (C ur x xs y ys))]
ERROR ))

Thatis, the equations are broken into groups;first an equation beginning witha constructor, then one beginning with a variable, and then one beginningwith a constructoragain.If the equationin thefirst call ofmatch fails to matchthe arguments thenthe value of the second call ofmatch is returned. Similarly,if the equation in the second call does not matchthenthethird call is returned,andif the equationin the third call does not match then ERRORis returned.The reader may verify that reducing the three calls of match using thevariable, constructor and basecaserules results in the following definition ofdemo’:

demo’

= AUy.AU2.AUg.

case uo of

NIL => (A Uy Us)
CONS us us =>

case ug of

NIL > (Bu; uw)
CONS us uz >

case uz of

NIL => ERROR
CONS us us >

case ug of
NIL => ERROR
CONS us uz => (Cu; uy Us Us U7)

This involves. four case-expressions. Whenthe second andthird argumentsare both non-emptylists then eachlist is examined twice, as compared withonce for the definition of demo. This confirms the claim made in theintroduction that ‘optimizing’ the definition of mappairs by transforming itinto mappairs’ can actually result in worse code.
It may be possible to devise a compilation algorithm that would producebetter codefor this case. This could be donebysimplifying a Case-expressionthat appears inside another case-expression for the samevariable. This sort ofoptimizationis straightforward, althoughit requires considerably more book-keeping. In this case, mappairs’ would compile to the same Case-expression asmappairs, although the compilation process would be rather morecomplicated.

,
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In general, a call of match where some equations begin with variables and

somewith constructors maybe transformedasfollows. Say weare givena call

of match of the form

match us qs E

The equationlist gs may bepartitionedinto

k

lists qs1, ..-, (Sk such that

qs = qSi ++... ++ Sk

The partition should be chosen so that each qsi either has every equation

beginningwith a variable or every equation beginning with a constructor. (In

the example above, each qs; had length 1, but in general this need not be the

case.) Then the call ofmatch can be reducedto:

match us qs, (match us qS2 ( ... (match us qs, E).-.))

It is easy to use the definition of match to showthatthis rule is correct.

5.2.7 Completeness

With the addition of the mixturerule,it is now possible to reduce any possible

call ofmatch to a case-expression. This can be seenby a simple analysis. Given

acall (match us qs E) then uswill be either empty, so the empty rule applies,

or non-empty.If us is non-empty then each equation must have a non-empty

pattern list, which must begin with either a variable or a constructor. If all

equations begin with a variable then the variable rule applies;if all begin with

a constructor then the constructor rule applies; and if some begin with

variables and somewith constructors then the mixture rule applies.

Further, define the‘size’ of an equationlist as the sum ofthesizesofall the

patterns in the equationlist. It can be seenthatall four of the rules result in

calls of match with smaller equationlists. This guarantees that the algorithm

must eventually terminate.

5.3 The Pattern-matching Compiler in Miranda

This section presents the transformation algorithm as a functional program in

Miranda.

5.3.1 Patterns

First, it is necessary to give a data type for representing patterns.

pattern := VAR variable
| CON constructor [pattem]

variable === [char]
constructor == [char]
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For example,(x:xs) is tepresented by (CON “CONS"[VAR “x’, VAR “xs"])
Weneed twofunctions on constructor names. The functionarity given a

constructor returnsits arity, and the functi i, on constructors given a const
returnsa list ofall constructors ofits type: ° meron

arity :: constructor —~> num
constructors :: constructor —> [constructor]

For example (arity “NIL”) returns 0, and (arity “CONS") returns 2. Both
(constructors “NIL”) and (constructors “ " i
oNCONS ( CONS”) return the list

5.3.2 Expressions

Next, we need a datatype for representing expressions:

expression ::= CASE variable [clause]
FATBAR expression expression

clause = CLAUSE constructor [variable] expression

For example, the case-expression:

case xs of
NIL => E,

CONS y ys => E,

would be represented by

CASE “xs”

[CLAUSE “NIL” [] Ey’,
CLAUSE “CONS”[“y", “ys"] E2']

where E,’, Ee’ are the representations of the expressions E,
the expression

E; f] Ee

would be represented by

FATBAR E,’ E2’

conn +.’ in the definition of the type expression stands for other
ns Tuctors used to represent other expressions, such as variables

applications and lambda abstractions. We do not need to know anything

Eo. Similarly,

subst :: expression —> variable —> variable —> expression

For example, if E represents the e i \’ xpression (f x y), th eqs ue

represents the expression (f _u1 y). Y) then (subst E “ut “x")
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5.3.3 Equations

An equationis a list of patterns paired with an expression:

equation == ([pattern], expression)

Wewill use the letter q to denote equations, or else write (ps,e). sable or a
Weneed functions to determineif an equation begins with a variable °

constructor. If it begins with a constructor, we also need a function to return
that constructor.

isVar = equation -> bool
isVar (VAR v : ps, e) = True
isVar (CON c ps’ : ps, e) = False

isCon = equation —> bool
i = ~ (isVar q)

petCon : equation —> constructor

getCon (CON

c

ps’ : ps, e)= c

5.3.4 Variable Names

Weneed some wayofgenerating the new variable names, ul, u2, and so on.
To do this we introduce a function makeVar that, given a number, returns
variable name.

makeVar :: num —> variablemakeVar k = oy” ++ show k

ns ‘ug’ face each new variableFor example, (makeVar 3) returns ‘_u3’. Here we pre ,
name with ‘’ to avoid it being confused with any variable already in the
program.

5.3.5 The Functionspartition and foldr

The implementation of the mixture rule uses a function called partion. ine
call (partition f xs) returns a

_

list [xsi, ..., xSn] suc at
XS = XS1 ++ ... ++ XSn, and such that f x = f x’ for any elementsx and x
in xsi, i from 1 ton, and such that f x # f x’ for any elementsx in xs; and x’ in
xSii1, | from 1 ton—1. For example,

partition odd [1,3,2,4,1] = [ [1,3], [2,4], [1] ]

Thefunctionpartition is defined as follows:

partition 2 (# —> *#) —> [x] -> [ [+] ]
partition f [] =[]
partition f [x] =[ kl]

f
age . = tx

ition f (x:x':xs) = tack x (partition f (x':xs)), f x
paravon

t

¢ [x] : partition f (x’:xs), otherwise

tack x xss = (x : hd xss) : tl xss
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Incidentally, the following definition oftack is not equivalent to the abovedefinition:

tack x (xs:xss) = (x : xs) : xss

The difference betweenthe twois closely related to the question ofstrict andlazy pattern-matching, mentioned in Section 4.3.5 in connection with thefunctionfirsts.
The pattern-matching compiler also uses the standard functionfoldr. Thefunctionfoldr is defined so that

foldr f a [x1, xe, seer Mal = f xy (f xp (... (f X_ a)...))
For example,(foldr (+) O xs) returns the sum ofthe list of numbers xs. Thefunction foldr is defined by:
foldr s(* —-> #* => **) —> x# —> [+] —> 4foldr f a [] a
foldr f a (x:xs) = f x (foldr f a xs)

5.3.6 The Function match
Weare now ready to define the function match. Calls of match havethe form(match k us qs def). Here, as in Section 5.2, us representsa list of variables ?

that for every i>k, (makeVari) is a new variable notin us, qs or def.For example,theinitial call to match to compile the definitions of mappairswould be:

match 3

(“ut”) ua" “u3"]
[ ( [VAR “f°, CON “NIL” [],

VAR “ys” ], E: ),
( [VAR “f", CON “CONS” [VAR “x”, VAR “xs"'],

CON “NIL” (]], Ez),
( [VAR “tf, CON “CONS" [VAR “x”, VAR “xs"'),

CON "CONS" [VAR “y", VAR “ys”] J, Es )Jerror

where E,, Ez and Eg representthe three expressions on the right-hand sides ofthe equation, and error represents the expression ERROR.Thedefinition of match can now be derived in a fairly straightforward wayfrom the description given in Section 5.2. The type of matchis:
match :: num —> [variable] —> [equation] —> expression ~> expressionTheequationsfor the top-

mixture rule.

match k [] qs def = foldr FATBAR det fe! (je) <- qs ]match k (u:us) qs def
= foldr (matchVarCon k (u:us)) def (partition isVar qs)

level of match come from the empty rule andthe
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The function matchVarCon is given a list of equations thateither all begin

with a variable orall begin with a constructor.It calls matchVar or matchCon,as
appropriate.

matchVarCon k us qs def ;
matchVar k us qs def, isVar (hd qs)
matchCon k us qs def, isCon (hd qs)

The function matchVar implements the variable rule.

matchVar k (u:us) qs def
= match k us [(ps, subst e u v) | (VAR v : ps, e) <— qs] def

The functions matchCon and matchClause implement the constructorrule.
Thecall (choose c qs) returnsall equations that begin with constructorc.

atchCon k (u:us) qs def _

CASE u [matchClause c k (u:us) (choose c qs) def | c <— cs]
where
cs = constructors (getCon (hd qs))

matchClause c k (u:us) qs def

= CLAUSE c us’ (match (k’+k)

lipstps, e) | (CON c ps’ : ps, e) <— qs]
def )

where

k’ = arity c

us’ = [meksVar (it+k) | i <— [1..k’] J

choose c qs = [q |! q <— qs; getCon q = c] .

This completes the Miranda program for the pattern-matching compiler.

5.4 Optimizations

This section discusses some optimizations to the Patternmatching soyhe

i i imizati hich gives greaterefficietion 5.4.1 describes an optimization w

compiling overlapping equations. This involves further uses of[] and FAIL, and
Section 5.4.2 describes how these may often be eliminated.

5.4.1 Case-expressions with Default Clauses

If overlapping equations are allowed, then sometimes the Pattermatching
compiler described above may transform a small set ofequations into
case-expression that is much larger. For example, consider the function
defined by:

unwieldy [] []
unwieldy xs ys

A
B xs ys
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The pattern-matching compiler transforms this into:

unwieldy = Axs.Ays. case xs of
NiL => case ys of

NIL => A
CONS y’ ys’ => B xs ysCONS x’ xs’ > B xs ys

Herethe expression (B xs ys) appears twice. If (B xs ys) were replaced bya very large expression, the increasein size caused by the compilation processcould be very significant.
The problem can be avoided by modifying the rules givenin Section 5.2 sothat right-handsides are never duplicated during the compilation process.Infact, only one rule can Causeright-handsides to be duplicated, the constructortule. This rule is modified as follows.
Recall that the constructorrule transforms a call ofmatch of the form:

match (u:us) (qs; ++... +4 qs;) E

to a case-expression of the form:

case u of

Ci USi’ => match (us,;’ ++ us) qs;’ E

Ck USk’ => match (us,’ ++ us) qs,’ Eq

where qs;, ..., sk and qsi’, ..., qsx’ are as described in Section 5.2.3.Normally E will be ERROR,butif the mixture Tule is used then E mayitselfbe a match expression containing right-handsides; it is in this case thatduplication may occur. The modified rule prevents this by using[] and FAIL toavoid duplicating E.
This is done by replacing the Case-expression above with the equivalentexpression:

(case u of

C1 US1’ => match (us;’ ++ us) gs,’ FAIL
Ck US,’ => match (US! + us) qs,’ FAIL)Je

If we call the old case-expression C, then the new expression is (C’ [] E),where C’is formed by replacing each E inC by FAIL.It is clear that the newexpression is equivalent to the old expression and, as desired, E is notduplicated by the newrule.
For example, using the new Tule, the definition of unwieldy will now
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transform to:

unwieldy = Axs.Ays.
(case xs of

NIL > (case ys of
NIL > A
CONS y’ ys’ = FAIL) (a)

) FAIL (b)
CONS x’ xs’ = FAIL)

1B xs ys
(c)

This expression is a little larger than the previous version of unwieldy, but

now (B xs ys) appears only once. If (B xs ys) stands for a large expression, L

then this new expression may be much smaller than the-previous one. :

Asan exampleof how thissort of expression is evaluated, consider the call

(unwieldy NIL (CONS 1 NIL)

This is evaluated as follows. First, the outer case-expression is evaluated.

Since xs is NIL, this causes the inner case to be evaluated. Since ys is

(CONS 1 NIL), the inner case-expression returns FAIL; see line (a). So the

expression after the inner[] is returned, whichis also FAIL; see line (b). Thus,

the outer case-expression returns FAIL. So the expression after the outer |] is

returned; see line (c). This is (B NIL (CONS 1 NIL)), which is the value

returnedbythecall of unwieldy.

 
5.4.2 Optimizing Expressions Containing [] and FAIL

It is often the case that all occurrencesof FAIL, and its companion, {], can be

eliminated. Most of these optimizations depend on reasoning that FAIL can

never be returned by an expression, becausein this case an occurrence offlcan

be eliminated.

Suppose that FAIL is returned by an expression E. Then it is necessary

(though notsufficient) that one of the following conditions must hold:

(i) FAIL is mentioned explicitly in E;

(ii) E contains a pattern-matching lambda abstraction, whose application

mayfail;
(iii) FAIL is the value of oneof the free variables of E.

If the pattern-matching compiler described in this chapter is applied

throughout, then no pattern-matching lambda abstractions will remainin the

transformed program, and hence (ii) cannot occur. Since the programmer

presumably cannot write FAIL explicitly in his program, it is not hard

(although perhapstedious) to verify that (iii) cannot occureither.

These observations focus ourattention onall the places where FAIL can be

introduced explicitly by the compiler. There are only two such places:

(i) In the translation of conditional equations (Section 4.2.6). Fortunately, 
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wecan easily transform conditional e iuations to i
FAIL, and we show how to do so below avoid the use of andii i(ii) Inthe variant of the Patternmatching compiler described in the last; € introduction of[] and FAIL seems unavoij i

re mn of avoidable.problem motivates the discussion in Section 5.5, in which we desuribe2restricted class of function definiti
withoutusing[] and FAIL. tons that can always be compiled

5.4.2.1 Rules for transforming {] and FAIL

First, we may eliminate [] if FAIL cannot occurontheleft:
E, 0 E2 = E,

Provided that E, cannotreturn FAIL.

For example, this rule is used to de
tule in Section 5.2.4,
Second, we mayeliminate [] if FAIL definitely occurs on the rightorleft:
EQ) FAIL = E- and FAILJE = €E

Forexample,these rule. impliSectionat Ss can be usedto simplify thefinal definition ofunwieldyin

Third, there is the following useful transformation involvingIF:
(IF E E2 E3) 0 EF = IF E; & (Es 9) E)
providedthat neither E, nor E2 can return FAIL.

This rule will be useful in simplifyi we .
attend to. eful in simplifying conditional equations, which we now

tive the optimized version of the empty

Theompynaan { and FAIL from conditional equations
y rule for match, which ibed i i i

express otanme was described in Section 5.2.4, resulted in an

E,0...0 En fle

Now,the E, are just the right-
tight-hand side consisted of a s
otherwise’ case, then it will have

handsides of the original equations. If a
et of guarded alternatives without a final
beentranslatedto the form:

IF Gy Ay (IF... (IF Gg Ag FAIL) ... )
where g is the numberofalternatives
‘otherwise’ case
hand side never

(see Section 4.2.6). If there was a fi2.6). nal
(that is, a final alternative with no guard, so that the right-
fails), then it would have beentranslated to the form:

IF Gy As (IF... (IF Go-1 Ag-t Ag)... )
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Notice that G; and A; cannot be equal to FAIL, because they are only the

transformedversionsof expressions written by the programmer.

If the right-handsideis of the first form, we can use the third rule of the

previoussection repeatedly, followed by the second,to give:

(IF Gy Ay (IF ... (IF Gg Ag FAIL) ...)) 0 E
=

IF Gy Ay (IF ... (IF Gg Ag E) ... )

If the right-handside is of the second form,it cannot return FAIL, and so we

can use thefirst rule of the previous section.

Application of these three rules will eliminate all occurrences of J] and FAIL

in the expression generated by the emptyrule, and incidentally thereby give a

worthwhile improvementin efficiency.

ode lever compilation oo.

Dislagthese rules, many of the instancesof [] and FAIL remainingina function

definition can be eliminated. Later we will consider compilingan expression

into low-level machine code. Whenwedothis, wewill see that it is possible to

compile the remaining expressions involving [] and FAIL ina surprisingly

efficient way, so that[] requires no code at all, and the FAIL simply compiles to

a jumpinstruction.This is discussed in Section 20.4.

5.5 Uniform Definitions

This section introduces a restricted class of function definitions, called

uniform definitions. There are two motivations for studying this class. First,

uniform definitions avoid certain problems with reasoning about function

definitions that involve pattern-matching. Second, uniform definitions are

easier to compile, and are guaranteed to avoid certain kinds ofinefficient

code. ; ; funct

Webegin by discussing some problems with reasoning about function

definitions containing pattern-matching. Consider again the alternate

definition of mappairs:

(]
]
Uy: mappelrs' f x8 ys

mappairs' f [] ys
mappairs’ f xs []

mappairs’ f (x:xs) (y:ys)

Now,consider evaluation of the expression:

i
o
o
i

mappairs’ (+) bottom []

where the evaluation of bottom wouldfail to terminate (for example, bottom

could be defined by the degenerate equation bottom = bottom). Matching

againstthe first equation bindsf to (+) and then attempts to match [] against
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bottom. In order to perform this matchit is necessary to evaluate bottom, and
this of course causes the entire expressionto fail to terminate.

Onthe other hand,consider evaluation of:

mappairs’ (+) [] bottom

Now matchingagainstthefirst equation bindsf to (+), matching[] against []
succeeds, and thenys is bound to bottom (without evaluating bottom). So the
expression returns[] instead offailing to terminate. This meansthat the
definition of mappairs’ is not as symmetricas it appears.

Further,if the first two equations of mappairs’ were written in the opposite
order, the two expressions above would change their meaning: nowthefirst
would return [] and the second would fail to terminate. So even though the
first and second equations have the same right-hand side, the order in which
they are written is important.

Theoriginaldefinition of mappairs has none ofthese problems:

(]
{]
f x y : mappairs f xs ys

mappairs f [] ys
mappairs f (x:xs) []
mappairs f (x:xs) (y:ys)

Now the asymmetry between (mappairs (+) [] bottom) and
(mappairs (+) bottom []) is apparent from the equations. Further, changing
the order of the equations does not changethe meaningof the function.

In general, one might expect that whenever the equationsdo notoverlap,
the order in which they are written does not matter. In fact, this is not true.
Considerthe definition:

diagonal x True False = 1
diagonal False y True = 2

diagonal True False z =3

The three equationsofthis definition are non-overlapping,that is, at most one
equation can apply. However,bythis definition, the evaluation of:

diagonal bottom True False

would return 1. Onthe other hand,if the order of equationsin the definition
were reversed, so the third equation camefirst, then the above expression
would fail to terminate. So even though the equations do not overlap, the
orderin which theyare written is important.

Clearly, it would be useful to havea test that guaranteesthat the order of
the equations doesnot matter. We now define the class ofuniform definitions,
whichhavethis property. The definition of ‘uniformity’is designedso thatitis
easy to test whether a definition is uniform while applying the pattern-
matching compilertoit.
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DEFINITION

Asetofequationsis uniform ifone of the following three conditions holds:

ions begin wi i d applying thei) ei | equations begin with a variable pattern, and ap ,

® ate:rule(of Section 5.2.2) yields a new set of equationsthat is

aonal i and applying the
ii uations begin with a constructor pattern, I

® Ortractor tule (ofSection 5.2.3) yields new sets of equations that

all also uniform; . '

(iii) or, all equations have an empty list ofpatterns,so the emptyrule(0

Section 5.2.4) applies, and there is at most one equation1 .    
Thatis, a set of equationsis uniform if it can be complied Wyapplusingne

i i d if the empty rule is onlymixture rule (of Section 5.2.6), an i omy oPthes

ini i It is easy for the reader totaining zero or one equations.( , j

theemptyrule is applied to more than one equation: the orderssvscbegin)

i ‘uniform’ becauseall equationsSuch equationsetsare called ‘uni ms mustbeamthe

i i i tern or a constructorpattern,way, either with a variable pat struc

vnixture vale applies when some equations begin with variable patterns and

some with constructorpatterns. __

It is not difficult to prove the following:

 
THEOREM

If a definition is uniform, changing the order of the equations does not

change the meaningofthe definition.   
 

and is similar in structure to the
The proofis a straightforward induction, reisSuir that was outlined

proof of correctness of the pattern-matc

ith its definition) in Section 5.2. .

GeeShorethat ioeuniform is a sufficient condition for the order of the
iti i by the

equations not to matter. It is not a necessary condition, as is shown by

function dummy:

dummy []

dummy xs = 1, xs = []

one considersonly the left-handsides:

 
THEOREM

i iti hat the orderofthe equations-handsides ofa definition are suchthat 1 the

diosee matter (regardless of the right-hand sides or condition parts of

the equations), the definition is uniform.    
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For example, the orderofthe equations would matter in dummyif the 1 in thesecond equation were changed to a 2. Again, the proof of the theorem is astraightforward induction. These two theorems give us a simpler way ofcharacterizing uniform equations, without referring to the pattern-matchingcompiler. Namely,a definition is uniform if and onlyifits left-hand sides aresuchthatthe orderof the equationsdoesnot matter.
It is also possible to show that every uniform definition is non-overlapping.The converseis not true: the function diagonal is non-overlappingbutis notuniform. Researchers have often referred to ‘lack of overlapping’ as animportant property, but perhapsthey should refer to ‘uniformity’ instead,since this is the property that guaranteesthat the order of equations does notmatter.
Uniform equations are related to strongly left-sequential equations asdefined by Hoffman and O’Donnell [1983], which are in turn related toSequential equations as defined by Huet and Levy [1979].
Notice that although uniform equationsare independentof ‘top-to-bottom’order, they still have a ‘left-to-right’ bias. For example, although thefollowing definition is uniform:

xor False x =x
xor True False = True
xor True True = False

the samedefinition with the arguments interchangedis not:

xor’ x False = x
xor’ False True = True

xor’ True True = False

Of course, we can always get around this bias by using extra definitions torearrange the arguments. For example, we can define

xor’’ x y = xor y x

and then xor’’ is equivalent to xor’, and both xor’ and xor have uniformdefinitions.
The existence of left-to-right bias is due to the semantics of pattern-matching that we have chosen. A different definition ofpattern-matching thatavoidsleft-to-right bias is possible; see Huet and Levy [1979].
There is a second reason why uniform equations are important: theyare easier to implement. The problems with implementing non-uniformdefinitions have been referred to implicitly in previous sections. In summary,

they are asfollows:

(i) The resulting case-expressions may examine somevariables more thanonce (see Section 5.2.6).
(ii) The compiler mustuse a modified constructorrule to avoid duplicatingthe right-handside of equations (see Section 5.4.1).
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(iii) The resulting expressions may contain [] and FAIL. Implementing such

expressionsefficiently requires additional simplification rules and/or a

special way of implementing FAIL using jumpinstructions (see Section

5.4.2).

Theresult is that the pattern-matching compiler mustbesignificantly more
complicated if it is to deal with non-uniform expressions. Further, the first
point above meansthatit may be difficult to know howefficient the code
compiled for a non-uniform definition will be.

Anissue related to uniformity is the way conditionals are handled. In

languages such as SASL,conditional expressions and where expressions may

appear anywhere in an expression, and the semantics of each is defined

independently. In Miranda, conditions and where clauses are not separate

expressions, but rather must be associated with the right-hand side of

definitions. This increases the powerofMiranda, in some ways,but only when

non-uniform definitions are used. Hence,a restriction to uniform equations

would also allowthis part of the languageto be simplified.
Onthe other hand, it should be pointed out that non-uniform definitions

are sometimes very convenient. For example, the following definition

reverseslists of length two, andleavesall otherlists the same:

reverseTwo [x,y] = [y.x]
reverseTwo xs xs

The most straightforward wayofrewriting this as a uniform definition is much

more long-winded:

reverseTwo [] =f]

reverseTwo [x] = [x]

reverseTwo [x,y] = [y,x]
reverseTwo (x:y:Z:WS) = X:y:Z:WS

In this case, it is easy to see another way of rewriting reverseTwo,but,in

general, rewriting may notbeso easy.

Functional language designers have long debated whether or not

definitions with overlapping equations should be allowed in functional

languages. As has been shown,it may be more appropriate to debate the

merits of uniform — as opposed to non-overlapping — equations. Several

argumentsin favorofrestricting definitions to uniform equations have been

raised here; butit is also true that non-uniform definitions are on occasion

quite convenient. No doubtthe debatewill continueto bea lively one.

* * *
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SIX

TRANSFORMING THE ENRICHED
LAMBDA CALCULUS

 

Having nowdefined the semantics of pattern-matching,wearein a position to

show howto transform all the constructs of the enriched lambdacalculusinto
the ordinary lambdacalculus.

Section 6.1 shows how to transform pattern-matching lambdaabstractions
into the ordinary lambda calculus, while Section 6.2 deals with let- and

letrec-expressions; Sections 6.3 and 6.4 deal with case-expressionsandthe |]
operator.

6.1 Transforming Pattern-matching Lambda Abstractions

In order to translate Miranda functiondefinitions involving pattern-matching
into the enriched lambda calculus, we had to introduce pattern-matching
lambdaabstractions as a new construct.In this section we will show how they

can be transformedinto the ordinary lambdacalculus. For each form of (Ap. E)

we will give an equivalent form that does not use pattern-matching lambda
abstractions.

In the case when the pattern p is a variable there is nothing to do, because
no pattern-matching is involved. The remaining cases are whenthe pattern is

a constant, a product-constructorpattern or a sum-constructorpattern. These
are dealt with in the following three subsections.

6.1.1 Constant Patterns

This section shows how to transform a pattern-matching lambda abstraction

(Ak.E), with a constant pattern k, into the ordinary lambdacalculus.First of

104
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all, we recall the semantics of (Ak. E) from Section 4.3.2:

Evalf[ \k.E Ja Eval E Jj
Evalfl \k.E J] a

=

FAIL
Evalf[ AK.E JL = 1

if a = Eval k J]
if a # Evalf[ k J] anda #1

Operationally, (ak. E) tests whetherits argumentis equalto k;if so, it returns
E,if not it returns FAIL. This simple test can be carried out by the built-in IF
function,using the following transformation:

(\k.E) = (Av.IF (= k v) E FAIL)

where v is a new variable which does not occur free in E. It should beclear
(and can beproved, using the semantics of (Ak. E) and the semantics ofIF and
=) that these two lambdaabstractions have the same meaning, and hence are
equivalent. Notice the wayin which weintroduce a new Av abstraction, so that
we can namethe argumentdirectlyin its body.
As an example, consider the Miranda definition

flip 0 = 1
flip 1 =0

This will be translated to

flip = Ax.( ((AO.1) x)

O ((A1.0) x)
J ERROR)

Now,transforming outthe pattern-matching lambda abstractions gives
flip = ax.( ((av.IF (= 0 v) 1 FAIL) x)

0 (Av.IF (= 1 v) 0 FAIL) x)
[| ERROR)

It is now easyto verify that

fip0 —

flip 1 —>

flip 2 —»

> 1

— 0

— ERROR

6.1.2 Product-constructor Patterns

Next we consider the case of (Ap.E), where p is the product pattern
(t p: ... py), and tis a product constructorofarity r Asbef i
semantics (Section 4.3.4): yr Clore, werecallits

Evail[ A(t p: ... p).E Ja = Evalfl Ap1...Ap,.E JJ (SEL-t-1 a)

(SEL-t-r_ a)

To implement this semantics, we invent a new function
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UNPACK-PRODUCT-t for each product constructor t, and use it in this
transformation:

(A(t pi... p).E) = UNPACK-PRODUCT-t (Api... .Apy-E)

The idea is that UNPACK-PRODUCT-t takes two arguments, a function and a
structured object, and applies the function to the lazily selected components
of the object. It is defined by the following semantic equation:

UNPACK-PRODUCT-t f a = f (SEL+-1 a) ... (SEL-t-r a)

It can easily be shown that the transformation is valid, by comparing the

semantics of the expression before and after the transformation.
Theright-handside of the transformationstill has pattern-matching lambda

abstractions in it, but they are smaller than the one we began with, and

repeated use of the rules for transforming pattern-matching lambdaabstrac-

tionswill eliminate them.
As an example, consider the function addPair, which adds together the

elementsof a pair:

addPair = A(PAIR x y).+ x y

This will be transformed to

addPair = UNPACK-PRODUCT-PAIA (Ax. Ay.+ x y)

Wecan checkthatit gives the right results by reducing (addPair (PAIR 3 4)):

addPair (PAIR 3 4)
UNPACK-PRODUCT-PAIR (Ax. Ay.+ x y) (PAIR 3 4)
(Ax.Ay.+ x y) (SEL-PAIR-1 (PAIR 3 4)) (SEL-PAIR-2 (PAIR 3 4))
(Ay.+ (SEL-PAIR-1 (PAIR 3 4)) y) (SEL-PAIR-2 (PAIR 3 4))
+ (SEL-PAIR-1 (PAIR 3 4)) (SEL-PAIR-2 (PAIR 3 4))
+ 3 (SEL-PAIR-2 (PAIR 3 4))
+34
7b

h
d
d
b
d
d
u

6.1.3 Sum-constructor Patterns

Finally, consider the case of (4p.E), where pis asum pattern (s pi ... p,),and
s is a sum constructor ofarity r. The semantics of such lambda abstractions

was derivedin Section 4.3.3:

Evall[ \(s p: ... p).E 9 (§ ar... a) = Eval Aps...Apr.E Jia... a
Evalfl A(s p1 ... p).£ WJ (s’ a1... ar)= FAIL if s # s’
Evalf[ A\(s pi... p).E JL =L

We can makea very similar transformation to the product-constructorcase,

leaving ail the hard work to a new function UNPACK-SUM-s:

(\(s pi... p).E) = UNPACK-SUM-Ss (Api... Apr. E)
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The function UNPACK-SUM-s takes two arguments, a function (in this case
(Ap1...Apr.E)), and a structured object. It checks whetherthe object is built
with constructors:if not, FAIL is returned; if so, UNPACK-SUM-s takes the
object apart and applies the function(its first argument) to its components.
UNPACK-SUM-sis specified by the following semantic equations:

UNPACK-SUM-s f (s a1... a) =far... ar
UNPACK-SUM-s f (s’ a; ... ar) = FAIL ifs # s'
UNPACK-SUM-s f 1 =I

As an example,recall the Miranda definition ofreflect:

reflect (LEAF n) = LEAF n
reflect (BRANCH tt t2) = BRANCH (reflect t2) (reflect t1)

Thisis translatedto:

reflect = At.( ((A(LEAF n).LEAF n) t)
 ((A(BRANCHtt t2).BRANCH(reflect t2) (reflect t1)) t)
[| ERROR)

Now,applying the transformation gives:

reflect

= At.( (UNPACK-SUM-LEAF (An.LEAF n) t)
) (UNPACK-SUM-BRANCH(Att .At2. BRANCH(reflect 12) (reflect t1)) t)
| ERROR)

6.1.4 Reducing the Numberof Built-in Functions

The trouble with the transformations of the previoussection is that they
introduce several functions associated with each constructor. In this section
wediscuss the implementationofthese functions.
A structured object will be represented by the implementation as an

aggregate, consisting of the componentfields together with a structure tag,
which distinguishes objects built by different constructors from each other
(see Section 10.3.1). It is this tag which can be used by UNPACK-SUM-s to
identify the constructor used.

In a type-checkedsystemit is only necessary to distinguish objects from
otherobjects of the sametype,so the structure tag can be a smallintegerin the
range 1...n (where n is the numberof constructors in the type). This means
that, instead of requiring an UNPACK-SUM-sfunction for each constructors,
it is only necessary to have a single family of functions UNPACK-SUM-d-r.,
whered is the integer structure tag whichis recognized by UNPACK-SUM-d-rs,
and r, is the arity of s. In a similar way, the sum constructor functions can be
replaced with a family of functions PACK-SUM-d-rs, which take rs arguments
and construct an aggregate with r,fields and structure tag d.
We can perform an analogous set of replacements for the functions

associated with product types. UNPACK-PRODUCT-t can be replaced with
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UNPACK-PRODUCT-r, whereris the arity of t (there is no need for a structure

tag here, since UNPACK-PRODUCT does not examine it). Similarly, the

product-constructor functions can be replaced with PACK-PRODUCT-n, and

the selector functions SEL-+t-i can be replaced with SEL-rri. It is sensible to

keep PACK-SUM and PACK-PRODUCT distinct because, having no structure

tag, objects of product type may have a different representation from objects

of sum type.
To summarize:

s (a sum-constructor function) is replaced by PACK-SUM-d-ts

UNPACK-SUM-sis replaced by UNPACK-SUM-d-rs

t (a product-constructorfunction) is replaced by PACK-PRODUCT-rr

UNPACK-PRODUCT-t is replaced by UNPACK-PRODUCT-rr

SEL-t-i iis replaced by SEL-rri

where rs = arity ofs,
d = structure tag of s,

Tr = arity oft.

For example, assuming that we implementlists with structure tag 1 for NIL

and 2 for CONS,then the following replacements wouldtake place:

NIL is replaced by PACK-SUM-1-0

CONSis replaced by PACK-SUM-2-2

UNPACK-SUN-NIL is replaced by UNPACK-SUM-1-0

UNPACK-SUM-CONSis replaced by UNPACK-SUM-2-2

Likewise,if the type tree is declared as before: |

tree := LEAF num l BRANCH tree tree

and LEAF and BRANCHare assigned structure tags 1 and 2 respectively, the

following replacements would take place:

LEAF is replaced by PACK-SUM-1-1  BRANCH is replaced by PACK-SUM-2-2

UNPACK-SUM-LEAF is replaced by UNPACK-SUM-1-4

UNPACK-SUM-BRANCHis replaced by UNPACK-SUM-2-2

Finally,if the type pair is declared as before:

pair * ** := PAIR * +*

the following replacements would take place:

PAIR is replaced by PACK-PRODUCT-2

UNPACK-PRODUCT-PAIR is replaced by UNPACK-PRODUCT-2

SEL-PAIR-1 is replaced by SEL-2-1

SEL-PAIR-2 is replaced by SEL-2-2

Since functions with different types may be replaced by the same function

(for example, CONS and BRANCHareboth replaced by PACK-SUM-2-2), these  
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replacements should not be performed until after type-checking. For the
same reason, Rone of these replacements is possible for a system that
pertorms run-time type-checking (see Section 10.5).

6.1.5 Summary

Fore oF ivesthes the transformations developed in this section, and
. S the semantics for the two new famili ionq ies of

introducedin orderto perform the transformations. Runctions we

 

(ak.E) = (Av.IF (= k v) E FAIL)
wherevis a new variable that does not occur free

in

(A(t pi... p_)-E) = (UNPACK-PROD. - UCT-t (Api... AD, E
(A(S Pt... Pr)-E) = (UNPACK-SUM-s (Apy. MePe} »

where k is a constant
t is a product constructor of arity ft
S is a sum constructorofarity rs 
 Figure 6.1 Transforming out pattem-matching lambda abstractions

 

UNPACK-PRODUCT-t f a = f (SEL-t-1 a) ... (SEL-t-r, a)

UNPACK-SUM-s f (s a1... a.) =fawee = 4... a4
UNPACK-SUM-s f(s’ a)... ay) = FAIL.ifs # 8°UNPACK-SUM-s f | =!

where t is a productconstructorofarity r
S is a product constructorofarity rg   

Figure 6.2 Semantics of UNPACK-PRODUCTand UNPACK-SUM

6.2 Transforminglet andletrec

a Section 4.2.9 we introduced anew complicationto let(rec)-expressions, by
owing theleft-hand sideofdefinitions to be an arbitrary pattern rather th

a simplevariable.In this section we show howto transform these generalized
lets and letrecs into successively simpler forms, arriving eventuall
ordinary lambdacalculus. ° many at the
Rather than defining the semantics oflet and letrec directly, as we did f

pattern-matching lambda abstractions, we will regard the transformations
described in this section as a definition of their semantics. To define their
meaning in a more direct way would requi iquire more mathemati i
than we have availablein this book. Sal machinery
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Webegin by sketching a new problem which is introduced by allowing
arbitrary patternsontheleft-handside ofdefinitions. This leads us to define a
class of patterns, the irrefutable patterns, which do not suffer from the

problem. Then, before embarking on the transformations themselves, we

give a ‘map’to explain their structure.

6.2.1. Conformality Checking and Irrefutable Patterns

Allowing arbitrary patterns on the left-hand side of a definition introduces a

new and somewhatsubtle complication. Consider the expression

let (CONS x xs) = Bin E

Here, the pattern (CONS x xs) appears on theleft-handside of the definition.

This raises the nasty possibility that B might evaluate to NIL instead of

(CONS B; Bz), in which case the pattern would not match, and somesort of

error should, presumably, be reported. This requires that a conformality

check be made, to ensure that B conformswith the specified pattern.

Conformality checking will carry some implementation cost, so we would

like to avoid it wheneverpossible. It can be avoided in precisely those cases

when the pattern match cannotfail; for example, simple product patterns.

However, there are some nested patterns which cannotfail also, which

motivates the following definition:

 

DEFINITION

A pattern pis irrefutableif it is
(i) either a variable v
(ii) or a product pattern ofform (t pr... Pr) where pi, ..., Prare irrefut-

able patterns.

Otherwise the pattern is refutable.   
 

In other words,the irrefutable patterns consist of arbitrarily nested product

constructors with variables at the leaves. These patterns cannotfail to match

in a type-checked implementation. Variables and simple productpatternsare

just two examplesofirrefutable patterns.

However, evena single constant or sum constructor(evenif nested inside a

product pattern) makesthe pattern refutable,since there is a possibility thatit

may not match. We need to perform conformality checking for refutable

definitions only.

6.2.2 Overviewoflet and letrec Transformations

Weare nowready to describe the various transformations to simplify let(rec)-
expressions. While few are complicated, they are quite numerous, so we

begin by offering a ‘map’to aid in navigation throughtherestof the section.
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Fora start, we establish the following terminology:

( )

f ie nition of a gener al let(r eC). expression ma

wethe aidathis terminology, Figure 6.3 depicts the transformations which, acseri ed below, giving the appropriate section numberin bracketsor the reasonsdiscussedin Section 3.2.4, there are two possible forms intowhich we may wish to transform th i i i
treatment oflanrevec € program, which differ only in their

(i) We may transform the Program into the ordinary lambda calculus:thisgives the simplest resulting program.In this case, generallets are trans-ormed into the ordinary calculus via irrefutable lets and simple letsGeneral letrecs, on the other hand,arefirst transformed into inrefut bl. lets via irrefutable letrecs, and then use the let transformations we(ii) We may transform the program into the ordinary lambda calculusaugmented with simple let(rec)-expressions; the resulting program isssony more complicated, but can be implemented more efficientl( section 3.2.4). In this case, generallets are transformedonly into simpleets, and generalletrecs are transformedinto simpleletrecs,via irrefutable
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Bothpossibilities are catered for by the transformations shownin Figure6.

In what follows, when considering let-expressions we assumetha y

contain only one definition. This givesno loss of generality, snes aie;

expression with multiple definitionsis trivially equivalent to a neste

ingle-definition let-expressions. ; —_

Thefollowing sectionsdealwith the transformationsdepicted in Figure 6.3.

6.2.3 Transforming Simplelets into the Ordinary Lambda Calculus

Oncewehavearrivedat an expressionin whichall let-expressions are simple,

it is easy to removethem altogether, using the transformation given in Section

3.2.1:
 

letv=BinE = (av.E) B    
For example,

let x = 4 in (+ x 6) = (Ax. + x 6) 4

6.2.4 Transforming Irrefutable lets into Simplelets

Consider the case of an irrefutable let-expression, of the form

let p = BinE

wherepis irrefutable. Since the pattern on theleft-hand side of the definition

is irrefutable, it must either be a variable or a product pattern. In the ormer

case there is nothing to do,since the let-expression is already simple. In the

latter case, the let-expression takes the form

let (tpi... p) =BinE

where the pareirrefutable patterns, and B and E are expressions. Wecan now

makethe following transformation:
 

... Pp)=BinE = letv=8let (t Pi Pr) in (let pi = SEL-t-1 v

br ‘= SEL-t-r v

in E)

where

v

isanew variable that does not occurfree in E.    
The p;are boundto selector functions appliedtov, which isintum bound.

B. Repeated application of this transformation will eliminate all non-simple

irrefutable let-expressions.

To take an example, the expression

let (PAIR x y) = B in E
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would be transformed to

let v = B in (let x = SEL-PAIR-1 v
y = SEL-PAIR-2 v

in E)

Notice that if neither x nor y is evaluated in E, then B will not be evaluated
either, so the transformation implements lazy product-matching. Lazy
product-matchingis just as much of an advantagehere asit was in functiondefinitions. For example, we could recode the function ‘firsts’ from Section
4.3.5 in the following way:

firsts [] = (0, 0)
firsts (x:xs) = (x, ev), odd x

= (od, x), even x
where

(od, ev) = firsts xs

We would expectthis definition to behave just like that of Chapter4,so thatiflazy product-matchingis used for function definitions then it should also be
usedforlet(rec)-expressions.

(Note: an alternative transformation would have been possible in this
section, namely:

let p=BinE = (Ap.E) B

wherep is an irrefutable pattern. From a semantic point of view, this is
entirely equivalent to the transformation used above. However, for theefficiency reasonsoutlined in Section 3.2.4, we prefer to stay in the world oflet-expressionsas longas possible; hence our choice.)

6.2.5 TransformingIrrefutable letrecs into Simple letrecs
The transformation from

a

letrec involving only irrefutable definitions into asimpleletrec is very similar to that for let-expressions:
 

letrec (tp: ...p) =B = letecv =B
<other definitions> Pp: = SEL-t-1 v

inE ee

pr = SEL+t-r v
<other definitions>

in E

wherev is a new variable that does not occur free in E or B.   
All the transformed definitions must be in a single letrec, to ensure thatvariables in the patterns p, are in scope in B. The ‘<otherdefinitions>’ simplytakes into accountthefactthattheletrec may contain multiple definitions, andthis transformation should be applied to each of them separately.
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Repeatedapplication ofthe transformationwill simplify the pisuccessively,

until the letrec is simple.

6.2.6 Transforming Irrefutable letrecs into Irrefutable lets

In showing how toeliminate letrec-expressions altogether, we could take as
our starting-point the simple letrec-expressions produced by the transform-

ation described in the preceding section. However,it is slightly moreefficient

to start from an earlier stage, the irrefutable letrec-expressions. ;

First of all, we recall from Section 3.2.2 how to transform a simple letrec
containing only a single definition:

(letrec v = B in E) = (let v = Y (Av.B)in E)

Wesimply use the built-in function Y, which was introduced in Section 2.4, to

make the definition non-recursive. Now that the definition is non-recursive,

we can uselet instead ofletrec, and the job is done.

Whenthereis more than onedefinition, we apply the following sequence of

two transformations.First of all, we apply the transformation
 

 

letrec p; = B1 = letrec (t pi... Pn) = (t Bi... Ba) in E

Pn = Bn

in E

wheret is a product constructorofarity n. 
 

In other words, we simply package upthe right-handsidesinto a tuple and

match it against a product pattern on the left-hand side. Furthermore, since
the p; are irrefutable, the pattern (t pi ... pn) is also irrefutable.

Nowtheletrec contains only a single definition with an irrefutable pattern

on its left-hand side, and we can proceed by analogy with the simple case
described above,using Y. This analogy yields the following transformation:

 

‘lerec p= Bin E = let p = Y (Ap.B) in E

wherep is an irrefutable pattern.   
 

Y is used exactly as before, to make the definition non-recursive. The new
feature is the use of a pattern-matching lambda abstraction, where we used

only a simple lambdaabstraction before. The result is a let-expression with an

irrefutable pattern onits left-hand side, which is therefore amenable to the

transformationsof Section 6.2.4.

To see this transformation in action, consider the following letrec-
expression:

letrec x =CONS 1 y
y = CONS 2 x

in x
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It defines theinfinite list [1,2,1,2,.. .,]. Applyingthefirst transformation, we
packageup thedefinitionsinto one:

letrec (PAIR x y) = PAIR (CONS 1 y) (CONS 2 x) in x

Now,applying the second transformation gives:

let (PAIR x y) = Y (A(PAIR x y).PAIR (CONS 1 y) (CONS 2 x) in x
It is vital that the pattern-matching lambda abstraction should use lazyproduct-matching. If it were to usestrict product-matching instead, the
expression would yield | rather than [1,2,1,2, ...,]. In fact, mutual recursion
cannot be implemented using Y without some form of lazy product-matching.
Using the transformationsfor let-expressions and pattern-matching lambda

abstractions, we could complete the transformation ofthe current example as
follows:

(Av.(Ax.Ay.x) (SEL-PAIR-1 v) (SEL-PAIR-2 v))
(Y (UNPACK-PRODUCT-PAIR (Ax.ay.PAIR (CONS 1 y) (CONS 2 x))))

This expressionis nota prettysight, butit gives the correct answer(thatis, the
infinite list [1,2,1,2,1,2,.. “+])-

It should be clear from this example that implementingletrec using tuples
carries a run-timecost, both to build the tuple and to takeit apart. This is one
of the reasons why more sophisticated implementations implement simple
let(rec)s directly (see Section 3.2.4 and Chapter14).

6.2.7 Transforming Generallet(rec)s into Irrefutablelet(rec)s
In Miranda, arbitrary patterns may appear on the left-hand side of adefinition. For example, consider the following Miranda definition of thefunction head, which extracts the first elementofa list:

head xs = y

where (y:ys) = xs

The pattern (y:ys) appears on theleft-hand side of the definition in the
where-clause. But this raises an awkward question: what would happenif the
pattern (y:ys) did not match the result of evaluating xs? In particular, what
would happenifwe evaluated (head [])?

It is clearly unacceptable for the system to proceed in ignorance that
anything is wrong,so it is necessary to check that xs matches the pattern,
rather than assumethatit alwayswill. This is called the conformality check,
since it checks that xs conforms to the pattern.
Notice that the possibility of a mismatch only arises in the case of refutablepatterns, involving sum-constructor patterns or constants. The irrefutablepatterns, involving variables and product-constructor patterns only, cannotfail to match(in a type-checked implementation).
The translation into the enriched lambda calculus does not affect the
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problem of conformality checking. For example, the definition of head
translatesto:

head = Axs.(letrec (CONS y ys) = xs in y)

The pattern (CONS y ys) is refutable, and may fail to match. The problem

applies equally to lets andletrecs.
Having decided that conformality checking is essential, the next question

is: when is the conformality check performed? There are two possible
answers:

(i) Whenthe evaluation ofthe entire let(rec)-expression begins.
(ii) Onthe first occasion wheneithery or ys is used.

To illustrate the consequences of this choice, consider the (rather
contrived) expression

let (CONS y ys) = NIL in 6

Thefirst answerspecifies that the evaluation of this expression should cause

an error, while the second specifies that it should return 6.
In keeping with its lazy approach, the semantics of Miranda specifies the

second of the two answers, and so this property should be inherited by

let(rec)-expressions. Howis this to be achieved? The simplest way seemsto be

to transform the expression

let (CONS y ys) = B in E

into

let (PAIR y ys) = (((A(CONS y ys).PAIR y ys) B) {] ERROR) in E

and rely on the transformation of Section 6.2.5 to cope with the simple product

pattern(PAIR y ys). The expression onthe right-handside will evaluate B, check

that it is an object constructed with CONS,take it apart, and construct a pair

cohtaining its two components. These components are then boundto y and ys using

a simple productpattern on theleft-hand side.

If it is not an object constructed with CONS,then the application of the

pattern-matching lambdaabstraction to B will return FAIL,and {] will return its

second argument, namely ERROR.

Thereare twopointsto notice aboutthis transformation:

(i) No conformality check will be made if neither y nor ys is used in E,

becausethe lazy product-matching ensuresthat the right-handsideofthe

definition is not evaluated unless at least one of the components of the

tuple is used.
(ii) The conformality check is made at most once. The evaluation of y orys

will cause the evaluation ofthe right-handside of the definition,at which
point the conformality check will be made, and the tuple built. Now,

further useofy orys will simply access the componentsofthis tuple.
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It seemshardto improve on these two properties, so we now generalize the
method to handle any let(rec)-expression. Givena definition of the form

p=8

wherep is a refutable pattern, we use the following transformation:

pPp=B = (t vy... Va) = ((Ap.(t vi... vn)) B) J. ERROR

where tis a productconstructorofarity n. The resulting definition now has an
irrefutable pattern on the left-hand side. We call this the conformality
transformation, andit applies separately to any definition in a tet or letrec
whichhas a refutable pattern onthe left-hand side.

Thevariablesv, ... v,are simply the variables that appear anywherein the
pattern p. This suggests a new definition.

 

DEFINITION

ror anypattern p,the set of variables of p, abbreviated Var(p), is defined
us:

if pis a variable v, then Var(p) = {v}
if p is a constant k, then Var(p) = {}
if pis a structured pattern (c pi ... py),

then Var(p) = Var(p1) U...U Var(p,)   
Now we see that the variables v; ... vp in the conformality transformation
are simply the variables of p, namely Var(p). Hence, we can express the
conformality transformationas follows:

 

pP=B = (tv... Va) = ((Ap.(t vi.

where {V1, ..., Vn}. = Var(p),

tis a productconstructorofarity n.

- Vn)) B) J ERROR

   
We would like to use the pattern-matching compiler of Chapter 5 to

transform the newright-handside of the definition to an efficient form, anda
small modification to the conformality transformation will makeits result
directly amenable to such transformation:

 

p=B = (tv... va) = letv=B

in ((Ap.(t vi...

where {v1, ..., Va} = Var(p),

tis a productconstructorofarity n,
v is a newvariable whichis distinct from all thev,.

vn) v) | ERROR

   
The pattern-matching compilerrelies on the fact that the pattern-matching
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lambda abstractions are applied to variables only, which we achieve by
binding B to a new variable v usinga let-expression. Now the expression

((Ap.(t v1... Vn)) v) J ERROR

can be transformedby the pattern-matching compiler.

There are some unexpected consequences of the rule that the complete
conformality check is performed whenever any variable from the pattern is

used. For example, consider the following Miranda function definitions:

fl x y where y x

(n:t) =[]
f2 x = y where(y,(h:t)) = («,[])

{3 x = y where (y,z) = (x[])
(hi) = z

Given the rules of this section, f1 will behave as the identity function,

ignoring the mismatch between (h:t) and[]. The function£3 will behave in the

same way;it binds z to [], but ignores the mismatch between (h:t) and z.

However, {2 will always return ERROR, because when extracting y from the

pair it will perform a conformality check on the whole pattern, and discover

that(h:t) does not match []. Nevertheless, the programmer might be forgiven

for thinking thatf1, f2 and £3 should all behave in the same way.

In this section we have given a complete and consistent semantics for

refutable patterns in let(rec)s, which we believe accurately describes the

(current) semantics of this part of Miranda. As we have seen, however,the

semantics gives results which may occasionally be unexpected, whichis only

to say thatit is not the only possible choice. The examples of unexpected

behavior were suggested by SimonFinn,of the University of Stirling.

6.2.8 Dependency Analysis

The transformation of where-clauses given in Section 4.2.8 does notintroduce

anylet-expressions. The reasonforthisis thatall definitions in a where-clause
may potentially be mutually recursive, so we assume the worst and generate a

single letrec-expression. Similar remarks apply to the overall scheme

describedin Section 3.3. ,
This is often unnecessarily pessimistic, and in this section we show how to

replaceletrecs with lets whereverpossible, and how to sort mutually recursive
definitions into minimal groups. For example, consider the following letrec-

expression:

letrrec x = fac z
fac = An.IF (= n 0) 1 (* n (fac (— n 1))
z =4

sum = Ax.Ay.IF (= x Q) y (sum (— x 1) (+ y 1))}
in sum x z
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Anequivalent expression, which exposes more information, would be
let

z=4
in letrec

sum = dx.Ay.IF (= x 0)

y

(sum (— x 1) (+in lene y (sum ( ) (+ y 1))

fac = An.IF (= n 0) 1 (* n (fac (—in let )

1

¢ (fac (— n 1)))

xX = fac z
in

sum X Zz

In this latter form, the structure of the expression exposes clearly whichdefinitions depend on eachother, andthe use ofletrec is restricted to theoccasion whereit is actually necessary. Even whenrecursion is being usedseparate groupsofrecursive definitions are in separateletrecs (so that sum andfac are in separateletrecs).
This transformationis called dependencyanalysis, since it sorts definitionsinto groups according to the dependency relationships which hold between

them.It is closely related to data‘flow analysis techniquesused in conventional
compilers.

It is highly desirable to perform dependency analysis, for two reasons:
(i) Let-expressions can be implemented considerably more efficiently than

letrec-expressions, so the use of the latter should be avoided unless
_. Tecursionis actually present.

(ii) Type-checking may be impossible if dependency analysis is not
performed (see Chapter8). Furthermore, other Steps such asstrictness
analysis (see Chapter 22) become considerably moreefficient if depen-
dencyanalysis is performedfirst.

Wewill now describe the dependenc i i i i
‘ y analysis algorithm in more det

using the following exampleasanillustration: ° <a
letrec

a=,

b=...a...

c=...h...b...d

d=...c...

f=...9g...h...a

g=...f...

h=...g...
in

The example is a simple letrec, but the alg
modification to deal with generallet(rec)s.

Thealgorithm divides j .each knns ri divides into four steps, which are performed separately on

orithm requires only minor
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(1)
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Foreachletrec construct a (directed) graph in which the nodes are the

variables bound by the letrec. There is an arc from onevariable, f, to

anothervariable, g,if g occurs free in the definitionoff (i.e. the definition

of f depends directly on g). We call this graph the dependency graph.

Figure 6.4 shows the dependency graph for our example.

 

 

[a
7X/

  
 

Figure 6.4 Example dependency graph

(2) Now,two variables x and y are mutually recursiveif there is a path (direct

or otherwise) in the dependency praph from x toy and from y tox. Butthis

is precisely the definition of a strongly connected component of a graph,so

the next phaseis to discover the strongly connected components of the

dependencygraph. There are a numberof standard algorithmsfor doing
this (see, for example, Aho etal. [1974, 1983a] and Dijkstra [1976]).

In our example, the strongly connected components are

{c,d} {f.g,h} {b} {a}

(We put non-recursive variables, such as a and b, in a singleton
component.) Each of the variables in each group dependson the others,

and these are the largest such groups.
(3) Next we needto sort the strongly connected componentsinto dependency

order. In our example abovethis is to ensure that the let-expression fora

will enclose the let-expression for b. First of all we coalesce each strongly
connected component to a single node, forming a new graph (the

coalesced graph) which is guaranteed to be acyclic. Figure 6.5 showsthe

effect of this operation. Now we can perform a topological sort to put
them in dependency order(this is again a standard algorithm [Ahoet al.,

1983b]). A topological sort puts the nodesofan acyclic graph into a linear

order such that no node has anarcto an earlier node. Alternatively, a
suitable strongly connected componentalgorithm (such as those given

above) will produce the components in topologically sorted order, so that
a separate topological sort would not be necessary.
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 a}
Figure 6.5 Example coalescedgraph

A possibleresult of the topologicalsort in our example is
{ed}, {b}, {f.g,n}, {a}

Thistells us thatit is acceptablefor the definition of {a} to enclosethat of{f.g,h}, which encloses that of ialternative result is of {b}, which encloses that of {cd}. An

{c,d}, {f.g,h}, {b}, {a}
The fact that more than one resulti i
between {tan nna to). is valid reflects the lack of dependency

on-recursive definitions will be singleton components which do notPoint to themselves in the de d ; iexpressionsfor these. peneeney Braphi we will produce tet(4) Finally we generatea let- orle i- trec-expression for each definition ithe topologically sorted order. For our example this would generatethe

  

following expression:

let

a z=

in let

b =...a...
in letrec

f = g...h...a
gQ =...f...
h =...g...

in letrec

c =...h...b...d
d =...¢...

in

6.3 Transforming case-expressions

Thetreewon scheme of Chapter 5 made use of the case-expression» and we now demonstrate how i
den case-expressions matransformedinto an expression in the ordinary lambda calculus 7 Pe
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Werecall that a case-expressionis of the form

case v of
C1 Vi.) Ving > E,

Cn Vai --- Vitp = En

where cy, ..., C, are acomplete family of constructors of

a

structured type,v

is a variable and the E, are expressions. ;

As usual, there are two possibilities to consider, depending on whetherthe

constructors in the case-expression are those ofasum type or a producttype.

6.3.1 Case-expressionsInvolving a ProductType

The general case-expression for product types is of the form:

case v of

tvy... Ve => Ei

where t is the constructor of a product type. This case-expression is

degenerate,since there is no needto test v to determine which case to Pict , SO

we should perform lazy product-matching. We can therefore use the follow-

ing transformation:

case v of = UNPACK-PRODUCT-t (Av1...AVr-E1) V

t V1 wae Vr > E,

remembering that UNPACK-PRODUCT works lazily. For example, consider

the following Mirandadefinition of addPair:

addPair (xy) = x + y¥

Translated into the enriched lambda calculus, and transformed into case-

expressions, this becomes

addPair = Aw.(case w of (PAIR x y) > (+ x y))

 

   

Now transforming the case-expression gives

addPair = Aw.(UNPACK-PRODUCT-PAIR (Ax. Ay.+ xX y) W)

anda final 7-reduction is now available,giving finally

addPair = UNPACK-PRODUCT-PAIR (Ax.Ay.+ x Y)

6.3.2 Case-expressionsInvolving a Sum Type

Now supposethat the constructors are those of a sum type. Then the case-

expressionis of the form:

case v of

Si Vii --- Viwy => E;

Sn Vani --- Varn = En
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where si, ..., Snare the constructors of a sum type T. We cantransform this
case-expression using the following transformation:

case v of

S1 Vii --. Vig => Ed

Sn Vint eee Vata > En

= CASE-T v (UNPACK-SUM-s; (Avi... .AV1z4-E1) V)

  (UNPACK-SUM-sp, (AVa,1.. -AVasy-En) Vv)
 

The function CASE-T,ofwhichthere is one for each sum type T, selects one
of its n arguments depending on the constructor used to build its first
argument:

CASE-T (sj a1... an) bi... bj... Dn = by
CASE-T L by... bi... by =

where T is a sum type. Operationally speaking, CASE-T evaluatesits first
argumentand returns the argument correspondingto the constructor.
Wecould use CASE-Tto translate the definition of reflect, for which we have

the following case-expression (see Section 4.4):

reflect = At.case t of

LEAF n => LEAF n
BRANCH t1 t2 = BRANCH (reflect {2) (reflect t1)

Applying the transformationgives:

reflect

= At.CASE-tree

t

(UNPACK-SUM-LEAF (An.LEAF n) t)
(UNPACK-SUM-BRANCH

(Atl .At2. BRANCH(reflect t2) (reflect t1)) t)

This is a moresatisfactory definition than the one we produced in Section
6.1.3, because it will execute in fewer reductions, and because no check for
FAIL need be made by CASE-tree. Furthermore, UNPACK-SUM-LEAF is
guaranteed only to be appliedto leaves, so it need not check the constructorof
its argument, thusgiving a furthergain in efficiency. Similar remarks apply to
UNPACK-SUM-BRANCH.

6.3.3 Using a let-expression Instead of UNPACK

The transformations given in the previous sections both introduced a new
lambda abstraction. For all but the simplest implementations, simplelet-
expressions can be implemented much more efficiently than lambda
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abstractions (Section 3.2.4), so in this section we will see how to transform
case-expressionsinto simple let-expressions instead.

In the case of a product type, we use the following transformation:

 

case v of = fet vi = SEL+t-1 v

tvi... Ve => EY wee

vr = SEL-t-r v

in E;   
 

This transformation is precisely equivalent to the one given before, as canbe
confirmed by transforming thelet-expression into lambda abstractions using

the transformation that defines simple tet-expressions (Section 3.2.1). The
addPair example would then become

addPair = Aw.(let x = SEL-PAIR-1 w

y = SEL-PAIR-2 w
in (+ x y))

This looks more complicated than the previous version, but it is more
efficient, because addPair can now be applied in fewer reductions. ;

Thisidea canbe applied to the sum-constructorcase as well, by applying the
transformation

 
case v of

S1 Vii... Vig = Es

Sn Va,1 eee Vain > En

= CASE-T v(let v1.1 = SEL-SUM-s;-1 v

Vin = SEL-SUM-se-ry v
in E4)

(let Var SEL-SUM-Sp-1 v

Vifg = SEL-SUM-Serfn V
in E,)   
 

Theselector function SEL-SUM-s-i selects the ith component ofan object built
with the sum constructor s. (Rememberthat the selector functions SEL+t-i

apply only to objects of product type.) Again, the correctness of this trans-

formation can easily be shown using the equations for CASE-T and the

definition of simple let-expressions.

Asbefore, the transformation seems to increase the complexity of the
expression, but it achieves the important objective of eliminating a lambda

abstraction. The result may run less efficiently on simple implementations,
but it will run much moreefficiently on sophisticated implementations (see
Sections 20.10.4 and 20.11).
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6.3.4 Reducing the NumberofBuilt-in Functions
Theideas of Section 6.1.4 can be applied to case functionsalso, to reduce thenumberofbuilt-in functions required.

Specifically, CASE-T can be replaced by CASE-n, wheren is the numberofconstructors for the type T. The integerstructuretagofthefirst argument canbe used directly to select the appropriate one of the other arguments.Similarly, SEL-SUM-s-i can be replaced with SEL-SUM-r-i, wherer is the arityof s. As before, these replacements should only take place after type-checking.
As a bonus,the use of let-expressions instead of lambda abstractions hasalso avoidedthe introduction of UNPACK-SUM and UNPACK-PRODUCT.Ifallpattern-matching is compiled to case-expressions, then UNPACK-SUM andUNPACK-PRODUCTdo not needto be implementedatall!
The CASE-T function has deliberately been defined to select one of itsarguments (based onthe constructorofits first argument), rather than applyone of its arguments to the components ofits first argument. This latterapproach mightatfirst seem more efficient, but there are two reasonsfor nottakingit:

(i) When performing the replacements described in this section, CASE-Twould have to be replaced by CASE-n-r1-r2. . .-tn, where r, is the arity ofthe ith constructor of type T. This seems rather excessive!(ii) More importantly,it allowsus to use let-expressions rather than lambdaabstractions, when transforming case-expressions to the ordinary lambdacalculus.

6.4 The [] Operator and FAIL

Finally, we must transform the [| constructinto the ordinary lambdacalculus.This is notdifficult, because the {] construct was only syntactic sugar whichallowed us to write {] as an infix operator. We therefore use the trans-formation:

[ E;}E2 = FATBAR E; Ep |
where FATBARis a built-in function, with the same semantic equationsas {}:

 

FATBAR a b=a ifa # FAlLanda # |
FATBAR FAIL b = b
FATBAR 1 b=]

It would be betterstill to eliminate {] and FAIL from the program altogether,and optimizations which often succeed in doing this are described in Section5.4.2. Any remaining occurrences of [} and FAIL canstill be compiled sur-prisingly efficiently by a sophisticated implementation (Section 20.4).
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6.5 Summary

In this chapter we have seen how to transform all the constructs of the

enriched lambda calculus into the ordinary lambda calculus, using Y to

express recursion. This is the method wewill assumefor the early implemen-
tationsof Part II.

In addition, we haveseenthatit is also possible to transform the program
into the ordinary lambda calculus augmentedwith simplelets and letrecs. This
is essential for type-checking, though it can be transformedinto the ordinary
lambdacalculusafter that, but the useoflet and letrec makesit easier for later

parts of the compiler to produce moreefficient code. Subsequent implemen-
tations, from Chapter 14 onwards, will therefore use the latter form

exclusively.
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nameis unfortunate,since they operateonlists rather than sets, and since the

word‘abstraction’ already has too many other meanings.)

List comprehensions are analogous to set comprehensions in Zermelo-

Frankelset theory. An example of a set comprehension in mathematics is

B = {square x | x « A & odd x}

that is, the squares of the odd elements of the set A. For example,if A is

{1,2,3} then B is {1,9}. The correspondinglist comprehension in Mirandais

ys = [ square x | x <— xs; odd x }

Theonly difference in notation is that the curly braces are changed to square

brackets, the&is changed to a semi-colon, and the symbol€ is changed to <-,

which is pronounced ‘drawn from’. A much more importantdifference is that

the resultis a list, not a set. Thus,if xs is [1,2,3] then ysis [1,9] andifxsis [3,2,1]

thenysis [9,1].

In general, a list comprehension has the form,

{<expression> | <qualifier>; ...; <qualifier>]

where each <qualifier> is either a generator (such as ‘x <— xs’)or filter (such
as ‘odd x’).
Here are some more examplesof list comprehensions. The functioncp finds

the Cartesian product oftwolists:

cp xs ys = [ (xy) | x <— xs; y <-— ys ]

For example,

cp ['a’,’b’] [1,2,3] = [ ('a’,1), ('a’,2), ('a’,3),
("b’,1), ('b',2), ("b’,3) J

Note that the last generator changes mostrapidly.
The function pyth returnsa list of all Pythagorean triangles with sides of

total length less than n:

pyth n = [ (a,b,c) | a, b, c <— [1..n};
atbt+c<=n;
square a + square b = square c ]

(Here [1..n] returnsthe list of numbers from 1 to n, and a generator such as
‘“y <— zs’ is shorthand for ‘x <~— zs; y <— zs’.) This function may be
written a little moreefficiently as

pyth n = [ (a,b,c) | a <— [1..n}
b <— [1..n—a];

c <— [1..n—a—b];
square a + square b = square c ]

A later qualifier may refer to a variable definedin an earlier one, but notvice
versa.
The function sort sorts a list into ascending order. The method usedis that
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a amcksort: thelist is divided into those elementsless than or notless than€ first element, and the two sublists are sorted recursively:
sot (]

=

= []
Sort (x:xs) = sort [y | Y <— xs; y < x]

++ [x] ++
sort [y | y <— xs;

y

>= x(Here, ++ is list append.) ”
Patterns may appearto theleft of the <~ arrow. For example, supposethatthe function zip returns a list i. of pairs 0 i .lists, so that p f corresponding elements of a pair of

zip ([1.2,3], [4,5,6) = [(1,4), (2,5), (3,6)]
Then wecan define a function i

I vecAdd for performing vect iti icorresponding elements of two lists) as follows: © Weeror aceiton (adding
vecAdd xs ys = [x+y 1 (xy) <- zip (xs,ys)]

The pattern (x,y) appears to theleft of a <— arrow. For example,
vecAdd [1,2,3] (4,5,6] = [5,7,9]

It sioften convenient to usezip with list comprehensionsin this Way.Te generally, in a generator ‘p <— L’the pattern p mayberefutable.Infs case, elements of the list L which do not match the pattern are simply€red out. The function singletons takes

a

list oflists and returns theelements of eachlist of length one:

singletons xs = Ix | x] <- xs]

For example,

singletons [ [1,2], [5], £], [2] ] = [5, 2]
Herethe‘[x]’ to theleft of the arrowiis the refutable pattern. Th[1,2] and {] do not match the pattern, and so are filteredout. © elementsFor simplicity, in Sections 7.2-7.4 we will ignore the fact that a pattern maypearonthe left of the <~ arrow,and only dealwith variables, Theresults of€se sectionswill then be extended to patterns in Section 7.5,
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To presentthese rules, we will write comprehensionsin the form

[E 1 Q]

whereE is an expression and Q is a sequence of zero or more qualifiers. The
sequence Q will

(i) either begin with a generator,in whichcase the ruleis of the form

[E!v <-L; Q‘]

wherev is a variable and is a list-valued expression;
(ii) or begin with a filter, in which case the rule is of the form

(E 1 B; Q’]

where B is a boolean-valued expression;
(iii) or will be empty, in which case therule is of the form

{E'] .

One doesnot normally see comprehensions with no qualifiers such as [E i J,
but they are usefulfor defining reduction rules in a uniform way.

Abbreviations should be expandedso that all comprehensions are in the
above form.In particular, generators of the form

Vt ee.Va <— Lb

should be expanded to

Vi <-— bs... tv <— Lb

where vi, ..., Vnare variables.
After abbreviations are expanded,the followingfive reduction rulessuffice

to define list comprehensions:

 

(i) [E 1 v <- []; Q] > .
(2) [Ei v<- El; Q) > [E! QE) ++ [El v <-L; Q]

(3) [E 1 False ; Q] -> {]

(4) [E 1 Tue ; Q] — [Ei Q]

(5) [E 1] > {E)   
 

Thefirst two rules define the behavior of generators, the second two define

the behaviorof filters, and the last ‘cleans up’ after all the generators and
filters have been processed. The secondrule uses the substitution notation of
Chapter 2, so [E | Q][E’/v] means [E | Q] with all free occurrences of v
replaced by E’.

From rules (1) and (2) we can see that

(2b) (E | v <— [Ey ..., En Q]
—> [E! QUEW/v) + ... ++ [E | Q\[EW/v]
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which maybe aneasier wayto think ofthe rule for generators. For example,

[Square x | x <— [1, 2, 3}, odd x]
> [square 1 | odd 1] ++ [square 2 | odd 2] ++ [square 3 | odd 3]

~ (oa 1 Te) + ate 2 rey ++erante
> [square 11 ] ++ [] ++ [square 3 | i (reducing odd)

> [square 1] ++ [] ++ [square 3] (byrules (3) and (4)

> [1, 9] (by rule (5))

These rules are based upon using append (++) to combinethe result listsrather than cons(:) as one might expect. This is necessary in order to make iteasy forfilters to remove elements (by reducing to the emptylist, as with[square 2 | odd 2] in the example above). It is also necessary for multiplegenerators,as in the example below:

cp ['a’,'b’] [1,2,3]

-~ [(x.y) 1x <- ['a’,’b’]; y <- [1,2,3] J
definiti

> [(‘aly) ly <- (1,2,3] ] +4 (‘b'y) | y <= [123] ‘ efinition of cp)

by rul
> [(a’1) 1] +4 [('a",2) | ] ++ [('a',3) 1] 44 (by rules (1) and (2)

(('b',1) 1] ++ [('b',2) 1] ++ [b’,3)| ]

> Wa'st), ('a'.2), ('2'9), (Py mes (1) and (2) again)
(’b',1), ('b’,2), ('b’,3) ]

(by rule (5))
Thecareful readerwill hav

lazy evaluation. A |
follows:

€ noticed that the above examples have ignoredazy evaluator would begin to reduce the first example as

[square x | x <— (1, 2, 3]; odd x]
> [Square 1 | odd 1] ++ [square x | x <- [2, 3]; odd x]

~ [square 1 {] ++ [square x | x <~ [2, 3} odd Wy tule (2))

b> [square 1] ++ [square x | x <- [2, 3odd A y rule (4))

> 1: [square x | x <~ [2, 3}; odd x] (by rule (5))

and so thefirst element of the result can. be returned with inientire inputlist. Our examiningthe
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7.3 Translating List Comprehensions

The above rules provide a concise definition of list comprehensions. In this
section we will see that a very similar set of rules can be used to translate
Mirandalist comprehensionsinto the enriched lambdacalculus.
The translation requires one new function, flatMap. This is defined in

Mirandaas follows:

flatMap f [] = []
flatMap f (x:xs) = (f x) ++ (flatMap f xs)

Thatis, (flatMap f xs) applies a list-valued function f to each elementofa list
xs, and then appends all the resultinglists together.

