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Can deep learning learn any function (say Boolean)
that is learnable in poly-time?
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Can deep learning learn any function (say Boolean)
that is learnable in poly-time?

What do we mean by ‘deep learning’
and ‘can learn’?
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Formalizing the problem
Approximation. Any function on n variables that can be implemented
In poly(n)-time can be expressed by a poly(n)-size NN [Parberry 94, Sipser 06]

Estimation. Poly(n)-size NN can be learned with empirical risk minimization
(ERM) with poly(n)-samples [VC 71, Anthony-Bartlett 99]
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1. Can we learn a given function with a random initialization?
2. Can we learn a random function with a chosen initialization?

Example. Parities: fs(z) = || zi, S ~u 2!
i€S

under symmetry: failure at 2 implies failure at 1 for a typical function
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Definition. Weak learning of (Py, Pr) in t time-steps:
o '~ Pr
e Access t times an oracle relying on (Py,F) — (X;, F(X;)), X; ~ Py
e Output F'® such that P(F®(X;41) = F(Xi41)) = 1/2 + Q,,(1)

Definition. Neural nets = weighted DAG, n+1 roots (inputs), one leaf (output)
plus some non-linearity on other vertices

N7 WAL N7 ...
2R K 8K
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6/12



results




Results

Theorem 1. GD cannot learn efficiently function distributions having low CP

7112



Results

Theorem 1. GD cannot learn efficiently function distributions having low CP

CP(Px, Pr) = Epp(ExF(X)F'(X))?
(XFF’) N[).:‘V X Pf X P]:

7112



Results

Theorem 1. GD cannot learn efficiently function distributions having low CP

CP(Px, Pr) = Epp (ExF(X)F'(X))?
(X'.FtF’)N]).-l’ XPIXP}'

low = super-poly decay in n

712



Results

Theorem 1. GD cannot learn efficiently function distributions having low CP

e
e
e
e

- poly-size NN D D.. - , /

- any initialization CP(Px, Fr) = Epp(ExF(X)F(X))
y_StepS (X,F,F,)N[)XXP}'XP}‘
y-rate low = super-poly decay in n
y-range
y-noise

2

7112




Results

Theorem 1. GD cannot learn efficiently function distributions having low CP

- poly-size NN — T ,. - 9
- any initialization CP(Px,Pr) =Erpp(ExF(X)F'(X))

- poy_s‘[eps (X,F,F,)N[).,}"pr‘xpf

- poly-rate low = super-poly decay in n

- poly-range o |

- poly-noise related to statistical dim. [Kearns 98, Blum et al. O1]

7112



Results

Theorem 1. GD cannot learn efficiently function distributions having low CP

- poly-size NN — _ ' , 5
- any initialization CP(Px,Pr) = Ep p(Ex F(X)F'(X))

- poly-steps (X,F,F') ~ Py X Pr x Pr

- poly-rate low = super-poly decay in n

- poly-range - |

- poly-noise related to statistical dim. [Kearns 98, Blum et al. O1]

‘average-case” v.s. “worst-case” SQ (E. Boix)

712



Results

Theorem 1. GD cannot learn efficiently function distributions having low CP

- poly-size NN 1 | A ,' - 2
- any initialization CP(Fx, Br) = Epp(Ex F(X)F (X))

- poy_steps (X.,F,F’)NPA)XP;XP]:

- poly-rate low = super-poly decay in n

- poly-range o |

- poly-noise related to statistical dim. [Kearns 98, Blum et al. O1]

‘average-case” v.s. “worst-case” SQ (E. Boix)
Parities [Shalev-Shwartz, Shamir, Shammah 17]

712



Results

Theorem 1. GD cannot learn efficiently function distributions having low CP

- poly-size NN —— _w , , 5
- any initialization CP(Fa, Br) = Ep p\Bx F(X)F(X))

- poly-steps (X,F,F') ~ Py x Pr X Pr

- poly-rate low = super-poly decay in n

- poly-range o |

- poly-noise related to statistical dim. [Kearns 98, Blum et al. O1]

‘average-case” v.s. “worst-case” SQ (E. Boix)
Parities [Shalev-Shwartz, Shamir, Shammah 17]

Corollary. GD can learn efficiently monomials of degree k if and only if K is finite

7112



Results

population gradient

Theorem 1. GD cannot learn efficiently function distributions having low CP

- poly-size NN T _ ' - 2
- any initialization CP(Px, Pf) = Epr(ExF(X)F' (X))

- poy_steps (X.,F,F’)NP‘)(XP}—XP]:

- poly-rate low = super-poly decay in n

- poly-range o |

- poly-noise related to statistical dim. [Kearns 98, Blum et al. O1]

‘average-case” v.s. “worst-case” SQ (E. Boix)
Parities [Shalev-Shwartz, Shamir, Shammah 17]

Corollary. GD can learn efficiently monomials of degree k if and only if k is finite

7112



Results

8/12



Results

Theorem 2. SGD can learn efficiently any efficiently learnable distribution

8/12



Results

Theorem 2. SGD can learn efficiently any efficiently learnable distribution
any (Px, Pr) that can be learned
by some algorithm in poly-time
with poly-samples

8/12



Results

Theorem 2. SGD can learn efficiently any efficiently learnable distribution

| | 1 I

- poly-size NN any (Px, Pr) that can be learned
- poly-time initialization by some algorithm in poly-time
- poly-steps with poly-samples

- poly-rate

- poly-range

- poly-noise

8/12



Results

Theorem 2. SGD can learn efficiently any efficiently learnable distribution

| | L ]

- poly-size NN any (Px, Pr) that can be learned
- poly-time initialization by some algorithm in poly-time
- poly-steps with poly-samples

- poly-rate

- poly-range

- poly-noise /poly-precision

8/12



Results

Theorem 2. SGD can learn efficiently any efficiently learnable distribution

| | L ]

- poly-size NN any (Px, Pr) that can be learned
- poly-time initialization by some algorithm in poly-time
- Poly-steps with poly-samples

- poly-rate

- poly-range

- poly-noise /poly-precision

Corollary. SGD can learn efficiently parities while Perceptron, GD or SQ cannot

8/12



Formalizing the problem

X : the data domain ({+1,—1}") Py : prob. dist. on X
Y : the label domain ({+1,—1}) Pr : prob. dist. on F = Y+

balanced classes: P(r x)wprxpy (F(X)=1) =1/2+ 0,(1)

Definition. Weak learning of (Py, Pr) in t time-steps:
o '~ Pr
e Access t times an oracle relying on (Py, F) — (X;, F(X;)), X; ~ Py
e Output F® such that P(F®)(X;1q) = F(Xi41)) = 1/2 + Q,,(1)

Definition. Neural nets = weighted DAG, n+1 roots (inputs), one leaf (output)
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Junk-flow and cross-predictability
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The universal emulation argument
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# of parameters >> # training data

A
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overfitting just right!

Challenges:

@ Optimization: Why can neural nets fit to the training data?

