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Abstract

Bisimilarity (also known as ‘applicative bisimulation’) has attracted
a good deal of attention as an operational equivalence for A-calculi.
It approximates or even equals Morris-style contextual equivalence
and admits proofs of program equivalence via co-induction. It has
an elementary construction from the operational definition of a lan-
guage. We consider bisimilarity for one of the typed object calculi
of Abadi and Cardelli. By defining a labelled transition system for
the calculus in the style of Crole and Gordon and using a variation of
Howe’s method we establish two central results: that bisimilarity is
a congruence, and that it equals contextual equivalence. So two ob-
jects are bisimilar iff no amount of programming can tell them apart.
Our third contribution is to show that bisimilarity soundly models
the equational theory of Abadi and Cardelli. This is the first study
of contextual equivalence for an object calculus and the first applica-
tion of Howe’s method to subtyping. By these results, we intend to
demonstrate that operational methods are a promising new direction
for the foundations of object-oriented programming.

*Version of March 25, 1996. A technical summary of this report appears in the proceed-
ings of the 23rd ACM symposium on Principles of Programming Languages, St Petersburg
Beach, Florida, January 1996, pages 386—-395.
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1 Motivation

Abadi and Cardelli (1994a, 1994b, 1994c) present a number of related calculi
that formalise aspects of object-oriented programming languages, including
method update (the ability to modify the behaviour of an object by altering
one of its methods) and object subsumption (the ability to emulate an object
with an object that has more methods). They give equational theories for
their calculi, present a denotational semantics based on partial equivalence
relations for the largest calculus and show that the equational theory is sound.
Their object calculi form an extremely simple yet clearly object-oriented
setting in which to seek type systems that support styles of object-oriented
programming found in full-blown languages. Hence they are an important
subject of research.

Abadi and Cardelli’s goal was to study type systems for objects by aban-
doning complex encodings of objects as A-terms and to study primitive ob-
jects in their own right. Our goal here is to study operational equivalence of
objects in its own right, instead of via denotational semantics, another kind
of encoding.

We work with FOb;.., (Abadi and Cardelli 1994c), a first-order state-
less object calculus including a ground type of Booleans, objects, recursive
types and functions. We take Morris-style contextual equivalence (Morris
1968) to be the natural operational equivalence on objects: two programs
are equivalent unless there is a distinguishing context of ground type such
that when each program is placed in the context, one converges but the other
diverges. Following earlier work on functional languages (Crole and Gordon
1995; Gordon 1995), we define a CCS-style labelled transition system for the
object calculus and replay the definition of (strong) bisimilarity from CCS.
Our bisimilarity descends from a line of work on operational equivalence
for functional calculi beginning with Abramsky’s applicative bisimulation
(Abramsky and Ong 1993). The new elements here are subtyping and ob-
jects. Using an extension of the method of Howe (1989) we prove Theorem 1,
that bisimilarity is a congruence. Theorem 2, that bisimilarity equals con-
textual equivalence, then follows easily. The quantification over all contexts
makes contextual equivalence hard to establish directly. The purpose of the
labelled transition system, justified by Theorem 2, is to admit CCS-style
bisimulation proofs of contextual equivalence. We use this style of proof—
a form of co-induction—for our final result, Theorem 3, that bisimilarity
soundly models all of Abadi and Cardelli’s equational theory.

We briefly examine equivalences between two example objects suggested
by Abadi and Cardelli. One of the equivalences follows by co-induction but
not from their equational theory.



Our framework appears to be robust. Our main results continue to hold
when we extend the pure object calculus with functions, records, variants
and dynamic types. We leave a study of polymorphic types as future work,
but see Rees (1994).

Section 2 introduces syntax and operational semantics of the object cal-
culus Ob; .., and its extension with functions, FOb;.,,. Contextual equiv-
alence is defined in Section 3, and we prove it equal to a form of bisimilarity
in Section 4. In Section 5 we show that contextual equivalence is a model
of Abadi and Cardelli’s equational theory, and we consider one of their ex-
amples in Section 6. Section 7 extends FOb,.,, with records, variants and
dynamic types. We investigate the connection between divergence and con-
textual equivalence in Section 8. In Section 9 we briefly discuss other forms
of operational equivalence. In Section 10 we exercise our theory by proving
that Abadi and Cardelli’s embedding of functions as objects is sound, but
not fully abstract. We review related work in Section 11 and conclude in
Section 12.

For the sake of clarity, unless a proof is particularly compelling or inter-
esting, we postpone it to Appendix A. Although the main text deals mainly
with the language FOb;..,, in Appendix A we prove all the results for the
full language incorporating the extensions given in Section 7.



2 An object calculus

This section recalls Abadi and Cardelli’s FOb,.,, a stateless calculus with
subtyping, including Top, one ground type Bool, object types, recursive types
and function types.

The syntax is a A-calculus extended with expressions for Booleans, con-
ditionals, object formation, [¢; = ¢(z1:A1)eq, ..., 4, = ((v,:A,)e,] (where
each ¢(z;:A;)e; is a method), method selection, a./, method update,
a.l <= ¢(z:A)e, and recursive types. We use the metavariables x and X for
variables and type variables, and e and E for possibly open expressions and
types, respectively. Let I stand for finite indexing sets and ¢ for labels, drawn
from some countably infinite set. Formally, the grammars of types, F, and
expressions, e, are given as follows.

E = X |Top|Bool|[li:E;icr | W(X)E | E — E'
e = ux|true|false|if(e,e,e)

| [6; = Q(zi:E;)es)ier | el | el <= ¢(x:E)e

| fold(F,e) | unfold(e)

| Mx:E)e | (e€')

Let fv(e) be the set of free variables of the expression e, and ftv(e) and
ftv(E) be the sets of free type variables of the expression e and the type
E, respectively. We identify expressions and types up to alpha-conversion,
denoted by =.

An environment, ', is a finite list of assignments of closed types to
variables, x: A, followed by a finite list of type variable bounds, X <: E. Let
[, X, TV be short for I', X <: Top, ['. Let Dom(I") be the set of variables and
type variables bound or assigned in I'. The static semantics of the calculus
consists of five inductively defined judgments: I' F o (the environment T’
is well-formed), E > Y (the type E is formally contractive in variable Y),
[' - E (the type expression E is well-formed), ' = E <: E' (the type E is a
subtype of E), and ' - e: A (the expression e has the closed type A). These
judgments are given inductively by the rules in Tables 1, 2, 3, 4 and 5. We
follow a metavariable convention based on the following sets.

def

A, B € Type {E| @+ E}
a,b € Prog(A) o {e|oFe: A}

By program we specifically mean a closed expression contained in Prog(A)

for some A, respectively. As usual we write simply a1, as, ..., a,:A to mean
{ai,as,...,a,} C Prog(A) and A<: B for @+ A <: B.
Here are basic facts about the static semantics.



'o @FA xz¢ Dom(l)

(Env @) (Env z)
dEo Iz:AFo
I'FE X ¢ Dom(l)
(Env X <)
I X<EFo

Table 1: Well-formed environments

X£Y Ex-Y
X-Y Top = Y Bool =Y Wi:Eilicr =Y wWX)E ~Y

Table 2: Formal contractivity

[LX<EI'Fo ko
/ (Type X<:) (Type Top)
X< ETD'FX ['F Top
TFo Ik E;(Yiel) ¢ distinet
— (Type Bool) (Type Object)
I' - Bool D'l : Bilier
LX< ToptFE E>X '+-E T'+E
(Type Rec <) —— (Type Arrow)
T+ u(X)E IFE > E

Table 3: Well-formed types




'-E 'FEy<tEy 'k Ey<:Es

———  (Sub Refl) (Sub Trans)
I-E<E '+ E) <: By
X< ETFo IFE
(Sub X) ——  (Sub Top)
I X<:ETl'FX<E ['F E <:Top

JCI TFE(Yiel)
T[4 : Eilier <: [ : Eilies
'k /L(Xl)El 'k ,u(XQ)EQ I' Xy <: Top, X; <: Xy FE, < Ey

(Sub Object)

(Sub Rec)
'k ,u(Xl)El <: /,I/(XZ)EQ

I'+E <:E T+ E<:E)

(Sub Arrow)
I'+E, = Ey<:E] = E},

Table 4: Subtyping relation

Lemma 1

1) IfT'F E then ftv(E) C Dom(I") and I' - o.