Therules for translation can be expressed by giving some extra rules for the
TE scheme, which was introduced in Chapter 3, and Figure 7.1 gives these

extra rules.

 

(a) TER (E 1 v <—l;Q)] = flatMap (Qv.TEf (E 1 Q] 7) TEE LD
(b) TEL [E: B; Q) 7 = IF TE{ B I TEG (E | Q) DNL

(c) TEL TE! 1] = CONS TEJ E Jj NIL

where is an expression
B is a boolean-valued expression
L is list-valued expression
Q is a sequenceofzero or more qualifiers
v isa variable    

Figure 7.1 Translation schemeforlist comprehensions

It is not hard to see that rule (a), together with the definitionof flatMap,is

equivalentto rules (1) and (2) of the preceding section. Similarly, rule (b) is
equivalentto rules (3) and (4), and rule (c) is equivalentto rule (5).

Here are two examples, showing how to compile comprehensionslike those
used in the examplesin the preceding section:

TE[[ [square x | x <— xs; odd x] ]J
= flatMap (Ax.TEf[ [square x | odd x] JJ) xs (rule (a))
= flatMap (Ax.IF (odd x) TEI[ [square x | ] 9] NIL) xs (rule (b))
= flatMap (Ax.IF (odd x) (CONS (square x) NIL) NIL) xs (rule (c))

TEI [(xy) | x <- xs; y <— ys] I
= flatMap (Ax.TEI [(%y) | y <— ys] Il) xs (rule (a))
= flatMap (Ax.flatMap (ay.TE[[ [(x,y) | ] J) ys) xs (rule (a))

flatMap (Ax.flatMap (Ay.CONS TE[[ (<y) 9} NIL) ys) xs (rule (c))
= flatMap (Ax.flatMap (Ay.CONS (PAIR x y) NIL) ys) xs

It is left as an exercise for the reader to evaluate the terms above (for some
suitable values of xs and ys) and verify that they return the desired results.
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7.4 Using Transformationsto Improve Efficiency

Thetranslation scheme described in the previous section is complete, but is
not the mostefficient translation method possible. This section uses well-
known techniques of program transformation to derive a more efficient
translation scheme.
; The translation scheme will be improved in two steps. The first step
Improvesefficiency using the well-knownidea of expanding-out a program in
place. Notice that an expression of the form

flatMap (Av.E) L

may bereplaced bythe equivalent enriched lambdacalculus expression

letrec

h = Aus. case us of

NIL = NIL

CONS v us’ => APPEND

E

(h us’)
in (n L)

where h, us and us’ are newvariable names.It is straightforward to showthat
this expansion correspondsto the originaldefinition of flatMap.

 

TEE (El v <-taQlq
= letrec

h = Aus. case us of

NIL. => NIL
CONS v us’ = APPEND TET [E 1 Q h us’in (h TEE LD EI 1 (h us’)

whereh, us andus’ are new variables which do not occur free in E,LorQ   
Figure 7.2 Improved rule (a) for translation scheme

If we apply this transformationto rule (a) then we get a new, equivalent
tule, shown in Figure 7.2. Combining this rule with rules (b) and (c) gives a
more long-winded, but moreefficient, translation scheme. An exampleof the
use of this schemeis shown in Figure 7.3.

 

TE[[ [square x | x <— xs; odd x] J
= letrec

h = Aus. case us of

NIL => NIL
CONS x us’ = APPEND

(IF (add x) (CONS (square x) NIL) NIL)
(h us’)

in (h xs)    Figure 7.3 Exampleof a translation using the improved rule
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This translation scheme is quite efficient, but there is room for further

improvement. Forinstance, the example shown in Figure 7.3 contains the TEE (E 1 Qj) = toy [Etgh+q
expression (A) TOE lv <iq ayAPPEND(IF (odd x) (CONS (square x) NIL) NIL) (h us’) = letrec

. . = AUS. Case us ofand it would have been moreefficient to generate the equivalent expression
NIL > TEL lo]
CONS v us’ = Ta E | Q] ++ (h us’

IF (odd x) (CONS (square x) (h us’)) (h us’) in (h TER Ls D TEE! Q)

++

(hus9ws
(B) TORE | BQ) +L = TEL BP TOG (E1 Q] aL TEL L

instead. . . . (C) TOLLE JH Ly = CONS TE] E J TEE LJ VELL I
In general, it would be desirable to eliminate all calls of APPEND. The whereh, us and us’ tab . :reasonforthis is simple: rather than generating twolists and then appending , are new variables which do not occur free in E, Li, Leor Qthem, it is better to generate the desiredlist directly. This will be significantly - ,

, we : Fi . i i
moreefficient, since evaluating APPEND requires time andspace proportional ‘Sure 7-4 Optimal translation schemeforlst comprehensionsto the lengthofits first argument.

Surprisingly,it is indeed always possible to translate list comprehensionsin
such a way that APPEND does not appearin the final result. The second, and
final, improvement in the translation schemewill be derived by applying Til[square x 1X <— xs; odd x] Jprogram transformation methodsto thefirst schemeto eliminate all appear- h = dus. case us ofances of APPEND.

NIL => NILObservethat the only place that APPEND appearsin the currenttranslation r CONS x us’ = IF (odd x) (CONS (square x) (h us’)) (h us’)
schemeis in the following phrase in the improvedrule: in (h xs)

TE sy) | - . =_APPEND TE[[ [E | Q] Jj (h us’) " Leow) x <- xs; y <— ys] J
This suggests that we mightdefine a newtranslation schemethatwill translate 9 = dus. NILus of > NLthe above expression directly. That is, we wish to define a newtranslation ; CONS x us’ =>scheme TQ,such that

letrec.
h = Avs. case vs of

TOP (E | Q) ++. J = APPEND TE(EQ) PELL 1) NL eG us’for any expressionE,list of qualifiers Q andlist-valued expression L. Then we in (h ys) CONSy vs’ => CONS (PAIR x y) (h vs’)can replace the previous expression by:
in (g xs)   TQ [E 1 Qj ++ (h us’) J]

It is easy to provethis is equivalentto the previous expressionusingrule(7.1).
Figure 7.5 Example translations using the optimal scheme

The rules defining TQ are given in Figure 7.4. Readers familiar with £
program transformationwill see thatit is easy to derive the new rules (A), (B) Figure 7.5 shows two exam les of the translatiand (C) from the modified rule (a), and rules (b) and (c). For example,hereis 1 scheme. These should be compared with the exampleanthe oidsan
the derivation ofrule (C):

| previous section. The readerwill see that the newtranslations are consider-
TOM (E1] 4+ 4]

+ aby longer, but also considerably moreefficient. Indeed,the translations
= APPEND TE[E |] J TEL LO (by (7.1)) ft pr k by by the new schemeare as good asthe besttranslations one would= APPEND (CONS TE[[ E J] NIL) TE L Jj (byrule(c)) aM y hand.= CONS TE E J TER L J (by definition ofAPPEND) ob ore precisely, Wwecan state that the new translation schemeis optimal in3 thatit performs the minimum number ofCONS operations.Fora list compre-

The derivation of the otherrulesis not muchharder,andis left as an exercise cb hension, this means performing exactly one CONS operation for each element
for the interested reader.

} in the returnedlist. The old translation scheme performed rather more CONS 
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operations than this, because of the extra CONS operations performed by

APPEND. However, the new schemeis indeed optimal in this sense, as the

reader mayverify (informally or by a simple inductive proof).

Although the work here has been presented in an informalstyle, it is an

excellent example of the powerof formal methods. As has beenpointed out,

starting from the reduction rules of Section 7.2, one may derive the trans-

lation scheme of Section 7.3 and the improved translation scheme of this

section. Noneofthe transformationstepsis particularly difficult. On the other

hand,had formal methods not been used, the development would have been

much more troublesome, and quite possibly the optimal translation scheme

described here would not have been discovered.

7.5 Pattern-matching in Comprehensions

Sections 7.27.4 have ignored the fact that in general a pattern rather than a

variable may appearto theleft of the <— in a generator. This was donein

order to make the presentation of the materiala little simpler. This section

updatestheresults of the previous sectionsto allow patterns in generators.

First, we consider the reduction rules that define the semantics of list

comprehensions. Recall that the reduction rules for generatorsare:

(i) (Eiv<-(]} >;Q) -
(2) [Etv <- Et’; Q) > [E 1 QUE] + [El v <-L; Q]

To allow for patterns in generators, these are replaced by:

 

(’) fE'ep<-0) ;Q@]) >
(2') {E |p <- E':l' ; Q] > ( ((Ap.[E I Q)) E') 1 {))

++ (Ei p <- UL; Qj    
Theonly changesare that the variable v has been replaced by the pattern p,

andthat in the secondrule the phrase

[E | QUE]

has been replaced by

(Ap.[E | Q) E') 00)

Thus, instead of substitution we use a pattern-matching lambdaabstraction,

as described in Chapter4.Ifthe pattern doesnot match then []is returned;so,

as desired,if an elementdoesnot matcha pattern itis asif it had beenfiltered

outofthelist.

(a) TED (El! v<-LQ])] =
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Notice thatif the pattern

p

isreplaced by a variable v then

(Av.[E | Q)) E’) 0]
> [E 1 OVE) 00)
> [E 1 Qe] (by B-reduction)

(by definition of {])

so the tule forvariablesis just a special case of the rule for patterns. .
Hereis an example using the new reductionrules:

> (OG).b ! ) (1,2) O
((ALx].[x 1 J) [5}) 0 A
COXDD 1 DL) Of) ) +
(OALX}-Ex 1) [2) O00)

(by rules (1') and (2'))
> (FAIL OCD ++ (SOC) + FAL OL) ++ (210 CD

(by the rules of pattern-matching and rule(5))
> () ++ (5) ++ [] +4 [2]

=> [5, 2] (by definition of J)

whichis the desired result, as described in Section 7.1.
; ine modification to the translation schemeis analogousto the modificationo the reductionrules. Theonly rule which contains a generatoris rule (a):

= flatMap (Av.TEI[ [E | Q] J) TELL J]

Forpatterns, this is modified to:

 

 

(a') TE[E | p<-L Q])]
= flatMap (Au. (((ATE[L p J-TEL [E | Q) B) u) GQ NIL ) TEL L J

whereu is a newvariable which does not occur free in p, EorQ.    is in exactly the right form to be further translated -compilerdescribed in Chapter 5. Moreover, in the ometherthey
just a variable v, applying the pattern-matching compilerto rule (a
the sameresult as rule (a), so again the rule forvariablesis just a
of the rule for patterns. Further, just as one can showthat rule
oy. tules (1) and (2), one mayshow thatrule (a’) follows from ru 

Notice that the subexpression

(QTE p Y-TEQ (E | Q] J) u) 9 NIL

matching

atten pis

") will yield
special case

(a) follows
les (1') and

Finally, the optimal translation scheme may begeneralizedin a similar way
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Thetranslation rule (A) of Figure 7.4 should be replaced by the rule

 
(A’) TOD [Et p <- tu; Q] ++ Le ]

= letrec '

= . Case us Of
n= us NIL => TE Ll: ]

CONS u us’ =>

( (ATED p J.TQLl [E | Q] ++ (h us’) J) u)
{] (h us’) )

in (h JEL Li DD

whereh,u, us and us’ are new variable names which do not occur
free in E, Ly, LoorQ.   
 

Again, the central phrase ofthis rule is in just the right form for further
processing by the pattern-matching compiler, and the rule for varia 4)
emerges as a specialcase of the rule for patterns. And, again,just as in e ( é!
can be derived from rule (a), so rule (A’) can be derived from tule (a').
Furthermore, the new translation schemeis still optimal, in thatit performs

ini numberof CONSoperations. ;
Sathornorteadins the results of the previous sections to allow Patternsin

generatorsis straightforward; the new rules have the old rules as a spe
case;the correctnessofthe new results may be shownin the same way;and the
efficiency of the translationsis unimpaired.
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POLYMORPHIC TYPE-CHECKING
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implementedfor the language ML,around1976, Thetypediscipline wasfirstexpoundedby Milner[1978],
Whetheror not a type-checkerrequires information from the programmerto check that a Program is well typed, type-checking is of great value indrawing the Programmer’sattention to a variety oferrors, from trivial Slips inprogram entry,to gross logical blunders.It helpsusto write robust programs.Another advantage of type-checking is that it helps to build fasterimplementations of programming languages. If a Program is passed by thetype-checker, then no type error should occur at run-time, such as the use ofan integerasif it were a function, a booleanas if it were an integer, or afunctionasif it were a tuple. In Milner’s words,well-typed expressions do not‘gO wrong’: at run-time wewill never misinterpret the representation of anexpression. By omitting run-time checksfor such errors, the implementationof a language can be madesimplerandfaster. Ofcourse, any implementationshouldstill provide for diagnosis ofits own internal errors.The purposeofthis chapteris to explain in some detail how a type-checkerworks. Then, in Chapter9, we put the ideas into practice by constructing atype-checker for a simple functional language. The type-checker is con-structed in Miranda,in the hope that the developmentof such a functionalProgram mayitself be ofsome additionalinterest.
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Giventhe informalspirit of this book, and its concentration on setting up

intuitions rather than on attaining impregnable conceptualrigor, it is not
appropriate to proceed ‘from the ground up’. Instead, we shall assumethat

the reader already has some understandingofthe notionofa type, and wishes
to see how that notion can be applied in practice. Nevertheless, some
cautionary remarks may be in order, and they are made at the end of the
chapter.

This chapter is organized as follows. Section 8.1 reviews some basic

concepts, and notations for types. Section 8.2 illustrates the concept of

polymorphism,using several examples. Section 8.3 shows in an informal way
how types may be inferred from the structure of a definition. Section 8.4 sets
out the language for which wewill build a type-checker. Section 8.5 considers
the detailed type structure of expressions in the language, and attempts to

clarify the rules of type inference, which are summarized in Section 8.6.
Section 8.7 contains the cautionary remarks referred to before.

Important note: The type-checker described here is actually somewhat
more liberal than that of the Miranda compileritself, in that it will succeed in
type-checking some programswhich the Miranda compiler wouldreject. This

difference is explained in Section 8.5.5. The Miranda type-checkeris also
considerably more sophisticated than the one we describe here, becauseit
supports features, such as abstract data types and a module structure, which

are beyondthe scopeofthis book.

8.1 Informal Notation for Types

The types with which we are concerned in functional programming include

groundtypes such as characters, numbers and booleans,types of tuples,lists
and, of course, functions. To talk about these types, we will use the following

notation. Capital letters will be used for type variables. A type variable A
stands for a type in much the same waythat a numericalvariable n standsfora
numberin mathematics. Lower-case letters will be used for the elements of
types. The notation

a:A

means that a has type A. For example, 42::num, ‘f'::char, where num is the

type of numbers,andcharis the type of characters. (Note: the notation used

for types in this chapter differs from that of Miranda — in Miranda an upper
case letter cannotstand for a type.)

8.1.1 Tuples

Given types A andB,(A,B)is the type of ordered pairs (a,b) where a::A, and

b::B. Using Descartes’ terminology,a is the first coordinate of (a,b), and is

the second. Moregenerally, ifn = 2 and Ai,...,Anare types, then

 
where m=1, r=0 for 1sism, and k2=0. Here v; 
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(A1,.. ., An)

is the type whose valuesare of the form of tuples
(a1... ..@n)

where ay::A),.. ++ An::An. The importantpoints abo ingi
concent po po ut tuples,so far as typingis

(i) the coordinates of a tuple need notbe of the same type;(ii) the type of a tuple determines the numb i i
¢ er of its coord is, idimension), and their types. oorainakes (hat is,its

8.1.2 Lists

Given a type B,[B] is the type oflists whose entrie:
:

Sa
specifically, an object of type [B] must be re of type B. More
(i) either the emptylist, which is denoted by [];
(ii) or a non-emptylist, formed b i j i

a nc > y prefixing an ob 2 xwhichis denoted by b:bs. P =

a
n

ob esSEB Yoa lst bs:[B],
If all the successive entries bi,.
it using the notation

(b:, ..., bx]

- uby Of a finite list are known, we may write

The importantpoints about lists, so far as typingis concerned,are:
(i) In contrast with the coordinates of a tuple,all entries ofa list must be ofthe same type. For example,it would make no sense to forma list in whichthe entries were alternately characters andtruth values. (Wecouldin fact. define a type ofsuch entities, but they would not be lists.) °(ii) In contrast with the dimension of a tuple, the length of a list is notdeterminedbyits type. Indeed, when programmingin a lazy languagewe may operate with infinite lists such as the list of positive integers,There 1s NO requirementthat a list must be built up from the emptylist ba finite number of applicationsof the prefixing operation (b:bs), or that 4rincipl - : : )

valid. € of well-founded induction on the structure oflists should be

8.1.3 Structured Types

Tuple typesandlist1 types are both i
introdieedt inca examples of structured types, which were

pter 4. As explained there, in Miranda the general form ofadeclaration of an operatorfor formingstructured typesis:
mame Vy... Ve = Cy tha... tie,

I.

| Cm tm1 eae trum

+++ V« Stand for schematic
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type variables, which in Miranda have the special form +, **, ***, etc. Also,

ti,1,.. ., tms, are type expressions, built up using variables from thelist vi,. . ., Vk

and namesfor type-forming operations which are either built-in or declared

elsewherein the script.

For example,in the type declaration

tree * -::= LEAF * | BRANCH(tree *) (tree +)

v1_ is *, c, is LEAF, and t1,; is *; cz is BRANCH,and t21, t2.2 are both (tree *).

‘tree’ is a type-forming operatorsince, given a type as ‘argument’, it produces a

type as its ‘result’; for example,(tree char), (tree num), (tree (tree num)). In

this sense, the built-in basic types (such as char, num, bool) are simply type-
forming operators which take no arguments.
A declaration with the form above meansthat an object of a type

name t'; ... tk

must have one of the constructed forms

Cj Xi... Xyq

where x;::t'iy for 1sjsr, and t',y denotes the result of simultaneously

substituting the type expressions t';,.. .,t'x for the type variables vi,.. .,V« in

the type expression ti. :
For examplehere is an object of type (tree char):

BRANCH (LEAF ‘a’) (LEAF ’b’)

In this case, t’; is char; the form of the object is a BRANCH, and x; is

(LEAF ‘a’)::tree char, x2 is (LEAF ‘b’)::tree char.

8.1.4 Functions

Given types A and B, weusethe notation:

A->B

to denote the type of functions f applicable to objects a::A, whose values(f a)

are of type B.

For example, (char —> num) is the type of integer-valued functions of

characters. The function ‘code’ which mapsa character to its ASCII codeis of

this type.

(char —> bool) is the type of boolean-valued functions of characters. For
example, the function

isdigit ch = (code ‘0’ <= x) & (x <= code '9')
where x = code ch

is a function ofthis type.

([char] —> [num]) is the type of functions whose argumentsarelists of

characters, and whosevaluesarelists of integers. The function which returns

the list of ASCII codes correspondingto a characterlist is of this type.  
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(Note: in functional programming, we consider a function to belong to atype (A —> B) even thoughitis not totally defined on the domain type A. Forexample,the partial function which assigns to every even numberits successorhas type (num -> num).)
; The arrow in the function type notation (A —> B) is considered to be aright-associative binary operator. So
A->B->C

meansthe same as

A -> (B -> C)

and

(A -> B -> C)
—-> (A —> B)
—->A

—>Cc

meansthe same as

(A —-> (B —> C)) -> ((A -> B) -> (A —> C))

(Weshall often lay outa large type expression over severallines, as above.)
The Treason we choose —> to berightassociative can be seen by considering

a (curried) function f of two arguments a::A and b::B. Then we have:
f 2 A->B-—->C
(fa) =: B->cC
(fab): C

If —> wereleft associative, we would haveto write

f: A -—> (B -> C)

whichis less convenient, since it uses more brackets.

8.2 Polymorphism

Manyofthe functions we define in a functional program are to a greater orlesser degree indifferent to the types i i
I of their arguments. Thillustrated with a few examples. ° = can Pe

8.2.1 The Identity Function

Theidentity functionid, defined by
idx = x

worksequally well on arguments of any type. For example, in
id 3 =3
id eu = ‘al
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id (3,'a’) = (3,’a’)

the functionid is used with the types

num —> num
char —> char

(num,char) —> (num,char)

In this sense,id is indifferent to the typeofits arguments. However,id always
returnsa result of the same type as its argument. We expressthis by saying
thatid is of type A —> A,forall types A.
Sometimes weomit the ‘forall types A’ (the jargonfor whichis schematic

generality; A is said to be a schematic (or generic) variable). When the
schematic variables are notgiven explicitly, every type variable is here to be
understoodas a schematic variable.
To saythatid is of type (A ~> A)forall types A meansthat the nameid can

occurin a larger expression in any contextsuitable for a function whosetypeis
of that form. When weindicate a form by meansofa type expression, we
should say whichparts of the expression mayvary,by indicating the schematic
variables. To saythata type

T

isoftheform

-..A...B...A...C...

where A and B are the schematic variables,is to say that T maybe obtained by
substituting certain types TA and TB for the schematic variables. In other
words,T is a substitution instance ofthe indicated type. The types

num —> num
char —> char

(num,char) —> (num,char)

are all substitution instances of the form

A->A

whereit is understoodthatA is the schematic variable.
Fora final example, consider the expression:

id (code (id ‘a’))

Thefirst occurrenceof id must have type (num —> num), and the second must
have type (char —> char). Since these are both substitution instances of the
type of id, (A —> A), the expressionis correctly typed.
Note: What we herecall schematic type variables are called in Miranda

generic type variables and written using the special symbols *, **, etc. to
distinguish them from ordinary (non-generic) namesfor types.)

8.2.2 The length Function

The function which returns the length ofa list may be defined by the equations
length [] 0
length (x:xs)

=

(length xs) + 1

I
E 
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Thefunction length worksequally well on anylist, regardless of the type ofitsentries. For example,in the equations:
length (7,1,4] =3

length ('7','1','4'/z] =4
length [(3,’a’),(26,'z')] = 2
length [id,id} =2

the functionis used with the types:

[num] -> num
[char] -> num
{(num,char)} —> num
(A -> A)] -> num

respectively. We expressthe type oflength by
length :: [A] —> num,forall types A

which conveysthat

(i) length is a function:
(ii) its arguments are lists;

(iii) its values are numbers;
(iv) the type ofthe entries in the argumentlist_ does not matter.

8.2.3 The Composition Function

Let us represent the composition of two functions f and g with a right-associative infix dot, and define

(f.g)x=f@»

and right-hand arguments are functions, and the type of argumentsofitsleft-hand argument is the Same as the type of values ofits Tight-handargument. For example, the following make perfect sense:
(i) decode . succ . code

where Succ denotesthe successor of an integer. The expression denotes afunction whichreturns'b’ from ‘a’, ‘c' from ‘b’, and so on. The composi-tion functionis used here with the type:
(num —> char) —> (char —> num) —> char -—> char

atits first occurrence, and with the type:
(num —> num) —> (char -> num) —> char —> num

at its second,
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id. and id
(idi) foldr cons [] (5,4,1,4,1]

0) eee , ’ t id | tity function discussed above. In these expressions, the Here cons x y = xy. In this expression,foldris used with the type:

hereid is the iden : .
composition function is used with the types:

> (num a [num] [num})—> num) —> (char —> char) —-> char —> num
[num] ~ [num] (num)

(cur —> num) —> (char —> num) —> char —> num In general, foldr may be used in any context which requiresa type ofthe form:(A -> B -> B)
respectively.

-—>B.

—> [A]
(iii) isdigit . decode .

->Bich is the predicate of an integer whichisitself theASCIL code of awate ‘digitHere the composition functionis used with type: where A and Barethe schematic variables.
ecimal digit.

(char —> bool) —> (num —> char) -> num —> bool

8.2.5 What Polymorphism Means
Polymorphism is a Style of type discipline which seems to have beenfirst

saying:

, identified by Christopher Strachey [1967]. A programming language has a

compose :: (B —> C) —> (A —> B) -> A->C 4‘ Polymorphic type disciplineif it permits us to define functions which workwhere A, B and C are the schematic variables. 1

f compose byWecan express the constraint on the types of the arguments o pos  
[A] -> num

 

  
  

  
  

   
  
  
  

 

8.2.4 The Function foldr

The function foldr may be defined by the equation
In contrast, a language with a monomorphic type discipline forces theprogrammerto define different functions to return the length of a list ofintegers,a list of floating point numbers,a list of binary numerical functions,and so on. Languagessuch as Pascal and Algol68 are monomorphic.Strachey distinguished between ad hoc polymorphism, and parametricpolymorphism. A type discipline exhibits ad hoc polymorphismifit permitsthe use of the same expression to denotedistinct operationsatdistinct types

foldr f b [] =b
foldr f b (a:as) = f a (foldr f b as)

i i nts. ForAgain, foldris to a certain extent indifferentto the typesofits argume:

example, the following make perfect sense:
: 4]

(i) foldr plus 0 [7,1, .

here plus meansbinary addition. Thefunctionfoldr is used here with thew
type:

morphism as explained above.(num —> num —> num)
The words polymorphic and monomorphic are also sometimes used to

-> num

distinguish between objects whose types are described by expressions with

—> [num]
schematic type variables, and those whose type expressions have none. For

-—> num
example, the emptylist is polymorphic, the functionsid, compose,length andfoldr are polymorphic, while the function decode which returms from aninteger the character with that ASCII codeis monomorphic.Apolymorphic object maytake ondifferent typesat different occurrences,where these different typesare substitution instances of the schematic type ofthe function: For example, we do not need to have different versionsoffoldrfor each pair of types thatinstantiate A and

B

inthe type expression(A -> B -> B) -> B -> [A] -> B

ii nd [“strt”,“‘str2”,““str3”"] .

" vtec, the function which concatenates twolists. The function

foldr is being used here with type:

(string —> string —> string)
—> string

—> [string]

—> string
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or to parameterize foldr with the type variables A and B. Precisely the same

code is executed whatever the types A andB (atleast in a naive implemen-
tation of the compiler), and it would be artificial to duplicate that code, or
nameit differently for each pair of types.

The terminology is also sometimes (perhaps unfortunately) applied to
types themselves. For example,it is said that foldr possesses a ‘polymorphic’
type, meaningthatits type is expressed with schematic variables. (Going by

etymology, ‘polymorphic’ should mean‘of many forms’, andit is precisely in

order to identify a single form that we use an expression with schematic
variables.)
A polymorphic type discipline was first worked out for the language ML

around 1976, and since then has been incorporated in a numberof functional

and imperative languages. In pragmatic termsat least, polymorphism repre-
sents a significant advance over the type disciplines of languages such as

Pascal or Algol 68.

8.3 Type Inference

This type discipline is not only polymorphic;it has the property that the only
places in a program where we have to mention typesatall are in the type

definitions themselves. The type-checkeris able, as part of a single process,

(i) to determine whether the program is well typed; and
(ii) if the program is well typed, to determine the type of any expressionin the

program.

(Of course, to make a program easier to understand we should almost always
accompanya definition with a specification of the type of the defined entity.)

Before delving into the details of type-checking, we should ask ourselves

how wecaninformally deducethe typesof functions given only their defining
equations.

Considerthe definition:

isdigit ch = (code '0' <= x) & (x <= code '9’)

where x = code ch

From the right-handside of the definition we can see that,if the function is
well defined at all, its value must be a truth-value, since the outermost

operator& (conjunction) produces truth-values. Moreover,the infix operator
<= whichsuppliesits values as arguments to & also producestruth-values. (So
wecan see that & is used consistently with its type.) The arguments to <= must

both have the type num,and this is clearly the case for the actual arguments,

namely (code '0’) and (code ‘9'). It follows that x must be a number, and for

this to hold, ch must have type char. So the right-hand side of the definition is

e
y 
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well typed, with type bool, providedthat the argumentch has type char. Since
the left-hand side of an equation must have the same type as the right-hand
side, we deducethat:

isdigit :: char —> bool

Consider now the definition of length, repeated here:

fength [] =0
length (x:xs)} = (length xs) + 1

Fromthefirst equation,it is clear that the type oflength is of the form

[A] -—> num

We mustalso look at the second equation to see whetherit constrains the
type A any further. For example,if the second equation were somethinglike

length (x:xs) =(length xs) + 1,= x= 'q!

= length xs

(using a conditional expression), we would have to concludethat the type A is
not in fact completely general, but completely specific: it is the type char. But
in the case of the function length, the second clause imposes no further
constraint, so we cansay that

length :: [A] —> num,forall types A

Consider nowthefunctionfoldr, with definition

foldr f x = g where g []
g (a:as)

x
f a (g as)

Thelocal function g is evidently a function onlists,sinceit is defined by cases
on the two constructors of list form. So suppose g has type ([A] —> B).
Both x and (f a (g as)) must be of type B. Since (g as) has type B, f must
have type (A —> B —> 8). So,allinall,

foldr :: (A -> B —> B) -> B -> [A] -> B

In general, by examining the context of an expression, we may be able to
deduce an expressionfor the form ofthe type of an object which canfit into
that context. By examining the expressionitself, we maybe able to deduce the
form of the types which that expression can take on. So we have two type
expressionsthatwill usually contain variables,thefirst giving the form of the
type required by the context (deduced from the ‘outside’), and the second
giving the form oftype whichthe object can take (deduced from the‘inside’).
For thewhole expression to be well typed, these two type expressions must
match,in the sense thatby substituting for the schematic variablesof the type
expressions, they can be broughtto the sameform.
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8.4 The Intermediate Language

The languagefor which wewill construct a type-checkeris the language of the
lambdacalculus. Wewill use the form of that language in which recursionis

expressed using theletrec construct rather than by using the Y combinator.

Briefly, the formsof expression are these:

(i) Variables: x, y,etc.

(ii) Lambdaabstractions: x .E
(iii) Application: E; E2
(iv) Simultaneousdefinitions (let-expressions):

let x1 = E;

Xk = Ex
in E

(v) Mutualrecursion (letrec-expressions):

Eyletrec x1

Xk = Ex

in E

The type-checker should be invoked when the source program has been

brought into this form, and before lambda-lifting, or transformation toa

supercombinator program (see Chapter 13). It is, however, important that

the program is subjected to the dependency analysis referred to in Section 6.2.8
before type-checking. This is for the following reason. If we include ina

letrec-expression a definition whose right-hand side does not‘really’ depend
on the other namesdefinedin the letrec, we may not be able to type-check the
programatall. (For an explanation of this, see Mycroft [1984].)
The most conspicuous absentee from this list of constructs is anything

corresponding to function definitions by pattern-matching. But as is shown in

Chapters 4-6, we can replace such definitions by using instead built-in case
functions associated with the type-forming operations defined by the
programmer or supplied by the system. The namesof these case functions,

and indeedofthe associated discriminators and selectors, can be regardedas
the namesof variables with predeclared types. Hence they are of no special

interest in the type-checker. ;
(in the same vein, we might have taken the easy way out in ourtreatment of

recursion, and used the Y combinator, regarding this as having a priori the

predeclared type

Y : (A —> A) —> A,for all typesA

However, the issuesinvolved in the problem ofhow a type discipline should

treat recursion are rather subtle. Although the solution we have adopted isin
fact precisely equivalentto adoption of the Y combinatorfor the expression of  
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recursion, we take the point of view that to do this would be to sweep the
problem underthe carpet.)
The type-checkingalgorithm canstill be developed when pattern-matching

is present in the language. Indeed forpractical reasonsit is better to type-check while the program is still close to the form in which it was entered,in
order that error messagescanrefer to program text that the programmercan
recognize.

8.5 How to Find Types

Presumably, when weconstruct an expression E in a program, we reason toourselvesthat it is well typed. As a productof this reasoning, weare in aposition to say whatthe typeis of any subexpression E’ of E. Wecan,as itwere, label each subexpression with the type which wethink it has. When we
enter that expression into the text of our program, that ‘labelling’ has beenlost. It is the job of the type-checker to reason out the type structure of the
expression onceagain,andto recover the labelling.

If we accept that type-checking is a species of inference, this raises the
questionas to what formsof inference we mayvalidly employ in checking the
type of an expression. Weshall not g0 so faras to try to state those forms of
inference explicitly (akin to an exercise in formal logic), but rather by
consideringa sufficientvariety of examples(as it were, particular syllogisms),
try to work up someconfidencethat we cantell the difference betweenright
and wronginference.

8.5.1 Simple Cases, and Lambda Abstractions

In order to make enoughspace to expose the type structure of an expression,let us lay it out as a tree, whereat the top we have the variables and constants,and as we proceed down towardsthe root, we pass through nodes labelledwith the constructors applied in the formation of the expression. For anexample containing both application and abstraction nodes, take theexpression

(Ax.Ay.Az. x z {y 2))

Laid outas a tree this becomes

x z y z

\ 7S \ 7
@ @
Ne

ahay.az.
Each node in this tree corresponds to a subexpression of the originalexpression, and should therefore possess a type. Assign arbitrary type labels
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TO, Ti, ... , T7 to the nodes of the tree. Drawing the tree in a slightly

different way to use less space, we get:

x: TO Z:: Me y:: T2 22Bo

T4 TS

 

@
6
——Ax. Ay. AZ.
7

In orderto be sure than an expression (E; E2) of application form is well typed,

the function E; must have a functional type (A -> B), where Ezis of type A,

and (E: Ez) is of type B. So whatever else is clear, the types of the sub-

expressions mustbe related by the following equations:

To =Ti -> T4
T2 = 13 -> 15
T4 = 15 —-> T6

Substituting back in the tree, we get

xz T1 -> T5 -> T6é z: T1 yi: T3 —> T5 2: T3 |

@ @
—> T6 15T -> @

Té6
——-Ax. AY.AZ.
7

Now what should we say about the abstraction? Certainly T7 will have the

form

(11 -—> T5 —> T6) -> (13 -> T5) ->...- .

butit is not immediately clear what to do about the twotype labels T1 and T3

for the two occurrences ofthe variable z. It would be simple if we could see

somereasontosay that the labels T1 andT3 must stand for the same type. For

then we could add two moreequationsto the set above, namely

T11 = 73
T7 = (10 -> T2 -> T1 —> T6)

and then onsubstituting backin the tree we wouldget

xz Tt -> T5 -> T6 z: Tt y: Ti -> TS z: T4
@ @

TS -> T6 TS

6
@

AK. AY-AZ.

(T1 -> TS —> T6) —> (T1 -> 15) -> Ti -—> T6

Onthe other hand, we have alreadyseen in Section 8.2.3 expressions such as

1. code . |
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which make perfect Sense, but in which the two occurrences of thecomposition function receive different types (to be sure, types sharing acommon form, but nonetheless different).
So it is not obvious that we should requiquire all occurrences of a variablepound by a lambdaabstraction to have the same type. However, let us takeIs requirement as an assumption, and explore j 25 usi

following oxeantc pt Plore its consequences using the

F = Af.Aa.Ab.ac.c (f a) (f b)

andlaid outas a tree, the expression is

 

 

fz: Toa:T1

c: T2 T3 f: 74 bs: TS

Té T7 @
——__________“@

Ts
——M.Aa.Ab.Ac.
Tg

from which we derive the equations

TO = T1 -> 13
T2 = T3 -> T6
T4 = T5 -> T7

T6 = T7 ~-> Ts

If we now requirethat the different occurrencesoff have the same type, wecan add the equation TO = 14to thelist above. But then we mustalso havethatT! = T5 andT3 = 17, which gives the tree

f : T1 —> 73 a: Tl
ena

 

 

ce: T3 -> T3 —> Ta T3 - _ .@ fATl->13bitta
T3 -> T8 13

@
Ts

Af.Aa@.Ab.aAc. (11 -> 13) -> T1 -> 11 -> (13 —> T3 -> Te) —> Te

By demanding that both occurrences off should have the same type, wehave forced : :has type aand

b

tobeofthe same type. Renamingvariables, the function F

(A -> B)->A->A->(B->B->C)-s¢

according to our assumption.
It is not hard to think ofcontexts (Ff i‘ a b) which woul

and b are ofdifferent types. For example ouidmake sense when a
Flo ’a’



154 Chapter 8 Polymorphic Type-checking

seems to be the function which when applied to a function c of type

(num —> char —> A) returnsthe value (c 0 ‘a’). On the other hand,

F code 0 'a’ K

would certainly be an error,since it would result in the evaluation of (code 0),

whereasthe function code is applicable only to characters. At last we can see

the point of the assumption. In order for an expression to be well typed,it is

not enough that it cannot ‘go wrong’ when evaluated on its own,or in a

particularly favorable context. We have to makesure thatit cannot ‘go wrong’

whenpluggedinto ary well-typed context.

So weshall require that variables boundin a lambdaabstractionreceive the

same type at all their occurrences. Without ‘outside knowledge’ of the

arguments to which an abstractionwill be applied, we must assume the worst:

all occurrences of a variable bound by the same lambda abstraction must

share the same type.
To sum up,so far we have adoptedthe followingrules:

(i) The function part f of an application (f a) has a function type (A —> V),

where A is the type of the argument part a and V is the type of the

application(f a).
(ii) All occurrencesofa A-bound variable must have the same types.

Moreover, when solving a system of equations, we have used the following

rule:

If(T1 -> T2) = (11" —> 72’), thenT1 = 11’ andT2 = T2’

(This follows from a more general law whichstates thatif two compound type

expressionsare equal, then they must be formed with the same construction,

and their corresponding parts must be equal.)

8.5.2 AMistyping

Consider the expression

An.Aa.Ab. bon (n a b)

(This is sometimes usedto define the successor function on natural numbers in

the type-free lambda calculus.) Written as a tree, the expression is:

n: T0 a: TI

 

 

@
bi: T2 ni: T3 T4 b : T5
——__————-@ ———_——-@

Té6 T7
@

Ts
An.Aa@.Ab.

T9
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From which weget the equations:

TO = T1 -> T4
T2 = T3 -> T6
T4=15 ->17
T6 = T7 -> T8

T9 = TO -> T1 —> T2 -> T;
T3 = To 8

T5 = T2

Eliminating T4 and T6, these become

TO = Ti -> T5 -> 77
T2 = T3 —-> 17 -> T8
T9 = TO —> T1 -> T2 -> Tg
T3 = To
T5 = T2

Nownotethat these e i i i i; quations contain

a

circularity. If we try t
two equationsto eliminate T3 and T5, we get ” ry rouse thelast
TO = Ti -> T2 -a [2 -> 17 (since T5 = T2)> (13 -> T7 -> T8) -> T7

= T1 -> (TO -> T7 -> Ta) -> 17 (since T3 = TO)
Soit is clear that the type TOis not finite, and so neitheris the type T9.

Nevertheless, T9 infini ‘informally: _Possesses an infinite type, which may be expressed

TO -> T1 -> T2-> Tg

where

TO = T1 -> (TO -> T7 -> 18) -> 17
There are manydifficulties in dealing with infini i
avoid them by imposing the rire g with infinite types. We shall simply

IfT1 = ...11 where the type varif 11..., ariable T1 occurs properly within thfeht-hand side of the equation, then the system of equations cannot besolved, and the expression from which the system was derivedis ill-typed
As a consequenceofthis, the definition j .

? Oo}
.

combinatorY is ill-typed. n in Section 2.4.2 of the fixed-point

8.5.3 Top-levellets

Considerthe expression

let S = Ax. ay.az. x z [y 2)
K = Ax. Ay. x

in SKK
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It seemsintuitively reasonable that weallow

K

totake on different typesatits

different occurrencesin the bodyofthe let-expression. Indeed,it is hard to see

what polymorphism would mean if weinsisted that variables introduced by a

let definition should have the sametype, as with variables boundby i.

To examinethetype structureofthis expression, we need to extend the tree

notation to representit:

S : 16 —> T7 —> T8 Ke Teo
 

T7 —> 78 K: 17

 

@

let SK. .

Tree—S Tree—K
s§: TS K : TK T8
 

TS

Since we already know how totype-check the right-hand sides of the

definitions of S and K, we have merely indicated their type trees, to save

space. Moreover, we have skipped a few steps in representing the type

structure of (S K K). The equations for the type structure of the right-hand

sides of the definitions of S and K canbe solvedto yield:

TS = (10 -> T1 -> T2) —> (TO -> Ti) -> To —> T2
TK = 13 -> T4 -> T3

The new constraints we have to consider are those relating T8 to T9, and the

types TS and TK to the types of their occurrences in the body of the let-

expression.

For the first constraint, plainly we should require that T8=T9. As for the

second,the constraint is that the type of the occurrence of S should be an

instance of the type TS,andthe types of the two occurrences of K should each

be an instance of the type TK. But how should werepresent such a require-

ment by meansof an equation?

Whenworkingout the equations by hand,it is quite natural to proceed as

follows: refrain from makingany such representation at the outset. Instead,

obtain first a fully evaluated expression for the type ofTS and TK (as we have

done). Then introduce new typelabels for the instantiated variables at

each occurrenceof S$ andK in the bodyofthelet-expression.(In this case,

there are three suchvariablesin the type for S, namely TO, T1 and T2; and two

in the type of K, namely T3 and 14.) If we use a fresh set of variables for each

occurrence, then wecanstill work with equations, and leave the values of

those fresh variables to be worked out while we are exploring the type

structure of the body.So in this case we should add new variables T10, Til,

T12 to instantiate TSatits first occurrence, T13 and T14to instantiateTK atthe

first occurrence of K, and 715 and 116 to instantiate TK at the second

occurrence of K. We then add the equations

T6 -> T7 -> T8 (110 -—> T11 -> 712)

—> (T10 —> T11) —> T10 —-> T12
T6 = 113 —> T14 -> T13
T7 = Ti5 —> T16 -> T15

a
o
e 
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From thefirst of these we derive:

T6 = T10 -> T11 —> T12

T7 = T10 —> T11
T8 = T10 -> T12

reasoning thatif (T1 —> T2) = (T1' -> T2’), thenT1 = Tt’ = T2’
Bythe same reasoning, we have anata = 12

T10 = T13 = T12
Ti1 = 114
T10 = T15
T11 = T16 -> T15

whichallowsusto express the types of the two occurrencesofK as

Té6 = T10 —> (T16 -—> T10) —> T10
T7 = Ti0 -—> T16 ~—> T10

and the type of the whole expression as

T9 = T8 = T10 -> T10

So the rule we adoptas the type-constraint forlet-expressionsis that the
types of the occurrencesofthe defined namesin the body must be instances of
the types of the corresponding right-hand sides. The procedure we adopt to
compute those instancesis to instantiate the variables in the types of those
right-hand sides with new variables, making a fresh instance for each
occurrence of the defined namein the bodyof thelet. In fact, we shall not in
generalbe ableto instantiate all the type variables, as weshall see shortly.

8.5.4 Top-level letrecs

Turning nowtoletrecs, it seems clear that a vari iin . riable introduced by

a

letrec
definition should be capable of taking on different types in the body of the
program governedbytheletrec, just as in the caseoflet-definitions. So in

letrec f = (...)
in (...f...f...f...)

we expect f to be capable of taking on different types throughout the
expression body. However, there is a new question we must answer. The
variable introducedbya recursive definition can also have many occurrences
in the right-handside ofits definition, as it were ‘while’it is being defined, as
well as ‘after’. In general, wh. ; en there are several mutuall i
definitions, as in 7 secure

letrec x1 = (2. .X4.. 1. Xk...)

; Xi = (0. Kd. Xp. Me ee)

I (.. md. KE Xp kee)
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any oneof the defined namesxj can occur many times in many right-hand

sides, as well as in the body. Should we insist that all these occurrene*s

the sametype,in the sense of requiring equality to hold between ©pee

labels for the variable occurrencesin the definitions? Or should wetrea’

as wetreat them in the body, and require only that at each such Scart

the type be an instance of the type of the corresponding right-hanae

Unfortunately, in the nature of things, there is no obvious answer. Ne

theless, to see what the question means, consider the example

letrec Y = (af. f (Y f)) in...

Written out as a tree,thefirst definition is

Y:2T70 f: TI
—_——_—-@

tf: T2 T3
@

af.

 

T4

Y:T5

Theconstraints we can write downstraight away are these:

T1 = T2
To = T1 -> T3

T2 = 13 -> T4
T =T1 -> T4

from whichit follows that

To = (13 -> T4) -> T3

and

TS = (13 —> T4) —> T4

The question is, should we ask that TO = 5, or only that TO be an instanes

of T5? In the formercase,the only solution ts 15 = ((14 -> T4) a H

as we would expect of a fixed-point function. On the other hand,

the alternative requires only that T3 be an instance of T4, so again

= —> T4) —> T4) isa solution. ae

We Shall adopt the (usual) approach according to which ‘during such

definitionsall occurrencesofthe defined variables must share the samepe
ns

the right-hand side of their definitions. On the other hand, aner tne

definitions, the defined variables are polymorphic, and the type of suc

variable can be instantiated differently to satisfy the localcnon

different occurrencesofthe variables in the body stythe definition. If nothing

i oachhas at least the merit of simplicity. .

oernediferent approaches to the type-checking of recursive definitions

have been explored by Mycroft [1984]. In some (but not all) of t ese

approachesthe problem of whether an expressionis well typed becomesonly

semi-decidable.

|
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8.5.5 Local Definitions

Wehavepresented type-checkingas the search for the solution of a system of
constraints, represented by equations T’ = T between type expressions. So
far, we know that when type-checking an expressionoflet or letrec form, we
should impose the constraint that the types of the occurrences of the defined
variables in the body should equal new instancesof the types derivedfor their
right-handsides. But just which type variables maybeinstantiated?
To understand this issue, we have to probea little into the reason for our

conviction that a defined name can take ondifferent types in the bodyofits
definition. The reason seemsto be this:

An expression (let x = E in &’) is well typed just in case the expression
E’[E/x] is well typed, which is the expression obtained by substituting E for
the free occurrences ofx in E’.

For each occurrence of x in E’, we should be able to instantiate the type
variables in the type tree for E in such a waythatit forms a subtreeof the type
tree for E’[E/x]. This instantiation is only possible if we do not thereby violate
the law that occurrences ofa A-boundvariable must have the same type, or the
correspondinglaw forletrecs.
Consider the expression (Ax.let y = x in y y). By the principle above,this

is well typed just in case (Ax.x x) is well typed, whichit blatantly is not. The
problemis that the type expression fory contains(is!) a variable occurring in
the type of a more global \-bound variable. We cannotinstantiate that
variable differently at the different occurrences ofy in (y y).

Considerthepartial expression

AX.
let | = Az. Z

prxl = Ac. (c x I)

pl = Ax.Ay. x

p2 = Ax.aAy. y

in...

Informally, the types of the defined names are

I x: A-> A
prt :: (X -> (A —> A) -> B) —-> B
pl : A->B->A
p2 : A->B->B

where A and B are schematicvariables, and X is the type of x. If we take the
bodyof the let-expression to be the expression

prd pt (prxt pt)
then it cannotbe typed.Forto satisfy the type constraints ofthis body, we
would haveto instantiate X differently at the different occurrences of prxl. On
the other hand,if the body were

prxl p2 (prxl p2)
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then the expressionis well typed. Forthe structureofthat expression does not

constrain X to be instantiateddifferently at the different occurrences of prt.

Whenweare type-checking the bodyB ofa letorletrec definition, we must

therefore distinguish the type variablesin the type derived for a defined name

according to whether they may or maynotbe differently instantiated at the

various occurrencesof the name.Variables of the former kind are those that

do notoccurin the type of any constrained variable in the definition of the

name. A constrained variable is one which is a boundvariable of a lambda

abstraction enclosing B, or one defined in a letrec-expression enclosing B in

oneofits right-handsides.

This is one of the points at which the type regime of Miranda differs from

that of the type checker described here. The Miranda compiler requires that

all occurrences of a variable bound in a local definition share a single type.

This has the effect that local definitions cannot introduce new polymorphism

into a program. Wewill not explore the implications ofthis difference here -

the type checking rules given in this and the following chapter are for a

standard implementation of the Milnertype discipline.

Wehaveusedthe notionoftype trees to help elucidate the type structure of

expressions, and guide us towards a sharper view of the rules we use when

constructing and checking the types of expressions. In the next section we

summarize those rules. With luck, the device will have servedits purpose, and

we can then consider how to turn ourintuitionsinto algorithms.

8.6 Summary of Rules for Correct Typing

The following rules are intended to describe the local ‘look’ of the type

structure of a well-typed expression. To lighten the notational burden, we

shall sometimes simplify the expression whose type tree is depicted in the

figures. The simplifications are indicated in the commentary.

8.6.1 Rule for Applications

A->B A
 

B
 

8.6.2 Rule for Lambda Abstractions
 

 A-> 8B
  

Notethatall occurrencesofthe variable x bound by the abstraction must have

the same type.

e
e
e
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e
e
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8.6.3 Rule for let-expressions

{--Y 2...
eeeeee xu AU. xAN
ar vtec eae 5eeee

let x
B

ay.

{ . }   
Here we have shown only the case where
let-expression:let x = E in E’.

Restriction: A’ and A"’
which occurs in the

just one definition is madein the

Wee: instancesot A. No variable maybe instantiated, of a variable bound in a more globofthefre or isteeexpression (ie. one further down the tree) Theportionsure in curly brackets indicate sucha situati
u ion. Any t: i ishared with C maynotbeinstantiated in forming A’ andA *pewanadiesinA

8.6.4 Rule for letrec-expressions

 

   Here we have shown only the case where
letrec-expression:letrec x = E in E’the right-handside of the definition m

Restriction:justas in thelet rule.

just one definition is made in the
Note that the occurrences of x within
ust have the same type.

8.7 Some Cautionary Remarks

mathematic,andhentonsereeeBemichwe wsinroeasynusedinprosaonsconcerningthe mathemanecynotionofUneto

ciehenEeearalotReenteaFrege [Gacck.and BikohWhitehorn» concerns total objects, whose definitions are weil
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founded. The purpose of the mathematical notionof type is to elucidate the
foundations of mathematics. The purpose of the notion in functional pro-
grammingis to assure us at compile-time that a program will not ‘go wrong’,

wherewe do not counta program to have gone wrongifit does not terminate,

or a function is applied to arguments for whichit has not been defined.

Second, in functional programming ‘recursion’ is interpreted in a very
liberal sense, going far beyond recursion on well-founded structures, or
positive inductive definitions. Asa direct result of this, the notion of a type in
functional programming cannot be the same notion that we use in
mathematics. For example, in a functional program wecan define aninteger
omega, where

omega = omega + 1

and this cannot belong to the (mathematical) type of integers. Another

symptom ofthis liberal attitude to recursion is exhibited by the definition of
the algebraic type

D ::= LAMBDA (D -> D)

in which the defined type occurs negatively (to the left of the arrow) on the
right-hand side of the definition. This is not to say that there is no mathe-

matical sense in the functional programming notions. On the contrary, there
is a rich and sophisticated theory (domain theory) which aims to give a

mathematicalinterpretation to just such constructs. But while constructing
that theory, and reasoning about the mathematicalstructures it involves, we

are using on the metalevel the ordinary mathematical notionof type.

Wehopethat this chapter has shown that a naive understanding of the
notion of type certainly gives us plenty to go on. Wealso hope to have

achieved anothergoal: that of showing that there are limits to the questions

wecansettle on a naivebasis alone.
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A TYPE-CHECKER

Peter Hancock

In this chapter we will construct a type-checkerin Miranda,taking the rules
developedin the previous chapteras the basis for the type discipline.

Sections 9.1 and 9.2 show howthe expressionsofthe intermediate language
andits type expressions can be represented as Miranda data types. Sections
9.3 to 9.6 are concerned with the basic mechanismsofthe type-checker, which
is itself defined in Section 9.7.

9.1 Representation of Programs

Since we Propose to write a type-checker in Miranda, we will have to
represent the program to be type-checked as a Miranda data structure, which
is passed as an argumentto the type-checking function.
The program to be checked will be represented by an object of the

structured type vexp, defined below. Eachline of the type definitionis derived
directly from the corresponding constructin the concrete syntax.

vname == [char]
vexp := VAR vname

| LAMBDA vname vexp
AP vexp vexp|

1 LET [vname] [vexp] vexp
| LETREC [vname] [vexp] vexp

In a sense, this type encompasses slightly too much. Weshall supposethat the
programis not‘trivially’ malformed: in a LET or LETREC construct, the list of
variables must have the same length as the list of right-hand sides; the
variable list in a LET or LETREC construct must not be empty, and should

163
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contain norepetitions. Moreover, the free variables in an expression must be
among those associated with predeclared types, either because they are
supplied by the system, or because their types can be deduced from type
definitions in the program. Wecan assure ourselvesthat these restrictions are
metin a simple recursive scan through the program.
To understandthe representation,let us take for an example the following

trivial program:

let S = Ax.ay.az. x z (y 2)
K = dx. Ay. x

in SKK

Consideredas an object in the type vexp, the program becomes:

LET ["S",“K"] [rhs_S, rhs_K] main
where
varS = VAR "S”
varK = VAR “K"
varx = VAR “x”
vary = VAR “y”
varz = VAR “2”
main = AP (AP var_S var_K) var_K
ths.S = plambda ["x”,"“y",‘z”] body_S
rhs.K = plambda [‘x”,"y’] body_K
body_S = AP (AP var_x var_z) (AP var_y var_z)
body_K = var_x
Plambda vs e = foldr LAMBDA e vs

which the reader may write out withoutusing‘where’if so inclined.

9.2 Representation of Type Expressions

To construct the type-checker, wewill need to represent type expressions by
Mirandadatastructures. We needa type forthenamesoftype variables and,
for the moment, we will take this to be the type oflists of characters. (For
technical convenience, wewill revise this definition in Section 9.6.)

tvname == [char]
type_exp ::= TVAR tvname

1 TCONS [char] [type_exp]

This definition says that a type expression must be either a type variable or a
compound type (such as (A —> B), [A] or (A,B)). We represent such
compound types by the name of the operator (e.g. “arrow” for (A —> B),
“cross”for (A,B)), and list of the operands.
Whatever other type-forming operators we have, wewill certainly need the

function type operator. So let us define:

arrow <. type_exp —> type_exp —> type_exp

arrow ti t2 = TCONS “arrow” {t1,t2]
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If ti andt2 are of type type_exp, and we know what types they represent, then
(arrow t1 12) will representthe type offunctions fromti to t2. Using Miranda’s
dollar notation for infixes, we maywrite this in the form (tt. $arrow t2), which
adheres moreclosely to the informalnotation.
The other type-forming operations we have mentioned could be

representedin a similar way:

int =: type_exp

int = TCONS “int” []

cross :: type.exp —> type_exp —> type_exp

cross ti t2 = TCONS “cross” [t1,t2]

list :: type_exp —> type_exp

list t = TCONS “‘list” [t]

The function tvars_in returnsa list of the variable namesthat occur in a type
expression. (Thelist may contain repetitions.)

tvars_in :: type_exp —> [tvname]
tvars_in t = tvars_in’ t []

where -

tvars_in’ (TVAR x) | = x1
tvars_in’ (TCONS ts)! = foldr tvars_in’ | ts

9.3 Success and Failure

Since type-checking is somethingthat can succeedorfail, we have to choose a
mechanism for representing success and failure within Miranda.
Weshall use the type (reply *) for the type ofthe valuesof a function which

may succeed(returning an object of type *) orfail (returning no indication as
to why).

reply * := OK * | FAILURE

It would notbe acceptable for a practical type-checker to return no indication
as to why a check has failed. One mightthenusea slightly more complicated
operator, such as

reply’ * ** == OK’ * | FAILURE’ +*

which is capable of returning error information.Itis notoriously difficult to
write error-handling code withoutobscuring the code to handle correct cases,
so we will use instead the simpler, less informative operator. Any error
detected while type-checkingwill be propagated up to the top level without
further examination of the program. Here, too, there may be grounds for
complaint, whichwe counterwith the same excuse.

(There is more than one way to represent success and failure. An
alternative approach to the one takenhereis described by Wadler [1985].)
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9.4 Solving Equations

Considertype-checking an application (AP e1 e2), where we haveworkedout
the type t1 for e1 and the type t2 for e2. To do this, we try to ‘solve the
equation’

tl = t2 —> (TVAR n)

wheren is a type variable namethat has not been used before. As we have
seen, the structure of an expressiongivesrise to a system of such equations.
How should we represent solutions of systems of type equations? In

mathematics,the solution of simultaneous equations

1XX,+412X x2 = by

421% X,+422X x2 = by

is expressed by giving values for each of the unknownsx, and x. which satisfy
the equations. Analogously, an alleged solution of a system of type equations
can be expressed as a function from type variables (the unknowns) totype
expressions (their values). The allegation is that the equationsare satisfied
when wereplace (i.e. substitute) the unknowns by their values under the
function. Wetherefore take

subst == tvname —> type_exp

to be the type of substitutions. We shall see how to determine whethera set of
equations between type expressionshasa solution, andif so how to construct
a substitution thatsatisfies them. Weshall use identifiers such as phi, phi’, psi,
as variables over substitutions.

9.4.1 Substitutions

Given a substitution function phi and a type expression te, we define
(sub_type phi te) to be the type expression obtained by performing the phi
substitution onall the type variablesin te:

sub_type :: subst —> type_exp —> type_exp
sub_type phi (TVAR tvn) = phi tvn ;
sub_type phi (TCONS tcn ts) = TCONStcn (map (sub_type phi) ts)

Here map is the function that applies a function to each entry ina list:

map :: (* —-> *#) —> [+#] —> [#*]
map [] C]
map f (x:xs) =f x : map f xs

Twosubstitutions can be composedto give a further substitution:

scomp :: subst —> subst —> subst

scomp sub2 subi tvn = sub_type sub2 (subt tvn)  

Section 9.4 Solving equations
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Thecrucial property ofscompis that

Sub_type (scomp phi psi) = (sub_type phi) . (sub_type psi)
(Rememberthat function composition is represented by an infix dot.)Theidentity substitution id_subst has the property that

sub_type id_subst t = t

forall t::type_exp. It can be defined by:

id_subst :: subst
id_subst tvn = TVAR tvn

A delta substitutionis onethat affects one variable only. Wedefine:
delta :: tvname -—> type_exp —> subst
delta tvn t tvn’ t, tvn = tvn’

TVAR tvn’

Hence,(sub_type (delta tvn 1)is the function that mapsa type expression toonethat contains t where before it had (TVAR tvn).
In fact, all the substitutions we need will be built up from the identitysubstitution id_subst by composition on the left with substitutions of deltaform.

In general, a substitution may associate a variable with a value whichitselfcontainsvariables. If those variablesin turn are given valuesdifferent fromthemselves, then the substitutionis not ‘fully worked out’. When weworkouta set of equations

Xt = to. Xe = tk

by substituting t; for x; at all ofits occurrences in ty,...,tk, we may have toiterate the substitution many times before the equationsstabilize to theirfinalforms. (Of course, this iterative process does not terminate if there is acircularity in the equations.) In general, we are interested in obtaining‘fullyworked out’ substitutions, which do not have to be re-applied. The nextdefinition is intended to capture what we mean by such a substitution.
A substitutionphiis idempotentif

(sub_type phi) . (sub_type phi) = sub_type phi

or equivalently, if (phi $scomp phi) = phi. In other words, if you apply thesubstitution twice, you get nothing different the second time. A typeexpressiont is afixedpointof a substitution phiif

sub_type phi t = t

In particular, if (TVAR x) is a fixed pointofphi, then we Say that x is unmovedby phi.
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Notethatif phi is idempotent, andphi movestvn, then

sub_type phi (VAR tvn)

is a fixed point of phi, and hence cannotcontain tvn.

9.4.2 Unification

In this section we will show how to construct a substitution which solves a

givensetof type equations,using a processcalled unification.

A system of type equations can be represented by a list of pairs of type

expressions, where eachpair(t,t) represents the equation

t1 = te

To solve the equations, we haveto find a substitution phi which unifies theleft-

and right-handsidesof all equationsin the system, where phi unifies the pair

(ti te) if

sub_type phi t1 = sub_type phi te

If this equation holds,phiis said to be a unifier of t: andte. If phi is a unifier of

eachpairin thelist representing a set of equations, we may think then ofphi as

a simultaneoussolution of the equations.

If the substitution phi solves a system of equations, then clearly any

substitution psi’ of the form (psi $scomp phi) is also a solution, but phi will

usually be a more general solution than psi’. A substitution phi is no less

general than a substitutionpsiif there is a substitution rho suchthat

psi = rho $scomp phi

If such an equation holds, thenpsiis said to be an extension ofphi.

If we have constructed a solution phi of a system of type equations, and we

have done no morethan is necessary to satisfy the equations, we will have a

solution which is maximally general, in the sensethatit is no less general than

any other solution.

For an example (in informal terms), consider the type expressions

T1 = (A -> B) ->C
T2 = (B -> A) -> (A -> B)

The substitutions phit and phi2, where

B, phi1 C =(B —> B)phit A =
A, phi2 C = (A —> A)phi2 B

are bothunifiers ofT1 andT2.In fact, they are examplesof maximally general

unifiers: they each do (one version of) the minimum necessary to makeT1 and

T2 equal,so that any other unifier ofT1 andT2is an extensionofeach ofthem.
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The problem ofunificationis to find a maximally general idempotentunifier
of aset of pairs of expressions. The method we use is Robinson’s [1965]
unification algorithm.It is convenient when coding the algorithm to concen-

tr = ty... tote = te!

to one that solves an extendedset

th = ty) os the = th tothe = teed!

So weshall pose the problemin the followin i iI ig way. Given

a

pair(t1,t2) of type
expressions, andan idempotent substitution phi, our algorithm should return
FAILURE if thereis no extension ofphi whichunifies(t;,tz), and it should return
(OK psi), wherepsi is an idempotent unifier of (t,tz) which extends phi. (In
On} the one weconstructwill be maximally general amongsuch extensions of
phi.
The simplest equation we can consideris one of the form

TVAR tvn =t

To handle such cases in the unification algorithm i
following function: Bi , we will make use of the

extend :: subst -> tvname —> type_exp —> reply subst
extend phi tvn t = OK phi, t= wah tvn

FAILURE, tvn $in tvars_in t
OK ((delta tvn t) $scomp phi)

Anexpression (extend phi tvn t) will be evaluated only when:

(i) phiis an idempotentsubstitution (the solution w i
oe .

€ ;(ii) tis a fixed pointofphi; are toying to extend)
(iti) tvn is unmovedbyphi (tvn does not already have a value underphi).

The value ofthe expression is either FAILURE, or of the form (OK phi’)
wherephi’ is an idempotent substitution extending phi, such that

Sub_type phi’ t’ t if t' = TVAR tvn
sub_type phi t’ otherwisei

l

In fact, phi’ is maximally general amo . oo,

equation: 8 ng extensions of phi which solve the

TVAR tvn = t

Notethatif phi is idempotent,

t

is a fixed poi .> int of phi and tvn i
then tvn canoccurin neither(phi tvn) nort pn “moved oy ph
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Wecancodethe unification algorithm as follows:

unify :: subst —> (type_exp, type_exp) —> reply subst

unify phi ((TVAR tvn),t)
= extend phi tvn phit,
= unify phi (phitvn,phit)

phitvn = TVAR tvn

where

phitvn = phi tvn

phit = sub_type phi t

unify phi ((TCONS tcn ts),(TVAR tvn))
unify phi ((TVAR tvn),(TCONS tcn ts))

unify phi ((TCONS tcn ts),(TCONS ten’ ts’))
= unifyl phi (ts $zip ts’), ten = ten
= FAILURE

The function zip, which is generally useful, turns a pair of lists into a list of

pairs, whose length is the sameas thatof the shorterofthelists:

zip :: [*] —> [**] 7 [(+,*#)]
zip [] xs =

zip (x:xs) [] = []
zip (x:xs) (y:ys) = («y):zip xs ys

Thefunctionunifyl is defined such that (unifyl phi pts) constructs a substitution

extending phi which unifies correspondingentries in the list of pairs pts. This

functionis also generally useful, so it is defined globally too.

unifyl :: subst —> [(type_exp,type_exp)] —> reply subst

unify phi eqns = foldr unify’ (OK phi) eqns
where

unify’ eqn (OK phi) = unify phi eqn
unify’ eqn FAILURE = FAILURE

This completesthe definition of the unification algorithm. ; ;
It is important to see whythe unification algorithm terminates. After all, in

the definition above we havedefined the value of (unify (TVAR tvn) t) in terms
of (unify phitvn phit) where phitvn = (phi tvn) and phit = (sub_type phi t),

which may be very muchlarger expressions than (TVAR tvn) and t. However,

we only use that clause of the definition in circumstances when tvn cannot

occurin phitvn orphit. Define the solution set of phi to be the set ofvariables

which occurin an expression (phi tvn’), where tvn’is moved by phi. We can

prove that (unify phi (t1,t2)) terminates, by a nested induction: the outer

induction is on the numberof variables in t1 and t2 which are not in the
solutionset of phi, and the inner induction is on the combinedlength of t1 and

»the unification algorithm has manyapplications other than type-checking.

In particular it is a key algorithm in the implementation of programming

languagessuch as Prolog.  
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9.5 Keeping Track of Types

Whentype-checking an expression with free variables, there are two ways to
proceed,

9.5.1 Method 1: Look to the Occurrences

Wecanfind the constraints imposed on the types ofthe free variables by the
mannerin whichtheyoccurin the expression. Ina complete program,the free
variables muststandfor the system's built-in functions or functions associated
with type definitions. We would then look to see whether the types deduced
for each occurrence of a free variable can be instances of the type supplied a
priori for that variable. When type-checking a lambdaabstraction (Ax.£), we
would checkthat the types deducedfor the various occurrences of x within E
can be unified to the sametype expression, and we would handle occurrences
of defined variables in the right-hand sides of a letrec-expression in the same
way.

It is quite possible to develop a type-checker along these lines: one is
presented in Damas[1985].

9.5.2 Method 2: Look to the Variables

It is technically rather a nuisancethatdistinct occurrences of the same variable
in an expression are associated with different type expressions. Is there
something which wecan associate with each variable instead?
Suppose we wish to type-checka let-expression.First of all we type-check

the definitionsofthelet, thus deducing a type for eachvariable defined by the
let. Then it seems that we could associate each variable with its type, and
proceed to type-check the bodyof the let-expression. At each occurrence of
oneof these defined variables in the body, we should construct an instance of
its associated type, substituting fresh type variables for the schematic
variables in the type (see Section 8.5.3). However, as we discovered in
Section 8.5.5, someofthe variablesin the type are constrained and should not
be substituted for, and the instantiation mechanism must take accountofthis.
Whatis needed, therefore, is to associate with each variable a kind of type

template, in which the schematic variables are distinguished from the non-
schematic variables. Then the template can be instantiated by copyingit,
substituting a fresh type variable for each occurrence of a schematic variable
(but copying non-schematic variables unchanged). This type template is
called a type scheme. To summarize:

(i) The schematic type variables in a type schemeassociated with a variable
are those that may be freely instantiated to conform with the type
constraints on the various occurrences ofthatvariable.

(ii) All the other (non-schematic) variables ina type schemeare constrained,
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and must not be instantiated wheninstantiating the type scheme. As we
remarkedin Section 9.4, they behavein a similar way to the unknownsof
a mathematical equation. For example, consider the simultaneous
equations

43) XX,+a12X x2 = dy
a21 XX, + A22XX2 = bz

Weseekvalues for the unknowns x, and x2,by solving the equations, but

they mustbe consistently instantiated, so thatx, stands for the same value

whereverit occurs (and likewise x2).
By analogy, we will refer to the non-schematic variables of a type

scheme as unknowns. They are the type variables whose values we seek

by solving the system of type constraints implied by the structure of an
expression.

(In papers about type-checking, schematic variables are often called generic
variables, and unknownsare called non-generic. We mention this only to
makeit easier to link up with theliterature, and will not use that terminology
here.

Tore is a partial analogy between type schemes and lambdaabstractions.

The schematic variables of a type scheme correspondto the formal parameter

of a lambda abstraction, and the unknowns of a type scheme correspond to

the free variables of a lambda abstraction. Applying a lambda abstraction to

an argument involves constructing an instance of its body, substituting the

argumentfor occurrencesof the formal parameter (but copyingfree variables

unchanged). This is very similar to the process of instantiating a type scheme,

. which involves constructing an instance of the type scheme template,
substituting fresh type variables for occurrences of the schematic variables

(but copying unknownsunchanged).
Wewill represent type schemes by objects of the type

type_scheme ::= SCHEME[tvname] type_exp

A type variable occurring in a type scheme (SCHEME scvs e) is schematic if
its nameoccursin thelist scvs, otherwise it is an unknown.

unknowns_scheme :: type_scheme —> [tvname]
unknowns_scheme (SCHEME scvs t) = tvars_in t $bar scvs

where

bar :: [+] —> [*] -> [+]
bar xs ys = [ x <— xs | ~ (x $in ys) ]
in :: * —> [*] —> bool
in x’ [] = False

in x’ (x:xs) = True, x = x’
= x’ $in xs  
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During the course of type-checking we will have occasion to apply a
substitution to a type scheme,to reflect additional information we haveonits
unknowns. Whendoingthis, we shouldtakecare that only the unknownsare
affected (remember that the schematic variables function like the formal
parameterofa lambdaabstraction, and have only local significance):

sub_scheme :: subst —> type_scheme —> type_scheme
sub_scheme phi (SCHEME scevs t)

= SCHEMEscvs (sub_type (exclude phi scvs) t)

where

exclude phi scvs tvn TVAR tvn, tvn $in scvs

= phi tvn

In Section 2.2.6 we demonstratedtheirritating problem of ‘name-capture’,
wherebya freevariable of a lambdaabstraction could become bound by being
substituted inside another lambda abstraction. Thereis a similar problem
here with substitution into type schemes. We must take care that the
expression

sub_scheme phi (SCHEME scvs t)

is only evaluated when the schematic variables scvs are distinct from any
variables occurring in the result of applying the substitution phi to any of the
unknownsoft. Otherwise a type variable in the range of the substitution
(which is always an unknown) might surreptitiously be changed into a
schematic variable. The way in which we ensure this is to guarantee that
the names ofthe schematic type variables in the type scheme are always
distinct from those whichcan occurin the range ofthe substitution (which are
always unknowns).

9.5.3 Association Lists

Having decided to associate a type scheme with each free variable in an
expression, rather than a type expression with each occurrence of a free
variable, we now haveto decide how this information should be provided to
the type-checker. There are two requirements on the data structure we use:

(i) It should provide a mappingfrom thefree variables of the expression to
type schemes.

(ii) We should be able to determine the rangeofthat mapping.

To understand the second point, consider type-checking (let x=E in E’). We
start by deriving a type

t

for E,in a type environment

X12 tS4, 6. Xk ot tsk

which associates atype schemets; with each variablex; free in E (the ts; thus
constitute the range of the type environment). In other words, we attemptto
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build a solution phi to the type equatioris implied by the structure of E, such

that

E::t providedthat x1 :: ts7’, ... , Xk 2 tS’

wherets,’ is the imageofts; underthe substitution phi. We then form the type

scheme ts to be associated with x when type-checking E’, in the extended
environment

X12 tS1’, ..., Xktsk) | x 2 ts

The schematic variablesofts are all of the type variables of t except those that
are unknown (non-schematic) in any of the schemestsy’, ... ,tsx’. So

whatever data structure we choose to represent the environment of the
type-checker, it should give us ready accessto the set of unknownsinits range
(the ts,’).

