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Abstract 
This paper introduces the bit vector intersection 
problem: given a large collection of sparse bit vectors, 
find all the pairs with at  least t ones in common for 
a given input parameter t. The assumption is that 
the number of ones common to any two vectors is 
significantly less than t ,  except for an unknown set of 
O(n)  pairs. This problem has important applications 
in DNA physical mapping, clustering, and searching 
for approximate dictionary matches. 

We present two randomized algorithins that solve 
this problem with high probability and in sub- 
quadratic expected time. One of these algorithms 
is based on a recursive tree-searching procedure, and 
the other on hashing. We analyze the tree scheme 
in terms of branching processes, while our analysis 
of the hashing scheme is based on M,arkov chains. 
Since both algorithms have similar asymptotic per- 
formance, we also examine experimentally their rel- 
ative merits in practical situations. We conclude by 
showing that a fundamental problem arising in the 
Human Genome Project is captured by the bit vector 
intersection problem described above and hence can 
be solved by our algorithms. 

1 Introduction 
In the bit vector intersection problem, one is given a 
collection of n sparse k-dimensional bit, vectors, and 
the goal is to find all the pairs with at least t ones in 
common. The model we study is a generalization of 
the following simple situation. 

0 Each position in a vector is 1 with probability 
I P; 
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0 Except for an unknown set of Cn pairs of vectors, 
the number of ones common to any two vectors 
is at most kP2; 

0 t = kPS,  where 1 5 s < 2; thus t is significantly 
greater than the expected number of common 
ones in a typical pair of vectors. 

The exceptional pairs in the second property are 
called overlapping pairs. 

This problem has important applications in DNA 
physical mapping, clustering, and searching for ap- 
proximate dictionary matches. 

The original motivation for our problem came from 
computational biology. In the process of DNA physi- 
cal mapping, a chromosome is decomposed into many 
overlapping pieces called clones. Each clone is fin- 
gerprinted experimentally, and it is desired to recon- 
struct the relationship of the clones on the intact 
chromosome using these fingerprints. A key step in 
this reconstruction process is to identify pairs of frag- 
ments with a high degree of overlap, as evidenced by 
the similarity of their fingerprints. Current mapping 
projects with roughly 10,000 clones spend an inor- 
dinate amount of time finding overlapping pairs of 
clones [lo]. Larger projects [ll] will involve on the 
order of lo5 or lo6 clones. Hence, it is important 
to improve upon the obvious quadratic algorithm in 
which all pairs of clones are compared. In Section 5 
we present abstractions of the two variants of this 
problem which occur most frequently in biological sit- 
uations, and show that both conform to the assump- 
tions of our model and hence can be solved by our 
algorithms with the stated time complexity. 

The problem of finding highly-intersecting pairs of 
bit vectors is related to the nearest-neighbor, range- 
searching, and partial-match problems that have been 
intensively studied in the past (cf. [2, 16, 6, 15, 4, 7, 
1, 14, 3, 51). Of the above problems, the closest to 
ours is the problem of finding the nearest Hamming- 
distance neighbors to a given vector (cf. [13, 8, 51). 
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Interestingly, a simple encoding reduces the problem 
of finding the nearest Hamming-distance neighbors to 
the problem of finding highly intersecting bit vectors. 
The opposite does not hold. 

The two most common approaches to the problem 
of finding the closest Hamming-distance neighbors are 
based on tree-like data structures such as tries, and 
hashing schemes based on error correcting codes [13, 
51. None of these methods can be directly applied to 
the problem of finding highly intersecting pairs. 

We present two randomized algorithms for solv- 
ing the bit vector intersection problem, one based on 
a recursive tree-searching procedure, and the other 
on hashing. Both procedures are shown to have a 
running time of O(ns+L), where L is a small positive 
value. In the tree-based procedure, under commonly 
occurring conditions, L approaches zero asymptoti- 
cally (see Section 3.1), while in the hashing procedure 
L is bounded from below by a small constant. 

Our algorithms are substantially different from cur- 
rent methods for solving the above-mentioned related 
problems in that they generate multiple representa- 
tions for each item; current tree-based methods par- 
tition the input space so that each item lies in exactly 
one leaf, and current hashing methods place each item 
in exactly one bin.' Our algorithms rely on a mea- 
sured duplication of item representations. The anal- 
yses we present, based on branching processes for the 
tree approach, and based on Markov chain analysis 
for the hashing procedure, are also novel. 