2) IfI'F E <:E' then ftv(E) U ftv(E") C Dom(L') and I' - o.

3) IfT'Fe: A then ftv(e) U fv(e) C Dom(I') and I' - o.

4) IfU F [{; = ¢(x;:4;)eilicr : B then the A; are identical and each A; <: B.

5) If A<: B then Prog(A) C Prog(B).

6) If A<:B and both A and B are object types, they must have the forms

[0i:Ailicr and [€j:A;]jes, respectively, with J C I.

(1)
(2)
(3)
(4)
(5)
(6)

(7) IfT, X', X<:X'F E<:F' andT F A<:A" then T+ E[4/X|<: E'[A)X"].
(8) Subtyping is decidable.
9) fTFE<:E andTFE' <:E then E=FE'.

Abadi and Cardelli discuss the FOb;.,, type system at length. A few
points are worth noting here. The pure object calculus Ob;..,, can be ob-
tained by removing functions from FOb,..,. Numbers, lists and so on can



Io:AT Fo I'e;:Bool I'key:A I'Feg: A

(Val z) (Val If)
oAl Fz: A ['Fif(ep,eg,e3): A
I'kFo I'kFo
(Val True) (Val False)
I' F true : Bool ' - false : Bool

DyzipAbei: A;y(Viel) A=[li:Alier T'Fo ¢ distinet
D[4 =¢(ziA)eilier - A
The:[tiAl,, jel
I'Fel;: A

(Val Object)

(Val Select)

A=A,y The:A TyAbe Ay jel
DFel; <c(z:A)e : A

(Val Update)

A=uw(X)E TI'Fe:EAX] oA
't fold(A,e): A
A=u(X)E TI'Fe:A
T - unfold(e) : E[4/X]

(Val Fold)

(Val Unfold)

Iz:BrFe: A ''eg:B— A I'Fey: B
(Val Fun) (Val Appl)
I'-Xz:B)e:B— A I'F(erex): A
F'Fe:A; TEHA < Ay

(Val Subsumption)
I'e: A

Table 5: Type assignment




(Red If True) (Red If False)
if(true,ay,a2) — a1 if(false,aq,a2) — a2

a = [fz = q(xi:Ai)ei]ig jel

(Red Select)
a.ﬁj — ej[a/:vj]

a = [l; = ¢(zi:4i)eilicr
a' = [l = q(w:dj)e, bi = Q(widi)eilier—(jy JEL

a/g] <= C(mB)e — CI,I (R'ed Update)

unfold(fold(A4,v)) — v (Red Unfold) (Mm:A)e) a) — e[@/x] (Red App)

ar—b

—— (Red Experiment)
Ela] — Eb]

Table 6: Single-step reduction

be encoded in FOb;,, and functions can be encoded in the pure calculus
Obi.,. Thus FOb;.,, is essentially PCF plus subtyping, recursive types
and objects. The contractive constraint on recursive types implies that any
closed type can be decomposed into the form p(X;)...p(X,)E where E is
one of Top, Bool, [(;:E;];c;, or E — E'. Whenever A <: B and both A
and B are object types, they must have the forms [¢;:A;]ic; and [¢;:Ajljes,
respectively, with J C [. In other words, an object type is invariant in
its component types, that is, neither covariant nor contravariant. This is
necessary because methods have a contravariant dependence on self, but as
a consequence only nonvariant functions may be encoded in Ob;.,,. The
primitive functions in FOb;.,, have the usual subtyping: contravariant in
the domain and covariant in the codomain.

We need the following substitution and bound weakening lemmas, which
are standard.

Lemma 2 IfT,z:A,I"Fe:B and T ¢ : A, then T, I" - e[¢//z] : B.
Lemma 3 If'x:A,I"Fe: B and A’ <: A then I, x: A", 1" e : B too.

Abadi and Cardelli present a many-step deterministic evaluation relation,
~+, for FOb;.,. For our purposes, it is more convenient to reformulate it as

7



a single-step reduction relation. To specify the evaluation strategy we need
the following notion of a context. Let ‘—’ be a distinguished variable used
to stand for a hole in a program. Let a context be an expression e such
that the only free variable, if any, is —. If e is a context and a is a program,
we write e|a] short for the program e[%/—|. These are not variable-capturing
contexts.

For each type A define the set Value(A) C Prog(A) (with typical members
u, v) of values of the following forms.

true false [{; =¢(z;:B)e;lier fold(B,v) A(x:B)e

Let Value be the set of values at any type, that is, | J{ Value(A) | A € Type}.

The notation a — b means that a reduces to b in a single step of reduction;
it is defined inductively by the rules in Table 6. The rule (Red Experiment)
gives a reduction strategy. An experiment, &, is a context with one hole,
of one of the following forms.

if(—,ap,a) — A4 — A <=gaA)e
unfold(—) fold(A,—) (—a)

The relation — is weak in the sense that it is closed only under experiments,
not arbitrary contexts. There are no experiments to allow reduction under
¢- or A-abstractions. (Red Update) preserves the property that whenever an
object [¢; = ¢(x;:A;)e;)ier has type A, each A; <: A and indeed all the A;’s
are identical.

Experiments are just atomic evaluation contexts (Felleisen and Friedman
1986); every program can be decomposed uniquely as follows.

Lemma 4 If a:A there is a unique list of experiments &,,...,E,, n > 0, and
value v such that a = & ... &E,[v] .. .].

Lemma 5 The values are the normal forms of —, that is, whenever a is a
program, a € Value iff =3b(a — b).

The reduction rules are deliberately type independent, in the sense that
although they manipulate type information contained in programs, they are
not contingent on the form of the types they manipulate. For instance, (Red
Update) allows for the type bounds, A;, to be distinct although we know
them to be identical. Hence ill-typed expressions can be reduced. This is a
redundancy in the dynamic semantics, but is harmless because we are only
interested in statically typable programs.

We can easily prove determinacy and subject reduction.



Lemma 6 Ifa+— b and a — ¢, then b= c.
Lemma 7 If a:A and a — b then b:A.

As usual, let the relation —* be the reflexive and transitive closure of
—. We now recover a many-step evaluation relation, |}, and three standard
predicates as follows.

a— db(a +— b) ‘a reduces’

alb L b & =(b+—)  ‘a evaluates to 0’
al ¥ db(a || b) ‘a converges’
af aof Vb(a —*b = br>) ‘a diverges’

We have al iff not aff. We have recovered Abadi and Cardelli’s many-step
evaluation relation; a |} b in our notation corresponds to @ - a ~ b in theirs.
The proof is standard.

We introduced FOb;.., without recursive programs, but we can de-
fine them using objects; for example, let p(z:A)e abbreviate the expression
[0 = ¢(s:[C:A))e[s-Yx]].L. We have p(x:A)e — e[(z:A)e/r]. Hence there is a
divergent program at every type. Let Q4 be u(z:A)z; Q4 — Q4 so Q4.
The definability of Q4 and the contractivity condition on recursive types to-
gether imply the following lemma, which guarantees a value and a divergent
program at every type.

Lemma 8 VA € Type Jaj, ax:A (a1} & aqf}).



3 Contextual equivalence

We take Morris” contextual equivalence (Morris 1968; Plotkin 1977), also
known as ‘observational congruence’ (Meyer and Cosmadakis 1988), to be
the natural operational equivalence on objects. First we introduce the idea
of a relation between expressions of matching types. Let a proved program
be a pair a4 such that a:A. Let P and () range over proved programs. Let
Rel be the universal relation on proved programs of the same type, given as
follows.

Rel © {(aa,ba) | a:A & b:A}

We use R and S for subsets of Rel, that is, relations on proved programs
that respect typing. If R C Rel, then for any type A, define R4 = {(a,b) |
(aa,b4) € R}. So the notation ‘a R4 b’ means that (a4,b4) € R.

Instead of using relations on proved programs, we could have used binary
relations on expressions indexed by types. We use proved programs because
when defining bisimilarity we can work simply in the complete lattice of
subsets of Rel ordered by C, rather than of indexed sets.

A
For each closed type A, let A-contextual equivalence, >~ C Rel, be the
relation on proved programs given by the following.

a éB b iff whenever —:Bte: A, e[a] | iff e[b] | too.