Anassociation list provides us with a suitable data structure.

assoc_list * ** == [(+,++*)]

Here * standsfor the type of keys, and «* for the type of associated values. A

key k is associated with a value v by meansof the pair (k,v). The partial

functionitself is represented bya list of such associations. Weshall useal,al’ ,

etc. as variables over associationlists.

dom :: assoc_list * ** —> [+]

dom ai = [ k | (kv) <- al]

(dom al) returnsa list (possibly with duplications) of the keys associated with

values in the list, which is how we shall represent the domain of a partial
function.

val :: assoc_list * ** —> * —> **

val al k = hd [ v1 (kv) <— al; k =k’ ]

Ifkis a key in (dom al), then (val al k) returns the first value in thelist whichis

associated with k. When using this function, we should be careful to ensure
that the second argumentbelongsto the domainof the associationlist.

install al k v = (k,v):al

(install al k v) returns an association list which implements the samepartial

function as al, except that the key k is now mappedto the value v.

mg :: assoc_list * ** —> [+#+]

mg al = map (val al) (dom al)

The property which mg is intendedtosatisfy is that every entry in (mg al) isa
value of(val al).

Weshall represent the information passed to the type-checker about the  
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types of the free variables of an expression by means of an object of the
following type:

type_env == assoc_list vname type_scheme

Weshail use gamma, gamma’, etc. as variables standing for type environ-
ments. The functions unknowns_scheme and sub_scheme can be extended to
act on type environments,in the obvious way:

unknowns_te :: type_env —> [tvname]
unknowns_te gamma = appendlist (map unknowns_scheme (rng gamma))

appendiist :: [ [+] ] —> [+]
appendiist lis = foldr (++) [] ils

sub_te :: subst —> type_env —> type_env
sub_te phi gamma

= [ (%sub_schemephist) | (x,st) <— gamma ]

9.6 New Variables

Whentype-checking a closed expression, we first assigned a distinct type
variable to each subexpression, and then wrote down equations expressing
the constraints on those variables imposed by the structure of the expression.
Whentype-checking an expression containing variables defined in a let- or
letrec-expression, we chose first to work out the schematic types of those
variables (i.e. we checked the definitionsfirst). We then assigned to each
occurrenceof sucha variable a type expression obtained by substituting new
unknown variables for the schematic variables, using a distinct set of
unknownsforeachdistinct occurrence.
So we will need a mechanism that enables us to ‘make up’ new type

variables, and guaranteesthat they are distinct from type variables we may
introducein the future. There are many ways to provide such a mechanism.
The one we adopthereis to postulate that thereis a type name_supply, and
functions

nextname :: name_supply —> tvname
deplete = Name_supply —> name_supply
split = Name_supply —> (name_supply,name_supply)

such that if ns is a name supply, then (next_name ns)is distinct from any name
supplied by (deplete ns), and if (ns0,ns1) = split ns, then any name supplied
from ns0is distinct from any name supplied by ns1. One way to implement
such

a

typeis to (re)define tvname,thus:

tvname == [num]
name_supply == tvname

next_name ns = ns
deplete (n:ns) =(n+2:ns)
split ns (0:ns,1:ns)
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For example,ifwe start with the namesupply [0], then the namesit will supply
are [0], [2], [4], ..., while the names supplied by splitting the supply into [0,0]

and [1,0] will be [0,0], [2,0], [4,0], .... and [1,0], [3,0], [5,0], ..., respec-

tively. (The +2 in the definition ofdeplete is only anartifice to ensure that the

two halvesof a split name supply are foreverdistinct.)

The function name_sequence returns from a name supply an infinite
sequenceofdistinct namesderived from that supply:

name_sequence :: name_supply —> [tvname]
name_sequence ns = nextname ns : name_sequence (deplete ns)

In practice,it is probably better to adopt an approach other than the supply
of new variables, according to which variables are namedbyintegers, and the
name supply represented by the nameofthe next variableto be allocated. The
type-checker would then take the namesupply as an argument, and return the
depleted supply as part of its value. We have adopted an approach which
wastes large portionsofthe variable namespace,in order not to encumberthe
type-checker code with a further avoidable detail.

9.7 The Type-checker

Finally, we are in a position to define the type-checker. This will take the form

of a function (tc gamma ns e) where

(i) gammais a type environment, associating type schemes with each of the
free variables of e. When the type-checker is invoked upon a complete
program, this type environment should be initialized to contain
declarations of the types of the built-in system-supplied identifiers.

(ii) ns is a supply oftype variable names.
(iii) e is the expression to be checked.

The value returned will be a reply, which in the case of success will return a

pair of the form (phi,t) where

(i), phi is a substitution defined on the unknowntype variables in gamma.
(ii) t is a type derived for the expression e, in the type environment

(sub_te phi gamma). It will in fact be a fixed point of the substitution phi.

In other words,if

tc gamma ns e = OK (phi,t)

then e::t can be derived from gamma, provided that each unknowntvn in

gammahasthe valuegiven it by phi.
Weshall define the function tc by induction on the structure of the

expression, with a different clause for each form which an expression can
take:  

Section 9.7 The type-checker 177

tc :: type_env -—> name_supply —> vexp —> reply (subst, type_exp)
tc gamma ns (VAR x) tevar gamma ns x
tc gamma ns (AP e1 e2) tcap gamma ns e1 e2
tc gamma ns (LAMBDA x e) tclambda gamma ns x e
tc gamma ns (LET xs es e) tclet gamma ns xs es e
tc gamma ns (LETREC xs es e)

=

tcletrec gamma ns xs es eo
w

u
g

Wewill describe eachofthese casesin a separate section, beginningat Section
9.7.2. First, however, we define a useful auxiliary functiontcl.

9.7.1 Type-checking Lists of Expressions

It is convenientto define a function(tc!_es gamma _n) which applies to a list of
expressions es, andwill return in the case ofsuccess

a

similarresult OK (phi,ts),
wheretsis

a

listoftypes derived for corresponding componentsofthelist es in
the type environment (sub_te phi gamma). phi embodiesail the constraints
on gamma necessary to derive those types simultaneously. The function is
defined from tc by the equations:

tcl :: type_env —> name_supply —> [vexp] —> reply (subst, [type_exp])tcl gamma ns [] = OK (id_subst,
tcl gamma ns (e:es) = tel1 gamma nsO es (tc gamma nsi e)

where (ns0,ns1) = split ns

tcli gamma ns es FAILURE FAILURE
tclt gamma ns es (OK (phi,t))

=

tcl2 phi t (tcl gamma’ ns es)
where gamma’ = sub_te phi gamma

FAILURE
OK (psi $scomp phi, (sub_type psi t) : ts)

The substitution can be thoughtofas built up in two stages.In the first stage,we type-check each entry in thelist, in the type environment‘seen’ through
the substitutions derived for previous entries. Then in the second Stage, weform the substitution by cumulative composition, and ensure that each typereturnedfor an expressionis a fixed pointof the composite substitution.

tcl2 phi t FAILURE
tcl2 phi t (OK (psi.ts))

9.7.2 Type-checking Variables

Whentype-checkinga variable x in a given type environment gamma, with
name supply ns, welookupthe type scheme associated with that variable by
gamma. Recall that in a type scheme, a type variable is either schematic, in
which case wesubstitute a fresh type variableforit, orunknown,in which case
weleaveitas itis.
So we return a new instance of the schematic type associated with thevariable, in which the schematic variables have been replacedbyfresh type

variables. In this way, the type constraints on different occurrences of a
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variable x can be resolved independently, as indicated by the schematic
variables in the type schemeassociated with x.

tcvar :: type_env —> name_supply —> vname

—> feply (subst,type_exp)
tcvar gamma ns x

= OK (id_subst, newinstance ns scheme)

where scheme = val gamma x

where

newinstance :: name_supply —> type_scheme —> type_exp
newinstance ns (SCHEMEscvs t)

= sub_type phi t ;
where al = scvs $zip (name_sequence ns)

phi = al_to_subst al

Here wehavebuilt an association list between the schematic variables and
an initial segment of the name sequencebuilt on the given namesupply. Such
an association list can be madeinto a substitution, by meansof the function:

al_to_subst :: assoc_list tvname tvname —> subst

alto_subst al tvn = TVAR (val al tvn), —_tvn Sin (dom al)
= TVAR tvn

9.7.3 Type-checking Application

When type-checking an expression (AP e1 e2) with respect to a type

environment gamma,wefirst of all try to construct a substitution phi which

solves the type constraints on ei and e2 together. Suppose that the types u

and t2 are derived for e1 and e2. Wethentry to construct an extension ofphi

whichsatisfies the additional constraint

ti = t2 ->t'

where t'is a new type variable. We obtainthis extension,as usual, by unifying
tl with 2-> t’.

tcap :: type_env —> name_supply —> vexp —> vexp

—> reply (subst,type_exp)

tcap gamma ns e1 e2

= tcap1 tvn (tcl gamma ns’ [e1,e2])
where tvn = next.name ns

ns' = deplete ns

tcap1 tvn FAILURE

= FAILURE
tcap1 tvn (OK (phi,[tt,t2]))

= tcap2 tvn (unify phi (t1,t2 Sarrow (TVAR tvn)))

tcap2 tvn FAILURE FAILURE ;
tcap2 tvn (OK phi) OK (phi, phi tvn)  
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9.7.4 Type-checking Lambda Abstractions

Whentype-checking (LAMBDA x e), we know nothingat the outset about the
type of x. So we associate x with a scheme of the form
(SCHEME [] (TVAR tvn)), where tvn is a new type variable. Because this
scheme has no schematic type variables, the various occurrences of the
variablewill be assigned the value of the same type variable. This is the formal
counterpartofourdecisiontoinsist that all occurrencesof the same LAMBDA-
boundvariable should have the same type.

tclambda :: type_env —> name_supply —> vname —> vexp
_ —> reply (subst,type_exp)
tclambda gamma ns x e

= tclambdat tvn (tc gamma’ ns’ e)
‘where ns’ = deplete ns

gamma’ = new_bvar (x,tvn) : gamma
tvn = nextname ns

tclambdat tvn FAILURE
= FAILURE

tclambda1 tvn (OK (phi,t)

= OK (phi, (phi tvn) $arrow t)

new_bvar(x,tvn) = (x,SCHEME [] (TVAR tvn))

9.7.5 Type-checking let-expressions

Whentype-checking an expression (LET xs es e), we first of all type-check
the right-hand sidesin thelist es. We then have to update the environmentso
thatit associates the appropriate schematic types with the namesin thelist xs,
and type-check the body e. The details of constructing the ‘appropriate’
schematic typesareslightly involved, so weshall hide them in the definition of
a function add_decls.

tclet :: type_env —> name_supply
—> [vname] —> [vexp] -> vexp
~> reply (subst, type_exp)

tclet gamma ns xs es e
= tclet! gamma nsO xs e (tcl gamma ns1 es)

where (ns0,ns1) = split ns

tcleti_ gamma ns xs e FAILURE
= FAILURE

tclet?_ gamma ns xs e (OK (phi,ts))
= tclet2 phi (tc gamma’ ns1 e)

where gamma‘’

=

add_decls gamma’ ns0 xs ts
gamma’ sub_te phi gamma

(ns0,ns1) =split ns
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tclet2 phi FAILURE
= FAILURE

tclet2 phi (OK (phi’,t))
= OK (phi? $scomp phi, t)

The purpose of add_decis is to update a type environment gammaso thatit
associates schematic types formed from the types ts with the variables xs. The
variables which become schematic variables are those that are not unknowns

in gamma. The definition is slightly complicated by our obligation to ensure

that the names of the schematic variables are distinct from the namesof any

unknownvariables which can occurin the range of a substitution. We use the

name sequencens to supply new namesfor the schematic variables.

add_decis':: type_env —> name_supply
—> [vname] —> [type_exp] —> type_env

add_decis gamma ns xs ts

= (xs $zip schemes) ++ gamma
where schemes = map (genbar unknowns ns) ts

unknowns = unknowns_te gamma

genbar unknowns nst

= SCHEME (map snd al) t’

where al scvs $zip (name_sequence ns)

scvs (nodups (tvars_in t)) $bar unknowns
t’ sub_type (alto_subst al) t

Here snd is a function which projects a pair to its second coordinate. The

projection functions for pairs are defined by

fst :: (#,#*) —> *
fst (x,y) = x

snd :: (*,**#) —> **

snd (xy) = y

The function nodups returns a list with the same set of entries as its

- argumentlist, but without duplicates:

nodups :: [*] —> [*]
nodups xs = f [] xs

where

f acc [] = acc

f ace (x:xs) = f acc xs, x $in acc
= f (x:acc) xs

9.7.6 Type-checking letrec-expressions

The definition of the function invoked to type-check expressions
(LETREC xs es e) is rather intricate, as there are many things to do. In

outline, they are these:  
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(i) Associate new type schemeswith the variables xs. These schemeswill
have no schematic variables, in accordance with our decision to insist
that all occurrences of a defined name in the right-hand sides of a
recursive definition should have the sametype.

(ii) Type-check the right-hand sides. If successful, this will yield a
substitution anda list of types which maybe derived ‘for the right-hand
sidesif the type environmentis constrainedby the substitution.

(iii) Unify the types derived for the right-hand sides with the types associated
with the correspondingvariables,in the context of that substitution. This
is in accordance with our decision that the right-hand sides of recursive
definitions must receive the same types as occurrences of the corres-
pondingvariables. Shouldtheunification succeed, that constraint can be
met.

(iv) We are nowin much the samesituation as we werein with expressions of
LET form, whenthe definitions had been processed, and it remained to
type-check the body e, after updating the type environment with
appropriate schematictypes.

tcletrec :: type_env —> name_supply
—> [vname] —> {vexp] —> vexp
—> feply (subst, type_exp)

tcletrec gamma ns xs es e
= tcletrec! gamma nsO nbvs e (tcl (nbvs ++ gamma) ns1 es)

where (ns0,ns’) = split ns
(nst,ns2) = split ns’
nbvs = new_bvars xs ns2

new_bvars xs ns = map new_bvar (xs $zip (name_sequence ns))

tcletrec! gamma ns nbvs e FAILURE

= FAILURE

tcletrec! gamma ns nbvs e (OK (phi,ts))

= tcletrec2 gamma’ ns nbvs’ e (unify! phi (ts $zip ts’)
wherets’ = map old_bvar nbvs’

nbvs'’ = sub_te phi nbvs

gamma’ = sub_te phi gamma

old_bvar (x,SCHEME[] t) = t

tcletrec2 gamma ns nbvs e FAILURE
= FAILURE

tcletrec2 gamma ns nbvs e (OK phi)
= tclet2 phi (tc gamma” ns e)

where ts = map old_bvar nbvs’
nbvs’ . =sub_te phi nbvs
gamma’ = sub_te phi gamma
gamma'’

=

add_decls gamma’ nsO (map fst nbvs) ts
(nsO,ns1) =split ns

The definition of the type-checkeris now complete.
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PROGRAM REPRESENTATION

Atthis stage, we assume that we havesuccessfully translated the functionalprogram into a lambda expression.In the next few chapters we will show howto execute the program, reducing the lambda expression to normalform.First of all we have to establish some representation for the lambdaexpression,asit is held in the computer’s memory. This chapter outlines thepossibilities.

10.1 Abstract Syntax Trees

In all implementations of graph reduction, the expression to be evaluatedisheld in the machinein the form ofits syntax tree.
The leaves of the tree are constant values(suchas 0, ‘a’, TRUE), built-infunctions (such as +, —, *), or variable names.
Theapplication ofa function f to an argumentx is represented thus:

@

/\
f x

The ‘@’ signis called the tag of the node, and indicates that the node is anapplication. Wedeal with functions of several arguments by currying:

‘\
é 2

/ \ 4

This tree denotes the expression (+ 4 2), which shows the function + applied

woe
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to the argument 4, giving a function (+ 4), which is then applied to the
argument2. Figure 10.1 showsa slightly more complicated example.

@
“\°
/ \ / S;

A
*

 

  
 

Figure 10.1 The tree of (+ 3 (* 2 8))

A lambdaabstraction(Ax . body) is represented thus:

Ax
|

body

The Ax tells that the node is a lambda abstraction and gives the formal
parameter.
The graph of the expression (CONS E; E,)will looklike this

(E1 and E2 standfor arbitrary expressions,as usual.) The result of evaluatingit
will be a CONScell, which we depictlikethis:

/
Ey Ea

wherethe‘:’ tag labels the node as a CONScell (just as @ labels a node as an
application).

10.2 The Graph

The process of reduction performs successive transformations on the syntax

tree. During this process the tree becomes a graph, for reasons that will

becomeclear in Chapter 12. We use the term ‘graph’ here in the sense of

‘network’, a collection of nodes connected together by somedirected edges.
Figure 10.2 shows an example graph.

 

Node A———___——_— Node B

!
Node C ——___—_—_____» Node D   
 

Figure 10.2 An example graph
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A graphdiffers from a tree in that two edgescan pointto the same node.
For example,in Figure 10.2 node D is a descendant of nodes A andC (we say
thatit is shared). A graphis said to be acyclic if there is no path from a node
back toitself (Figure 10.2 is not acyclic, since there is a path from node A to
itself, via node C). A directed acyclic graph is often abbreviated DAG.

10.3 Concrete Representationsofthe Graph

The pictures we have shownarestill somewhat abstract. In a typical
implementation each node of the tree would be represented by a small
contiguousareaofstore,called a cell. A cell holds a tag whichtells the type of
the cell (application, number,built-in operator, lambda abstraction, CONS
cell, etc.), and two or morefields. The numberoffields in a cell varies between
implementations. Many implementfixed-size cells with two fields, but some
havevariable-sized cells. Thisissueis further discussed below. We maydrawa
cell thus:

Field 2|

A field may contain the address of another cell, in which case we say thatit
is a pointer, and thatit points to the cell. We draw a pointerfield like this:

[sts

—]

hao
Alternatively, a field may contain an atomic (non-pointer) data value. We

draw a non-pointerfield like this:

 

 
| Tag Field 1

  

 

 

 

A data value
   

Each nodeofthe abstract syntax tree (or graph) correspondsto a cell of the
concrete representation. The tag on the node goesin thetagfield ofthe cell.
Possible concrete representations for the syntax tree nodes we have met are
given in Figure 10.3, and, using these, our (+ 4 2) tree, for example, would
be representedas in Figure 10.4. Such picturesare rather laborious to draw,
so wewill normally use the abstractversion.

10.3.1 Representing Structured Data

Werecall from Chapter 4 that an implementation of Mirandahas to support a
family of constructor functions, of which NIL and CONS are particular
examples. A constructor function builds a structured data object, which is
simply an aggregate of values together with a structure tag to distinguishit
from other constructors of the same data type. Typically the structure tag will
be a small integer, between 1 and the number ofconstructors of the type (but
see below, where tags and type-checkingare discussed).
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Node type Abstract node Concretecell

@
Application aN fe@{,|

x

Lambda |
abstraction body

| s
oa

CONScell J \ :
Number a4

Built-in + pPyT+]
function

Cell tag   
 

Figure 10.3 Possible concrete representations
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 Tags: @ application

P built-in
N number

L
A
L

    
 
   
 

Figure 10.4 The concrete tree of (+ 4 2)

If the implementation supports variable-sized cells then we can implement
these structures directly:

 

Tag | Field 1 tee Field n
     
 

If the implementation supports fixed-size cells only, with two fields, then
the structurewill have to be implemented as linkedcollection of cells:  
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Tag Field 1

Tag Field 2 '
 
 

Tag Field n—1 Field n

 

     

Notice that, since the size of the Structured object is determined by theStructure tag, thelast cell can contain thelast twofields.

10.3.2 Other Usesfor Variable-sized Cells

As we have seen, the provision of variable-sized cells gives a much moreefficient representation of structured data objects. However, variable-sizedcells mayalso beuseful to contain other objects suchas:

(i) arrays;
(ii) arbitrary precision integers;
(iii) blocks of compiled code;
(iv) multiple applications; for example, we could represent(f a b) asa singlethree-field cell containing f, a and b. This takes less space than the normalmethod,which requires two two-field cells.

Unfortunately, variable-sized cells carry an implementation cost, as we willsee in Chapter 17.

10.4 Tags and Type-checking

In what follows wewillfind it convenient to distinguish two families of tags.The structure tags identify data objects, and distinguish them from oneanother. For example, a CONScell and NIL would havedistinct structure tags.System tags identify cells holding system objects, such as application nodes,lambda abstractions, built-in Operators, and so on. The ‘. . . and so on’ ishighly implementation-dependent. For example, some implementations maytag an application node differently if it is discovered to be irreducible, so thatrepeatedefforts to reduceit can be avoided.
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10.5 Compile-time versus Run-time Typing

Somefunctional languages are polymorphically typed (see Chapter 8), and

type-checked at compile-time. In this case, only enough distinct tags are

requiredto identify system objects uniquely and to distinguish data objects of

a given type from eachother(e.g. to distinguish a CONS cell from NIL). Thus

relatively few distinct tags are required, and

a

tagis typically represented in

eight bits or fewer.
Other languages rely on run-time type-checking, where each built-in

operatorchecks the type of its arguments before proceeding. This requires

that each data type be distinguishable from all the others used in the program.

Such run-time type-checked languages normally have only a fixed set of types,

and do not allow the user to introduce new types, so a fixed-size tagis still

sufficient.

Even in a type-checked system it is often considered desirable to carry

around type information at run-time to aid in system debugging. This is

problematic in languagesthat allow the programmerto introduce new types,

becausethere is no boundto the number of types which have to be distin-

guishable.In this case an escape mechanism is normally used for user-defined

types, whereby thefirst field of the cell representing the object carries a

uniquetype identification.

10.6 Boxed and Unboxed Objects

In Figure 10.4 each numberseemsto require a cellto itself. This seems rather

profligate, since

a

field of a cell is normally large enoughto contain a number.

Thus,instead of

a

field pointing to a cell which contains a number,it would be

better to put the numberdirectly in the field. For example, the tree repre-

senting (+ 4 2) using unboxed representations would look like Figure 10.5

(compare Figure 10.4).

Data objects which can be completely described by a singlefield are called

unboxed, while those which are represented by one or morecells are called

boxed (the cell ‘boxes’ the data object). Typical candidates for an unboxed

representation are integers, booleans, characters and built-in operators

(which can be identified by a small integer or code pointer). For example,

Figure 10.4 incorporates boxed representations of integers and built-in

functions, while Figure 10.5 gives them unboxed representations.It is clear

that significant savings in the numberofcells allocated can be achieved by

using unboxedrepresentations.

fe],12)

fe[+[4|
Figure 10.5 The concrete tree of (+ 4 2) (unboxed representations)
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th In aPoxed system, the tag of a cell completely determines whichfields of
€ cell are pointers and which are not; for example, the twofields of

application cell are always pointers (see Figure 10.4) ™
n contrast, in an unboxed system,any field whi i i

may also contain anunboxed object. Forample,nfvldcyanapplicationcell
ney either be a pointer or an unboxed (i.e. non-pointer) object (see Figure
i . 5). Hence,all such fields must have anextra bit, called the pointer-bit, to
istinguish pointers from unboxed objects. Fields now looklike this:

Pointer-bit

D1[Aeros

——

[0

[A

data

vale

A minor shortcoming of unboxed objects for run-time type-checked
systemsis that unboxedobjects are not tagged (since tags are attachedtocell:
not fields). In Figure 10.4, the N tag on numbersenables the + builtin
operatorto check that its arguments are indeed numbers, whereas thisis not
possible with a basic unboxed system. However, an unboxed system can still
incorporate run-time type-checking by reducing the number ofbits in the
unboxed objectsufficiently to fit a tag into th i
would then woke ent g into

the

field as well. Non-pointerfields

|

0 | Tag | A data value|

hurean for compile-time type-checked systems it is vital that built-in
nections (such as +) are able to distinguish evaluated operands from

unevaluated ones (so that an unevaluated operandcanfirst be evaluated)
Fortunately this 1s easy becauseif the operandis a pointer the tag on the Hl
pointed to will show whetherit is evaluated or not; and if the or erand is:
non-pointerthenit is an unboxedobject which requires no further evaluation.

A pointerfield:

A non-pointerfield:

 

10.7 Tagged Pointers

Some implementations put a tag into pointerfields also, thus

f4 | Tag | Address —l|.

1985)en both the SKIM [Clarke et al., 1980] and NORMA[Richards
NONeenetionmachines do this, though they use the tag in different ways.
meenregar is the pointertag as a cacheforthe tag ofthe cell pointedto.Nese pointertag is valid (one value of the pointer tag is reserved for) it contains the tag of the cell to which the pointer points. Like any
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cache, this technique should be regarded purely as an optimization of the

ordinary tagged-cell approach.

In SKIM,however; there are notagsoncellsat all. The only tags are in the

fields. This has the advantage thata cell now consists of two identical fields

(instead of two identical fields plus a tag), which allows a more uniform

hardware design for SKIM. However, it means that a cell cannot changeits

tag; for example,an application cell must remain an application cell, because

it would be impossible to change the tagsofall pointers to the cell at once.

This makes reductionslightly more awkward.

In summary, both a pure taggedcell and a pure tagged pointer approach

can adequately support reduction. The taggedcell approach makes reduction

rathereasier, butgivesrise to a ratherless uniform hardware implementation.

The NORMA cacheing approach is more complexstill, but may give some

performance improvement.

10.8 Storage Managementand the Need for Garbage Collection

As reduction proceedswewill need to build new pieces of graph. In orderto

do so we have to allocate new cells. Cells are allocated from a (large) area of

storage called the heap, whichis simply an unordered collection of cells. The

term ‘heap’ emphasizes that the physical adjacency of two cells is purely

coincidental; what matters is which cells point to which.

Aswell as allocating new cells, the reduction process will also discardcells,

or rather it will discard pointers to cells. We must re-use cells whenever

possible, because if we never did so we would soon runoutof heap space.

Unfortunately, in a graph there may be manypointers to the samecell, and we

can onlyre-usea cell when there are no further pointersto it. So longas there

are furtherpointers to a cell from elsewherein the graph,it cannot be re-used

becauseit is still in use. Cells with no pointers to them aresaid to be garbage.

It is quite tricky to identify garbage cells, and all implementations of

functional languages include a garbage collector whose purposeis to identify -

and recycle garbagecells.

The whole activity ofcell allocation and garbagecollectionis called storage

management, and is further discussed in Chapter 17. As wewill see there,

fixed-size cells allow for a rather moresimple garbagecollector than variable-

sizedcells.
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SELECTING THE NEXT REDEX

Whenthe graphofa functional pro
evaluator is called to reduce the
performing successive reductions 0

gram has been loadedinto a computer, an
graph to normal form. It does this by
n the graph, which involves two distinct

(i) selecting the next redex to be reduced:
(ii) reducingit.

In this chapter we shall addressthefirs
the secondissuein the next chapter.

AsSection 2.3 has shown, the order in which reductionstake place has aprofoundeffect on the behavi i i
ature of thie ate avior of the program. We begin bydiscussing the

t issue, before turning ourattention to

11.1 Lazy Evaluation

In an ordinary imperative language (such as Pascal iare evaluated before the function is called (callbenewevenitnvalue). However, it ipossible Sathesrement thus passed is never used inwhe bodyofthe; at the work donein evaluating it is wasted. Thibetter scheme mightbe to aluation of the arsonnts
: postpone the evaluation of ilivalue is actually required (call by need). Call by eed fenaeat

\ ally
need is in fact rimplementedin unperative languagesfor two main reasons: srely

(i) ihe evaluation ofan argument may cause someside-
and may produce a result which depends i

d
th |assignments) of other parts of the program,Hen atheors

i ° ce, the exact time awhich the argumentis evaluatedis crucial to the correct behavior of the

effects to take place,

nt
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program. However,it can be quite tricky to work out exactly when the
argumentwill first be needed (and henceevaluated).

(ii) Call by needis hard to implementin a stack-based implementation.

In the context of functional languages, call by need is often called lazy
evaluation, since it postpones workuntil it becomes unavoidable. Conversely,
call by valueis often called eager evaluation.

11.1.1 The Case for Lazy Evaluation

In the context of functional programming, there are strong reasons for
providing lazy evaluationin the language.

It adds a new dimension of expressive powerto the language, allowing,in
particular, the construction and manipulationofinfinite data structures and
streams. A full justification of this point of view is outside the scope of this
book,sinceit lies in the area of software engineering rather than implemen-
tations, and the readeris referred to Chapter 8 of Henderson’s book [1980],
Section 3.4 of Abelson and Sussman [1985] and the author’s paper [Peyton
Jones, 1986].

Notall functional languages have lazy semantics. For instance, ML and
Hopearestrict, while SASL, KRC, LML, Miranda, Orwell and Ponder are
lazy.

11.1.2 The Case Against Lazy Evaluation

Thereis only one argumentagainstlazy evaluation,butit is a very persuasive
one: the price of lazy evaluation is execution speed. There seems to be no
avoiding this in practice. Faster implementations are possible when the
argumentsto functions can be evaluated beforethe functionis applied.
Languages like ML and Hopehavestrict (call by value) semantics, but

support lazy evaluation whereit is explicitly requested by the programmer
(particularly in data constructors). The argumentis that the price for lazy
evaluation shouldonly be paid whereit is actually required.

11.1.3 Normal Order Reduction

Anyimplementationoflazy evaluation has twoingredients:

(i) Arguments to functions should be evaluated only when their value is
needed, not whenthe functionis applied.

(ii) Arguments should only be evaluated once; further uses of the argument
within the function should use the value computedthefirst time. Since the
language is functional we can be sure that this scheme gives the same
result as re-evaluating the argument.   
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Ina nutshell, arguments should be evaluatedatmostonce and,if possible, not

atall.

Any implementation of a lazy language must somehow support these two
ingredients. Wewill have to wait until the next chapter before we see how to
support the second ingredient, but the first is rather easy — it is directly
implemented by normal order reduction!

Recall from Section 2.3 that normal order reduction specifies reducing the
leftmost outermost redex first. Given an application of a function to an
argument, the outermostredex is the function applicationitself, so a normal
order reducerwill reduce this prior to reducing the argumentto normalform.
For example, in the expression

(Ax.3) <bomb>

where <bomb> does not terminate, normal order chooses to apply the

lambda abstraction (giving the result 3) rather than first evaluating the
argument <bomb>. Hence normalorder reduction directly implements the
first ingredientof a lazy evaluator.

In termsof reduction order,strict semantics means reducing the argument
to a lambda expression before reducing the application of the lambda

expression to the argument. Thisis called applicative order reduction.

Aswewill see in this chapter, normalorderis actually an extremely natural
and easily implemented reduction order,sincethe rule for identifying the next

redex turns out to be rather simple. Thus graph reductiongives a ‘goodfit’
with lazy evaluation.

11.1.4 Summary

There are strong arguments for and against lazy evaluation, but a detailed
discussion of the question is beyond the scopeof this book. (Theauthoris,
however, convinced that lazy evaluation is a crucially important feature for
functional programming.)

It seems undeniable, however, that graph reduction is a particularly

effective implementation technique forlazy languages. Since graph reduction
is the subject of this book, we will henceforth restrict our attention to
languages with lazy semantics, implemented using normal order reduction.

Arvindetal. [1984] give a more detailed description ofsomeoftheseissues.

11.2 Data Constructors,Input and Output

Supposethatthe result of evaluating our program is an infinite list. We want
this list to be printed outas it is generated. We certainly do not wantto wait
until it has all been evaluated before printing anything, because we would
have to wait forever! Similarly, we do not want the program to evaluateits
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entire input before producing any output. These observations focus our
attention on the mechanismsavailable for input and output.

Input and output are regardedas side-effects in imperative programming
languages, so functional systemshave to take a different view since they do
not support side-effects. The acceptedsolution is to regard the functional
program asa function from inputdatato outputdata:

Input ——»| Functional program ———»Output
data

data

The input data are normally presented to the program as an infinite list of
characters, which might, for example, come from the user’s keyboard. The
outputdataare the result of applying the program to the inputlist, and are
normally somekindofdata structure which might, for example, be displayed
onthe user’s screen.

Aswell as getting the correct results to the program, however,wealso want
it to have‘nice’ operational behavior, namely that outputis printed as soon as
it is available, and that inputis not consumeduntil it is needed.In the next two
sections wediscuss how this operational behaviorcan be achieved, beginning
with the printing mechanism.

11.2.1. The Printing Mechanism

Since we wantto printout a datastructureas it is generated, we see that the
evaluationofa functional program is driven by the needto printits result, and
that the evaluatoris called from the printing program. The printing program
calls the evaluator, and then looksat the rootofthe result (i.e. the rootof the
evaluated graph).If it is a number (or boolean, character, etc.), the printer
prints it and evaluationis complete.If, on the other hand,the result is a data
constructor (such as a CONScell), the printing program cancall the evaluator
successively to evaluate the componentsofthe datastructure, printing out the
results as it goes. The whole printing process can be repeated recursively on
the componentsofthe data structure.
Assuming that our functional program always evaluates to a numberor a

CONScell, we mightwrite a pseudo-codeprinting program likethis:

Print( E )
begin

E’ := Evaluate( E )

if (IsNumber( E' )) then Output( E’ )
else begin .

Print( Head( E’ ) )
Print( Tail( E’ ) )

end
end  
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WhenEvaluate(E) yields a CONS cell it is vital that its head andtail are notyet evaluated. If they were evaluated immediately then the entire dataStructure would be evaluated before any of it could be printed. This isachieved byusing lazy constructors; that is, constructors that do not evaluatetheir arguments.
It has become quite common for printing mechanisms to print thecomponents of a data constructor one after the other, with no separatingcharacters, This hides the underlying shape ofthe data structure, butgives thefunctional programmer complete control over the character stream actuallyOutputto the printer. SASL,for example, behavesin this way (Turner, 1983]though Mirandadoesnot.
So far we have assumedthatthe result of a program will be printed, butthere is no reason whyit should not be putin a file, or fed into some otherProgram instead. This routing of output would be controlled by the ‘printingmechanism’, possibly directed by routing information contained in the outputdatastructureitself.

11.2.2 The Input Mechanism

In order to extract characters from the inputlist, the program will need toevaluate the list, element by element. Just as in the case of the printer,it isvital that the first evaluation does not force evaluation of the entire list,

11.3 Normal Forms

Our consideration of both input and output have led us to the sameconclusion, namely that

evaluating an expression whoseresult is a CONScell should notentailevaluating its head andtail.

This means that we should stop reduction when there may still be someredexesleft in the graph (in the head and the tail). None of these redexeswillbe reduced by a normal order reduction scheme until the whole expressionhas been evaluated to a CONS cell, because until then there will always be atop-level redex which normalorderwill select.
Hence, what we need to do is to pursue normal order reduction, but stopwhen thereis no top-level redex (even though there maybeinnerredexesleftin the graph).
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11.3.1 Weak Head Normal Form

To expressthis idea precisely we need to introduce a new definition:

 

DEFINITION

A lambdaexpressionis in weak headnormalform (WHNFP)ifand onlyif it
is of the form

FE; Eo... En

where n = 0;
and either F is a variable or data object ; ;

or Fis a lambdaabstraction orbuilt-in function
and (F E; Eo ... Em) is nota redex for any m=n.

An expressionhas no top-level redex if and only if it is in weak head normal
form.   
 

For example, the following expressionsare in weak head normal form:

3
A CONScell
+ (— 4 3) top-level + does not have enough arguments
(Ax.+ 5 1) not applied to anything

Thelast two examples are in weak head normal form, but not in normal om:
since they contain inner redexes. Weak head normalform is often confuse
with head normalform;this pointis discussed at the end ofthe section.

Ourreduction order is therefore to reduce the top-level redex (there can
only be one such)until weak head normal form is reached. We can think ofit
likethis:

 
Original expression

Normalorder reductions

of top-level redexes

Weakhead normalform (no top-level redexes)

Normalorder reductions

of inner redexes

Normalform (no redexesatail)   
 

We pursue normal order reduction, but stop at WHNF rather than
proceedingall the way to normalform.Thisis an essential ingredient of lazy
evaluation, since reducing through to normal form risks performing unneces-
sary reductions.  
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11.3.2 Top-level Reduction is Easier
Theresult ofa functional Program neverhasanyfree variables. For example,(+ x 1) is nota valid functional program sinceit has the free variable x, whosevalueis not specified.
Since we only ever reduce the top-level redex, which has no free variables,it follows that the arguments of the redex have nofree variables either. Thismeans that the name-capture problem described in Section 2.2.6 can neverarise in our implementations, which is a considerable relief. It is also anessential property if we are to compile our programs (see Chapter13).

11.3.3 Head Normal Form

Headnormalform is often confused with weak head normal form,so it meritssome discussion. The contentof this section is, however, largely academicsince for most Purposes head normalform is the same as weak head normalform. Nevertheless, we will stick to the termWHFforthe sake ofprecision.
 

DEFINITION
A lambdaexpressionis in headnormalform (HNF)ifand onlyif it is of theform

AX1.Ax2.. -AXn. (Vv Mi Mo... Mm)

where n, m = 0;
Vis a variable (xi), a data object, or a built-in function;and (v Mi Mo... Mp)is not a redex for any psm.   Anything in HNFis also in WHNF,butnotvice versa. For example, thefollowing expression is in WHNF but not HNF:

AX. ((Ay.y) 3)

To reach HNFtheinner redex should be reduced.The difference between HNFand WHMF is only significant when the resultis a lambda abstraction,since for data objects and built-in functions they areidentical. For the purists, though,the questionis whetherwe should perhapsreduce to HNFrather than WHNF. This raises some practical difficulties,since it will involve performing inner reductions where the argument mayhave free variables, so the name-capture problem of Section 2.2.6 comesback.
Taking this idea further, Barendregtetal. [1986] advocate a reduction ordercalled innermostspine reduction. Thisis a modification of normal order whichevaluatesthe bodyofa lambda expression before applyingit to an argument.For example

(Ax. ((Ay.y) 3)) 4
—> (Ax.3) 4
> 3
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This is based on the insight that the body of the lambda expressionwill
subsequently be evaluated anyhow,so we do notrisk non-termination by

evaluating it before applying it. Thus Barendregt et al. show that innermost
spine reduction never takes more reductions than normal order, and some-
times takes fewer. As mentioned above, the serious problem with innermost
spine reductionis that it entails performing reduction in the presence offree
variables. From an implementation pointof view (only), this objection is so
serious (see Section 11.3.2) that we abandon innermost spine reduction
forthwith.

This viewis notuniversally held; see, for example, Watsonetal. [1986].

11.4 Evaluating Arguments of Built-in Functions

Some built-in functions, such as + and HEAD, need to evaluate their

arguments before they can execute. For example, consider

+ (- 493)5

The inner redex (— 4 3) mustbe evaluated before the + can proceed. Wesay

that + is strict in both arguments (see Section 2.5.4).
Whenthe evaluatorfinds that the top-level redex is an application of a

built-in function which evaluates its argument(s),it has to check whether the

appropriate argunient(s) are already in WHNF. If they are not, it must

recursively invokeitselfto reduce them to WHNFbefore proceeding with the

application of the function. For example, in the expression

IF (NOT TRUE) f gh

wewill select the redex (IF (NOT TRUE) f g) for reduction. Now,the function

IF must evaluateits first argument (only), and that argumentis not yet in

WHNF.So the evaluator recursively invokes itself on the (NOT TRUE)
expression, which returns FALSE,at which pointthe IF can proceed.

Asanother example, consider

HEAD (CONS 2 NIL)

The outerlevel redex is the application of HEAD, and HEAD mustevaluateits
argument to WHNF(thatis, until it is a CONS cell). So the evaluator invokes
itself recursively to evaluate

CONS 2 NIL

This evaluation produces a CONScell in one reduction, from which HEAD
extracts the result,2.

To summarize, the evaluatorhas to invokeitself recursively to evaluate the

arguments ofstrict built-in functions.
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11.5 Howto Find the Next Top-level Redex

Having decided to implement normal order reduction of top-level redexesonly, we must ask howtofind the a i iPpropriate redexOurexpression can only be ofthe form P Ben a BEEP to reduce,
f E; Eo hee En

whosegraphlookslikethis:

@
7N

. E,

S
/\
A”

@ E»
7%\

f E,

Here, f is a data object,a built-in function ora lambdaabstraction (but not anapplication or we would have drawn anotherlevel in the picture), and therema
i

y be zero Or more arguments (E\), which are arbitrarily complicatedexpressions. There are now various possibilities:
(i) f may be a data object such as a numberor a

expression is in weak head n
this case n should be 0;

CONScell, in which case the
ormalform and weare done. However,inif not, the data objectis being applied to an

been type-checked.
(ii) f may be a built-in function taking, Say, k arguments. In this case we mustcheck to see whether there are enough arguments available (i.e.n = k);ifso, (f E1 ... Ex) is the outermost redex which normalorder will select.For example, in Figure 11.1(a) the redex is’ . IF E; G2Emarksthe rootofthis subgraph. Er Ee Eo) and the §If there are too few arguments (n < k) then the expression is jhead normalform.

Pressron isin Weak(iii) f may be a lambda abstraction.If it has an argumentavailable (n = 1) theredex we should reducenextis (f E1). For example, in Fi
\

. ple,in Figure 11.1(b) thredexis ((Ax. body) £1), and the $ marks this application node. (0) theer, - oenomi reare no arguments (n = 0) then the expressionis in weak head

According to ourabstract exp
for f: it could be a variable n
free in the entire expressio:

ression syntax there is one other possibilityame. However,in this case the variable must occurnl, SO we may justifiably give an error.
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@

<* K*
@ £a $@ Ee
/\ /\

Eo ax «Ey
/\

IF’ Ei body

(a) . (b)    
Figure 11.1 Finding the next redex (marked $)

Someevaluatorsinsist that an expression always reducesto a data objectin
the end. They will therefore treat the case of a built-in function with too few

arguments or lambdaexpression with no argumentsas anerror.If in addition
the program is type-checked the test can be omitted altogether, since there
will always be enough arguments for a function. (Note: this is not true for
other reduction orders. For example, an applicative order reducer will

evaluate the argument to a function before applying a function, and the

argumentmightitself be a partially applied function.)

Thusto find f we just go downthe left branch of each application node from

the root. This left-branching chain of application nodesis called the spine of

the expression, and the act of ‘going down’ the spine is sometimescalled

unwinding the spine. Continuing the analogy, the vertebrae of the spine are

the application nodes encountered during unwinding, the ribs are the

argumentsof the vertebrae (the &; in Figure 11.1), and thetip of the spineis
the extreme bottom ofthespine(IFis at the tip of the spine in Figure 11.1(a)).

It is therefore rather easy to find the next redex to reduce. We just unwind
the spine until we find a function, and then,based on the function wefind, we

go back upthe spinetofind the rootof the redex.
Notice that the most natural wayto proceedis to reduce the top-level redex,

so there is a good‘fit’ between normalorder reduction and graph reduction.

We haveto go to extra trouble to evaluate arguments to functions before

applying the function.

11.6 The Spine Stack

So far we have said that we should ‘unwind the spine’ and ‘go back up the
spine’, without saying how to doso.In particular, as we unwind the spine we

pass by the argumentsthat wewill subsequently require during the reduction

of the function (built-in or lambda abstraction) foundat the tip. This suggests

that we should keep a stack of pointers to the vertebrae as shown in Figure  
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11.2. Now the arguments areall readi ithe ily available, and the number ofseuments Is given by the depth of the stack. Furthermore, the vertebraethemselves are also accessible from the stack. This will prove to be cruciallyImportant once westart to consider how to perform a reduction (in Chapter

8

 

Stack base

 

Stack top   
Figure 11.2 The spine stack

Whenwerecursively evaluate th ilt-i€ arguments to a built-in functi
a brand newstack. Fortunately, Oneme need

(i) the existing stack will not chan ige until the ar, .
complete, gument evaluation is

so the newstack can bebuilt directly on top ofthe old one. We must howevertake care to save the depth ofthe old stackfirst, so that we can restore it whenevaluation of the argumentis completed. Most implementations have aseparate stack, called the dump,for this purpose. Alternatively, the depth ofthe old stack can be saved on thestack itself. This technique is rathereminiscent ofthe stackframes of imperative languages. ‘

11.6.1 Pointer-reversal

In some waysthe stackis rather a nuisance becauseits size has no convenientbound, So it is not clear how much spaceto allocate to it. This problem iparticularly pressing in machines specifically designed to do reduction h :the stack mighthave to be embodiedin hardware. mereIt turns out that a clevertrick, known as pointer-reversal, allowsus to getaway without a separate stack at all. It is borrowed from a well-kn wrgarbagecollection technique (the Deutsch-Schorr-Waite algorithm [Schorrand Waite, 1967]), and i i i i i
we umnwinait }), and consists ofsimply reversing the pointers in the Spine as
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Specifically, we hold two pointers, F and B (for forward and backward). To
begin with, F points to the rootofthe expression, and B points to a uniquecell

called TOP. Thisinitial set-up is shownin the left-hand columnofFigure 11.3,
where we havedepicted the spine vertically on the page. Then to unwind one
level, we set

F = Left( F )
Left F) =B simultaneously
B =F

whereLeft( F ) meanstheleft field of the node F points to. This operationis
showntaking place in the subsequent columnsofFigure 11.3. When we reach
the tip, F will point to the tip and B will point back upthetrail of reversed
pointers to the root. Thus the vertebrae nodes and the arguments to the
function can be foundbyfollowing pointers from B.
When going back up (rewinding) the spine, we simply reverse the

operation,putting the pointers backinto their original state. We can easilytell
whenwereach the top because B becomes TOP.

 B-» TOP TOP TOP TOP

F—»@-—»R B—»@—» RA @—» R i.

@—»Q Fea B—-»@¢—> 0 i?

@—»P @—»P F_»@—»P Bee

f f F —» f

Initial Step 1 Step 2 Step3      
 

Figure 11.3 Pointer-reversal in action on (f P Q R)

11.6.2 Argument Evaluation using Pointer-reversal

Thereis a slight problem when weneedto evaluate the argumentsto strict
built-in function. Consider the expression (IF (= x 0) P Q). When we have

unwoundthespineto find the IF, the graph lookslike the left column ofFigure
11.4. Now weneedto evaluate the argument, so we must unwindthe spine of
the argument. Unfortunately, we cannotinitialize B with TOP, because we

would then notbe ableto find our way back to the parent spine. Instead we

simply pointer-reverse our way into the argumentspine, but marking the

parentspine vertebrae, in some way. To ‘turn the commer’ into the argument

spine, we perform the following operations:

Right( B )F

F simultaneouslyRight( B )
Mark( B )  
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1

TOP TOP

iQ @—rQ tQ
iP @—» p @—»p B

B—»>€———__»@-»9 Br@# F-»@ro se <——_-@-» 0E
l—»> IF >» Xx I @-» x \F F —»@-» x

After unwinding After turingthethe IF spine corner Afterfirst unwind
on the arg spine      Figure 11.4 Pointer-reversalfor argument evaluation

th In the diagram wehave marked the vertebra with #. Now when rewinding€ argument spine, we know we have reached the top when we encounter a

11.6.3 Stacks versus Pointer-reversal
Given the alternative, then,is pointer-reversal better than a stack?
(i) A stack is significantly faster than the Pointer-reversing scheme. The

accessing the (global) heap than the (local) stack. Furthermore, allreversed pointers have to be un-reversed later, resulting in hea: accesses. which a stacking implementation may not have to make. P(ii) Pointer-reversal uses very little extra storage. All thatis requiredis a bitin each cell to control the evaluation of arguments to Strict built-infunctions. There is no (reasonable) bound to the possible length of aSpine, so not only does a separate stack require someextra storage, butalso (more seriously) we cannot know in advance how much extrastorageto allocate. This is a significant complication for machines which_... Implementthestack in hardware (e.g. NORMA[Scheevel 1986])(iii) n ramsout that the stack offers a large numberof further opportunitiesCheenegrProvement, and we addressthis topic more fully in
(iv) For a pointer-reversing implementation, the complete state of theevaluation is described by the two pointers F and B (together with the
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graph). Thisis useful for a parallel machine, whenevaluations may need

to be suspendedandtheir state saved somehow.This topic is discussed in

Chapter 24.

It seems, therefore, that pointer-reversal alone is suitable only for small

experimental implementations. A stackis necessary for high performance,

but a parallel machine maywell use both schemestogether.
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Twelve

GRAPH REDUCTION OF
EXPRESSIONS ~AMBDA

We have now dealt with the issue of wh
find it. In this chapterwe will com
perform a reduction.Performi . .repreomea reduction constitutes a local transformation of the graphrppresent eu € expression,so the process of reduction successively modifi

©

grapan il it reachesits final form,the result of the computation “e
. .

‘
maybechaveseenmnwePrevious chapter, the functionat the tip of the spine

raction,or a built-in function (i i
ma

nction(if, thatis,a top-level redexatall). We will deal with these two wees separate

ich redex to reduce next, and how to
plete the implementation by showing how to

12.1 Reducing a Lambda Application
Suppos ippose the redex consists of a lambda abstraction applied to an argumentThe iuneanwe must apply the 8-reduction rule to the graph. That is, we mustconstr an instanceof the body of the lambda abstraction substitutin ihev ol or free occurrences of the formal parameter enee w .

.
°the body oemmauimes refer to this processas ‘constructing a newinstance of

é lambdaabstraction’, but we will often abbreviate this to‘Instantiating the lambda body’. Figure 12.1 gives an example
 

 

@ reduces t

re © wol§UE NOT TRUE

7\
NOT x (Ax.NOT x) TRUE — NOT TRUE   Figure 12.1 Instantiating the body of a lambdaabstraction
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Three importantissues of implementationarise here:

(i) The argument may be bulky and/or contain redexes, so we should
substitutepointers to the argumentfor the formal parameter (see Section
12.1.1).

(ii) The redex maybe shared,sowe mustphysically overwrite the root of the

redex with the result (see Section 12.1.2).
(iii) The lambda abstraction may be shared, so we must construct a new

instance of the lambda body, rather than substituting in the original body
directly (see Section 12.1.3).

Wewill deal with theseissues in the following sections.

12.1.1 Substituting Pointers to the Argument

Whensubstituting the argumentfor the formal parameter, we could just copy
the argument whenever the formal parameter occurred. But copying the

argument may be very wasteful, because

(i) the argument might be a very large expression, in which case we are
wasting space by making multiple copies of the same object;

(ii) the argumentmightcontain redexes, in which case weare wasting workby

duplicating redexes which may subsequently have to be separately

reduced(if they are needed).

Both of these problems can be avoided by substituting pointers to the

argumentfor the formal parameter. This gives rise to sharing, whereby there

may be many pointers to the same expression, and it is for precisely this

reasonthat the expression tree becomesa graph. Figure 12.2 is an example of

this processin action, in which the (NOT TRUE) expression becomesshared.

Sharing by meansofpointers was first suggested by Wadsworth [1971], who
called it graph reduction.It is the key idea that turns reduction into a practical
technique. The alternative, of copying the argument wherever it is used,is

called tree reduction or string reduction and is normally considered pro-

| /\

@
/\
@

/
@ NOT TRUE AN @D

/ \ Nor RUE@
/\

AND x

 

reduces to@

wh Ne

 (ax.AND x x) (NOT TRUE) — AND (NOT TRUE) (NOT TRUE)  
Figure 12.2 Pointer substitution  
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hibitively expensive (though Mago’s parallel reduction machine uses it
[Mago,1980},relying on massive parallelism to overcomethe inefficiency).

12.1.2 Overwriting the Rootof the Redex

If we are to exploit sharing successfully we must ensure that when an
expression is reduced we modify the graph to reflect the result. This will
ensure that shared expressions will only be reduced once. For instance, in
Figure 12.2 the (NOT TRUE) expression will be reduced next (since AND
Tequiresits arguments to be evaluated), and we wouldlike to arrangethatthis
reduction is only done once.

Wecanachieve this by the simple expedient of physically overwriting the
rootof the redex with the (rootof) the result. Hereis an example in which the
node marked‘$’is the rootof the redex, andis physically overwritten with the
result of the reduction:
 

 

@ reduces to @
/ \

@

AND @$ AND FALSE $

NoT’ ‘TRUE NOT TRUE   
Notice that fragmentsofthe redex(in this case just the NOT and TRUE nodes)
are not affected by the overwriting, and become completely detached from
the part of the graph we are considering. They cannot be recovered and
re-used immediately because they may be shared with other nodesnotin the
picture. If not, then they will eventually be recovered by the garbage
collector.
There is an important complication associated with overwriting the root of

the redex, which wediscusslater, in Section 12.4.

12.1.3 Constructing a New Instance of the Lambda Body
Asthe word ‘instance’ implies, when applying a lambdaabstraction we must
makesubstitutions within a new copy of the bodyof the lambdaabstraction
rather than updating the original body directly with the substitutions. Thisis
necessary because the abstraction may be applied manytimes, and its body
serves as a ‘master template’ from which aninstanceis constructed each time
it is applied; the master template should notbe altered by the copying process.
Thus the examplein Figure 12.1 should really looklike this:
 

@$ reduces to @$
/N J/\
“ TRUE * NOT TRUE

@ @
/\ /\

NOT x NOT x   Theoriginal lambda abstraction remainsintactin caseit is shared,
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We may describe the instantiation operation by a recursive function

instantiate(Body,Var,Value), which copies Body substituting Value for free

occurrences of Var. This function implements precisely the substitution

operation described in Figure 2.3. Specifically:

Instantiate(Body,Var,Value) constructs Body[Value/Var]

Instantiate proceedsby case-analysis on the root node of Body, and eachcaseis

a direct transcription of the correspondingline of Figure 2.3:

(i) if Body is a variable x and Var = x then return Value (here we substitute
Value for an occurrenceof Var),

(ii) if Body is a variable x and Var + x then return Body,
(iii) ifBody is a constantor built-in function then return Body,
(iv) if Body is an application (E; E2) then return the application

(Instantiate(E1,Var,Value) Instantiate(E2,Var,Value)),

(v) if Body is a lambda abstraction Ax.E and Var = x then return Body — the
new lambdaabstraction binds Var anew,so no substitutions should occur

inside it, and hence wecanavoid instantiating it altogether,

(vi) if Body is a lambda abstraction ax.E and Var + x then return

dx. Instantiate(E,Var,Value) — we mustinstantiate the lambda abstraction

in case there are free occurrencesofVarinsideit.
This case is much simpler than the corresponding rule of Figure 2.3,

because we are assuming that Value has no free variables (see Section

11.3.2).

Figure 12.3 gives a possible definition of instantiate in the C language.

The instantiation process is simple enough, but it risks copying large

expressions in which Var does not occurfree at all, and hence which could be
shared. Wecould alleviate this by adding a newfirst clause to the definition of

Instantiate:

ifBody does not contain any free occurrences of Var then return Body.

This would, however, be an expensive test to make. We might imagine some
sort of annotation scheme whereby we could precompute such information,

butit is hard to do in general (even Wadsworth did not give an algorithm!).
An implementation which manages to perform this test, or which does

something equivalent,is said to befully lazy. Wediscuss full laziness in detail
in Chapter 15, but ignoreit until then.

12.1.4 Summary

In the previous chapter we saw that lazy evaluation had two ingredients:

(i) arguments to functions should be evaluated only if needed;

(ii) once evaluated, they should never be re-evaluated.

te
k 
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Instantiate( Body, Var, Value )
expression *Body, *Var, * Value;{ .

if (ISAp( Body ))  /* Is Body an application node? */retumn( MakeAp( instantiate( GetFun( Body ). Var, Value ). Instantiate( GetArg( Body ), Var, Value ) }
( (IsVar( Body )) /* Is Body a variable? */

if (Body = Var)

retum( Value );
else

retum( Body );

/* Is Body the variable Var? */

V (IsLam( Body )) /* Is Body a lambda abstraction? «/

if (GetVar( Body ) == Var) [* Same formal parameter? *
return( Body ):

’el

retum( MakeLam( GetVar( Body ),
} Instantiate( GetBody( Body ), Var, Value »);

/* So Body must be a constant or built-i te
roturnt i in function +*/

Note: IsAp(B) tests whether Bis an application node
GetFun(B) gets the function from an application node
GetArg(B) gets the argument from an application node
MakeAp(F,A) makes a new application node
IsVar(B) tests whetherB is a variable node
IsLam(B) tests whether B is a lambda abstraction node
GetVar(B) gets the formal parameterfrom an abstraction
GetBody(B) gets the body from an abstraction node
MakeLam(V,B) makes a new lambda abstraction node   

Figure 12.3 The instantiate function inC

Wesaw that normal order evaluation im
can now see that the secondin
two things:

fon i plemented the first ingredient. We
gredientis implemented by the combination of

(i) substituting pointers to the artitut gument rather than copying i iduplicating the (unevaluated) argument; ying Wt avoids(ii) updating the root of the redex with th€ result ensures that furtthe argumentwill get the benefit of the work done. Mer uses of
To summarize:

211
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Normalorderevaluation

to weak head normal form
+

Substitute pointers
+

Update redex root
with result

= Lazy evaluation

 
  

This implementationstrategy is called lazy graph reduction.

12.2 Reducing a Built-in Function Application

Supposethe redex consists ofa built-in function applied to the comentnumer

of arguments.First of all, any arguments whosevalues are neede must

evaluated by recursively invoking the evaluator. Thenthe built-in function

can be executed,and the result physically overwrites the root of the redexa

For example, consider the expression (+ 6 (* 3 4)), which has the grap

 

@$

>
A e’N

*    
Wefirst select node $ for reduction, but discover that + needs to evaluate ws

arguments. So werecursively invoke the evaluator on the first argument, ony

to discoverthatit is already in WHNF.Then weinvoke the evaluatoron the

second argument, which causes node # to be selected for redctioney.

we recursively reduce the argumentsof the + (they arealready in F),

and now we can execute the *. The result of this multiplication overwrites

node #, thus

 

@$
\

4 12 #

+ mA 4

* 3    
As always,we see that fragments ofthe original graph remain, subsequently
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to be recovered by the garbage collector. Now the evaluation of the
arguments of + is complete, andit executes, giving

 

18 $

@ 12#

f \, @ 4

/\.
* 3   

The node §$, the root of the original expression, is the result, the other
fragments being garbage. From now on wewill no longer draw the garbage
nodesin ourpictures.

12.3 The Reduction Algorithm So Far

Wenowreview ourreduction algorithm, putting together the material of the
previous twosections.

 

REPEAT

(1) Unwindthespineuntil something other than an application
nodeis encountered.

(2) Examine the objects found at the tip of the spine (see
Section 11.5).

(a) A data object. Checkthatit is not applied to anything.If
not, the expression is in WHNF so STOP, otherwise
there is an ERROR.

(b) A built-in function. Check the number of arguments
available.If there are too few arguments the expression
is in WHNF so STOP. Otherwise evaluate any
arguments required, execute the built-in function and
overwrite the root of the redex with the result.

(c) A lambda abstraction. Checkthat there is an argument;
if not the expression is in WHNF so STOP. Otherwise
instantiate the body of the lambda abstraction,
substituting pointers to the argument for the formal

' parameter, and overwrite the root of the redex with the
result. END   

12.4 indirection Nodes

In Section 12.1 we described how to reduce an application of a lambda
abstraction by constructing an instanceofthe body of the lambdaabstraction,
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substituting pointers to the argument for the formal parameter, and updating

the root ofthe redex with the result. The final operation, updating the root of

the redex, contains a hidden danger, which this section will expose.

Suppose, then, that we have instantiated the body of the abstraction and
are about to update the root of the redex. The most obvious wayto dothis

seemsto be simply to copy the rootcell of the result on top of the rootcell of
the redex. Thisis all very well, but it suffers from two shortcomings:

(i) The result of the reduction may not havea rootcell to copy. For example,
consider

(ax.4) 5

In an unboxed implementation the result, 4, is represented as a non-

pointer, and hence doesnot occupya cell atall.

(ii) It is slightly inefficient, because the rootcell of the result is constructed
(by instantiate), copied over the root of the redex, and then discarded,
because there are no further pointers to it.

It would be moreefficient to build the rootcell of the result directly on

top of the root cell of the redex, thus avoiding ever constructing the root

cell of the result in the first place.
However,in a reduction such as

(Ax.x) (f 6)

the root cell of the result is not a newly constructed cell so we cannot

construct the rootcell of the result on top of the root of the redex.

It appears, therefore, that lambda abstractions in which the body consists of
an unboxed constantora single variable, form a special case. We consider the

formerpossibilityfirst.

12.4.1 Updating with Unboxed Objects

Werecall from Chapter10 that an unboxed object is one whichis represented

as a non-pointer, rather than as a pointer toa cell. How can we updatethe root

of the redex with such an object?

Weare forced to introduce a new type of cell, an indirection cell. An
indirection cell has a tag, IND say, whichidentifies the cell as an indirection,

and a single field which is the contents of the cell. When updating an

application cell with an unboxed object we overwrite the application with an
indirection cell whose content is the unboxed object. For example:

 

@$ reduces to %

«
4

4
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whereweuse

V

toidentify indirection nodes.
This expedient seemsnot to be necessary in an implementation in which

everything is boxed, since wecan just copy the top nodeof the object over the
rot of the redex. However,westill need to take care as the next section
shows.

12.4.2 Updating where the Bodyis a Single Variable
Consider our example, the expression ((Ax.x) (f 6)):
 

@$

we”
@ #r A   

Thereare two ways in which we can updatethe rootof the redex:

(i) We could copy the rootcell ofthe result on top ofthe rootcell of the redex
thus:

@$ reduces to @$

ra‘ae ( e)

| i 6 / ‘,f

 

   
Nowtheresult (seen from the point of view of node $) is quite correct
(viz. (f 6)). However, now the application of f to 6 has been duplicated,
(f 6) may be evaluated twice ifnode # happensto be shared. This would be
wasted workif (f 6) were expensive; we havelostlaziness. Notice that this
problem canonlyariseif the body of the lambdaabstraction consists of a
single variable. If the body is an application, then the root ofthe result
will be a newly constructed application cell, and hence cannot be shared.

Evenif this were not the case, and the (f 6) were already in normal
form, node$ is a duplicate of node #, whichis a waste of storage space.

Furthermore, this alternative might not bepossible in an implemen-
tation supporting variable-sized cells, if the root cell of the argumentwas
biggerthan the rootcell of the redex.

(ii) We could takethe hint from Section 12.4. 1, and usean indirection node.
Wewould then overwrite node $ with an indirection to node #, thus:
 

@$ reduces to Vs

YN |
‘x @# @#

| / /\
x f f 6 
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The trouble with introducing indirection nodes is that they can then
appearatanypointin the graph, so the reduction machine must contain

tests for indirection nodes in many places. a

Furthermore there is a danger that long chains of indirection nodes
might build up (for example, suppose (f 6) evaluated to an indirection

node), which would clog up the machine.

The issue ofwhetherto copyorto use indirection nodesarises in other cases
also. For example, HEAD selects the head of its argument (which it first
evaluates to a CONScell), and meets the same problem in overwriting the root

of the redex with the result. IF is another example of such a function.
Functions like these which simply select some component of their

argument(s)are called projectionfunctions.
All the arithmetic and boolean functions will suffer too in an unboxed

implementation, becausetheir result is unboxed. ne th
In general, any function whoseresult is not a cell constructed during the

reductionwill raise the question of how to updatethe root.

12.4.3 Evaluating the Result before Updating

A solution which overcomes the major problems of either method is to

evaluate the result before updating the root of the redex. We canjustify this

approach with the following two observations:

(i) Weare currently trying to reduce node $ to weak head normal form. So

the first thing we are going to do once this reduction is complete is to
reducetheresultof the reduction ((f 6) in this case) to WHNF. ;

Hencewecansafely reduce node # to WHNFbefore overwriting node
$ with the result. ;

(ii) Once an expression is in WHNFits root is never again overwritten,
becauseit is never again selected as the rootof a redex.

Observation (i) means that if the result of the reduction of node# was an
indirection to a CONScell *, we could overwrite node $ with an indirection to

node * (not node #).

 

@$ reduces to V$

New ve
1 /N \ ,
x f 6 :

/N\
p q   
  

Thus we would neverget more than oneindirection nodein a chain.

Observation(ii) tells us thatit is safe to copy node # onceit is in WHNF  
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sinceit will never again be overwritten; by copyingit westill waste Space, butwe nolongerrisk duplicated reductions. For example,if the (f 6) evaluated toa CONScell, copying wouldgivethis:

 

@ reduces to :$
ZN
x @yA ( \
xf 6 :

/\
p’ “q

12.4.4 Summary:Indirection Nodes versus Copying
Thisis a slightly tricky section, and weshall summarize ourconclusions.

   

(i) When the rootofthe result is constructed during the reduction, andis
sufficiently small, it should be constructed directly on top of the root of
the redex, rather than being allocated elsewhere, copied and discarded.

(ii) Ifthe root of the result was not constructed during the reduction, then we
can overwrite the root of the redex either with a copy of the root of
the result, or with an indirection to the result.

(iii) The cases covered by (ii) arise for
(a) functions (both lambda abstractions and built-in functions)

returning unboxedresults,
(b) lambdaabstractions whose body consists ofa single variable,
(c) built-in projection functions, which include HEAD,TAIL andIF.

(iv) In the cases covered by (ii), the result should be evaluated to WHNF
before overwriting the rootof the redex.If this is done, no sharingis lostand the numberof reductions performedis the same either way.

Thereare the following arguments in favorof using indirections:
(i) There is no alternativeif the result is an unboxed object.
(ii) They use no fewercells at the time the reduction takes place. However,

indirection nodes can be‘shorted out’ and recovered by the garbage
collector, thus recovering the Storage they occupy, whereas the garbage
collector cannotrecover the duplicated storageallocated by the copying
technique (see Chapter17).

(iii) There is no problemif the rootofthe result is bigger than the root of the
redex.

(iv) Chainsof indirection nodes can be prevented.
(v) It has been suggested by Hughes [1985] that implementations of

functional languages should incorporate memo functions; that is,
functions which remember what arguments they have been applied to so
far, together with the correspondingresults, and when reapplied to oneof these arguments deliver the corresponding result directly. This ideaworksbetter in a system based onindirection nodes, since if we make
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copies of nodesthenidentical arguments may look different to the memo

function.

There is only one argumentagainst indirection nodes, but it is rather

persuasive:

(i) The reduction machine has to make continualtests for the presence of

indirection nodes, and de-reference them as they crop up. This adds a

large numberof potentially slow tests to the implementation. Hardware

support wouldlargelyalleviate this problem.

Onbalanceit looksas if copying has a short-term advantageof speed, but the

generality of indirection will probably win out in the end.

12.5 Implementing Y

Wehavesaid in Chapter2 thatY is always implemented directly, and we now

discuss howthis is done. The reduction rule for

Y

is

Yforfys

and there are two waysof implementingthis:
 

 

(i) $@ reduces to aN

Y f tf @

/\
Y f

(ii) v
$@ reduces to s@

¢ (\_]    
Thefirst is straightforward, but the second is more interesting. The right

branch ofthe result node $ points back at node §. To see thatthis is a correct

implementation, consider the reduction rule for Y. Ontheright-handside of

the rule, the thingfis applied to is (Y f), but the original redex was (Y f) and so

fcan be applied to the rootofthe original redex.

Anotherwaytoseethisis to try taking the reduction sequenceforY further:

Ytofvs
> fF f)
> Fre Y ))

fe.)

whichis just what the suggested graph represents.

Thisis the first time our graphs have incorporated cycles andthis is indeed  
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the only source ofcycles in many implementations. This form ofY is therefore
sometimescalled cyclic Y or knot-tying Y.

Cyclic graphs give important economiesin the use of storage. Using the
acyclic version of Y meansthat the graph representing (Y f) grows without
limit as each recurrent (Y f) redex is evaluated. In contrast, using a cyclic
version of Y meansthat (Y f) is represented by single cell. Hence cyclic
graphs give finite representations of someinfinite objects (such as recursive
functions and someinfinite data structures).
The principal disadvantage of a cyclic Y is that the presence of cycles
inthe use ofsimple reference-counting garbagecollection (see Chapter
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Thirteen

SUPERCOMBINATORS AND
LAMBDA-LIFTING

 

Since the operation of constructing an instance of a lambda body while

substituting for the formal parameteris the fundamental operation of our
implementation,wewill now consider how to makeit moreefficient.

In this chapter and the next we will show how to transform a lambda

expression into a form in which the lambda abstractionsare particularly easy
to instantiate. These special lambda abstractions are called

supercombinators, and the transformationis called lambda-lifting. Then, in
Chapter15, wewill show how to enhance the lambda-lifting transformation to

be fully lazy, a property alluded to in Section 12.1.3. The terms
‘supercombinator’and‘fully lazy’ were both coined by Hughes, who was the

first to combinefull laziness with lambda-lifting [Hughes, 1984].

13.1 The idea of Compilation

The operation ofinstantiating the body of a lambda abstraction wascalled
instantiate in the previous chapter, and was performedby a recursive tree-walk

over the lambda body. SuchanInstantiate operationis rather inefficientfor the

following reasons:

(i) at each nodeofthe body,instantiate has to do a case analysis on the tag of

the node;
(ii) at each variable nodeInstantiate has to test if the node is the formal

parameter;a similar test has to be madeat each lambda node;

(iii) new instances of subexpressions containing no free occurrences of the

formal parameter will be constructed when they could safely and
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beneficially be shared (wediscuss this point in more detail in Chapter
15).

A moreefficient alternative to this is compilation, whereby weassociate
with each lambda bodya fixed sequenceofinstructions whichwill construct an

instance of the lambda body. Then the operation of instantiating a lambda
body would consist simply of obeying the sequenceofinstructions associated
with the lambda body.

This instruction sequence canbe constructedin advance by a compiler, and
containsimplicitly the knowledge aboutthe shape of the body and where the
formal parameter occurs. Hence we would expect the compiled code to run

much faster than the Instantiate method, for just the same reasons that

compiled code runsfaster than interpreted code in conventional languages. In
effect, all the tests in Instantiate are made in advance by the compiler.

Furthermore,it turns out that compilation opens up many new avenues for
optimization, which offer considerable furtherefficiency increases.

Unfortunately, notall lambda abstractions are amenable to compilation in

this way. Consider, for example, the lambda abstraction

Ax.(Ay.— y x)

When weapply the dx abstraction to an argument, 3 say, weinstantiate its

body, thus creating a brand new lambda abstraction (ay.— y 3).

Furthermore, each application of the Ax abstraction to a different argument

will create a new anddifferent Ay abstraction, thus making a nonsenseof our

hope to compile a single fixed code sequence for each lambdaabstraction.

The problemis that x occurs free in the body ofthe ay abstraction, so that

wehave to makea newinstanceofthe Ay abstraction wheneverx is bound toa

new value by an application of the Ax abstraction. In the case of lambda

abstractions which have no free variables there is no problem, and we can
compile a code sequenceforit as outlined above.
One way around this problem would be to allow the code sequence to

accessthe values ofthe free variables in some way, thus parameterizing the
code sequenceon the values ofthe free variables. This approachleads us to

the SECD machine [Landin, 1964; Henderson, 1980], in which the code

sequence for a lambda abstraction has access to an environment which
contains values for each of the free variables, thus allowing a single code

sequence for each lambdaabstraction. It is also the route followed byall

block-structured languages,in which the valuesoffree variables are found by
looking in the appropriate stack frame.