@ Generalization: Why can neural nets predict?
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Experiment |: Overfitting to corruption

Add corruption
@ Corrupt a fraction of training labels by replacing with another random label

@ No corruption on test labels

Results after 200 epochs
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Focus: optimization/generalization dynamics

Add corruption
@ Corrupt 50% of training labels by replacing with another random label

@ No corruption on test labels
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Theory for overparameterization without overfitting

o Optimization
e Generalization

o Early stopping




Optimization




One-hidden layer

input layer h=¢(Wz)
hidden layer

Y, = ’UTO(WCCI')




Theory for smooth activations

o Data set {(x;,7:)}7"; e R x R 1

r

min L(v, W) =Y (v76(Wa;) - y)°

@ lLoss

v =1




Theory for smooth activations

o Data set {(x;,y;)}; € R xR ,
r

1}11‘1}1‘} Liv, W)= Z (v'l'c:)(Wa:,') — y,-)‘2

@ lLoss

1 =1

@ Run gradient descent e
(Vr41y Wri1) = (Org1, Wrga) — 0 VL(v-, Wr)




Theory for smooth activations

o Data set {(z;,yi)}; € RY xR

rn

31&} Lo, W) = Z (v"'c')(Wa;i) — -,4/,-)2

@ lLoss

1 =1

e Run gradient descent =

(r 1, Wri1) = (i1, Wrp1) — VL (vr, W)

Theorem

Assume
e Distinct data points (x; # x;)
@ Smooth activations e.g. ¢(z) = log(1 + €7)
o Overparameterization: # training data < 2 x # width (k > 5
@ Initialization vy at random i.i.d. N ((), 1/2) and Wy i.i.d. N (0,1) withv >> 1




Theory for smooth activations

o Data set {(z;,y;)}; € R xR

r

min L(v, W) := Z (vT (W) — yl_)‘;)

@ lLoss
v.W

=1

e Run gradient descent =

(vr+'l_- WT-;‘- | ) — (’U’r%-] ; WT-+-- 1) "_ /‘TVL(UT~ WT)

Theorem

Assume

o Distinct data points (x; # x;)

@ Smooth activations e.g. ¢(z) = log(1 + e7)

o Overparameterization: # training data < 2 X # width (k > 5

@ Initialization vy at random i.i.d. N (0, 1/2) and Wy i.i.d. N (0,1) withv >> 1
Then, with high probability

@ Zero training error: L(v,, W) < (1 — p)" L(vg, Wp)




Theory for smooth activations

o Data set {(x;,7:)}"; e R x R

@ Loss L = 9
in L(v, W) := Po(Wa,) — ;)"
min £L(v, W) 2_: (v o (W) — y;)
@ Run gradient descent e
(UTJer_- WT-H_) — (‘.‘UT%-] ; WT+1) Bl /I'TVL(,UT* WT)
Theorem
Assume

e Distinct data points (x; # x;)

@ Smooth activations e.g. ¢(z) = log(1 + e7)

o Overparameterization: # training data < 2 X # width (k > 5

@ Initialization vy at random i.i.d. N ((), 1/2) and Wy i.i.d. N (0,1) withv >> 1
Then, with high probability

@ Zero training error: L(v,, W) < (1 —p)" L(vg, Wp)

Possible extension: If rank(X ) = d, # training data < 2 X # parameters™




Theory for smooth activations

o Data set {(x;,7:)}7"; € R xR |

n ,. |
|

@ Loss = 9
n L(v, W) := | . » W s — Y5 )
min L(v, W) Z:l (v o(We;) — y;)
@ Run gradient descent e
(541, Wri1) = (Vrp1, Weri1) — u-VL(V-, W)
Theorem
Assume

e Distinct data points (x; # x;)

@ Smooth activations e.g. ¢(z) = log(1 + €7)

o Overparameterization: # training data < 2 X # width (k > 5

o Initialization vy at random i.i.d. N (0,v?) and Wy i.i.d. N (0,1) withv >> 1
Then, with high probability

@ Zero training error: L(v,, W) < (1 —p)” L(vg, Wp)

Possible extension: If rank(X ) = d, # training data < 2 X # parameters™
Prior work [Du et. al., Allen-Zhu et. al., Oymak et. al. ...]

4
11

require very wide networks £ 2




Generalization
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Model and training

@ Data: (1,y1),...,(Xn,Yn) € R x RE
@ T[raining Loss:
v i 4 2
LW) =3 S i IV (Wa;) — y; s . @
O v
Concatenate label and prediction vectors : :
T “ha yn’—’ y
— - —_— — .A:;"a h.; 92—‘-: 1
Y1 V(e ;W) : : SN E
y=|: |, fW)= ; cRK, &7 o
_yn_ _Vf(ill,,l W)_ = — Vi Vi) 1:5'..?:
3 oy 2 dden a
S L(W) Il — Y[, -

@ Algorithm: gradient descent from random initialization

WT~+~1 == WT = I]VE(WT)




Model and training

o Data: (z1,Y1),...,(Tn,yn) € R x R®

@ T[raining Loss:

LW):=L1T0, IV (Wa:) - uill,

Concatenate label and prediction vectors
Y1 'V f(z1; W)
y — . f(W) — e RI? K . ’xd_,
_y”_ _Vf(a:n: W)_ z:
nin  L(W) = = | f(W =
Wlélﬂéll}xd (W) = 5 | f(W)—y |12 :

@ Algorithm: gradient descent from random initialization

W, 11 = W, — nVL(W,)

VLW) =J" (W) (f(W)—1y) with J(W)

W

af (W)

i ovect(W)




Model and training

@ Data: (x1,91).,..., (€0, Yn) € R x RE
@ Iraining Loss: 2
C(W) — % ZII:I ||V() (WZE,) — y,l ;_) : &
Concatenate label and prediction vectors : : ‘ S -
Y1 | (V- f(@; W) | ;‘ M ?—* l
y=|:|.f(W)= ; eR: % D |
| Yn_ Vi@ W), o e ke
i L(W) = 5 |f(W) -yl
min = — — :
W Rk xd 2 Slles
@ Algorithm: gradient descent from random initialization
W, 1 =W, —-nVL(IW,)
T : . df (W)
LW)=TJ"(W W) —; th W)= —— .
VLW) = T (W) (f(W) —y) with J(W) =5

@ Prediction: pass through softmax and pick maximum




Key observation

e 1 T3 At initialization
10-1 remaining ‘ -
30000 are small After training l
10°% | /
@ Dataset: CIFAR10 E
50
Q MOdel RQSNET2O ;z 10 tens of large
- singular values
@ Task: Three-way classification o === = i
(automobile, airplane, bird) .
_— il " :
o n = 10,000 and p = 270,000 10° Al
10~ 10° 10! 0% -] 103

Singular values

Histogram of the singular values of the initial
final Jacobian of neural net during training.