In other words, two programs are A-contextually equivalent iff their be-
haviour is the same whenever they are placed in a larger program, e, of
type A.

Proposition 9
(1) Suppose there exists a context e such that —A + e: B and for all
programs a:A, we have al} iff e[all}. Then 2 C A

(2) If A<: B then

(3) Forall A, = C

Bool

(4) For all B, 2 C ~.

(5) = %,
Proof

10



B
(1) Suppose for some some type C' and programs a and b, we have a ~¢ b.

We must prove that a éc b. Suppose for some context €' that —:C'
e : A. By symmetry, it is enough to show that if €'[a|} then e'[b]{.
Consider the context e[€//—] satisfying —:C' I e[¢//=] : B, where ¢ is as
given in the statement of the proposition. Then e[e¢/[a]]{}, and since

a gc b, we have e[e'[b]]{}; hence €'[b]{} as required.
(2) A corollary of part (1), taking e = — and using subsumption.
(3) A corollary of part (2), since A <: Top.

(4) A corollary of part (1), taking e = if(—,vp,vp) for some value vy of
type B (we know such a value must exist by Lemma 8).

T Bool ..
(5) We have —(true épTopQ“P) but true ~ ., Q™. The former is imme-
diate; the latter is trivial once we have Theorem 2. [ |

To
Of this family of equivalence relations, ~ makes the most distinctions be-

tween programs, and "% the fewest. The only substantial difference among
the relations is the set of types at which termination is distinguishable from
non-termination.

In a call-by-value language, we can construct a context satisfying part (1)
for any two types A and B, namely ((A(z:A)vp) —) where vp is some value

A
of type B. Hence, in a call-by-value language, the ~’s are equal.

We choose to take = as our notion of operational equivalence for this
study for three reasons. First, it is the notion of contextual equivalence used
by Plotkin (1977) and is standard in studies of the language PCF. Second,
it is the most generous of the A-contextual equivalences. Third, since one of
our motivations is to validate the equational theory of Abadi and Cardelli,
we must choose a contextual equivalence in which their equations are sound.
In particular, the rule

'te:A T'He:B
I'Fe<«r e :Top

(Eq Top)

T
must hold, so ~ is inappropriate. We will see later that (Eq Top) holds for
Bool

Another candidate was g, which does satisfy (Eq Top) and would be the

most natural choice in the language without Booleans. It is finer-grained
that Bgl; it distinguishes [] and Q! whereas "%’ identifies them.

11



We will use contextual equivalence, >~ C Rel, to stand for Bgl, and
define contextual order, L C Rel, as follows.

al b iff whenever —A - e:Bool,
ela] |} implies e[b] | too.

Note that a ~4 b iff a5 b and b5 a.

It is easy to show that two programs are contextually distinct: just ex-
hibit a single context that tells them apart. But to show equivalence re-
quires a quantification over all contexts. The point of the next section is to
characterise contextual equivalence co-inductively as a kind of bisimilarity,
and hence to admit CCS-style bisimulation proofs of equivalence. Contex-
tual equivalence is defined in terms of one-off tests consisting of composite
contexts; bisimilarity is defined in terms of multiple atomic observations on
objects. When proving programs equal it is often easier to consider a series
of atomic observations rather than all possible contexts.

12



4 Bisimilarity

4.1 Labelled transitions

We will define a labelled transition system that characterises the atomic
observations one can make of a proved program. The notation P —
means that the proved program P does an action o and becomes another
proved program (). As usual we write P —— mean that there is some () with
P Q.
The simplest labelled transition system to characterise contextual equiv-
alence co-inductively is the following.
M (Trans Exper) a%al

c (Trans Val)
ap —r E[G]B QABool —

where an action is either an experiment, £, or val, and 0 is disjoint from
the set of programs. We could prove that CCS-style bisimilarity according
to this labelled transition system equals contextual equivalence. This is a
direct generalisation of Milner’s context lemma for PCF (Milner 1977). We
can do better than this by describing a labelled transition system in which
there are fewer transitions available to proved programs: this reduction in
size will simplify some of our proofs.

We divide the types of FOby.,, into two classes, active and passive.
Only Bool is active. Top, object types, recursive types and function types are
passive. At active types a program must converge to a value before it can be
observed; at passive types a program does actions unconditionally, whether
or not it converges. The observable actions, @ € Act, take the following
forms.

true false ( (< ¢(xz)e unfold Qa

These actions correspond to the actions of the general labelled transition
system, except that actions of the form if(—,a,b) are missing, and type
annotations are missing from the update actions.

The labelled transition system we shall work with is the family of relations
(- | a € Act) given inductively by the rules in Table 7, such that whenever
P %5 @Q, each of P and Q is a proved program. Let O be rep, fOr some
arbitrary program a:Top. The purpose of 0 is that it has no actions; after
observing ground data there is nothing more to observe.

We can characterise the observable actions at each type. For each type
A, define the set Act(A) C Act as follows.

Act(Top) = {}

13



v € {true,false}

” (Trans Bool)
UBoo1 — 0

A=l:Alier jel

J (Trans Select)
ar — a.EjAj

A=[lAlier jEI mAbe: A

. (Trans Update)
aA jicx)e alj <= q(xz:A)e,

A= p(X)E
nfold (Trans Unfold)
as — unfold(a)E[A/X}
b:B
(Trans App)

@b
apsa — (ab),

Aactive ar—d a4 - bp

a (Trans Red)
as — bp

Table 7: Rules of the labelled transition system

14




Act(Bool) = {true,false}
Act([li:Ailier) = {li,li<=C(@)e|i €T & :[li:As]; e A}
Act(u(X)E) = {unfold}
Act(A — B) = {Qa|a:A}

Lemma 10 o € Act(A) iff 3a:A(ay —).
We can make more observations at a subtype than a supertype.
Lemma 11 If A <: B then Act(B) C Act(A).

An alternative formulation of a labelled transition system for FOb;..,
would be to remove the rules (Trans Red) and (Trans Bool) and substitute
instead the following rule.

alv ve{true false}

U (Trans Bool’)
(Bool —7 0

However, we adopt the more general rule (Trans Red) so that when we

introduce more active types into the language, the general rule will apply to
them all. In particular, the following lemma must hold in any extension of
this system.

The following is a trivial fact for FOb,.,,, as Bool is the only active
type, but it holds in the extensions of Ob;.,, we will consider in Section 7,
in which more types are active.

Lemma 12 If A is active then ay — by iff v € Value(a |} v & vy — bp).

At passive types, divergent programs have actions, but they always lead to
divergent programs.

Lemma 13 If a:A, aft and as — by then bi}.

The actions on passive types are almost in the form of experiments. We
introduce the idea of erasure on experiments, £/, to make this precise.

(~0) = ¢
(=l <=¢z:A)e)l = l(<=¢x)e
(unfold(—))} = wunfold
(~a)l = @a
The erasure operation removes the type annotation from the update action,
ensuring that actions are uniform at different types. This property is required

for the proof of Lemma 11. Given the erasure operator, we can recover a
limited form of the rule (Trans Exper) for passive types.
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Lemma 14 If A is passive then ay — by implies 3 (a = £} & b = &[a]).

Hence, the transitions at passive type in our labelled transition system cor-
respond to the ones derivable from the (Trans Exper) rule, except that the
latter incorporate subsumption. Our labelled transition system is image-
singular, in the following sense.

Lemma 15 If P 5 Q and P - Q', then Q = Q.

Because of subsumption, the more general system is not image-singular. For
example, the following two transitions are derivable from (Trans Exper).

-
Q[g:Bool] —7 CL-gBool

-0
Q[¢:Bool] —7 CL-ETop

4.2 Definition of bisimilarity

The derivation tree of a proved program P is the potentially infinite tree
whose nodes are proved programs, whose arcs are labelled transitions, and
which is rooted at P. Following Milner (1989), we wish to regard two proved
programs as behaviourally equivalent iff their derivation trees are the same
when we ignore the syntactic structure of the programs labelling the nodes
and the ordering of the arcs from each node. We formalise this idea in the
standard way. First define two functions [—], (=) : p(Rel) — p(Rel) by

S] o {(P,Q) | whenever P - P’ there is Q'
with Q - @ and P' S Q')

(S) € sIn[se

These are both monotone functions on p(Rel). Let a relation S C Rel be a
bisimulation iff S C (S). Let bisimilarity, ~ C Rel, be the union of all the
bisimulations. By the Tarski—-Knaster theorem, bisimilarity is the greatest
fixpoint of (—). In other words, bisimilarity is the greatest relation to satisfy
the following: whenever (P, Q) € Rel, P ~ @ iff

(1) P P =3Q(Q > Q &P ~Q)
2) Q- Q =3P (P P &P ~Q).