The basic operation of our algorithms can be stated 
very simply. At each non-leaf node, the tree algo- 
rithm randomly selects a fixed number of coordinates 
and then, for each selected coordinate in turn, it re- 
cursively analyses all the bit vectors that test pos- 
itive for that coordinate. The branching factor is 
thus the number of coordinates selected, and mul- 
tiple representation results when a vector has more 
than one of the selected coordinates, and is thus pro- 
cessed along more than one of the branches. The 
algorithm terminates when a fixed depth is reached. 
We show that each time this algorithm is run, each 
pair of overlapping vectors will occur together at a 
leaf node with a probability that is independent of 
n, while the probability that a nonoverlapping pair 
occurs together tends to 0. The above two facts ad- 
mit a subquadratic randomized algorithm that with 
multiple repetitions identifies all highly overlapping 
pairs with high probability. 

The hashing-based method is very different, but is 
also based on multiple representations of the bit vec- 

[5] raises the question of multiple hashing schemes, based 
on error correcting codes, in the context of Hamming-distance 
nearest neighbors. 

tors. Loosely stated, an arbitrary ordering is imposed 
on the coordinates and hash keys are generated for 
each vector from all Z-tuples of consecutive positive 
features. We show that each time the algorithm is 
run, each pair of highly overlapping vectors will tend 
to be mapped into identical buckets, while the prob- 
ability that a nonoverlapping pair is found together 
is significantly smaller. These facts result again in 
a subquadratic randomized algorithm that with mul- 
tiple repetitions identifies all overlapping pairs with 
high probability. 

Since both algorithms have similar asymptotic per- 
formance, in Section 6, we examine experimentally 
their relative merits in practical situations. 

Due to lack of space, proofs are omitted or only 
sketched. 

2 The Idealized Bit Vector In- 
tersection Problem 

In the bit vector intersection problem, we are given 
a set of n binary vectors, w l , .  . . ,un, of size k each. 
Let n, denote the number of ones in vector w,, and 
let n,,3 denote the number of ones that vectors U, and 
w3 have in common, i.e. E, w , , ~ w ~ , ,  = n,,3. The goal 
is to find all pairs of vectors ut, w j  for which n,j 2 t ,  
for a given parameter t. 

The problem is called the idealized bit vector in- 
tersection problem if the following requirements are 
satisfied. For a given parameter 0 5 p 5 1 and given 
constant parameters P, s ,  C, d ,  where d is sufficiently 
large, we have: 

1. k 2 d log,,, n; 

2. Vi ,  n, 5 (1 + p ) k P ;  

3. there are at most Cn pairs i ,  j such that na3 > 

4. 

The exceptional pairs in the third property are 
called overlapping pairs. 

The first property is not very restrictive since we 
can always assume that all vectors are distinct (since 
duplicates can be eliminated very efficiently); and for 
distinct vectors, k is at least logn. The intuition 
behind the second property is that the given vectors 
are sparse. The intuition behind the third property is 
that for most pairs of vectors, values of corresponding 
entries are independent. Moreover, the second, third 
and fourth properties together make the pairs of vec- 
tors one is looking for, i.e. pairs with at least t ones 
in common, distinguishable from the other pairs. 

(1 + p)Pna; 

= Ps,  where 1 5 s < 2 - 10g,/~(2(1+ P ) ~ ) .  
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2.1 A Relaxed Variant 

The Data tree algorithm requires even weaker as- 
sumptions than those of the idealized nearest pairs 
problem. Specifically, it only requires that for a given 
0 5 p 5 1 and given constant parameters P, B,  s, we 
have: 

1. = Ps, where 1 5 s < 2 - 1 0 g ~ ~ ~ ( l l  + P ) ~ ;  

As shown in the full paper, these properties are 
always satisfied by the idealized nearest pairs problem 
(with the same p, P and s). 

2.2 The Asymptotic Bit Vector Inter- 
section Problem 

For the application to biology considered in Section 5, 
it is natural to consider a family of instances in 
which P and s are fixed, n tends to infinity, and 
,u = 0(1/logn). We call this setting the Asymp- 
totic Bit Vector Intersection Problem. In this setting, 
the fourth property of the idealized problem requir- 
ing that 1 5 s < 2 -log,/, 2(1 + P ) ~ )  can be replaced 
by the requirement that 1 5 s < 2 - log, 2. Analo- 
gously, the first property of the relaxed variant can be 
replaced by the requirement that 1 5 s < 2; and the 
second property is replaced by (2-) r l O g l / P  n1 < - 
B. 

