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Take-away : Local Hessian determines the efficiency of BP

A new interpretation of Back-propagation: BP is the one-step gradient 
update solution of minimizing Back-matching losses

Rewrite the loss of neural network:
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Local back-matching loss for block 𝒃:
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𝐋𝐨𝐜𝐚𝐥 𝐇𝐞𝐬𝐬𝐢𝐚𝐧 is the Hessian of minimizing local back-matching loss
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Case 1: Fully connected layer
𝑧𝑏 = 𝐹𝑏 𝑊𝑏, 𝑧𝑏−1 = 𝑊𝑏 ⋅ 𝑧𝑏−1

Local Hessian

𝐻𝑧 = 𝑊𝑏
𝑘 𝑇

𝑊𝑏
𝑘, 𝐻𝑤 = σ𝑗=1

𝑚 𝑧𝑏−1
𝑘 𝑗 𝑧𝑏−1

𝑘 𝑗
𝑇

For Gaussian initialization, 𝐻𝑧 follows Marchenko-Pastur Law

Relation to global Hessian (Gauss-Newton)
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❖ 𝐺𝑏 has the same eigenvalues with the product of local Hessians
❖ The local Hessian determines where the flow is blocked, and hence 

relates to the efficiency of BP.

Case 2: Block with skip connection
𝑧𝑏 = 𝐹𝑏 𝑊𝑏, 𝑧𝑏−1 = 𝑧𝑏−1 +𝜙𝑏(𝑊𝑏, 𝑧𝑏−1)
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Case 3: Block with batch normalization

𝑧𝑏 = BN ǁ𝑧𝑏 = ( ǁ𝑧𝑏−𝔼[ ǁ𝑧𝑏])/ Var[ ǁ𝑧𝑏] where ǁ𝑧𝑏 = 𝑤𝑏
𝑇𝑧𝑏−1
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1. Follow backward order 
2. Scale the gradient by the local Hessian
3. Fully connected layer with BN,
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Remark 1: Scaling current layer does not affect 𝐻𝑧
Remark 2: Scaling layers bellow current layer does not affect 𝐻𝑤
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