If § is a bisimulation, & C ~ by definition of ~; this is the co-induction
principle associated with bisimilarity.

We shall need the preorder form of bisimilarity. Let relation S C Rel be
a simulation iff S C [S]. Similarity, < C Rel, is the greatest fixpoint of
[—], that is, the union of all simulations.
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4.3 Basic properties of bisimilarity
We can easily establish the following using co-induction.
Proposition 16

(1) < is a preorder and ~ an equivalence relation.
(2) ~=<ngr.

Part (2) depends on image-singularity, Lemma 15. This property fails in a
nondeterministic calculus such as CCS.

4.4 Bisimilarity and subtyping

Whenever A <: B, we would expect that if two programs are equal at the
subtype, A, that they will be equal at the supertype, B. To prove this, we
need the following lemma.

Lemma 17 Relation {(ap,bp) | JA(@ F A<:B & a ~4 b)} is a simulation.
The following is a simple corollary by co-induction.
Proposition 18

(1) If a Sa b and A <: B then a Sp b.

(2) If a ~4 b and A <: B then a ~p b.

In the following section we introduce the idea of a relation being a con-
gruence, and in the next we prove that bisimilarity is one.

4.5 Congruence and precongruence

A congruence is an equivalence that is preserved by all contexts. To state
this formally we must begin with a few preliminary definitions. Let a sub-

stitution be a function & & @ifxy, ..., 0%fz, (n > 0) from expressions to
expressions, which substitutes programs for free variables. The applica-
tion of a substitution & to an expression e is written e[d]. A substitution
G = Qifgy, ..., 0nfz, is a [-closure for an environment I' = x1:4,, ..., 2,4,
iff each a;:A;. Let a proved expression be a triple (I',e, A) such that I is
‘closed’ (it contains no type variable bounds; that is, it only contains assign-
ments of closed types to program variables), A € Type and I' - e : A. If the
relation R C Rel then its open extension, R°, is the relation on proved
expressions such that ([',e, A)R° (I, e/, A") iff A= A", I =" and e[F| R €[]
for all I'-closures ¢. Open extension is a monotonic operator on relations.

17



Lemma 19 If R C S then R° C S°.

For instance, Rel® is the universal relation on pairs of proved expressions with
matching types and environments. As a notational convention, if R C Rel’
we write I' F e R ¢’ : A to mean that ((I',e, A), (I', ¢/, 4)) € R.

If R C Rel’ then its compatible refinement (Gordon 1994) is the re-
lation R C Rel’, given by the rules in Table 8, that relates two expressions
if they share the same outermost syntactic constructor, and their immediate
sub-expressions are pairwise related by R. Each compatible refinement rule
corresponds to a type assignment rule, and vice versa, except for (Val Sub-
sumption). We say a relation R C Rel° is a precongruence iff it satisfies
the following two rules.

Fewe: A A<:BE Sub Fl—e@e':AE o

'Fe«re:B (Eq Subsum) Fl—eHe':A(q omp)
This definition of precongruence can easily be shown equivalent to a more
conventional one based on substitution into variable-capturing contexts. If,
in addition, a precongruence is an equivalence relation, we say it is a con-
gruence.

Proposition 20 Suppose <> is a preorder. Then satisfaction of (Eq Comp)
and (Eq Subsum) is equivalent to satisfaction of the following rule

THCles:B TI,T'Fewre:A

['FCle] < Cle]: B (Eq Cong)

where C is a variable-capturing context, that is, an expression with a single
hole of the form e, (subject to the extra type assignment axiom I'F- e, : A),
with the hole in the scope of binders for the environment I'.

4.6 Bisimilarity is a congruence

We will show that the open extension of bisimilarity is a congruence. Since
bisimilarity is the symmetrisation of similarity, Proposition 16(2), it is enough
to prove that similarity is a precongruence. We do so using a form of Howe’s
method (1989). We define an auxiliary relation, <*, which by definition is

a precongruence, and prove that <* = <°. Let the precongruence candi-
date, <* C Rel’, be the least relation closed under the following rule.

Fl—eé\'e":A A<:B ThHe'<°e:B
I'Fe<*¢:B

(Cand Def)
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_ - ~— (Comp )
NeAl'FzRz: A

= (Comp True)
I' F true R true: Bool

— (Comp False)
I' - false R false: Bool

ke Rej:Bool T'he;Rei:A (2<i<3)

— (Comp If)
[ if(ey,eg,e3) Rif(el,eh,es): A

'k [gz = c(aci:A)ei]ie[ 7/2\, [& = C(.’I)ZA)eg]ZE[ A

(Comp Object)

'eRe': [Ei:Ai]iEI jel
'+ e.éj 7/2\, e'.Zj . Aj

(Comp Select)

A=[;:B;] ThegRel:A T,x:AbesRey:B; jel (Comp)
't elj < ¢(z:A)er R €1l < q(z:A)eh : A Update

A=pu(X)E TFeRe :E[4/X]

'k fold(A,e) R fold(A,¢): A

(Comp Fold)

A=pu(X)E TreRe:A
I' - unfold(e) R unfold(e') : B[A/X]

(Comp Unfold)

I'z:BFeRe : A
I+ Aa:B)e R \(#:B)e' : B — A

(Comp Fun)

F'FeRe:B—A TteRey:B
TH(e1e2) R (e} eh): A

(Comp App)

Table 8: Compatible refinement
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Since <°® is defined by exactly one rule, it is valid upwards, that is, whenever

[t e <* €:B, there is some expression €’ and some type A with " - e,%\' e A
and A <: B and also I' F " <° ¢ : B. We can easily prove the following
properties of <* by standard methods.

Lemma 21 Relation <°* is reflexive, and the following rules are valid.

erg"e’:A(C 4 Sim) Fl—eé\'e':AC e
and Sim
Fheste:A [ e o, ot com)

FFe<te:A THE"< €A
FFe<*e: A

(Cand Right)

Fe:BlFe S*e) A
ey <*e,: B
[k ejfezfr] <* el [eh)z] - A

(Cand Subst)

Moreover, <* is the least relation closed under (Cand Comp), (Cand Right)

)~

and (Eq Subsum).

Unlike previous applications of Howe’s method, we need to prove that
<* satisfies (Eq Subsum). Given that (Eq Subsum) holds for similarity,
Proposition 18, the following new properties are easy to prove.

Lemma 22 Both (Eq Subsum) and the rule

A<:B DB lI'Fewe:C
oAl Fewe: C

(Eq Asm Subsum)

hold for <° and <°.

The following lemma is the heart of the precongruence proof. The proof
is detailed but follows the standard pattern.

Lemma 23 Relation S = {(as,d'4) | O F a < d': A} is a simulation.
Theorem 1 The open extension of bisimilarity is a congruence.

Proof By Lemma 23, S is a simulation, and hence § C < by co-induction.
Open extension is monotone, Lemma 19, so §° C <°. Now <* C §° follows
by (Cand Subst) and the reflexivity of <*. Hence we have <* C <°. But
(Cand Sim) provides the reverse inclusion, so in fact <* = <° and hence <°
is a precongruence. By appeal to symmetry, ~° is a congruence. [ |
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4.7 Bisimilarity equals contextual equivalence

The proof of our main result, Theorem 2, follows the standard pattern.

Lemma 24 Both < C L and ~ C ~.

Lemma 25 Conteztual order, T, is a simulation.

7o~

Theorem 2 ~ = ~.

Proof Apply co-induction to Lemma 25 and combine with Lemma 24. B

4.8 Soundness of reduction

The relationship between operational semantics and equivalence in FOb; .,
is subtle. The following facts are straightforward to state and prove.

Proposition 26 For any type A,
(1) Ya,b:A(a — b= a~4b);
(2) Va,v:A(a § v = a ~y v);
(3) Va:A(af = a ~4 Q4).