3 Data Tree Algorithm 
The data tree algorithm solves the idealized bit vector 
intersection problem by iterating the following one- 
shot data tree algorithm. 
First Step The algorithm constructs a rooted tree 
of depth [log,/, n1, in which each internal node has 
[(1+ & ) k / t ]  children. Each edge independently is 
labeled with an integer drawn from the uniform distri- 
bution over {1,2,. . . , k}, representing one of the co- 
ordinates of the k-dimensional vectors VI, 212, . . . , U,. 

A vector vi from the set (211, v2, . . . , U,} is said to oc- 
cur at a given node if U, has a 1 in every coordinate 
which occurs as a label on an edge of the path from 
the root to that node. In particular, every vector U, 
occurs at the root. 
Second Step For each of the leaves, the algorithm 
compares all pairs of vectors occurring a.t the leaf. It 
finds among them all pairs vz,vj  with n,,j 2 t ,  and 
outputs them. 

The data tree algorithm The data tree algorithm 
iterates the above one-shot algorithm, and outputs 
the set of all pairs that were output by the one-shot 
algorithm in any of the iterations. The number of 
iterations is determined by the desired upper bound 
on the probability of error, i.e. of not detecting some 
pairs vi ,vj  for which n i j  2 t. The probability of 
error will decrease exponentially with the number of 
iterations. 

3.1 Analysis 
This section analyses the correctness of the data tree 
algorithm (i.e. the probability of detecting all pairs 
vi, v j  for which ni,j 2 t ) ,  and the amount of work 
it performs (i .e.  the expected number of compar- 
isons and tests). Lemma 3.1 shows that for each 
pair of vectors v i ,v j  for which n i j  2 t ,  the proba- 
bility that the pair will be detected by the one-shot 
algorithm is R(l/logn). To analyze the amount of 
work we distinguish between a comparison of a pair 
of vectors, as done in the second step of the one-shot 
algorithm, and a primitive test that finds whether 
v i j  = 1, as done in the first step of the one-shot algo- 
rithm. Lemma 3.2 shows that the expected number 
of comparisons performed by the one-shot algorithm 
is O(ns+10g1/P(i+p)2) and is O(ns) in the asymptotic 
problem (since by definition of the asymptotic prob- 
lem p = 0(1/logn)). Notice that by definition of 
s, the exponent in ns+'0g1/P(1+p)2 is less than two. 
Lemma 3.3 shows that the expected number of prim- 
itive tests performed by the one-shot algorithm is 
O(ns+10g1/p(1+p)2 logn), which is O(ns logn) in the 
asymptotic problem. The performance of the bit vec- 
tor intersection algorithm is summarized by Theo- 
rem 3.4. 

Lemma 3.1 For each pair of vectors q,r for which 
np,,. 2 t ,  the probability that pair ( q , r )  is output by  
the one-shot data tree algorithm is R(1/ logn). 

Sketch of Proof: Within the tree generated by 
the one-shot algorithm, consider the subtree consist- 
ing of all those nodes at which both q and r occur. 
This subtree may be viewed as being generated by a 
branching process in which the number of offspring 
of a parent is the number of heads in [(l + &)k/ t ]  
tosses of a coin with probability of heads t / k .  Since 
the expected number of heads is 2 1 + &, the 
branching process is supercritical, and hence there 
is some positive probability of nonextinction in such 
a process. 

Let X denote this positive probability of sur- 
vival. Then X is the solution of the equation: X = 
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00 p a x a ,  where pa is the probability that the num- 
ber of children of a parent is a. Let X = 1 + G. 
Then p a  M and hence X must approximate 
the solution of the equation: X = e - X s X a  . 
Straightforward algebraic manipulations yield that 

1 

X = Q(l/logn). 

Lemma 3.2 The expected number of pairs compared 
in the second stage of the one-shot data tree algorithm 
is at most O(n3+'0g1/P(1+p)2), which is O(ns)  in the 
asymptotic bit vector intersection problem. 

Lemma 3.3 The expected number of primitive tests 
performed in the first stage of the one-shot data 
tree algorithm is O(ns+10g1/p(1+p)2  log n), whach is  
O(n3 log n) in the asymptotzc bit vector intersection 
problem. 