Key observation

| | -
104 | remaining = ‘ .“””“ ‘f"".'m“
30000 are small After training l
103 | /
@ Dataset: CIFAR10 E
50
@ Model: ResNET20 5 1% P P
= singular values
@ Task: Three-way classification {3 R - - -~ i
(automobile, airplane, bird) s
YO NN\ N\ DY | ""; o"
e n = 10,000 and p = 270, 000 10° | Ul —r
10! 10° 10" 10% " 10°

Singular values

Histogram of the singular values of the initial
final Jacobian of neural net during training.

Jacobian has low-rank structure




Information and nuisance spaces

. : . of(W
VL(W) = TT(W) (W) ~y) with JW) = 5L




Information and nuisance spaces

. AP . . of(W
VEW) = I (W) (f(W)~y) with J(W)= 5.

Information and nuisance space of the Jacobian

Jacobian J € R xp
n kK

J =) Nuw! =Udiag(A, X2, ..., ) V7T

s=1

@ Information space: i :span({us}g:l)

o nuisance space: N =span({us}"_, )

cctrum

obian spe

Jac




Theory (random initialization)

. _— ] . « » « . -
Fix output layer to i.i.d. N TS and initialize Wy, i.i.d. N (0,1)




Theory (random initialization)

Fix output layer to i.i.d. and initialize Wy, i.i.d. N(0, 1)

1
\/ LK log(K)

Fix number &« > 0 and I" > 1.
@ SetJ = (IE[j(VVO)jT(WO)])% and T based on cut-off « = VnKk a

4
) Lz%{




Theory (random initialization)

Fix output layer to i.i.d.

\/“_: = and initialize Wy i.i.d. N (0, 1)
K log( KX

Fix number &« > 0 and 1" > 1.

8 Set.d = (IE[j(VVO)jT(WO)])% and I based on cut-off « = VnKa
s =

Then running gradient descent with 1" = {g‘ iterations

[1 [
missclass (f(Wr)) < e b + N (Y) 2k -

Vi~ avn

bias variance




Theory (random initialization)

Fix output layer to i.i.d.

and initialize Wy i.i.d. N(0,1)

1
\/ kLK log(K)

Fix number &« > 0 and 1’ > 1.
@ Set J = (IE[j(W))jT(WO)])% and I based on cut-off « = VnKa

4
™) /\Z%

Then running gradient descent with 1" = (—& iterations

I |Eapd)
missclass (f(Wr)) S e + A\;E_zy) i 5_\/’:’
S ——10 i

bias variance




Theory (random initialization)
Fix output layer to i.i.d.

\/“.} — and initialize Wy i.i.d. N(0,1)
I 10g( A

Fix number @ > 0 and I" > 1.

o Set J = (E[J(Wo)JIT (Wy)])?
o k= %

and I based on cut-off o« = vVnK «

Then running gradient descent with 1" = EI;-; iterations

[1 1
missclass (f(Wp)) <e 1 + N Y) E

_+_ T

vn a /n

W v
bias

variance

@ Structured datasets generalize easier and require smaller networks.




Theory (random initialization)

Fix output layer to i.i.d. \/“,: — and initialize Wy i.i.d. N(0, 1)
AN (034 ¥ o O

Fix number & > 0 and I’ > 1.
o Set J = (E[J(Wo)JT(Wy)])? and T based on cut-off a = vnKa

F~1

Then running gradient descent with 1" = 7% iterations
a(y) T 1
e alace W < e Ty s
missclass (f(Wrp)) S ¢ T = e
W v

bias variance

@ Structured datasets generalize easier and require smaller networks.

@ with constant @, constant iterations and width is sufficient for learning.




Theory (random initialization)
Fix output layer to i.i.d.

\/“,; — and initialize Wy i.i.d. (0, 1)
IS 1Og( A\

Fix number &« > 0 and I’ > 1.

o Set J = (E[J(Wo)JIT (Wp)])?

and T based on cut-off o« = vVnK a

Then running gradient descent with T = grg iterations

1
Y /1
N’

variance

missclass (f(Wr)) S el i H/\\//%y)

w

|| =

_+_

Q

bias

@ Structured datasets generalize easier and require smaller networks.

@ with constant @, constant iterations and width is sufficient for learning.
@ Picking cut-off small (Z = R") and K = 1 improves upon [Arora et. al.]

S R gy -
; gL tJJ* )~y : n* log n
missclass error < with k= —
~ \/ n ~AE (JJT)

min




Theory (deterministic)

1

Fix output layer entries bounded and initialize at a deterministic point W




Theory (deterministic)

Fix output layer entries bounded \//,lK and initialize at a deterministic point Wy

Fix number &« > 0 and 1" > 1.
o Set J J(Wy) and T based on cut-off a« = /nKa

Then running gradient descent with 1" = (_fw iterations

missclass (f(Wp)) < e ' + HN(f(://VI_IO) = ) E}%

\—/_/

bias variance




Theory (deterministic)

Fix output layer entries bounded = and initialize at a deterministic point W

Fix numbera > 0 and 1" > 1.
o Set J = J(Wy) and I based on cut-off a« = VnKa
@ k2 I

Then running gradient descent with T" = (_fw iterations

missclass (f(Wp)) < e ' + HN(f(://V;) —Y) L g%

N —— ——

bias variance

@ Applies to pre-trained models e.g. meta/transfer learning

. - *0
llllllll
- -

e d B

Trained neural
network

Question: What can we say about pretrained networks vs random?




Theory (deterministic)

Fix output layer entries bounded

= and initialize at a deterministic point W

Fix numbera > 0 and I’ > 1.

@ Set J = J(Wy) and L based on cut-off « = v/nKa
o k> L

. (18

Then running gradient descent with 1" = _,4 iterations

missclass (f(Wr)) Se™ ' + L/ (Wo) = 9)

i
Tavm

bias VaAriance




Theory (deterministic)

Fix output layer entries bounded

e and initialize at a deterministic point W

Fix number &« > 0 and 1" > 1.

@ Set J = J(Wy) and L based on cut-off « = v/nKa
o k> Lo

Y (_)x

Then running gradient descent with T’ = _8 iterations

L (f(Wy) — 1

missclass (f(Wr)) < e ' + N (Wo) y) ITT_
(84

bias Variance

@ Applies to any iteration J = J(W.)




Theory (deterministic)

Fix output layer entries bounded

== and initialize at a deterministic point W

Fix number & > 0 and ' > 1.