We postpone a classification of the types for which part (3) can be strength-
ened from = to iff until Section 8.
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A" =[pBilier A" =[li:Bi, 4j:Bjlicrjes 1NJ =0
F,wi:All—ei:Bi(iEI) F,xj:A"l—ej:Bj(jGJ)

DE [l =qziA)elicr < (6 = (zi: A" )eiicrug « A

(Eq Sub Object)

A=pu(X)E TkFe: A
'+ fold(A,unfold(e)) <+ e: A

(Eval Fold)

'Fe:A— B z ¢ Dom(l)
'k Az:A)(ex)<>e: A— B

(Eval Eta)

Table 9: Fragment of the equational theory of FObq..,

5 Validating the equational theory

Abadi and Cardelli (1994c) present an equational theory for FOb;.,. Their
relation is essentially the relation <» C Rel’ that is inductively defined by
the rules in Table 9, together with rules of equivalence, compatibility, closure
under evaluation, (Eq Top) and (Eq Subsum). The theory is given in full in
Appendix B. We show that the open extension of bisimilarity is closed under
the relevant equational rules and hence <+ C ~°.

Most of the FOb; .., equational theory is easy to verify. The equivalence
rules follow for bisimilarity follow from Proposition 16 (1). The congru-
ence rules follow directly from Theorem 1. The evaluation rules follow from
Proposition 26. (Eq Top) follows from Proposition 31(1). (Eq Subsum) fol-
lows from Lemma 22. (Eval Fold) and (Eval Eta) can easily be proved by
co-induction. (Eq Sub Object) appears to be most easily proved via a di-
rect proof that the two objects are contextually equivalent. We give the full
proofs in Appendix A.6. Since ~° is closed under all the rules inductively
defining the equational theory, it is sound in the following sense.

Theorem 3 < C ~°.

Bisimilarity is no panacea—witness the direct proof of (Eq Sub Object)—but
the bisimulation proofs of most of the equational rules would appear to be
simpler than direct proofs of contextual equivalence.

The converse of Theorem 3 fails; see Proposition 29 below for an exam-
ple. In any case since the calculus presented here is Turing-powerful, no
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recursively enumerable equational theory such as <+ could be complete for
operational equivalence.

Strictly speaking, the theory of this paper does not cover all of Abadi and
Cardelli’s equations because their equational theory covers open expressions
of open type. We have only considered open expressions of closed type.
Open expressions of open type are not useful in FOb;.,, because there are
no polymorphic functions (though of course such expressions are useful in
richer systems considered by Abadi and Cardelli). It should be possible to
extend our notion of open extension to include expressions of open type,
and correspondingly to extend the compatible refinement and congruence
candidate relations and thus derive the exact forms of their equations. We
postpone this until a future study of polymorphism.
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6 Example

We consider an example given by Abadi and Cardelli. A field is a degenerate
method that does not depend on its self parameter. Let e'.f := e be short
for ¢'.0 <= ¢(z)e, and [¢ = e,...] be short for [¢ = ¢(z:A)e,...], for some
x ¢ fv(e). Define a type A and two objects a and b as follows.
A" [:Bool, f:Bool]

a:A = [z =true, f = true|

b4 [z = true, f = ¢(s:A)s.2]
Proposition 27 Not a ~4 b.

Proof Let the context e be —.x: =P f. Both e[a] and e[b] are programs

of type Bool, but e[a] |} true whereas e[b]{}. Hence the two are contextually
distinct, therefore not bisimilar. [ |

Proposition 28 a ~;:01] 0.

Proof Using (Eq Sub Object) we can prove both [z = true] ~ppo01] @
and [z = true] ~[;:p001] b, and therefore a ~:z001] b by transitivity. [ |

Proposition 29 a ~|f5.01] b.

Proof Let P and @ be a[y.po01] and bjfpe01) respectively. Here are all their
possible transitions.

(1) P L P with P' = (a.f),,,, ~ truesoor.

(2) Q@ 55 P with P/ = (b.f)gop; ~ tTUCE001.

(3) P fﬂ:)e P’ with P' ~ [v = true, f = c('r:A)e][f:Bool}'

(1) Q"5 @ with @' ~ [z = true, f = ¢(z:4)e] oy
In each case, whenever P — P’ there is Q' with Q — Q' and P’ ~ @',
and vice versa. Hence (P, Q) € (~) and since ~ = (~) we have a ~|f;001) b.
|

This example, in a form using natural numbers rather than Booleans, is
given in section 4.3 of Abadi and Cardelli (1994c). Proposition 29 does not
follow from the equational theory <». We expect it would follow by a direct
proof of contextual equivalence (similar to the one we needed for (Eq Sub
Object)) but the bisimulation proof above is much simpler.
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7 Extensions

Each lemma in the proof of Theorem 2 is a property of a relation which is
proved by induction or co-induction on some set of rules. If a new syntactical
construct is added to the language, we must check that each property is
unaffected; this amounts to adding a single case to each induction or co-
induction argument.

To demonstrate the modularity of our approach, we extend FOb, .., with
the following first-order types.

e Type Dynamic (Table 10); values of this type are pairs of a programs
with its type. The language here is a subset of that considered by
Abadi, Cardelli, Pierce, and Plotkin (1989), but with subtyping. Dynamic
type is active.

The operational semantics of terms of dynamic type uses the subtyp-
ing relation to decide whether (Red Dynamic Match) or (Red Dynamic
Default) applies. These rules thus depend on the decidability of sub-
typing; if we were to extend the type system to incorporate F<, in
which subtyping is undecidable (Pierce 1994), we would have to choose
a different destructor for terms of dynamic type.

Our motivation for including dynamic types is to be able to derive
more subtyping relations than would be possible using FOb; ., only.
Suppose Nat is a type of natural numbers. Given the two types

A Y p(X)[x:Nat, dz:Nat — X]

B ¥ w(X)[z, y:Nat, dz, dy:Nat — X|
which represent moveable one-dimensional and two-dimensional points
(the dz and dy functions take a natural number and return an object
in which the appropriate co-ordinate has been updated), the expected
subtyping B <: A does not hold because of object invariance. More-
over, if that single subtyping relation were added to the language, the
property of subject reduction property would fail (Abadi and Cardelli
1994c¢). However, we can represent these points using dynamic types,
for example,

A« [:Nat, dz:Nat — Dynamic]

B [x,y:Nat, dx, dy:Nat — Dynamic]

and now the relation B’ <: A" holds. However, the encoding is inelegant:
every time we update a point, we have to use a typecase expression
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—— (Type Dynamic)
I' - Dynamic

I'Fe: A

(Val Dynamic)
't tag(A,e) : Dynamic

I'+e:Dynamic [,z:Bre:A T'He':A
'+ typecase(e, (z:B)e’,e"): A
A< A

(Val Typecase)

(Red Dynamic Match)
typecase(tag(4,e), (z:A")e, ") — €'[¢/x]

—|(A <: A,)

(Red Dynamic Default)

typecase(tag(4,e), (z:A")e',€") — €

(Trans Dynamic)
tagA

tag(4,e) — eq

Dynamic

FFeRe:A

— (Comp Dynamic)
I'+ tag(A,e) R tag(A,¢') : Dynamic

[+ e;Re} :Dynamic [, 2:BFesReh: A I'kesRely: A ( Comp
I+ typecase(er, (z:B)es, e3) R typecase(e), (z:B)e), ¢y) : A \Typecase
& == typecase(—, (z:A)¢,e")
v u= tag(4,e)
a = tagA € Type

Table 10: Rules for dynamic types

)
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to convert the resulting value from dynamic type back to an point. To
represent these types elegantly, we need a type system that is ‘poly-
morphic in self’, such as that given in Abadi and Cardelli (1994b).

e Records (Table 11); these are essentially objects without method up-
date, and with covariant subtyping, as described in Cardelli (1989).
Record types are passive.

e Variants (Table 12), also known as unions or finite sum types, as
described in Cardelli (1989). Variant record types are active.