In this book, however, we will study a totally different approach, called
supercombinator graph reduction, which doesnot require the addition of an
environment to our modelof graph reduction. The ideais to sransform the
program into an equivalent one in which all the lambda abstractions are
amenable to compilation. This transformation algorithm, which is called
lambda-lifting, is of considerableinterest in its own right, and we devote the
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rest of this chapter andthe nextto it. After this, we spend a chapterdiscussing

an important optimization to lambda-lifting, called full laziness, and Chapter

16 then digresses to describe an important alternative transformation, into SK

combinators.Finally, the bulk of the third part of thebook (Chapters 18-21)

is spentin an extended discussion ofhow to compile the transformed program
into a linear instruction sequence,andthe optimizations whichthis opens up.

13.2 Solving the Problem of Free Variables

In this section we outline our strategy for dealing with the problem of free
variables. We doso by using a modified form ofB-reduction,in which we may

effectively perform several B-reductionsat once.
Consider our current example

AX. Ay. Y X

Supposeweapplied it to two arguments, thus:

(Ax.Ay.— y x) 3 4

The lambdareducerdescribed in Chapter 12 would proceedlike this:

(Ax.Ay.- y x) 3 4

— (ay.- y 3) 4

—> — 43

There is no reason, however, why we should not perform the Ax and Ay

reductionssimultaneously, thus:

(Ax.Ay.—- y x) 3 4

> — 43

This ‘multi-argument’ reduction entails constructing an instance of the body

(- y x) whilst substituting 3 for free occurrences of x, and 4 for free

occurrences ofy. The following observationsare crucial:

(i) Muchis gained by performing the reductions simultaneously. Firstly,

doing so builds less intermediate structure in the heap, since the inter-

mediate result of the Ax reduction is never constructed. Second (and

more important), no problemsare presented by the free occurrenceofx

in the Ay abstraction.
(ii) Nothingis lost by performing the x and Ay reductions simultaneously.

Theresult of performingthe Ax reduction alone is a Ay abstraction, and

(assuming that we perform normal order reduction until WHNFis

reached) nofurtherwork can be doneon the Ay abstraction untilit is given
another argument.
Hence we mayas well wait until both arguments are present and then

perform both reductions at once. This applies evenif the application of the

dx abstraction to a single argumentis shared.
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13.2.1 Supercombinators

What sort of lambda abstractions are amenableto this sort of multi-argument
reduction? Simply lambda abstractions of the form (Ax1.AX2. . .AXn. E). This
motivates a new definition:

 

DEFINITION

A supercombinator,$S,ofarity nis a lambda expression of the form

AX1.AK2...AXn.E

whereE is not a lambdaabstraction(this just ensures thatall

the

‘leadii the ‘lead
lambdas’ are accounted for by x;

.

. -Xn) such that “ue

(i) $Shas nofree variables,
(ii) any lambdaabstraction in E is a supercombinator,
(iii) n = 0; that is, there need be no lambdas atall.

A supercombinatorredex consists of the application of a supercombinator
ton arguments, wherenisits arity. A supercombinator reduction replaces
a supercombinatorredex by an instance of the supercombinator body with
the arguments substituted for free occurrences of the corresponding
formal parameter.   

For example,

3

(+ 2 5)

AX Xx

Ax.+ x1

AX. + XX

AX. Ay. y x

AFA (Ax. + x x)

are all supercombinators,while the following are not:

AX.Y (y occursfree)
’Ay.- yx (x occursfree)
AF.£ (Ax.f x 2) (innerAx abstractionis not a supercombinator,since f

occursfree)

13.2.1.1 Supercombinators ofnon-zero arity
Supercombinators of non-zeroarity (that is, havingat least one \ at the front)
are important because theywill be our unit ofcompilation. Since they have no
free variables (clause (i)) we can compile a fixed code sequence for them.
Furthermore, clause(ii) ensures that any lambda abstractionsin the body
have no free variables, and hencedo not need to be copied wheninstantiating
the supercombinator body.
Such a supercombinatoris somewhat analogousto a Pascal function which
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takes several (value) parameters, which doesnotrefer to any globalvariables,
and which hasnoside-effects.

13.2.1.2 Supercombinators ofarity zero and CAFs
A supercombinatorofarity zero (that is, having no Asat the front) is just a
constant expression (rememberthatit has no free variables). These super-
combinators are often called constant applicative forms or CAFs. For
example, °

3
+45
+3

are all CAFs. The last example makes the point that CAFscanstill be
functions.

Since a CAF has noAsat the front, they are never instantiated. Hence, no
code need be compiledforit, since a single instanceofits graph can freely be
shared.

13.2.1.3 Combinators
A ‘supercombinator’ soundslike a specialsort of ‘combinator’ andindeed this
is the case:

 

DEFINITION

A combinatoris a lambda expression which contains no occurrences of a
free variable [Barendregt, 1984].

  
 

A combinatoris a ‘pure’ function in the sense that the value of a combinator
applied to some arguments dependsonly on the values of the arguments, and
not on any free variables. The term ‘combinator’ has a long pedigree [Curry
and Feys, 1958].

Thus some lambdaexpressions are combinators, and some combinators are
supercombinators.

13.2.2 A Supercombinator-based Compilation Strategy

If only all the lambda abstractions in our program were supercombinators!
Then it would be easy to compile them all, for the reasons mentioned in the
last section. Real programs, of course, have many lambdaabstractions which
are not supercombinators,butit turns outto be relatively straightforward to
transform the program so thatit contains only supercombinators.This will be
our strategy, and we embark onthe transformationin Section 13.3.
For the sakeofclarity wewill often give names to supercombinators. These

namesare entirely arbitrary, since the lambdaabstractions are anonymous,  
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and wewill normally begin them with a

$

to istincti
could $

t
o

make themdistinctive. Thus we

$XY = Ax. dy. — y x

put to emphasize their special status further we will write the definition likeis:

$XY xy = —y x

(i) a set of supercombinator definitions, plus
(ii) an expression to be evaluated,
To emphasize the inseparability of these two

mp
components we use a box, jwedid in the case of Miranda Programs(Section 3.3), thus: menes

 

Supercombinatordefinitions

   

Expressionto be evaluated   
For example, we could represent the expression

(Ax. Ay. — yx) 34
,

as

 

$XY xy = — yx

 

SXY 3 4 
  

A crucial pointin the definition of a supercombinator given aboveis that asupercombinator reduction only takes place when all the ar.present. For example,
sumenss are

($XY 3)

's not a supercombinatorredex, and will not be reduced.regard the supercombinatordefinitions as a set of rewrite Midian reductionconsistsof rewriting an expression which matchestheleft-hand side of a rulewith an instance of the corresponding right-hand side. Such systemsare calledferm rewrite systems and have been much Studied in their own right[O’Donnell, 1977; Klop, 1980; Hoffman and O’Donnell, 1982]. 5
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13.3 Transforming LambdaAbstractions into Supercombinators

To summarize our progress so far, we have seen thatcertain sorts of lambda

abstractions, the supercombinators, are particularly easy to compile. Our

implementation effort now breaksinto two parts:

(i) a translation algorithm which transformsall the lambda abstractions in

the program into supercombinators;
(ii) an implementation of supercombinator reduction.

First of all we consider how to transform lambda abstractions into super-

combinators. Here is an example program (in which neither lambda

abstraction is a supercombinator):

 

 

(ax.(ay.+ y x) x) 4    
Considerfirst the innermost lambda abstraction (Ay.+ y x).

It has a free variable,x, so it is not a supercombinator. However, a simple

transformationwill makeit into one:

makeeach free variable into an extra parameter (we sometimescall this

abstracting the free variable).

Thus we would transform

(Ay.+ y x)

to

(Ax.Ay.+ y xX) X

(This operationis simply B-abstraction.) To see that these two expressionsare

equivalent, just perform a B-reduction on the secondtogetthefirst. To make

it slightly clearer we could perform an @-conversion on the Ax abstraction to

give

(Aw. Ay.+ y w) x

Thisclarifies the distinction between the twoxswhich occurredin the previous

version. Now the lambdaabstraction (Aw.Ay.+ y w) is a supercombinator!

Performing this transformationon ouroriginal program gives
 

 

(Ax. (AW. Ay. y w) x x) 4
 

Next we give the supercombinatora name,$Ysay,like this

 

$Y wy=+yw
   (Ax.$Y x x) 4
 

_ It is easy to see that we sufferan increasein the size

 

Section 13.3 Transforming lambda abstractions 227

Now Wwesee that the Ax abstraction also fulfills the conditions forsupercombinatorhood,andwegive it the name $X, thus

 

SY wy=+yw
$X x = $Y x x
 

 $X 4
  

We can now execute our
reductions:

$X 4

—> $Y 44

> +44

— 8

program by performing supercombinator

To review the algorithm so far:

UNTIL there are no more lambdaabstractions:

(1) Choose any lambda abstraction which h ia
abstractionsin its body. > no inner lambda

(2) Take out all its free variables as extra parameters.
(3) Give an arbitrary nameto the lambda abstraction (e.g. $X34).
(4) Replace the occurrence of the lambda abstraction by the name
6) applied to the free variables.

Compile the lambda abstraction and associa ite thcompiled erate © name with the

END

of the program duringthistransformation,butit is a price we pay willingly in exchange for the easier
reduction rules.
Whenwehave completed the algorithm wearrive at a program ofthe form
 

- Supercombinatordefinitions .
 

E   
; But whatabout theexpression E? It must havenofree variables,sinceit is
the top-level expression to be evaluated, so we can makeit into a zero-Parameter supercombinator (a CAF) thus

 

-

-

- Supercombinatordefinitions . .
$Prog = E
 

  $Prog
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thus completingthe transformationofthe program into supercombinators.
So far we have not made anyexplicit mentionof recursion. This topic is so

important that we devote the whole ofthe next chaptertoit.

Following Johnsson [1985], we call the transformation from lambda
expressions to supercombinators ‘lambda-lifting’ since all the lambda
abstractions arelifted to the toplevel.

13.3.1 Eliminating Redundant Parameters

In this section and the next wewill consider two simple optimizationsto the
lambda-lifting algorithm. Consider the expression

AK.AY.— y xX

It is actually a supercombinatoras it stands, but suppose weblindly applied

ouralgorithm as described above. First we choose the Ay abstraction, noting
that x is free, and transform it to

 

$Y xy=-yx
 

  AX. SY x
 

(Here we havechosento use x instead ofw as the nameof the extra parameter
to the $Y supercombinator. This choice is arbitrary, but we will normally

choose the same nameas the free variable being abstracted.) Now dealing
with the Ax abstraction, we get

 

$Y xy=-yxX
$X x = $Y x
 

$X   
It is clear that we can simplify the definition of $X to

$X = $Y

(This is just 7-reduction, of course.) Having donethis we see that $Xitself is
redundant, and $X can be replaced whereverit occursby $Y, giving

 

$Y xy=—yx
 

SY   
So there are two optimizationsto consider:

(i) Remove redundant parameters from definitions by n-reduction.
(ii) Where this produces redundantdefinitions, eliminate them.  
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Theseoptimizations togetherexploit supercombinators that appear naturally
in the original program, and sometimescatch other 7-reductionsas well.

Caveat: it turns out that, for more sophisticated implementations,
performing such 7-reductionsis actually undesirable, unless they succeed in
eliminating a definition, which is always desirable. For a full explanation of
this point, see Section 20.3.4.

13.3.2 Parameter Ordering

Whenwetakeoutseveralfree variables from a lambda abstraction as extra
parameters the order in which we put them seems rather arbitrary. For
example, consider the program

 

 

(...

(AX.AZ.+ y (* x z))

+)   
wherethe ‘...’ stands for some expression enclosing the Ax abstraction.It
could be transformed to

 

$Sxyz=+y (* xz

(.
 

- Ox.$8 x y)

 

or alternatively it could be transformed to

 

$S yxz=+y (* xz)

(...
(Ax.$S y x)
a)

Both x andy arefree, and it does not seem to matter which orderwe take them
out in. However,let us take the second possibility one stage further,bylifting
the Ax abstraction:

   
 

 

$S yxz=+y (* xz)
$T yx =$Syx

(...

($T y)
-.)   

Now wecan removethe redundant parameters from the definition of$T, and
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eliminate the definition of $T altogether (since it is the same as $S). This
would nothave been possible had weputthe extra parameters x and y for$Sin
the other order. Hence weshould orderthefree variables, with those bound at
innerlevels cominglast in the parameterlist of the supercombinator.
This suggests that we could associate a lexical level-number with each

lambda abstraction,so thatthe lexical level-numberofa lambda abstractionis
defined to be one more than the number of textually enclosing lambdas(the
experienced readerwill recognize these level-numbers as de Bruijn numbers
[de Bruijn, 1972]). For example, consider

(Ax.Ay.+ x (* y y))

The dx abstractionis at level 1, while the ay abstractionis at level 2 (sinceit is
enclosed by a Ax abstraction).

Thelexical level of a variable is now definedto be the lexical level of the
lambdaabstraction whichbinds it. If the level of x is less than y wesay thatx is
freer thany,sinceit is bound further out.

Constants(including built-in functions such as +, and previously generated
supercombinators) can be regarded as being bound atthe top level, and so
should beat level 0. Thereis, of course, no need to abstractout constants as
extra parameters during lambda-lifting.
To summarize:

(i) The level-numberof a lambda abstraction is one more than the number
of lambdaabstractions whichtextually encloseit. If there is none, then
its level-numberis 1.

(ii) The level-number of a variable is the level-number of the lambda
abstraction which bindsit.

(iii) The level-numberof a constantis 0.

It is simple to determine thelexical levels of all variables in a single
tree-walk overthe expression. On the way downthetreethe level-numbersof
the lambdas are recorded in a sort of environment, while on the way up the
level of each variable is computed,using the environment.
Now to maximize the chances of being able to apply n-reduction we can

simply sort the extra parametersin increasing orderoflexicallevel.

13.4 Implementing a Supercombinator Program

All the preceding work has shown howto compile our program into

a

set of
supercombinator definitions. What happens now? We have spokenof the
supercombinators being compiled in some way,butin fact there is a spectrum
of possible implementations:

(i) We could keepthe bodyofthe supercombinatoras a tree, and instantiate
it using a function similar to Instantiate. This is the supercombinator
equivalent of the lambda reducer in the last chapter, and all the  
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mechanisms described in the
the next redex, how to perform a reduction, indirection nodes,the stack

. Wecall this the template-instantiation im lementati(ii) We could keepthe bodyof the supercombinater asa tree but held inacontiguous block of store. Now the instantiation can be done with amodified block move, which can be implemented much more efficient]thana tree-walkinginstantiation. This ideais used by Keller {1985}. It ispossible because Supercombinators are constructed once and for all at_... compile-time, rather than being generated on the fly at run-time.(iii) We couldcompilethe bodytoa linear Sequenceofinstructions which willcreate an instance when executed. Thisis the idea behind the G-machine[Johnsson, 1984], which wediscuss in Chapters 18-21. This is fasterstil]and also opens the way to manyfurther optimizations, as weshall see.The fundamental Pointis that all we can do with a supercomit, and hence Weare free to choose a representation for thethat makesthis operationefficient.

binatoris to apply
supercombinator
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Fourteen

RECURSIVE
SUPERCOMBINATORS

So far we have made no explicit mention of how our lambda-lifter should

handle recursive definitions. One wayto doso is to translate all our recursive

definitions into non-recursive ones, using the fixpoint combinator Y, as

described in Chapter2. Thisis inefficient and slow for the following reasons:

(i) There is no reason why the supercombinators should not be explicitly

recursive since, unlike lambda abstractions, they have namesso they can

refer to themselves. For example

$F x = $G ($F (- x 1)) 0

(ii) To make $F non-recursive using Y would require an auxiliary definition,
thus:

$F = Y $F1
$F1 F x = $G (F (— x 1)) 0

Defining $F in this way will require more reductions than the explicitly

recursive version, since the Y has to be reduced.

(iii) In Chapter6 thetranslation into the ordinary lambda calculusofa letrec
involving mutual recursion was handledbyfirst grouping the definitions
into a tuple, and then makingthis definition non-recursive with Y. Not

onlyis it annoying to haveto introduce tuples to handle mutualrecursion

of functions, but it is also very inefficient since the tuple has to be
constructed and then taken apart.

Weconclude that explicitly recursive definitions of supercombinators will

give a better performance. We nowdescribe the techniques required to obtain
a set of mutually recursive supercombinatordefinitions withoutusing Y.
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14.1 Notation

peewantemrecursion directly, we do not wantit to be compiled intoS of the

Y

combinator. Hence we assu i
¢ Y . me that the high-levelvanctional program Isinsteadtranslated into the lambdanotation augmented" the simplelet andietrec constructs, as was described in Chapter 3N passing we observethatthe notation

 

$S1 x y = B1
$S2 f = B2
etc.

 

E   
is precisely equivalent to

letrec

$S1 = Ax. dAy.B1
$S2 = Af.B2
etc.

in

E

so that the lambda-liftin; ig Process can be regarded as a
transformation of the enriched lambda caleulus source 0 Source

14.2 Lets and letrecs in Supercombinator Bodies

Suppose we wanted to write a textual description for the graph
 

   
Whilst expressionssuchas (f ( i

: 9 a) b) can describetrees, they cannotthe sharing and cycles embodiedin the above graph. One solution wouldbetoname the nodes (a, b and :
eraph thus: ( and c, say, working top to bottom) and express the

a=cb

b=c3

c=fb

Wewould also want to identify a as being the rootofthe graph. But we have
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just reinventedtheletrec! The graph can bedescribed bythe letrec expression

letrec a = cb

b=c3

c=fb

ina

This gives us the idea that letrec expressions can be regarded as textual
descriptions ofa cyclicgraph. Hencea letrec in a supercombinator body can be
regarded as the description of a graphical portion of the supercombinator
body.

Up to now wehave considered a supercombinator bodyto be a tree, and
applying the supercombinator involves constructing a new instance of the
tree. Now weseethatallowingletrecs in a supercombinator body allows the
body to be a graph, and applying such a supercombinator involves con-
structing a newinstanceofthis graph. Wesay that such a supercombinatorhas
a graphical body.

For example, consider the following supercombinatordefinition:

SY f = letrec yf = f yf
in yf

This is a definition of the cyclic version of the familiar Y combinator, whose

body is a graph. When$Y is applied, we make an instance of the graph,

substituting for occurrences of the formal parameter, f. During the
instantiation we mustbe careful to preservethe cyclesofthe original graph.
A compiling implementation would compile code which would, when

executed, construct the graph with the appropriate substitutions made. The
wayin whichthis is doneis described in Chapter18.

In a similar way we can allow supercombinator bodies to contain let-
expressions, regarding them as descriptions of (acyclic) graphs. This will
actually save us reductions, because we can nowdescribe directly expressions
such as

let x =3inE

where we would previously havetranslated this to

(ax.E) 3

which requires a reductionto explicate.

To summarize, we see that

(i) it is quite easy to extend supercombinators to allow them to have bodies
which are general graphs, rather than beingrestrictedto trees; -

(ii) graphical supercombinator bodies can easily be described usinga letrec
(ora let in the case ofacyclic bodies);

(iii) to instantiate a letrec (or let), we simply construct the graph described by
theletrec (orlet);

(iv) using graphical bodies can save us reductions.

 
 

Section 14.3 Lambda-lifting in the presenceofletrecs 235

We now discuss how to transform recursive programsinto supercombinatorswith graphical bodies.

14.3 Lambda-lifting in the Presence of letrecs

Our lambda-lifting algorithm will work as before, lifting the lambdaabstractionsto the top level. No special note need be taken of letrecs; they canbe treated just like any other expression. In particular, lambda-lifting stillapplies only to lambda abstractions, not to letrecs as well. Some lambdaabstractions will have letrecs in their bodies, which will give rise to super-combinators with graphicalbodies.
The question arises, however, of whatlexical level-numberto assign tovariables boundina letrec.
The variables boundin

a

letrec will be instantiated when the immediately(textually) enclosing lambda abstraction is applied to an argument,sincethat. is when weconstruct the instance ofthe letrec, substituting for all the freevariables. Hencethe variables bound in a letrec should be given the lexicallevel-numberof the immediately enclosing lambda abstraction.
Whatif there is no enclosing lambdaabstraction? In this case the naturallevel-numberfor such variables should be 0. Butthis gives us a hint, since 0 isthe level-number we assign to constants and supercombinators. If there is noenclosing lambda abstraction, then the definition bodiesofthe letrec can haveno free variables (otherthan the variables definedin theletrec); in other wordsthey are combinators.Allthat is needed to turn them into supercombinatorsIs to lambda-lift them to remove any inner lambdas. Notice that the variablesboundin suchlevel0 letrecs will not be taken outas free variables becauseconstants(level 0) are nottaken out.

i Suppose we have to lambda-lift this program, which computestheinfiniteist of 1s.

 

 

letrec x = CONS 1 x
in x   

The letrec is at level 0, and there are no lambda abstractions, so x is asupercombinatoralready,and we get

 

$x = CONS 1 $x

 

$x   
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As an example of a recursive function, consider the factorial function:

 

 

letrec fac = An.IF (= n 0) 1 (* n (fac (— n 1)))
in fac 4   

Theletrec is at level 0, and there are no lambdaabstractionsinside the body of
the An abstraction. Hence,fac is already a supercombinatorand weget

 

 

$fac n = IF (= n QO) 1 (* n ($fac (— n 1)))
$Prog = $fac 4

$Prog   

14.4 Generating Supercombinators with Graphical Bodies

So far none of our supercombinators has had a graphical body. This occurs

whena letrec has somefree variables. Consider, for.example, the program

 

 

let

Inf = Av.(letrec vs = CONS vs in vs)

in
Inf 4   

(Inf v) returnstheinfinite list ofvs. Again,Inf is at level 0 and contains no inner

lambdaabstractions,soit is already a supercombinator,and weget

 

 

$Inf v = letrec vs = CONSv vsin vs

. $Prog = $inf 4

$Prog   
 

Notice that the graphical body of the supercombinator preservesthe(finite)
cyclic representation ofthe (infinite) data structure.

14.5 An Example

Weshall now work through an example to show the lambda-lifting algorithm

in action. Hereis a Miranda program to sum thefirst 100 integers.It is written  
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ina slightly odd style in order to demonstrate various aspectsofthe algorithm:

 

  

sumints m = sum (count 1)
where

count n = [], n>m
= NM: count (n+1)

sum [] =0
sum (n:ns) = n + sum ns

sumints 100

 

Translatingthis into the enriched lambda calculus gives

 

 
letrec

sumints

= Am.letrec

count = An.IF (> n m)
NIL

in (CONS n (count (+ n 1)))

sum (count 1)

in sum = Ans.IF (= ns NIL) 0 (+ (HEAD ns) (sum (TAIL ns))) sumints 100   
(Note: this is not exactly the translation thatwill be produced bythe pattern-matching compiler described in Chapter5, butit is a correct translation, andwill suffice for present purposes.) The variables sumints and sum are defined atlevel 0, but sumints has an inner lambdaabstraction. This An abstraction hasthe free variables m and count. Welift them out to generate a super-combinator, which we arbitrarily name$count, thus

 

$count count m n = {IF (> n m) NIL (CONS n (count (+ n 1)))
 

letrec

sumints

= Am.letrec

_ Count = $count count m
in

sum (count 1)

sum = Ans.!F (= ns NIL) O (+ (HEAD ns) (sum (TAIL ns)))

sumints 100

in   
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Nowsumints and sum have noinnerabstractions, and they are at the top
level, so they are supercombinators. Lifting them directly, and adding the
final $Prog supercombinator,gives

 

$count count mn = IF (> n m) NIL (CONS n (count (+ n 1)))
$sum ns = IF (= ns NIL) O (+ (HEAD ns) ($sum (TAIL ns)))
$sumints m = letrec count = $count count m

in $sum (count 1)
$Prog = $sumints 100

   $Prog
 

Weare done.

14.6 Alternative Approaches

The technique described earlieris not the only way of lambda-lifting recursive
functions. For example, Johnsson [1985] describes an algorithm which
constructs graphical supercombinator bodies for data structures, but not for
functions.

Briefly, his technique workslike this. Suppose we have a program with a
recursive function f containinga free variablev:

 

 

(...

letrec f = Ax.(...f...v...)
in (...f...)

.+)   
 

Wegenerate a recursive supercombinator$f from f by abstracting the free
variables (just v in this case) but not f itself. Instead,all uses of f are replaced
with ($f v), including those in the bodyof$fitself. This yields

 

$f vx = ...(6f v)...ve..
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To illustrate the method wewill recompile the sumints example givenearlier. Recall that we begin with the program

  

 
letrec

sumints

= Am.letrec

count = An.IF (> n m)
NIL
(CONS n (count (+ n 1)))

in

sum (count 1)

sum = Ans.IF (= ns NIL) 0 (+ (HEAD ns) (sum (TAIL ns)))

sumints 100

in 
  
First we lambda-lift the An abstraction, abstracting outthe free variable m,butnot count. Instead, we replaceall calls to count with ($count m), which gives
 

$count mn = IF (> n m) NiL (CONS n ($count m (+ n 1)))

letrec

sumInts

= Am.sum ($count m 1)
sum = Ans.IF (= ns NIL) 0 (+ (HEAD ns) (sum (TAIL ns)))in

sumints 100 
  

There weretwo calls to count, onein the body of the an abstraction and oneinthe definition of sumints, both ofwhich were teplaced with ($count m). Noticethat this substitution could equally well be carried out usinga let-definition tobind count to ($count m).
Now sumints and sum are supercombinators,so welift them out to give

 
$count mn = IF (> nm) NIL (CONS n ($count m (+ n 1)))$sum ns = IF (= ns NIL) 0 (+ (HEADns) ($sum (TAIL ns)))$sumints m = sum ($count m 1)
$Prog = $sumints 100

$Prog   
Notice that (unlike our previous method) no supercombinatorhas a graphicalbody;all the recursionis handled bydirect recursion of supercombinators.However, it turns out that cyclic data Structures have to be treated in adifferent way, and do require supercombinators with graphical bodies.
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The new method has one major advantage. In our previous approach the
recursive call to count in the $count supercombinator was madeto a function

passed in as a parameter(called count). In contrast, the new method makes
the recursivecall directly to the supercombinator $count. This meansthat the
compiler can see which function is being called, and this information can
makethe compiled code considerably moreefficient (see Chapter 20).

On the other hand, the $count supercombinator generated by the new

methodis larger than that generated by the previous method. It contains an

extra application node ($count m), and a newinstanceofthis application node
will be constructed on every application of $count, which will consume more
store.

In the case of mutually recursive functions, it turns out that each function
needsto be passedthe free variablesofall the other functionsin the mutually
recursive set, as well as its own. This involves doing the sort of dependency
analysis described in Section 6.2.8. Furthermore, as mentioned above, data

structures and functions mustbe treatedin different ways by the new method,

which makes the compiler more complicated.
The trade-off between the two techniquesis not yet clear.

14.7 Compile-time Simplifications

Once lambda-lifting has been completed there are some simple optimizations

that further improve the lambda-lifted program. These take the form of

compile-time simplifications of the program.

14.7.1 Compile-time Reductions

It may be advantageous to perform certain reductions at compile-time. For
example, consider the definitions

$F x y = + ($G y) x
$G p=*pp

The ($G y) in the body of $F is a redex which will be created every time $Fis

applied. We could, however, reduce it at compile-time, giving

$F xy = + (* yy) x

thus performing the $G reduction once and for all at compile-time. This

processis directly analogous to expanding out the code for a procedurecall

in-line, a common optimization in conventional compilers. In order to
preserve sharing we should replace the redex with a let-expression:

$GE — letp=Ein+tpp

Sometimes we can evaluate subexpressions completely, as in the definition

$H x = + x (* 3 4)
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where wecan safely evaluate the (* 3 4) once and forall at compile-timeThisis called constantfolding in conventional compiler technology.
The question of exactly which redexesto reduceis not completely straight-forward, especially in the case of recursive functions, because indiscriminateuseof the technique may cause the codesize to increase significantly. Thedecisionis notclear-cut, becauseit dependsontherelative priorities of speedand code size. Hudak and Kranz [1984] give an interesting discussion of aParticularly thorough-going use of compile-time reduction.

14.7.2 Common Subexpression Elimination

Sometimes(forclarity) the programmer may write an expression such as
* ($F x) (SF x)

Rather than compute ($F x) twice, we can replace the expression with
let fx = $F x in * fx fx

Identifying common subexpressions may be done by a hashing algorithmwhich checksto seeif an expression already exists before building a new one.
This simplification seems always to be beneficial, but see Chapter 23 for a
warning about some possible drawbacks.

14.7.3 Eliminating Redundantlets

Sometimeslets of the form

letx =yin E

arise, in whichthe right-handside of the definition is a single variable. Thesecan safely be eliminated by replacing occurrences of x by yinE.
It is also quite commonto encounter codein which a variable defined in

a

letis used only oncein its scope. For example,consider the supercombinator
$sumSq x y = let xsq = * x x

_ ysq =
in

+ xSq ysq

In this case we may as well substitute the right-handside ofthe definition forthe (single) occurrenceofthe variable, giving

$sumSq x y = + (* x x) (* y y)
This is simpler and,it turns out, slightly moreefficient. It may be achievedsimply by accumulating information on the number of textually distinctOccurrencesofeach variable in the bodyofa let.
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Fifteen

FULLY LAZY LAMBDA-LIFTING

Aswediscussed in Chapter 11 our implementations supportlazy evaluation.
However, there is one major way in which an implementation based on
lambda-lifting can be madestill lazier than the version we have described so
far. The purpose of this chapter is to describe the Opportunity and the
modifications required to exploitit.

15.1 Full Laziness

As we remarkedin Section 12.1.3, a straightforward implementation of the
template-instantiation procedure risks constructing multiple instances of the
same expression,rather than sharinga single copy of them. This wastes space
because each instance occupies separate storage, and it wastes time because
the instances will be reduced separately. This waste can bearbitrarily large;
for example, the duplicated instances might each separately perform some
large calculation.
The loss of sharing can best be seen using an example. Consider the

function

f = dAy.+ y (sqrt 4)

Wheneverthis function is applied to an argumentwewill slavishly construct a
newinstance ofthe subexpression(sqrt 4)in its body, despite the fact thatall
instancesofthe (sqrt 4) reduce to 2. It would be better not to construct a new
instance of such constant subexpressions, but to share a Single instance
instead. This can do no harm, since the constant subexpression does not
contain any occurrencesof the formal parameter, and henceits value cannot
change betweenone application and another.

243
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It looksasif these constant subexpressions could be spotted-and marked by.

a compiler, but they can be generated ‘on the fly’. Consider the Miranda
program

 

f=g94

gxy=y + (sqrt x)
 

(fF 1) + (f 2)   
This compiles to the lambda expression:

 

 

g = Ax.Ay.+ y (sqrt x)

) (2)   
Therefore, when evaluating the expression, we get

+ (f 1) (f 2)

— FH ng?)

 B ((Ax.Ay.+ y (sqrt x)) 4)

> renga

y (ay.+ y (sqrt 4))

> + f 1) (+ 2 (sqrt 4))

 hm (ay.+ y (sqrt 4))

=> an

 wm (Ay.+ y (sqrt 4))

+ (+ 1 (sqrt 4)) 4
+34
7b

i
d

The crucial point is that the (sqrt 4) is evaluated twice, because a fresh

instanceofit is made each timethe Ayis applied. The reasonforthisis thatit is
a dynamically created constant subexpression of the Ay abstraction.

Notsurprisingly, just the same problem occurs with supercombinators. Our
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example compiles to

 

$9 x y = + y (sqrt x)
$f = $9 4
$Prog = + ($f 1) ($f 2)
 

$Prog   
The reduction proceedsas follows:

$Prog

> + " 1) " 2)

 > ($9 4)

> + " 1) (+ 2 (sqrt 4))
 > ($9 4)

> ne

+ (+ 1 (sqrt 4)) 4
+34
7

> ($9 4)

b
i
d

Again weseethatthe (sqrt 4) has been evaluated twice.
To be as lazy as possible we would like to share even these dynamically

created constant expressions.Specifically, the effect we wantto achieveis that
every expressionis evaluated at mostonce after the variablesin it have been
bound. This is called full laziness. It corresponds closely to an optimization
sometimes performed by conventional compilers on loops, in which
expressions notinvolving the loop variable (i.e. free expressions) are moved
out ofthe loopso that they are not repeatedly evaluated.

15.2 Maximal Free Expressions

The problem wehavediscoveredis that laziness can be lost if we instantiate
too muchof the body of a lambdaabstraction.

Whichparts should notbeinstantiated? The parts of the body that should
not be instantiated are those subexpressions which contain no (free)
occurrences of the formal parameter, becauseif the formal parameter does
not occur then the value of the subexpression will be the same betweenall
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instances, and hence may be shared. To formalize this we need a new
definition.

 

DEFINITION

A subexpression E ofa lambda abstractionL isfree in

L

ifall variables in E
are free in L. A maximalfree expression or MFE ofLis a free expression
whichis not a proper subexpression of anotherfree expression of L. (Eisa
proper subexpression of F if and only if € is a subexpression of F and
E + F.)   
 

Examples ;
In the following lambda abstractions the maximalfree expressions of the ax
abstractionsare underlined.

(1) (Ax. sqrt x)
(2) (Ax.x (sqrt_4))

(3) (ay.Ax.= x (# y y))
(4) (ay.ax.+ (* y y) x)
(5) (Ax.(Ax.x) x) (here the (Ax.x) is free despite the nameclash)

To achievefull laziness, therefore, when performing a B-reduction we must
not instantiate the maximal free expressions of the lambda abstraction.
Insteadofinstantiating them we mustsubstitute a pointerto the single shared
instance in the body of the lambda abstraction. This key idea was first
recognized by Wadsworth[1971]. Toillustrate, recall our example from the
previous section

 

 

letrec f= 9g 4
g = Ax.Ay.+ y (sqrt x)

in + (f 1) (f 2)   
 

The reduction sequence beginsin the same way

+ (f 1) (f 2)

—> + ( 1) (» 2)

LI((Ax.Ay.+ y (sqrt x)) 4)
—> + (9 1) (¢ 2)

i(y.+ y (sqrt 4))

But nowweseethat(sqrt 4)is free in the Ay abstraction, and hence should no
be instantiated whenthe abstraction is applied. Thus we get

 

> tqneed
 > (ry.+ y (sqrt 4))
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The instance contains a pointer back to the (sqrt 4) in the body of theabstraction.
 

> + ( (+28

 

 

 

—m (Ay.+ y 2)
> +(e 1) 4

L. —™ (ay.+ y 2)

> +(+104 |

2
> +34
—> 7

Nowthe(sqrt 4) is only evaluated once, as we had hoped.

15.3 Lambda-lifting using Maximal Free Expressions

In order to achieve full laziness in the lambda reducer of Chapter 12 weappear to needto identify maximal free expressions dynamically. As we notedthere,this is rather difficult to do efficiently
Fortunately,it turns out that we can modify the lambda-lifting algorithm sothat a straightforward implementation of the resulting supercombinatorprogram is automatically fully lazy. The algorithm was invented by Hughes[1984].

15.3.1 Modifying the Lambda-lifting Algorithm
The modification we need is to abstract the maximalfree expressions, ratherthan free variables, when lambda-lifting a lambdaabstraction.

In our running example, the function g has the lambdaabstraction
AX.AY.+ y (sqrt x)

Whendoing lambda-lifting on the ry abstraction, we abstracted x out as anextra parameter,sinceit occurs free. Instead we should abstractoutthe entire(free) subexpression (sqrt x) as an extra parameter, thus generating thesupercombinator

$91 sqrix y = + y sqrix

The name‘sqrt’ is an arbitrary name invented for the extra parameter. Wereplace the Ay abstraction with the Supercombinator $g1 applied to thesubexpression, thus:

Ax. $g1 (sqrt x)
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Completing the compilation in the normal way gives

 

$gi sqrtx y = + y sqrtx
$g x = $g1 (sqrt x)
Sf = $9 4
$Prog = + ($f 1) ($f 2)
 

" $Prog   
We get an extra supercombinator because we lose an opportunity for

7-reduction when wetake out (sqrt x) as an extra parameterrather than x.
However, in compensation, the execution will be fully lazy, because the uses
of (sqrt x) will be shared. Now we can follow the reduction sequence again:

$Prog

> + (9 1) " 2)

 > ($9 4)

> 4 1) 3)
 m ($g1 (sqrt 4))

= FONG?”

 —> ($g1 (sqrt 4))

+ aas )
 

 

 

> ($g1 2)
—> + (91) 4

L > (a1 2)

> sibs | |

- 2
> +34

—> 7

The (sqrt 4) is shared, and hence only evaluated once.

So to preservefull laziness we should, during lambda-lifting,

abstract out the maximal free expressions (rather than only the free

variables) of a lambda abstraction as extra parameters.

This modification is sufficient to preserve full laziness. Wecall it fully lazy
lambda-lifting.

Oneslight optimization is that if a maximal free expression turns outto
havenofree variablesatall (so it is a CAF), then insteadof abstractingit out
as an extra parameter, it can simply be given a name and madeinto a
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supercombinator. The namecan then be usedinstead of the expression. This
is illustrated in the next section.

15.3.2 Fully Lazy Lambda-lifting in the Presenceofletrecs

Asin Chapter 14, our strategy needs to take accountofletrecs. Consider the
program

 

 

let

f = Ax.letrec fac = An.(...)
in + x (fac 1000)

in

 + (f 3) (f 4)
 

Thealgorithm of Chapter 14 will compileit to

 

Sfac fac n = (...)
$f x = letrec fac = $fac fac

in + x (fac 1000)
  + (Sf 3) (Sf 4)

  
Thefunctionfac is defined locally in the bodyof f, and hence (fac 1000) cannot
belifted outas a free expression from the bodyof f. Unfortunately, this means
that (fac 1000)will be recomputedeach time $f is applied, so we havelostfull
laziness.

Thesolutionis to recognize thatthe definition offac does not depend on x.Withthis in mindwecan‘float’ the letrec for fac outwards,giving this program
 

 

letrec

fac = An.(...)
in let

f = Ax.+ x (fac 1000)
in

+ (f 3) (f 4) 
 

Nowourfully lazy lambda-lifter will producea fully lazy program:
 

$fac n = (...)

$fac1000 = $fac 1000
$f x = + x $fac1000
$Prog = + ($f 3) (Sf 4)
 

$Prog   
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This example also illustrates the utility making a maximal constant

expression into a supercombinator ($faci000 in this case), rather than
abstracting it out as a parameter.

Ourstrategy now breaks into two phases:

(i) Float outletrec (andlet) definitionsas far as possible.
(ii) Perform fully lazy lambda-lifting.

Howfar outcana letrec definition be floated? The value of a variable bound in
a letrec will generally depend on the values of certain free variables. Wecall
the set of free variables on which a variable x depends,x’s free variableset.
Once we know»’sfree variable set we can float the definition of x outwards
until the next enclosing lambda abstraction binds one ofthe variables in the
free variable set.

This step has the additional benefit that definitions which have no free
variablesatall will be floated outto the top level, where they will be turned
into supercombinators directly.

15.4 A Larger Example

Weshall now work through a larger example to show the lambda-lifting

algorithm with full laziness modifications in action.
The example is the: function ‘ ‘fold’, being:used to add up the numbers

between 1 and 100.

 

sumints n = foldl (+) 0 (count 1 n)

count n m = [], n>m
count n m = n: count (n + 1) m

fold! op base [] base
fold! op base (x:xs) foidl op (op base x) xs
 

sumints 100   
Translating the example into the enriched lambdacalculus, weget
 

 

letrec

sumints = An.fold! + 0 (count 1 n)

count = An.Am.IF (> n m) NIL (CONS n (count (+ n 1) m))

foldl

= Aop.Abase.Axs.IF (= xs NIL)
base

(fold§ op (op base (HEAD xs)) (TAIL xs))
in sumints 100   
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(Note:as before,this is not exactly the translation that would be produced by
the pattern-matching compiler,butit suffices for present purposes.) Applying
the algorithmtofoldl, we choose the innermost lambda abstraction, (Axs.. .),
and look for maximal free expressions, which: are (fold! op), (op base) and
base. Wetakethese outas extra parameters, P, qand base respectively,giving

 

$R1 p q base xs = IF (= xs NIL) base (p (q (HEAD xs)) (TAIL xs))

letrec
sumints = An.fold! + 0 (count 1 n)

count = An.Am.IF (> n m) NIL (CONS n (count (+ n 1) m))
_ fold = Aop.Abase.$R1 (fold| op) (op base) base
in

sumints 100   
Now the innermost lambda abstraction is Abase, and its maximalfree

expressions are ($R1 (fold! op)) and op, which we will take out as r and op
respectively, giving

 

$R1 p q base xs = IF (= xs NIL) base (p (q (HEAD xs)) (TAIL xs))
$R2 r op base = r (op base) base
 

letrec

sumints = dn.fold! + 0 (count 1 n)

count = An.Am.IF (> n m) NIL (CONS n (count (+ n 1) m)

fold? = Aop.$R2 ($R1 (fold! op)) op
in

sumints 100   
Nowall the definitionsin the top-levelletrec are supercombinators, because

we have lifted out all the inner lambdas, so after lifting out any constant
expressionswecanlift them directly to get

 

$sumints n = $fold!PlusO ($count! n)
$foldiPlusO = $foldi + 0
$count! = $count 1
$count n m = IF (> nm) NIL (CONS n ($count (+ n 1) m))Sfold! op = $R2 ($R1 (Sfoldl op)) op
$Prog = $sumints 100

$R1 Pp q base xs = iF (= xs NIL) base HEAD AIL
$R2 r op base = r (op base) base (p (q ( xs)) (T. xs))

  $Prog   
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Notice that we cannot eliminate the op parameter of $foldi, since it is used
twice ontheright-handside.

15.5 Implementing Fully Lazy Lambda-lifting

Wenowturn ourattention to algorithms for achieving the transformations
required by fully lazy lambda-lifting.

15.5.1 Identifying the Maximal Free Expressions

Howcan we identify the maximal free expressions of a lambda abstraction?
Wecanuse the concept oflexical level-number introduced in Section 13.3.2,
and compute the lexical level of expressions as well as variables. Thelexical
level of an expression should be the maximum ofthe levels of the free
variables within it. Then when lambda-lifting a lambdaabstraction at level n,
we should take out as extra parameters any subexpressions within the body
whoselevelis less than n.

For example,in the base of the lambdaabstraction for g, whichis

Ax. Ay.+ y (sqrt x)

the Ax abstractionis at level 1 and the ay abstractionis at level 2. Hence the
various subexpressions have level-numbers as follows

+ level 0

(+ y) level 2

sqrt level 0

(sqrt x) level 1

(+ y (sqrt x)) level 2

To summarize:

(i) The level-numberofa constantis 0.
(ii) The level-numberofa variableis the textual nesting depth of the lambda

which bindsit.
(iii) The level-numberof an application (f x) is the maximum ofthe level-

numbers of f and x.

Given an expressionE,its native lambda abstraction is the enclosing lambda
abstraction whoselevel-numberis the same as that of E. Looking ‘outwards
from E?it is the first lambda abstraction which binds any variablein E.

All the maximal free expression information can be determined, and
lambda-lifting performed,in a single tree-walk over the expression:

(i) On the way downthe tree, the level-numberof each lambdaabstraction
is recorded.

(ii) On the way up,the level of each expression is computed, using thie
environment and the levels of its subexpressions. If it is applied to
another expression with the same level-number, then the two are
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merged, otherwise they are given new unique names (since they will be
maximal free expressionsofdistinct lambda abstractions). The merging
is the mechanism whereby free expressions are combined to form
maximalfree expressions.

(iii) When a lambdais encountered on the wayup,it is transformedinto a
supercombinator, and the lambda abstraction is replaced by the super-
combinator applied to the maximalfree expressions. The maximalfree
expressionsare those subexpressions with level-number less than that of
the lambdaabstraction,after the merginghas takenplace.

15.5.2 Lifting CAFs

The maximalconstantexpressions (level 0) needslightly different treatment.
It would be correctto take them outas extra parameters, but thereis an easierway. Wecan simply define a new supercombinatorof zero arguments to be
the constant expression, anduse the name ofthe supercombinatorinstead ofthe expression. Nobenefit is obtained, however, by doing this with constant
expressionsconsisting of a single constant (such as 3 or $F), so they can beleft
as they are.
For example, in the expression

AK. + 1x

the (+ 1) is a maximal free expression at level 0, and can be madeinto a
supercombinator$inc:

$inc = + 1

Nowthe expression becomes

Ax. $line x

In this case all that we achieve is the sharing of the (+ 1) graph for each
application of the lambdaabstraction,butif the constant expressionisitself aredex(like (+ 1 3), for example) then wealso save repeated evaluation of the
redex. There was an example of the utility of this in the $fac1000 super-
combinatorofSection 15.3.2. (Note: thereis actually a strong case to be made
for notlifting out a constant expression unlessit is in fact a redex — see Section
15.6.1.)

15.5.3 Ordering the Parameters

In Section 13.3.2 we put the parameters of a supercombinator in order of
increasing level-number, to maximize the opportunities for n-reduction. The
same ordering is useful for maximalfree expression parameters, for two
reasons.

Thefirst is the same as before. A maximal free expressionwill often be just



254 Chapter 15 Fully Lazy Lambda-lifting
 

a single free variable, and in this case, we should still like to have a chance of

7-reduction. .
The second reason concerns the size of the MFE. To maximize sharing

(whichis the object of the exercise) we should like to make our MFEsas large
as possible. ;

Suppose we have the lambdaabstraction

Ax.(...G...F...E...)

where E, F and G are MFEs ofthe ax abstraction, and

level of F < level of G < level of E

It would be best to define the supercombinator

$S fg ex = (...g...f...€...)

andreplace the abstraction with

$SFGE

because then ($S F G) will have a smaller level-numberthan E, and hencewill

be taken out of E’s native lambda abstraction as a single MFE. If we had
arranged the parameters in the reverse order, G and F would have had to be
taken out separately. ;

This will not affect the amount of computation involved (since ($S F G)
cannot be reducible), butit will mean that there is only one instance of the

($S F G) tree rather than one for each application of E’s native lambda

abstraction. Thus, correctly ordering the parameters should make the

maximalfree expressions /arger andfewer. oo,

The example in the Section 15.4 showed an example ofthis optimization in
action. We abstracted (fold! op), (op base) and base from the bodyofthe Axs

abstraction, calling them p, q and base respectively. Though we did not

mentionthis at the time, we putp first, since (foldl op)is freer than (op base)
and base. This subsequently enabled usto abstract ($R1 (fold! op)) from the

dbase abstraction.
Weconclude that ordering the parameters by increasing level-numberis

better in both these respects.

15.5.4 Floating Outthelets andletrecs

Werecall that to maintain full laziness we must‘float’ definitions given in lets

andletrecs outwards.In this section wediscuss the algorithm in more detail.

Since wewill float outall the definitionsin a letrec together, we assumethat

the dependency analysis described in Chapter6 has already been performed.
If it were not performed,then a definition might not be floated out as far as

possible, merely because it happened to be defined in the sameletrec as a

definition which could not be floated out so far. For the same reason we

assumethatlets contain only a single definition.
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In practice, the algorithm ofthis section could probably be combined with
the dependency analysis algorithm.

Howfar out should a tet(rec) be floated? We can compute the ‘correct’level-numberofits variables, by computing the level-numbers of theirdefinition bodies. This level-numberis correct in the sense thatit identifies the
innermost lambda abstraction on which the definition depends. Thelet(rec)should then be floated outuntil the nearest enclosing lambda abstraction has
this level-number.

Thisstill leaves some freedom in choosing exactly how far out a fet(rec) canbe floated. The algorithm which we describe below specifies that:

(i) The immediately enclosing lambda abstraction has the same level-
numberas thatof the variables bound in the let(rec).

(ii) Thelet(rec) does not appearin the function position ofan application.(iii) It should be floated outas little as possible subject to the constraints(i)
and(ii).

The secondconditionrejects expressionssuch as:

(let v = E in E) &

in favor of the following equivalentexpression, in which thelet is floated out
one morestage:

let v = E in (E; Es)

(and similarly for letrecs). This has no effect on laziness, but allows animportantsimplification in Chapter 20.
Thefinal condition specifies that a let(rec) should be floated out no furtherthan is necessary to meetthefirst two conditions. To see whythis may beimportant,consider the expression

IF E (Ax.let v = F in G) H

where E, F, G and H are arbitrary expressions, and F does not contain x. Thealgorithm will transform this to

IF E (let v = F in (ax.G)) H
A sophisticated implementation maybe able to avoid constructing the graphof H if E turns out to be TRUE,andvice versa (see Chapter20). If we were tofloat the jet out further, we would get the expression

let v = F in (IF E (Ax.G) H)

whichis less good, because then the graphof F would have to be constructedwhatevervalue E turned outto have.
Wecan nowoutline the algorithm as follows. Working from the outsideinwards,for eachlet(rec) perform the following steps:

(1) Compute the level-numbers ofeach definition body. While doingso for
a letrec, assume that the level-numberof the variables defined in the
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letrec is zero. The reason for this is that the level-numberof a recursive

definition depends only on its free variables, and not on the (as yet

unknown) level-numberofthe recursive definitionitself.
(2) For a letrec, compute the maximum of the level-numbers of the

definitions’ bodies. This is the correct level-numberfor the variables
boundin the letrec. Forlets, the correct level-numberis that computed

in Step 1. This level-numbershould be used for the variables bound in

the let(rec) when processing its body.
(3) Float out the definitions until the next enclosing lambdaabstraction has

the samelevel-numberas that of the variables defined in the let(rec),

which was computedin Step 2.
(4) Finally, if the let(rec) now appears in the function position of an

application, continueto float it out until it does not.

Note:if a letrec re-binds a variable that is already in scope, then it cannot be
floated outwards withoutrisk of capturing occurrencesof the outer variable.

Thesolution is to systematically rename oneofthe variables.

15.6 Eliminating RedundantFull Laziness

Thetransformations required to achievefull laziness have a price. There are

at least three ways in which wepay:

(i) Supercombinators with many arguments (for all the MFEs) are

generated.This increases thesize ofthe redex and slows downreduction.
(ii) More seriously, more supercombinators may be generated because of

the loss ofopportunities for n-optimization. To see this, refer back to the

example in Section 15.4, where three combinators were generated for

foldl where one ‘would havesufficed for a non-fully lazy implementation.

More supercombinators mean more reductions.
(iii) Most serious of all, the program is broken up into small fragments,

fragments of the bodies of functions being exported piecemeal. For a
straightforward template-instantiation implementation this is not a
problem,butif the bodies of supercombinators are compiled then many
opportunities for optimization maybe lost. This will becomeclearerin

Chapter20,but consider for example the lambda abstraction

AV.AX.IF (= v 0) (+ x 14) (+ x 2)

The non-fully lazy lambda-lifter will generate a single supercombinator:

$R v x = IF (= v O) (+ x 1) (+ x 2)

An optimizing compiler will produce code for $R whichfirst tests the
valueofv, and then evaluateseither the (+ x 1)or(+ x 2), tocomputea  
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numerical value. No heap will be consumed. A fully lazy lambda-lifter
will produce two combinators:

$S1 if-v-zero x = if-v-zero (+ x 1) (+ x 2)
$S v = $81 (IF (= v 0))

and will replace the Av abstraction with $S. The compilerwill now have to
generate code for $S1 to construct (+ x 1)and(+ x 2) in the heap before
unwinding the spine oftheif-v-zero function, about which it now has no
information.

These objectionsare substantial, but on the other handfull laziness can save
very large amounts of time and space in some cases. Further study reveals
however, that the fully lazy lambda-lifter often abstracts out an expression
when nothing is gained by so doing. Hence we could improve the trans-formation by selectively performing ordinary (rather thanfully lazy) lambda-lifting where nothing is gained by the fully lazy method. This section is
therefore devoted to identifying certain situations where fully lazy lambda-
lifting gains nothing,andis based on workby Fairbairn [1985Golderp i985 ry irn [ ] and Hudak and

15.6.1 Functions Applied to Too Few Arguments

In the example above,the fully lazy lambda-lifter took out(IF (= v 0)) as an
extra parameter. However,IF requires 3 argumentsto reduce, so no workis
saved by sharing this expression. More precisely, just as much work would be
saved by taking out (= v 0) as an extra parameter, thus

$T1 v-zero x = IF v-zero (+ x 1) (+ x 2)
$T v = $T1 (= v 0)

and replacing the Av abstraction with $T. In a straightforward template-
instantiation implementation some space would be saved by taking out the
one) expression (since the application of IF to (= v 0) would only be built
once), but even this is not always true in a compiled imp iementati
Chapter 20). P ‘ on (See
The conclusion is that no workis savedby abstracting out expressions which

consist of a built-in operator or supercombinator applied to too few
arguments. As the example shows, however, the arguments of the function
may be consideredfor abstraction.
This applies equally to constant expressions which might otherwise becandidates for anew supercombinator definition (see Section 15.5.2). As an

illustration ofthis, consider the examplein Section 15.4, wherethe $foldiPlusoand $count! supercombinators are irreducible; nothing is gained by treatingthem as separate supercombinators.
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15.6.2 Unshared Lambda Abstractions

Continuing with the same example, suppose the lambda abstraction under
consideration appearedin a contextlike this:

let

f = Av.AX.IF (= vO) (+ x 1) (+ x 2)
in

~.-(f 4 5)...

and suppose that the (f 4 5) is the only use of f. In this case, the partial
application (f 4) cannot be shared,sinceit is used immediately. Using the $S

combinatorfor f, the reduction (f 4 5) would golikethis:

£45 $8 45
$S1 (= 40) 5
IF (= 4 0) (+ 5 1) (+ 5 2)

+52

7b
o
i

Since the partial application cannot be shared, neither can the painstakingly

abstracted expression (= 4 0). No sharing wouldbe lost by using the original

$R combinatorinstead. From this example we can derive a generalrule:

given a lambda abstraction Ax.E in a context in which it cannot be shared,

we should not abstract free expressions from E because they will not be

shared. Instead we should abstract only the free variables.

Wecanjustify this rule by observing that free expressions abstracted from E
cannotbe shared because:

(i) they are not sharedinside E, since they are abstracted from a single place
in E;

(ii) they are not shared outside E, because the whole lambdaabstraction Ax.E
is not shared.

The sharing of partial applications is just a specific instance of this general
rule. Noticethat for thefirst time our lambda-lifting strategy becomes context-
dependent. Thetrick is to work out when a lambda abstraction might be
shared.Thisis notat all obvious. Forastart, it might be passed as an argument

to anotherfunction, in which case a complete analysis would involve looking

at the body of that function. More subtly, consider an extension of our
example:

let

f Av.Ax.IF (= v O) (+ x 1) (4+ x 2)

g Ax.Ay.+ 1 (f x y)

in

. . expression not mentioning f. . .  
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It does notlook as if a partial application of f can be shared. Butif a partial
application of g is shared we will abstract (f x) as an MFE from the ay
abstractionin g, so then the partial applicationoffis shared.

Discovering information about sharingis potentially very difficult (it seems
to be another application of abstract interpretation, see Chapter 22), but the
saving grace is that we can give up at any time and assumethat a partial
application may be shared. Thedetails are beyondthe scopeof this book but
Fairbairn [1985] and Hudak and Goldberg [1985] each describe their
algorithms.
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Sixteen

SK COMBINATORS

\
In this chapter we shall examine another graph reduction technique based on
a fixed set ofsupercombinators. The most important membersofthis set are
called S and K;hencethetitle of this chapter. The idea of havinga fixed set of
supercombinators contrasts with the approach previously described, in which
the supercombinatordefinitions are generated from the program.
The method is appealing because it gives rise to an extremely simple

reduction machine which,in effect, only has to support built-in operators and
needs no template-instantiation mechanism. In additionit turns out that the
implementationis, in a certain sense, lazier than ourbestefforts so far, but as
weshallsee, these benefits are wonata price.

(Note: in this chapter we~shall use lower-case letters to stand for
expressions, to avoid confusion with the combinators, which are written in
uppercase.)

16.1 The SK Compilation Scheme

Ourstrategy is to transform the program into one containing only the built-in
operators and constants, together with the combinators S, K and |. These
combinatorsare describedby the reductionrules

Sfgx > fx(gx)

Kxy — x
Ix > x

The motivation for choosing this particular set should becomeclearer as we
proceed. S, K and| are all supercombinators, since theysatisfy the definition
givenin Chapter13, butfor the purposesofthis chapter, and for compatibility
with other published work, we will use the more general term ‘combinator’.

260   
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16.1.1 Introducing S, K and |
Considerthe lambda abstraction Fun, where

Fun = (Ax.@1 @)

where e; and eg are arbitrary expressions. Given the reduction rule for S, an
equivalent expressionis Fun’, where

Fun’ = S (Ax.e) (Ax. @2)

Wecan demonstrate that Fun and Fun’ are equivalent by applying them to the
Same argument:

Fun arg = (Ax.@; e2) arg
> (e:Larg/x]) (e2farg/x])

Fun’ arg = S (Ax.e1) (Ax.@2) arg
> ((Ax.e1) arg) ((Ax.e2) arg)

(e;[arg/x]) (e2[arg/x])

Hence Fun = Fun’ by extensional equality.
Wecall the transformation from Fun to Fun’ the S-transformation, and

denoteit using a ‘=>’arrow, in the following way:

AX.@1 @2 => S (Ax.e1) (Ax.e2)

Notice the difference between the arrows ‘=>’ and ‘+’. Both denote the
transformation of one expression into an equivalent one, but the former
denotes a compile-time transformation and the latter denotes a run-time
reduction.
As an exampleofthe use of the S-transformation,consider the expression
h = dx.OR x TRUE

Applying the S-transformation twice, we get

Ax.OR x TRUE
S => S (Ax.ORx) (Ax.TRUE)
S =>

S

(S (Ax.OR) (Ax.x)) (Ax. TRUE)

(Weuse an ‘S’in theleft marginto indicate that the S-transformationruleis
being used.)
As we perform the S-transformation, the Ax gets pushed downonelevel

each time, because so long as its body is an application we can apply the
S-transformation again. Each time we apply the S-transformation we producetwo new Ax abstractions, but with smaller bodies. In the end the body will be
an atomic object, and there are two casesto consider:

(i) The expressionis (Ax.x). This is just the identity function, which wecall I,
with the definition

Ix > x
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The |-transformation replaces (Ax.x) with |, thus:

AX.X => J

There wasan instanceofthis in the previous example, and applying the
|-transformation, we would get

S (S (Ax.OR) (Ax.x)) (Ax.TRUE)
1 => § (S (ax.OR) I) (Ax. TRUE)

(ii) The expressionis (Ax.c), where c is a constantora variable other than x.
This is a function which takes one argument, discardsit, and returns c, so
wecan replaceit with (K c), where

Kcx > ¢

The K-transformationrule is therefore:

AX.c => Ke

wherecis any constant,or a variable other than x. As in the case of S, the
equivalence of (Ax.c) and (K c) can be shownby extensional equality.
There are twoinstancesofthis in our example, (Ax.OR) and(Ax.TRUE).

Replacing these with (K OR) and (K TRUE) we get

S (S (Ax.OR) I) (Ax. TRUE)
K => §& (S (K OR) 1) (K TRUE)

To summarize, we have developedthe transformationrules and the reduction
rules for the combinators S, K and | shownin Figure 16.1.

 

S-reduction: Sfgx— fx(gx
K-reduction: Keox > c
-reduction: Ix > x

transformation: AX.X > |

K-transformation: AX.C > Ke (c + x)
S-transformation: Ax.@1@2 => S (Ax.@1) (Ax.@2)   
 

Figure 16.1 The SKI rules

Wecan use the reduction rulesto evaluate the transformed program:

hx

S (S (K OR) 1) (K TRUE) x

S (K OR) | x (K TRUE x)

K OR x (I x) (K TRUE x)

OR (i x) (K TRUE x)

OR x (K TRUE x)

OR x TRUE

(Weuse an S,Kor

|

in the left margin as a reminder of which reductionruleis
being applied.)

A
X
O
N

b
o
e
d
d
d
a

Section 16.1 The SK compilation scheme
263

16.1.2 Compilation and Implementation
The S, K and | transformations together constitute a complete compilationalgorithm (the SK compilation algorithm), which will transform any lambdaexpression into an expression involving only S, K, | and constants!Here,then,is the SK compilation algorithm to compile an expression e:

  
WHILE e contains a lambda abstraction DO

(1) Choose any innermost lambda abstraction of e.
(2) If its bodyis an application, apply the S-transformation.(3) Otherwiseits body must be a variable or constant, so applythe K or| transformation as appropriate.

END   
By tiansformingthe innermost lambda abstractions first we ensure that thebody of the chosen lambdaabstraction contains no lambdas. This, inciden-tally, meansthat we do not run into any a-conversion problems,either duringcompilation or evaluation of the combinator expression; a very desirableproperty in view of the subtle problems encounteredin Chapter2.As an example,let us compile the expression ((Ax.+ x x) 5).

(Ax.+ x x) 5

S (Ax. + x) (Ax.x) 5
S (S (Ax. +) (x.x)) (ax.x) 5
S (S (Ax. +) I) (Ax.x) 5
S (S (ax.+) NES
S(S (K+) N15A

-
—
-
O
W

V
e
d

The successive lines showthestate of the expression at successiveiterations ofthe algorithm’s WHILE loop. To reassure ourselves that the algorithm hasproduced an equivalent expression, we can evaluate the result using thereduction rules for the combinators:

S (8 (K +) N15
> S(K +) 15 (15)
> K+ 5 (I 5) (15)
—> + (1 5) (I 5)

> +65 (15)

> +55
> 10 

 
To summarize, we have develo;

compile any expressioninto an ex
(including built-in functions). All

ped a compilation algorithm which will
Pressioninvolving only S, K, !and constants
the variables have disappeared! Recursionmay be dealt with using Y, as previously explained in Chapter6. Y is thentreatedas a built-in function by the combinator compilationalgorithm.Figure 16.2 expresses the SK compilation algorithm more formally using
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Name Syntactic object

@, 61, @2 Expressions

f, f1, fa Expressionswith no innerAs
x A variable ; nas 4.Y
cv A constant(including function constants, such as +, Y,

etc.), or a variable

 

CI e J] Compiles eto SK combinators

Cf e1 e2 J = Che: J Cf e2 J]
CL ~x.e] =Ax[CLe]]
CL vw] =c

 

Ax{[f] Abstracts x from f.   Ax f: fo] =S(AxEfi D (Ax fe D

Axx J = 1
Ax{w] =Ko

 

Figure 16.2 Sk compilation algorithm

the [[]] notation. Wegive it here becauseit is easy to express optimizations to

the methodusingthe [[ ]] notation, which weshall doin later sections.

TheCfunction compilesanexpression intocombinators, while theAfuncton

(which calls) compiles the body of a lambda abstraction by abstracting t .
variable from the body. The only notational addition is that the Nonin4

takes two parameters instead of just one: a variable and an expression in

Notice that we apply C to the body ofa lambdaabstraction before applying
A; this ensures that any inner lambdas are dealt with first, so that Aonly hasro
deal with atoms and applications. Unfortunately, this also means that ’ °

algorithm is quadratic, because the expression has A applied to it once fo

each enclosing lambda. ; _
Let us compile the same expression ((Ax.+ x x) 5)using the new notation:

Ch ax.+ xx) 5 J
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16.1.3 Implementations
The combinators S, K, |, etc. are simply particular examples of super-combinators, so the reduction machine required to execute them is a cut-downversion of the supercombinator reduction machine. The method offinding the next redex by sliding downthe spine, the choice of a spinestack orpointerreversal, the implementationofY, the use of indirection nodes, and soon,all apply exactly as described in Chapter 12. The main differences are that
(i) the combinators are implementeddirectly as built-in functions by thereduction machine, rather than indirectly via a general supercombinatorbodyinstantiation mechanism;

(ii) the reduction machine does not need to implement the template-instantiation mechanism described in Section 12.1, since there are nolambdaabstractions to instantiate.

This meansthat a graph reducerbased on SK reductionis one of the simplestimplementations of graph reduction.
The implementations of Turner’s languages SASL [Turner, 1976] andMirandaare based on SK combinators, exactly as described above, with someminor enhancements (especially to assist pattern-matching).
The family of SK combinators can be thoughtofas the built-in instructionset of a graph reduction machine, and.thus amenable to direct implemen-tation in hardware. This idea has been taken up in two machines designedspecifically to implement SK reduction, the Cambridge SKIM machine[Stoye, 1985 and 1983] and Burroughs’ NORMAmachine [Scheevel, 1986].

16.1.4 SK Combinators Perform Lazy Instantiation
A program compiled into SK combinators executes even more lazily than aSupercombinator program. For example, consider the supercombinatordefinition

SF x = IF eg er @

where e; and e; are textually large expressions. When $Fis applied, newinstances of e; and e; are constructed, despite the fact that one or otherwillcertainly be discarded. Letus instead compile it using SK combinators:

AX.IF @c et ef
Ss => S$ (ax.IF ec e) (Ax.e9)
S => S (S (Ax. IF ec) (Ax.e)) (Ax. 4)
Ss => §S (S (S (K IF) (Ax.e¢)) (Ax.e))) (Ax. 4)

Suppose that(Ax. e¢) compiles to a combinator expressionCe, (Ax. €:) compilesto cr, and (Ax. e;) compiles to c;. Then the whole expression compiles to

S (S (S (K IF) cc) cy) cf
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When weapply this compiled expression to an argumentx, the reduction

sequencebeginslike this:

S (S (S (K IF) cc) c) co x
S (S (K IF) cc) cr x (cr x)
S (K IF) ce x (cr x) (cr x)
K IF x (Ge x) (cr x) (cr x)
IF (Cc x) (Ct x) (cr x)b

h
o

Notice that we have not constructed an instance of e; or e; as we did in the

supercombinator case. Instead we have postponed this instantiation by
building the expressions (c; x) and (c; x). Only the branch selected by the IF

will be evaluated anyfurther. ,
Theeffect of S is to push the argument down onelevel (only) into the body

of the function. This is advantageousif any parts of the body are discarded.

Theprice paid for this laziness is the allocation of intermediate nodes to
hold the partially instantiated branchesofthe IF. For example,the application
node (c; x) would not have been allocated by a supercombinator implemen-

tation. In addition, the reduction steps are rather small. This question is
further discussed at the end of the chapter.

16.1.5 lis Not Necessary

Curiously enough, S and K are sufficient on their own, because the expression

(S K K) is extensionally equalto I:

SKKx 1x
> Kx (Kx) > Xx
—> Xx

Hence! = S K K

It is for this reason that this chapteris entitled ‘SK combinators’, rather than
‘SKI combinators’. However,it is only of theoretical interest; all reasonable

implementationsinclude I.

16.1.6 History

This remarkable and counter-intuitive transformation of lambda expressions

into combinators was first developed by Curry and Feys [1958], but was

thoughtto be of more mathematical than practical interest until David Turner

used it as the basis of an implementation of the functional language SASL

{Turner, 1979a and 1979b]. In these papers he described a number of
optimizations to the basic compilation scheme which wewill examinein the
nextsection.

a
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16.2 Optimizations to the SK Scheme

The examples given above show that the basic compilation algorithm tends toProduce rather large combinatorexpressions from quite innocuous-lookingambdaabstractions. In fact, in the form given aboveitis virtually unusablebecause the combinator expressions become so large, and require so manyreductions to reduce to normalform.
Fortunately there are someoptimizations which renderthe technique quitepracticable, which we will develop in this section. To perform theseoptimizations we shall need to introducefiv i ’
nen

€ new combinators (B,C, 8’,B

16.2.1 K Optimization

Considerthe expression

AX.+ 4

Whenwecompileit, we get

S (K +) (K 1)

This is very stupid, because x is not used a i; t all in the bod
abstraction. A far better result would be ney of the lambda
K (+ 1)

This optimization is easily achieved,by the optimizationrule
S (K p) (Kq) > K (pq)
It is a simple matterto prove the extefsional equality of these expressions:

S (K p) (K q) x K> Kpx(Kqx) 3 peo
> p(Kqx)
> Pq

Hence S (K p) (K q) = K (p q)
van applied to an argument(K (P q)) requires only one reduction, insteadofthree for (S (K p) (kK P)), So the optimized versionis indeed more efficient.Theeffect of applying this rule consistently is that

Axfe]]=Ke ifand only if xis not used ine
This property shows that the K optimization is j iptimization is just what is dpreserve full laziness. To illustrate this, suppose that f = (AX.p ),where'pand q do notuse x. We can now i

( . produce two combinatortranslatiwith and without the K optimization: ons for
f=%x.pq > S (Kp) (K q) (unoptimized version)

> K (pq): (optimized version)
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Nowif we use the unoptimized version of f, whenever we apply f to a new

argumentx, we get

S (K p) (K q) x
—> Kpx(Kq x)

> p(Kqx)
> pq

and this application of p to q, (p q), is brand new. However, if we use the

optimized version, we get

K (p q) x
> pq

andthis (p q) is the original shared instance in the (K (p q)) expression. Thus,
not only doesit take fewer reductions to get to (p q), but we will only compute

(p q) once; that is, we have a fully lazy implementation.

16.2.2 The B Combinator

Consider the lambda abstraction

AX.— X

This compiles to

S (K -)1

which wastes time and effort passing x into the left branch (K —) whereit is

promptly discarded. Whatwe wouldlike is a version of S which passesx to the
right only;let us call it B. The reduction rule for B is

Bfgx — f(x)

The appropriate optimization rule is

S(Kp)q > Bpq

whichsays‘if x is not used in the left branch (as shown by the K), then use B
instead of S’. This rule would optimize our example thus

S(K-)| > B-I

Notice that this optimization saves work at compile-time (because the
resulting program is smaller) and at run-time (because there are fewer

reductions to be done). In fact, this particular example can be optimized

further. The expression

(Bp I

is the same as

p

ce
na

E
E
T
A
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For, applying (B p 1) to any argumentx, we see

Bplx’

> pilx
—> px

So wecanuse anotheroptimization rule

Bpl => p

whichoptimizes our example further:

B-!t-> -

This is a very good translation for (ax. — x), which is the same as that
obtained by 7-conversion.In fact the (B p 1) optimizationis just 7-conversion
in a new guise.

16.2.3 TheC Combinator

Just as (B f g x) sends x into g but notf, so it is convenient to have a
combinator C, which sendsx into f but not g, thus

Cfgx — fx g

Theoptimization rule for C is

Sp(Kq) = Cpq

Figure 16.3 summarizesthe extra reduction and optimization rules we have
developed so far. Thevalidity of these rules can readily be proved using
extensional equality. For example:

S (K p) q x Bpqx
> Kpx(qx) > p(qx)
> pq

Hence S (K p)q=Bpq

 

Reduction rules

Bfgx > fx)
Cfgx > fxg

Optimization rules

S (K p) (Kq) > K (pq)
S (K pl > p

S (K p) q > Bpq
S p (K q) > Cpq   

Figure 16.3 B, C and K optimizations
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Ax{Qf J] Abstracts x from f

AxEfit2} = OptlSAxEh DAXxE tf DO
Ax[x] =!
Ax[ ow] = K ev
 

Opt e 3 Optimizes e

Opt S (K p) (K q) Fi
Opt S (K p) 17]
Optf S (K p) q Hi
Opt S p (K q) J
Opt] Spq] u

e
d

a
   

Figure 16.4 Modifications to SK compilation algorithm to include B and C

Wecan formalize the optimizationsin the [[ J] notation by introducing anew
function Opt, which optimizes a combinator expression. Figure 16.4 shows the

iti f and a modified version ofAwhichuses it. ;
verteapplthe new algorithm to the example in Section 16.1.2. We omit

someofthe steps, which are rather laborious.