@ Set J = J(Wy) and L based on cut-off « = v/nKa
o k> L

./ (18

Then running gradient descent with I’ = —= L+ iterations

- _r, Ia(f(Wh) — y) 1
missclass (f(Wr)) < e ! + ' =
NLD v \/—
\—_/
bias variance

e Applies to any iteration J = J(W,)
o A step towards kernel adaptation K, = J(W,.)J! (W)

}C()—>/C1—>}C;g—)...—>

see [Bach and Chizat 2018], [Mei and Montanari|, [Yang], [Soudry et. al. |
and many others




Concrete example: Gaussian Mixture Model (GMM)

i == 10
==t e
“';‘9 -(' ;l’
Data set a GMM with K \S
classes each containing )
(' components per class > e e
. 9 T
with small o*
90 180 360 450
Singular value index {(x-axis marks K<)

With high probability
o Jacobian has K*C' large singular values that grow o< \/n

o Ifk > T"K3C* after T x T'K2C iterations,

| K2C
misclass (f(Wr)) S TN s doeh
n




Concrete example: Gaussian Mixture Model (GMM)

,"/é ; ( .ll'
L
. > "",. \‘l et \ t’ =410
Data set a GMM with K \ 29/ e 0® - \. G-
classes each containing e
(' components per class s ]
= D) g "--\_\ = s
with small o* %) -
| \@ @//.
== 00 180 360 450
Singular value index {x-axis marks K=(C)

With high probability
o Jacobian has K*C' large singular values that grow o< \/n

o Ifk > THK®C* after T x T K2C iterations,

| K2C
misclass (f(Wp)) < T’ A 4 oL
n

[Arora et. al. 2019] k — oo as o0 — 0




Numerical experiments




No label corruption

dim(Z) = 50,

K = 3 classes,

Consider evolution of residual r, =

n = 10, 000

f(Wz) —y

10" | 10! , :l_”;mngz; error
1 - "Test error
w 107} o
& &
= g 107 0.4
":;_! 107% | E z
T: ' E 3. "L. L0
o L R (e !“\j 9 \
J“"‘—— - L ‘H'-’\—;
Cirn o NN trna e e E——
104 | v ol ~— o
0 10%) JiN 300 1) {) 1%} 200 300 100 |‘,\ li"!.; X .:’T"“ ",'m 4” )
Epochs Epochs Epochs
Residual along the information/nuisance spaces of Train and test error
the final Jacobian using (a) train data and (b) test data
Nz(y)l, Oa(y)l,. lJ:;‘l L z(ro)l,, M (7o), J'.-"“ ,
Vis. vie, Y ,,4 Tolle., rolp, role, -
Jinit (.724 0.690 5.44- 107 ().886 0.465 1,10+ 107
Jfinal ().9R7 0.158 3.16-10°° 0976 0.217 3.43.1077

Table 1: Depiction of the alisnment of the initial label /residual with the information/nuisance
space using uncorrupted data and a Multi-class ResNet20 model trained with SGD.




No label corruption with ADAM

K = 3 classes, dim(Z) =50, n = 10,000

Consider evolution of residual . = f(W,) —y
green (total), red (on Z), black (on N)

10" (o lk
40 = 10 I\
E 1 ‘é )’:L\\H‘-
= ) 2 10 2 \\M
% 10 | \a _
= 1M = -3 ~d
U~ A 10 J)
; [ UL s
104 | i Hﬁr‘" M WAL L
3 gl 10 B,
= (0 100 20%) 300 100 ( 100 200 B{LL HX)
Epnchs Epochs
Residual along the information/nuisance spaces of the
(a) initial and (b) final Jacobian using ADAM
(), Na ()] .., i-fﬁyg, | Hr(ra)l,, My (ra)l,, | |J’|
| "l | il v, || "ol | ol "ok,
Jine || 0.702 0.712 |[536-107° || 0814 | 0.582 4.43-107°
Jfinat || 0997 0.078 3.10-1077 | 0991 | 0.136 3.06- 107

Table 2: Depiction of the alignment of the initial label ‘'residual with the information/nuisance
space using uncorrupted data and a Multi-class ResNet20 model trained with Adam




50% label corruption

K = 3 classes, dim(Z) =50, n = 10,000

Consider evolution of residual - = f(W,) — vy

" a p N - ._. W
& 4'} : 'L U ; \ ~ }u'
O \_ A L . c
J.J.du < \u\” Jﬁ. ;l\‘: \_15{': jl‘vl Uh _[1,4_”1._.__l . :
. 10 U ( s
0 il | Y N S0 0 2N O 00 M) n-n NN ll-,l(l ¥ 1) u'u:
F naoiehs -
Epochs Epocis
Residual along the information/nuisance spaces of Train and test error
the final Jacobian using (a) train data and (b) test data
Nz{yl,. (!, | Jy | Mz{ro)l,. Myv(ra)l,. !J'l
, v, vl Ly, \ rolle, ol
Jinie || 0.587 0.810 1.72. 1077 ().643 ().766 1.OR - 107
Jpinat || 0.751 0 660 1.87-107° 0.763 0.646 1.20-1073

Table 3: Depiction of the alignment of the initial label residual with the information ‘nuisance
space using 50% label corrupted data and a Multi-class ResNet20 model trained with SGD.




Test error grows in tandem with energy on nuisance space

”'\ (.'y’f £ o <
e < final

vie,
—&— "Test error

0|

0 20) 10 60 30 100

Label corruption (%)

Fraction of the energy of the label vector
as a function of the amount of label corruption.




50% label corruption

K = 3 classes, dim(Z) =50, n = 10,000

Consider evolution of residual . = f(W,) —y

Ty B " o
)4
\ L} T B et A N o R
l 4 P . " o M Ao fd P
] % - \ M W N LN
\ Y : J

LJ — & = x-A ~
: Lol d g R -5 g | N
s 1073 \ { & J,u'l ~]| | “[ 2 N = .'}
- by ! i/ ’1J “'“«J s = l ¥y
‘.J; 0 ! H ’ L, = \ L
~ = \ Vs
i) \
1 A & '
i fo A At .
J-J"M lf \ | ‘ ' ™ i
]‘_*, AJ [ * OGN Py
) il | 100 N MK () 2N 1K) 00 s V n-n N 100 ¥ )) u'u.
l -l
. .'":;N s l.:' TN

Residual along the information/nuisance spaces of Train and test error
the final Jacobian using (a) train data and (b) test data

Mz{y)l,. M (], ;-’-}yi | Mz(ro)l,. My(ra)l, . !f'l
. $7] P v, ETh ‘ olle, ol Tole,
Jiniz || 0.587 0.810 1.72- 1077 || 0.643 0).766 .98 - 1079
| Jrinat | 0751 | 0660 |187-10° || 0.763 0.646 | 120-107% |

Table 3: Depiction of the alignment of the initial label/ residual with the information /muisance
space usig H0% label corrupted data and a Multi-class ResNet20 model trained with SGD.