Lemmas 3.1, 3.2, and 3.3 immediately imply: 

Theorem 3.4 For every r > 0 ,  iterating the one- 
shot data tree algorithm 2.5 ln(n2/r) log n times and 
outputting the set of all pairs output in these it- 
erations, gives a bi t  vector intersection algorithm 
whose probability of error is 5 r ,  and which per- 
forms o ( n s + 1 0 g ~ / p ( l + ~ ) 2  log2 n log(l/T)) comparisons 
and O(nsf10g1/p(i+p)2 log3 n log( 1 / ~ ) )  primitive tests. 

I n  the asymptotic problem, the resulting algorithm 
performs O(nS log2 n log(I/T)) comparisons and 
o(nS log3 n log(l/T)) primitive tests. 

4 Hashing-Based Algorithm 
Denote [logl,pnl by 1. Define a lexicographic 1- 
tuple as a strictly increasing sequence of 1 integers 
from the set { 1 , 2 , .  . , k } .  The lexicographic 1-tuple 
i l l  i 2 , .  . . , il is said to be a consecutive 1-tuple of the bit 
vector v if v contains ones in coordinates il, i 2 ,  . . . , il, 
and zeros in all the other coordinates in the interval 
[il..il]. A lexicographic 1-tuple that is consecutive for 
both v, and v3 is called a matchang consecutive 1-tuple 
for v, and v3. 

Choose an integer b such that bnPs+l 5 1. A con- 
secutive 1-tuple whose first coordinate is not greater 
than b is defined as elzgzble consecutive I-tuple. 

The hashing-based algorithm solves the idealized 
bit vector intersection problem by iterating a one- 
shot hashing-based algorithm. The one-shot algo- 
rithm uses a hash table and proceeds in three steps 
as follows. 
First step The one-shot algorithm first erases all 
current values appearing in the hash table. Then it 
computes a random permutation (T on 1,. . . , I C ,  and, 
for each vector U,, reorders U ,  according to  (T (i.e. it 

computes a new v,, say U:, such that for each a, := 
U,,,(,)). In the following we refer to the resulting 
vector (v: of above) by vz .  
Second step For each vector U,, and for each eli- 
gible consecutive 1-tuple belonging to  U,, the index i 
is placed in a hash address determined by the 1-tuple. 
In the following, whenever we say that integers i , j  
appear in the same cell of the hash table, we refer to 
those v,,vj that are placed in that cell because of a 
matching eligible consecutive 1-tuple for the two vec- 
tors. We assume that the hash table is sufficiently 
large so that the number of collisions resulting from 
distinct eligible consecutive l-tuples hashing to the 
same cell is dominated by the number of collisions 
resulting from matching eligible consecutive 1-tuples. 
This means that the size of the hash table is propor- 
tional to the number of hashes done by the one-shot 
algorithm. 
Third step The one-shot algorithm compares each 
pair of vectors U,, v3 whose indices appear in the same 
entry of the hash table (i.e. all pairs of vectors which 
have some matching eligible consecutive 1-tuple), and 
outputs from among those pairs all those for which 
n,,? 2 t. The one-shot algorithm keeps track of com- 
pared pairs so that each pair is compared by it at  
most one time. (A pair may be re-compared in other 
iterations of the one-shot algorithm.) 

The hashing based algorithm The hashing- 
based algorithm iterates the one-shot algorithm, and 
outputs the set of all pairs that were output by the 
one-shot algorithm in any of the iterations. The prob- 
ability of error will decrease exponentially with the 
number of iterations. 

4.1 Analysis 

This section analyses the correctness of the hashing- 
based algorithm, 2. e. the probability of detecting all 
pairs U,, v3 for which n,,3 2 t ,  and the amount of work 
the algorithm performs, i.e. the expected number of 
hashes and comparisons it does. Recall the defini- 
tion of nonoverlapping pairs from section 2. We first 
bound from below the probability that two vectors 
with n,,3 2 t will have a matching eligible consecu- 
tive 1-tuple, and bound from above the probability 
that two nonoverlapping vectors will have such an 
1-tuple (Section 4.1.1). Values for 1 and for the num- 
ber of iterations of the one-shot algorithm are then 
chosen so that all pairs that have at least t 1's in 
common will be detected with high probability, and 
that in addition, the amount of work is minimized 
(Section 4.1.2). 
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4.1.1 Probability of a Matching F’air 

Let M%,j be the probability that, in the one-shot 
hashing-based algorithm, vi and 1-j have a matching 
eligible consecutive 1-tuple. Let IE > 0 be a sufficiently 
small constant such that 10g~/~((2(1+p:)  - P - ’ ) ( l +  
I E ) / ( ~  - 6) )  5 log1/,(2(1 + p) ) .  (Note that by defi- 
nition of the idealized configuration such a IC can be 
found.) The following lemmas are proved: 

Lemma 4.1 There exists a constant 0 < c1 5 1, 
such that for all vectors q , v j  such that ni,j 2 t ,  

Mi , > Clbn-s+1-logi/p((2(1+C”)-p3- ‘ ) ( I + & ) )  . 
J - 

Notice that the lower bound on Mij in the above 
lemma is at  most one, due to our assumption that 
bn-s+l 5 1. 