CL (x.+ xx 5]
=Axf+xx 95 pias

S(Ax[Q+x
One oon eS aids
Op S +1] 5

ll
2
2

Wecan now evaluate the expression thus

$+15

+ 5 (I 5)
= 10

The compiled expression is much smaller, and the reduction sequence much
shorter, than before.

16.2.4 The S’' Combinator

There remains one major opportunity for improving the code produced by the

compilation algorithm. It occurs when abstracting many variables from an
expression. Suppose we were compiling

AXn. . -AX2-AX1-P G

where p and q are complicated expressions, which both use x1, X2,...,Xn. We

define

p=Ax Ep Ol
7» =ArxTl 'p I

and so on.  
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Now,weare goingto haveto abstract X1, X2,...,Xn in turn from (p q). Thisgives the following results:

Original expression p
First abstraction (x1) S 'p ‘'g
Second abstraction (x2) S (B S 2p) %q
Third abstraction (xs) S$ (BS (B (B S) °p)) %q
Fourth abstraction (x,)_S (B S (B (6 §) (B (B (B S)) “p))) “q

Thesize of the expression expands quadratically with the numberofvariablesabstracted. This happens because the combinators introduced by oneabstraction complicate subsequentabstractions.
Wewouldliketo deal with the generalproblem ofabstractinga variable,x;,

from

<combinator expression> pq

where <combinator expression> contains no variables. At the moment the
abstraction goeslikethis:

A: x1 [[ <combinator expression> p ql]
= S (B <combinator expression> ‘'p) ‘g

and it is the fact that we introduce two new combinators (S and B), one of
which is nested, that causes the problem. Suppose we invent a new
combinator,S’, with the following optimization rule

S(Bxy)z => Sixyz

Nowweget a simpler abstraction:

A x; {[ <combinator expression> p ql
= S' <combinator expression> ‘'p ‘q

Wemust choose the reduction rule for S’ to make this optimization valid, so
S’cfgx
S (Bcf) gx  (tomake optimization valid)
Bcfx (g x)

c (f x) g x)

which gives us the reduction ruleforS', namely
L
b

S'cfgx > cifx gx

ThusS$’is like S, but ‘reaches over’one extra argument.
Letus see whateffect the S’ optimization has on multiple abstraction:
Original expression pq
First abstraction (x;) $ 'p ‘q
Second abstraction (x2) S$’ S 2p %q
Third abstraction (x3) S$’ (S’ S) 9p %q
Fourth abstraction (x4) S’ (S’ (S' §)) ‘p “q
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Nowthereis only a linear build-up of combinators as we perform successive

abstractions. This key optimization renders the whole system practicable.

46.2.5 The B’ and C’ Combinators

Sometimesthe variable being abstractedwill only be used in por gq, so we need

companion combinators B’ and C’, with reduction rules

Biocfgx > cfg)

Ccfgx > cffxg

each of which is like its undashed counterpart, except thatit ‘reaches over’

one extra argument. We also need the corresponding optimization rules

Bi(cf)g => Bcfg

c(Bceffg > Ccfg

Wecan,as usual, show the correctness of these rules by showing that the two

sides are extensionally equal, which follows directly from the definitions of

the combinators.
The optimization rule for B’ is slightly surprising, since it does not look

quite like the optimization rules for S’ and C’. Furthermore, the ‘optimized’

version requires no fewer reductions to evaluate than the ‘unoptimized’

version, and worsestill, experiments show that this B’ optimization actually

degrades performance!

This seems to have somethingto do with the B’ optimization rule. We gain

nothing when introducting a B’, because the sizes of the two graphs are the

same, and weactually lose an opportunity for optimizationat an outer level,

because wedestroy a (B c f) pattern that might be usefulin building an S’ or

C’. For example,the expression

C (Bcf gh

will become

Cc (Bcfg)h

if the B’ optimization is used, but will become

Cc (cfigh

if not. A different combinator, B+, has been suggested by Mark Sheevelof

Bilrroughs Corp.It has the reduction rule

Be cfigx > cf @%)

andoptimization rule

Bc(Bfg) => Becig

This rule looks morelike the optimization rules for S' and C’, and experi-

ments show that this B+ does indeed give a performance improvement. This

e
r
r
r 
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little tale serves to show that i i ian entirely systermatie nrocees. choice ofa set of combinators is by no nreans

Figure 16.5 gives the final compilation algorithm, including all the
optimizations we have discussed. The only point to notice is that the

optimization tules for B+ and C’ are expressed in termsof S, rather than goin

via the intermediate B and C forms. Figure 16.6 gives a summary of the
reduction rules for each combinator. we

 

Cll e J Compiles e to SK combinators

Cl e1 e2 J = Ce: J Cl e2 J]
CL xx.e] =Ax{CLe] J]
CL cov] -=ca
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Opt S (B pq rl] =S'paqr  
 

Figure 16.5 Final SK compilation algorithm

 

1x > x

Kex > c

Stgx > fxg»
Bfgx > fg

Cfgx > {xg

S'cfgx > cif(gx)
Be cfgx — c (f (g x)
Cictgx > cifx)g  
 

Figure 16.6 Summary of combinator reduction rules

16.2.6 An Example

We conclude with an example of the compilation algorithm in action. The

example is a function that implements Euclid’s algorithm for finding the
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greatest common divisor (gcd) of two integers, a and b, where b=a. In

Miranda,the functionis

gcd ab =a, b=0

gcd a b gcd b (a rem b)

where ‘rem’ is the built-in remainder function. Compiling to lambda
expressions, we get

gcd = Aa.Ab.IF (= 0 b) a (ged b (REM a b))

This is cheating slightly, because we should have dealt with the recursive call
to gcd using Y, which would give

ged = Y (Agcd.Aa.Ab.IF (= 0 b) a (ged b (REM b)))

However,the work is laborious enough without doing this, so we shall use

the previous version. Abstracting first b and then a gives

gcd = da.Ab.IF (= 0 b) a (ged b (REM a b))
=> xa.S (C (B IF (= 0)a) (S ged (REM a))
=> §' S (C (B IF (= 0))) (B (S ged) REM)

Wecantest this by evaluating (gcd 35 7):

gcd 35 7
S' S (C (B IF (= 0))) (B (S ged) REM) 35 7
S (C (B IF (= 0)) 35) (B (S ged) REM 35) 7

(B IF (= 0)) 35 7 (B (S ged) REM 35 7)
IF (= 0) 7 35 (B (S ged) REM 35 7)
(= 0
F.

7) 35 (B (S gcd) REM 357)
ALSE 35 (B (S gcd) REM 35 7)

(S gcd) REM 35 7
gcd (REM 35) 7

cd 7 (REM 35 7)
Ss G (B IF (= 0)(B (S ged) REM) 7 (REM 35 7)N

y
y

b
u
d
e
v
e
l

n
g
n
n
q
z
T
D
.
O

0 (REM 35 7)) 7 (B (S gcd) REM 7 (REM 35 7))

0 0) 7 (B (S gcd) REM 7 0)

IF TRUE 7 (B (S gcd) REM 7 0}

> 7

~
~

b
u
d
:

a
h

Combinator compilation and reduction is very simple but very laborious — a
task well suited to a computer!

16.3 Director Strings

It seemsat first that combinator compilation totally destroys the structure of

the original expression, leaving a tangle of Ss and Ks, but this is not the case.

Gaining insight into the structure of a combinator expression will lead us toa

moreefficient implementation.
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16.3.1 The Basic Idea

Supposeweare abstractingavariable x, from an application (p q) where pand
q are complicated expressions, and suppose it compiles to (S ‘p ‘g). (Recall
that 'p denotes the result of abstracting x; from p, and similarly 'g.) The
syntax trees of (p q)and(S 'p ‘'q)are

@ @
/\ /™,

Pp o4 @ ‘a
7N

Ss 'p

Wecould, however, regard the S as an annotation of the expression ('p ‘'q),
and drawit thus:

@s 4

/ (S ‘p ‘q)
'p \q

This annotated syntax tree is intended ta be no more than an alternative
representation for (S _‘p ‘g). Thesannotates the application node, saying‘this
nodeis a function expecting one argument, which should be sent into both
branches’.
Suppose that we now abstracted anothervariable x2from(S ‘p ‘q), and got

(C’ S *p ‘q); thatis, x2 is used in p but notin q. Then we could draw the
annotated syntax tree like this:

@cs '

2/\, c's *p 'g)
pq:

The cs annotation says ‘this nodeis a function of two arguments, the first of
which should besentto theleft branch,and the second ofwhich should be sent
to both branches’. These annotationsarecalled director Strings, and consist of
a string of directors which direct the flow of successive arguments into thegraph. In addition to the s and ¢ directors we also need a b director which
directs the argumentto the right branch only.

Directorstrings were developedby KennawayandSleep[1982a and 1982b],
whoused the more mnemonic symbols ‘*’, ‘\' and ‘/’ for s, band crespectively.
The advantageofthis representationis thatit obviously preservestheoriginal
structure of the expression,and yet has a simple equivalent combinator form.
In particular, ,

Pe --YZ

—

isequivalentto

=

(V’ (W’ (.. AY’ 2)...)) p q)
Pp oq

where v, w... are chosen from {is, b, c}, and V’, W’...Z are the corre-
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sponding combinators. To give a concrete example, consider the lambda

abstraction

AX. AY. + (+ xX y) Xx

This has the syntax tree

The annotated syntax tree, together with its associated combinator represen-
tation, lookslike this:

@sc S' Cpl

\ Le.
elon | B+ \

/\ lee
+ @o cB

dé \\ 5+!
/ \
+ |

Annotated syntax tree Combinatorrepresentation

The combinator representation is diagrammatic, and when flattened out

lookslike this:

s'C (BB+ (C'B(B+1))) I

The Is in the left-hand tree indicate leaf nodes (they are bona Jet
combinators). Some of these Is would not be present in the compuce
combinator form because of 7-optimization,so if we convert the annotate

syntax tree to combinators we would geta slightly suboptimal combinator

expression. Notice that notall nodes have the same number of annotations;

the bottom nodehas only one becauseonlyxgets sent to it.

The simple equivalence between director strings and combinators

mentioned abovegives a more systematic basis for the choice of combinators

we madein the first part of this chapter.

o
r
e 

 

Section 16.3 Directorstrings 277

16.3.2 Minor Refinements

Consider the lambdaabstraction

Ax.Ay.+ y 1

This does notusex at all, so we need a director which says ‘the argumentis not
needed in either branch’. Wecall this directorj. It can only occurat the root of
a lambda abstraction, becausein therest ofthe expression the arguments are
only sent where they are needed. Thusthe lambda abstraction would have the
annotated tree

© ke
XNN

~
~@

/

+ “
i
t

Correspondingto the director are the J and J’ combinators

Jfgx >

=
9

Jkfigx f
f
kfg

Another awkward problem is what to do when given a lambdaabstraction
such as

Ax. Ay.3

Herethe bodyis not even an application, so we cannotannotateit. In this case
we use the old K combinatorfor the Ay abstraction,transformingit to

AX.K 3

Nowthebodyis an application, so the annotation for x can go as before.

16.3.3 Director Strings as Combinators
Wenowturn ourattention to the implementation ofdirector strings.
So far we have two representationsfor programs, namely SK combinator

expressions, and syntax trees annotated with directors. To each director there
corresponds exactly one combinatorin the combinator representation, eachof which takes a whole node.Since there are only fourdirectors (j, s, band
c), we could encodeeachdirectorin twobits. Encodinga string of directors as
a bit-string would give a dramatic decrease in program size over thecombinator representation, since we would need only two bits instead of awhole node to store each combinator. This would make the program execute
faster, too, since there would beless of it to fetch from store.
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This suggests a third representation of the program:

as A

@ 4

/*
Dw...yz

where Dw. . .yzis one of a family ofcombinators with the following reduction
rules:

Represent @w...yz

~~

Djw...yz pqx > Dw...yzpq
Dew. yz pa x — Dww...yz (p x) (q x)
Dbww...yzpqx — Dw...yz p (q x)

Dew...yzp qx — Dw...yz (px) gq
D > |

This new representation, together with the D reduction rules, is a perfectly

executable combinator program, except that it is represented much more
compactly than the original. The only costisa slight increasein the compre
of the reduction machine. An escape mechanism is also required to dea wi
the case where there are too many directors in the string to fit inthe D

combinator family. Stoye [1985] describes an implementation of director
strings on SKIM.

16.4 The Size of SK CombinatorTranslations

Oneobviousfeature of the examplesgivenin this chapter is that thea
programisoften muchlargerthaninits lambdaform;in fact Kennaway [ . j
showsthat the size of the combinator expression can be proportional to the
square of the size of the lambda expression in the worst case. To become
convincedofthis, the reader is encouraged to construct the directorstring
form of the lambda abstraction

AXn. . .AX2.AXK1.(K1 X2--. Xn)

A closely related observation is that the SK combinatorcompiler repeatedly

re-scans the codeit has already partially compiled. This can be seen in the
compilation rule

Cl axx.e J=Ax(CLe ll]

in Figure 16.5. ; th
Burton [1982] describes a method for balancing the expressiontree,at the

expense ofintroducing extra redexes; this gives a complexity of 0(NlogN),
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but with a larger constant. Joy et al. [1985] summarize these and otherrelatedresults.
By way of comparison, Hughes [1984] shows that the supercombinatortechnique has a worst case complexity ofO(NlogN), butis typically linear.Toconclude,for a lambda expressionofsize N, SK combinator compilationtime and codesize is worst case O(N’) and typically O(NlogN), while super-combinator compilation time and code size is worst case O(NlogN) andtypically linear,

16.5 Comparison with Supercombinators

Prosandconsatthis point.

16.5.1 In Favor of SK Combinators

(i) A small, fixed set of combinators can be implemented directly inhardware, thus bypassing

a

level of interpretation. Thisis analogoustomoving from machine code to microcode.
(ii) The instantiation of lambda bodies is done lazily, thus avoidinginstantiating sections of graph which are subsequently to be discarded.(iii) The techniqueis fully lazy.
(iv) The reduction machineis relatively simple to implement.

16.5.2 Against SK Combinators

a lot of transient storage, which increases the load on the garbagecollector.
(ii) The translation to combinators is expensive compared with super-combinator techniques, and the resulting program is larger (see Section16.4).

.(iii) With SK combinators, the larger program increases the number ofstorage accesses required, as does the creation and subsequent examina-tion of intermediate application nodes.
(iv) Any scheme for improving performance using cacheing must Operatewith a unit ofcacheingofa single node. A supercombinator machine can
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cache whole supercombinator bodies, another consequence of the
coarsergrain of supercombinators.
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Seventeen

STORAGE MANAGEMENT AND
GARBAGE COLLECTION

As mentionedin Chapter 10, a graph reducer requires the support of a storagemanagement system which allocates cells on request, and recovers garbagecells for subsequentre-use. Storage managementand garbagecollection is asubject on which thereis a large literature. Cohen [1981] gives an excellentsurvey with a comprehensivelist of references.
The purposeofthis chapteris to sketch the standard algorithms,to give anassessment of their characteristics, and to make a brief survey of morerecently developed techniques.

17.1 Criteria for Assessing a Storage Manager

Whenconsidering a garbagecollection techniqueit is helpful to keep in mindthe criteria against which it should be assessed. The main onesare:
(i) Whatare its overheads (in space and time)? All garbage collectionSystems consumeresources, both in the form ofper-cell extra storagerequirementsand in the CPU cycles taken to perform thecollection,(ii) Does it support compaction?If a storage manager repeatedly allocates,recovers and re-allocates variable-sized cells, the free Storage tends tobecomefragmentedinto manysmall separate blocks. This can mean thata cell cannotbe allocated because no free blockis large enough, eventhoughthe total free storage is adequate. This phenomenonis known asstorage fragmentation (Knuth, 1976], and it can only be avoided byPeriodically compacting all the cells together at one end of the addressSpace, so as to producea large contiguous free area from which to
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allocate new cells. Compaction also has a beneficial effect on virtual
emory performance.

(iii) How wel.doesitsupport a sparsely used heap and virtual memory!There
has been muchrecentinterestin very large persistent heaps. The idea °
persistence is that a functional operating system, for example, cu
incorporate filing system as part of its data structures ina very age
heap,rather than treating the filing system as something externa ‘or ©

program (anidea first implemented in Multics). In such a system, only ;
small fraction of the heap will be in active use at any time, and a virtua

memory system is essential to cache the active portionin fasememory
(iv) Can it operate on a parallel machine, or in real time: ne oO

attractions of functional languages is that they offer a natura way. °

exploit the power of parallel architectures (see Chapter 2 Ww neh
requires storage managers that are capable of running on such a

i tem.
iome varbage collection techniques require the computation to be
stopped while garbagecollection takesplace,leadingto an ‘em arrass! e
pause’ during which the system appearsto do nothing.This is unace p
able in real-time applications, and garbage collectors have oer

proposed which work in parallel with the useful computation. Suc!

parallel collectors may also be suitable for parallel architectures. ne

(v) What is the effect of heap occupancy? The performance of so
algorithms drops sharply whenthe heapgets full.

(vi) Canit recovercyclic structures?

Theseissuesareall discussed by Cohen.

17.2 A Sketchofthe Standard Techniques

There are several well-known garbage collection techniques. Among these
are mark-scan, copying and reference-counting garbage collectors. at iS

section wewill give a brief sketch of the algorithms and their character's ics.
Cohen [1981]is the reference where no reference is given explo. ils are

Mark-scanalgorithms operate in two phases. First, all accessii ve ce are
marked by traversing the entire accessipie structure. Then a linear

vers all unmarked cells.

Aecotyingalgecithmne work by copying the entire accessible structure ace),

one portion of the address space (from-space) into another (fo-spas)s
thereby leavingall the garbage behind in from-space. Cells being copies nt
to-space are placed contiguously, beginning at one end of the space,ane

hence when copying is complete there is a contiguous areain to-sp te ne

which newcells can be allocated. When to-spacefills up with new ce .: me

spacesareflipped (i.e. to-space becomes from-space and vice ven) ani as

processis repeated. Thealgorithm is surprisingly simple, andis well descri

in Baker’s classic paper [1978].

r
e

=
~ :St,ft.[:.‘
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Reference-counting relies on keeping an extrafield, called the reference-count, in eachcell. The reference-count field holds the numberofreferencesto the cell (i.e. the numberof pointers to the cell). This countis incrementedwhenevera pointer is duplicated, and decremented whenever a pointerisdiscarded. When the reference-count dropsto zero the cell must be garbage,since noothercells pointto it.
Againstourcriteria, the techniqueshave the following characteristics.

(i) Overheads. A mark-scan collector Tequires a mark bit in each cell toindicate thatthe cell has been visited. In addition it appearsatfirst thatthe mark phase will require an auxiliary stack to guide its recursivetree-walk. Furthermore, the only bound onthesize ofthis stack is thenumberofcells in the heap, though this bound would only be attained inpathological cases. This would be a heavy price to pay, but fortunatelythe Deutsch-Schorr—Waite pointer-reversing algorithm [Schorr andWaite, 1967] reduces the space overheadsofthe mark phase algorithm toa single bit per cell (in addition to the mark bit). This algorithm wasexplained in a different context in Section 11.6.1.
Copying collectors appear to have a 100% space overhead,but in avirtual memory system the semi-spacethatis notin use will be pagedout,so there is very little overhead in fast memory. Even during copying,activity only takes placeat twosites in the target semi-space (to-space),so only two pages of to-space need to be pagedin.
Reference-counting collectors require a reference-countfield in everycell. In principle this field should be as wide as an address,since every cellin the heap could point to a single cell, but in practice reference-countsare almostalways small. Hybrid systems have therefore been proposed,which havea limited-width reference-count field. When there are toomanyreferencesto a cell and the reference-count field overflowsitis setto a special value meaning ‘infinity’, which is never decremented (so thecell is then irrecoverable). Cells irrecoverable by reference-counting aresubsequently recovered by an occasionalinvocationofa mark-scan orcopyingcollector.
Reference-counting’ collectors are also somewhatless easy to use.Great care must be taken in the implementation never to duplicate areference without incrementing the reference-count, thoughthisis not,of course, a criticism of the adequacy of the algorithm itself. Moreseriously, many extra Storage accesses are required to update thereference-counts.

(ii) Compaction. Compaction can be combined with the scanning phaseofamark-scan collector. This is usually done using sliding compaction, inwhichcells are slid down to one end ofthe address space, maintainingtheir address order. This meansthat cells which pointto each otherwillnot normally end up physically adjacent.
A copying collectoris inherently compacting,since the cells are copied
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into a contiguous area in to-space. Furthermore, it is fairly easy to

arrangethat cells that point to one another get copied into physically

adjacent locations, which significantly improves locality and gives

opportunities for extra-compact list representations (cdr-coding)

[Baker, 1978]. This process is sometimescalled linearizing since linked

lists get copied into a contiguous linear area of store, and it further

reduces the storage overheadsofa copying collector. The improvement

in locality may also give improved paging performance in a virtual

memory system.

Reference-counting does not inherently perform any compaction, but

there is no reason why a compactor could not run concurrently with a

reference-counting garbagecollector.

(iii) Sparsely used heap|virtual memory. Mark-scan and copying collectors

visit all accessible cells, not just those in immediate use. In contrast,

reference-counting collectors visit only cells in current use. For heapsin

which only a small fraction of the accessible data is in active use, this

representsa strong advantage for reference-counting.

Without compaction the accessible cells get thinly spread through the

address space, giving appalling paging behavior. The locality-improving

possibilities of copying collectors (or reference-counting plus a copying

compactor), mentioned above, thus make them preferable to sliding

compaction.

(iv) Parallel machines and real-time performance. Since garbage collection

began, researchers have tried to find ways to run garbage collection in

parallel with useful computation, in an endeavor to eliminate the

‘embarrassing pause’. For mark-scan collectors this may be achieved by

arranging that garbage collection is performed by a process (or

processor) in parallel with useful computation. The algorithm is, of

course, more complicated (Steele, 1975; Kung and Wong,1977, Dijkstra

et al., 1978].

For copying collectors, an ingenious scheme allows the copying

process to take place incrementally, a fixed small amount being

performed whenever a cell is allocated [Baker, 1978]. This scheme

increases the overheadsof the useful computation somewhat, in both

time andspace, andfails completely if to-spacefills up before copyingis

completed.

Reference-counting collectors are inherently distributed in time, and

hence need no modification for real-time performance.

(v) Effect of heap occupancy. The performanceof mark-scan and copying

collectors degrades sharply as the heapgets full, since all the accessible

data have to be visited in order to recover the few unused cells.

Reference-counting, on the other hand,is unaffected by hea
p occupancy.

(iv) Cyclic structures. Mark-scan and copying collectors have no problem

with cyclic structures, but reference-counting cannot recover them. The

reasonis that whenacell refers to itself it may have a non-zero teference-
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count even thoughit is not accessible from anywhereelse (and henceis
garbage). Recent developments in this area are discussed below.

17.3 Developments in Reference-counting

The overheads of reference-counting, and its inability to recover cyclic
ructures, have often led to its dismissal as a garbage collection techniqu

except in specialized contexts. However, recent work has made pro: mess
towardsalleviating these problems, and the inherently real-time and distri

buted nature of refere ing ic nce-counting is becoming increasing] i

parallel architectures gain in importance. ° By auaaie &

17.3.1 Reference-counting Garbage Collection of Cyclic Structures

Hughes [1982] has suggested an extension to the conventional reference-

counting algorithm that wouldallowit to reclaim circular structures, based on
previous work by Bobrow [1980].
The key idea is simple and elegant. We regard the accessible data in the

heap as a directed graph ivi i iph, and divide this graph into its strongl
components. In this context werecall that sty connected

(i) a graphis strongly connectedif, for an: y two nodes Aand B,t i

from Ato B,andvice versa; here isa path

(ii) a strongly connected com . ;
ponent of a graph

connected subgraph. graph is a maximal strongly

Nov,it is clear that

(i) if one node ofa strongl ily connected componentis accessible i

nodesare (andvice versa); vfhen ans
(ii) if we coalesce all the nodes in each strongly connected

the resulting derived graph is acyclic. y component, ther

But now,since the derived graphis acyclic, it is amenable to conventional

reference-counting garbage collection; and when a nodeof the derived graph
becomes unreferenced,all the nodesofthe corresponding strongly c vecte

componenthave become unreferenced. By connec
Hughes therefore suggests adding a second reference-countfield to eact

node, which either contains the shared reference-count for the strongl

connected componentof which the nodeis a part, or is used to point at the

node which does hold the shared reference-count. He gives algorithms for

incrementally maintaining the information. about which components

strongly connected, and showsthat they are rather cheap, except wh 7

strongly connected componentis broken up. “

It appears that this technique can successfully alleviate the ‘circular data
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structure problem’, and thus allow exploitation of the other desirable

characteristics of reference-counting. Aertes [1981] describes an essentially

identical system. Brownbridge [1985] describes a different reference-

counting technique, also claimed to be capable of recovering circular

structures.

Interestingly, all of these techniques will only work for implementations

free of side-effects. In other words, they will work for implementations of

functional languages, but not for Lisp (at least, not if the program uses

RPLACs). Perhapsthis is a new point in favorof functional languages!

47.3.2 One-bit Reference-counts

The logical extreme of the limited width reference-count idea is a one-bit

reference-countfield. This is not a new idea [Wise and Friedman, 1977].

Recently, however, a number of researchers noticed that instead ofstoring

a one-bit reference-countin the cell it would be possible to store the reference-

countin the pointer. A single bit in each pointeridentifies the pointer as being

a unique reference or a shared reference. Cells are created with a unique

reference to them; when a uniquereferenceis duplicated, both copies become

shared references. When a uniquereferenceis discarded thecell to which it

points can be immediately re-used; when a sharedreference is discarded no

recovery is possible. Like all elegant ideas it is marvellously obvious in

retrospect.

Theprincipal advantageofstoring the reference-countin the pointeris that

it completely eliminates the extra store accesses required to increment and

decrement reference-counts.

The benefits of even such a narrow reference-count are dramatic. Stoye et

al. [1984] report that up to 70% ofall garbagecells are recovered immediately

they becomeunusedin the SKIM SK combinatorreduction machine. Further

performance improvementis gained in the SKIM implementation because

reclaimedcells are often re-used immediately, rather than being attached to

the free list.

17.3.3 Hardware Support for Reference-counting

Much of the time overhead of reference-counting would be alleviated if

hardware support were available. Wise [1985] describes hardware for a

‘smart’ memory module, capable ofdetectingwhen one pointeris overwritten

with another. When this occurs, the module sends a ‘decrement’ message to

the module which holds thecell pointed to by the old pointer, and an

‘increment’ message to the module which holdsthe cell pointed to by the new

pointer.  
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17.4 Shorting out Indirection Nodes

In Chapter 12 wediscussed the introduction of indirection nodes to preserve

sharing when updating the root of a redex with its result. This is the onl}
purpose of indirection nodes, andin all other respects they are a burden or
the implementation,since they take up storage, and haveto be ‘jumped over
whentraversing the graph.

It turns out that a rather simple modification to the garbage collector car
‘short out’ all the indirection nodesin a graph, so they are no longer required
Consider a mark-scan collector. Whenit reaches an indirection node during

the mark phase,it does not mark the indirection node. Instead it overwrite:

the pointer to the indirection node with the contents of the indirection

effectively shorting it out. Thus:

   

2»| IND v

   

becomes

 
  

IND >           
  

 
 

 A

Since all pointers to indirection nodeswill be updated in this wayit follow
that the indirection nodes themselveswill be unreferenced (and unmarked)
so they can be collected with the rest of the garbage. Notonly does this sav:

store, but it also saves time when following the pointers that have bee:
updated. A very similar technique will work for a copying collector.

17.5 Exploiting Cell Lifetimes

Another approach recently suggested by Lieberman and Hewitt [1983]i
based on the observation that

The longera cell has lived,
the longerit is likely to live.

Consider, for example, a heap whichincludesa filing system. Manyfiles wi
be unused for long periods, while data structures that are currently bein

processed will have relatively short lifetimes. A conventional copyin
collector will copythe entirefiling system each time it runs — a very wasteft
activity, since it is unlikely to recover any space from the inactive majority c

thefiling system.
Hewitt and Lieberman therefore suggest dividing the address space int

regions of increasing age. Most pointers point backwardsin time (thatis, |

they cross region boundaries, they will mostly point from younger regionst
older ones). Where pointers point from an older region into a younger on



288 Chapter 17 Storage Management and Garbage Collection
 

(only update operations can causethis), they are constrained to go via an entry

i ith the youngerregion.

aNSeeyoungest region can be garbage-collected independently, using

B ker’s algorithm so long as we preserveall cells referenced from its entry

table In general any region can be garbage-collected vont sanereeions

iot i bage-collect younginformation. So all we have to do is to gar

(wheregarbage collection will be fruitful) more often than older ones (where

it will be less fruitful, but eventually necessary).

17.6 Avoiding Garbage Collection

. wa: ler
Anotherapproach to garbagecollectionisto try to avoid .aoaveeram

ique for compilingacertain class of func grat
[1984] suggests a technique 3 unctional program

i ine wi er of registers and n p
i nite state machine witha fixed num Hs, in

itesperforms memory allocation in advance (rather asa conventioni"

Pascal program has no problem with memory allocation). He ca

iler the listless transformer. ; ;

oefunctional programs to which this technique is applicable are,ne

urprisingly, those that can be evaluated using bounded internal stores ; at

includes for example, functions that find the length of a wea uPF ae

ncatenate or merge twolists, or divide a list into two lists of o ae

elements It excludes, however, functions that sort a list, append a

i r work on tree-shapeddata. oo vate it

tSCearly the applicability of the methodis limited, butBoeteryfat,

i i ite state machine can be made ve -
i ely effective, since thefinite s ach

° Wadler has a working implementationofhislistless transformer, written in

KRC.

17.7 Garbage Collection in Distributed Systems

: : . 1
Efforts to develop garbage collectors which work in parallel ai use

mputation have gained new impetus with the advent of pare anche

tectures where the problem generalizes to many computation and ga pi

Mostworkhasbeen addressed to architectures with a single aresb)and

space (closely coupled systems), for example Hudak [1983a and

~ 84 °

. .

peother Utne have been directed towards loosely coupled systemsinwhict

is distri ber of processing elements,he heap is distributed between a numb« 5 ¢

accessing a cell held by another processing element is eyJans

relatively expensive operation. Examples include Mohamed-

Hughes[1985].
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THE G-MACHINE

The heart of any graph reduceris the implementation offunction application.
In Chapter 12 wesawthat a lambdaabstraction can be applied to an argument
by constructing an instance of the bodyofthe abstraction with substitutions
made for occurrences of the formal parameter. Unfortunately, this involved
an inefficient traversal of the tree representing the body of the abstraction,
and the presence of free variables seemed to make a moreefficient imple-
mentation ratherdifficult.
With this in mind, we developed the supercombinator transformation in

Chapter 13, which yielded particularly simple lambda abstractions (the
supercombinators), whichhad nofreevariables.This simplified the process of
instantiating the body of such an abstraction, but at the (minor) price of
having to substitute for several variables at once. However, the principal
incentive for developing the supercombinatortransformation wasthe hope of
compiling the body of a supercombinatorto a fixed sequenceofinstructions
which, when executed, would construct aninstance of its body.

Thepayoff comesin this chapter, in which we will examine the G-machine,
an extremely fast implementation of graph reduction based on super-
combinator compilation. The G-machine was developed at the Chalmers
Institute of Technology, Géteborg, Sweden, by Johnsson and Augustsson.
This chapter and the subsequent three chapters draw heavily on the G-
machine papers [Johnsson, 1984; Augustsson, 1984]. Manyofthe ideas in
these chaptersare theirs, and notall of them have appearedin the published
literature. .
The developmentofthe G-machineis presented informally, but it would be

an interesting exercise to give a formal proofofits correctness [Lester, 1985].

wm
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18.1 Using an Intermediate Code

Once we have decided to compile supercombinator bodies to a sequence of

instructions we have to decide on the language in which the instructions

should be written. It would be possible to produce, say, VAX machine code

directly, but this approach suffers from two disadvantages. Firstly, we would

have to start all over again if we want to generate code for some other

machine,and, secondly, we would be in dangerof mixingup the issues ofhow

to compile supercombinators to a sequential code with issues of how best to

exploit particular features of the VAX.

This is not a new problem, and a common solution is to define an

intermediate code, which can be regardedas the machine code for an abstract

sequential machine. Then the compilation process can besplit into two parts:

first generate the intermediate code, and then generate target code for a

particular machine from the intermediate code. Changing the code generator

to generate code for a different target machine is then relatively easy, and

improvements madein the compilation to intermediate code benefit all such

code generators. Examplesof this approach include Pascal’s P-code [Clark,

1981], BCPL’s O-code [Richards, 1971] and Portable Standard Lisp’s

C-macros[Griss and Hearn, 1981].

18.1.1 G-code and the G-machine Compiler

For these reasons, the designers of the G-machine defined an intermediate

code called G-code, into which supercombinator bodies are compiled. The

compiler for the G-machinefollows a sequencesimilar to that described in the

first two parts of this book. In-particular:

’ (i) The source languageis a variant of ML with lazy evaluation semantics,

called Lazy ML (or LML).

(ii) Early phases of the compiler perform type-checking, compile pattern-

matching and do dependency analysis. At this stage the program has

beentranslated to the lambda calculus (augmentedwithlet andletrec).

(iii) A lambda-lifter transforms the program to supercombinator form. The

full laziness optimization is not performed,buthis feature could easily be

added.

(iv) Now the supercombinators are compiled to G-code.

(v) Finally, machine code for the target machineis generated from the

G-code.

Figure 18.1 shows the structure of the G-machine compiler.

Ourdescription of the G-machine compilerfalls into three parts:

(i) a description of the compilation algorithm whichtranslates the source

languageinto the intermediate code;

(ii) a description of the intermediate codeitself, giving a precise description

of what each instruction does;  
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Figure 18.1 Structure of the G-machine compiler

(iii) a description of the code generator.

Wewill discuss thefirst of these parts in this chapter andthelatter two in the
next chapter. First, however, we will mention some related work.

18.1.2 Other Fast Sequential Implementations of Lazy Languages

The implementation of Ponder[Fairbairm, 1982], developed by Fairbairn and
Wray,is based on a similar approach to the G-machine. The Ponder Abstract

Machine (PAM)is at least as sophisticated as the G-machine, though they
were developed independently, and is described in Fairbairn’s thesis
(Fairbairn, 1985; Fairbairn and Wray, 1986]. An interesting developmentof

this work is a cross-compiler which compiles Ponder abstract machine
instructions into SKIM microcode [Elworthy, 1985].
A related approach, though one which diverges from graph reduction,is to

use a lexically scoped dialect of Lisp, such as Scheme [Steele and Sussman,
1978] or T [Rees and Adams, 1982], as an intermediate code. This takes

advantage of the immense amountofeffort which has been spenton building
fast Lisp implementations, andis the approach taken by Hudak [Hudak and
Kranz, 1984].
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A fast VAX implementation of Hope [Burstall et al., 1980] based on an
intermediate code called FP/M has recently been developed at Imperial
College [Field, 1985] (remember, however, that Hopeis strict language).

18.2 An Example of G-machine Execution

Webegin with an example,to give the flavor of the G-machine. Consider the

Miranda program

 

from n

succ n
n: from (succ n)
n+1v

o
u

 

  from (succ 0)
 

It generates the infinite list [1,2,3,...,]. The functions from and succ are

supercombinatorsalready, so the lambda-liftingis trivial, yielding

 

$from n = CONS n ($from ($succ n))
$succ n= +n1

$Prog = $from ($succ 0)
 

$Prog  
 

The G-machine usesa stack, and execution begins with a pointerto the initial
graph ontopofthe stack (Figure 18.2(a)). The spine is then unwound,exactly
as previously discussed in Section 11.6, without using pointer-reversal. The

difference comes whenthe spine has been completely unwound,so thatthere’

is a pointer to $from on the stack (see Figure 18.2(b)). By following this
pointer the machine extracts

(i) the numberofarguments expected by $from (one in this case);
(ii) the starting address for the code for $from.

First it checks that there are enough arguments on the stack for $from to

execute, and finds that there are. It then rearranges the top of the stack

slightly (see the transition from (b) to (c) in Figure 18.2) and then jumpsto the
code for $from. The rearrangementofthetop of the stack puts a pointer to the

argumentto $from on top of the stack. We will discuss the stack rearrange-

mentin more detail later. Notice also that the machine jurnps to $from rather

than calling it. An instruction at the end of $from will complete evaluation of

the graph after the $from reduction is done.  
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Figure 18.2 Evaluation of ($from ($succ 0))
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Control has now passed to $from. A G-machine compiler will produce the

following G-codefor$from, whichis executed in sequence:
 

G-codefor function $from

PUSH 0; Pushn

PUSHGLOBAL $succ; Push function $succ

MKAP; Construct ($succ n)

PUSHGLOBAL $from; Push function $from

MKAP; Construct ($from ($succ n))

PUSH 1; Pushn

CONS; Construct (n : ($from ($succ n)))

UPDATE 2; Update theroot ofthe redex

POP 1; Pop the parameter n

UNWIND; Initiate next reduction    
The execution of $from is shown step by step in Figure 18.2. We can make

several observations by examining the code given above:

(i) At the pointof entry, the parameternis on top of the stack, and a pointer

to the root of the redexis immediately belowit (Figure 18.2(c)).

(ii) Items which are notontop ofthe stack are addressedrelativeto the top of
the stack, with the top element having offset zero. For example, the

PUSH instruction takes the elementnextto top in the stack, and pushes
it onto the stack. Stack items cannot be addressed relative to the base of

the stack because a reduction takes placeat the tip of the spine, with an
unknown numberof vertebrae above. (An alternative would have been

to assume a frame pointer, and relegate offset calculation to code

generation time.)
(iii) Someinstructions take their operands from the stack andputtheir result

on the stack in the manner of a zero address machine. MKAP and CONS
are examplesofsuchinstructions.

Apart from the last three instructions, the sequence simply constructs an

instance of the body of $from (see Figure 18.2(1)).

The UPDATE instruction updatesthe rootof the redex with a copyof the

rootof the result (thereis a slight inefficiency here,since the rootofthe result

is discarded almost immediately it is constructed; we will address this

efficiency question later). Notice that the G-machine updatesthe rootofthe

redex using copying, rather than using indirection nodes (butthis is not an

inherent property of the G-machine — see Section 19.4.4).

The POP 1 instruction removesthe parameters (only onein this case) from
the stack, leaving a pointer to the reduced graph on topofthe stack.Finally

UNWIND examinesthetagof the root node of the reduced graph.In-this case it
is a CONScell, so evaluation is complete.

This concludes our example, for now. (Note: in orderto reduce the number

oe
ce

ca
,
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of execution steps, the example contains some optimizations which wewill
notstudy until Chapter20.)
Wewill now develop the G-machine in a stepwise fashion, beginning with a

very simple implementation, and developing the compilation algorithm and
the G-code together. First, however, wewill specify the language from which
weare compiling.

18.3 The Source Languagefor the G-compiler

The compilation to G-code begins with a program consisting of a numberof
supercombinatordefinitions of the form

$S X1 X22... Xn = E

whereE is an expression containing no lambdas, but which maycontainlets
andletrecs. Figure 18.3 gives a reminder of the syntax of expressions. Notice

 

<E> := <constant>

| <identifier>

| <E> <E>

( let <identifier> = <E> in <E>

! letrec <identifier> = <E>

<identifier> = <E>

in <E>   
Figure 18.3 BNFfor syntax of expressions

that the left-hand side of a definition in a let orletrec can consist only of a
single variable; local function definitions have been removed by lambda-
lifting. For example,

letfx=+x1
in E

cannotoccur. Notice also that we allow only one definition in a fet. Multiple

definitionscan be handledbynestedlets, andtherestriction slightly simplifies
the compiler. :

It is worth havinga formal description of the syntax, because our compiler

will need to contain a case for each construct. Referring to the syntax enables
us to confirm thatall cases have been covered.

To save repetitive work in this chapter wewill use a stripped-downset of

built-in functions and constants, shown in Figure 18.4. The stripped-downset
has beenchosentoillustrate all the features of the compiler. The operators in
the right-hand column behaveexactly like those in the left-hand column.
Assuming that we implementlists with structure tag 1 for NIL and 2 for
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Stripped-down set Others which behavesimilarly

integer constants boolean, character constants

NEG (unary negation) NOT

+ —, *, /, REM
<s,=2,>

IF CASE-n

FATBAR

CONS PACK-SUM-d-r, PACK-PRODUCT-r

HEAD TAIL, SEL-r-i, SEL-SUM-r-i  
 

Figure 18.4 Built-in functions and constants

CONS, we use CONS, HEAD and TAIL as abbreviations for PACK-SUM-2-2,

SEL-SUM-2-1 and SEL-SUM-2-2 respectively. These abbreviations are easier
to remember,and are used in the G-machine papers.

“We do not treat UNPACK,since it is eliminated by the transformation

described in Chapter6.
Wewill postponea treatmentof the FATBAR function until Chapter 20.

18.4 Compilation to G-code

Fortherestofthis chapterwe will discuss the compilation ofsupercombinator
definitions to G-code, leaving the code generation for the next chapter.
The compilation of a program to G-code andits execution by the G-

machine are purely optimizations to the simpler template-instantiation
implementation. We begin with the simplest possible G-machine, where the
connection with template-instantiation is very direct. Later on, in Chapters 20

and 21, we will develop a numberof optimizations which considerably speed
up the operation of the machine.
The G-code compilation algorithm behaveslike this:
 

 

  
 

 

$F... =...
$G...=... G-code A G-code

wee -» compilation —

|

program
$Z ...=

$Prog  
 

The compilation algorithm takes a set of supercombinator definitions,  
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together with a distinguished one ($Prog), and produces a G-code program.
The G-code program will consist of the following parts:

(i) A segment ofinitialization code, which will perform any run-time
initialization necessary.

(ii) A segment of G-code which evaluates the distinguished super-
combinator $Prog and prints its value. This will probably follow
immediatelyafter(i).

(iii) A segment ofG-code corresponding to each supercombinatordefinition.
Eachofthese will be identified by an initial label.

(iv) Labelled segments of G-code corresponding to each built-in function

(such as + or CONS). This constitutes the run-timelibrary, sinceit is the
sameforall programs.

The code segments for(i) and(ii) can be fairly simple. All we need for (i) is a

G-codeinstruction BEGIN which labels the beginning of the program and

initializes anything necessary. Then to evaluate $Prog wewill first push it onto

the stack (using a G-code instruction PUSHGLOBAL), then evaluate it (using
the EVALinstruction) and then printit (using the PRINT instruction). Here is a
code sequencethat could be generatedto initialize the system and print $Prog:

BEGIN; Beginning of program

PUSHGLOBAL$Prog; Push $Prog onto stack

EVAL; Evaluateit

PRINT; Print the result

END Endofprogram

Wehavefelt free to invent G-codeinstructions outof thin air to perform the
steps of the program. Wewill continue to do this, and will wait until the next

chapter before giving them a more precise meaning. The EVALinstruction is
discussed in Section 18.8.1.

Wenowturn ourattention to(iii), compiling code for supercombinators,
leaving(iv) for Section 18.8.

18.5 Compiling a SupercombinatorDefinition

Wemaydepict the compilation of a supercombinatordefinitionlike this:
 

 

$F x1 X%2 = E —————»| G-code
F for $F   

   
Wecan regard the compiler as a function F, which takes a supercombinator

definition as its argument, and returns the compiled G-codeasits result. Using
the [[ ]] notation:

FIL $F x1 x2 = E J] = ...G-code for $F...
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Wecall the function F a compilation scheme, and we will use a number of
other compilation schemesas auxiliary functionsto F. Usingthis notationwill
allow us to express quite subtle compilation techniques in a compact and
elegant way.

Nowwewill ‘turn up the magnification’still more, and consider what the
G-code for $F might look like. Before we can do this we must establish the
context in which the code for $F will execute, and in particular the
configurationof the stack which $F expects.

18.5.1 Stacks and Contexts

Suppose the G-machine was evaluating the expression ($F p q r s), and $F
was a supercombinator of two arguments. After the spine of the graph has
been unwound,the stack would looklikethis:

 

 

Stack base

@

/\
@ s

J
JN
ae q

sf \s
Stack top   
 

(In all the pictures the stack grows downwards.) This is not the most
convenient configuration during execution of $F, because in order to access
the argumentsp and it needsto do an indirect access via the vertebrae. The
solutionis to rearrange the stack after unwindingis complete, and before the
supercombinatoris executed,so that the elements on thestack pointdirectly
to the arguments, thus:

 

Stack base

 

Stack top   
 

Therest of the spine is still there, of course, but it has not been drawn.
Notice that we do retain a pointerto the root of the redex, because wewill  
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subsequently needto update it. Now the arguments p and q are conveniently
accessible. The supercombinator$Fitself has been popped off, because this
stack rearrangementis actually carried out by a prelude to the target code for
$F.
 

Stack base

Root of redex

Argn

Current

context Arguments
(d+1

items) Arg 1

Intermediate
values

 

Stack top   
Figure 18.5 The stack during G-code execution

Wesee,therefore, that during the execution of the G-code for a super-
combinator, the stack looks like Figure 18.5. The section at the top of the
stack, including the pointer to the root of the current redex, the arguments
and the intermediate values,is called the current context. It alwayssits at the
top endof the stack, but there maybe otherstack elements betweenthe stack
base and the base of the current context. At the end of the execution of a
function,the rootof the redex will be updated andall the items in the context
will be popped,leaving only the pointerto the rootof the redex.
To summarize, here are two groundrules, which will hold throughout:

(1) When execution of (the code corresponding to) a supercombinator body
begins, the arguments are ontop ofthe stack, and underneath them is a
pointerto the rootof the redex.

(2) When execution of the supercombinator completes, only the pointer to
the reduced graph remains on the stack. The reduced graph is not
necessarily in WHNF,so the last instruction in the supercombinator
initiates the next reduction.

During compilation of a supercombinator the compiler needs to maintain a
modelof whatthe stack lookslike. In particular, it needs to know where the
value of each variableis held, relative to the top of the stack. For all our
compilation functionsthis informationwill be held as:

(i) p, a function which takes anidentifier and returns a number giving the
offset of the corresponding argument from the base of the current
context, counting the bottom elementofthe contextas having anoffset of
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0. Thepointerto the rootofthe current redex therefore hasan offset of0,
andthe last argumenthas anoffsetof 1 (see Figure 18.5).

(ii) d, the depth of the current context minus one.

From these we can calculate the offset of a variable, x, from the top of the

stack as (d — p x), counting the top elementofthe stack as havinganoffsetof
0.

(Note: the G-machine paper[Johnsson, 1984] uses ‘r’ insteadof‘p’ and ‘n’
instead of ‘d’. It also usesslightly different conventions for n and r(n = d+1
andr x = 1 + p x).)

For example, consider the context shownin Figure 18.6. The depth of the
contextis 5, so d=4. The function p mapsthevariable x to 2 and y to 1, and we
write

p = [x=2, y=1]

Theoffset of the value of x from the top of the stack is

(d-px)=(4—-2)=2
 

Stack base

Rootof redex

AIgy
Current Arg x
context

Intermediate
values

 

 Stack top  
Figure 18.6 An example context

18.5.2 The R Compilation Scheme

Wecan now give the complete definition of the compilation scheme F we

referred to above:

FIL f x1 x2... x, =E J

= GLOBSTAATf,n; RI E I} ba=n, xe=n—-1,...,.xn=1] n

wherefstands for a supercombinator name. The ‘GLOBSTAATf,n’ isa G-code

pseudo-instruction which labels the beginning of a function called f, which

takes n arguments. ThenF calls a function R to compile codeforthe body,E,

of the supercombinator,passing it the correct p and d (in that order).  =
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Wemustnow describe what R does. As we saw in our example,the code for
a supercombinatorhasto do fourthings:

(i) construct an instance of the supercombinator body, using the parameters
on the stack;

(ii) update the root of the redex with a copy ofthe rootof the result (note:
there are the usual complicationsifthe body consists of a single variable,
which wedeal with later);

(iii) remove the parameters from the stack;
(iv) initiate the next reduction.

This translates directly into a compilation schemefor R:

REE Wp d = Cf. E Ip dG; UPDATE (d+1); POP d; UNWIND
We use another auxiliary function, C (for Construct Instance), which

producescodeto constructan instance of E and put a pointerto it on the stack,
whichconstitutes step (i). The UPDATE instruction overwrites the rootof the
redex (whichis now atoffset (d+1) from the top of the stack) with the newly
created instance, which is currently on top of the stack (step (ii)); UPDATE
then popsit from the stack. Then the POPinstruction popsthe arguments (step
(iii)), and the UNWINDinstructioninitiates the next reduction (step (iv)).
Figure 18.7 summarizes the F and R compilation schemes.
Warning: whileit will give the correctresults, the code generated by Rmay

give bad performancefor projection functions, such as

fxyz=y

where the bodyof the function consists of a single variable. The reasons for
this were explained in Section 12.4. As given, the UPDATE instruction
generated by the R schemewill copy the root of the argumenty, withoutfirst
evaluating it. This risks duplicating the root of a redex, which would lose
laziness. Wewill fix this problem in the next version of R,at the beginning of
Chapter20.

All we haveleft to do is to describe the C compilation scheme.

 

FI SCDef JJ

generates code for a supercombinatordefinition SCDef.

FI. f x1 x2... x, = E J} = GLOBSTARTf n;

REE 7 [xi=n, xe=n-1,...,xp=1]

 

REE Dpd

generates codeto apply a supercombinatortoits arguments.
Note: there are d arguments.

RIE E Ip d = Cll E Jp d; UPDATE (d+1); POP d; UNWIND   
Figure 18.7 The R compilation scheme
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18.5.3 The C Compilation Scheme

The C compilation scheme compiles code to construct an instance of an
expression.It is a function with the following behavior:

(i) Arguments: the expression to be compiled, plus p and d, which specify
where the argumentsofthe supercombinatorare to be found in the stack.

(ii) Result: a G-code sequence which, when executed, will construct an
instance of the expression, with pointers to the supercombinator
arguments substituted for occurrences of the corresponding formal
parameters,andleave a pointerto the instance on top ofthe stack.

To define C fully, we must specify the result ofthe call

CLE pd

for every possible expression E. The expression E can take a numberofforms
(see Figure 18.3), and we define C by specifying it separately for each form of
E. The casesare describedin the following sections.

18.5.3.1 Eis a constant
There are actually two cases to consider here. First, suppose E is an integer,i
(or a boolean,or otherbuilt-in constant value). All weneed do is to push a
pointer to the integer onto the stack (or the integeritself in an unboxed
implementation), an operation whichiscarried out by the G-codeinstruction

PUSHINT i

Wemaywrite the compilation rule like this:

Cl i I} p d = PUSHINT i

Secondly, suppose E is a supercombinatoror built-in function,called f. We
must push a pointer to the function onto the stack, using the G-code
instruction

PUSHGLOBALf

Wewrite the rule in the same wayasbefore:

Ci[ f Il p d = PUSHGLOBALf

18.5.3.2 Eis a variable .
Thenextcase to consideris that of a variable, x. The value of the variable isin
the stack,at offset (d — p x) from the top, and the G-codeinstruction

PUSH (d — p x)

will copy this item onto thetop ofthe stack. Hence we maywrite the rule

Ci x I pd = PUSH d - px)
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18.5.3.3 Eis an application
If E is an application (E, Ez), where E; and Ez are arbitrary expressions, thenthe expression to be constructedis the application of E; to Eo.It is easy to dothis: first construct an instance of E2 (leavinga pointerto the instance on top ofthe stack), then construct an instance of E, (likewise), then make anapplicationcell from the top twoitemsonthe stack, and leave a pointerto theapplication cell on top ofthe stack. This can be achieved bythe followingrule:

CHE: Ee Ip d = Cll Ee Bp d; CHE Es Bp (+1): MKAP
Notice that the current contextis one deeperduringthe second call to C, so wepassed it (d+1) instead of d.
MKAPis an instruction which takes the top two items on the stack, popsthem, formsan application nodein the heap,andpushesapointertothis nodeonto the stack. If MKAP took its arguments in the other order, we couldconstructfirst E, and then Eo. This might seem to be a more logical order, butwewill see later thatit is more convenientto constructEsfirst.

18.5.3.4 Eisa let-expression
Next, considerthe rule for let-expressions

Ci[ tet x = E, in E> pd

wherex is a variable and E,, E, are expressions (we consider only the case of asingle definition). Werecall thata let in a supercombinatorbodyis just a wayofdescribing a graph (with sharing) rather thana tree. We can deal with letinavery straightforward way.

(i) First we constructan instance of E,, leaving a pointertoit on the stack.(ii) Then we augmentp to saythatx is to be foundatoffset (d+1) from thebaseof the context (whichis true,sinceit is on top of the Stack).(iii) Then we construct an instance of Ep, using the new values of p and d,leavinga pointerto the instance on top of the stack.
(iv) Nowa pointerto the instance of Epis on top ofthe stack, and underneathit is a pointer to the instance of Ex. We no longer wantthe latter, so weSqueezeit out bysliding down the top elementofthe stack on top ofit.
Figure 18.8 shows the execution of

a

letafter these fourstages.
In symbols:

Cf[ let x = E, in Ex Hpd
= CL Ex Ip d; Cl Eb I pfx=d+1] (d+1); SLIDE 1

Remembering that p is a function taking a variableas its argument, thenotation ‘p[x=d+1] means‘a function which behavesjustlikepexcept whenitis applied to x, in which case it delivers the result (d+1)’. In other words,
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Figure 18.8 Execution ofa let

plx=d+1] is just p augmented with information about where to find x.

Symbolically,

n
py ifx #y

p[x=n] x
plx=n] y

The ‘SLIDE 1’ instruction squeezes out one element from the stack.
The job wasfairly easy to do because wecould access the graph constructed

by thelet definition in just the same way as we access the parameters of a
supercombinator. This is another strong reason for performing the stack

rearrangementdescribed in Section 18.5.1.

18.5.3.5 Eis a letrec-expression
Finally, we considerthe rule for

C[[ letrec D in Ey pd

whereD is a set of definitions and Epis an expression. Recall thata letrec in a

supercombinator body is just a description of a cyclic graph. The way to
construct such a graphis:

(i) First allocate some empty cells, one for each definition, putting pointers
to them on the stack. These empty cells are called holes.

(ii) Now augment the context p and d to say that the values of the variables
boundin theletrec can be foundin the stack locations just allocated.

(iii) Then for each definition body:

(a) constructan instanceofit, leaving a pointer to the instance on top of
the stack, and

(b) then update its corresponding hole with the instance (using the
UPDATE instruction; this also removes the pointer on top of the
stack).

During the instantiation process, occurrences of names boundin the

letrec will be replaced by pointers to the corresponding hole, because we

have augmentedthe context in stage(ii).
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(iv) Now instantiate E,, leaving a pointertoit on the stack.
(v) Lastly, squeeze outthe pointersto the definition bodies. This is why the

SLIDE instruction has an argument,telling it how many elements to
Squeeze out.

 

 

 

 
     
After(iii)a

WHA |
e—|__—_+@a0

After(iv)

 

  
Figure 18.9 Execution of letrec x = f x in E,

Figure 18.9 shows various stages in the execution of

Cf letrec x = f x in Ey J pd

In symbols,wewrite:

CII letrec D in & pd
= Cletrec[[ D 9 p’ d’; Ci[ Ep lp’ d’; SLIDE (d’—d)
where

(o', d') = MTD pd

ae uses two new auxiliary functions CLetrec and Xr, which are defined as
ollows.

Cletrec |]x1
Xo

Xn

CLetrec performsthefirst two steps of the process. The ‘ALLOC n’instruction
allocates n holesin the heap and pushes pointers to them ontothe stack. Then
the instances of the definition bodies are constructed and the UPDATE
instruction overwritesa hole with the root of the correspondinginstance.

E:]] pd = ALLOC n;
Eo C OE; J) p d; UPDATE n;

C Q Ez 9 p d; UPDATE n-1;
E,

C ff En I p d; UPDATE 1;

Xr} x= Ext] pd = (pf x=d+1 , d+n)
Xo = Eo Xe=d+2

Xn = En Xn=d+n
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Xr just computes the augmentedp andthe newvalueof d, returning them asa

pair (p’, d’). The [] bracket updates p to includeall the new information.
The final ‘SLIDE (d’—d)’ slides down the top element of the stack,

squeezing outthe pointers to the E,. ; ;
Warning: there will be a problem if a definition body consists of a single

variable name boundin the sametetrec; for example

letrec x

y
inE

This gives a problem because UPDATE will try to update one hole with
another. However,the definition ofx will be removed atan earlier stage in the
compiler, by the optimization of Section 14.7.3, which replaces occurrences

of x by yin E.

y
CONS 1 y

 

CLE lpd

Constructs the graphfor an instance of E in a context given by p and d.
It leaves a pointer to the graph ontop ofthe stack.

CLilpd = PUSHINT i
CL tIpd = PUSHGLOBAL f
Cl x Tpd = PUSH (d — p x)
CL E: Eolpd = Cf E2 Tp d; Cl E1 J p (d+1); MKAP
Cif let x=E, in E J pd CI Ex Tp d;

CI. E Bl plx=d+1] (d+1); SLIDE 4
CLetrec[ D Jj p’ d’; CE 9] p’ d’; SLIDE (d’-d)
where

Cf fetrec D in E J pd

(', 4d) = Xf DI pd 
 

 

Figure 18.10 The C compilation scheme
 

CLetrec[ D I pd

Takes a mutually recursive set of definitions D, constructs an instance of
each body,and leaves the pointers to the instances on top ofthe stack.

CLetrec| x: = E: p d = ALLOC n;
X2 = Eo : CL E1 9 p d; UPDATE n;

e Cl[ Eo Ip d; UPDATE n-1;

Xn = En wee

Ci En I p d: UPDATE 1;

ML D pd

Returns a pair (p’, d’) which gives the context augmented by the

definitions D.

Xr] x1

Xo

E; op d = ( pf x1=d4+17, d+n )

Eo =|

Xn En Xn=d+n  
 

Figure 18.11 Auxiliary compilation schemes CLetrec and Xr  
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18.5.3.6 Summary

Weare done! The C compilation scheme has been described in considerable
detail becausethe sameideaswill be used again andagain in whatfollows.Itis
worth somestudy to ensure that you understand whatis going on. Figures
18.10 and 18.11 summarize the C scheme.

18.6 Supercombinators with Zero Arguments

The lambda-lifting algorithm given in earlier chapters may produce some
supercombinators with no arguments. The most obvious example ofthis is the
$Prog supercombinator.
Such supercombinators are simply constant expressions (sometimescalled

constantapplicativeforms or CAFs), since they have no parameters atall. The
presence of CAFsraises two issues, compilation and garbage collection,
which we now discuss.

18.6.1 Compiling CAFs

How should we compile CAFs? There are two alternatives:

(i) Do not compile them atall. Instead keep them as pieces of graph. Since
they are not functions they will never be copied, so they can be shared
without further ado. This is a perfectly acceptable solution, but it does
meanthat the compiled program is a mixture of target machine code and
graph.

(ii) Treat them as supercombinators with zero arguments and compile them
to G-code which will, when executed, construct an instance of their
graph. Since we wantto share this graph (and not make repeated copies
ofit) the instance should overwrite the compiled code in some way.

This is easily achieved. We allocate a single graph node, tagged asa
function, which holds a pointer to the compiled code.This nodeis shared
by anyone who uses the supercombinator. When the compiled code
executes, the current contextwill contain a pointerto that nodeasits only
element(since there are no arguments), so the nodewill be updated with
the result, and this update will be seen by anyoneelse sharing the node.
The F schemeis therefore quite adequate to compile the code for the
body.
The advantage ofthis is that the compiled program consists almost

entirely of target machine code, plus someindividual graph nodes, one
per supercombinator. In the Chalmers G-machine these nodes are
allocated space physically adjacent to the target machine code of the
supercombinator, outside the main heap. Such CAFnodesshould not be
in read-only memory, however, since they must be updatedafter their
codeis executed.
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18.6.2 Garbage Collection of CAFs

Supercombinators which have one or more arguments need not be garbage-

collectedatail, since they cannot grow in size. CAFs, on the other hand, can
growin size without bound. For example, consider the program:
 

 

$from n = CONS n ($from (+ 1 1))
$Ints = $from 1

$F x y = ...$lnts...

$Prog = ...$F...

$Prog    
$ints is the infinite list of integers, and we would like to recover the space this
list occupies whenit is no longer needed. Unfortunately, we will be unable to
reclaim this spaceifwe decide that all supercombinators should not be subject

to garbagecollection.

$ints can be recovered when there are no references to it, directly or

indirectly, from $Prog. However, $Prog mayreferto $ints indirectly, by using

$F which uses $ints, so we cannot recover$ints just because $Prog does not

referto it directly.
The only clean way aroundthis is to associate with each supercombinator

(of any numberof arguments, including zero)a list of CAFs to whichit refers

directly or indirectly. Then, for mark-scan garbage collection, to mark a

supercombinatorofone or more arguments we simply markall the CAFsin its

associated CAF list. To mark an unreducedCAFwemarkits CAF list, while a

reduced CAF is indistinguishable from any other heap structure and is

marked as usual.
Another way to understand this is to see that in a template-instantiating

implementation, the template for $F would referto thatfor $Ints. Hence,$ints

would be reached by the mark phase of garbagecollection during the normal

marking traversal of $F. In a compiled implementation, however, the

reference to $Ints is buried in the code for $F, and the CAF list for $F makes

this dependencysufficiently explicit for the garbage collector to understandit.

This technique, or something similar, is essential to prevent ever-

expanding CAFsfrom filling up the machine.

18.7 Gettingit all Together

Wecan nowputallthe pieces together to describe how to compile a complete
program. Consider the program:
 

 

$F x = NEG x

$Prog = $F 3

$Prog   
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(Note: such a program will never be generated by the lambda-lifter due to
7-optimization,butit serves here as the smallest feasible example program.)
This will compile to the following G-code:

 

 

 

BEGIN; Beginning of program
PUSHGLOBAL$Prog; Load $Prog

EVAL; PRINT; Evaluate andprintit
END;

GLOBSTART $F, 1; Beginning of $F (one argument)

PUSH 0; Push x

PUSHGLOBAL $NEG; Push $NEG

MKAP; Construct ($NEG x)

UPDATE 2; Updatethe root of the redex
POP 1; Pop the parameter

UNWIND; Continue evaluation

GLOBSTART $Prog, 0; Beginning of $Prog (no arguments)
PUSHINT 3; Push 3

PUSHGLOBAL $F; Push $F

MKAP; Construct ($F 3)

UPDATE 1; Update the $Prog

UNWIND; Continue evaluation   
We have now described a complete compilation scheme for compiling a

program into G-code.Itis far from optimal, as we will soon see, but evenin its
present form it should work faster than a template-instantiation
implementation.
The only mysterious feature of the above codeis the function $NEG.It is

oneofthe built-in functionsin the run-time system, and we now describe the
G-codefor these functions.

18.8 The Built-in Functions

The namesof built-in functions will appear in our implementation in three
distinct ways. For example, CONS can appearin the following ways:

(i) Asa (built-in) function in the supercombinator program. For example

$S x y = CONS y x

(ii) As a G-codeinstruction, which takes the top two elements on the stack,
forms a CONScell from them, and puts a pointerto the result on top of
the stack (see Section 18.2).
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(iii) As a built-in run-time function. For example, at run-time the machine
mayhaveto evaluate a graphlike this

@

&‘
7 \

$CONS x

Thespine will be unwound andthe function $CONSwill be found at the

tip. Just as in the $from example (Section 18.2) the code for $CONSwill be

entered to perform the reduction. This means that there should bea
G-code sequence for the $CONS function, and for all other built-in

functions.
It is for this reason that we prefix this form of CONS with a $. At

run-time it appears just like any user-defined supercombinator;thatis as

a (boxed) G-code sequence.In the next few chapters, therefore, wewill
not make any distinction between built-in functions and super-
combinators. Sometimeswewill call them globals;this is the origin ofthe
PUSHGLOBALinstruction.

No confusion betweenthe first two cases should arise, because the meaning
should be clear from its context. Oneslight annoyanceis that now we have

CI[ CONS J] p d = PUSHGLOBAL $CONS

which makesit lookas ifC ‘sticks the $ on a global’, but this is contradicted by
the case of a supercombinator:

Cil $X J] p d = PUSHGLOBAL $X

Wecontent ourselves with the generalrule as given in the C scheme, namely

CI f Hp d = PUSHGLOBALf

and rememberthata $ is addedto built-in functions. (This is, of course, a

purely notational point.)
Thethird case aboveraises the question of what the G-code sequences for

CONSandtheotherbuilt-in functions are, and we will develop them in this

section. The built-in functionswewill consider are those given in the left-hand

columnofFigure 18.4; thosein the right-hand columnare analogous. In doing

this we will also develop some new G-codeinstructions.

18.8.1 $NEG, $+, and the EVALInstruction

NEGateis an exampleofa function whichhas to evaluateits argument. As we
have seen before (Sections 11.4 and 12.2) this always seemsto require a new
mechanism for recursive argument evaluation, and the G-machine is no

exception. The new mechanism weintroduceis the G-code instruction EVAL,

whichevaluatesthe top item on the stack, leaving the evaluated object on the

S
P
U

er
e 
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stack. With theaid ofthis instruction we can give the following sequence for$NEG:

EVAL; Evaluate the argument
NEG; Negateit
UPDATE 1; Updatethe root of the redex
UNWIND: Continue

The code for $+ is similar, complicated only by havingto get the appropriateparameteron top of the stack before calling EVAL:

PUSH 1; Get second argument
EVAL; Evaluateit
PUSH 1; Getfirst argument
EVAL; Evaluateit
ADD; Add them
UPDATE 3; Update root of redex
POP 2; Pop parameters
UNWIND; Evaluationis complete

The EVALinstruction does the following:

(i) Examines the object on top ofthe stack.If it is a CONS cell, an integer(boolean, character), a supercombinatoror a built-in function, EVAL
does nothing.

(ii) Ifit is an application cell, EVAL creates a newstack, pushesthe top item ofthe old stack, saves the current program counter (which now points to theinstruction after the EVAL), and then executes the UNWIND instruction.
After each reduction an UNWIND instruction is executed. If this UNWINDdiscovers that the expressionis in WHNF,it restores the old stack and jumpsto the saved return address.

Aswesaw in Section 11.6, we can build the newstackdirectly on top of theold stack. Indeed they can overlap by oneitem,since the top elementof theold stack is the same as the bottom element of the new stack. We needto savetwo items on anotherstack,called the dump:

(i) the old stack depth, or (equivalently) the old stack pointer;
(ii) the old program counter.

The UNWINDinstruction at the end of the code for $NEG or $+ will alwaysdiscover that evaluation is complete, because we know that the result of anegationor addition is an integer.It is wasteful, therefore, for UNWINDtotestthe result for being in WHNEF. Wecanencode this information by using a newinstruction, RETURN, instead of UNWIND. RETURN assumes that theexpression being evaluatedis nowin WHNF,butotherwise behaves justlikeUNWIND;thatis, it restores the old stack and jumps to the saved programcounter.
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The new code for $NEG would therefore be:

EVAL; Evaluate the argument
NEG; Negateit

UPDATE 1; Update the root of the redex

RETURN; Evaluation is complete

18.8.2 $CONS

Whenthecode for $CONSis entered,the two objects to be CONSedare on top
of the stack, and below themis a pointer to the root of the redex. We can
therefore produce the following code sequence for $CONS:

CONS; Form the CONScell

UPDATE 1; Updatethe root of the redex

RETURN; Result guaranteed to be in WHNF

CONSis a G-codeinstruction which CONSestogetherthe top two items on the
stack, pops them and pushesapointer to the CONScell. The CONScell is then

copied over the root of the redex by UPDATE. The CONScell cannot be

applied to anything (or the type-checker would have complained), so the
expression being evaluated must now be in WHNF; we can thus use RETURN
instead of UNWIND.

The treatment of $PACK-SUM-d-r is similar, except that we need a new

G-code instruction PACKSUM d,r which constructs a structured data object
with structure tag d and r fields, whose values are found on the stack. CONSis

then equivalent to PACKSUM 2,2. $PACK-PRODUCT-r can be treated

similarly, using a new G-code instruction PACKPRODUCTr. If sum types and
product types are represented in the same way, then a single G-code

instruction would suffice.

18.8.3 SHEAD

$HEADis a function which evaluates its argument (to WHNF);it expects the

result to be a CONScell, from which it can extract the head (thatis, thefirst
field). Then,for the reasons we discussed in Section 12.4, it must evaluate the

headofthecell before overwriting the root of the redex with it. Failing to do
this final evaluation wouldresult in the duplication of work.
The code for $HEADis:

EVAL; Evaluate to WHNF

HEAD; Takeits head

EVAL; Evaluate the head

UPDATE 1; Updateroot of redex

UNWIND; Continue

Notice that we cannot use RETURNat the end, even though the result of the
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HEAD must be in WHNF(since it has been EVALuated). Consider, for
example, the expression

(GHEAD E) 3

where E is some expression. Here, $HEAD evaluates E, takes its head,
evaluatesit, updates the (SHEAD E) redex and then applies the result to 3.
Evaluation of the wholeexpressionis not complete merely becausethe result
of the (GHEAD €) reductionis in WHNF.
$TAIL and $SEL-SUM-r-i are precisely analogous to $HEAD, except that we

need a new G-codeinstruction SELSUM ,i whichselects the ith componentof
a structured data object of sum type andofsize r. Similarly, $SEL-r-i (the
selector functions for product types) requires the introduction of a new
G-code instruction SELPRODUCTri. If sum and product types use the same
representation, then only one new G-codeinstruction is required.

18.8.4 SIF, and the JUMPInstruction

In order to generate codefor $IF we need to introduce two jumpinstructions
(JUMP and JFALSE), and a label pseudo-instruction (LABEL).
The codefor $IFis:

PUSH0; Getfirst argument

EVAL; Evaluateit
JFALSE L1; Jumpto 11if false
PUSH 1; Get second argument

JUMP L2;

LABEL L1; Pseudo-instruction;a label

PUSH2; Getthird argument

LABEL L2;

EVAL; Evaluate before overwriting

UPDATE4; Overwrite root

POP 3; Pop arguments

UNWIND; Continue

(L1 and L2 are uniquelabels.)

The reason for the last EVAL instruction was mentioned in the previous
section, as was the reason for using UNWINDrather than RETURN.

- In order to implement $CASE-n we need an n-way jumpinstruction,

CASEJUMP L1,L2,...,Ln

which examinesthestructure tag of the object on top of the stack, and jumps
to one of n labels depending onits value. Apart from this, its treatmentis
identical to $IF, so we will not mentionit any further.
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18.9 Summary

This chapter has presented the payoff for the hard work earlier in the book.
Wehave developed:

(i) a compilation algorithm which takes a supercombinator program and
compilesit into G-code;

(ii) G-code sequencesfor a representative rangeofbuilt-in functions.