Test error grows Iin tandem with energy on nuisance space
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& < final
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—&— "T'est error

0|

0 2 10 60 30 100

Label corruption (%)

Fraction of the energy of the label vector
as a function of the amount of label corruption.
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Early stopping and robustness to label corruption

4 o 1001 W |
\,&:i 80J, |
\\ | 70 |
Q‘&% validation 60 |
Y, 504 |
-‘z,% N ‘

e\:} ~ah 40
\9.3,\.# — * 301 == train accuracy €
" R 20'| test accuracy '
H raming 101 == train acc w.rt. true labels |
0° — v — —
> 0 10 20 30 40 50 60 70 80 90

early stopping Epochs % of label corruption




Experiment |l-Early stopping and robustness

Repeat the same experiment but stop early




Experiment |l-Early stopping and robustness

Repeat the same experiment but stop early

10018
90+
80+
10-
60+
50-
40

30- =0=train accuracy
20- test accuracy
101 %= train acc w.r.t. true labels

0 10 20 30 40 50 60 70 80 90
% of label corruption




Model (without corruption)

clean data: clusterable data

input /label pairs {(z;,y;)}>, € R x RE
L clusters and K classes

Class 1 Class 3




Robustness to corruption

Clean data points {(x;,y;)}"_,, corrupt s := pn to get corrupted data

=1
{9 ) 12y




Robustness to corruption

Clean data points {(x;, y;)}"_,, corrupt s := pn to get corrupted data

{(33/- ..'/i)}:":'l -
Fit

2
€2

| | ] n |
LW) =5 > (W, ;) —y;
=1

via gradient descent




Robustness to corruption

Clean data points {(x;,y;)}",, corrupt s := pn to get corrupted data

{lw 4e) by
Fit

)
€2

| ] n |
LW) =35> [If(W,2:) -l
T =1

via gradient descent

Theorem (Oymak and Soltanolkotabi 2019)

Assume
@ Corruption level p < %

e Overparameterization: #parameters 2> L*




Robustness to corruption

Clean data points {(x;, y;)}"_,, corrupt s := pn to get corrupted data

S
{50 b
Fit

5
€9

¢
—

N =
LW):=5 > |f(W,2i) -y,
=1

via gradient descent

Theorem (Oymak and Soltanolkotabi 2019)

Assume
: 1
o Corruption level p < &
o Overparameterization: #parameters > L*

Starting from random initialization, after T ~ Llog(1/p) iterations, gradient
descent finds a model with perfect accuracy, i.e.

closest label to f(W..,ax;) = true label y;




Key Intuition




Key Intuition

Jacobian is low-rank

InfoZ | Nuisance \/

Jacobian spectrum

¥
8

L large | Remaining

singularvaly  are small




Key Intuition

Jacobian is low-rank

Info 7 |Niuisance Af Prominent eigenvects of Jacobian are diffused
uis . ‘

Jacobian spectrum

large | Remaining

e

S|n U [ a r .V'als a rO S m al l 7 '.C. 20 . .:r | 40 50 10 20 30 : 10 50




Key Intuition

Jacobian i1s low-rank

. : Prominent eigenvects of Jacobian are diffused

Info 7 | Nuisance N _—
E 0.04
3 0
— 03
e
Q
Q) (.02
O 1
(V) 0.0%
c
e,
O
o -0.01
(&
o

o 03

large | Remaining "

singularvaly  gre small N M A W @

Interaction of Jacobian and residual VL(8) = J7(0) (f(60,X) —y)




Key Intuition

Jacobian i1s low-rank

. Prominent eigenvects of Jacobian are diffused

InfoZ | Nuisance \/ . —
E
o 05
—
e
&)
Q
Q- 1
v
o=
b,
O
O
&
L,

—

large | Remaining =

singularvalg  are small "W W % 4 0 10 2 0 4

Interaction of Jacobian and residual V£(8) = 71 (0) (f(6,X) —y)

Residual can be decomposed into two terms

r@):=f0,X)—y= fO.X)—-F + G-y
N—rem— ~—

Residual w.r.t. true labels corruption




Key Intuition

Jacobian i1s low-rank

Prominent

eigenvects of Jacobian are diffused

0

—

Info 7 | Nuisance A/
=
)
P
e
O
5,
o3
v
=
e
o
O
O
(O
large | Remaining

singular vals

are small

Interaction of Jacobian and residual V£(8) = 71 (0) (f(0,X) —y)

Residual can be decomposed into two terms

r(0) = f(6,X) —y =

f(0,X) -y
\— —

Residual w.r.t. true labels

y—vy
N’

corruption

@ Residual w.r.t. true labels falls mostly onto Z and quickly goes to zero




Key Intuition

Jacobian is low-rank

Prominent

eigenvects of Jacobian are diffused

O

InfoZ | Nuisance N/

L o [~
- =

Jacobian spectrum

o

o
o]

r

large | Remaining
singular val

0

‘ \ . il N
. gLl g ) I § s ¥
| 9% | LA ] ! 2] HL U ! |
n ) | »
& A i [ e | )
X ' X 1 ' - o
& o o
o - S
b2 N J

n

are small

Interaction of Jacobian and residual V£(8) = 71 (0) (f(0,X) —y)

Residual can be decomposed into two terms

r(@):=f0,X)-y= f0,X)-y + y-y
\c—_— P

Residual w.r.t. true labels corruption

@ Residual w.r.t. true labels falls mostly onto Z and quickly goes to zero
@ Diffuseness = corruption y — v falls mostly onto N/ and slowly goes to zero




Conclusion

@ Global optimization: With modest overparameterization neural networks can
fit any data

@ Generalization: Neural networks can predict well on test data when the
prominent eigenvectors of the Jacobian are aligned with the labels

@ Early stopping and robustness to label corruption: Neural networks are robust
to sparse label corruption when the Jacobian is low-rank and prominent
eigenvectors are diffused

[Laare mmeular 1. Small singulars
2. Fast learning 2 ?“.I()\‘\’ !I‘.’lllt'.l._L"

3. Hard to
IOral1ze generalize

Jacobian spectrum

Info spac Nuisance space

S
'




Thanks!
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Prominent eigenvects of Jacobian are diffused
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Concrete example: Gaussian Mixture Model (GMM)

Data set a GMM with K .go e ‘o 0. " \ =

classes each containing e ®e T

(' components per class /0® P e

with small o \_ oY 0n I
: [ \ @

Theorem

With high probability
o Jacobian has K*C' large singular values that grow o< \/1
o Ifk > T*K3C* after T «x 'K?C iterations,

[ K2C
misclass (f(Wrp)) S TN e
n
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For valid generalization, the size of the
weights is more important than the size
of the network

1997

Peter L. Bartlett
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The Deep Recurrent Residual Boosting Machine
Joe Flow, DeepFace Labs

Section 1: Introduction

We suggest a new amazing architecture and loss function
that is great for learning. All you have to do to learn is fit
the model on your training data

Section 2: Learning Contribution: our model
The model class h,, is amazing. Our learning method is:

arg min%Zﬁl loss(h,,(x);y) (%)
w

Section 3: Optimization
This is how we solve the optimization problem (*): [...]

Section 4: Experiments
It works!