The proofs in the appendix are for the language FOb, .., extended with these
types. We leave second-order extensions, in particular polymorphism, for fu-
ture work. We believe our results would routinely extend to eager constructs,
that is, call-by-value functions, records that evaluate their components, and
so on, but we have not checked the details.
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T+ E; (Vi€ I)

(Type Record)
'+ record(E;)ics

JCI THE;<E; (VjelJ)

(Sub Record)
[ I record((;:E;)ics <: record(l;:E})jc,

(Val Record)
'+ record(¢; = e;)ics : record(;:F;)ict

'k e:record(l;:E)icr jE€I
Ttel;:E

(Val Select)

jel

(Red Record)
record(ﬁi = ai)iej.fj = aj

A =record(l;:Ai)icr jEI E=—-U4; B=Aj

(Trans Record)
&l
record({; = a;)icr 4 — Elalp

Fl—eZRe;Az (Vl € I)

= (Comp Record)
[ record({; = e;)ic; R record({; = €});cs : record(l;:A;)ics

[+ e Re) :record(li:A;)ic; j €T
' e t; R el Aj

(Comp Select)

E = —4;
v == record({; = a;)ics

Table 11: Rules for records
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T+ E; (Viel)

(Type Variant)
'+ variant(Ei)ig

ICJ THE < E\ (Viel)

(Sub Variant)
'k variant(&:Ei)iE[ <: variant(éj:E;-)jeJ

jel Tre:B THE(Viel)

(Val Variant)
I' - variant(¢; = e) : variant({;:F;)icr

'+ e:variant(¢;:E;)ie;r ,z:E;Fe:E(Vie{l,...,n})
[+ case(e, (x)er, ..., (x)e,) : E

(Val Case)

(Red Case)
case(variant(; = a;), (x)e1, ..., (z)ey) — e;[%/x]

A= variant(ﬁi:Ai)iel jel

; (Trans Variant)
variant({; = a), — ay,

jel TI'keRe:A;

— (Comp Variant)
'+ variant({; = e) R variant({; = ¢') : variant(¢;:4;)ics

[+ eRe :variant(/;:A;)ie;r T, xi:A; Fe;Rel: A(Vi € 1)

T+ case(e, (z)e1, ..., (x)en) R case(e, (z)e), ..., (z)el): A

(Comp Case)

E == case(—, (x)er,...,(x)ey)
v u= variant({; = a;)

Table 12: Rules for variant records
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8 Operational adequacy

Proposition 26(3) strengthened from ‘=" to ‘iff’ is an important property of
equality and divergence. In the setting of the equality induced by a denota-
tional semantics it is known as computational adequacy (see Pitts (1994),
for instance) or complete adequacy (Meyer and Cosmadakis 1988).

We can characterise the types with this property as follows. Let a type
A be total iff Va:AJv:A(a ~4 v), that is, every program equals a value.
Otherwise we say A is partial. The following proposition says that the
partial types are exactly those that are computationally adequate.

Proposition 30 For any type A, the following are equivalent.
(1) A partial
(2) Va:A(a ~ Q4 = afy)
(3) Va,b:A(al & a ~ b= b))

In contrast to partial types, at a total type A, equality to Q4 cannot imply
divergence because there is a value equal to every program, including Q4.
Total types are important for our study because we want Abadi and Cardelli’s
(Eq Top) rule to hold. It asserts that all programs at type Top are equal. It
holds because there are no transitions at type Top. So at least Top is total.
Clearly Bool is partial. But object types may be either. [(:Bool] is partial
but [| and [¢:[]], for instance, are total. In order to compute which types are
total, we introduce a further distinction, between singular and plural types.

Let a type A be singular iff Va, b:A(a ~4 b), that is, any two programs
at type A are equal. Otherwise we say A is plural, that is, there are at least
two distinct programs at type A.

We can compute the singular types as follows. Let SP be the computable
function given by structural recursion on argument E using the equations
in Table 13. If E is a type, then SP(FE) either equals the constant S or a
pair (v,e) where v is a value (possibly with free type variables) and e is an
expression. We assume a total ordering on the set of method labels.

Proposition 31
(1) SP(A) =S = Va,b:A(a ~4 b)
(2) SP(A) £ S= Fv:A(v | v & v £ Q4
(3) A is singular iff SP(A) = S.

30



SP(X) =S
SP(Top) = S

SP(Bool) = (true, —)

SP([¢;:E;licr) = {

SP(u(X)E) = {

SP(E1 — Eg) = {

S
([¢j=vj,£i=Q"ic1 (5},
ej[—4;])

S

(fold(u, v[H/X]),
e[/X|[unfold(-)])

S
(A(@:E1)va, e2[—(271)))

if SP(E;) = Sforalli e I
if £; is the least label
with SP(Ej) = (Uj, ej)

if SP(Ey) = S
if SP(EQ) = (UQ, 62)

SP(Dynamic) = (tag(Bool, true), typecase(—, (x:Bool)true, true))

SP(record((;:E;)ic;) = {

S
(record({j=vj,{;=
QFN ey ei[—-45))

if SP(E;) = Sforalli e I
if /; is the least label
with SP(Ej) = (Uj, ej)

SP(variant({;:E;);cr) = (variant(¢; = QFY), case(—, (z)true, ..., (z)true))

Table 13: The SP(—) function
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Total Partial

'—_______________________\TI_ ___________________________ 1 R
: | Singular | :  [Bool Active | :
| 1 |
| |
| Records : Top : : | | Dynamic |
| | b
| | record(¢:Bool) ! record(/:Top) |! : | | variant(¢;:A;) |
: e |
| | |
| I
| - |
" Functions i ] [¢:Top] : : [¢:Bool] | Objects |
I'| Top — Bool ; Bool — Top |, | !
| : Ll |
: u(X)[] — Bool | p(X)[E:X] 1 (X)[¢:X — Bool] | Recursive :
L T

Figure 1: Classification of types in Ob;,,

A type is singular if neither it nor any of its subexpressions is Bool. So
w(X)[¢1:Top, lo:X] is singular but p(X)[¢1:Bool, ¢5:X] is not. Intuitively, all
programs are equal at a singular type because there are no Bool-contexts to
tell them apart.

Now we can compute whether a type is partial or total as follows.

Proposition 32 Suppose A is a type. If SP(A) = S then A is total. Other-
wise A takes one of the following forms:

(1) u(X1). .. u(Xn)Bool, partial;
(2) u(X1)... (X)) [li:Ei], partial.

(3) u(X1)... u(X0)Ey — B, total;

(4) u(X1). .. u(X,)Dynamic, partial.

(5) (X)) ... u(X,)record((;:Ey), total.
(6) pu(X1)...u(X,)variant((;:E;), partial.

Object types are either singular or partial; a total object type must be singu-
lar. If we had unrestricted call-by-value functions, every type in the language
would be partial. Any value, even at type Top, could be distinguished from
2. But then (Eq Top) would be invalid. Figure 1 illustrates the relationships
between these classifications of types.
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9 Other equivalence relations

Our theory is based on characterising contextual equivalence as a form of
bisimilarity. We considered several other forms of operational equivalence.

9.1 Contextual equivalence using capturing contexts

In Section 3, we defined contextual equivalence for closed expressions only.
In extending the relation to open expressions, we have two choices; one is
to use the relation ~°, the other is to use contexts with a single hole that
captures free variables; that is, we define a relation ~! as follows.

for all capturing contexts C s.t.
et iff Cle]:Bool and C[e']:Bool then

Cle] J iff Ce'] U
We can easily show that that ~! contains contextual equivalence for both
FOb,.., and Ob;,,; the reverse inclusion holds for the former but fails for
the latter. The only bound variables in Ob; .., are self-parameters, of object
type, so x:Bool  z ~! true holds vacuously, but of course x:Bool - z #°
true, because false/y is an z:Bool-closure. However, if Ob;.,, is extended
with functions (as in FOb;..,) or with a let-construct at arbitrary type we
can prove that the two equivalences are equal.

Proposition 33 In the presence of functions or a let-construct, ~° = ~".

9.2 Record-style bisimilarity

Thinking of objects as records, we considered a simple equivalence, ~2, that
equates two objects if selections of their methods are pairwise bisimilar.