The next chapter completes the picture by giving a precise description of
G-code anda discussion on how to implementit.
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Nineteen

G-CODE
Definition and Implementation

So far we have described a basic compilation algorithm from super-combinators into G-code. The next step, code generation,is to compile theG-code program into target machine code.
The basic ideais that to each G-code instruction there corresponds a simpleSequence of target machineinstructions, so that we can generate target codefor a G-code program simply by generating these sequences for eachInstruction:

G-code Target machine code
PUSH 3 <Target code for PUSH 3>
UPDATE 4 <Target code for UPDATE 4>

Typically the output of the code generator would be a program in theassembly code of the target machine, which would then be assembled,linkedwith any run-timelibraries, and run.
In order to perform code generationin this way we needto know:

(i) exactly what each G-codeinstruction is supposed to do;
(ii) how the various bits of the abstract G-machine are mapped on to the

target machine.

Wewill address these twoissues in order.

19.1 What the G-code Instructions Do

The G-machineis a finite-state machine, with the following components:

(i) S, the stack.

3210
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(ii) G, the graph.
i This says that when PUSHINT iis thefirst instruction, the G-machine makes a(ili) C, the G-code sequence remainingto be executed. transition (denoted by =>) to a newstate in which(iv) D, the dump.This consists ofa stack ofpairs (S, C), where Sis astack and . ;

C is a code sequence. : (i) anew node nis pushedonto the Stack,
(ii) the graph is updated with the information that nodenis INT i,Thus the entire state of the G-machine is a 4-tuple <S, G, C, D>. Wewill 7 (iii) the code to be executedis everything after the PUSHINT i,describe the operation of the G-machine by meansofstate transitions. First, (iv) and the dumpis unchanged.

notation for each componentofthe state. . cae . ope
however, we need som po

Notice that the name n, whichis introducedon the right-hand side, is intendedto be a new and unique node name.
: : More complicatedinstructions can be described using pattern-matching.19.1.1 Notation F EVALis an exampleofthis:

A stack whosetopitemis nis written n:S, where Sis a stack. An emptystackis
written [].
A code sequence whosefirst instructionis | is written !:C, where C is a code

sequence. An empty code sequenceis written[].
A dumpwhosetoppair is (S,C) is written (S,C):D, where is a dump. An

empty dumpis written[]. f
Thepossible types of nodesin the graph are written like this: :

<n:S, G[n=AP n; nz], EVAL:C, D>
=> <n-(], Gin=AP ny nol, UNWIND:[], (S,C):D>

<n:S, G[in=FUN 0 C’], EVAL:C, D>
=> <n-[], GIn=FUN 0 C’J, C’:[], (S,C):D>
<n:S, G[n=INT i], EVAL:C, D>
=> <n:S, G[n=INT i], C, D>

and similarly for CONS and non-CAF FUN nodes.

The appropriate state transition for EVALis selected depending on what
kind of nodeis found ontopofthe stack (the node n):

i
e
r

 INT i an integer.

CONS n; ne aCONS node.

AP nine an application node.
FUN k C a function (supercombinatororbuilt-in) of k arguments, with (i) Thefirst equation describes what EVAL does if the node on top of thecode sequence C. . stack is an application. The current stack and code are pushed onto theHOLE a nodewhichis to be filled in later. This is used for constructing dump,a newstack is formed with the top of the old stack asits onlycyclic graphs.

element, and UNWINDis executed.
(ii) The second equation describes what EVAL doesif the nodeon top ofthestack is a compiled supercombinatorof arity zero (that is, a CAF; seeSection 18.6). In this case the machine Savesits state on the dump,formsa new stack with the CAF as its only element, and executes the codeassociated with the CAF (whichwill subsequently update the FUN nodewith its reduced value).

(iii) The third equation describes what EVAL doesif the node ontop ofthestackis an integer: it does nothing! The same appliesif the node on top ofthe stack is a CONSor non-CAF function node.

The notation G[n=AP n; ne] stands for a graph in which node n is an

applicationof n; to n2(nis just a nameforthis node). The notation G[n=G n']
stands for a graphin which node n has the same contents as noden’ (wewill
needthis only to describe the UPDATE instruction).

The graphis a logical concept, implemented by the heap. A node in the

logical graph need notnecessarily occupya cell in the physical heap. In the

case of CONS,AP, FUN and HOLEa logical node will indeed occupya physical
cell, but an INT node(i.e. an integer) will occupya cell in a boxed implemen-
tation butwill not in an unboxed implementation (see Section 10.6).

Anomitted transition indicates a run-time machine error(e.g. nis a HOLE).Notice thatin thefirst rule for EVAL we have (strictly speaking) to repeat
the ‘G[n=AP ny nj’ on the right-hand side of the rule, since G alone wouldimply that node n was no longerin the graph.Thisis clumsy and hardto read,since the readerhas to check that node nis the same on both sides ofthe rule.Accordingly we abbreviate the rule to

19.1.2 State Transitions for the G-machine

Toillustrate the way in which wecan usestate transitions to describe the effect
of instructions, consider the instruction PUSHINT i. We can write the
following transition:

. <n:S, G[n=AP ni nz}, EVAL:C, D><S, G, PUSHINT i:C, D> = <n:S, G[n=INT i], C, D> => <n:[], G, UNWIND:[], (S,C):D> 
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and imply that nodesnot explicitly mentionedin the G field on the right-hand

side are unchangedfromtheleft-handside.

Using this notation we can now give a complete description of the G-code

instructions (Figures 19.1 and 19.2). The transitions for UNWINDare a little

complicated, so we will explain them briefly. Thereare four cases:

(i) The item ontop ofthe stack is an integer or a CONS node.In this caseit

must be the only element of the stack, and the expression being

evaluated is in WHNF. UNWIND therefore completes evaluation by

restoring the saved stack and code from the dump, and putting the result

ofthe evaluation onthe top of the restored stack.

(ii) The item ontopofthe stack is (a pointer to) an application node.In this

case we just push the headofthe application on the stack and repeat the

UNWINDinstruction.

(iii) The item on top of the stack is a function, and there are enough

argumentson the stack. In this case we rearrange the stack as described

in Section 18.5.1, and begin executing the code for the function. The vi

are the vertebrae on the spine, while the n are the arguments to the

function.

(iv) The item on top of the stack is a function, but there are too few

argumentsforit to execute (this is described by the {a<k} condition). In

this case the expression being evaluated is in WHNF, so UNWIND

completes evaluation by restoring the saved stack and code from the

dump,and putting the result of the evaluation onthe top of the restored

stack.

19.1.3 The Printing Mechanism

The G-code instructions developed so far are intended to reduce an

expression to WHNF. As wesaw in Section 11.2, though, we also need a

printing mechanism which repeatedly invokes the evaluator to reduce

expressions to WHNF andprints them. It would be nice if we could describe

the printing mechanism within the same framework, and we now do so.

Weintroduce one newinstruction, PRINT, which prints the top element on

the stack. In orderto describeits actionwe need to add one new componentin

the G-machine state: O, the output produced by the machine. The empty

outputis denotedby[], and O;x denotes the outputO followedby the output x.

Nowwecan define PRINT:

<O, n:S, G[n=INT i], PRINT:C, D> = <Oji, S, G, C, D>

<O, n:S, G[n=CONS ni naj, PRINT:C, D>

=> <O, ni:na:S, G, EVAL:PRINT:EVAL:PRINT:C, D>

All the otherinstructions leave O unchanged.

 

 

EVAL  <v:S, G[v=AP v’ nj, EVAL:C, D>
=> <v:[], G, UNWIND:[], (S,C):D>

<n:S, G[n=FUN 0 C’], EVAL:C, D>

=> <n:[], G, C’:[], (S,C):D>

<n:S, G[n=INT i], EVAL:C, D> = <n:S, G, C, D>
and similarly for CONS and non-CAF FUN nodes.

UNWIND <n:(], G{n=!NT i], UNWIND:[], (S,C):D>
=> <n:S, G, C, D>

andsimilarly for CONS nodes.

<v:S, G[v=AP v' nj, UNWIND:[], D>
=> <v':v:S, G, UNWIND:[], D>

<Vo:v4:...:V¥K:S, Givo=FUN k C UNWIND:[], D>
Mi=AP Vi-1 ni, a<icial

=> <N1:N2:...2Mk:VK:S, G, C, D>

<Vo:Vi:...:Va:[], G[Vo=FUN k C’], UNWIND: .

{a<k} = <v,:S, G, G, D> ] D:[], (S.C):D>

RETURN <vo:v1:...:v«:[], G, RETURN:[], (S,C):D> > <v,:S, G, C, D>
JUMP <S, G, JUMP L:...:LABEL L:C, D> = <S, G, C, D>

‘FALSE <n:S, G[n=BOOL true], JFALSE L:C, D> = <S, GC, D>
<n:S, G[n=BOOL false], JFALSE L:...:LABEL L:C, D>
> <S, G, C, D>
 

Figure 19.1 G-machine statetransitions (control)

 

 
PUSH <mo:n1:...:nk:S, G, PUSH k:C, D>

=> <nkino:ny:...:mk:S, G, C, D>

PUSHINT  <S, G, PUSHINT I:C, D> > <n:
‘a “ n:S, =INT

PUSHGLOBALsimilarly G[n=INT i], C, D>

POP <ni:na:...::S, G, POP k:C, D> => <S, G, C, D>

SLIDE <No:ni:...:mk:S, G, SLIDE k:C, D> = <no:S, G, C, D>

UPDATE <no:nm:...:nk:S, G, UPDATE k:C, D>
=> <my:...:mk:S, G[ink=G no], C, D>

ALLOC <S, G, ALLOC k:C, D>
=> <ny:ne:...:nk:S, G[ini=HOLE,..., mk=HOLE], C, D>

HEAD <n:S, G[in=CONS nj; no], HEAD:C, D>

=> <n1:S, G,C, D>

NEG <n:S, G[n=INT i], NEG:C, D>

=> <n':S, G[n'=INT (—i], C, D>

ADD <n1:n2:S, Gini=INT i}, n2=INT ig], ADD:C, D>
=> <n:S, G[n=!INT (i1+i2)], C, D>

-MKAP <ny:n2:S, G, MKAP:C, D> =>tna:S, G, :C, <n:S, =
CONS similarly MS GIN=AP ny nah C, D>

  Figure 19.2 G-machine statetransitions (stack and data)
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Finally, we say what the BEGIN instruction does, which initializes the
machine:

<O, S, G, BEGIN:C, D> => <O, []j, {], C,[]>

BEGIN simplyinitializes the stack, graph and dumpto be empty, and then runs
the rest of the code C.

19.1.4 Remarks about G-code

This way of defining the meaning of G-code is very similar to that used by
Landin [1964] to describe the SECD machine; indeed, the G-machine could
almostbe called the SGCD machine.Thisis ourfirst hint that the execution of

functional programsbygraph reduction (as in the G-machine)and by delayed
substitution (as in the SECD machine)is notas differentasatfirst appears; a
topic we will returnto later.

19.2 Implementation

Wenow begin a discussion of how to implementthe abstract machine defined

by G-code on a concrete machine(the target machine). To start with, we have

to provide concrete representations for each of the four components of the

G-machinestate <S, G, C, D>, which wedoin this section.

For the sake of definiteness we will study the Chalmers G-machine

implementation, which generates machine code (the target code) fora VAX.

Some familiarity with VAX machine codeis useful in what follows, so we

digress briefly to summarize the knowledge required.

19.2.1 VAX Unix Assembler Syntax

Here is an example ofa typicalinstruction we may generate:

movil 12(%EP),—(%EP)

The movi is the VAX instruction to move a four-byte word. The source is

12(%EP), and uses indexed addressing, so that the address of the operand is
the contentsof register EP plus 12. The destination is —(%EP) and usesindirect

addressing with pre-decrement.

The notation %EP stands for a register, and the symbol EP should be
previously defined by an assemblerdirective:

.set EP,10

Registers canalso be referred to by the notation r0 for register 0, r1 for register

1 and so on.

The moval instruction (Move Address) moves the address of the source

operandinto the destination, rather than moving the source operanditself as
movi does. For example,

moval 4(%EP),r0
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adds4 to register EP and puts the result in register 0. It can also be used tomoveliteral constants:

moval 4,r0

loads4 into 10.

The subroutinecall and return instructions are jsb and rsb.

19.2.2 The Stack Representation

The G-machinestackis represented by a data areato hold the stack, togetherwith a stack pointer held ina register, called EP. The stack grows downwards,and each elementof the stack is a 32-bit VAX word. EP points to the topelementof the stack, so elements can be pushed onto the stack using pre-decrementof EP, and poppedoffwith post-increment. For example,

movi r0,—(%EP) Push register 0
movi (%EP)+,rO Popregister 0

Aswith any stack we mustbe careful to checkfor stack overfiow. Atfirstitlooksas if we must perform this check (if the target machine’s hardware does
not) on every push. A much cheapersolutionis available, however, because
the amountof stack used by a functionis totally predictable at compile-time
(apart from EVAL and UNWIND instructions). All we need dois compute the
amount ofstack neededby a function (excluding any EVALs or UNWINDs), and
check at the beginningofthe function that sufficient stack spaceis available.
An UNWINDatthe end of the function can consume an unpredictableamountofstack,so it must check for overflow on each push. An EVALcauses

an UNWINDfollowed bya function call, both of which are now dealt with, so
EVAL need only check for dumpoverflow.

19.2.3 The Graph Representation
The graphis represented by a large heaparea of storage. Each nadeofthegraph is represented by a cell in the heap.Eachcell consists of a tag and one ormore fields. The tag and eachfield occupy one VAX machine word (fourbytes), and the words constituting a cell are arranged contiguously. A two-field cell would looklike this:

 

 

 

Byte offset

) Tag

4 Field 1

8 Field 2   
It may seem rather wasteful to use four bytes to store a tag, but it givesconsiderable uniformity to heapallocation, and offers the Opportunity for aningenious optimization (see Section 19.4),
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AP nm AP n m

CONS nm | CONS [=

INT i INT j

HOLE HOLE

FUN k C See Section 19.4.3   
 

Figure 19.3 Node representations in the G-machine

Boxedrepresentations of basic values are used. The various types of node
are represented as shownin Figure 19.3.
A copying garbagecollectoris used,so only half the heapareais in useat

any time. Cells are allocated contiguously in the current heap area, and a
register called HP points to the next free word. Cells can then be allocated
simply by incrementing HP;indeed this can be doneat the sametimeas the
contentsofthe cellarefilled in by using the VAXauto-incrementinstruction.

It appearsatfirst that HP should be checked after each incrementto see if
the heap is exhausted (which initiates garbage collection), which would
require an extra instruction for each allocation. Instead, however, the
compiler computes how much heap will be allocated by each super-
combinator, and inserts code at the beginning of the supercombinator to
check that enough heapis available. If not enoughis available, garbage
collection is invoked. Hence, during execution of a supercombinatorthereis
no danger of heap exhaustion,so cells can be allocated with a simple auto-
increment on HP.

19.2.4 The Code Representation

The codeis the VAX machinecode, together with the program counter.

19.2.5 The Dump Representation

The dumpis the VAX system stack, togetherwith its stack pointer held in the

(special) SP register. This stack is addressed in the same wayas the other
stack.

19.3 Target Code Generation

Havingestablished concrete representations for the four components ofthe
G-machinestate, we now turn ourattention to the task of generating target
code from the G-codeinstruction sequence. We begin with a simple method,

and then demonstrate a simple but effective optimization technique.
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19.3.1 Generating Target Code from G-code Instructions
In this section we will show how to perform simple code i

;
tG-code into VAX assembler code. . Beneration fromTo each G-code instruction there should correspond a short sequence ofVAX machineinstructions. For example,using the representations describedmSection 19.2 for the VAX,we could generate code for the PUSHinstructionKe this:

PUSH n movi 4*n(%EP),—(%EP)

The sourceis 4*n(%EP), and uses indexed addressing to fetch the word 4*nbytes from the top ofthe stack, which is pointed to by register EP. We mustmultiply n by 4 to geta byte offset (rather than a word offset). The destinationis the top ofthe stack, and we pre-decrementthe i; stack pointer to pushword onto the stack. pe Push thenewAs a longerillustration, wewill generate code for the function
g f = NEG (f 5)

With ourpresent compilation algorithm this compiles to
PUSHINT 5; PUSH 1; MKAP; PUSHGLOBAL $NEG: MKAP:UPDATE 2: POP 1:UNWIND

A simple code generation would go likethis:

 

 

G-code HP VAX assembler code Comments

PUSHINT 5 O moval |_5,—(%EP) Push 5PUSH 1 movi 4(%EP),—(%EP) Pushf
4 moval APPLY,(%HP)+ Tag of apply node to heap8 movil (%EP)+,(%HP)+ Function ofapply node (f)12 movi (%EP)+,(%HP)+ Argumentofapply node (5)moval —12(%HP),—(%EP) Result on stack (f 5)PUSHGLOBAL $NEG moval C_NEG,—(%EP) Push NEGMKAP 16 moval APPLY,(%HP)+ Tag of apply node to heap20 movl (%EP)+,(%HP)+ Function of apply (S$NEG)24 movil (%EP)+,(%HP)+ Argumentof apply (f 5)moval —12(%HP),-(%EP) Result on stackUPDATE 2 movi (%EP)-+,r1 Resultin registerry
movi 4(%EP),r2 Rootof redex in ra
movi (rt)+,(12)+ Copytag
movi (r1)+,(r2)+ Copyfirstfield
movi (r1)+,(r2)+ CopysecondfieldPOP 1 moval 4(%EP),%EP

APPLY is the tag word for an apply node.
L5is the address of a boxedinteger5.
C_NEGis the address of the NEG function cell.

Decrementstack pointer

Wewill see later how to implement the UNWIND instruction.
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Notice the way in whichcell allocation in the heap takes place by loading
data into the heap at the point pointed to by the HP register using auto-

increment addressing. This neatly combines the operationsofallocating a cell

andloadingdata into it.

The second columnshowsthatit is possible to keep track of the value of HP

at code generation time. This will prove useful in performing optimizations.
This code is adequate, but notespecially intelligent, because it has many

redundantpushes and pops. For example,thelast instruction of the second
MKAP sequence could be merged with the first instruction of the UPDATE

sequenceto give

moval —12(%HP),ri

This kind of optimization has been well studied elsewhere [Wulfet al., 1975;

Bauerand Eickel, 1976; Aho and Ullman, 1977], but one of the basicideas is

so simple and gives such good results that we describe it in the next section.

19.3.2 Optimization Using a Stack Model

The idea of this optimization is that during code generation we should
maintain a model of whatis on the stack at any given time. Wecall this the
simulated stack. The simulatedstack is a compile-time stack, which holds the

specification of values that would have been in the run-time stack if we had
used a straightforward code generation scheme(as in the previous section).

For example,possible entries in the simulated stack, together with the values

they specify, are:

(i) 5, the literal value 5;
(ii) NEG, the address of the $NEG functioncell;
(iii) heap 20, the address ofthe cell at offset 20 from the HP pointervalue at

the start of execution of the supercombinator;
(iv) stack 2, the value atoffset 2 from the EP stack pointervalue at the start of

execution of the supercombinator.

Figure 19.4 illustrates by redoing our example, which showsa considerable
reduction in the number of VAX machineinstructions generated. Notice

how important it is that garbage collection does not take place during a
supercombinatorexecution.Ifit did so,all the heap offsets might be rendered
erroneous.
The simulated stack will be empty at the end of the execution of a

supercombinator. The EVAL instruction needs special treatment, which we
discuss in the next section.

As a by-productof this code generation we get the amountof heap used by

the supercombinator,so the compiler can generate the code to check for heap
exhaustionat the beginning of the supercombinator (but see EVAL, below).  
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G-code HP VAX assembler code Simulated stack Comments

0 UJ Begin
PUSHINT 5 5:[J Push 5
PUSH 1 stack 0:5:[] Push f
MKAP 4 moval APPLY,(%HP)+ Tag to heap

8 movi 0(%EP),(%HP)+ 5:[] Fun to heap
12 moval L5,(%HP)+ 1] Arg to heap

heap 0:[] Result on stack
PUSHGLOBAL $NEG NEG:heap 0:[] Push NEG
MKAP 16 moval APPLY,(%HP)+ Tag to heap

20 moval C_LNEG(%HP)+ heap 0:[] Fun to heap
24 moval —20(%HP),(%HP)+ [] Arg to heap

heap 12:[] Result on stack
UPDATE 2 moval —12(%HP),r1 (] Result in ry

movil 4(%EP),r2 Rootin r2

movil (r1)+,(r2)+ Copytag
movl (r1)+,(r2)+ Copyfirst
movi (r1)+-,(r2)+ Copy second

POP 1 moval 4(%EP),%EP Pop arguments   
Figure 19.4 Code generation using a simulated stack

19.3.3 Handling EVALs and JUMPs

EVALis a considerable nuisance becauseit may cause an arbitrary amountof
computation to occur. This meansthat the amountof heap consumedhas no
simple bound, and garbagecollection may occur during such evaluation, thus
completely disrupting the simulated stack and HP.

Wecan deal with this by treating the segments of code between EVALs
separately, each with its own codeto check for heap exhaustion. All stack and
heapoffsets in the simulated stack are calculatedrelative to the values of EP
and HPat the beginning of the segment(notthe supercombinator, as stated
above). Furthermore, before EVAL is called, the simulated stack must be
flushed out onto the real stack.

Similar remarksapply to sections of code broken with JUMPinstructions.If
there are two different routes leading to a given place in the code then
different amounts of heap may havebeenallocated along the two routes, and
the contents of the simulated stack may be different. Accordingly, the
simulated stack mustbe flushed before JUMPsalso.

Whatail this amountsto is that we can generate good codefor Straight-line
segments of code (‘basic blocks’ in conventional compiler terminology), but
have to take morecare whentheflow of control can be broken.
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19.4 More on the Graph Representation

Wemaythink of the G-machinein the following way:

 

G-code execution mechanism

The graph   
 

The G-code execution mechanism manipulates nodes in the graph, using a
certain limited set of operations which wecall the graph interface. Once we
have specified the graph interface we are atliberty to alter the concrete
implementation of the graph so long as the implementation supports all the
operationsin the graphinterface.

In practice, such a clean separation of concerns is hard to achieve without
suffering a considerable performance penalty. We maydistinguish, however,

between twokinds of graph operation:

(i) Node-specific operations are only used on a specific type of node. For
example, the G-codeinstruction HEADis only executed when the node on
top of the stack is known to be a CONS node. Node-specific operations

can normally compile to a single target machineinstruction.

Other examples of node-specific operations are ADD and JFALSE.
(ii) Generic operations are used ona variety of types of node. For example,

when the UNWINDinstruction is executed, nothing is known about the
nodeontopof the stack. Thefirst thing UNWINDhas to dois to perform
case analysis on the node type. Generic operations are considerably more

expensive than node-specific operations because ofthis case analysis.
Other examples of generic operations are EVAL, PRINT, CASEJUMP

and somegarbagecollection operations.

The Chalmers G-machinehas a rather fast and elegant implementation ofthe

generic operations, which contributes significantly to its performance and

extensibility. We will discuss this techniquein the succeedingsections.

19.4.1 Implementing Tag Case Analysis

Asnotedearlier, in the Chalmers G-machinethetag ofa cell is a word, andit

points to a small table of code entry points, one entry point for each generic
operation.
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Anapplication node
 

 
AP | Field 4 | Field 2

  

Entry table for AP nodes
   Entry point for AP_EVAL ——}—»

Entry point for AP_LUNWIND>

Entry point for AP_PRINT——

 

 

  etc.     
The AP_EVALcode,for example, performs the appropriate operations toevaluate an application node. Each distinct node type has a different entrytable, so that case analysis ona cell can now be performed simply by jumpingto the appropriate entry of the table pointed to from the tag of the cell.Naturally, the EVAL entry must occupy th ition i

for each node tyoe Py the sameposition in the entry table

19.4.2 Implementing EVAL

In this section we will consider the i i€ implementation of the EVAL i iThis comesin two parts:
At instruction.

(i) the codethatis generatedin-line for an EVAL G-codeinstruction:(ii) the code for the EVAL entry of eachtag’s entry table.
First ofall, here is the VAX tar i i in-li

; get code which might be -an EVAL G-codeinstruction: ° Benerated in-line for
movil (%EP),r0 Topofstack to ro
movi (rO),r1 Tag tort
isb *O_Eval(r1) Call Eval code

The element on topofthe stack is fetched into r0 (without popping the stack)its tag is fetchedinto r1, andthefinal instructionis an indexed subroutine call,where O_Eval is the offset of the Eval entry in the entry table. Notice that b 'using a jsb instruction we pushthe return address (the code pointer C) ontothe system stack (the dump D), so that we can return to the instructifollowing EVAL when evaluationis complete. =We now consider the Eval code thus entered. Suppose that the cell in
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question is an integer cell (we assume a boxed implementation for the
moment). Then no evaluation need take place, and the codeis rather simple:

INT_EVAL: The Eval code for an integercell.
rsb Return from Eval

The sameapplies to function cells and CONScells. Application nodes are a
different story, however. In this case we need to push the current stack S
(implemented by EP) onto the dump D (implemented by the system stack),
and then UNWINDthe application.

AP_EVAL The Eval code for an applicationcell.
<Test for SP stack overflow>

movl %EP,—(SP) Push current stack onto dump
AP_UNWIND: Fall through te AP_LUNWIND

r0 is a copy of top stack element
‘1 is its tag

First we save the current stack on the dump,checkingfirst for dump overflow,
and then behave like UNWIND (see next section). Notice that to save the
current stack on the dump weneedonly save the current stack pointer on the
system stack. Logically, the new stack only containsa single element, which is

the top elementof the old stack, so we do not needto alter the stack pointer
itself. The depth of the current stack can be found by comparing the old stack
pointer (found on top of the system stack) with the current stack pointer (in
EP).

19.4.3 Implementing UNWIND

Here is the VAX machine code sequence that might be generated for an
UNWIND G-codeinstruction:

mov! (%EP),r0 Topofstack to 10
movi (r0),r1 Tag tori

jmp *0_Unwind(r1) Jump to Unwind code

The elementon topofthe stack is fetched into r0 (without popping the stack),

its tag is fetched into r1, and an indexed jumpto the Unwind code is made(not

a jsb).
Now supposethatthe cell in question is an application cell. What should the

AP_UNWIND codedo? It should simply push the headofthe cell on the stack
and UNWINDit again. Rememberingthat r0 points to the cell in question, we
get: .

AP_UNWIND: The Unwind code for an application cell

<Check for EP stack overflow>

mov! Head(r0),rO Get head

movi r0,—(%EP) Pushit

movl (r0),r1 Gettag inr1

jmp *0_Unwind(r1) Unwindit
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Asnotedin Section 19.2.2, we shouldfirst check for stack overflow,unless the
machine’s hardwareis capable of doing so automatically.
Suppose,instead, that the cell is an integercell. Then the specification for

UNWINDsaysthatthe integer cell must be the only thing on the stack, and we
should return to thecaller, restoringthe old stack butputting the top element
of the currentstack on topofit. Fortunately,it is already in the right place!
Hence,all thatis requiredis the following:

INT_UNWIND: The Unwind code foranintegercell
mov! (SP)+,%EP Restore stack pointer
rsb Return to caller

Suppose now that we are unwinding a global function cell. Then the
specification for UNWIND(see Figure 19.1) requires a test to check whether
there are enough arguments on the stack for the function to execute. The
Chalmers G-machineactually uses a separate tag for each function, completewith a separate entry table (rememberthata tag takes a whole word,so there
are plenty of tags available). This means that instead of having code for
FUN_UNWIND wehave a piece of code F_UNWINDfor each global function F
(supercombinatoror built-in function). Suppose that F takes two arguments.
Thenthe code for FLUNWIND mightlooklikethis:

F_Retum: Wegethereif there are too
few args. Return to caller.

movi (SP)+,%EP Restore stack pointer
rsb Return to caller

F_UNWIND: Unwind codefor function F
NB:pointer to FUN nodeis still on stack

moval 8(%EP),rO 10 points to base of context
empl (SP),rO Is this below stack base?
jiss F_Retum Return if too few args

Nowrearrangethe stack
movil 4(%EP),rO Top vertebrain r0
movi Tail(r0),(%EP) Pushits tail (overwrites FUN pointer)
movi 8(%EP),r0 Next vertebra in r0
movl Tail(r0),4(%EP) Tail into stack

F_EXEC: Nowcomesthe codefor F

The code immediately after FLUNWINDfirst makesa test to see whetherthere
are enough arguments.It does so by computing the addressof the base of the
context in the stack, assuming that enough arguments are present. In this
case, two arguments andfour bytes per stack element give an offset of eight
from the top ofthe currentstack. It then comparesthis context base address
with the saved stack pointer, found on the dump,which points to the base of
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the current stack. If the formeris less than the latter, there are too few
arguments, so it jumps to F_Retum where the old stackis restored and the
current evaluation completes with a return to the caller (just as for
INT_UNWIND).

If there are enough arguments, the next four instructions rearrange the
current context ready for the main body of code for F, which begins at
F_EXEC.This entry pointwill be used in Chapter21.
A ‘FUN k C’nodeis therefore represented as a cell witha tag but nofields.

The tag gives access to the entry points which know about k and C.

19.4.4 Indirection Nodes

A majoradvantageof this method of implementing generic operationsis that
new nodetypes can be added without changing anything exceptto provide an
entry table for the new nodetype. As an exampleofthis, we will now describe
howto introduce indirection nodesinto the implementation.
Thus far we have described an implementation of the G-machine which

performsthe updateat the end of a reduction by copying the rootoftheresult
of the reduction over the root of the redex. As we described at length in
Section 12.4, we could instead overwrite the root of the redex with an
indirection to the result. The section also discussed the trade-offs between the
two approaches, but we will now show how some minorandlocal changes to
our implementation can change the G-machine from using copying to using
indirection nodes.

Weneedto perform only two changes:

(i) We mustintroducea newcell type, an indirectioncell, complete withits
entry table. It will only have one field, which contains the indirection
pointer.

(ii) We must changethe implementation of the UPDATEinstruction.

The only work associated with the first change is to provide target code
sequencesfor each generic operation. Theyareall rather easy. For example,
IND-UNWIND — the Unwind codeforanindirectioncell — lookslike this:

movl 4(r0),r0 Getthe indirection pointer

movi r0,(%EP) Overwrite top stack element

movi (r0),r1 Get tag

jmp *0_Unwind(r1) Jump to Unwind code

The overwriting of the stack element‘shorts out’ the indirection, so thatit
does not appearas a vertebra in the stack. The Eval code for an indirection
cell, IND-EVAL,is similarly simple:

movi 4(r0),rO Getthe indirection pointer

movil r0,(%EP) Overwrite top stack element
movl (r0),r1 Gettag

jmp *0_Evai(r1) Continue Eval

 
  

   

   

    

Section 19.4 More on the&raph representation
335
 
tharmoaneaemustdois alter the implementation of UPDATE. Recallupdates the rootof the redex which is poi telementofthe stack with the result ich is of thestack. sett

; » Which is on top of the stackimplementation of ‘UPDATE must therefore do three things: "The new

This gives the following code Sequence for the ‘UPDATE q' G-codeinstruction:

movi 4*d(%EP),r2 r2 poi, points to root ofmoval IND,(r2)+ IND tag orredexmovi (%EP),(r2)
movi (%EP)+,4*d(%EP)

That’s all! In addition, the garbagecollection entry point(s)in the indirectioncell entry table can ‘ i ’

o

f

indirecti
Chapterts perform the shortingout’ of indirection nodes discussed in

Putresult into indirectioncell
Overwrite vertebra and Popresult

19.4.5 Boxed versus Unboxed Representations

The Chalmers G. i“machine uses boxed repres: i i€ntations forallThere are two reasonsforthis:
Paste values.

either be packed into the same 32-
Separate byte (or word) which was
former case there has to be much s
bits, and integers are restricted to
haveto be two target code ‘move’j
value is moved around.
Of course, this problem wo i

: uld go away in a targetarchiSpecifically suited to graph reduction. ” Bet ehiecture more

bit word as the value, or kept in a
moved aroundwith the value. In thetripping off and tacking on ofpointer
only 31 bits. In the latter case there
nstructions instead of one whenevera
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19.4.6 Summary

Wehaveseen that the technique of implementing generic operationsby using

cell tags as pointersto entry tables gives two main advantages:

(i) it is easy to add new nodetypes(indirection nodes, for example);

(ii) it is fast, because generic operations are implementeduniformly using an

indexed jump.

19.5 Getting it all Together

How doesall the code we generate hold together? Fora start, the G-codefor

each supercombinatorbeginswith a GLOBSTAAT instruction. This instruction

mustgenerate the following segments of target code:

(i) UNWIND code, which checks the number of arguments and rearranges

the stack;

(ii) GC code, which will depend on the garbage collector;

(iii) the entry table for the supercombinator(the EVAL, PRINT,etc. entries

are the sameforall supercombinators);

(iv) the function nodeitself, which can be allocated at the beginning of the

function code, outside the main heap;

(v) overflow-checking code, which immediately precedes the target code for

the function body, and checksfor overflow of stack and heap.

Thus the target code for each function is preceded by some code fragments,

the entry table andthe function node. This completes the code generation for

each function.

Finally we must consider whatthe BEGIN and END G-codeinstructionsdo.

The BEGIN instruction is responsible for initializing the whole system. In

particular it must generate target code to

(i) initialize the stack pointer EP;
(ii) initialize the heap(in particular, the heap pointer HP).

In any particular system there will certainly be otherinitialization tasks to

perform, and the BEGIN instruction is the opportunity to perform them.

The ENDinstruction simply terminates execution of the entire program.

19.6 Summary

In this chapter we have seen how an abstract machine model can provide a

precise description for G-code and a secure basis for code generation.

Wehave also examined sometechniques for generating good code. The

details ofgood code generation are, however, beyond the scope ofthis book.
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OPTIMIZATIONS TO THE

G-MACHINE

We now give a long sequence of optimizations to the G-code compilation

schemes. In the mainthey are independentofeach other andany combination

of them could be implemented. All of them are based on the idea of compiling

special codeto avoid building graphs. ; ——

Oneparticular optimization, concerning spineallocation, is so important

that we devote the next chaptertoit.

20.1 On Not Building Graphs

The principal reason why implementations of functional languages have the

reputation for being very slow is that they spend a lot of time allocating and

garbage-collecting cells from the heap. A heap provides a very general

storage allocation mechanism,but it is also very expensive. Eachcell used

costs us in four ways:

(i) it mustbe allocated,

(ii) it mustbefilled with data;

(iii) the datainit will normally subsequently be read;

(iv) the cell must be recovered whenit becomes unreferenced.

In contrast, a stack is a much less flexible allocation mechanism, but the store

it allocates is recovered immediately when it becomes unused, and this

recovery is very cheap (decrementing the stack pointer). In addition, because

stacks seldom grow large, it is often possible to implement the stack with

faster technology, so that accessing stack elementsts faster than goingto the

neeprimary objective of our optimizations, then,will be to use the stack
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rather than the heap whereverpossible. In particular, the compilation scheme
GC (Section 18.5.3) builds graph structures in the heap, and many of our

optimizations will be directly aimed at replacing uses of the C compilation
schemewith alternative (and cheaper) schemesin particularcases.

20.2 Preserving Laziness

This optimization should be regarded as essential, since without it laziness
maybelost.
As we mentioned when weintroduced the first version of the R scheme

(Section 18.5.2), it gives poor performance when the body of the super-
combinatoris a single variable. This problem was discussed at some length in
Section 12.4, and we discovered that the solution was to evaluate the variable

before updating therootof the redex withits value.
The same problem arises with a supercombinatordefinition such as

$G x = letrec v1 = ...v2...x...

v2 =...v1...

in v2

where the body of the supercombinatoris a letrec, whose bodyis a single
variable.

Whatwe mustdois to redefine R to have a separate case for each kind of
expression,just as we did for C. Figure 20.1 gives such an R scheme. The code
for a body which is just a single variable loads the value onto the stack, uses

EVAL to evaluate it, and only then updates the root of the redex with the

result. Notice the waylet and letrec are handled rather elegantly by recursively
applying the R scheme,havingfirst compiled the definitions.

Atfirst it may seem that the EVALin therulefor a global,f, is redundant,

 

RLEYpd

generates code to apply a supercombinatorto its arguments.
Note: there are d arguments.

RL idipd = PUSHINT i; UPDATE (d+1); POP d; RETURN
AL fipd = PUSHGLOBAL f; EVAL;

UPDATE (d+1); POP d; UNWIND
RI x ] pd = PUSH (d — p x); EVAL

UPDATE (d+1); POP d; UNWIND

= Cf E; Eo Ip d;
UPDATE (d+1); POP d; UNWIND

= C[ Ex B p d; RE E J p[x=d+1] (d+1)
= CLetrec{ D J] p’ d'; RE E Jp’ d’

where

RE E; E2 pd

RI let x=E, in E pd
Ail letrec D in E Jp d (e’, d’) = XT DI pd  
 

Figure 20.1 Modifications to the R scheme to preservelaziness
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since most globals (such as built-in functions, and supercombinators)plainly

do not need to be evaluated.. However, the global might be a CAF (a

zero-argument supercombinator), in which case it may be reducible, so the

EVALis mandatory. Thereis scope for a simple optimization here, by omitting

the EVALin non-CAF cases,andit will have a large performance benefit. The

optimization can, however, be carried out by a peephole optimizer (see

Section 20.10), so we do not perform it here.

The otherpointofinterestis that we have used RETURNinstead ofUNWIND

for the integer case, because we know that the integer cannot be applied to

anything (assuming that the program was type-checked), and hence the

expression being evaluated must now be in WHNF.

20.3 Direct Execution of Bullt-in Functions

This is probably the next most important optimization we will study, andit

concerns the compilation of expressions such as (P x1 x2) when

(i) Pisa built-in function;
(ii) all its arguments are present.

In manysuch cases wewill be able to compile far superior code by directly

executing P.

20.3.1 Optimizations to the R Scheme

Asourfirst example, consider compiling (CONS E; E2) with the R scheme:

Ril CONS E; Eo pd
= Cll CONS E; Ee 9 p d; UPDATE (d+1); POP d; UNWIND

With the present schemeweconstruct the graph of (SCONS €; Ez), and then
promptly unwind it. When the unwind completeswewill find $CONSatthetip
of the spine,wewill discoverthat it does indeed have enough arguments, and
so wewill enter the code for $CONS.This will form a CONS nodefromits two
arguments and RETURN.

Wecanshort-circuit this completely predictable process by executing the

CONSdirectly, like this:

Ril CONS E; E2 J pd
= Cl E2 J p d; CI. E: Bl p (d+1); CONS;

UPDATE (d+1); POP d; RETURN

Weconstructthe graphs for E2 and Ey, execute the CONS G-code instruction

to form a CONScell, updatethe root of the redex and RETURN.Thisallocates
fewer nodesin the heap,uses fewer G-codeinstructions, and avoids executing

the code for the $CONS function we developed in Chapter 18. So we win all

sa
ns
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round. We can achieve this optimization simply by adding the above R rule to

the R scheme.

As a second example, consider compiling the expression (IF Ec E; Ey) with
the R scheme:

Rf iF EE: Er pd
= Cf IF Ec Et Er 9} p d; UPDATE (d+1); POP d; UNWIND

This codewill construct the graph of ($IF _E, E, &)), unwindit, find $IF at the
tip of the spine, discover that it does indeed have enough arguments, and

enter the code for $IF. The codefor $IF will evaluateits first argument, test it

and conditionally jump on the result. We can again short-circuit this process

by generating the following code:

RIE IF Eo E: Er pd
= Cll Ec J} p d; EVAL; JFALSE L;

REE: Wp d;
LABELL;

ALE: pd

First of all we evaluate the condition, and conditionally jump based onits

value. Then we can complete the code in each branch using a recursive
application of the R scheme. Notice how this neatly allows ail the optimiza-

tions we are developing to be applied in each branch. Notice also that, since
the code generated by Rendsby returningto the caller, no jumpis necessary
to ‘join up the branchesof theif’. The CASE-n function can be compiled in an
analogous manner, except using a multi-way jump (CASEJUMP)instead of a
two-way jump (JFALSE).

Precisely analogous remarks apply to expressions such as (+ E; E2) and
(HEAD E). Rather than construct their graph and then immediately unwind
into them, we execute them directly:

RI. + &: E29 pd
= Cfl Ez J] p d; EVAL; CI E; J] p (d+1); EVAL; ADD;
UPDATE (d+1); POP d; RETURN

All HEAD E pd
= Chl E Ip d; EVAL; HEAD; EVAL;
UPDATE (d+1); POP d; RETURN

These optimizations can be achieved by simply adding the above R rules
into the R scheme. Theyconstitute an extremely worthwhile improvementto
our compilation algorithm, but there is more to come!

20.3.2 The E Scheme

A cursory inspection of the extra R rules reveals the frequent occurrence of
the sequence

Cl E 9 p d; EVAL



342 Chapter20 Optimizations to the G-machine
 

Nowsuppose(as at the beginning of the last section) that E was of the form

(CONS E; E2). Then we would compile code to construct the graph of

(SCONS E; Ez) and promptly EVALuate it. But this is precisely the kind of

situation that the optimizations of the previous section succeeded in spotting.

Howcan weperform the sameoptimization for the C-EVAL sequence?

The reason that the C-EVAL sequence performsbadly is that the C scheme
proceedsin ignoranceofthe fact that the result is going to be evaluated. What
weneed is a new scheme,E, whichis a version ofC that delivers an evaluated

result. To be specific:

ELE lpd

produces G-code which evaluates E to WHNF andleavesthe result on top of
the stack.
This is, of course, precisely what theC-EVALsequencedid. Figure 20.2 gives

the E compilation scheme. In exactly the same way as the R scheme,E looks

for a numberofspecial cases, and produces good codefor these cases. Notice

howoftenit is possible to apply E recursively to compile subexpressions. For
example, when the result of (+ E1 E2) is needed then weare suretheresults
of E; and Eewill be needed,so they can be compiled with E. This achieves the
desirable effect of propagating demandinto the expression. In the same way

as R, E propagates down insidelets andletrecs. If, however, noneofthe special
cases applies, E takes the easy way out and uses C followed by EVAL.

 

ELE pd

Evaluates E, leaving the result on top of the stack.

ELilpd PUSHINT i
EL fipd PUSHGLOBAL f; EVAL
Ex pd PUSH (d — p x); EVAL
Ef NEG E pd
E— + Ei Eeilpd
Ef| CONS E; Es pd
Ef[ HEAD E pd
ET FFE. FE: Er pd

EL E Ip d; NEG
Ef Ez Tp d; El E1 Jp (d+1); ADD
Cll Eo Ip d; Cf E: J p (d+1); CONS
El E lip d; HEAD; EVAL
Ell Ec J p d; JFALSE L1;

El & 0 p d; JUMP L2;
LABEL 11:

Ef Er J p d;
LABELL2

Ef letx=ExinE pd =ChEx, pd;
ER E J plx=d+1] (d+1); SLIDE 1

= CLetrec[ D Jj p’ d’; Ef E 9 p’ d’; SLIDE (d’-d)

where

(o', d’) = XT D pd
= C[ E; Eo Ii p d; EVAL

E[ letec Din EJ pd

EZ E: Eodpd   
Figure 20.2 The E compilation scheme
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Wecan nowuse

E

byreplacing all uses of the C-EVAL sequencein the R
schemewith a call to E (see Figure 20.3). The R[ E; Eo JJruleis used if none
of the special casesis applicable;it has not changedsince Figure 20.1, and is
only putin here as a reminder.

Aswell as allocating less store and using fewer G-codeinstructions, these
optimizations have the effect of reducing the numberofcalls to EVAL. This
meansthat there will be longer code sequences with no uses of EVAL, which
may mean that an implementationis able to keep thingsin registers rather
moreeffectively.

 

Af NEG EJ pd Ef E Jl p d; NEG;

UPDATE (d+1); POP d; RETURN

A[ + E:1 E2lipd = Ef Eo pd; Ef Es 9 p (d+1); ADD;
UPDATE (d+1); POP d; RETURN

RE CONS E; E2 pd == Cll Ex Ip d; Chl Es J] p (d4+1); CONS;
UPDATE (d+1); POP d; RETURN

RI HEAD E J pd = Eff E ]| p d; HEAD;
UPDATE (d+1); POP d; RETUAN

ALIFE E:E;Tpd = €ff Ec Ip d; JFALSE L:
ATE: Ip dg;

LABELL;

RE Er pd
Ch E: Eo pd;
UPDATE (d+1); POP d; UNWIND

Thecasesfori, f, x, let and letrec are unchanged.

AL E; E2 pd i   
Figure 20.3 Modifications to the R scheme to optimize knownfunctions

20.3.3 The RS and ES Schemes

Thereisstill one important hole in the new optimizations we have developed
in this section. Consider the expression ,

(HEAD E; E2)

We expect E; to evaluate to a CONScell, whose headwill be a function which
is applied to E2. Let us compileit with the A scheme:

Ril HEAD E; E2 I pd ‘
= Cll HEAD E; Ep J] p d; UPDATE (d+1); POP d; UNWIND

Wehave been unableto take advantage ofthe optimization of HEAD given
in the preceding sections, because of the second argumentEz. This problem
can occurwith anybuilt-in function which can deliver a function asits result;
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in particular HEADandIF, together with their analogs SEL-k-iand CASE. What

we would like to generate for the above exampleis this:

RIT HEAD E; E2 Jp d

= Cf. Ee I p dG; Eff E: Ip (d+1); HEAD; MIKAP;

UPDATE (d+1); POP d; UNWIND

Achieving this optimization requires us somehow to apply an R-like

compilation scheme recursively to the (HEAD E,) subexpression, rather than

just giving up and using C. Wecall this new compilation scheme RS, and we

want RS to have a rule somethinglike

RSIL E: E2 Hp d = Cl Ee Wp dg; RSE Es Dp (d+)

Wecould then use RS byreplacing the AIT E1 E2 rule with

AIL E: Ee pd =RASP EF: E2ded
/

(Warning: these rules are not yet correct as they stand here.) With these

‘hodifications, the compilation of (HEAD E1 Ez) would begin thus:

RIT HEAD E, E2 ed

= RSI[ HEAD E; E2 Hpd

= Cl, E2 Jl ep d; ASI HEAD Ei Ip (d+1)

Now the (HEAD E;) expression can be picked up with a special case in the RS

scheme.

The RS rule given above causes RS to descendthe spineof the expression,

constructing its ribs using C, and putting them onthe stack. The question

arises, however, of what RS should do whenit reaches the bottom. At this

point,all the ribs of the expression are on the stack, so what RS should dois to

generate an appropriate number of MKAPs to construct the spine of the

expression, update the rootof the redex, pop the arguments and UNWIND.

This means that RS must know how manyribs are on the stack, so it needs an

extra parameter, n. The real rule for RS now becomes

ASP E: Eo Jp dn=Cf Ez Bp d; RSE E: Dp (d+1) (n+1)

It is invoked from the R schemelikethis:

REL E: E2 Pp d = ASH Es E2]pdo

Whenit reaches the bottom, RS simply constructs the spine with n MKAPs,

updatesthe rootof the redex, pops the arguments and UNWINDs:

RSI fTpdn
= PUSHGLOBAL f; MKAP n; UPDATE (d—n+1); POP (d—n); UNWIND

RSI x Jadn

= PUSH (d — p x); MKAP n; UPDATE (d—n+1); POP (d—n); UNWIND

‘MKAP n’ is an extended version of MKAP, equivalent to n repetitions of

MKAP.Theoffsets in the UPDATE and POP instructions take into accountthe
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RSE EBpdn

completes a supercombinator reduction, in which the top n ribs: of the
body have already been put onthestack. P

constructs instances of the ribs of E, putting them onthest
then completes the reduction in the same way as R. stack, and

ASE flpdn = PUSHGLOBAL f; MKAP n;

UPDATE (d—n+1); POP (d—n); UNWIND

RS[ x Dp dn = PUSH (d — p x); MKAP n;

UPDATE (d—n+1); POP (d—n); UNWIND

Ef E J] p d; HEAD; MKAP n;
UPDATE (d—n+1); POP (d—n); UNWIND

Ef Ec ]] p d; JFALSE L1;

AST E: Tp dn;
LABEL L1;

RST Er pda

= CE Ee Tp d;
RSI E: 3p (d+1) (n+1)

Note: RS cannotencountera fet orletrec.

RS[ HEAD E Jp dn

RST IFEoE & Ppdn

RSJ E: E2ipdn  
 

Figure 20.4 The RS compilation scheme

fact that the stack has gained one elementas result of the initial PUSH and

lost n elements as a result of the ‘MKAP n’. No caseis neededfor an integer
since the appearanceofan integerat this point would meanthatit was bein
used as a function. °

Now we have done the hard work, and Figure 20.4 summarizes the RS

scheme. The occurrenceofa let or letrec would cause RS problems, sinceit

assumes that the n ribs constructed so far occupy successive stack locations
Fortunatelyit is easy to ensure that RS can never encountera let orletrec by

transforming any expression of the form

(letrec <definitions> in E,) Ea

into

letrec <definitions> in (E1 £2)

This is precisely achieved by the algorithm described in Section 15.5.4.

Notice that we do not need special cases for functions such as NEG, + and

CONS,becausetheir result must be a data object, and hencewill be caught b

the Rscheme. ”

It may seem thatall this is a lot of work to cope with a few unusual cases
However,it has one other major benefit: it is readily generalized to optimize
speroombinators as well as built-in functions, a subject we tackle in Chapter
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Just as optimizing the R scheme provokedus into developing the E scheme,
so the RS schemehas a counterpart, the ES scheme,given in Figure 20.5.
Notice that the structure of the ES schemeis exactly the same as that of the RSscheme; they differ only in the ESI f ]] and ESx Jj cases. Figure 20.6
summarizes the modifications to the R and E schemes to use the new
optimizations.

 
ESTE] pdn

completes the evaluation of an expression, the top n ribs of which havealready beenput onthe stack.
ES constructs instances oftheribs ofE, putting them on the stack, and

then completes the evaluation in the same wayas E.
ES[ fllpdn ‘= PUSHGLOBAL f; MKAP n; EVAL
ESI x] pdn PUSH (d — p x); MKAP n; EVAL

ES[| HEAD EJ pdn Eff E I p d; HEAD; MKAP n; EVAL

EST FEC Er E+ Ppdn El Ec jp d; JFALSE Lt;
ESI E: J] p d n; JUMP L2;

LABEL L1;

ESE ErTpdn
LABEL L2

= C[ Eo pd;

ESE E1 J p (d+1) (n+1)
Note: ES cannot encountera let orletrec.

EST E:1 E2apdn   
 

Figure20.5 The ES compilation scheme

 
RAI E; Eo lp d = ASE E; G2 pao

EL E; E2 Jp d = ES E; E2 J pao   
 

Figure 20.6 Modifications to R and Eto use RS and ES

20.3.4 »-reduction and Lambda-lifting
In Section 13.3.1 we showed how redundant supercombinator parameterscould beeliminated by y-reduction. For a G-machine implementation,thisisactually undesirable, unless it eliminates a supercombinatordefinition, whichis always a good thing.
To see whyit is undesirable, consider the definition

$F x y = IF E; Evy

where E, and Ez do notuse y. Now,it is true that

$F x = IF E; Eo
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is
G-code. The reason is that the IF no longer has enough parameters, so Rcannotuse the efficient test-and-jum i

: i P Sequence it would have gener.the previous definition of$F.
senerated for

Oe is, when a function is Passed in as an argument and then applied.
a ortunately, fully lazy lambda-lifting results in many such expressions, andthis is the main motivation for eliminating redundant full laziness (see Section

20.4 Compiling FATBAR and FAIL

So far we have not made any mentionofthebuilt-in function FATBAR,anditscompanion value FAIL. In this section we will show a rather subtle
efficiently,
Suppose wehave to compile

Rif FATBAR E; E>, pd

First, recall the semantic equations for FATBAR:

FATBAR FAIL b = b me 8% FAILFATBAR | ob = |
Onewayto proceed would be to compi ipile E; with the E scheme,tfor FAIL and return EsorE, accordingly:

esrtheresultRil FATBAR E; Ep lod
= EME: Ip d; JFAIL L; UPDATE (441) POP da; .LABEL L; RIE Ee J}

p

d; ern: UNWIND;
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Nowwecanproceedas follows:

Al FATBAR E; Ez] pdjs
= ALE: Ppedtga; ;

LABEL L; Al Ez pdjs

together with the rule

RIE FAIL Jp djs
= POP (d-s); JUMPj

Theeffect is the same as before. The ‘POP (d—s)’ instruction setsthe stack to
the level expected by the code atj, while the “JUMP j instruction sets the
program counter; together they put the G-machine into the samestate as it
would have had whenexecuting the codeatjin thefirst version.

Thecodeis considerably moreefficient, because the FAIL data value can no
longer be generated, and henceit need never betested for, nor do we need to

i esentation forit. oo,
PallotherRscheme cases pass on j ands unchanged.Similar optimizations
applyto the E, RS and ES schemes. To avoid complicating allthe compration
schemes with the extra parameters j and s, we will not incorporate the
modifications in subsequentfigures. However, Figure 20.7 summarizes the

i i uired,
ntheoptimisation is rather subtle, andits formal justification would pe
relatively more difficult than the others we are studying. At the very leasti
relies on the observation, made in Section 5.4.2, that FAIL can only be
returnedif it appears explicitly in the expression.

 

RI. FATBAR £; E2 Tp dj LABEL L; RE Eo pdis
POP (d—s); JUMP j

RSE Ei Tp dntd;
LABEL L; RS[ Eo pdnjs
POP (d-s); JUMP j

RE FAIL Tp djs

RSf[ FATBAR E; E2 Jp dnjs

RS[ FAIL Jp dnjs

= ; JUMP L141;E; E djs = ET &; Jp dLld; Jui ;
PIE FATBAR Es Ez Vp

4

| LABEL L; Ef[ E2 Jp djs;
LABEL L1

E[ FAIL] pdjs = POP (d-s); JUMP j

j ; JUMP L1;Ei, €& dnjs = ESE E: Jo dnld; JU 1;
ESI FATBAR Ex Ea Ip LABEL L; ES E2 i pdnjs;

LABEL 11

ES[ FAIL Jp dnjs = POP (d-s); JUMPj    
Figure 20.7 Modifications to R, RS, E and ESschemes for FATBAR

HeeiaarenmenMeainnuotememdancesintiatcatienee we
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20.5 Evaluating Arguments

Suppose a supercombinator body consists of an expression of the form(f E, E2), where we cannot execute f directly as described j

REfE: E2tpd
= CL Ee Hp d; Ch Ey Hp (a+): PUSHGLOBALfMKAP 2; UPDATE (d+1); POP d: UNWIND

Notice that we have to Construct the graph of E, and Ez. Suppose, however,that we knew that f would evaluateits first argument. Then we wouldbesafeto compile E; with the E scheme (which will evaluate it), thus avoidingconstructing the graph of E, before subsequently evaluatingit.If we know that f evaluates its first argument we Say thatfis strict inits firstargument (see Section 2.5.4). The optimizations of this section try to avoidusing C to compile E; and Ez by using information about the strictness offunctions.

20.5.1 Optimizing Partial Applications

Suppose weare compiling the supercombinator
fx = + (NEG x)

Heretheresult returned by fis a function which adds (NEG x) toits argument.With ourpresent compilation schemeswewill get
RIT + (NEG x) JJ pd (where p=[x=1], d=1)= PUSH 0; PUSHGLOBAL $NEG; MKAP; PUSHGLOBAL $+; MKAP:UPDATE 2: POP 1; UNWIND

We cannot apply the RT + E; E> J] optimizationofthelast section, becausethe + is only given one argument.
However, the reason we are evaluating (f x) must be to apply it tosomething, and whenitis applied to somethingthefirst argumentofthe + willbe evaluated. Hence we could evaluate the first argumentstraight away,giving:

RE + (NEG x) yj pd (where p=[x=1], d=1)= PUSH 0; NEG; PUSHGLOBAL $+; MKAP:UPDATE 2; POP 1; UNWIND

This is better because it doe:
general rule is

AL +E pd
=ELE pa; PUSHGLOBAL $+: MKAP;UPDATE (d+1); POP d; UNWIND

$ not construct the graph for (SNEG x). The
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This optimization applies to all built-in functions with more than one
argumentwhichevaluate their first argument. In particular, this means +,1F
and their analogs —, *, etc., and CASE.

In fact, we can do rather better for IF. Consider the function (IF TRUE).It
behavesas follows:

(IF TRUE) EF: E2 > Ey
that is, it behaves exactly like the K combinator. What does (IF FALSE)
behave like? Suppose we generalize the K combinator to a family of
combinators K-n-i (where i<n), which have the semantic rule

K-n-i Ey... &)... En = Ej

ThenK is the same as K-2-1, and(IF FALSE) behaveslike K-2-2. Now we can
use the following ruleforIF:

RE (FE Bpd
= Ell E ]] p d; JFALSE L:

PUSHGLOBAL $K-2-1; UPDATE( d+1); POP d; UNWIND
LABELL;

PUSHGLOBAL $K-2-2; UPDATE( d+1); POP d; UNWIND

This is better than the previous rule, both because it does not construct the
graphof (IF E), and because it does not subsequently need to inspect the
graph of(IF E). A precisely similar optimization applies to CASE.

Theonly exception to the statementthatthe (f x) will eventually be applied
to something is when theresult of the whole program is the function (f x),
which we ignore because most implementationsinsist that the result of the
programis a data object.
The modifications required to the R, RS, E and ES schemes to achieve

these optimizationsare given in the next section. The rule for + is omitted,
since it is subsumedbythe optimization describedin the nextsection. The rule
for IF is put in the RS and ES schemes to maximizeits effectiveness.

20.5.2 Using Global Strictness Information

The optimizations of the previous section rely on special information
concerningthebuilt-in functions. Consider, however, the supercombinators

$F xy=+yx
$G x = $F (* x x) (+ x x)

Wecanseeata glancethat $F will certainly evaluate both its arguments (i.e.
$F is strict in both arguments), so when compiling $G we could use E to
compile the (* x x) and the (+ x x). Unfortunately, this informationis not so
obviousto the compiler.

Similar remarksapplyto let-expressions; for example, when evaluating the
expression

let x = E in (+ x 1)

p
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it is clear that x will be evaluated, so we could compile E with the E scheme.Letrecs are more problematic, since there is a danger that we might try toevaluate a HOLE,so wewill not attempt to optimize them.Wewould thereforelike to do two things:
(i) Wewould like to work out which functionsare sure to need the values oftheir arguments. This Process of inferring which functions are strict iscalled strictness analysis and is treated in detail in Chapter 22. We canthen use suchstrictness information to annotate applications ofstrictfunctions. For example, we could annotate the bodyof$G thus:

SG x = $F! (* x x) 1 (+ x x)

where weuseaninfix ‘!’ to indicate strict application, We can annotatelet-expressions in a similar way. For example, we could usea ! after thevariable name:

let x! = E in (+ x 1)

(ii) Secondly, we need to modify our compilation schemesto take advantageof this new information.

Thelatter task is rather easy. We need onlyto add a clause to the ES schemetosay

ASHE: 1 Ee Wp dn = Ef Ez Dp d; ASE Es Up (d+) (n+)

 
Al let xt = E inE Ppd

Ef[ let x! ExinEllpd

=ELE. Id pd RE EQ plx=d+1] (d+1)

= Ef Ex Jj ed;
ET E 9 plx=d+1] (d+1); SLIDE 1

= EL E Ip d; JFALSE L;
RSI $K-2-1 J pd n;

LABELL;
ASE $K-2-2 To dn

= Eff Eo Tp d; ASE E, Tp (d+1) (n+1)
= EE Ip d; JFALSE 11:

ESI $K-2-1 ]] p dn; JUMP Lo
LABEL L1:

ES[ $K-2-2 J pd n;
LABEL L2

= EL Eo Tp d; ESE E; Ip (d+1) (n+1)

tt

RSE IFE Tpdn

RST E;!EoTpdn
ESf FE] pd

EST E:!E2dpdn   
Figure 20.8 Modifications to R, RS, E and ESto evaluate arguments
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those from the previous section. Notice that partial applications of + (andits
analogs)will be annotated with | by the strictness analyzer, so this subsumes
the explicit treatment of such partial applications given in the previous
section.

20.6 Avoiding EVALs

EVALis perhaps the mostcostly instruction in the G-machineinstruction set,
and optimizations that eliminate uses of EVAL are extremely worthwhile. We
will discuss two waysof avoiding EVALin this section.

20.6.1 Avoiding Re-evaluation in a Function Body

Consider compiling an expression such as (+ x x) with the Escheme. Wewill
get

El +xx]ipd
= PUSH (d — p x); EVAL; PUSH (d + 1 — p x); EVAL: ADD

This is wasteful, because the second EVALis not necessary—x has already been
evaluated once,soit will now be in WHNF. We would prefer to generate

PUSH (d — p x); EVAL; PUSH (d + 1 — p x); ADD
This can be achieved by keeping track of which variables have been
evaluated, and checking for this when performing the E[[ x J] case. Froma
conceptual point of view this is very simple, but to write it into our com-
pilation schemes rather destroys their simple structure, so we will content
ourselves with a description of how to doit!

It turns out thatit is convenient to keep track of which stack locations are
evaluated, rather than which variables are evaluated. Asfar as this section
goesthereis no benefit from this generalization, but we will needit in the next
section. All that is required is to add an extra parameter, o, to each
compilation scheme,which gives contextinformationin a similar mannerto p.
o is a function which, given an offset from the base of the current context,
returnsa flag indicating whetherornot that stack location is evaluated.

Furthermore, each compilation scheme must now return two pieces of
information, the code it generates (as before) and a new o. The new
returned by a schemeis the sameas the o which was passed to it, except that 26
the flags on someofthe stack locations have beensetto indicatethat they have
been evaluated.

20.6.2 Using GlobalStrictness Information

Consider the supercombinatordefinition
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SF x = IF (= x 0) 0 (GF (— x 1)
oa clearly Strict in x, and the strictness analyzer can Spot this. So the€nnition as annotated by the strictness analyzer would looklike this:SF x= IF l= 1x10) 0 GF I (- 1x14)

the code fora supercombinator in wi
t

should begin with EVALs forein which the supercombinatoris strict. neh argumentThis requires that:

S$Filx=,

_. tO indicate that $F was strict inx.(ti) The information that certain arguments had been evaluated is keptin therentext (o) using the mechanism outlined in the previous sectionaving evaluatedx at the beginning, we do not wantto re-evaluateit!

Experience with the Ponder compiler suggests thatthis 0to be extremely worthwhile in practice.A furthernice benefitis that, since many EVALs are movedto the beginningof the codefor a function the main bod i
l ; ly of codeis less brok. i(which, remember,are tiresome — see Section 19.3.3). me NenUP WH EVALS

ptimization turns out
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20.7 Avoiding Repeated Unwinding

Sometimes an application node is known notto be the root of a redex, but

becausethis informationis not recorded we will unwindit every time we EVAL
it, only to find thatit is already in WHNF.If this information were presentin
the application node, EVAL would see this and return immediately(as it does
for integers, for example) rather than beginning an unwind.

This optimization only becomes importantwhenstrictness analysis is being
used, because then functions may be EVALuated whentheyare passedas strict

arguments. Without strictness analysis, functions are only evaluated when
they are applied.

Wecan incorporate the information that an application node is in WHNF

rathereasily. All that is required is an extra tag AP-WHNF,which replacesthe
APtag on application nodes which are knownto be in WHNF(i.e.irreducible

at the top level). If case analysis is implemented as outlined in Section 19.4,
then the EVAL entry of AP-WHNF’s entry table will be the same as that for
integers; that is, an immediate return to thecaller. This is much faster than

UNWINDing and then returning when the function at the tip of the spineis
foundto have too few arguments.

There are two ways in which an application node can be given an AP-WHNF
tag:

(i) At compile-time, when the C schemeis compiling the application of a
known function to too few arguments. The required modification is
shownin Figure 20.9. The condition in curly braces means that the top

application node of the graph is known to be in WHNF. The lower

vertebrae will also be so identified by the recursivecall to C.
 

CLfE:...En ed {where fisa global of arity > n}
= CEE] pod; Cl f Ey ... En-+ I p (d+1); MKAP-WHNF

  
 

Figure 20.9 Modifications to the C scheme to use AP-WHNF

Similar optimizations apply to RS and ES, but wewill see a more
elegantway of describing them (and the C modification too)in the next
chapter. .

(ii) At run-time, when rearranging the stack before entering a function.
Referring back to Section 18.5.1, all the vertebrae that are belowthe root

ofthe redexat the completion of the UNWINDinstruction are known to be
in WHNF,since each represents the application of a function to too few
arguments. For example, consider the graph

T
O
E
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UNWINDwill identify the node labelled $ as the root of the redex, andit
follows that the node labelled # is in WHNF,becauseit represents the
application of + to one argument only.
The tag on these vertebrae could therefore be changed to AP-WHNFas

they are removed from the stack. We can formally describe this by
modifying one of the clauses describing the UNWINDinstruction:
<Vo:i:. . .:vK:S, [NorFUN kc , UNWIND:[], D>

Vi=AP vi-1 m, (15isk)
= <2...VKS, G[V=AP-WHNF vi-4 nm, (1si<k)], C, D>

Fora sequential implementation this modification would makethe stack
rearrangementtake longer,since thetagsofall the vertebrae have to be
changed. Whetherit is worth the extra effort depends on the balance
betweenthis cost and the benefits arising from faster EVALs.

20.8 Performing Some Eager Evaluation

Undercertain circumstances we maywish to perform a reduction even though
a completely lazy implementation would postpone it. Consider compiling the
expression (CONS E, Es) with the C scheme:

CIT CONS E; E2 J pd
= CI Ee pd Che, ¥ p (d+1); PUSHGLOBAL $CONS; MKAP; MKAP

But it is clear that when (andif) evaluated, the expression (CONS E, E2)
will simply return a CONScell, with Ci[ E; JJin one branch and Cf[ E2 Jin
the other. So it would be muchbetterto constructit directly, with the code:

CI[ CONS E; E2 pd
= Ci E2 Il p d; Cl E; Bi p (d+1); CONS

The codeis shorter and fewercells are allocated, so we winall round (despite
beingless lazy). We can achievethis optimization simply by adding the above
tule to the C compilation scheme.

If we have the information described in the previous section, telling which
variables have been evaluated, we can perform somefurther optimizations to
C. C is used when wearenotsureif an expression will be evaluated or not.
However, consider compiling (+ x 3) with the C schemein a context where x
has already been evaluated. Ourpresent schemewill produce

Cl +x3] pd .
= PUSHINT 3; PUSH (d — p x); PUSHGLOBAL $+; MKAP; MKAP

It would be considerably cheaperto generate

CI +x3Ypd_ {x evaluated}
= PUSHINT 3; PUSH (d — p x); ADD

This risks performing an addition which turns out not to be necessary
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(because the graph constructed by C may be discarded), but on almost any f
conceivable machine it would be cheaper to perform the addition than to €
construct the graph. The reason we cannotdothis in any old contextis that the ;
evaluation of x might not terminate; but we can safely perform this
optimizationin any context where weare surethatx is evaluated. Exactly the
sameoptimization can beused for any otherbuilt-in function. For example,

Cll HEAD y J pd {y evaluated}
= PUSH (d — p y); HEAD

Wewould also like to propagate this information upwards. For example,
we would like to arrange that

CI. + (+ x 5) y [pd {x and y evaluated }
= PUSH (d - p y); PUSHINT 5; PUSH (d — p x); ADD: ADD

To achieve this, we would simply need C to return an extra piece of
information to say whenits result was known to be evaluated. Butthis is

' already available to us in the form of o, which records whichstack locations £
are evaluated, so the optimizationis easily incorporated. {

Theoptimizationsin this section dependontherelative costs of performing
certain built-in operations (for example, addition versus heapcell allocation).
Assuch, they needto be considered carefully with a particular machine in
mind. However, the examples presented here would be worth doing on most
machines. They would not be nearly soattractive if, for example, the +
operatorwasanarbitrary precision addition function.

 
20.9 Manipulating Basic Values

Considerthe following function definition

fxy=+x (+ y 1)

This will compile to

PUSHINT 1; PUSH 2; ADD; PUSH 1; ADD;
UPDATE 3; POP 2; RETURN

In an implementation which uses a boxed representation of integers (see
Section 10.6) the first ADD will

(i) take twointegers (y and 1) out of their boxes,
(ii) add them,
(iii) allocate a new box,

(iv) and put theresult in the new box.

The second ADDwill promptly takethe result out of the box in orderto addit
to x. Hence,the allocation of the box and theactof putting the intermediate
result in it were wasted.  
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Even in an implementation which uses an unboxed representation of
integers some work may haveto be done to strip off the pointer bits before
adding, and to add thepointerbit afterwards. This is much less serious than in
the boxed case, but we would like to avoid it even so. For the rest ofthis
section we will assume a boxed implementation, but everything applies
(though with less weight) to an unboxed implementation.
The inefficiency outlined above arises when we are manipulating basic

values such as integers, characters, booleans and so on. A basic value with no
boxis called naked; those enclosedin a box are clothed. For efficiency reasons
we would like to work with naked basic values wherever possible, only
clothing them when unavoidable.

Webegin by defining explicit instructions to get naked basic values out of
their boxes and to clothe them again. Thustheinstruction GET takes the top
item on the stack outofits box, leaving the result on topofthe stack as anaked
basic value. The instryction MKINT wraps an integer box aroundthe top item
on the stack. (In an unboxed implementation,these instructions would strip
off and stick on the pointerbit. A trick that mayhelpis to use a zero pointerbit
for atoms, so that often nothing need be doneto stick on the pointerbit.)

Wethen redefine the instructions which operate on basic values, such as
ADD,so that they operate on nakedbit patterns. ADD will now take the top
two wordsonthe stack, treat them as 32-bit integers (or whatever), add them
and putthe result back on thestack. Clearly this is outside the hygienic world
of graph reduction, but by the time such integers get back into the heap they
will have beennicely boxed.
How,then, can we compile our programsto use such instructions? We begin

’ by defining a new compilation scheme B, whichis just like E exceptthatit
leaves the result as a naked basic value on thestack.It therefore assumesthat
the result is indeed a basic value (and not a function, or a CONS cell, for
example). We can obtain the B scheme by a direct transliteration of the E
scheme (see Figure 20.10, which was prepared by performing minoredits on
Figure 20.2). This assumes that certain G-code instructions, such as JFALSE,
are altered to expect their arguments as naked basic values on the stack;this is
discussedin detail below.
The ‘PUSHBASIC 7’instruction pushes a naked basic value onto the stack,

so oneinstruction suffices for basic valuesofall types. IfB does not recognize
the expressionit is compiling, it evaluates it with E and then GETs the basic
value outofits box.

All that remainsis to modify E and R to use B. Theywill use Bin all contexts
wheretheresult is knownto be a basic value. Figures 20.11 and 20.12 show the
modifications required to the R and E schemes. Notice the way both A and E
use B to computethe condition ofan IF. E uses B to computetheresultsofall
arithmetic operations, following it with a MKINT to clotheit. Finally, R has an
optimization when the result of the whole supercombinator reduction is
knownto be aninteger.In this case R usesB to compute the nakedinteger, and
then uses ‘UPDINT d’ to updatethe rootofthe redex with the clothed value.
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 BLE Bpdad

Evaluates E, leaving the result on top ofthe stack as a naked basic value.