Lemma 4.2 There exists a constant c:2 > 0 ,  such 
that for all nonoverlapping vectors vi, vJ , 

Sketch of Proof of Both Lemmas We first 
observe the following: The number of coordinates in 
which either vi or vj contains a 1 is ni + :nj - nij, and, 
among these coordinates, the number in which both 
vi and v j  contain a 1 is nij; thus Mi,j is the probabil- 
ity that, if we randomly permute the cioordinates of 
a bit vector which has size ni + nj - nij and contains 
nij ones, the resulting vector will contain an eligible 
consecutive 1-tuple. 

Observing the above, we proceed in three steps. In 
the first step we bound the probability of having an 
eligible consecutive 1-tuple in a vector r (of length 
Irl) each of whose entries is 1 with probability Q. 
This is done by constructing a Markov chain whose 
probability of reaching a final state is thle same as the 
probability that the above vector r has an eligible 
consecutive 1-tuple. 

In the second step we show how the results ob- 
tained in the first step can be used, as a black box, 
in order to bound Mi,j .  In particular, denote by MQ 
the probability that the above random vector r has 
an eligible consecutive 1-tuple. We show that for a 
random vector r of size ni + nj - nij, if Q = Q o ( i , j )  
is slightly larger than nij/(ni +nj -nij)l, then Mij 5 
(1 + E ) M Q ~ ( ~ , ~ ) ;  and if Q = Q l ( i , j )  is slightly smaller 
than nij/(ni + nj - nij), then Mij 2 (1 - E ) M Q ~ ( ~ , ~ ) ,  
where c is a small positive value. 

In the third step we choose E so that if vi,vj  are 
overlapping, and vf, vg are nonoverlapping, then (1 + 
E ) M Q o ( f , g )  << (l - E ) M Q l ( i , j ) *  

625 

4.1.2 Correctness and Efficiency 

Lemma 4.3 The number of hashes done by the one- 
shot hashing based algorithm is 5 bn. 

Lemma 4.4 Let c1,cz be the constants of Lem- 
mas 4.1 and 4.2. The expected number of compar- 
isons done by the one-shot hashing based algorithm is 
5 ~ ~ b n ’ + ’ O g l l p ( ( ~ + C ” ) / ( ~ - ~ ) )  + Cn , where C is the C 
from the definition of the idealized configuration. 

Theorem 4.5 For ever9 T > 0, iterating the one- 
shot algorithm 2.5 ln(n2/r) 

putting the set of all pairs output in  these it- 
erations, gives a bit vector intersection algorithm 
whose probability of error is 5 T ,  and which per- 
forms at most 2 . n3+10‘3/p(2(1+C”)) ln(n2/T) hashes 
and at most an expected 2.5( ~ns+10g1/f‘(2(1+C”)2) + 
% 3 + 1 0 g 1 / ~ ( 2 ( 1 + p ) ) )  c i b  ln(n2/T) comparisons. 

In  the asymptotic problem, i.e. p = O( 1/ log n), the 
resulting algorithm performs 0 ( n s + l o g 1 / p  log(n/r)) 
hashess and expected O(nS+’Og1/P log(n/T)) compar- 
isons. 

ns-l+log1/~((2(1+C”)-P”-‘)(l+&)) / (c lb)  times and out- 

The above bound on the amount of work performed 
by the hashing scheme is O ( ~ Z ~ + ~ ) ,  where CY decreases 
with p. Unlike the case of the data tree scheme, CY 

does not vanish when p = 0, because it is bounded 
below by a small fixed constant. A closer look shows 
that the amount :f work performed by the algorithm 
is indeed SZ(nS+” ), where CY‘ depends on P and s. 
Hence our data tree scheme is asymptotically more 
efficient than our hashing based scheme. Neverthe- 
less, due to its small constants, the hashing scheme 
performs quite well in practice, as can be seen in Sec- 
tion 6. 