2 ) al iff b {; and
@ e A;)(i€d) b iff { a. %21_ bl foralli el

This relation is not discriminatory enough because it has too narrow a notion
of observation on objects. It would be correct for a record calculus, but it
ignores the possibility of method update. For example, it equates a and b
from Section 6 at type [x:Bool, f:Bool], but we know from Proposition 27
that they are contextually distinct at that type. Abadi and Cardelli (1994c¢)
reject a record-style semantics for their calculus for similar reasons.
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9.3 Applicative bisimulation

Howe (1989) defines a format for applicative bisimulation, ~*, for a general
class of untyped A-calculi. Here is a natural way to express this format in a
typed setting.

a~3 b iff whenever a | u then Jv s.t. bl v

and @ u~3°v: A; and vice versa.

Unfortunately, this format is too discriminatory for this object calculus. It
distinguishes between the two programs a and b from Section 6 at the type
[f:Bool], whereas Proposition 29 shows they are contextually equivalent.

Two A-calculus functions A\(z:A)e and A(z:A)e’ are equal if and only if e
and €’ are equal for any expression of the correct type that may be substituted
for x. However, for the methods ¢(s:A)true and ¢(s:A)s.z to be equal, their
bodies only need to be equal when particular values of s are substituted for
x: namely the objects a and b themselves.
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10 Encoding functions as objects

We will consider an encoding of the A-calculus in the object calculus and use
the bisimilarity relation to show that this encoding is sound.

We take as the language for this study the simply-typed A-calculus to-
gether with Booleans. The relations of contextual equivalence and bisimilar-
ity are defined as before, and the two relations may be shown to be equal
using the same proof as before. Now we consider the encoding ((—)), given
by the following rules.

((Bool) = Bool
(A= B) = [a:{A), v:(B)]
(a) = za
(true)) = true
(false)) = false
(Az:A)e) = [a=c(s:(A = B)))s.a,v = ¢(z:(A = B)){(e)]
(ere2) = (er))-a = c(s:(A = B))(e2)).v

(if(er, ez, e5)) = if({er)), (e2)), (es)))

To show that this encoding is sound, we need to show that any reduction
of a A-calculus expression can be matched by the reduction of its translation
in the object calculus. Unfortunately, the expected property ‘if a — b then
(@) —7T (b)) fails. For example, let a = ((A(z:Bool)A(y:Bool)x)true) and
b = A(y:Bool)true. Omitting the type annotations for clarity, and letting
0= [a=((s)s.a,v=¢(y)xr.a] we have

{a)) —T Ja=¢(s)s.a,v=¢(y)[a =true,v=¢(x)ol.a]
(o) = Ja=¢(s)s.a,v=¢(y)true].

So a — b but {(a)) AT ((b). However, the translation of a differs from the
translation of b only in that where the latter has true, the former has the
unevaluated selection [a = true,...].a, and in fact the congruence property
of bisimilarity immediates gives (a)) ~ ((b). To make this idea precise, we
introduce the relation I' - e < €’ : A on expressions in the object calculus,
defined by induction on the two rules

[Fe<e:A
@l—a<5(a,b):A Fl—e<e’;A

where §(a,b) = o [a = a,v = ¢(s)b].a, for suitably typed programs a and b.

Clearly 6(a,b) — a. The intuition is that a < b if b has the same structure
as a, but contains zero or more additional unevaluated method selections.
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Now we can prove that if a A-calculus program converges, then it is
soundly modelled by its translation into the object calculus, in the following
sense.

Lemma 34 Let a be a A-calculus program with a:A. Then
(1) adv=Fu((a) 4 u& (v)) <qay v)
(2) (@) b u = Fo(abv & (o) <gay )

The soundness of the translation is a simple corollary.

Theorem 4 If (a) ~¢ay (b)) then a ~4 b.

Proof Suppose for some A-calculus context —:A F e that we have e[a]).
We must show e[b]{}. By Proposition 34(1) (e[a]){}; from ((a)) ~¢ay (b)) we
have ((e[b]){; hence by Proposition 34(2) e[b]{}. |

However, the translation is not fully abstract, because we can exhibit
two programs that are equivalent, but whose translations are contextually
inequivalent.

Lemma 35 There exist A\-calculus terms a, b such that a ~ b but not {(a)) ~

(b))
Proof Take the following programs.

= A(x:Bool — Bool)(x true)
b = M a:Bool — Bool)if((x false), (ztrue), (ztrue))

The only transition from a is a —< (ac) for some ¢:Bool — Bool, with

(ac) — (ctrue). We have b N (be) with (bc) — if((cfalse), (ctrue),
(ctrue)), and since our simply-typed A-calculus is determinstic and nor-
malising, then either (cfalse) |} true or (cfalse) |} false; in either case

(bc) —* (ctrue), so a ~ b.
However, ((a)) and ((b)) are distinguished by the ¢-calculus context —.a <
G(s:{(Bool — Bool)))[a = Q%' v = ¢(s:((Bool — Bool)))if(s.a, s.a, Q25°°)].
|

So our translation of the simply-typed A-calculus without recursion is not
fully abstract.

The particular counterexample depends on the fact that our choice of
simply-typed A-calculus is normalising, so it is natural to ask about the case
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when the A-calculus is extended with recursive terms (thus obtaining a form
of PCF). In that case, there exists a divergent A-calculus term Q4 for each
A-calculus type A, so the counterexample in Lemma 35 fails because the
context (— A(y)if(y:Bool, true, QP°°t)) distinguishes the programs a and b.

However it is simple to construct a counterexample that works. For ex-
ample, take the following programs.

a = A x:Bool)QP°!
bl = QBool%Bool

It is easy to show that @' ~ 0, but the context —.(v < ¢(s:((Bool —
Bool)))true).v distinguishes the translations (a)) and (b)).
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11 Related work

Most prior work on the theoretical underpinnings for object-oriented pro-
gramming uses denotational semantics (Gunter and Mitchell 1994), which
provides fixpoint induction for reasoning about programs. Co-induction can-
not always take the place of fixpoint induction, but Mason, Smith, and Tal-
cott (1994) show how to derive fixpoint induction in a purely operational
setting. Breazu-Tannen, Gunter, and Scedrov (1990) is one of the few pa-
pers to establish computational adequacy for a denotational semantics in the
presence of subtyping. One conclusion of our study is that in spite of its
elementary construction, bisimilarity is a useful operational model for an ob-
ject calculus. Although much can be done purely operationally, it would be
worthwhile to research the connections between contextual equivalence and
the PER model for Ob;..,.

Walker (1995) and Jones (1993) show how to encode objects in the 7-
calculus. Following their approach, we could translate Obq.,, into the -
calculus, but we expect, based on Sangiorgi (1994), that the equivalence
generated by the encoding would be finer grained than contextual equiva-
lence. Agha, Mason, Smith, and Talcott (1992) studied untyped actors, a
form of objects, with side-effects and concurrency. We consider the extension
of our results to the imperative object calculus of Abadi and Cardelli (1995)
to be important future work. In the presence of dynamic state all known def-
initions of bisimilarity are finer grained than contextual equivalence (Stark
1994) but nonetheless we expect bisimilarity to be useful for imperative ob-
jects. Obj.,, is also studied by Palsberg (1994), who presents a complete
type inference algorithm. Ob;.., is based on fixed-length objects; Mitchell,
Honsell, and Fisher (1993) have developed a A-calculus of extensible objects.
They too define a simple operational semantics, analogous to our — relation.
We expect our theory of bisimilarity could be reworked for their calculus. We
are aware of only two other studies of bisimilarity and subtyping. Pierce and
Sangiorgi (1995) investigate type annotations on names in the m-calculus.
Maung (1993), like us, used a labelled transition system and a notion of sim-
ilarity to express object properties. He proved that similarity of his objects
implies a notion of substitutability.
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12 Conclusion

Contextual equivalence formally captures the idea that two programs are
equal iff no amount of programming can tell them apart. We characterised
contextual equivalence as a form of bisimilarity. We validated Abadi and Car-
delli’s equational theory. Furthermore, we showed that bisimilarity admits
CCS-style proofs of equivalence, going beyond the equational theory. Our
work builds on previous studies of bisimilarity for functional calculi (Abram-
sky and Ong 1993; Howe 1989; Crole and Gordon 1995; Gordon 1995). This
is the first use of Howe’s method in the presence of subsumption and the
first study of contextual equivalence for an object calculus. The chief dif-
ficulties were in defining a labelled transition system that correctly dealt
with method update and subsumption. Our main results extend to func-
tion, dynamic, record and variant types. In all we claim that operational
methods are a promising new direction for the foundations of object-oriented
programming.