PUSHBASIC j

BIE J] p d; NEG
BE E2 3 p d; BE E; 7 p (+1); ADD
BIL Ec Ii p d; JFALSE Lt;

BIE; 9] p d; JUMP L2;
LABEL L1:

BI Er I p a;
LABEL L2

= CLEx Ip d;
BIE

Jj

plx=d+1] (d+1); SLIDE 4
= Cerere Ip’ d’; BE E Up’ d’; SLIDE (a)

where

(',d') =X D Ipd

BLidpd
BE NEG E J pd
BE +E: Eolipd
BI IFE,E & Ipd

BI[ let x=E, In E pd

BI letrec D in E J pd

 

 

 
 

BE ETpd = ELE] pd; GET (otherwise)

Figure 20.10 The B compilation scheme

REidpd BI i J p d; UPDINT (d+1); POP d; RETURN
BI NEG E Jj p d; UPDINT (d+1); POP d; RETURN
BE + E; Es Tp d;

UPDINT (d+1); POP d; RETURN
= BI Ec I p d; JFALSEL;
REE: 0 p a;
LABEL L; AD Er J pd

Similar modifications apply to the RS scheme.

o
o
dRIE NEG E pd

RAE + E&; E2tpd

RE IF E Et Er pd  
 Figure 20.11 Modifications to the R schemeto use B

 
BIL NEG E Jj p d; MKINT
BI + E; Eo J} p d;MKINT
BI Ec Il p d; JFALSE 11;

ET Et J} p d; JUMP L2;
LABEL L1;

Ell Er i p d;
LABEL L2

Similar modifications apply to the ES scheme.

Ef NEG E pd
EL + E1 E2lipd
Ef IFECEE; Jpd r

o
u
t

 
 Figure 20.12 Modifications to the E schemeto use B

‘ . . ee 20.13.The extra instructions required are given in Figure (
The only remaining problem with this optimization concerms garbagecollection. When garbagecollectionis initiated, the garbage collector has totraverseall the accessible graph, including that only accessible from thestack.
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  Note: Redefined instructions are marked with *
GET <n:S, G[n=INT i, GET:C, D> => <i:S, G, C, D>MKINT <i:S, G, MKINT:C, D> => <n:S, Gin=INT ij, C, D>NEG+ <i:S, G, NEG:C, D> => <-i:S, G, C, D>
ADD* <i1:i2:S, G, ADD:C, D> => <ii+i2:S, G, Cc, D>JFALSE* <false:S, G, JFALSE L:...:LABEL L:C7, D> = <S, G, C, D><true:S, G, JFALSE L:¢, D> => <S, G, C, D>

<i:nt:.. .2mk:S, G, UPDINT k:C, D>=> <M... .:nk:S, G[nk=INT i], C, D>

UPDINT 
    Figure 20.13 G-code instructions for basic values

This meansthat the garbagecollector needs to know whetheran item in theStack is a pointer or not. Unfortunately, the stack now contains both nakedand clothed values, and a naked value may be indistinguishable from a
Thereare four possible solutions:

(i) Somehow mark nakedvalueson the Stack. This is tantamount to clothingthem.
(ii) Let the garbage collectortreat nakedbasic values as pointers andtreat

(iii) Use two stacks instead ofone,a stack V for naked values and the spine

yet anotherstack,
(iv) Stack naked values on the dump! This is a clever trick, used by theChalmers G-machine.It is based on two premises:

(a) The garbagecollector does not need to follow pointers from thedump,sinceall accessible store can be marked from the spine stack(or ratherall the spine stacks which are Sitting on top ofeach other).Hencenaked values on the dumppose no problem.(b) At the moments when wewantto restore the old stack and codePointers from the dump,orrefer to the old stack pointerto checkwhetherthe present supercombinator has enough arguments,thereare no nakedbasic values on the dump.
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It turns out, therefore, that we can safely combine the VandDstacks, andthis seemsaltogetherthenicest choice. If it is used then thelet andletreccases of the B scheme should conclude with POP instead of SLIDE,because the naked valueis on the dump,notthe S stack.

20.10 Peephole Optimizations to G-code

Wenowcometo some optimizations which can most easily be regarded aspeephole optimizations to the G-code. A peephole optimizerfits between theG-code compiler and the code generator. It looks at short consecutiveSequences of G-codeinstructions, and replaces them by someshorteror moreoptimal sequence.

20.10.1 Combining Multiple SLIDEs and MKAPs

Imagine compilingthis expression with the C scheme:

let xX = E,

in letrec y = Ey

x=E,

in E

Theend ofthe codewill be the sequence:

--- SLIDE 2; SLIDE 1

Clearly these can be combinedto the single instruction

... SLIDE 3

This sortofoptimizationis exactly what peephole optimizersare for. We maydescribe the optimizationlike this:

SUDE ki; SLIDE kp => (SLIDE k:+ka)

using => to denote the optimization. In a similar way, the C schemegenerates multiple MKAPinstructions:

CIE: 2 Es Hpd
= CE EsIp d; CH Ez Hp (d+1); Cl Ey I p (d+2); MKAP: MKAP

These MKAP sequencescan be combinedinto an ‘MKAP nr’ instruction by theoptimization

MKAP ki; MKAP kz => MKAP (kitka)

where we regard MKAPas equivalent to ‘MKAP 1’.
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20.10.2 Avoiding Redundant EVALs
As remarkedin Section 20.2, we frequently generate redundant EVALs,in thesequence

PUSHGLOBALf; EVAL

The EVAL is redundant if fis a built-in function,or a supercombinatorofoneOr more arguments,butitis necessary if f isa CAF. The peephole optimizercan easily eliminate the EVALifit is redundant:
PUSHGLOBALf; EVAL => PUSHGLOBALf (if fis not a CAF)

20.10.3 Avoiding Allocating the Rootofthe Result
Considerthe supercombinator

SF xf=fx

Atpresentwe will generate the following G-codeforit:
PUSH 0; Push x
PUSH 2; Push f
MKAP; Makean application node
UPDATE 3; Updatetheroot of the redexPOP 2; Pop parameters
UNWIND; Continue

In an implementation which uses copying for UPDATE this code is ratherwasteful, since it allocates an application cell with MKAP and thenimmediately copies it over the root of the redex, thus discarding theapplication cell just allocated. It would be betterto construct the root of theresult directly on top of the rootofthe redex, thus:
PUSH 0; Push x
PUSH 2; Pushf
UPDAP 4; Build application over root
POP 2; Pop parameters
UNWIND; Continue

The ‘UPDAP 4’instruction takes the top two items on the stack and, usingthem, builds an application node on top of the root of the redex, whosePosition in the stack is four from the top. We could modify the RS schemetoincorporatethis optimization by using the followingrule:
RSI f Ip dn = PUSHGLOBAL f: MKAP (n-1);UPDAP (d—n+2); POP (d—n); UNWIND

and a similar one for RSI x J}. Just the same optimization can be made whenthe result of the function is a CONS cell (using yet another instruction
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UPDCONS). Furthermore the optimizationcanalso be applied to the updatesperformed by Cletrec.
We could describe the optimization by modifying the RS and CLetreccompilation schemes, in the mannerindicated above, to generate UPDAP andUPDCONSinstructions. This description has two disadvantages:

(i) It complicates the compilation schemes. In particular, we will have tointroduce a brand new schemeto handle the top level of CLetrec (try it!).(ii) It is quite a low-level optimization to be allowed to clutter up thecompilation schemes.

Fortunately, we can describe it in quite a different way. All we are really doingis performing the optimization

MKAP n; UPDATE d => MKAP (n—1); UPDAP (d+1)

which is precisely the sort of thing that a peephole optimizer could spot.Accordingly, we chooseto implementthe optimizationin the code generator.Thereis also the related optimization

CONS n; UPDATE d => CONS(n-1); UPDCONS (d+1)
Notice that this description automatically catches cases generated by

CLetrec as well as R,andwill also optimize the definition of the $CONSbuilt-infunction (Section 18.8.2).

20.10.4 Unpacking Structured Objects

The compilation of case-expressions, using the optimization described inSection 6.3.3, resulted in the frequentoccurrenceofexpressions such as
let =v = SEL-SUM-K-1 v

Vk = SEL-SUM4¢K v
in E

where v, vi, ..., Vk are variables. If this is compiled by the R schemein a
contextin whichv is evaluated, normally by an enclosing CASE function, we
will get the following G-code:

PUSH (d — p v); SELSUM k,1;

PUSH (d+k—-1 — p v); SELSUM kk;
AM E Op’ (d+k)

where p’ = p[vi=d+1,.. »Vn=d+k]. (We are assuming here that theoptimization which avoids repeated EVALs described in Section 20.6 isimplemented,so that no EVALs precede the SELSUMinstructions;andthattheoptimization which performs eager evaluationofapplications of SEL-SUM-Kidescribed in Section 20.8is also implemented.)

 

 

Section 20, 12 umma,
Summary 363

This sequence of PUSH/SELSUMinstructions simply unpacks v onto thestack, and henceis readily optimizedto:
PUSH(d — p v); UNPACKSUM k:

where ‘UNPACKSUM &’is a new G-codeinstruction, which unpacksthe topelement onthe stack into its k components,placing them on top ofthe stackAs before, the optimization can be performed by a peepholeoptimizer.Everything in this section applies analogously to Product types readingSEL-k-i and SELPRODUCT k,i instead of SEL-SUM-k-i and SELSUM ki.

20.11 Pattern-matching Revisited

The UNPACK peephole optimization Presented aboveputs the finishing touchto our Strategy for compiling pattern-matching. A function which usespattern-matching is now compiled to
(i) a code sequenceto evaluate the argument;(ii) a multi-way jump (CASEJUMP), based on the structure tag of the.... 2fgument(see Section 18.8.4);

(iii) an unpack instruction, which takes the structure apart, and puts its,_, Components on the stack;
(iv) a code Sequence to evaluate the appropriate right-hand side of thefunction,in the correct context (namely, free variables accessible in theStack, and the components of the structure on top ofthe stack).



 
 ALE Dpd

generates code to apply a

RE ifipd
AL fpd
RIx pd

RI. NEG E Tpd
RE + E: Eopd

Ril CONS E; Es J pd

RI. HEAD E J] pd

Ril IF Eo Ev & pd

ALE; G2 pd

AI tet x=E, in E pd
Ri let xi=E, in E J pd
Rf letrec Din E J pd

supercombinatortoits d arguments.

BIL i Jp d; UPDINT (d+1); POP d; RETURN
Ell f I p d; UPDATE (d+1); POP d; UNWIND
Ell x J p d; UPDATE (d+1); POP d; UNWIND
BI NEG E J] p d; UPDINT (d+1); POP d; RETURN
BI + E1 Es Bp a;
UPDINT (d+1); POP d; RETURN

Ell CONS E; Eo J pd:
UPDATE (d+1); POP d; RETURN
E[ HEAD E Jj p d;
UPDATE (d+1); POP d; RETURN

BIL Ec J] p d; JFALSEL;
REE: 0 p dg;

LABEL L;

REE: pd

= AST E: Eo ip do;

=CI Ex, I] pda; ALE 3 plx=d+1] (d+1)
= EL Ex Jp d; AEE Dl plx=d+1] (d+1)
= CLetrec[| D J] p’ d’; REL E Tp d

where

(', d’) = XL DI pd

tt

 

 ELE] pd

evaluatesE, leaving theresult on top of the stack.
ELilpd
EL fipd
Ex] pd

E[| NEG E J pd
El + E; Eo pd
El. CONS E, E2]ipd
Ef HEAD E J pd

El IF Eo EE; pd

Ef E: E2 pd

Ef let x=E, inE J pd

E[[ let xI=E, in E JJ pd

Ef letrec D in E pd

PUSHINT i
PUSHGLOBAL f EVAL
PUSH (d — p x); EVAL

BI NEG E J] p c: MKINT
BI + Ey Ee J p d; MKINT

CH Ee Tp d; CE; Dp (+1); CONSEf E jp d; HEAD; EVAL

BIE. Il p d; JFALSE 11:
Ell E: 3 p d; JUMP L2;

LABEL L1;

ET Er Ip d;
LABEL L2

= ES[ E; Eo Ipdo

= Cf E, lod;
ET E qj pix=d+1] (d+1); SLIDE 1

= ET Ex J pd;
EEE] p{x=d+1] (d+1); SLIDE 1
CLetrec] D 7] ed; EL E J p' d'; SLIDE (d‘—d)
where

o’, 0’) = Xf Di pd

o
w

w
W
o
t

 
 

Figure 20.14 The final R scheme Figure 20.16 The final £ compilation scheme
 

 
ASE E Ded

RSIflpdn

RSE x Tpdn

ASI IF Ec E: E; J p

RSE IF E pdn

ASI E; Eotipdn

Note: RS cannot enco 
RAS HEAD E J pdn

ASE E:! Es pdn

n

completes a supercombinator reduction, in which the top

n

ribs of thebodyhave already been put on thestack.
RS constructs instances oftheribs of E, putting them onthe stack, andthen completes the reduction in the same wayas R.

= PUSHGLOBAL f; MKAP n;
UPDATE (d—n+1); POP (d—n); UNWIND

PUSH (d — p x); MKAP n;
UPDATE (d—n+1); POP (d—n); UNWIND

El © I) p d; HEAD: MKAP n;
UPDATE (d—n+1); POP (d—n); UNWIND
Bil Ec J p d; JFALSE L;

RSE E: dpdn;
LABEL L;

ASE Er pda

BI E Ip d; JFALSE L;

RSI $K-2-1 Jp dn;
LABEL L;

RSI $K-2-2 Ip dn

= Cf Eo Tp d; RSE Ey Bp (d+1) (n+1)
= ET Eo Tp d; RSE; yj p (d+1) (n+1)

untera let or letrec.

dn

 

ESTE pdn

completes the evaluation of
already beenputon the stac

an expression, the top n ribs of which have
k.

ES constructs instances of the ribs of E, putting them on the stack, andthen completesthe evaluation in the same wayas E,
ESI flpdn

ESE x Jpdn

ES[ HEAD E Jp dn

EST IF Ec Bk & Pp dn

ES[ FE Ipd

ESE E: E2 dpdn

ESTE: ! Es i pdn

= PUSHGLOBALf; MKAP n:; EVAL

= PUSH. (d — p x); MKAP n; EVAL

= Ef E Jj p d; HEAD; MKAP n; EVAL

= BIE. Ip d; JFALSE 11:
ES[ E: J} p dn; JUMP L2:

LABEL L1;
ESE Er Jp dn;

LABEL L2

= BIL E J p d; JFALSE L1;
ESI $K-2-1 ]] p dn; JUMP L2

LABEL L1;

ES[[ $K-2-2 J p dn;
LABEL L2

= Cf E2 Tod ESE E; Jp (d+1) (n+1)
= EL E2 Tp d; ESE: Bp (d+1) (n+1)

Note: ES cannot encountera let orletrec.

 

  
Figure 20.15 The final RS scheme  Figure 20.17 The final ES scheme
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OPTIMIZING GENERALIZED
TAIL CALLS
Simon L. Peyton Jones and Thomas Johnsson

Suppose weare compiling the body of a supercombinatorsuch as
SFxy=WE, Eo Es

where Wiseither a supercombinator,ora built-in function,or a variable (onlyXx or y would be possible in this case). We will produce G-codeto build aninstance of the body of$F. However, at the end ofthis code is an UNWINDinstruction which will unwind the spine ofthe instance onto the stack. Whenwe then perform the W-reduction,all the newlyallocated vertebrae below theroot of the W-redexwill immediately become garbage(note:this is actually aslight overgeneralization).
This chapter is devoted to techniques designed to avoid allocatingvertebrae thatare going to become garbagestraight away. During the chapterwe will use the $F supercombinatoraboveas a running example.
Suppose that W was a supercombinatoror built-in function. Then the codefor $F would begin as follows:

CI Es I p d;
Cll E2 I p (d+);
CIE; Il p (d+2);
PUSHGLOBAL w:;:

(IfW wasa variable, the only differenceis that the last instruction would beaPUSHinstead of a PUSHGLOBAL.) This puts all the ribs on the Stack, but doesnot construct any vertebrae (which is done subsequently with an ‘MKAP 3’instruction). After this sequencehas executed, the currentcontext looks likeFigure 21.1 (rememberthatin all our Pictures the stack grows downwards).In

367
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this figure, all the graph of the $F-redex has been omitted exceptthe root,
whichis always an application node.

Atthis point there are now a numberofcases to consider, depending on the
nature of W. Before we follow the main thread ofthis section we will treat an
importantspecialcase,thatofa tailcall. This specialcasewill be subsumed by
the subsequentmoregeneraltreatment,butit is an easier introduction.

21.1 Tail Calls

A tail call is the case when theresult of one function is given by

a

call to
another function with exactly the right numberofarguments supplied. In our
example,the call to W is

a

tail call if W is a supercombinator which takes
exactly three arguments.

Underthese circumstances $F’s body (W E; Ez Es)isitself a redex —in fact
it will be the next redex to be reduced. Furthermore, the node that will be
updatedbythe result of the ensuing W-reductionis the same nodethatwill be
updated by the result of the $F-reduction. On entry to the code for the
supercombinator W the currentcontext will look like Figure 21.2, where the
‘Root of $F-redex’ is the same as in Figure 21.1 (it is now the root of the
W-redex).
One way to move from Figure 21.1 to Figure 21.2 would be to complete

construction of the graph of (W E, Eo E;) in the heap, updatetherootof the
redex with the result, pop the parameters of $F and execute UNWIND.This
would unwind the spine onto thestack,find Wat the tip, rearrangethe stack to
look like Figure 21.2 andfinally enter the code for W. This is just what the
compilation algorithm we have developedin Chapters 18-20 will do,butit is
plain thatthis is a very stupid way to proceed.

 

Rootof$F-redex ———» @

2ndargof$F (y) / \

Ist arg of $F (x)

Es

E2

E;

Ww

 
  
 

Figure 21.1 Current context of $F after ribs have been built

 

 

Section 21.1 Tail calls

369

 

Rootof$F-redex ——> @

Es 7\
Eo

E,

 

  Figure 21,2 Current context on entry to three-argument supercombinatorW

A much more efficient way to get from Fito slide the top four elements of the staarguments to $F. Wewrite this instruction
SQUEEZE 4 2

gure 21.1 to Figure 21.2 is simplyck down, squeezing out the two

meaning‘slide down the top four elements of th ie stelements below them’. Therule for SQUEEZE is Snes saveczing out the meSMa:.. 2mm: . .:ma:S, G, SQUEEZE d:C, D>> <i. . orn, G, C, D>

After doing this we want to
i

nan”
enter the codefor W,so we invent another new

JFUN

ne
» Popsit and enters its codewe

it wi
(we omit a formal definition of JFUN as It will be subsumed by the nextsection). The complete code for $F would now read:
Cl Es i ed;
Cf Es i p (d+1);
Cl E: I p (d+2);
PUSHGLOBAL WwW;
SQUEEZE 4 2: JFUN

JFUN should, of course enter the cod ari
; urse, © after the arity check and stThemen thatis,it should enter at the EXEC entry (see Section 19 43)Is code makes a number of savings over our Previous attempts: _(i) the vertebrae of the result of the $F-reduction ar(ii) no update needtake place at the end of the $FW will update the same node;

€ neverallocated at all;
code because the code for



370 Chapter21 Optimizing Generalized Tail Calls
 

(iii) the SQUEEZEtakes the place of POPin getting rid of the parameters to
$F;

(iv) no UNWIND need take place becauseit is already done;
(v) no check need be made that W has enough parameters, since we know at

compile-time thatit does.

These benefits only obtain, however,if

(i) we know what Wis;
(ii) it takes just the right numberof arguments,

In the ensuing section wewill lift these restrictions.
Tail calls have been well studied in other contexts, and we now discuss

briefly how our new implementation compares with others.
Theoptimizingoftail calls has been a standardfeature in Lisp compilers for

a long time (see Steele [1977], for example). Such compilers exploit the fact
thata tail call to a function W can be replaced by ajump to W,thus saving thé
allocation of a new stack frame. A particulareffect ofthis optimizationis that
tail recursion (which normally consumes a stack frame for each call) is
transformedinto iteration (which operatesin constant space).

It is, however, a property of graph reduction that this optimization is
performed automatically [Turner, 1979]! Even the first implementation of
Chapter 18 performstail recursion in constant stack space, and all our
optimizationspreserve this property. The reason forthis is that at the end ofa
code sequence generated by the R scheme we used UNWIND to continue
evaluation on the samestack, rather than using EVAL which creates a new
stack. (Note: we differ here from the G-machine papers, which use EVALat
the endof A,atleast to begin with.)

While evensimple graph reduction implementations candotail recursion in
constant stack space, they still consume heap. Very manyofthe heapcells
thus consumed are discarded very soonafter they are allocated, andit is the
purposeof the optimization we have described to avoid this turnover of heap
cells.
We make onefinal observation before proceeding to a more general

treatmentof the spine. Consider the function

$H x = IF (= x 0) ($G 3 x) (+ 1 (SH (— x 1))

where $Gis a supercombinator which takes two arguments. Thecall to $G can
properly be considereda tail call, since once the decision has been taken to
take the ‘then’ branchoftheIF, the result of the $H reductionis just ($G 3 x).
Hence we wouldlike ourtail call optimizations to propagateinto the branches
of an IF.
Complete compilation schemesfortail calls are not givensince they are an

easy Consequenceofthe next section.
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21.2 GeneralizingTail Calls

The oplimization of the previous section only applied when W was knownatcompile-time to bea supercombinatorofthree arguments. We generalize thisnee forany Ww by simply replacing the JFUN instruction at the end of the codeOr $F given in the Previoussection with a new instruction
DISPATCH 3

The argument3 to DISPATCHgives the nuThe code for $F would then be
Ci[ Es lod;
Cf Es Tp (d+1);
CE: Ip (d+2);
PUSHGLOBAL W:
SQUEEZE 4 2. DISPATCH 3

mberofribs currently on thestack.

regardless of what W is (except that the PUSHGLOBAL would be a PUSHifWwas a variable). For the Present wewill not perform any compile-time analysisofW; instead, wewill simply generate the abov.
ad,

€ code for $F and | iDISPATCHinstruction to Sort things outat run-time. . ave io the

 

Rootof $F-redex —__» :@

n3:E3
/ \

n2:Ep

n4:E;

f:W

 

   Figure 21.3 Current context on entry to the DISPATCH instruction

$F-redex will be rin the rules for DISPATCH.When the DISPATCH 3 instruction is executed it hanalysis on the function which is on top of the stackPossibilities:

(i) W is an application node;
(ii) Wisa Supercombinatorofzerg arguments;
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(iii) W is a function (supercombinator or built-in) of exactly three
arguments(this is the tail call case);

(iv) W is a function (supercombinator or built-in) of less than three
arguments;

(v) W is a function (supercombinator or built-in) of more than three
arguments.

Wehandlethese cases separately in the succeedingsections. Since the built-in
functions have G-code sequences just like supercombinators, we will not
distinguish supercombinators from built-in functionsin the following.

In discussing the execution of the DISPATCH instruction, the ground rules
are:

(i) The current context lookslike Figure 21.3 on entry to the DISPATCH
instruction.

(ii) The execution of the DISPATCHinstruction mustbe precisely equivalent
to (though perhaps moreefficient than) the followingsteps:

(a) construct the spine in the heapfrom theribs on the stack;
(b) update the root of the redex (at the bottom of the current context)

withthe spine thus constructed;
(c) UNWIND

21.2.1 Wis an Application Node

If W is an application node, then (unless DISPATCH looksinside it, which
seems rather complicated) we know nothing about how many arguments W
takes. Therefore we take the easy way out:

(i) constructthe spineof the body of $F;
(ii) update the root of the $F-redex;
(iii) UNWIND.

Wecan, however, makeoneoptimization.Instead ofconstructing the spine
in the heap andthen unwindingit back onto the stack, we can perform thefirst
part of the UNWINDas weconstruct the spine. When DISPATCH has done this,
the context lookslike:

 

Rootof$F-redex ———_-» 1: @

Vv2:@ ng:Eg3

Vir@ =na:E2

f:W omy: Ey  
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Now DISPATCH beh j i . .with the rule ehaves just like UNWIND. Wecan formalize this transition

SFiniina:.. .mir:S, G[f=AP ms m2}, DISPATCH k:[], D>
=> <FiVacver.. vars, G[vi=AP f n, » UNWIND:[], D>Vi=AP ving my (1<i<k)

T=AP vy; Nk

21.2.2 Wisa SupercombinatorofZero Arguments
ora 1S a supercombinator of zero arguments we cannot improve on theVIOUS Case, so DISPATCH should behave in exactl i

mn applitate: oo
ly the sameway as ifWwas

21.2.3 Wisa Function of Three Arguments
f W is a function of three arguments then we havethe tail call case, and

I

DISPATCHcan sim I
.following rule. Imply enter the code for W. Wecan express this with the

<f:S, GIf=FUN k C], DISPATCH k:[{], D>> <S, G, C, D>

21.2.4 Wis a Function of Less Than Three Arguments
If Wis a function of less than threear, ments t :be the next redex to be reduced. Buments then part ofthe body of$F will
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Suppose W takes two arguments. Then we wantto create a new currentcontext in which Wwill execute, with its two arguments on top ofthe stack and :a pointer to the root of the W-redex below them. Wecanachieve this byconstructing only the top part of the spine of the bodyof$F. Hereis what thestack lookslike just before DISPATCHenters the codefor W:

 

   

 

RootofW-redex —> v4:@

Rootof$F-redex-» ne n4:E,4 

n3:E3

N2:Eo  

  

Rootof$F-redex ———»> 1:@
ny:Ey

Root of W-redex —»V2:HOLE ng:E3
f:W

n2:E2    

  
ny:Ey  Thisis just an augmented version of Figure 21.3 showinga stack element

below the context in which $F execu :tes. In this case wrearrangethe stack to: € want DISPATCH to

  
 

  

  
The context for the W-reduction consists of the top three elements on thestack. The HOLE mustbeallocated to receive the result of the W-reduction.
Hereisthe formalrule:

<f:ni:na:...tmer:S, G[f=FUN a C}, DISPATCH k:[], D>
Rootof W-redex—v4: @

 

na:E4 r@ na:E,
{a<k} => <M4:...2MaiVal.. .2Vk-1rS, Gl va=HOLE , C, D> na:

VEAP vi-r ni, (a<i<k)
3-3 Vv2:@ ng3:EgF=AP Ve-1 Nk

Nno:E> Vii@

—

ne:E>

/\m1:E f:Won4:Ey   21.2.5 Wis a Function of More Than Three Arguments

 

  
   

  

  

   
  

       If W is a function of more than three arguments, the bodyof $F is in WHNF,and we mustupdatethe rootof the $F-redex to reflectthis fact, since it may beshared. This involves constructing the spine in the heap as we did for the case course. Notice that E,, E2 and E3 have remained unch di
whenW wasan application node.

Positionsin the stack (which conveniently saves sliding sh anged in the sameHowever, the next thing thatwill happen is an attempt to reduce the Here,then, are the tworules for DISPATCH hi ng them around).application of W. Only if there are enough arguments in the stack will the “ » COvers the case when there are not en h which coverthis case. Thefirstreduction take place. This gives us the clue to what DISPATCH should do. ough arguments for the function toHaving constructed the spine and updated the root of the $F-redex,
DISPATCH shouldtest the depth of the stack. If there will not be enougharguments for W to reduce then evaluation is complete and DISPATCH caninitiate a RETURN. If there are enough arguments then DISPATCH can
rearrangethe stack ready for W and enter W. OvSuppose that W takes four arguments, and that at the beginning of the In this ruleDISPATCHthestack lookslike this: ofthe stack

Nowthe root of the $F-redex has been correctly updated, and a new context
as Deen set up readyto enter W. The occurrences of E;-E,are shared of

7 <fng:na:.. SMEVeet. . oval], GIf=FUN a C], DISPATCH K:[], (S,C):D>{k<d<a}) <va:S, G V1=AP-WHNF f ny
C’, D>

i
Vi=AP-WHNF y,_, Mh (1<i<k)F =AP-WHNF Ve-1 Nk
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vertebrae vy, ..., vx-1are knownto be in WHF,sowe can construct them as
AP-WHNFnodes.
The secondrule covers the case whenthere are enough arguments,and the

fearrangementdepicted in the previous diagram takes place, followed by a
jumpto the codeof the function.

<Pinyime:..MetViead .iva:S,
G]| f=FUN aC

Ve+1=AP Fr Nest

»DISPATCH k:[], D>

Vi=AP vi-1 mi, (k+1<i<a)

{k<a} => <M42Ma:.Mkt. .NaiVa:S,
G V1=AP-WHIFf ny ’ Cc, D>

Vi=AP-WHNF wis ni, (1<i<k)
tT=AP-WHNF Ve-1 nk ,

21.3 Compilation Using DISPATCH

In this section we discuss the compilation schemes and code generation
necessary to use the DISPATCHinstruction.

21.3.1 Compilation Schemes for DISPATCH

It is rather simple to compile code to use the DISPATCHinstruction, by
replacing tworules in the RS scheme (Figure 21.4). This is the reason why we
wentto the trouble of developing the RS scheme.

 
ASE x J p dn = PUSH (d— p x); SQUEEZE (n+1) (d—n); DISPATCH nRS{[ f Tp d n = PUSHGLOBAL § SQUEEZE (n+1) (d—n); DISPATCH n

  
 Figure 21.4 Modifications to the RS scheme to use DISPATCH

21.3.2 Compile-time Optimization of DISPATCH
So far we have assumed that DISPATCHwill doallits work at run-time. Thisis
potentially slow, and sometimes we know what

W

isat compile-time. We can
easily makeuse ofthis informationto improve the code we generate.

All that is neededis for the code generatorto watch for the sequence
PUSHGLOBAL $H; SQUEEZE p q; DISPATCH k

Nowthe code generator can do muchofthe case analysis on $H that would be
done at run-time. For example,it may observe that $H takes exactly k
arguments, in which case we have

a

tail call and can generate code to jump
directly to the code of $H. This would achieve precisely the effect we obtained
in the section ontail calls. Sucha jumpshould,ofcourse, be to the EXEC entry
of the function, after the arity check and stack rearrangement.

In particular cases we can do even better. For example,

PUSHGLOBAL $CONS; SQUEEZE 3 q; DISPATCH 2

_Rennuanteersreuiieetergctacmeaaeenonsete
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can be optimized to

CONS; UPDATE (q+1); POP g; RETURN
This corresponds Precisely to the CONS optimization in the R scheme, butmoved to a peephole optimizationin the code generator. All the special casesin R can be moved to the code generator in this way, but this losesOpportunities to use B,so in Practice we mightwish to use both methodsThedifficult case is when weare confronted with
PUSH n; SQUEEZE P q; DISPATCH k

(that is, a PUSH of a variable). In this case the code generator can do nocompile-time case analysis, so the case analysis must be doneat run-time.

moval 3,r2 k is passed to DISPATCH codein r2movi (%EP)+,10 Popfunction into r0
movi (r0),r1 Taginto ri
Imp *O_Dispatch(r1) Case analysis jump

21.4 Optimizing the E Scheme

The optimizations we have applied to the RS sche: ime can equally be applied tothe ES scheme.Like the RS scheme, the ES scheme constructs the spine of the

CALL is very like DISPATCH, exceptthatit first saves the stack and codepointers in the dump (just as EVALis very like UNWIND exceptthatit saves the

 
Modification to the E scheme
Efl E; E2Tpd= ALLOC 1; ESI E, E2 I pdo;
Modifications to the ES scheme
ESE x pdn PUSH (d — p x); CALL nESE fJodn PUSHGLOBAL f; CALL n

o
f   

Figure 21.5 Modifications to the E and ES schemes to use CALL
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stack and codepointers first). The rule for CALL is therefore rather straight-
forward:

<fingina:...:mkr:S, G, CALL k:C, D>

=> <fenecte: omer] G, DISPATCH k:[], (S,C):D>

Uses of CALL can be optimized by a peephole optimizer in much the same
way as DISPATCH,except that even more opportunities for optimization are
available. For example, the sequence

PUSHGLOBAL $H; CALL k

where $H takes more than k arguments, can be optimized to

PUSHGLOBAL $H; MKAP k; SLIDE 1

Previously, an EVAL would have taken place at the end of the code sequence

El $H E;... Ex ipd

(see Figure 20.17). Now, however, the peephole optimizer can spotthat no
EVALis needed,which gives an important improvementto the optimizations
ofSection 20.6.

21.5 Comparison with Environment-based Implementations

in thi iding allocating nodes on theWehave concentrated in this chapter on avoiding al

spine wherever possible. To the extent to which we have been successful,
the G-machine now shows a remarkable similarity to environment-based
implementations. ; .

ta this section we will make a brief comparison of our final G-machine with
Cardelli’s Functional Abstract Machine (FAM) (Cardelli, 1983 and 1984].

The FAMis based on delayed substitution in which function applicationis .
carried out not by constructing an instance of the body of the ninction, mt
rather by evaluating the body of the function in an environment in wi te

formal parameters are boundto their actual values. The environments trike

structure which holds the valuesof all the variables currently in scope. i

result of evaluating the functionis itself a function, then a closure is returned,
which is a pair consisting of

i) the code of the function;

di the environmentin whichit should subsequently be executed.

Thisis the approach of the SECD machine, and the FAMcan be considered as

an optimized SECD machine:

(i) The SECD machinecodeis often implementedbydirect interpretation

of the abstract machine code. The FAM has amore powerful abstract .
machine code,and is compiled to a target machine code (VAX).

 

 

   

  

  

_Tumer, D.A. 1979. A
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(ii) The SECD machine environmentis o
andclosuresas a pair ofPointers to the
FAMconstructs closures as an (N+1)-tuple, in which the first elementPoints to the code of the function, and the other N elements are thevaluesofonly those variables that occurfree in the function definition.(iii) The SECD machine stack and dumpare often implemented as a linkedlist. The FAM uses the target machinestacks, called AS (argumentstack) and RS(return stack) respectively in Cardelli [1984].

Havingsaid this, thereis
G-machine:

ften implemented as a linkedlist,
code andto the environment. The

a close correspondence between the FAM and the

(i) The G-machine equivalent to a FAM closure is a piece of graphconsisting of a supercombinator applied to too few arguments. Theargumentsgive the values of the variables used in the supercombinatorbody.It is an easy consequenceofthe lambda-lifting algorithm thatallthe extra arguments to a function produced by lambda-lifting are usedsomewherein the supercombinator body. This corresponds to the factthat FAM closures only contain variables which may be required in thefunction.

have nofree variables.
(iii) Arguments to be passed to a functicalling the function. This is always thecase in theFAMand the optimiza-tonsofthis chapter meanthat it will often be the case in the G-machine.There are two majordifferences between the FAM andthe G-machine:(i) The FAM is not lazy.It is to preserve laziness that the G-machineoften. has to write the spineoutinto the heap,rather than always keepingit inthe stack as the FAM does.
(ii) The G-machineis simplyan efficient im

Conall L. 1083 Ne tunetional abstract machine. Polymorphism. Vol. 1 no. 1»L. Omptling a functional language In PSymposium on Lisp and Functi omin repp20kte ACM
Steele, G.L. 1977 Lambda —

a onalProgramming, Austin, pp. 208-17, August.: e ultimate goto. A/ etIntelligence Lab. October. goto Memo 443. MIT Attificial
new implementation technique fi licatiSoftware— Practice and Experience. Vol. 9, pp. 31-49, of @pplicative languages.



Twenty-two

STRICTNESS ANALYSIS

 

In Chapter 20 we saw the usefulness of being able to determine in advance
whethera function would eventually evaluate its argument(s). As wewill see
later, in Chapter 24, this information is also useful to determine points at
which parallel evaluation of the program can be begun.In this chapterwewill
discuss a method ofcompile-time analysis, called strictness analysis, which can
determine which arguments a functionis sure to evaluate.

Thechapteris based on Clack and Peyton Jones [1985].

22.1 Abstract Interpretation

Strictness analysis is one of several compile-time optimizations that can be
achieved throughabstractinterpretation of the program text.

Webegin by giving an informal introduction to abstract interpretation, to
set the framework forthe rest of the chapter. In doing so, wetry to give an
intuitive grasp of the technique, and inevitably we gloss over several
importanttheoretical issues. Fortunately, the intuitive approachleads us toa
correct implementation. Unlike the rest of the book, this chapter makes use
of some basic domain theory,includingfixed points [Stoy, 1981].

22.1.1 An Archetypical Example: The Rule of Signs |
Abstract interpretation is a technique for deducing information about a
program from its text, by executing an abstract version of the program. An
appropriate abstraction is chosen according to whatinformationis wanted.
As an example, suppose we wanted to know thesign of

34 * (-5) * (-3993)

380
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The hard wayto find the sign of this numberis to perform the twomultiplicationsin full and look at the sign of the result,like this:
 

34+*(—5)*(—3993)
evaluate

take

evesio

|
_

S120

   

 

 

   
PLUS

  

 

A simpler method is to perform a moreabstract calculation:
PLUS *% MINUS *% MINUS = PLUS

We replace each number with an abstract representation (its sign), andreplace the multiplication operator with an abstract operator *%, whichimplements the familiar ‘rule of signs’,
PLUS *% PLUS = PLUS
MINUS *% PLUS = MINUS
PLUS *% MINUS = MINUS
MINUS *% MINUS = PLUS

Nowitis easy to compute the answer ‘PLUS’, whichtells us that the result ofthe original calculation would have been positive. We can think of this‘short-cut’ in the following way:
 

 34*(—5)*(—3993)

evaluate

take

os sien {Pius

The rule ofsigns gives a short-cut from arithmetic expressionsto the sign oftheir value, withoutgoingvia a full evaluation. This is precisely what abstractinterpretationis all about.
Let us nowgeneralize the diagram, to show more clearly whatis going on:

  

rule ofsigns

 

 

   

 

 

 
     

Arithmetic
expressions

standard ;
interpretation abstractinterpretation
(ordinary (evaluation using

evaluation) rule ofsigns)

abstraction
Numbers ———_—___» Signs {PLUS,MINUS}

(take

Sign)
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Beginning with an arithmetic expression (at the top), we may evaluatein the
ordinary way, using Eval (see Section 2.5); we call this the standard inter-
pretation,

Evall[ 34*(—5)*(—3993) ]} = 678810

Then we maytakethesign ofthe result, using a function sgn::Number —> Sign,
like this:

sgn 678810 = PLUS

The function sgn maps a numberonto a two-point domain {PLUS,MINUS}.
Wecall this operation abstraction, since it preserves certain information
aboutits argument(in this case,its sign), while losing other information (for
example, whetheror not the argumentis even).

Alternatively, we may evaluate the original expression using the rule of
signs; we call this the abstract interpretation, andwriteit like this:

PLUS *% MINUS *% MINUS
PLUS

Eval%[[_ 34+(—5)*(—3993) ]]

Thecrucial fact is that the short-cut gives the same answeras the long way
round. Using the new notation, we can express this condition formally as
follows:

sgn Evaif[ E 9] = Eval%[[ E 9]

for any expression E. Wecall this the safety condition,since it expresses the
fact that the abstractinterpretation gives correct (safe) answers.

Notice that the abstraction function is chosen to preserve exactly (and only)
the information we need to answerthe original question, which asked for the
sign ofthe result. The abstract interpretation is then chosento give a short-cut
for that particular abstraction function. A different question, such as‘is the
result even or odd?’, would suggest a different abstraction function and a
different abstract interpretation.

Usually the abstract interpretation cannot give completely accurate
answers. For example, consider the abstract interpretation of an expression
involving addition:

Eval%[[ 23 + (-—45) J] = PLUS +% MINUS

where +% is the abstract version of the addition operator. There is no
convenient rule of signs for addition, and the best that the abstract inter-

pretationcan dois to give the result ‘PLUS or MINUS’. The abstract interpre-

tation is then ‘safe’ in the sense thatit never gives ‘wrong’ answers,thoughit
may give ‘uninformative’ answers.
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22.1.2 History and References

The pioneers in thefield of abstract inte itpretation were Cousot and Cousot[1977]. Since then the theory has been extended by Mycroft [1981], whosedoctoral thesis explained how the Cousots’ theory could be applied tofunctional languages. In particular, he presented a formal explanation of

Since then substantial advances have bee
t a n made, and the formalbasis forabstract interpretation greatly clarified. Burn, Hankin and Abramskygive anexcellent treatment of the topic, and their paperis Strongly recommendedBurn et al. :(pur al., 1985]. It addresses all the issues that are glossed overin this

22.2 Using Abstract Interpretation to do Strictness Analysis

abstraction mapping whicharesuitable for strictness analysis.

22.2.1 Formulating the Question

First of all, we must pose the question we wish to answer iInformally, the questionis: ‘does this function always needthevahosofitsargument?’ If we were given the answer to this question for all super-combinators, we could compile better code for the supercombinators(Chapter20), or evaluate the argumentin parallel (Chapter 24).Recall from Section 2.5.4 that a functionis strict if and only if it alwaysneedsthe value ofits argument. The formaldefinition was: *
a functionfis strict if and onlyif

fl=
|

| L
(22.1)

Thatis, given a non-terminating argument, f will not terminate. Of course,fcould befailing to terminate for reasons other than trying to evaluateitsargument,butthe netresult is the same. Certainlyif(22.1) holds thenit is safeto evaluatethe argumentbeforethecall of f (orin parallel with it).in ihe notion extends naturally to functions of several arguments. Forstance,ifgisa i
it is stri

inyif g nection of three arguments (x, y and z) we say thatit is strict

G9xlZ=1 forany  xandz
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i tion, namely, ‘given aw have a formal way of posing the question, n
function! does(f 1) = 1?’ We can depict the question using the now-familiar

diagram:

abstract interpretation
Faeati n (evaluation using

(ordinary rule ofsigns)
evaluation)

  

 
    

f abstraction
vey (|e |

abs 

Whatshould the abstraction map, and abstractdomain, be? It -larthat

wewant the abstraction function abs to distinguish between | and al

elements,so that

abs | 0

abs x=1 ifx#Ll

The abstract domain needs only two elements, which we arbitrarily call 0

and 1. Using the notation establishedearlier,f is strict if and only if

Eval[f fl P= 1

whichis true if and onlyif

abs Eval f L J] = 0

All that remainsis to pick a suitable abstract interpretation, which ve “
Eval#, to distinguish it from the abstract interpretation Evai% used for the ru
of signs.

22.2.2 Choosing an Appropriate Abstract Interpretation

Theabstractinterpretation should have the following two properties:

(i) It must be ‘safe’. By this we mean that it should never suggest that a
functionis strict, when in reality it is no! ;

(ii) It should be as ‘informative’ as possible, subject to (i). That ithe

abstract interpretation should detect strict functions in as many cas
possible. .

Asin the case of the rule of signs, we can give formal expressionto thesafety

requirement:

abs Evalf[ E J] = Eval#f[ E Il

for any expression E.

 

 

Section 22.2 Using abstract interpretationto dostrictness analysis 385

This equation says that, if Eval# errs from the ‘right answer’(abs Evall[ E ]]), then it must always err on the highside.If the right answeris 1, then Eval must produce the result 1, since the only alternative is 0,which is unsafe (this is property(i)). If the right answeris 0, then Eval¥ canProduce0 or 1 but we hope thatit will produce0 mostofthe time, becausethat is more informative (this is property (ii)).
To putit another way, it must notbe possible to use the short-cut abstractinterpretation to conclude that a functionis strict, when in reality it is not.Hence, the abstract interpretation must only producethe result 0 when thestandard interpretationis guaranteedto produce|.
It follows that there is a range of possible abstract interpretations, all ofwhich are safe, but which vary in their informativeness. In the rest of this

abstractinterpretation Eval.
Fora start,the safety condition meansthat Eval¥ should have the followingproperty:

Eval#[[ E J] = 0

only if the (ordinary) evaluation of E definitely fails to terminate.Conversely,

Eval. E J = 1

if the (ordinary) evaluation of E may terminate.
Next, werecall, from the rule of signs example,that

Eval%[[ 34*(—5)*(—3993) J] = PLUS +% MINUS *% MINUS
Generalizing from this example, we might suggest the following rules forEval% :

Eval%[[ E; Eo 7] Eval%[[ E, I Eval%[[ E2 JJ
Eval% [[ * TI = €%

Eval%[ -n ]]} = MINUS
Eval%[ ni} =PLus

where E, and E2 are expressions, *% is the abstract version of multiplication,and nis a number. Thefirst two ofthese rules are quite general, while the lasttwo are clearly specific to the rule of signs.
In the caseofstrictness analysis, we want to evaluate

Eval#[ fi]

Using a similarruleto thefirst of those given for Eval%, we might proceed asfollows:

Eval f 1 = Evatwl t Evel1
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Now,certainly Eval¥[[ | J] = 0 (since | certainly fails to terminate). Using
this fact, togetherwith a rule similar to the second Eval% rule, gives

Eval#— fi = Bvalv t J bale £1 J
= t# 0

Rememberthatwearefree to invent whateverrules welike for Eval#, so long
as we can prove thatthe safety condition holds. Wewill not do so here, but
Burn etal. [1985] give the formal proofs.
To summarize ourprogress,for each function f we mustfirst findits abstract

version f#. Having done so, we compute(f# 0), andif the result is 0 thenfis
certainly strict. The hope is that computing (f# 0)is very much cheaper than
computing(f 1). It would be hard to do worse, since the latter mayfail to
terminate!

22.2.3 Developing f# from t

Wewill now show howto produce the definition off¥ from the definition of f,
using the following example:

fpqr= IF (= pO) (+ qn (+ qp)

All we haveto dois to take the abstract interpretation of the right-hand side:

f# p qr = Eval#f[ IF (= p 0) (+ qn) (+ ap) I

Usingthe rulesofthe previous section repeatedly gives

f# p qr = IF# (=# p OF) (+# qr (+# q p)

Wehaveactually used one extra rule, namely

Evai#—[ v J =v

wherev is a variable. Now,

constant# = 1

(since the evaluation of constants always terminates) and hence

f# p qr = IFK(=# p 1) (+# q 0) (+ q p)

Theneteffectis that, to obtain f# from f, we simply replaceall constants and
built-in functions in the bodyoff with their abstract (#) versions. To putthis
another way, Eval# gives a denotational semantics for the language, which
differs from the standard semantics onlyin the interpretation ofconstants and
built-in functions.

Finally, we must decide whatthe abstract versions ofthe built-in functions
actually are. Beginning with the equality function =, we knowthat

(= E1 E2) may terminate if (E&; may terminate)

and (Es may terminate)

 
 ia4i
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and hence

=# XY = &xy

Sie we define & as the boolean ANDoperator(in the abstract domain).imi arly we define | as OR. The definition of +¥# is identical to that of =#.owever, IFis more interesting. We know that
(IF E; Eo Es) may terminate if (E; may terminate)

and ((Ez may terminate)
or (Es may terminateThus

»
IF# xyz=&x (I yz)

(All of these rules are Proved in Burn et al
definition otfnee et al.) We can now complete the

IF# (=# p 1) (+# q r) (+# qp& (& p 1) (1 (&@ qn) (& qp))
& p (&q (I pn)

Atlast, we are in a Position to discoverthestrictness of f. For example, tofind whetherf is Strictin its first Parameter, p, we compute ,f#011=&0(&1(1 01)
0

f€ pqr

f
o
t
o

compute

f#101=0 (so fis strict in q)
f110=1 (so fis notstrict in r)

22.2.4 Fitting Strictness Analysis into the Compiler
Everything we havesaid so far assumestha i i

, i t the functions being analyzed h"0 free variables, and indeed it seems rather hard to analyze functions whichio have free variables. Rather than address this problem directly, we cansimply perform strictness analysis after lambda-lifting. ,

22.3 Copingwith Recursion

Thereis one fly in the ointment, whichis that a user-defined function may berecursive. To see that we cannot simply ex iecu .normally, consider ply te the # version of the function

ixy= IF (= x Oy G(x ty
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The abstract version off is therefore given by

f# xy=&x (It y (f# x y))

To find out whetherfis strict in y we evaluate (f# 1 0), but unfortunately this
evaluation willnot terminate. This would be a disaster, because this evaluation
occurs at compile-time, so the compiler would loop. However,it is intuitively
clearthat

f

is strict in y, and we wouldlike the compiler to be able to deduce
this fact.

Wewill now examinealgorithmsfor dealing with recursion, beginning with
two attempts thatturn out to be inadequate.

22.3.1 The First Wrong Way

Atfirst it looks as if we could just assumethatrecursive calls to f# werestrict
in everything. Thus

f# 10

H 0
ge (i# 1 0)

whichis the correct answer. This simple methodis, however,easily defeated.
Consider the function

fxyz=if (= yo) fO1xx

The simple method says this function is strict in x and y, whereasit is, of
course, onlystrict in y. In retrospect this seems obvious, but this mistake was
actually made in two published implementations of Mycroft’s work.

22.3.2 The Second Wrong Way

The reasonthefirst method failsis that it uses a bad approximation to f#. To
see this, observe that the definition off¥ is a perfectly good recursive function
definition. Domain theory tells us that the function thus definedisgiven by the
least upper bound of an ascending sequence of approximations to f# — the
ascending Kleene chain (AKC). For example,

if f¥ xyz=...f#... (arecursive definition)

then f¥oxyz=0 (zeroth approximation)
f#1 x y 2 = ...f#o... (first approximation)
f¥o X y Zz = ...f#1... (second approximation)

and so on.

Since we are in the abstract two-element domain,there are only

a

finite
numberoffunctionsof three arguments. This sequence must therefore reach
a limit in a finite numberofsteps. Thefirst method failed because we used the
first approximation only, which may notbe the limit. So we must examine
successive approximationsuntil we reach a fixed point, and our problem boils
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down to deciding whenthis fixed point has been reached. Notice that theapplication of any f#; to any argumentswill always terminate.The second bad method says ‘we have reacheda fixed point whentheset ofvariables in which the approximations are strict remains unchanged from onepPProximation to the next’. This copes with the previous counterexample,ecause

f#ois strict in{x, y, z}
f#; is strict in {x, y}
#2 is strict in {y}
f#s is strict in {y}

and we concludethatf¥ itself is strict in y alone. This method is attractivebecauseit is quite easy to computetheset ofstrict variables for a functionfrom its boolean expression. Unfortunately,this is not a genuine check forafixed point, as the following counterexample shows:

(xyz p= if (= pO) (+ xz) (+ fy 00 (— p 1) (zz

0

(- p 1)
Thetestis better, so the counterexample is more contorted! Working out thedetails of this exampleisleft as an exercise. The results are
f#o is strict in{x, y, z, p}
f#1 is strict in {x, z, p}
#2 is strict in{z, p}
f#s is strict in{z, p}
f#4 is strict in (p}

The secondandthird approximationsare the same, so we might conclude thatthe AKC has converged. However,the fourth approximation showsthat thisis false. Wecall such false convergenceaplateau,andit is these plateaus thatdefeat the second bad method.

22.3.3 The Right Way

Theonly correct wayto find a fixed pointis to assure ourselvesthat
f¥n X ¥ Z = fn XYZ for any x,y, Z

This looks like an expensive test to perform, since there are 23 possiblecombinationsofx, y and z, evenin the first-order case. It turns out thatin theworst casethecost of the test must be exponentialin the numberofarguments[Hudak and Young, 1986], but in practice it requires considerable contortionto invent examples with plateaus, so we expect rapid convergencein typicalcases. A promising approach is therefore to develop representations andheuristics which will perform well in the commoncases, and will still givecorrect answers (albeit more slowly) in the difficult cases.
This questionis discussed at some length in Clack and Peyton Jones [1985].
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22.3.4 Order of Analysis and Mutual Recursion

Wehavedescribed howto find the fixed points of self-recursive definitions,
and wenowextendthis to cover mutual recursion. Considerthe definitions

f x ---Q...f...
Qy=...f...g...

Here wecannot fully analyze either function before the other; instead we
must perform thefixed pointiterations simultaneously, thus

No
tt

f#ox = 0 g#¥0 y= 0
f#¥1 xX = ...9#o...fx#o... O#1 y = ...f#o.. .g#o...
f#o X = ...Q#1...f41... Q#oy = .. .f#1...g#1...

It is slightly moreefficient (and gives the same result) to use f#; in g#1, since
{#1 is now available (assuming we perform each step of the f iteration before
the corresponding g step).

Supposethe definition of a function f involves a function g but notvice
__ versa, thus

f

9g

Then wecan safely first analyze g, find the fixed point of g¥, and usethis
information in the subsequent analysis of f. This can prove very important
whenanalyzing large systemsofequationssincefindingthefixed point offand
g simultaneously is much more costly than analyzing g first, and using this
information to analyze f. Unfortunately, functional programmersoften write
large collections of equations in a single letrec, so all the equations may
potentially be mutually recursive. This is another reason for performing the
dependency analysis described in Chapter 6, to separate definitions into
minimal mutually recursive sets.

u
l

©

22.4 Extensions to Mycroft’s Work, and Other Work

Mycroft’s original work was restricted to first-order functions and flat
domains(that is, domains without structured data types). Since higher-order
functions and non-flat domains(providing structured data types, which may
require lazy evaluation) are both important features of functional languages
these restrictions were severe. Fortunately, recent work has extended the
original ideas to cover these areas.

22.4.1 Higher-order Functions

Burn, Hankin and Abramsky [1985] have shown that the techniques
developed to handlefirst-order functions have a natural extension to the
higher-ordercase.
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For example, consider

hof g x y = (g (hof (K 0) x (— y 1)) +
(if (= y O) x (hof 1.3 (— y 4p

where Kxy=x
and Ix=x

Performingabstraction in a straightforward way, we get
hof# gxy =& (9 (hof# (K# 1) xy) @y (I x (hof# le 1 y)))

Weneedto take some care whe
successive approximations deliver the samer

sive a
esult forall val, i ia function,it can take a whole latti f thence aisrand 1)), and this makes the findingoffixed points even more computa-on Y expensive. This exampleis a Particularly interesting one,sinceit turnsout that we have to goto the fourth approximationto find a fixed point.

22.4.2 Non-flat Domains

Strictness analysis of non-flat domainstells us,for e: i

application of cena ne xample, when a particularTict. Knowingthis mayenableusto generatebetter
Recent work by Hughes[1985] and Wadler [1985 istrictness analysis to coverthis area. *} ofers extensions of

22.4.3 Other Related Work
Wray[1986] describes a strictness analysis algorithm whichnotto be based on abstract interpretation.
Another compile-time technique, designed to transform list-

, unusually, seems

consuming any heap.

22.5 Annotating the Program

The purposeofstrictness analysis is to annotate the program for the benefit ofsubsequentphasesof the compiler. So farin this chapter we have shown howto derive the abstract version ofeach supercombinatorfromits definition. W.now show howto usethis information to add annotationsto the program. °Suppose that we have produced the abstract versions of each of ‘oursupercombinators. There are two distinct ways in which we can use these
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abstract functions to annotatethe original (lambda-lifted) program:

(i) We can annotate each supercombinatordefinition to indicate in which
argumentsit is strict. For example, the definition

SF ixy!z=...bodyof$F...

mightindicate that $F is strict in x and z, but not in y. (The exclamation
markis, of course, just an arbitrary symbol chosento allow us to write a

concrete representation of an annotated definition.)
This kind of annotation wasused in the optimizations ofSection 20.6.2.

(ii) We can annotate individualapplication nodes in supercombinator bodies
to indicate strict applications. For example,in the definition

$G pq=...$F !p3!q)...

the application of $F to p is annotated with an infix exclamation mark to

indicate a strict application. The application of ($F p 3) to q is similarly
annotated.

This kind of annotation was usedin the optimizations of Section 20.5.2.

Atfirst it appears that the twosorts of annotation give duplicate information,
and indeed they often do so. However,there are situations in which eachis
uniquely appropriate.

22.5.1 Annotating Function Definitions

Given a definition for the supercombinator $F, we want to annotate the
definition to indicate the parameters in whichit is strict. Using its abstract
interpretation $F#, we can discover this information using the method
described at the endofSection 22.2.3.
Suppose $F takes two arguments. Thenin orderto find whether$Fisstrict

in its first argumentwesimply evaluate

$F# 01

If the answer is 0, $F is certainly strict in its first argument. One slight
complicationis that the result of$F may be a function, so that the result ofour

abstract evaluation will also be a function. In this case we are interested in
whethertheresult is the bottom elementof the function domain,so wesimply
‘feed it 1s’ until it returns either 0 (in which case $Fis strict) or 1 (in which case

it is not). (The bottom element of a function domainis that function which
returns the bottom elementofits result domain regardless of its argument.)
For example, suppose $F was defined as

$F x y = + (+ x y)

Then $F# will be

$F# x y = & (& x y)
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Weevaluate

SF# 01 > & (a0 1)
> &0

giving a function.Tofind out wh i ioni i
vine

ether this function is bottom, we applyit to 1,

&01 + 9

° the function is indeed bottom (sinceit returns 0 no matter howwell defined«argument is). Hence$F isstrict in its first argument.inca *euner complication occurs if an argument to $F is a function. Thenad of 0 and 1, we mustuse the bottom and top ofthe appropriate functiondomain. All ofthis entails knowin
iain.

the ich imotivation for using a typed language. PS OLSE, which i perhapsanother

22.5.2 Annotating Application Nodes
Thereasonfor annotatin icati i

; g application nodesis not as clear-cut as thefor annotating supercombinatordefinitions. Consider the definition: mason
$Gxy=y3x

.--($G E +)...

-- (8G IE} +)...

Doing this is extremely worthwhile, because the optimizations of Section20.5.2 will thforit. en apply, so that we can evaluate E rather than construct a graph

Fortunately, it is also relatively simple to deduce this annotation. Given anexpression ($G P Q), we can discover whether it is strict in P by evaluating
$G¥ 0 Q#

and in Q byevaluating

$Dummy! e = §G e Q
$Dummy2 e = $G Pe
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$Dummy1is strict in e if and only if the expression ($G P Q)is strict in P, and
similarly for $Dummy2.)

Oneotherpoint of interest occurs when analyzing a definition such as

$F xy =...($G E y)...

where the formal parameters of the definition occur in the subexpression
being analyzed.In order to computestrictness in E we evaluate ($G# 0 y#);
but what value should we use for y#? The analysis we are performing should
hold for any application of $F, so we should use 1 for y#, which reflects our
lack of information aboutits value. If the type of the parameteris a function,
then wereplace occurrencesofit with the top of the corresponding abstract
function space.

22.5.3 WhyBoth Annotations Are Needed

It may now seem that the information provided by annotating application
nodesis always superiorto that provided by annotating function definitions,
since the former is able to take advantage of contextual information.
However, there are two reasons whyit is important to annotate the function
definitionalso.

Thefirst is that the optimizationofSection 20.6 requires annotations on the
function definition, so that it can compile the best possible code for the
function, which is nevertheless applicablein all possible contexts.

Thesecond reason concernsparallel evaluation, andis explained in Section
24.4.1.

22.5.4 Summary

In summary, we should annotate both the formal parameters of a super-
combinatordefinition and each application nodeof a supercombinator body.
These two forms of annotation are complementary, and neither can be
omitted withoutloss.

Annotation is carried out by performing evaluations in the abstract
domain, using the abstractversionsof the supercombinators.

It turns out that precisely the same annotations are needed forparallel
machines (see Chapter 24).
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Twenty-three

THE PRAGMATICS OF GRAPH
REDUCTION

The goal of a programmeris to write programs that are

(i) (absolutely) correct,i.e. they should meettheir specification;
(ii) (reasonably) efficient, i.e. they should consume as few machineresources

as possible.

In orderto achieve these goals the programmerhasto reason about

(i) the meaning of his program, to assure himself that it has the same
meaningasthe specification;

(ii) the resource consumptionof his program,to assure himself thatit will
consumeonly reasonable resources.

In conventionalimperative languagesitis relatively hard to reason about the
meaning of a program,because the semantics of the programming languageis
generally rather complex. On the other hand,it is normally fairly straight-
forward to reason about the memory space and CPU cycles consumed bya
program, because the programmer has an accurate mental model of how
execution takesplace.
A majorstrength offunctionallanguagesis their semantic simplicity, which

makesit mucheasier to reason about the meaningofa program.This topic has
been well discussed elsewhere (for example Backus [1978], Turner [1981])
andis outside the scope of this book. On the other hand, a major weakness of
functional languagesis the difficulty of reasoning about their space and time
behavior, especially the former.In particular, a functional program may have
much worse space-time behavior than the programmermight expect.

This chapter is mainly concerned with a discussion of the various formsin
whichthis problem occurs, as a warning to the unwary implementor. No good
solutions are yet known to most of these problems; they are very much
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23.1 The Time Behavior of Functional Programs

anallywe are only concerned with the result of a functional program€ exact time at which the Parts of ther
t

esult are produced. In thcase ofaninteractive program h
A sorder

» howe
ofevalwni® prog ver, we need more control over the order
famamayoma(inefunctional programs by specifying the program asaTom

a

(finiteorinfinite) list ofinput cha tt i infinilist of output characters. Such fini infinite lists ofdenenreoft
. nite orinfinite lists of data items are oftcalled Streams. We may draw such a system like this: =

Keyboard ——»| Functional ——» Screen
program  

Suppose we wanted i i
anPo inted to write a program which repeatedly promptedthe user

Enter number.

then read a number (17, say) from the inputstream, and then output
Result is: 34

where the result is double the input number. We could write the programIng a function double, which takes the input stream as its argument andProducesthe output stream as its result:
double inputStream
= “Enter number: " 44

“Result is: " +4
numToChars (2*n) ++
double restinput
where
(n, restinput) = charsToNum inputStream

segmentof thelist to a number returnin,t

t

o

2 . ig the numberandtherest of iThe ++ operatoris Miranda’sinfix list concatenator. metsUnfortunately, when we run the program wewill get the prompt
Enter number. Result is:

The system outputs the result message before reading the number. It does this
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becausethe result message does not depend onthe valueof the number; lazy
evaluation has postponed the evaluation of (charsToNum inputStream) until
after the result messagehas been output.

This is an example ofa case when we want somecontroloverthe evaluation
orderin order to makethe program behave correctly in time. In this case there
is a straightforward solution. Whatis neededis a built-in function seq, with
the behavior

seqly=1

seqxy=y

Pragmatically,

seq evaluatesits first argument, discards it,
and thenreturns its second argument.

Wecan nowrewrite double, thus:

double inputStream
= “Enter number: " ++

seq n “Result is: * ++

numToChars (2#n) ++
double restinput
where
(n, restInput) = charToNum inputStream

Now the ‘Result is:’ message is made to depend on the value of n, so the
message will not be outputuntil n has been evaluated (and hence input).

Thisis the first exampleofa situation in which lazy evaluation gives slightly
unexpectedresults. In this case, however,it is possible to reason about the
order in which results appear in the output stream, so the problem is not
nearly so serious as those which follow.

23.2 The Delicacy of Full Laziness

Wehave described what it meansfor an implementation to be lazy or fully
lazy only in very operational terms, and theyaredifficult concepts to reason
about. Programs that look lazy sometimes turn out not to be for subtle
reasons, and wewill see some examplesin the following sections.

23.2.1 Ordering of Parameters

Werecall the Miranda program from Chapter 15 which we used to develop
the conceptoffull laziness:
 

(f 1) + (f 2)   
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Nowconsider a rather similar i i i
| program in which

g

takesit idifferent order:
9 © Parameters in a
 

 

G9 YyYX=y + sqrt x

(fF 1) + (f 2)   

orderingofthe parameters of g.
We mighttake this as a clue to the compiler to put g’s parameters in theother order and changeall the calls of

g

appropriately.definition of g was 9 appropriately. But suppose the

9X y = sqrt x + sqrt y

Now no order is ‘right’, andits laziness dependson the wayit is used.If g isused many times withits first parameterfixed thenall is well, butif it is usedmany times with i i
rd Ith its second parameterfixed we will recompute(sqrt y) each

There is an asymmetry in the laziness of g with respect to differentparameters. The onusis on the programmer to put the parameters to hisfunctionsin the ‘best’ order to maximize laziness.

23.2.2 Full Laziness and Recursion
Considerthe following Miranda program (due to William Stoye):

 

 

 

fxo=0

fxn = sqrt x + f x (n-1)

f 4 1000
  

How many times does the (sqrt 4) get evaluated, once or 1000 times? Theanswer is 1000 times. Now consider another program, which is plainlyequivalent:

 

f x = g where g 0

gn
0

sqrt x + g (n—1)|

 

f 4 1000   
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Now how manytimes doesthe (sqrt 4) get pirattas answer isonce

i d it takes a little while wiThese are not obvious answers, an i -

lifter to discover how lazy they are, yet a program transformation system

might easily transform one into the other without expecting the

degradation in performance that wouldresult.

23.2.3 Summary

Weconcludethatit is by no means obvious how lazy :functionss andawe

ning aboutthis. Lazido notat present have any tools for reasol

property Of a function, and seemingly innocuous program transformations

maylose laziness.

23.3 The Space Behaviorof Lazy Functional Programs

So far in this book we havelargely taken for granted that lazy evaluationis a

GoodThing, since it postpones evaluation untilit is certain that the result o

he evaluation is required. oo, the

However, this view is rather naive since it takes into account only
?

numberof reductions performed, while discounting eeactwhatthespace

i i i ther difficult to work out whan of the evaluation.It is actually ta ) ,

consumption of a lazy program will be, and we will examine a number o}

examplesin this section.

23.3.1 Space Leaks

Considerthe following Miranda program:

 

f = drop 1000
drop n xs = xs, n=0

= drop (n—1) (tl xs)

 

 (...f.. fe. fe)  
(drop n xs) returns the list xs with the first n elements knocked oftit The

functionf is drop applied to one argument, 1000, andis used at various po!

in the program. ; ;

Now,, the lambda expression for drop is

drop = An.dxs.IF (= n 0) xs (drop (— n 1) (TAIL xs))

Whenfully lazy lambda-lifting is performed, the expressions (= n 0) and

4
4

c
a
t
i
a

  ee
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(drop (— n 1)) will be lifted out of the xs abstraction, giving two super-combinators:

$drop n $L (= n 0) ($drop (- n 1))
$L NO DN1 xs IF NO xs (ON1 (TAIL xs))

Consider nowthe valueoff:

f = $drop 1000
— $L (= 1000 0) ($drop (— 1000 1))
— $L FALSE ($L (= 999 0) (Sdrop (— 999 1)))~ SL FALSE ($L FALSE ($L (= 998 0) ($drop (— 998 1))))

etc.

The second argumentto $L can be reduced again andagain. Ofcourse, falone will never be expanded with successive reductions like this. However,on the first occasion whenf is applied to

a

list, the ($drop (— 1000 1)) expres-sion will be reduced, and the result will overwrite the ($drop (— 1000 1))redex. Also the (= 1000 0) redex will be evaluated, and the result willoverwrite the (= 1000 0) redex. Therefore the graphrepresentingfwill growin the mannerindicated above,until it is 1000 levels deep.
Nothinghas gone wrong. The system is simply preserving full laziness. Thenext time f is applied to

a

list, many fewer reductionswill have to be done,because therecursion has been unrolled in advance. Thisis closely analogousto the optimization sometimes performed by conventional compilers of loopunrolling, in which the bodyof a loop is duplicated as manytimes as the loopwastoiterate in orderto avoid performinga test on eachiteration. Sensiblecompilers only do this when the number of iterations is small, but ourpreoccupationwithfull laziness has led us to an implementation which unrollsloops regardless ofthe extra Storage cost incurred.
Our campaignto save reduction steps by full laziness has succeeded,butata substantial cost in terms ofmemory usage. Worsestill,it is not at all obviousfrom the program that this will happen,noris there any easy way to reasonaboutthe storageuse of such functions.
This unpleasant phenomenonis called a spaceleak (because memory Spaceleaks awayinvisibly) or dragging (because f drags around an unexpectedlylarge graph). This memory cost causedbyspace leaks meansthatthe programmay run out of memory andfail to complete evaluation, but, more insid-iously, it will also mean that less memory is available for the rest of thecomputation,so garbagecollectionwill be more frequent. Thusthereis a timecost associated with memory usage which should ideally be set against thetime saving from saving reductionsteps. ‘
Nogood automatic solutions are known to this problem. Onetrick that theprogrammercanuseto avoidit is to define two new functions:

newDrop n xs = newDrop1 xs n
newDrop1 xs n= drop n xs
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newDrophasjust the same meaningas drop,butit turns out not to be as lazy, so

that it does not have a space leak. This trick is based on the asymmetry in

laziness caused by the order of arguments referred to above, butis hardly

crystal clear! Furthermore, a clever compiler might ‘optimize’ newDrop to

drop, which is certainly a correct transformation (and one that improves

laziness), but will reintroduce the space leak.

23.3.2 Unevaluated Components of Data Structures

Considerthe function addHead, where

addHead b (a:xs) = (add b a):xs

add b a = atb

It just adds somethingto thefirst elementofa list. Now suppose that addHead

is applied to a list manytimes, thus:

demo = addHead 1 (addHead 2 (addHead 3 [10,11]))

If evaluated to WHNF, demo will reduce to

[add 1 (add 2 (add 3 10)), 11]

butit will not reduce to

(16, 11]

until the first element of the list is evaluated. Meanwhile the graph

representing

add 1 (add 2 (add 3 10))

is taking up space in the heap. Laziness prohibits the evaluationof this graph

until the value ofthefirst elementofthelist is needed.

This is a specific instance of a general phenomenon. A less contrived

instanceis thatof a dictionary or symboltable represented bya tree, whichis

updated as data are entered into the dictionary. These updates do not

propagate immediately to the leaves of the tree. Instead an update will be

performedonelevelat a time, probably in response to the need for a lookup

function to search the tree. Parts of the tree which are not visited by the

lookup function will not have the updates fully performed (quite rightly

accordingto laziness, since they may never be visited). However, the half-

performed updates take up space in the form of pieces of graph just as the

half-performed addHead did above.

Onewayto fix this is to have a function which crawls overthe tree visiting

every node. In our addHead example we could use seq to give

demo = seq (hd xs) xs
where xs = addHead 1 (addHead 2 (addHead 3 [10,11]))

The seq forces evaluation of the headofthelist, before returning thelist as

before.
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The s ifar bySameaoeaeelY to thisfix as to the others we havediscussed It is
it is g to apply it, it is an ex ;

; i t ’ tra oProgrammer,andit contributes nothing to the meaningof the program,nite

moment. i ictit. Furthermore, in the case of a dictionary, the parts of the tree that

23.3.3 Summary

This section has shown two contrasting ways in whi imay use more store than expected: 6 Ways

t
o

Which a Functional program
(i) By performing reduction itha tne mae Ss and holding on to the result, which is bigger

(ii) By not performin i :aes ig reduction but hwhich is bigger than the result. olding on to the unevaluated graph,

Notice that one problem is caused icaused by reducingtoo little. ed by reducing too much and the otheris

23.4 Transient Store Usage

Some isome cenctions have a small amount of input data and a small amountofcompute | ut nevertheless consume a large amountofstore while thetheepute tt theppt iheresidency of a program ata particular moment i
at that moment, and this ion i iprograms which have high transient residency seenon i concerned withome i i ier

furansSunctions anocate and discard transient store quite rapidly, butif theseas pped at anymoment there would not be a large amountofvery end Thebot functions allocate store and do not discard it until the. S Dehavior is even more undesirable, because just before thefunction completes it ma iy be holding a1 i iat some examplesofthis latter behavior.gesietion ofte heap. We will look

23.4.1 Recursion

Considera function to add up the elements ofa list:
sum [] =0
Sum (x:xs) = x + sum xs
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Thisis a nice simpledefinition, butlet us seeit in practice:

sum [1,2,3]
+ sum [2,3]
+ (2 + (sum {3))

(2 + (3 + sum [))
(2 + (3 + 0))
(2 + 3)
5

b
h
b
d
v
d
d
u
e

A
a
r
n
e
e
w
a

+
+

44
+

The evaluation consumestransient space linear in the lengthof thelist. (Noe
using an unboxed G-machine implementation this transient aangnares
actually be on thestack; this is less bad than transient heap space, bu

articphegomenon is well known to the Lisp community, and anyree

blooded Lisp programmer would never have written the above defin .