Different optimization algorithm
=» Different bias in optimum reached
=» Different Inductive bias
=>» Different generalization properties

-

Need to understand optimization alg. not just as reaching
- some (global) optimum, but as reaching a specific optimum
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* Gradient descent on underspecified linear regression min,, || Xw — y||*

> w - arngi_n lwl|,
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* Gradient descent on underspecified linear regression min,, || Xw — y||*

> w - arngin lwl|,

* Natural Gradient/Mirror Descent w.r.t. ¥(w) on min||Xw — y||*
w

= w — arg Xmm ¥Y(w)
w=y
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* Gradient descent on underspecified linear regression min,, || Xw — y||*

> w - arngi_n lwl|,

* Natural Gradient/Mirror Descent w.r.t. ¥(w) on min||Xw — y||*
w

= w — arg min ¥Y(w)

Xw=y
* Gradient descent on seperable logistic regression min,, ».; g(v;{w, x;))

> — > argmin|lw|l, st. y;(w,x;) = 1 (Hard Margin SVM)

Iwll
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* Gradient descent on underspecified linear regression min,, || Xw — y||*

= w - arngin lwl|,

* Natural Gradient/Mirror Descent w.r.t. ¥(w) on min||Xw — y||*
w

= w — arg Xmm Y(w)
w=y

* Gradient descent on seperable logistic regression miny, ».; g(¥;{w, x;))

2 — — argmin||lwl|, s.t. y;{w,x;) = 1 (Hard Margin SVM)

IIWII

* Coordinate descent on min ),; g(y;(w, x;))
w

> 4 m — arg min||w||; s.t. y;{w, x;) = 1 [Telgarsky 2013]
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* Gradient descent on underspecified linear regression min,, || Xw — y||*

> w - argxmin lwl|,

* Natural Gradient/Mirror Descent w.r.t. ¥(w) on min||Xw — y||*
w

= w — arg Xmm ¥Y(w)
w=y

* Gradient descent on seperable logistic regression miny, ».; g(¥;{w, x;))

= — - argmin||w||, s.t. y;(w,x;) = 1 (Hard Margin SVM)

IIWII

* Coordinate descent on min Zi g(yiw, x;))
w

. m — arg min||w||; s.t. y;{w, x;) = 1 [Telgarsky 2013]

* Gradient descent on matrix factorization miny y Ei(<14i» Uv) — }’i)z
= UV - argmin||W||, st. (4;, W) = y;

with init—0 and stepsize—0
(proven in special cases, empirically at least aprox, conjectured in general)
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* Matrix completion (also: reconstruction from linear measurements)
« W = UV is over-parametrization of all matrices W € R"*™

« GDon U,V = implicitly minimize ||W/|].
[Gunasekar Woodworth Bhojanapalli Neyshabur S 2017][Li Ma Zhang 2018]
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* Gradient descent on underspecified linear regression min,, || Xw — y||*

> w - arngi_n lwl|,

* Natural Gradient/Mirror Descent w.r.t. ¥(w) on min||Xw — y||*
w
= w — arg min ¥Y(w)
Xw=y
* Gradient descent on seperable logistic regression miny, »;; g(¥;{w, x;))

> — > argmin||wl, st. y;(w,x;) > 1 (Hard Margin SVM)

Iwl|

* Coordinate descent on min Zi g(vilw, x;))
w

=% ﬁ — arg min||w||; s.t. y;{w, x;) = 1 [Telgarsky 2013]

* Gradient descent on matrix factorization miny y Zi((Ai, UV)— )’1)2
= UV - argmin||W||, s.t. (4;, W) =y;

with init—0 and stepsize—0
(proven in special cases, empirically at least aprox, conjectured in general)
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* Matrix completion (also: reconstruction from linear measurements)
« W = UV is over-parametrization of all matrices W € R"**™

« GDon U,V = implicitly minimize ||W]|].
[Gunasekar Woodworth Bhojanapalli Neyshabur S 2017][Li Ma Zhang 2018]
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* Matrix completion (also: reconstruction from linear measurements)
« W = UV is over-parametrization of all matrices W € R"**™

« GDon U,V = implicitly minimize ||W]|].
[Gunasekar Woodworth Bhojanapalli Neyshabur S 2017][Li Ma Zhang 2018]

* Linear Convolutional Network:
* Complex over-parametrization of linear predictors [
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* Matrix completion (also: reconstruction from linear measurements)
« W = UV is over-parametrization of all matrices W € R"**™

« GDon U,V = implicitly minimize ||W]|].
[Gunasekar Woodworth Bhojanapalli Neyshabur S 2017][Li Ma Zhang 2018]

* Linear Convolutional Network:
* Complex over-parametrization of linear predictors

* GD on weight = implicitly minimize |[DFT()||,, forp =
(sparsity in frequency domain)

2
depth’

|Gunasekar Lee Soudry S 2018]
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* Matrix completion (also: reconstruction from linear measurements)
« W = UV is over-parametrization of all matrices W € R™*™

« GDon U,V = implicitly minimize ||W]|].
[Gunasekar Woodworth Bhojanapalli Neyshabur S 2017][Li Ma Zhang 2018]

* Linear Convolutional Network:
* Complex over-parametrization of linear predictors 5

* GD on weight = implicitly minimize |[DFT(B)||,, for p =
(sparsity in frequency domain)

2
depth’

|Gunasekar Lee Soudry S 2018]

e |Infinite Width ReLU Net with 1-d input:
* Parametrization of essentially all functions f: R = R
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Fffect of Parametrization

* Matrix completion (also: reconstruction from linear measurements)
« W = UV is over-parametrization of all matrices W € R™*™

« GDon U,V = implicitly minimize ||W]|].
[Gunasekar Woodworth Bhojanapalli Neyshabur S 2017][Li Ma Zhang 2018]

* Linear Convolutional Network:
* Complex over-parametrization of linear predictors

* GD on weight = implicitly minimize |[DFT(B)||,, forp =
(sparsity in frequency domain)

2
depth’

|Gunasekar Lee Soudry S 2018]

* |Infinite Width ReLU Net with 1-d input:
* Parametrization of essentially all functions f: R — R
* Weight decay = implicitly minimize
max( [ |f"’|ldx ,|f' (=) + f'(+)|)
[Savarese Evron Soudry S 2019]
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Optimization Geometry and hence Inductive Bias effected by:
 Geometry of local search in parameter space

* Choice of parameterization
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Optimization Geometry and hence Inductive Bias effected by:
 Geometry of local search in parameter space

* Choice of parameterization
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Optimization Geometry and hence Inductive Bias effected by:
 Geometry of local search in parameter space

* Choice of parameterization




Model: F(w) = h,, Model Class: 7{ = range(F)

f(w,x) = h,,(x) = prediction on x with params (“weights”) w

Loss: Le(w) = izi 2(f(w, x;),y;:)




Model: F(w) = h,, Model Class: 7{ = range(F)

f(w,x) = h,,(x) = prediction on x with params (“weights”) w

Loss: Le(w) = izi 2(f(w, x;),¥;:)

D-homogenous: F(cw) = cPF(w), i.e. f(ew,x) = cP f(w, x)




Model: F(w) = h,, Model Class: 7{ = range(F)

f(w,x) = h,,(x) = prediction on x with params (“weights”) w
1
Loss: L¢(w) = EZ" 2(f(w,x;),y;)

D-homogenous: F(cw) = cPF(w), i.e. f(ew,x) = cP f(w, x)

* 1-homogenous: standard linear F(w) = w, f(w,x) = (w, x)