5 An Application to Computa- 
tional Biology 

The following Physical Mapping Problem is central 
to the Human Genome Project and many other ef- 
forts in molecular biology: given a clone library - i.e., 
a large set of relatively short pieces (clones) taken 
from a long DNA molecule, determine the structure 
of the long molecule from information about the in- 
dividual clones. A key step in solving this problem is 
to determine which pairs of clones overlap substan- 
tially. In this section we shall show that two versions 
of this problem satisfy the conditions of our Idealized 
Problem, and thus can be handled effectively by the 
methods of this paper. The first version is called the 



Poisson Features Problem, and the second version is 
called the Restriction Sites Problem. In both versions 
we are given a set of n clones that satisfies the follow- 
ing properties: 

Each clone is an interval of length 1 contained in 
the interval [0, NI; 

The left-hand end points of the clones are inde- 
pendent random variables, each of which has the 
uniform distribution over [0, N - 11; 

n/N is bounded above by a constant. 

In both problems the goal is to produce a list that 
(i) contains all pairs of clones whose intersection is an 
interval of length at least w, for a given fixed param- 
eter w,  where 0 < w < 1; and (ii) does not contain 
any nonoverlapping clones. 

In the Poisson Features Problem we assume that, 
for i = 1 , 2 , .  . . , k, the occurrences of feature i along 
the interval [0, N] are according to a Poisson process 
of rate A, and the Poisson processes corresponding to 
different features are mutually independent. 

In the Restriction Sites Problem restriction sites 
occur along a DNA molecule according to a Poisson 
process of rate Xk. A clone has feature i if there 
are two consecutive restriction sites on the clone such 
that the distance between them lies in the interval 
( a % - I , a J ,  where a0 = 0, ak = 1 and ao < a1 < 
a2,.  . . < ak-1 < ah. Moreover, the ai are chosen so 
that the probability that a clone has feature i is the 
same €or all i. 

Both the Poisson Features Problem and the Re- 
striction Sites Problem satisfy with high probability 
the conditions of our Idealized Bit Vector Intersec- 
tion Problem provided we assume that (i) P is a con- 
stant less than 1/2; (ii) k,  the number of features, is 
greater than r n, where r 2 d is a sufficiently 
large constant and d is the d from the definition of 
the idealized configuration (the role of r will become 
clear in Section 5.1); and (iii) w is sufficiently large 
with respect to P.2 (All three assumptions are easily 
satisfied in practical situations.) 

To establish this we prove that the parameters 
P, C, t ,  p and s can be chosen so that with high prob- 
ability the following properties hold, where n, is the 
number of features possessed by clone i ,  and nij is 
the number of features possessed by both clone a and 
clone j .  

1. for all i ,  ni 5 (1 + p)kP; 

2For satisfying the requirements of the relaxed variant of 
the problem (see Section 2.1) it is not necessary that w be 
sufficiently large but 20 only need be a constant. Thus, the 
Data tree algorithm will solve the above problems also for a 
negligible small constant w. 

2. 

3. 

4. 

5. 

at most Cn pairs of clones overlap; 

if clones i and j do not overlap then nij 5 (1 + 

= Ps, where 1 5 s < 2 - log,/p(2(1 + ~ 1 ) ~ ) ;  

p)Pn,; 

whenever clones i and j overlap along an interval 
of length at least w,  nij 2 t ;  and whenever a and 
j do not overlap, nij < t. 

The first four properties are required by the defini- 
tion of the idealized bit vector intersection problem. 
For the last property, recall that the bit vector inter- 
section problem requires us to identify all pairs with 
ni,i 2 t .  Hence, the last property ensures that iden- 
tifying those pairs will, with high probability, detect 
all those clones that overlap for length at least 20 and 
will not detect any nonoverlapping pair. 

In the €allowing, we will slightly abuse the defini- 
tions and refer to the above five properties as the 
idealized properties. 

Section 5.1 shows that with high probability, the 
Poisson Features problem satisfies the idealized prop- 
erties defined above. The proof that the Restriction 
Sites problem also satisfies the idealized properties 
is deferred to the full paper, where we also deal with 
generalizations of both problems in which the features 
may occur with unequal probabilities. 

In fact, as seen below, p can be decreased with k 
and can be taken as 0(1/logn) when IC = Sl(log2n). 
In practical situations k is usually R(log2 n). Thus, 
both the Poisson Features Problem and the Re- 
striction Sites Problem satisfy the conditions of the 
asymptotic bit vector intersection problem (see Sec- 
tion 2.2). 