Instead he would have used an accumulating parameter:

sum list = sum1 0 list
where

sumi n{jJ=n

sum1 n (x:xs) = sum1 (n+x) xs

Thedefinition of sum!1is tail recursive (cf. Chapter 21), and on a Lisp vem

will execute in constant space. Unfortunately, many graph reduction imp

mentationswill not execute this in constant space:

sum [1,2,3]
sum1 0 [1,2,3]
sum1 (0+1) [2,3]
sum1 ((0+1)+2) [3]
sum? (((0+1)+2)+3) []
((0+1)+2)+3
(142)43
34+3

—> 6

Herethefirst parameter to sum1 growsin size linearly with the length of the

i i i i th of thelist.list. Stack usageis also linear in the leng ;

In this case strictness analysis comesto the rescue, because it can inferthat

sum1 will eventually evaluateits first argument, so thatits first argument c:

safely be evaluated before sum!is applied. This will produce:

sum [1,2,3]
sum1 0 [1,2,3]
sum1 (0+1) [2,3]
sum1 1 [2,3]
sum1 (142) [3]
sum1 3 [3]

e
n

S
l
i
d
u
d

Cc.

5
an

it
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t
L

tat
t
i

i
n 
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Nowthe transient store is discarded as evaluation proceeds rather thanbeing held until the end, and stack usage is constant too. In addition, the-machine optimizations will work better, given the knowledgethatthe firstparameter of sum1 will be evaluated. An unboxed G-machine implemen-tation will compute sum1 without using anytransient store atall.

23.4.2 Excessive Sharing

Thegoaloflaziness is to avoid recomputing values by sharing them. Some-times, however,the evaluation of an expression can causeit to grow in size somuchthat it would be cheaper to recomputeit later than to hold onto itsevaluated form until later.
Meira [1985] gives a nice example of this. Consider a function powerList,whichtakesa list asits argument and returns a list ofall possible sublists of theoriginallist (obtaining a sublist by omitting elements from the originallist).Hereis a possible definition of powerList:

powerlist []) =[[]]
powerList (x:xs) = pxs ++ map (cons x) pxs

where

Pxs = powerList xs

The second equation simply says that to getall possible sublists of (x:xs),return all sublists of xs together with x stuck on the frontofall sublists of xs. _Thisis fine, but suppose we wantedto count the numberofsublists ofa list oflength 20:

length (powerList [1..20])

We might hopethatlength would eat upthelist produced by powerListas it wasproduced. Unfortunately, after powerList has producedall the sublists of thelist [2. .20), and they have been consumed bylength, powerListis still hangingontoall those sublists for use in the part after the ++. Henceall 2" of thesesublists will exist in store at one time, and the machinewill run out of store.
The program hasappalling 0(2”) transient residency. This residency happensbecause we sharethe useofpxs in powerList, rather than recomputingit.
A simple rephrasing of the program thus:

powerlist [] =[[]]
powerList (x:xs) = powerList xs ++ map (cons x) (powerList xs)

will cause those sublists to be recomputed,and the function will now haveconstant residency. A very minor change to the program has produced adramatic change in run-time behavior. Notice that a clever compiler might‘optimize’ the second Program into thefirst, by performing common sub-expression analysis.
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23.4.3 Transient Lists

Oneofthe advantagesoflazy evaluationis that data are only computed when
needed. For example, in the Miranda program

 

square n = n*n
 

sum (map square [1..1000])   
 

the list of integers between 1 and 1000 is squared and added upas it is
generated. The system will not first producethelist of the first 1000 integers,
then square them and then add them up. We maythinkofit like this:

   

   
(1. .1000] —-» square |——-r] sum

      

In a non-lazy system we would be tempted to write a special version ofsum

which squared the elements of the list before adding them, to avoid

generating the intermediatelist.

Unfortunately, this nice behavior does not always occur, as Hughes[1984]
points out. Consider the program

 

average xs = (sum xs) / (length xs)

 

average (map square [1..1000])   
 

If we wrote in Pascal, we could write a program which uses bounded space to
computethe averageofalist ofintegers, simply by maintaining a count ofhow
many integers had been encountered so far and a running total of their

values.

Unfortunately, a conventional functional language implementation will
first evaluate one argument of the division operator and then evaluate the
other. This meansthatthe entirelist of integers will reside in memory at once.

It is clear that we would like to evaluate the arguments in parallel and in a
synchronizedfashion (notice that the former does not imply the latter).

In the particular example given, it is possible to write a more efficient

version without resorting to parallelism, but the program is rather more
obscure. Moreseriously, though, Hughes shows that there are simple and
common programs which cannot run in bounded space on any sequential

evaluator.

Another example of the seriousness of this problem is the space complexity

of a straightforward coding of the quicksort algorithm. It turns out that this

has a linear transient space usage on average, but a quadratic transient space

usage in the worst case (the imperative algorithm uses linear space).
Hughestherefore suggests that even on a single processor implementation,

some form of parallelism is desirable if functional programs are to run
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efficiently. His proposed solutionis to jintroduce two new built-in ipar and synch. The expression
functions,

par f x

is semantically equivalentto

f x

fonteexsoearale!with applying f to x (note:this is Slightly different§ definition, for uniformi it
of the exerci ty with the rest of the book). The value

synch e

is

e:e

except that e will not be evaluated until both the head andthetail of (synch e)are reauired. If, for example, the head is required before the tail, then the(parallel) process trying to evaluate the head will be suspendeduntil anotherprocess tries to evaluate the tail, at which point both processes continueinPumaaondte the examplegiven above, two parallel processes to computexS) and (length xs) may be resynchroni
new clean ene y ynchronized whenever they consume a

The way in whichthese constructs can be iused to alleviate the space usageproblem Is too complex to describe here, but suffice it to say that therechnique does not alter the program’s structure. Even SO, putting in the parand synch constructs in the right Place is a subtle business, and if done
incorrectly can cause the program to ork less efficiently or even to fail to

23.4.4 Summary

mop sections as in the preceding sections, we have seen examples oframs which are semantically identical, but whi i
reematic tanhar : ich have very different

Thesedifferences are notat all obvious to the programmer, and require himto make subtle changes to the way hewriteshis program to achieve a goodpe formance. In addition, 4 proposedsolution to the last problem involvesmajoralterations to the implementation (synch andpar).

23.5 Conclusions

The problems we have discu: i issed in this cha
features: pter have a numberof common

(i) Seemingly innocuous (and meaning-preserving) changesto a functionalprogram may have dramaticeffects onits run-time behavior.
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(ii) We have no good meansof reasoning about run-time behaviorso as to
understand how goodorbad ourprogramsare.

(iii) In order to reassure himself that his program doesnot have undesirable
run-time behavior the programmer may have to know

a

lot about the
particular implementation.

(iv) Even a clever programmer cannot solve all the problems without
extensions to the implementation. Examplesarestrictness analysis (or
the facility for the programmerto add annotationsto indicate strictness)
andparallel execution.

(v) Thereare as yet no automatic systemsforalleviating these effects.
(vi) Itis very difficult to tell when undesirable behavioris taking place, except

that the program runsslower than expected. Eventhis relies on correct
expectations, and gives no help in finding which part of the program is
behaving badly. What is needed here is a good set of debugging tools
which would assist the programmer in finding the ‘hot spots’ in the
program. An example of such a tool in an imperative languageis a
profiling tool, which gives a breakdown ofhow muchtimeis spentin each
subroutine.

Weshould not get too downhearted!Thefactis that mostfunctional programs
run quite satisfactorily. What this chapter has establishedis an urgent need for
tools to help reason about the space and time behavior of functional
programs. This seemsa rather hard problem,and Stoye suggests that efforts
might moreprofitably be directed to providing better debuggingtools with
which to identify the offending part of the program,leaving the programmer
to fix the problem thus identified.
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Twenty-four

PARALLEL GRAPH REDUCTION

greaterdetail, and attemptto justify it.
Warning: this chapter describes current research work rather than a settledconsensus ofopinion. It therefore represents the author’s personal view ofthepresentstate ofaffairs, and is not a definitive statement.

24.1 The ChallengeofParallelism

Cooperationis expensive iti, » yet it is the only waytoget large tasks done quicklThis lesson is wellillustrated by humanorganizations. Undoubtedly the

communication rather thanin doing profitable work.b As the company grows, the overheads of communication can become veurdensome. The amount ofinternally generated information grows with thecompany, but each individual’s capacity to digest this information remaifixed. The solutionis to Partition the work ofthe companyin such a way a ‘toreduce the amountofinteraction required between workers, so that they can

A primary challenge facing computerarchitectsis the effective exploitation
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of parallelism. Raw processing power is now cheap, through replication of
silicon, but mechanisms for connecting processors together so that they
cooperate to achieve a commongoalare hard to build. Inextricably connected
with this challenge is the challenge of programminga parallel machine, and
partitioning the programin a way that minimizes communication.

In specific application areas it maybefairly easy to partition the problem so
as to minimize communication. For example, in a multi-user Unix machineit
is easy to assign a processorto each process awaiting execution. Less trivially,
vector processors such as the Cray-1, or array processors such as the ICL
DAP,have an arrangementof processing elements specifically adapted for
the efficient execution of vector- or array-structured problems.
Programming vectoror array processors is, however, a highly skilled and

somewhatarcaneart. In order to exploit the parallelism of the machine fully,
the programmerneedsanintimate understandingofits workings and of the
workings of the compiler. The investment required to produce such programs
is very large ~ an investment of 10 man-years’ work or more in a single
program is not unusual— and small program modificationsrisk destroying the
program’s finely balanced optimizations. Furthermore, such programs are
often extremely complex, not because the task is complex, but in order to
exploit the architecture mosteffectively.
An alternative approach is to have a numberof processing elements

connected together with somekind ofnetwork,each independently executing
its own program (an MIMD machine). Such a machineis relatively easy to
build, but gives no clues about how best to program it. The problem of
dividing the task up into concurrentsubtasks, programming these subtasksin
a sequential language and arranging the intertask communication is left
entirely to the programmer. Even whenthe programis writtenitis hard to be
sure that it is correct, and concurrency gives much scope for transient and
irreproducible bugs which only occurunderparticular circumstances.
The challenge, then, is to produce a parallel programming system,

including both architecture and a programming methodology, which

(i) is feasible to program(this is the overriding consideration);
(ii) is highly concurrent(this allows us to buy speed with raw processing

power);

(iii) minimizes communication.

24.2 Parallel Functional Programming

24.2.1 The Opportunity for Parallelism

Oneof the mostattractive features of functional programming languagesis
that they are notinherently sequential, as conventional imperative languages
are. At any momentthere are a numberof redexesin the program graph, and
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in principle they could all be reduced simultaneously. Thus the hope offeredby functionallanguagesis that

parallel execution of functional programs, through concurrent graphreduction, maybe possible without adding any new languageconstructs ordetailed program tuning.

If taken without qualification this statement is rather misleading, since itseems to promise ‘parallelism without tears’, and as we remarked above,cooperation is always expensive. We can, however, take the statement ashighlighting an Opportunity, namely that functional programming offers afruitful line of approach to the challengeofparallelism.
Theidea ofconcurrentexecution ofprogramswithout adding new languageconstructs is not new. The Fortran compiler for the Cray-1 vector processoris designed to spot vectorizable sections of Programs written in (almost)ordinary Fortran. However, as we have remarked already, the effectiveuse ° the Cray relies on the programmerwriting his program in such a°waythat

:
(i) it is vectorizable;
(ii) the compiler can Spotthatit is vectorizable.

Wehope thatin the case of functional languagestheparallelism is moregeneral, so that the programmer's task is madeeasier. First, therefore, wewilldiscuss the task of writing parallel functional programs.

24.2.2 Writing Parallel Functional Programs
It is tempting to believe that an arbitrary functional program would run muchfaster on a parallel graph reduction machine. This comforting beliefis quiteerroneous[Clack and Peyton Jones, 1985]. Many functional programsareessentially sequential (that is, at any momentthere are few redexes in thegraph). For example, an insertion sort program cannot insert the nextelementinto the result until the previous insertion has completed (or at leastpartly completed). It is simply unreasonable to expect any old functionalprogram to runfast on

a

parallel machine.
In order to achieve good parallel performance the program mustcontainalgorithmic parallelism. Thatis, the algorithm must contain gross inherentparallelism. The most obvious sort of algorithmic parallelism is given bydivide and conqueralgorithms, whichdivide the task at handinto two or moreindependent subtasks, solve these independently, and then combine theresults to solve theoriginal task. A standard example of such an algorithm isquicksort, which splits the set to be sorted into two subsets which can besorted independently. Other examplesinclude any kind of search algorithm(which covers manyartificial intelligence applications) and large numericalcomputations. Experiments confirm that substantial parallelism is obtainable[Tighe, 1985; Clack and Peyton Jones, 1985].
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It is therefore still the programmer'sresponsibility to create an algorithm
whichwill partition the task at hand into reasonably independentsubtasks.It
is unreasonable to expect the machine to do this automatically, sinceit may
involve major algorithmic changes (such as changing insertion sort to
quicksort).

24.2.3 Writing Parallel Programsis Easier in a Functional Language

Whynot program in a conventional language which supports multiple tasks,
such as Ada? Thereare a numberofwaysin which writing a parallel program
in a functional languageis superiorto this:

(i) In conventional languages the partition of the problem into separate
tasksis static and fixed. A task is conceived as a relatively large unit, and
tasks generally cannot be created and deleted dynamically. There will be

relatively few tasks, and the programmermustclearly identify all ofthem
in his design.

In a functional language the parallelism can be dynamic, andthereis

no static division of the problem into tasks. Instead, the programmer
designs an algorithm whoseinherentparallelism will enable concurrent
reduction to take place at different places in the graph. The ‘grain’ of
parallelism is therefore smaller and more dynamically adaptable as the
computation proceeds.

(ii) In conventional languages the tasks communicate with each other by
. sending messages or making specially protected subroutinecalls to each

other. The programmerhas to design synchronization and communi-
cation protocols between tasks so that they cooperate correctly and

achieve mutualexclusion wherenecessary.It is up to the programmerto

ensure that these communication protocols are correct, and failure to do

so can result in a transient malfunction of the program.
In a functional program the synchronization between different

reductions is mediated entirely by the shared graph. A reductionis made

knownto the graph bythe indivisible operation ofoverwriting the root of

the redex with the result of the reduction, and no other synchronization
is necessary (thoughsee the next section forefficiency considerations).

(iii) The tasking structure of conventional languages adds a layer of
considerable complexity to the programmer’s modelofwhatis going on.
It is difficult to reason about a multitasking program, because the
programmerhasto bearin mind all the possible time orderings in which

execution might take place. The behavior of the program should be

independentof the scheduling of the tasks, but the programmer must
ensurethatthis is the case.

There are no extra language constructs required to write parallel
functional programs. The result of the program is guaranteed to be

independentof the way in which reductions are scheduled, though this
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scheduling may have a strong impact on efficiency. Thusit is no harder toreason abouta parallel functional program than a sequential one.
To summarize, whenusin i’ g a functionallanguage, the pro Tamhave to design a static a mutual exclusionwot

task partition, guarantee mutu. i
synchroninten > gu al exclusion and

parallel algorithm.

24.3 Parallel Graph Reduction

We have seen that functional lan
Programming. The benefits outlin
parallel implementationof a funct
Particularly attractive execution m
following reasons:

guages can form a basis for parallel
ed above would in fact accrue to any
ional language, but graph reduction is a
odel for a parallel implementation,for the

(i) Graph reduction is an inherently
graph maycontain a numberof

. them simultaneously.
(ii) Graph reduction is an inherently distributed activity. A reduction is a(topologically) local transformation of the graph,and no shared bottle-. neck (such as an environment) need be consulted to perform

a

reducti(iii) All communication is mediated through the graph. This gives a verysimple model of the wayin which concurrent activities cooperate anditIs a model in which we have considerable confidence (because it is theSameas our sequential implementations!)(iv) Theentire state of the com i iputation at any momentis welld. —itithe currentstate of the graph. Mined

~

itis

Parallel activity. At any momentthe
redexes andit is very natural to reduce

Graphreduction gives us a rock-solidmodelofparallelcomputation which canunderpin the complexities of a parallel machine. Aswith the G-machine, wecan think of ways to optimize the actual execution of graph reduction to etgood performance,butas longas these are just short-cuts to achieve the sameeffect we can have confidencein the correctness of our implementationWenowbegin to consider how to perform parallel graph reduction.

24.3.1 A Modelfor Parallel Reduction
In a sequential implementation ev. ion ialuation is performed by calling a. . .

n

cvatuator, Passing it (a pointer to) the rootof the graphto be evaluated “Theator performsa sequenceof reduction. i is i
then tener S until the graph is in WHNEand
Our modelfor parallel reductionis a si izati

_ Ou
simple generalization of this. WeImagine a numberof evaluator tasks simultaneously at work on the graph
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Eachevaluatortask is busy reducing some particular subgraph to WHNF;the
task terminates when its subgraph reaches WHNEF.

Duringits execution, a task mayanticipatethatit will require the value of a
certain subgraph at somefuturetime. In this caseit may generate a new task
to evaluate the subgraphin parallel bysparkingthe root node of the subgraph.
(The term ‘sparking’is intended to conveythe idea of‘setting a match’ to a
subgraph, which ignites a processor evaluation which spreads through the
subgraph autonomously.) The new (child) task will evaluate the graph rooted
at the sparked node to WHNF, concurrently with the continued execution of
the (parent) task that sparkedit.

If the parent needs the valueofthe subgraph beforethe child has completed
its evaluation, the parent becomes blockeduntil the child terminates. A task
may also become blocked because a sibling task is evaluating a subgraph
which the two tasks share. Mechanisms for implementing blocking are
discussed below.

Synchronization betweentasks is mediated entirely through the graph,so
that the tasks do not communicate directly with each other at all. When
performing a reduction a task overwrites the root of the redex with the result
in a single indivisible operation, so that the reduction appears to all the other
tasks to take place instantaneously. Thus the graph never appears in an
intermediate state.

A

task is executed by an agent. Typically an agentwill be implemented by a
physical processor. Agents are concrete pieces of hardware (we can pointto
one!), whereasa taskis a virtual object (a piece ofwork to be done). An agent
is employedifit is executing a task. An unemployedagentwill look for a task
to execute in the task pool whichcontainsall the tasks awaiting execution.

Logically, the machine looks like Figure 24.1. This modelraises a number
of issues:

(i) Logical issues, concerning the management of parallelism. The
particular issues we discuss are ° ,
(a) Whenare nodessparked to create new tasks?
(b) What happensif twotasksstart evaluating the samepieceofgraph?
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Figure 24.1 Logicalstructure of a parallel graph reduction machine
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(ii) Representational issues, concerning how tasks can be represented insidethe machine.
(iii) Locality issues, concerning howto deploy the resources of the machineto execute the concurrent tasks, while simultaneously minimizingcommunication.
(iv) Architectural issues, concerning the physical architecture of a machinefor performing parallel graph reduction.
Wewill address these issues in decreasinglevels of detail.

24.4 Sparking Tasks

Whenshould a newtask be sparked? Thereare two broad approaches:
(i) Spark a new task to evaluate a subgraph whenit is certain that thesubgraphwill eventually be evaluated (conservative parallelism). This__. ensuresthatall tasks are doing useful work.(ii) Spark a new task to evaluate a subgraph whenit is possible that thesubgraph will eventually be evaluated (speculative parallelism). Thisoffers maximum opportunities for parallelism.

Wewill discuss these alternatives in turn.

24.4.1 Conservative Parallelism

If weinsist that we will only spark a task whenitis certain thatits result will beneeded, then we can initially start only onetask, at the root of the wholegraph.Thisis not very parallel! When can we spark new tasks?The most obviousplaceto spark new tasksis to evaluate the argumentsofaStrict built-in function. For example, whenevaluating
(+ E; Eg)

we could sparktasksto evaluate E; and Ez.Itis certain that the values of E,and E2 will be needed, so we can safely spark tasks to evaluate them. (Note:we might chooseto spark only one new task, to evaluate E, Say, and allow thetask whichis evaluating the whole (+ E1 Ez) expressionto evaluate Es, sinceit has nothingbetter to do. This is a relatively minor technical considerationhowever.)
Unfortunately, exceptfor numerical analysis programs,this approachis soconservative that wewill obtainlittle parallelism. Some programs contain noarithmetic! Theideais, however, easily generalized. Given the application ofa function f to an argument, thus

fe

we are safe to begin parallel evaluation of E if we knowthatf will need the
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value of its argument, thatis if f is strict. So here is another application of
strictness analysis (Chapter 22), to identify points at which parallel evaluation
can be started. We can perform strictness analysis, annotate the graph with

information derived thereby, and use these annotations to control the

sparking of new tasks.

24.4.1.1 Strictness annotations _
In fact, two forms of annotation are desirable. Consider an application of a
strict supercombinator $F to an argument E, which has a graph lookinglike
this:

@
/\

$F OE

Atfirst sight it looks as if we could annotate in one of two ways:

(i) Annotate the application node to indicate that the argument would be
needed:

@!

/\
$F OE

(ii) Annotate $F to indicate that it will need its argument:

@

$Fl E

Actually we should do both, becauseeither one on its own sometimes fails to

initiate parallelism. Suppose we decided to annotate application nodes only.

Consider the expression

(IF E. $F $G) E

where $Fis strict but $G is not. Parallel evaluation ofE cannot be started in

case the result of the IF expressionis $G,so the application of theIF expression
to E cannotbe annotatedas strict. Hence E will not be evaluatedin parallel. If,
however, $F was annotated as strict, then after the IF had completed, $F

would be applied to E, and parallel evaluation of E would begin as $F is
ied to E.

Pontheother hand, suppose that we annotate supercombinators only, not
application nodes, and supposealso that $G in the above examplewas strict.
Then it would be safe to evaluate E in parallel with evaluating the IF

expression, and it might be highly advantageousto doso (if E, took a long

time to evaluate, for example). But because we are only annotating super-

combinators, the parallel evaluation of E will not be started until the IF has

completed and either $F or $G is applied to E. A further example of the   
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necessity of annotating application nodesis given by the following example.
Supposethe supercombinator$T is defined thus:

ST xf=fx

Nowconsiderthe expression

$T E $F

where $Fis strict. $T is not in generalstrictin its first argument, but in thiscontext we wouldbesafe to evaluate

E

inparallel, and we can achievethis byannotatingthe ($T E) application node. .
Weconclude that to maximize opportunities for parallelism we shouldannotate both functions and application nodes with strictness information.Theseissues are discussed by Hankin etal. [1986].

24.4.2 Speculative Parallelism

In this section we consider relaxing ourconstraint that a task should only be
sparkedifit is certain thatits result will be needed, and consider what might
happen if we are more speculative about sparking tasks. This has the
advantagethatit increasesthe opportunities for parallelism.
An extreme example ofspeculative parallelism is to spark a task for every

nodein the graph or, in other words, to regard any redex in the graph as acandidate for reduction. More conservative regimes are also possible, inwhich the arguments to some functions are sparked even thoughit is not
certain thattheir result will be required.

24.4.2.1 The dangers ofspeculation
The dangerofsuch speculative parallelism is that machine resources may beconsumed, evaluating pieces of graph thatwill eventually be discarded. Forexample, consider the expression

IF E. Et Es

Only one ofthe ‘then’ (E.) and‘else’ (E.) branchesoftheIF will be used, and
the speculative evaluation of the other will consume machine resources
uselessly. On the other hand,if the resources are available, we could begin
evaluation of E,, E,and E, simultaneously, and whenthe evaluation of E, was
completed we would have a headstart on evaluating the selected branch.

Thesituationis not unlike a government job creation scheme.If agents areunemployed then we may aswell find some work for them, butthere is adanger that in our eagerness to find them jobs, the work they do mayultimately prove notto be useful.
This approachhas hidden dangers. Supposethe evaluation of E, would givethe result TRUE after a few reductions, but the evaluation of Ee failed toterminate. Then after we begin concurrent evaluation of E,, E, and E,thereisa risk that the machinewill squanderallits resources evaluating E. and never
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get aroundto evaluating E,! In other words, we must also be careful that we do

not employ so manyagents on ourjob creation schemethat other workthatis

required is not done. The machine wouldnotdeliver incorrect answers, butit

might take muchlongerto deliver the correctresult.
This suggests that we would needto divide tasks into two classes,vital tasks

and speculative tasks. Theresults ofvital tasks are knownto be needed,while
the results of speculative tasks may or may not be needed.Vital tasks should
havea higher priority than speculative tasks, so that only if the machine has
spare resources will speculative tasks be executed. Seen in this light, con-
servative parallelism is simply a regime in which there are no speculative
tasks.

24.4.2.2 Managingspeculative tasks
Atfirst, introducing a two-tier priority system seems quite innocuous,but in
fact it poses somesignificant challenges:

(i) A speculative task may becomevital whenit is subsequently discovered
thatits result is needed. Thusits priority must be upgraded.This is easy

enough, but in addition some (but notall) of the tasks which it has
already sparked must also becomevital. Identifying exactly which of
these subtasks must becomevitalis not easy, especially as they are being
created dynamically.

(ii) A speculative task may be discarded whenit is subsequently discovered
thatits result is not neededafterall. In this case the task mustbe killed,

since it will otherwise continue to consume machine resources per-
forminguseless work. Furthermore,all the tasks it has sparked mustalso
be killed, unless they are evaluating a piece of graph that is shared, and:

whosevalueis still required. Identifying this collection of subtasks is not
easy either, especially as they might conceivably breed faster than they
can be killed.

Speculative tasks therefore add a considerable resource-management
problem. Nevertheless, some parallel machines are taking this approach
[Hudak,1984].

24.4.3 Too Little Parallelism

The potential problem with conservative parallelism is the danger that too

little parallelism will be generated to use effectively the parallelism provided
by the implementation.

However, as we remarked earlier, the major source ofparallelism in any
program is the algorithmic parallelism introduced by the programmer. This

parallelism is normally of a conservative nature, in the sense that the results

will be requiredofall the parallel computations which the programmerhasin
mind. Hence,sufficient conservative parallelism should be available.

In many functional programs, much ofthis parallelism is obtained by
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concurrent evaluation of components of data structures, so some sort of
Strictness analysis on non-flat domainsis probably essential (see Section
22.4.2).

It is, of course, crucial that algorithmic parallelism is exploited by the
system but, however clever the strictness analyzer is, the programmerwill
always fear that it may fail to spot the carefully introduced parallelism in
particularcases. It seems desirable, therefore, that the programmershould be
allowed to annotate the program with strictness information. As a safety
feature the strictness analyzer could issue a warning message if the
programmerannotatesa functionas strict whenthe analyzerfails to discover
this.

24.4.4 Too Much Parallelism

The otherside of the coin is that, even in a conservative regime, too much
parallelism may be generated. This can raise serious resource-management
problems, since during evaluation a graph often expandsbeforeit shrinks.
Thereis a dangerthat the entire memory of the machine might becomefilled
with half-finished computations, none of which could proceed for lack of
space.
For example, consider a program in whicha function f returnsa list which is

consumedbya function g, which examines the wholelist. A clever strictness
analyzer wouldspotthat g used the wholelist and, using this information, the
implementation mightset off a task to evaluate the wholelist concurrently
with its examination by g. Unfortunately,if f runs much faster than g, the
memory of the machine might becomefilled with the intermediatelist.

It seemslikely that some kindofcontrol over runawayparallelism of this
kindwill be necessary. This is very much a research area, andlittle experience
has been accumulatedso far.

24.4.5 Granularity, and the Problem of Tiny Tasks

In anyparallel machine there is some administrative overheadassociated with
sparking, executing and completinga task.It is important that this overheadis
small compared with the amountof work that the task does, otherwise the
machine is in danger of spending a large fraction of its resources in task
administration. Hence we must ensure that the tasks we spark are not too
small.

Thetasks generated byadivide and conquer program can be thought of asa
tree, in which each nodeis a task and the descendants of a node are the
subtasks whichit sparks.

In a binary tree abouthalf the nodes are leaves,so in a binary divide and
conqueralgorithm abouthalf the tasks generated will be ‘leaf tasks’; thatis,
tasks which the algorithm doesnotsplit into subtasks. For example, in the
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case of quicksort the‘leaf tasks’ might be those which sort a set with only one
element. Thereis a serious dangerthat

(i) these ‘leaf tasks’ will be uneconomically small;
(ii) there will be very manyof them (e.g. half, or more,ofthe total).

If nothing is done about this problem the machine could well become
swampedin a surfeit of tiny tasks. The solution must be to stop sparking
subtasks whenthe‘size’ of the problem is small enough. For example, when
quicksort has to sort a set of 10 elements orless, it could avoid sparking
subtasksand dothe wholesort in a single task.

This is clearly not an easy decision to make, andis an importantissue in
designing parallel machines. At present there seemsto be no alternative but
to dumpthe problem backin the programmer’slap, but automatic techniques
need to be developed to predict the approximate cost of execution of
subtasks.

Theissue of principle is one ofgranularity. The overheadsof tasking begin
to dominate when the ‘grain’ of parallelism has become too fine, which
suggests that we should aim for coarse-grain parallelism even at the expense
of some concurrency. On the other hand,if the grain becomes too coarse
there will be too little concurrency and unemployed agents will be hanging
around with nothing to do. This suggests that some sort of run-time adaptive
system might be effective, in which a task is sparked only if there are

fewer than a given numberoftasks in the poolat that time. Ultimately, a

combination ofcompile-time and run-time techniqueswill doubtless be used.

Goldberg and Hudak [1985] describe serial combinators, which give the
coarsest grain of parallelism that does not lose concurrency, though, as we
have said, a coarsergrainstill may be desirable.

24.4.6 Scheduling

In thelight of the above discussion, the question ofwhich task an unemployed
agent should execute is rendered rather straightforward. It should execute a
vital task if there is one, or a speculative task otherwise.

Anyagent executing a speculative task should, however, keep an eye out
for vital tasks joining the task pool. If this occurs the agent should return the

speculative task to the task pool and begin executing thevital task instead.
In a conservative parallelism regimeall tasks are vital, so an unemployed

agent can execute anytask in the pool. Furthermore,it can execute the task

until it is complete or blocked, and there is no needto keep an eyeonthetask
pool. This is another benefit of conservative parallelism.

The choice of exactly which task to execute next may, however, have a
significant impact on the problemsofcontrolling parallelism (Sections 24.4.3-
24.4.5) andof locality (Section 24.7).
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24.5 Blocking Tasks

Whathappensif two tasks start evaluating the same piece of graph? Theymight do this because the same node was sparkedtwice, or (more commonly)because the graphs being evaluated by the two tasks share a common
subgraph.
; As we will see in this section, for efficiency reasons we will need tointroduce a mechanism wherebytasks can be blocked from evaluating a pieceof graph which anothertaskis alreadyevaluating.

24.5.1 The Need for Blocking

Theindivisibility of each reduction step assuresus that nothing incorrectwillhappen if two tasks wereto evaluate the same graph, butit would certainly beinefficient. They would execute in rough synchronization, and would eitherexecute the same reduction at the sametime or would ‘leapfrog’ each other.Their exact behavior would depend onthe implementation butwhatis clearisthat the sameresult would be obtained by either ofthem alone. For example,
consider the program

letx=+*45

in+xx

Wemight spark twoparallel tasks to evaluate the arguments to the +, both ofwhich will try to evaluate the (* 4 5). Theywill both get the sameresult, so itis probably better to allow one to proceed and makethe other wait for theresult. Otherwise werisk tying up two agents to do the workofone.
Forefficiency reasons, therefore, we would like it to be possible for onetask to be blocked by another. Let us consider the blocking mechanism inmore detail.

24.5.2 The Blocking Mechanism

A task proceeds by unwindingthespineuntil it finds a function at the tip,whenit performs the appropriate reduction (if there are enough arguments).Asthe task unwindsthespine,it could mark the vertebrae nodes(byalteringthe tag), so that a marked nodeis a signal saying ‘DANGER-— task at workinside here’. (Note that this markis, of course, entirely different from themark used by a mark-scan garbage collector. It may be implemented byaltering the tag on the node.)
Now,whenanothertask comesacross the marked node during its unwind,it would be blocked.As thefirst task rewinds the spine(i.e. pops vertebrae

from its stack when a reduction is completed), it removes the mark from thevertebrae. Of course, the vertebra whichis actually updated by the reductionmust be overwritten before its mark is removed. Anytasks blocked by themarked nodesare nowfree to proceed.
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Consider,for example, the following program:

let f g 6

gx= +t (- x)
in

+ (f 3) (f 1)

We might spark two tasks to evaluate the (f 3) and (f 1) subgraphs, which
share a common subgraph f:

@
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# #

\ \
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The + might spark the nodes marked #, thus creating two new tasks to
evaluate the arguments to the +. Thefirst of these tasks to unwind into the
node labelled f will mark it (let us suppose it is the left-hand task in the
picture). When the second task tries to unwind into this node it will be
blocked. Meanwhilethefirst task will reduce the f node to WHNFby applying
g to 6, and overwriting the node with the result (+ (—6)). Then, having
evaluated the arguments (—6 and 3)it will add them, remove the mark from
the f node asit pops the nodefromits stack, and overwrite the node marked #
with the result (—3). Now the secondtask can proceed,so it will unwindinto
the f node, where it will see the (+ (—6)). It will never know that there was
once a(g 6) redex there.

24.5.3 Reducing Mutual Exclusion

A disadvantage of the blocking scheme outlined above is that it risks
unnecessary serialization. To take a common example, many books on
functional programmingpointout the usefulness ofhigher-orderfunctions. A
typical exampleofthis is the definition of sum, which sums the elements of a
list, in termsoffoldr, a higher-order function which combines the elements ofa
list using a given dyadic function:

foldr fb [] = b
foldr f b (x:xs) = f x (foldr b xs)

sum = foldr (+) 0
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sum is thus defined as a partial applicationof foldr, and is represented by thegraph

ams

@ \\

fold \y

Now suppose we were evaluating an expression which used sum in manyplaces. As a task unwindsinto the sum graph it marks the top node, thusblocking anyother tasks from unwindingintoit. But the sum graphis alreadyin WHNF,so thereis no point in making othertasks block.It is perfectly safeto allow any numberoftasks simultaneous access to the sum graph,anditisquite peculiarto insist on serial access to a commonly used function!This is a specific instance ofa generalrule:

Once a subgraphis in WHNFit will never be altered,so it is quite safe formanytasksto have (read only) accesstoit.

This suggests that we need another kind of application node, a WHNFapplication. A graph rooted at a WHNFapplication node is known already tobe in WHNF,so the node is not marked when a task unwindsinto it.Supercombinators, numbers, CONSceils and so on are, of course, alreadyknownto be in WHNF.This schemewill ensurethat:

(i) if a graph maycontain redexes, and hence may be altered, then only onetaskis allowedinit;
(ii) if a graph is known to be in WHNF,andhence cannotalter, then anynumberof tasks can have simultaneous access to it.

We must now consider when we can mark an application node as beingin WHNF.Sometimesthis will be possible at compile-time. Consider thesupercombinator

$F x =IF (>x 0) x

The two application nodesin the body are known to be WHNF applications,since IF requires three arguments. Compile-time WHNF marking is notalwayspossible,so that further improvements accrue from performing someTun-time WHNF marking as well. Consider the expression ($G E, Eo Es),where$Gis a supercombinator requiring three arguments.It has a graphlikethis:

@
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Whenit is reduced, the top nodewill be overwritten with the result. However,
the lower two nodes are now knownto be in WHNF,and can be marked as
such before they are popped from the stack.

Theobservationsare closely related to those of Section 20.7, but seen from
a different perspective.

24.6 Whatis a Task?

When taskis not being executed by an agent it must be represented in some

way in store. There are, of course,all sorts of ways of representing a task, but

in this section we will explore some of them to reassure ourselves of the
feasibility of our ideas so far.
The representation of a task must contain all the information required to

continue executing the task from the point at which it was last suspended. In

conventional multitasking operating systems this representation is often

called a Task Control Block, and contains information such as

(i) the task’s stack pointer;
(ii) the task’s program counter;
(iii) the state of the task’s registers.

By contrast, in our parallel reduction model a task can, in principle, be

represented completely by a single pointer to the root of the graph itis

evaluating. The complete state of a partially completed task is held in the

graph, sothat a pointer to the rootofits graph suffices to represent a task at

any stageinits life (not only whenit is newly sparked). At any stage an agent
can stop performing reductions on a task, put its root pointer back into the

task pool, and begin executing anothertask.

24.6.1 Pointer-Reversal

The only trouble with the very simple representation of a task that we have

describedis thatif a task is blocked and subsequently resumed,the agent has
to unwind downthe spineof the graph from the root. One wayto avoid thisis

to use pointer-reversal.

In Chapter 11 we described how an evaluator could unwindthe spine of an
expression without using a stack by reversing pointers in the spineasit went.

Atfirst it appears thatthis is totally out ofcourt in a parallel machine,since the
pointer-reversed graphis in a ‘peculiar state’ whichwill be incomprehensible
to other tasks.

However,pointer-reversal only reverses pointers in the vertebrae, and the

vertebrae are exactly the marked nodes. Hence,no othertask will look inside a

pointer-reversed node,andit is quite safe to use this technique! The complete
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state of a task would now be represented by two pointers, the forward and
backward pointers. Then when a suspendedtask is resumed, the forward and
backward pointers are already pointing to the area of the graph whichis of
interest.

Wehave previously understood that pointer-reversal has a hidden cost,
becausethe pointers have to be re-reversed when rewindingthespine(i.e.
popping nodes from the stack). But eventhis is no longer necessarily true,
since we have to markvertebrae as being in WHNFas we pop them,and ina
parallel machine there will probably belittle extra cost to re-reverse the
pointers as well. So pointer-reversal maysave repeatedly unwindingthe spine
each timea taskis blocked, and costs very little.

24.6.2 Using a Stack

During the developmentofthe G-machineit becameclearthatthe careful use
of the stack was crucialto a fast implementationofgraph reduction. Does the
stack not then form part of the task state? Is it indeed possible to use a
stack-based implementationlike the G-machine for a parallel machine?

Werecall that the entire G-machine developmentwas simply a sequence of
optimizationsto ordinary graph reduction.In effect, part of the state of the
computationis held in the stack for efficiency reasons, but we should be able
to stop executionat any point, and (using information in the stack)fix up the
graph to representthe currentstateofaffairs. If this soundslike a lot ofwork,
rememberthat straightforward graph reductioneffectively involves flushing
the currentstate out into the graph at every reduction step, while a parallel
G-machine would,in effect, keep part of the state of the graphin the stack
overa sequenceof reductionsteps.
There is no reason whythis approach should not be combined with the

pointer-reversing idea. They can be usedeither individually or together.

24.6.3 Reawakening Blocked Tasks

So far we have not discussed what happensto a task whenitis blocked. There
are two main alternatives:

(i) We could simply return it to the poolof tasks awaiting execution. In due
course an unemployedagent looking for work will resume execution of
the task. It will very soon encounter the node that blocked it before. If
this nodeisstill marked, the task is blocked again,andis returned to the
pooloftasks, otherwise it can continue to execute normally.

(ii) We could somehow suspend thetask, so thatit is not considered for
execution by unemployedagents, and reawakenit when the node which
blockedhas its mark removed. Reawakeningit would consist of putting
it in the-pooloftasks awaiting execution.
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The first method has the advantageof simplicity, butit is rather inefficient,

since repeated attempts are madeto execute a task whichisstill blocked for

the same reason. Some care would have to be taken to ensure that the

machine did not spendall its time trying to resume blockedtasks, while never
getting around to executing the tasks which would remove the blockage.

In order to implement the second method we would somehow have to

attach the blocked task to the marked node. Then whenthe markis taken off

the node, the blockedtask can be put backin the task pool. We could achieve

this by adding an extrafield to every application node, which pointed toa list

of tasks which should be reawakened whenthe mark on the nodeis removed.

This is the approach taken by the ALICE machine(see below).

Attachingan extrafield to every application node seems rather wasteful,

since most of them will not have any tasks blocked on them,and analternative

would beto overwrite the headofthe application node with a pointerto

a

list

of blocked tasks, and to rememberthe old head in the tail of the list. Some

mechanism would then be requiredto indicate that there were blocked tasks

queuedup on a marked node.

24.7 Locality

All the issues we havediscussed so far have beenlogicalissues, concerning the

abstract model of agents reducing a graph. Having fixed the details of the

model we then need to take decisions concerning its physical embodiment.

Forthe most part we regard a discussionofthese physicalissues as beyond the

scope ofthis book,since they are largely technological.

There is, however, one question which straddles the boundary between

these two areas, and which has a pervasive effect on the architecture ofthe

machine, namely the question oflocality.

24.7.1 Whatis Locality?

Consider the communication within a commercial company. The

organization of the companyis intended to enable workers to perform their

tasks by communicating mainly with fellow workers in the same office.

Somewhat less often a worker may need to communicate with someone

further away but in the samebuilding, andless often still he may need to

communicatewith a colleague further away. Longer-distance communication

costs more, however, both in time and money, and an excessive proportion

of non-local communication generally indicates an inefficiently organized

company. It is therefore important to achieve predominantly local

communication, a property wecall locality ofreference.

The idea of locality is well established in conventional computer

architecture. It is an observed property of most programsthat they tend to

reference data which haveeither been referenced in the recent past (temporal
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locality), or which are physically adjacent to recently referenced data
(spatial locality) [Denning, 1972]. A conventional cache exploits locality of
reference (both temporal and spatial) to hold actively used data in fast
memory close to the processor [Smith, 1982].

Functional programsare notso well behaved,since the physical adjacency
of twocells in the heap bears norelationto their logical adjacency,resulting in
a loss of spatial locality. This is, as we now discuss, particularly serious for
paraliel machines.

Locality is a statistical property of programs, and the best we can hope to do
is to develop effective heuristics for achieving predominantly local references.
This is at present an area moreofspeculation than experiment, though some

simulations have been performed [Keller and Lin, 1984; Hud
Goldberg, 1985a}. , ; Hudak and

24.7.2 Shared Memory andDistributed Memory

Broadly speaking,a parallel graph reduction machine can be organizedin one
of two ways:

(i) Ina shared memory machinethe graphresides in a large shared memory
system, probably consisting of a numberof distinct memory units. The
processors are connected to the memory system by some kind of
communications system and, as the numberof processors increases, so
does the transit time of processor-memory transactions through the
communications system.

Hence, adding more processors causes the existing processors to run
more slowly.

(ii) In a distributed memory machineeach processorhasa local memory unit
attachedtoit, forming a composite processor/memory unit. The graph is
distributed among these local memory units. Processors access graph
nodes in remote memory units using a communications system which
interconnectsall the processor/memory units.

Accessing a local graph node is therefore very much cheaper than
accessing a remote one. If local accesses predominate, then more
processors can be added without slowing down existing processors, a
very desirable property.

There is no reason in principle why accessing a remote graph node in a
distributed memory machine shouldtakeany longer than in a shared memory
machine (the communication system needsto be used in either case), and this
is one ofthe insights of the Rediflow architecture (see below).
We see, therefore, that to be able to add more processors to a machine

without slowing down theexisting processors we must

(i) use a distributed memory scheme,
(ii) achievelocality.
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It is for this reason that locality plays such a key role in parallel reduction
machinearchitecture.

24.7.3 Locality versus Concurrency

Thereis one easy wayto achieve perfectlocality: execute all tasks and allocate
all cells on a single processor/memory unit! This shows up the tension
between locality and concurrency. Whenis it best to export a task to another
processor (to maximize concurrency), and whenis it best to perform it locally
(to maximize locality)?
We cannot expect any general answers to this question. For particular

programsa goodtask distribution may suggestitself, and one approachis to
allow the programmerto annotate his program to indicate this [Hudak and
Smith, 1985]. The alternativeis to develop effective heuristics for distributing
the tasks through the machine.It seemsintuitively plausible that a heavily
loaded processor should export tasks to a lightly loaded neighbor, andthis
leadsto the idea ofload balancing [Keller andLin, 1984](also called diffusion
scheduling [Hudak and Goldberg, 1985a]). Theideais that tasks are ‘pushed
away’from busy processors;in addition it would improvelocality if tasks were

‘drawn towards’ memory units to which they have global references.

The granularity of the task is also important, since it is more worthwhile to

export a large computation than a small one.

Much more experience will need to be gained before we can make any

confidentassertions about achieving locality in a parallel machine.

24.8 Parallel Reduction Machine Projects

A numberof research teams are in the process of building parallel graph
reduction machines. Thedetails of their architecture are beyond the scope of
this book, but we mention somecurrentprojects here to serve as a starting-
point for further reading.
The Rediflow project at the University of Utah is a substantial

research program aimedat unifying the ideas of reduction and dataflow ina

single parallel architecture (hence the name) [Keller, 1985]. Rediflow is the
successor to the AMPS (Applicative Multiprocessor System) project [Keller
etal. , 1979]. The reduction modelis considerably moregeneral(and complex)

than that described in this chapter. The architecture consists ofa collection of
processor/memory/switch units, called Xputers, where the switching portion
of the Xputers collectively forms a multistage communications network, over

which the processors communicate using message-passing. Each Xputeris

directly connected to a fixed numberof neighboring Xputers, regardless of
the total number of Xputers in the network, so the machineis readily
extensible. The graphis distributed over the memories of the Xputers, so
locality and granularity are majorissues.  
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ALICE(Applicative Language Idealized Computing Engine)is a parallelreduction machine based at Imperial College, London (Darlington and
Reeve, 1981]. The reduction modelis a slight variant of supercombinatorreduction, but the architecture permits generalizations of the model
to be explored. It is constructed using Inmos Transputers which access
grobally addressable memory using a multistage network switch [Crippsand Field, 1983]. Locality is not a Majorissue, since the graph is held")Bobally addressable memory. ALICE became operational in February

Aspart of the DAPSproject(Distributed Applicative Parallel Systems), agroup at Yale University is implementing a parallel graph reduction enginecalled Alfalfa [Hudak, 1985]. The parallel reduction modelis based onserialcombinators [Hudak and Goldberg, 1985b], a variant of fully lazy super-combinators. The hardwarebaseis a 128-node Intel Hypercube[Intel, 1985],a distributed multiprocessor without shared memory, in which processors -communicate using messages. From an abstract point of view, this is riotunlike the Redifiow architecture, but the tesearch is more closely focused onpurely functional languages. As with Rediflow, the absence of shared
memory meansthatlocality and granularity are major issues.
GRIP (Graph Reduction In Parallel) is a parallel supercombinator graphreduction machine underconstructionat University College London [Peyton

Joneset al., 1985; Clack and Peyton Jones, 1986], funded by the UK Alvey
Directorate. In contrast with the other projects described, GRIP is based ona
bus architecture, which places an inherentlimit on the achievable parallelism[Peyton Jones, 1986]. The intention is to deliver significantly better
performancefor a given cost than more ambitious designs.

24.9 Summary

Wehaveseenthat functional languagesare a good mediumin whichto writeparallel programs, and that graph reduction provides a secure basis for
exploiting the concurrency of a multiprocessor to execute them.

Parallel implementations of functional languages are now beginning to
appear, and the next few years shouldsee the testing in practice ofsome of theassertions made in this chapter.It is an exciting field.
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AN INTRODUCTION TO MIRANDA
David Turner

Miranda Is a strongly typed functional language based on higher-order recursionequations. The basic ideas of Miranda are taken from the earlier languages SASL[Turner, 1976; Richards, 1984] and KRC [Tumer, 1982], with the addition of a typediscipline essentially the sameas that ofML [Gordonetal., 1979]. The Miranda systemis a product of Research Software Limited, and is implemented on a variety ofcomputers, running under the Unix operating system.t A full description of thelanguage andits programmingenvironmentisin preparation. Wegive here a very briefintroduction to the language, concentrating on those features which are needed tofollow the use of Mirandanotation in this book. We omit discussion of a numberoffeatures of the language whichare notrelevantto the material coveredin the book.

Basic Ideas

The Miranda programminglanguageis purely functional — there are no side-effects orimperative features of any kind. Aprogram (actually we don’tcall it a program, wecallit a‘script’)is a collection of equations defining various functions and data structureswhich weare interested in computing. Here is a very simple example of a Mirandascript:

Zz=sqx/sqy
sqn=ntn
x=a+tb

y=a-b
a= 10
b=5

The Miranda systemis interactive, andits basic actionis to evaluate expressions inthe environmentof the current script. So typing z to the system after the above scripthad been entered would produce the response 9.
Notice that Miranda scripts have very little by way of excess syntactic baggage —

runix is a trademark ofAT&TBell Laboratories; Mirandais a trademark ofResearch Software

aat
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Miranda is, by design, rather terse. There are no mandatory type declarations,
although(see later) the language is strongly typed. There are no semicolons at the end
of definitions — the parsing algorithm makes intelligent use of layout. Note that the
notation for function applicationis simply juxtaposition,as in sq x. In the definition of
the sq function,nis a formal parameterits scope is limited to the equation in whichit
occurs (whereas the other names introduced above have the whole script for their
scope).
Conia basic data types are built into the language; these are numbers, characters

and truth values. There are two kinds ofbuilt-in data structure,calledlists and tuples.
The most commonly used data structureis the list, which in Miranda is written with

square brackets and commas,e.g.:

week_days = [‘Mon”,“Tue”,"“Wed”,“Thur”,“Fri”]
days = week_days ++ [“Sat”,"Sun"]

In fact a string is just a list of characters, so writing e.g. “Mon”is equivalent to writing
thelist [’M’,‘o’,’n’]. Lists may be appendedby the ++ operator.
Other useful operationsonlists includeinfix : which prefixes an elementto the front

of list, # which takes the length ofa list, and infix ! which does subscripting. So,for
example, 0:[1,2,3] has the value [0,1,2,3], #days is 7, and daysl0 is “Mon”.
There is also an operator —- which does list subtraction. For example

[1,2,3,4,5] — [2,4]is [1,3,5].

Thereis a shorthand notation using . for lists whose elements form an arithmetic
series. Here, for example, are definitions of the factorial function, and of a number

result which is the sum of the squares of the odd numbers between 1 and 100 (sum and
product are library functions, which add together and multiply, respectively, the
elementsofa list):

fac n product [1..n]

result sum [1,3. .100]

The elements ofa list mustall be of the same type. A sequence of elements of mixed
type is called a tuple, and is written using parentheses instead of square brackets. For
example:

employee = (‘‘Jones”,True,False, 39)

Tuples are analogous to records in Pascal (whereas lists are analogous to arrays).
Tuples cannot be subscripted — their elements are extracted by pattern-matching(see
below).

Guarded Equations and BlockStructure

Anequation can have severalalternative right-handsides distinguished by ‘guards’ (a
guard is a boolean expression written following a comma). So, for example, the
greatest commondivisor function can be written:

gcd a b gcd (a—b) b, a>b
gcd a (b-a), a<b
a, a=b

The semantics specifies that the guardsaretestedin order, from top to bottom,butitis
probably badstyle to write code whichtakes advantageofthis.It is best to have a set of
guards which are mutually exclusive, as above, so that the order in whichthe cases are
written is not relevant. The keyword otherwise may beused as thelast guard,indicating
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d
e
n
t
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thatthis is the case which appliesif all the othertests fail. Thus,

f args =thst, test1
rhs2, test2u

o
t

thsN, otherwise

(N.B.Earlier versions of the Miranda compiler permitted the guard to be left off in thelast case — the programsin the main part of this book are written in this older form.)It is also permitted to introduce local definitions on the right-hand side of adefinition, by meansofa where clause.-Considerfor example the following definition ofa function for solving quadratic equations (it eitherfails or returnsa list of one or tworealroots):

quadsolve a b c

=

error “complex roots”, delta<0
[—b/(2*a)], delta=0
[—b/(2*a) + radix/(2*a),—b/(2*a) — radix/(2*a)], delta>o
where
delta = btb — 4earc
radix = sqrt delta

Note that the scope ofthe where clause,if present,is all the right-hand sides associatedwith a given left-hand side. Where clauses may occur nested, to arbitrary depth,allowing Miranda programsto be organized with a nested block structure. Indentation’ of inner blocks is compulsory, as layout informationis required by the compiler todeterminethe correctparse. This is done using Landin’s‘offside rule’ [Landin, 1966].

Pattern-matching
It is Permitted to define a function by giving several alternative equations, dis-tinguished by the use ofdifferent patterns in the formal parameters. This providesanother method ofcase analysis which is often more elegant than the use of guards.Here are somesimple examples of pattern-matchingonlists:
sum [] = 0
sum (a:x) = a + sum x

reverse [] = [] -
reverse (a:x) = reverse x ++ [a]

The rangeofpossibilities permitted by Mirandain pattern-matchingis quite rich—forexample,patterns can be nested, and repeated identifiers can be used to imply equalityof subcomponents. Pattern matching can also be combined with the use of guards. Asan example which showsthis, hereis a definition of a function for removing adjacentduplicate elements from

a

list

no_dups x = x, #x<2
no_dups (a:a:x) = no_dups (a:x)
no_dups (a:b:x) =a: no_dups (b:x), a ~= b

but as a generalruleit is better to avoid writing code whi
it a

le wh ithis is not alwayspossible without clumsiness)= wich depends on ths (elthoughAccessing the elements ofa tupleis also done by patternselection functions on 2-tuples can be defined thus
fst (a,b) = a
snd (a,b) = b

-matching. Forexample,the
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Currying and Higher-order Functions

Mirandais a higher-order language — functionsare first class citizens and can be both
passed as parameters andreturned as results. Function applicationis left-associative, so
when wewrite f x

y

it is parsed as (f x) y, meaning that the result of applying fto xisa
function, whichis then applied to y. So for exampleifwe define the function plus by:

plus x y=x+y

then plus 3 is a function in its own right — it is the function that adds3 toits argument.
This device, whereby any function of two or more arguments is treated as a higher-
orderfunction,is knownas ‘currying’(after the logician H.B. Curry).

Theuse of higher-order functions is an important feature of the programmingstyle
madepossible by functional languages, and often lends itself to very concise forms of
expression. As a simple example of higher-order programming consider the function
foldr, defined by: :

foldr op k [] = k

foldr op k (a:x) = op a (foldr op k x)

All the standardlist processing functions can be obtainedby partially parameterizing
foidr. Examples: .

sum = foldr (+) 0
product = foldr (*) 1
reverse = foldr postfix []

where postfix a x = x ++ [a]

Note that in Miranda an operator can be passed as a parameter, by enclosingit in
parentheses.

Lazy Evaluation

Miranda’s evaluation mechanism is ‘lazy’, in the sense that no subexpression is
evaluated until its value is known to be required. One consequenceofthis is thatit is
possible to define functions which are non-strict (meaning that they are capable of
returning an answerevenifone oftheir arguments is undefined). For example, we can
define a conditional function as follows:

if Tue x y = x
if False x y = y

and thenuseit in such situations as if (x=0) 0 (1/x).

The other main consequence oflazy evaluationis that it makes it possible to write
down definitions of infinite data structures. Here are some examples of Miranda
definitions of infinite lists (note that there is a modified form of the . . notation for
endless arithmetic progressions)

ones = 1 : ones
nats [0..]
odds: = [1,3..]
fibs = f O 1

where fab = a: f b (atb)

The last example is the list of all Fibonacci numbers — 0,1,1,2,3,5,8,13 . . . (each
number from the third onwards is the sum ofits two predecessors).
The presenceofinfinite data structures in a programming languageis far from being

a merecuriosity — as with higher-orderfunctionsit has a strong effect on programming
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style and gives the functional programmer access to a range of programming
possibilities not available to his imperative counterpart.

Infinite lists also provide the means for handling problems ofinteractive input/
output and communicating processes within a functional framework.

ZF Expressions

ZFexpressions (also called list comprehensions) give a concise syntax for a rathergeneralclass ofiterationsoverlists. The notation is adapted from Zermelo Frankelsettheory (whence the name ZF). A simple example of a ZF expressionis:
{ ntn in <— [1..100] ]

Thisis a list containing (in order) the squaresof all the numbers from | to 100. Theabove expression would be read aloud as ‘list of all nn such that n drawn from
(1. .100]. Note that

n

isa local variable of the above expression. The variable-binding
constructto the right of the baris called a ‘generator’ — the ‘<—’ sign denotes that the
variable introduced onits left ranges overall the elements of the list on its right. The
generalform of a ZF expression in Mirandais:

{ body | qualifiers ]

where each qualifieris either a generator, of the form var<—exp,orelse

a

filter, which is
a boolean expression used to restrict the ranges of the variables introduced by the
generators. When twoor morequalifiers are present they are separatedby semicolons.
Anexample of a ZF expression with two generators is givenby the followingdefinition
of a function for returninga list of all the permutationsofa givenlist:

perms [] = [[]]
perms x = [ a:y | a <— x y <~ perms (x—[a]) ]

The use ofa filter is shown by the following definition of a function which takes a
numberand returnsa listofallits factors,

factors n = [i 1 i <— [1..n div 2; n modi = 0]

ZF notation often allows remarkable conciseness of expression. We give two
examples. Here is a Miranda statement of Hoare’s ‘Quicksort’ algorithm, as a method
of sorting alist:

sort [] = []
sort (a:x) = sort [ b | b <— x; b<=a J ++ [a] ++ sort [ bil b<- x b>a}

Here is a Miranda solution to the eight queens problem. We haveto place eight
queensonchess boardsso that no queen gives check to any other. Since any solution
must have exactly one queen in each column,a suitable representation for a board is a
list of integers giving the row numberof the queenin each successive column.In the
followingscript the function queens nreturnsall safe waysto place queensonthefirst n
columns. A list ofall solutions to the eight queens problem is therefore obtained by
printing the value of (queens 8). This example is taken from Turner [1982].

queens0 = [ [c] ]

queens n = [ q:b | q <-— [0..7]b <— queens(n—1): safe q bj, n>0
safe q b = and [ “checks q bili <— [0. .#b-1] ]
checks q b i = q=bli \/ abs(q — bli)=i+1

It is interesting to note that this is a problem whose solution would have involved
backtrackingif it had been programmedin an imperative language. Lazy evaluation
enables us to avoid backtracking, by programming explicitly in terms ofa list of all
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solutions, without necessarily incurring the penalty of actually constructing all the
solutions. In fact if we only want thefirst solution we can print hd (queens 8) and the
remainderofthe solutionlist will not be instantiated. (Note:in the definition of checks,
the infix operator VV meanslogical ‘or’.)

Polymorphic Strong Typing

Mirandais strongly typed. Thatis, every expression and every subexpression has a
type, which can be deduced at compile-time, and any inconsistency in the type structure
of a script results in a compile-time error message. We here briefly summarize
Miranda’s notationforits types. .
The three primitive types are called num, bool and char. The type num comprises

integer and floating point numbers (the distinction between integers and floating point
numbersis handled at run-time— this is not regarded as being a type distinction).

If T is type, then [T] is the type oflists whose elements are of type T. For example,
{11.2].[2,3],[4,5]] is of type [[num]], thatis it is a list oflists of numbers.

If T1 to Tnare types, then (T1,. . .,Tn) is the type of tuples with objects of these types
as components. For example,(True,“hello”36) is of type (bool[char],num). .

If Ti and T2 aretypes, then T1—>T2is the type ofa function with arguments in T1 and
results in T2. For example the function sum is of type [num]—>num. The function
quadsolve, given earlier, is of type num—>num—>num-—>{num]. Note that —> is right-
associative. . ;

Mirandascripts can include type declarations. These are written using :: to mean ‘is
of type’. For example:

sq :: num —> num
sqn=n*n

Thetype declarationis not necessary, however. The compileris able to deduce the type
of sq from its defining equation. Mirandascripts often contain type declarations even
thoughthey are notreaily necessary, since these are useful for documentation (and
they provide an extra check, since the type-checkerwill complainifthe declared type is
inconsistent with the inferred one). oo ;
Types can be polymorphic, in the sense of Milner [1978]. This is indicated by using

the symbols * ** ++ etc, as an alphabetof generic type variables. For example, the
identity function, defined in the Mirandalibrary as

id x = x

has the following type

Id: * -> *

This means thatthe identity function has manytypes, namely all those which can be
obtained by substituting an arbitrary type for the generic type variable, e.g.
num—>num, bool—>bool, (*—->**) —> (*—>+**) and soon.

Weillustrate the Mirandatype system bygiving types for someofthe functions so far
defined in this appendix

fac :: num —> num
sum :: [num] —> num
reverse :: [*] —> [*]
fst :: (*,#*) —> *
snd :: (*,*#) —> **

foldr :: (*#—>+*#—>4#%) —> #8 —> [+] -> **

perms :: [+] —> [[*]]
queens :; num —> [[num]]
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User-defined Types

Theusermay introduce new types. This is done by an equationusing ::=. For example atype oflabelled binary trees (with numeric labels) would be introduced as follows,
tree ::= Nilt | Node num tree tree

This introduces three new identifiers — tree which is the nameofthe type, and Nilt andNode whichare the constructors fortrees. Nilt is an atomic constructor, while Node takesthree arguments, of the types shown. Here is an example of a tree built using theseconstructors:

t1 = Node 7 (Node 3 Nilt Niit) (Node 4 Nilt Nit)

Notice that constructors always begin with an upper-case letter (and any identifierbeginning with an upper-case letter is assumed by the compiler to be a constructor).To analyze an object of user-defined type, we use pattern-matching. For examplehereis a definition ofa function for taking the mirror image ofa tree:
mirror Nilt = Nilt
mitror (Node a x y) = Node a (mirror y) (mirror x)

User-defined types can be polymorphic — this is shown by introducing one or moregeneric type variables as parameters of the ::= equation. For example, we cangeneralize the definition oftree to allow arbitrary labels, thus:

tree * ::= Nilt | Node « (tee *) (tree +)

this introduces a family oftree types, including tree num, tree bool, tree(char—>char)etc.
Thetypes introduced by::= definitions are called ‘algebraic types’. Algebraic typesare a very generalidea. Theyinclude scalar enumeration types, e.g.
color ::= Red | Orange | Yellow | Green | Blue { Indigo | Violet

and also give us a way to do union types, for example:
bool.or_num ::= Left bool | Right num

It is interesting to note thatall the basic data types of Miranda could be defined fromfirst principles, using ::= equations. For example hereare type definitions for bool,(natural) numbers andlists,

bool ::= True | False
nat ::= Zero | Suc nat
list * == Nil | Cons * (lst *)

Havingtypes such as num builtin is done for reasons of convenience andefficiency

—

itisn’t logically necessary.
It is also possible to associate ‘laws’ with the constructors of an algebraic type, whichare applied wheneveranobjectof the type is built. For example wecan associate lawswith the Node constructorofthe tree type above,so thattrees are always balanced. Weomit discussion of this feature of Miranda here — interested readers will find moredetails in the references (Thompson, 1986; Turner, 1985].
In addition to algebraic types as sketched above,there are two other ways in whichthe Miranda programmercanintroduce new types(these are not discussed in the mainpartof this book, but we mention them for completeness). These are:

(i) Type synonyms
The Miranda programmercan introduce a new nameforan alreadyexisting type. We
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use == for these definitions, to distinguish them from ordinary value definitions. For
example:

string — [char]
matrix == [[num]]

Type synonymsare entirely transparent to the type-checkerit is best to think of them
as macros.It is also possible to introduce synonymsforfamilies of types. This is done by
using generic type symbols as formal parameters,as in

array * = [[*]]

SO Now,€.g., array num is the same type as matrix.

(ii) Abstract data types
In addition to concretetypes, introduced by ::= or == equations, Miranda permits the
definition of abstract types, whose implementation details are ‘hidden’ from the rest of
the program. Abstract data types (andtherelated idea of free types) become important
in constructing larger pieces of software, which may evolve over time. The way in
which abstract data types are declared in Mirandais one of the innovatory features of
the language — for a partial discussion of this see Turner [1985].

(Note: further information about the Miranda system andits availability for various
computers may be obtained from Research Software Limited, 23 St Augustines Road,
Canterbury, Kent CT1 1XP, UK, or from the following electronic mail address:
mira-request @uk.ac.ukc.)
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priority of task, 418
product type (see type, product)
product

lifted, 73

ordinary, 73
program, 44
program transformation, 56, 221, 400
projection function, 216
proper subexpression, 246
PUSH, 298, 306, 323
PUSHBASIC, 357

PUSHGLOBAL, 298, 306, 323
PUSHINT,306, 320, 323

qualifier, 128, 128, 435

R compilation scheme(see compilation
scheme, R)

rearrangingtopofstack (see stack,
rearrangingtopof)

RS compilation scheme(see compilation
scheme, RS)
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reawakeninga task, 425
recursion, 42, 43, 66, 150, 162, 238, 263, 387

effect on full laziness, 399
effect on residency, 403

recursive functions, 25
redex, 10

supercombinator, 223
top-level, 198

reduction, 4

compile-time, 240
reduction order, 4, 23, 193, 397

optimal, 25
reduction rule, 129
redundantlet-expression, 241
reference count
one bit, 286
shared, 285

reference counting, 219, 282, 285
refutable pattern (see patterns, refutable)
region, 287

repeated variables, 65
residency, 403, 405
RETURN,315, 323, 340
rewrite rules, 225
rib, 202
Tuleofsigns, 380, 385

run-time checks, 139

run-time library, 301, 319
run-time type-checking (see type-checking,

run-time)

S combinator, 260

S‘ combinator, 270
S-transformation, 261

safety condition, 382, 386
SASL,2, 56, 102, 127, 194, 197, 265, 358
scheduling, 420
schematic generality, 144
schematic variable (see type variable,

schematic)
Scheme, 295

script, 431
SECD machine,221, 324, 378
SELPRODUCT,317

SEL-r-i, 108, 300, 317, 344
SELSUM,317
SEL-SUM-r-, 125, 300, 317, 362
SEL-SUM-s-i, 124, 125
SEL-t-i, 71, 76, 108

semi-decidable, 158

sequential evaluation, 406
serial combinator,420, 429
serialization, 422

set abstraction, 127

set comprehension, 128
shared memory, 427

sharing, 187, 208, 233
excessive, 405
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shorting out indirections, 287, 334 synchronization oftasks, 414, 421
simulated stack, 328 syntax tree, 185, 275
SK combinators, 5, 260 system tag, 189
SK compilation algorithm, 263
SKIM,191, 265, 278, 286, 295
SLIDE, 308, 323, 360 T, 295
space leak, 400 TD translation scheme(see translation
sparking a task, 414 scheme, TD)
spine, 202 TE translation scheme(see translation
spine stack, 202 scheme, TE)
SQUEEZE, 369 tag, 185, 187, 325
stack, 194, 205, 302, 319, 325, 338 TAIL, 12, 17, 300, 317

G-machine, 319 tail call, 368, 373
G-machinerepresentation, 325 generalized, 367, 371
in parallel machine, 424 tail recursion, 370, 404
rearranging topof, 296, 302, 322, 334, 355, target machine, 324

368, 374 task, 413
simulated, 328 speculative, 418, 420
spine, 202 tiny, 419

stack frame, 203, 221, 370 vital, 418, 420
standard interpretation, 382 task control block, 424
State transition, 320 task pool, 414
state of task, 424 template, 210
storage allocation, 192, 338 template instantiation, 231, 256, 363
storage fragmentation, 281 term rewrite system, 225
storage management(see also garbage tip of spine, 202

collection), 192, 281 to-space, 282
stream, 194, 397 topologicalsort, 120
strict, 33, 200, 383 TQ translation scheme(see translation
strict product-matching, 71 scheme,TQ)
strictness analysis, 5, 74, 351, 353, 380, 403, TR translation scheme(see translation

404, 416, 419 scheme, TR)
strictness annotation, 391, 416 transformation,39, 56
string, 432 translation, 38
string reduction, 208 translation scheme, 45
strongly connected component, 120, 285 TD, 45, 68, 81, 82
structural induction, 56 : TE, 44, 68, 81, 132
structure tag, 107, 187, 189 TQ, 134
structured data, 362 TR,64, 66
structured type (see type, structured) tree, 185, 186
subscripting,oflists, 432 TRUE, 12
substitution, 17, 41, 130, 166 truth value, 432
substitution instance, 144 tuple, 54, 140, 432
substitution

delta, 167 algebraic, 437
extending, 169 boolean, 55

fixed point, 167 enumeration, 55, 437
idempotent, 167 ground, 140
identity, 167 of function, 142
notation, 22 product, 56, 122

substitutions, composition of, 166 structured, 51, 141
sum type (see type, sum) sum, 56, 122
sum-of-products, 56 union, 437
supercombinator, 5, 150, 220, 223 user-defined, 437

recursive, 238 type checker, 176, 202
supercombinator graph reduction (see graph type checking, 3, 50, 163, 109, 110, 139

reduction, supercombinator) polymorphic, 28, 436
supercombinator redex, 223

supercombinators,fixed set of, 260
synch, 407

run-time, 109

type declaration, 52, 436
type environment, 173  

Index

type expressions, 164
type-forming operator, 53, 54, 142, 164
type inference, 149
type labels, 151
type scheme, 171
type synonym,437
type template, 171
type variable, 53

constrained, 160, 171

generic, 53, 144, 172
non-generic, 172
schematic, 53, 144, 171
unknown, 172

types, infinite, 155
typing, compile-time, 190
typing, run-time, 190, 191

unboxed representation, 190, 214, 335, 404
unification, 168
unification algorithm, 170
unifier, 168
uniform definitions, 98, 100
union type, 437
unknowns(see type variable)
unmovedvariable, 167
UNPACK-PRODUCT-r, 108
UNPACK-PRODUCT-t, 106, 122, 125
UNPACK-SUM-d-r, 107
UNPACK-SUN-s, 106, 123, 125
unwind, 202
UNWIND, 298, 305, 315, 322, 323, 332,370,377
UPDAP,361

UPDATE,298, 305, 323
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updating root of redex, 203, 208, 209, 214,
217, 298, 339, 414

UPDCONS,362
user-defined type, 437

variable pattern (see pattern, variable)
variable rule, 83
variable
bound, 14, 154, 159
free, 14, 171, 222, 226

variable-sizedcells (see cell, variable-size)
VAX,324
VAX assembler, 324
vector processor, 410
vertebra,ofspine, 202
virtual memory, 283, 284

weak head normal form, 198, 422
well-typed, 151
whereclause, 66, 118, 433
WHF (see weak head normal form)

Xr compilation scheme(see compilation
scheme,Xr)

Ycombinator, 27, 42, 43, 114, 126, 150, 155,
218, 232, 263

ZFexpression,3, 50, 127, 435