RP




Model: F(w) = h,, Model Class: 7{ = range(F)

f(w,x) = h,,(x) = prediction on x with params (“weights”) w

Loss: Ls(w) = = X 6(f (W, %), 1)
D-homogenous: F(cw) = cPF(w), i.e. f(cw,x) = c®? f(w, x)

* 1-homogenous: standard linear F(w) = w, f(w,x) = (w, x)
* 2-homogenous:

* Matrix factorization F(U,V) = UV

* 2-lLayer RelU: f(W,x) = )., w, [(wy 5, %)
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Model: F(w) = h,, Model Class: 7{ = range(F)

f(w,x) = h,,(x) = prediction on x with params (“weights”) w

Loss: Ls(w) = — % 6(f W, %), %)
D-homogenous: F(cw) = cPF(w), i.e. f(ew,x) = cP f(w, x)

* 1-homogenous: standard linear F(w) = w, f(w,x) = (w, x)
* 2-homogenous:

* Matrix factorization F(U,V) = UV

» 2-layer RelU: f(W,x) = X, w, j[(wy ;,

* D-homogenous: y { vyl /

* D layer linear network -
* D layer linear conv net \
* D layer RelLU net \

x)
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Consider gradient descent w.r.t. logistic loss L (w) = };; g(yif(w, xi))

(or other loss exp-tail loss) on a D-homogenous model f(w, x):

Theorem [Nacson Gunasekar Lee S Soudry 2019][Lyu Li 2019]:
If L.(w) — 0, with stepsize—=20 (or finite but ensures convergence in direction):

w_, X first order stationary point of

argmin||w||, s.t.V,y;f(w,x;) = 1




Consider gradient descent w.r.t. logistic loss L (w) = };; g(yif(w, xi))

(or other loss exp-tail loss) on a D-homogenous model f(w, x):

Theorem [Nacson Gunasekar Lee S Soudry 2019][Lyu Li 2019]:
If L.(w) — 0, with stepsize—=20 (or finite but ensures convergence in direction):

w_, X first order stationary point of

argmin||lw||, s.t.V,y;f(w,x;) = 1

Suggests implicit bias defined by R;(/1) = arg min |jw||, and

o .
W
v £ . 5 - - .
/ F(w_,) « first order stationary point of
I O £ ~
dal £ 11 o !2‘ §. 1 W,‘j\t ) }‘

But need to be careful: f.o.s.p of (*) does not imply f.0.s.p of (**)
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* Maybe yes? Implicit bias given by R(h) = argp(mi)nhllwllz?
W)=

* Matrix factorization, R(8)? « || 8]l
* Linear conv nets, diagonal nets with exp loss R(8) « |||z,

* Generic result for homogenous
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* Maybe yes? Implicit bias given by R(h) = argF(mi)nhllwllz?
W)=

* Matrix factorization, R(8)* <« ||B|l¢
* Linear conv nets, diagonal nets with exp loss R(f) « ||ﬁ||z/D

* Generic result for homogenous

* But..
* Do those conditions actually hold?
* Transition from f.o.s.p in w to f.o0.s.p/local opt of R(h)

* [Arora Cohen Hu Luo 2019]: with squared loss, implicit reg of diagonal
nets « ||B||; for any depth D > 2 |
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Consider gradient descent w.r.t. logistic loss L (w) = };; g(yif(w, xi))
(or other loss exp-tail loss) on a D-homogenous model f(w, x):

.,

Theorem [Nacson Gunasekar Lee S Soudry 2019][Lyu Li 2019]:
If L.(w) — 0, with stepsize—=2>0 (or finite but ensures convergence in direction):

w_, & first order stationary point of

argmin||\w||, s.t.V,y;f(w, x;) =

Suggests implicit bias defined by R.(/1) = arg min ||lw||, and
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* Maybe yes? Implicit bias given by R(h) = argp(mi)nhllwllz?
W)=

* Matrix factorization, R(8)? o ||B|¢
* Linear conv nets, diagonal nets with exp loss R(f3) « ||ﬁ||2/D

* Generic result for homogenous

* But..
* Do those conditions actually hold?
* Transition from f.o0.s.p in w to f.o0.s.p/local opt of R(h)

[Arora Cohen Hu Luo 2019]: with squared loss, implicit reg of diagonal
nets « ||B||; for any depth D > 2 |
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s it all JUST d KeIlmnel:

In kernel regime, training behaves according to 1% order approximation about w(®):
fw,x) = h 0)(x) + (W, Po(x))

where: ¢,, = V,,f(w, x) corresponding to

Kw(x,x") = (Vy f (W, x), Vi f (W, x'))
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s it all just a Kernel?
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In kernel regime, training behaves according to 1%t order approximation about w0
fw,x) ~ h (o) (x) + (W, Ppo(x))

where: ¢,, = V,,f(w, x) corresponding to

Kw(x,x") = (Vy f (W, x), Vi f (W, x'))

This suggests GD converges to:

* For squared loss: argmin||h Hh s.t.h(x;) = y;

(we will focus on “unbiased initialization”: )

* For logistic (or exp) loss: < arg min| k||, s.t.y;h(x;) = 1
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* For D-homogenous model, consider gradient flow with:

w, = —VLs(w) and w,(0) = aw, with unbiased F(w,) = 0




In kernel regime, training behaves according to 1%t order approximation about w0
flw,x) = h (o) (x) + (W, po(x))

where: ¢, =V, f(w, x) corresponding to

Kw(x,x") = (Vy f (W, x), Vi f (W, x'))

This suggests GD converges to:

* Forsquared loss: arg mith Hk s.t. h(x;) = y;

(we will focus on “unbiased initialization”: )

* For logistic (or exp) loss: < arg min| k||, s.t.y;h(x;) = 1
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* For D-homogenous model, consider gradient flow with:
w, = —VLs(w) and w,(0) = aw, with unbiased F(w,) = 0
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In kernel regime, training behaves according to 1%t order approximation about w0
flw,x) = hw‘:m (x) + (W, o (x))

where: ¢, =V, f(w, x) corresponding to

Kol x) = (Vo (,.2), Vs (W, X))

This suggests GD converges to:

* For squared loss: argminl||h | s.t.h(x)=y;

(we will focus on “unbiased initialization”: )

* For logistic (or exp) loss: < arg min| k|| s.t.y;h(x;) = 1
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* For D-homogenous model, consider gradient flow with:

w, = —VLs(w) and w,(0) = aw, with unbiased F(w,) = 0
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* For D-homogenous model, consider gradient flow with:
w, = —VLs(w) and w,(0) = aw, with unbiased F(w,) = 0
We are interested in w,(o0) = tlim w,(t) and h,(o0) = F(wa(oo))
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Kernel Regime and Scale of Init
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* For D-homogenous model, consider gradient flow with:
w, = —VLs(w) and w,(0) = aw, with unbiased F(w,) = 0

We are interested in w, (o) = tlim W (t) and h () = F(w, (o))

* When will this behave like the kernel gradient flow:
Wg = —VLs(x = (W, ¢o(x))) and w(0) = wy

where ¢,(x) = Vf(wy, x) with associated kernel K|,




Regime and Scale of In

* For D-homogenous model, consider gradient flow with:
w, = —VLs(w) and w,(0) = aw, with unbiased F(w,) = 0
We are interested in w, (o) = tlim w,(t) and h,(o0) = F(wa(oo))