5.1 Proof that the Poisson Features 
Problem Satisfies the Idealized 
Properties with High Probability 

Let OVERLAP denote the number of overlapping 
clones. 

Lemma 5.1 For each c > 0, there exists a constant 
D ,  such that Pr (OVERLAP 2 D5n) 5 O ( T Z - ~ )  . 

Lemma 5.1 establishes the second idealized prop- 
erty. Next we show that the remaining idealized prop- 
erties are satisfied. 

First we choose p. The probability that in an inter- 
val of length q there will be some occurrences of fea- 
ture f is 1 - e--xq. Thus, the probability that feature 
f will occur in a given clone is 1 - e-x 4 P. Simi- 
larly, the probability that feature f will occur in two 
given clones that overlap for length q is 1 + e-x(2-q) - 

f 
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def 2e-X = m(q). Since w is fixed, there exists some con- 
stant 0 < p such that (1 - p)m(w) > (1 -t p ) P 2 .  We 
choose this p. 

The expected number of different features in a 
clone is k(l - e X )  = kP. The Chernoff inequality 
will thus yield: 

Fact 5.2 For each c > 0, there is a constant r, so 
that if k 2 r logl/, n, then for each a ,  

(1) 

(2) 

Pr(n, 1 (1 + p ) .  k . P )  I 7 ~ ~ '  ; 

Pr (n, 5 (1 - 1 4 ) .  k P )  5 n-' . 
3 

Clearly Part ( 1 )  of Fact 5.2 implies the first ideal- 
ized property. 

Denote by I ( i ,  j , q )  the event in which clones i ,  j 
overlap for length q. The following fact follows simi- 
larly to Fact 5.2. 

Fact 5.3 For each i, j ,  

( 1 )  Pr(ni,j I ( 1  - p )  km(q) I I ( i ,  j , q ) )  .5 e-pakm(q)/2 ; 

(2) Pr(n,,j 1 (1 + 5 )  . km(q) I I ( i ,  j ,  q) )  I e-pakm(q)/27 

Note that m(0) = kP2. Thus Part (2) of Fact 5.3 
immediately implies: 

Fact 5.4 For each c > 0, there is a constant r ,  so 
that if k 2 r logl/, n, then for  each i, j ,  

Pr (n,j 2 ( 1  + 5 )  . kP2 I I ( i ,  j ,O)) I n-' . 
Clearly Fact 5.4, Part (2) of Fact 5.2, itnd the fact 

that by definition 0 5 p 5 1, imply the third idealized 
property. 

Define t = (1 -p)m(w).  Define D(i ,  j )  as the event 
in which clones i, j overlap for length 5 w. The fol- 
lowing lemma follows from Fact 5.3 and the choice of 
P. 
Lemma 5.5 For each c > 0, there is an r so that i f  
k 2 r logllp n, then for  each i, j ,  

(1) 

(2) 

Pr((ni,j 5 t I D ( i , j ) )  5 n-' ; 

Pr ((ni,j 2 t I I(i , j ,O)) 5 7t-' . 
Clearly Lemma 5.5 establishes the fifth idealized 

property. 
Finally, since m(w) = 1 + e-x(2-w) - 2e-X, we 

immediately get: 

Fact 5.6 If w is suficiently large, and P is a con- 
stant less than 1 / 2 ,  then i = P8,  where 1 5 s < 

Fact 5.6 establishes the fourth idealized property. 
Note that if k = R(log2 n), then the statements in the 
above lemmas hold also for p = 0(1/ logn). 

2 - l%/P(2(1 + c1)2>. 

6 Computational Results 
This section describes preliminary computational re- 
sults for our implementation of the data tree and 
hashing algorithms, where occurrences of features are 
as defined by the Poisson Features problem (see Sec- 
tion 5). In the full paper we describe computational 
results also for the case that the features are as de- 
fined by the Restriction Sites problem. 

Implementation Define 1 to be the integer closest 
to logl,,n. The data tree algorithm is implemented 
with minor modifications to the description given in 
Section 3. In addition to comparing all the pairs of 
vectors found together in nodes at  depth 1, the algo- 
rithm compares all the pairs of vectors in nodes closer 
to the root whenever the number of vectors in a node 
falls below a small constant, currently 20. The pro- 
cedure also avoids testing the same feature multiple 
times along a branch, or multiple times at a single 
node. Both the one-shot data tree and the one-shot 
hashing scheme avoid all duplicate comparisons. 