* When will this behave like the kernel gradient flow:
Wi = —VLs(x = (w,¢o(x))) and w(0) = wy
where ¢,(x) = Vf(wy, x) with associated kernel K|,

* For squared loss, under some conditions [Chizat and Bach 18]:

lim sup ” W, (aDl - ) — WK(t)H = ()

a—C0
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* For D-homogenous model, consider gradient flow with:
w, = —VLs(w) and w,(0) = aw, with unbiased F(w,) = 0
We are interested in w, (o) = tlim w,(t) and h,(o0) = F(wa(oo))

* When will this behave like the kernel gradient flow:
Wi = —VLg(x = (W, ¢o(x))) and w(0) = wy
where ¢,(x) = Vf(wy, x) with associated kernel K|,

* For squared loss, under some conditions [Chizat and Bach 18]:

lim sup “ W, (aDl - ) — WK(t)H = ()

a—Co

D —ho(®) > hy, = argmin||hllg, s.t.h(x;) = y;
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Kerneil
* For D-homogenous model, consider gradient flow with:
w, = —VLs(w) and w,(0) = aw, with unbiased F(w,) = 0
We are interested in w,(o0) = tlim w,(t) and h,(o0) = F(wa(oo))

* When will this behave like the kernel gradient flow:
Wg = —VLs(x = (W, ¢o(x))) and w(0) = wy

where ¢,(x) = Vf(wy, x) with associated kernel K|,

* For squared loss, under some conditions [Chizat and Bach 18]:

lim sup ” W, (aDl - ) — WK(t)H = ()

a— 00

D —hy () - hy, = argmin]|hllg, s.t-h(x) = y;

* But: when a — 0, we got interesting, non-RKHS inductive bias (e.g. nuclear norm,
sparsity)
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Consider linear regression with squared parametrization:

f(w,x) =), j(w 12 —we ljflz)xi i.e. F(w)=p=w?—w?
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Consider linear regression with squared parametrization:
f(w,x) =), j(w 1% —w ljflz)xi i.e. F(w)=p=w?2—w?

And unbiased initialization w, (0) = a1 (so that 8,(0) = F(w,(0)) = 0).
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Consider linear regression with squared parametrization:
T x) = ), j(\/v+ [j12 —w_| j]z)xl- i.e. F(w)=p=w?—w?

And unbiased initialization w, (0) = a1 (so that £,(0) = F(w,(0)) = 0).
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What’s the implicit bias of grad flow w.r.t square loss L¢(w) = || XF(w) — y||5?
Ly(0) = llm F(w,(t))
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Consider linear regression with squared parametrization:
f(w,x) = Zj(mq [j]4 — w_ lj]z)xi i.e. F(w)=p=w?—w?

And unbiased initialization w, (0) = a1 (so that 5,(0) = F(w,(0)) = 0).

What’s the implicit bias of grad flow w.r.t square loss L¢(w) = || XF(w) — y||5?
B,(c0) = llm F(w,(t))

In Kernel Regime a — o: K, (x, x’) = 4(x,x") and so

B, () > B, = arg min 18112
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Consider linear regression with squared parametrization:
T x) = Zj(mq [j]2 — w_ lj'lz)xi i.e. F(w)=p=w?—w?

And unbiased initialization w, (0) = a1 (so that 5,(0) = F(w,(0)) = 0).

What’s the implicit bias of grad flow w.r.t square loss Ls(w) = || XF(w) — y||5?
B,(0) = llm F(w,(t))

In Kernel Regime a — oo: K, (x, x") = 4(x,x") and so

5., (c0) — = arg min
fa(22) > iz = arg min 151l

In Deep Regime a — 0: special case of MF with commutative measurements

Ba(o0) = By1 = arg min |18l
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Consider linear regression with squared parametrization:
flwx)= ) j(w L2 —wo[j1)x; ie. F(w) =B =w?2 — w?

And unbiased initialization w, (0) = a1 (so that 5,(0) = F(w,(0)) = 0).
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What’s the implicit bias of grad flow w.r.t square loss L¢(w) = || XF(w) — y||5?
B, (o llm F(w,(t))

In Kernel Regime a — oo: Ko(x x') = 4(x,x") and so

Ba(0) = Bz = arg min 1Bl

In Deep Regime a — 0: special case of MF with commutative measurements

() = Bu1 = arg min [1Blly

For any a: f,(c0) = arg )p[}l_n Q.(B)

where Q,(8) =2, q (%) and g(b) = 2 — V4 — b2 + bsinh™? (g)
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Interpolating between Kerne

and D Jeep
Ba() = arg min Qx(f)

where Q,(B) = 2 q (%) and q(b) = 2 — V4 — b2 + bsinh™? (2)

q(z)

-20 =15 -10 10 15 20
4

Induced dynamics: ﬁa

= — /B2 +4a* O VL.(5,)
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yi = (B",x;) + N(0,0.01)
d=1000, ||B*llo =5  m =100

- g c
o o S
w = c
S - N
= n Vi
s w W
3 o o
o} >
& & "
0.003 0.009 0.024 0.067 0.184 0.508 0.0153 0.0357 0.0834 0.1947 0.4549

a a
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y; = (%, x;)+ N(0,0.01)
d = 1000, 1B*lo = k

How small does a need to be to get L(ﬂa(OO)) < 0.025

1071 4

1072 5
1073 4
1079 4

107> 4

107° 5

100 200 300 400 500
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ationship to Explicit Reg

s initializing to w(0) = a1 the same as regularizing distance to a1?

pE = F (arg  min I — a13) = arg min R,(5)

Where R, () = anvgllﬁuw — allls
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s initializing to w(0) = a1 the same as regularizing distance to a1?

pE = F (arg  min I — a13) = arg min R, (8)

Where R, () = F&%QBHW — allls

R.(B) = 2; r( ) where r(b) is solution of quartic equation:
t—6r3 4+ (12 —2b2)r? — (8 + 10b%)r + b% + b* = 0

— r(2)
— q(2)

-20 -10 0 10 20
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in Matrix Completion
fF(W.),G0))=(UvT),

Tangent kernel: Ky v ((i, /), (i',j")) = ;- <V] V]r> + 0;=j/(U;, Uyr)

For orthogonal initialization: K, ((i, ), (i’,j")) Oi,j)=(i",j")
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Change on unobserved entries
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* Back to general D-homogenous model

* For squared loss, under some conditions [Chizat and Bach 18]:

lim sup ”éwa (aDl_l t) — wK(t)H = ()

a—00 t

=3 -Z;ha(oo) — hy = argmin||h||x s.t. h(x;) = y;




Different optimization algorithm
=» Different bias in optimum reached
=» Different Inductive bias
=» Different generalization properties

-

Need to understand optimization alg. not just as reaching
' some (global) optimum, but as reaching a specific optimum