Both algorithms require an estimate of t ,  the num- 
ber of features which two highly overlapping clones 
will share. In practical situations it may be diffi- 
cult to determine this value, and therefore we have 
used a simple sampling technique to aid in this de- 
termination. Recall that in the biological problem 
n unit-length clones are positioned in the interval 
[0, NI. The expected number of clones covering any 
particular point, n / N ,  is determined by the underly- 
ing geometry of the problem and is independent of 
the number of features present or the accuracy with 
which they are measured. We take advantage of this 
fact to determine an appropriate value for t as follows. 

1. State the number, C, of clones which are ex- 
pected to have high overlap with any given clone. 

2. Compute the intersection of h * n randomly cho- 
sen pairs where h is a small constant. 

3. Choose t so that h * C of the sample pairs have 
an intersection o f t  or more. 

The estimate of the number of overlapping clones, C, 
is the main input parameter to these routines. The 
number of one-shot repetitions must also be specified. 
The number of sampling comparisons is 20 * n in all 
the experiments discussed below. 

Problem Parameters Problem instances were 
generated with Poisson features as discussed in Sec- 
tion 5, with n/N equal to 10. 500 features were used, 
and X was 0.04, thus giving each clone approximately 
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Figure 1: Fraction of physically overlapping pairs of clones found by the two one-shot algorithms. The log-scale 
horizontal axis indicates the number of clones. Data points are plotted for 2,000, 4,000, 8,000, 16,000, and 32,000 
clones. 
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work. The number of pairs found together by the two algorithms, and the number of - 

comparisons actually made when avoiding duplications. Both axes are log-scale. The number of pairs found 
together by the hashing algorithm is consistent with a growth rate of n'.l. For the data tree this figure is 
approximately n1.2. 
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20 positive features. Unless otherwise noted, the re- 
sults presented are averaged over three problem in- 
stances, and the desired number of highly overlapping 
clones used as an input parameter C was 10. 

Algorithm Performance Figure 1 shows the suc- 
cess rate of the one-shot  algorithm^.^ ‘This is de- 
fined as the number of physically overlapping pairs 
of clones found with an intersection of t or more, ex- 
pressed as a fraction of the total number of physically 
overlapping pairs in the problem instance. Hence, for 
the data tree this is the number of physically overlap- 
ping pairs found together at a leaf with an intersec- 
tion of t or more, and for the hashing alglorithm this 
is the number of physically overlapping pairs with a 
matching l-tuple and an intersection oft  or more. The 
number of non-physically overlapping paiirs found by 
the algorithms is negligible and omitted. The rela- 
tive behavior illustrated in Figure 1 was confirmed in 
a preliminary manner for several IC and t values. 

The abrupt drop in both algorithms’ success rate 
in going from 2,000 to 4,000 clones is due to a jump 
in 1 from 2 to 3. The larger 1-tuple size decreases 
the probability of linking overlapping clones for the 
one-shot hashing procedure, and the increase in the 
data tree’s depth likewise decreases its one-shot suc- 
cess rate. 

We expect that as n increases asymptotically the 
probability with which the one-shot hashing algo- 
rithm finds overlapping pairs will decrease below that 
of the one-shot data tree in accord with the fact that 
the probability of success of the one-shot hashing al- 
gorithm (Lemma 4.1) decreases more rapidly with n 
than the probability of success of the one-shot data 
tree (Lemma 3.1). 

We also expect that after repeated iterations both 
schemes will find the same number of overlapping 
pairs, and this is indeed what we observe. 

Figure 2 shows the amount of work done by the two 
one-shot algorithms: the number of pairs of clones 
found together either in leaf nodes or in hash buck- 
ets, and the number of non-duplicate pairs whose in- 
tersection is actually calculated. The growth rate is 
nearly linear. The lower two curves indilcate that a 
considerable amount of work is avoided by skipping 
duplicate comparisons. The value of s implied by the 
sampling procedure - slightly over 1.2 - is in good ac- 
cord with the observed growth rates. The observed 

3Note that the actual success probability of the two one- 
shot algoithms is about double than that indicat.ed by Figure 

cally overlapping pairs, but only those which overlap for a suf- 
ficiently large interval so that they have at least t features in 
common. The number of such pairs is about half the number 
of the physically overlapping pairs. 

1, since the goal of the algorithms is not to find all physi- 

running times are also consistent. In terms of abso- 
lute magnitude, the hashing scheme required approx- 
imately 50 seconds for 16,000 clones, and the data 
tree required roughly 60 seconds. 
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