Milner (1989) showed that bisimilarity is a useful theory of concurrent
processes. Analogously, our work shows that bisimilarity is a useful theory
of objects with subtyping. We have shown that from elementary foundations
it captures intuitive operational arguments about objects.

Acknowledgements

Gordon holds a Royal Society University Research Fellowship. Rees holds an
EPSRC Research Studentship. We thank Martin Abadi, Luca Cardelli and
Andy Pitts for many useful conversations about this work. We are grateful
to Paul Taylor for the use of his commutative diagrams macros to typeset
some of the diagrams.

References

Abadi, M. and L. Cardelli (1994a, June). A semantics of object types. In
Proceedings of the 9th IEEE Symposium on Logic in Com-
puter Science, pp. 332-341. IEEE Computer Society Press.

Abadi, M. and L. Cardelli (1994b). A theory of primitive objects: Second-
order systems. In Proceedings of European Symposium on Pro-
gramming, Volume 788 of Lecture Notes in Computer Science,
pp. 1-25. Springer-Verlag.

39



Abadi, M. and L. Cardelli (1994c, April). A theory of primitive objects:
Untyped and first-order systems. In Theoretical Aspects of Com-
puter Software, pp. 296-320. Springer-Verlag.

Abadi, M. and L. Cardelli (1995). An imperative object calculus. In TAP-
SOFT’95: Theory and Practice of Software Development, Vol-
ume 915 of Lecture Notes in Computer Science, pp. 471-485.
Springer-Verlag.

Abadi, M. and L. Cardelli (1996). A Theory of Objects. To appear.

Abadi, M., L. Cardelli, B. Pierce, and G. Plotkin (1989). Dynamic typing
in a statically-typed language. In Sixteenth ACM Symposium on
Principles of Programming Languages.

Abramsky, S. and L. Ong (1993). Full abstraction in the lazy lambda
calculus. Information and Computation 105, 159-267. Available as
Technical Report 259, University of Cambridge Computer Laboratory.

Agha, G., I. Mason, S. Smith, and C. Talcott (1992, August 24-27,). To-
wards a theory of actor computation. In CONCUR’92: Third In-
ternational Conference on Concurrency Theory, Stony Brook,
New York, Volume 630 of Lecture Notes in Computer Science,
pp. 565-579. Springer-Verlag.

Amadio, R. and L. Cardelli (1990). Subtyping recursive types. Technical
Report 62, DEC Systems Research Center, Palo Alto.

Breazu-Tannen, V., C. A. Gunter, and A. Scedrov (1990, June). Comput-
ing with coercions. In Proceedings of the 1990 ACM Conference
on Lisp and Functional Programming, pp. 44-60.

Cardelli, L. (1989, May 24,). Typeful programming. Technical Report 45,
DEC Systems Research Center, Palo Alto.

Compagnoni, A. B. (1994). Higher-Order Subtyping with Intersec-
tion Types. Ph. D. thesis, Catholic University of Nijmegen.

Crole, R. L. and A. D. Gordon (1995). A sound metalogical semantics for
input/output effects. In CSL’94 Computer Science Logic, Kaz-
imierz, Poland, September 1994, Volume 933 of Lecture Notes
in Computer Science, pp. 339-353. Springer-Verlag. Full version
submitted to Mathematical Structures in Computer Science.

Felleisen, M. and D. Friedman (1986). Control operators, the SECD-
machine, and the A-calculus. In Formal Description of Program-
ming Concepts III, pp. 193-217. North-Holland.

40



Gordon, A. D. (1994). Functional Programming and Input/Output.
Cambridge University Press.

Gordon, A. D. (1995). Bisimilarity as a theory of functional programming.
In Eleventh Annual Conference on Mathematical Foundations
of Programming Semantics, Volume 1 of Electronic Notes in
Theoretical Computer Science. Elsevier Science Publishers B.V.
Available at http://www.elsevier.nl:80/mcs/tcs/pc/covvoll.htm.

Gunter, C. A. and J. C. Mitchell (Eds.) (1994). Theoretical Aspects of
Object-Oriented Programming: Types, Semantics, and Lan-
guage Design. MIT Press, Cambridge, Mass.

Howe, D. J. (1989). Equality in lazy computation systems. In Proceed-
ings of the 4th IEEE Symposium on Logic in Computer Sci-
ence, pp. 198-203.

Jones, C. (1993). A pi-calculus semantics for an object-based design no-
tation. In CONCUR’93: Fourth International Conference on
Concurrency Theory, Volume 715 of Lecture Notes in Computer
Science, pp. 158-172. Springer-Verlag.

Mason, I. A., S. F. Smith, and C. L. Talcott (1994). From operational
semantics to domain theory. Submitted for publication.

Maung, I. (1993). Simulation, subtyping and substitutability. Technical
Report UBC 93/5, Department of Computing, University of Brighton.

Meyer, A. R. and S. S. Cosmadakis (1988, July). Semantical paradigms:
Notes for an invited lecture. In Proceedings of the 3rd IEEE Sym-
posium on Logic in Computer Science, pp. 236-253.

Milner, R. (1977). Fully abstract models of typed lambda-calculi. Theo-
retical Computer Science 4, 1-23.

Milner, R. (1989). Communication and Concurrency. Prentice-Hall
International.

Mitchell, J. C.; F. Honsell, and K. Fisher (1993). A lambda calculus of
objects and method specialization. In Proceedings of the Eighth
IEEE Symposium on Logic in Computer Science, Montreal,
pp- 26-38.

Morris, J. H. (1968, December). Lambda-Calculus Models of Pro-
gramming Languages. Ph. D. thesis, MIT.

Palsberg, J. (1994). Efficient inference of object types. In Proceedings of
the 9th IEEE Symposium on Logic in Computer Science, pp.
186-195.

41



Pierce, B. and D. Sangiorgi (1995). Typing and subtyping for mobile pro-
cesses. Mathematical Structures in Computer Science. To ap-
pear. Summary in Proceedings of the 8th IEEE Conference on
Logic in Computer Science, pp. 376-385 (1993).

Pierce, B. C. (1994, August). Bounded quantification is undecidable. In-
formation and Computation 113(1), 131-165.

Pitts, A. M. (1994). Computational adequacy via ‘mixed’ inductive defini-
tions. In Proceedings Mathematical Foundations of Program-
ming Semantics IX, New Orleans 1993, Volume 802 of Lecture
Notes in Computer Science, pp. 72-82. Springer-Verlag.

Plotkin, G. D. (1977). LCF considered as a programming language. The-
oretical Computer Science 5, 223-255.

Rees, G. (1994, April). Observational equivalence for a polymorphic
lambda calculus. University of Cambridge Computer Laboratory.
http://www.cl.cam.ac.uk/users/gdrl1/equivalence.dvi.

Sangiorgi, D. (1994, May). The lazy lambda calculus in a concurrency
scenario. Information and Computation 111(1), 120-153.

Stark, I. D. B. (1994, December). Names and Higher-Order Func-
tions. Ph. D. thesis, University of Cambridge Computer Laboratory.

Walker, D. (1995, 1 February). Objects in the m-calculus. Information
and Computation 116(2), 253-271.

42



A Proofs

A.1 Operational semantics

Proof of Lemma 1
(1) If ' F E then ftv(E) € Dom(T) and ' F <.

2) IfT'F E <:E' then ftv(E) U ftv(E") C Dom(I') and I' - o.

IfT'Fe: A then ftv(e) U fv(e) € Dom(I') and I' - o.

(2)
(3)
(4) If T = [4; = ¢(zs:A;)e;)ier - B then the A; are identical and each A; <:B.
(5)
(6)

5) If A <: B then Prog(A) C Prog(B).

6) If A<:B and both A and B are object types, they must have the forms

iz Ailicr and [€j:A;]jes, respectively, with J C I.
(7) IfI, X', X<:X'F E<:F' and ' - A<:A then I' - E[A/X]|<: E'[A)X"].
(8) Subtyping is decidable.
9) fTFE<:E andTFE' <:E then E=FE'.

The proofs of parts (1) to (7) are routine. For part (8), we give an
inductive definition of an alternative subtyping relation, in which all the
rules are syntax-directed, and show that the new definition is the same as the
old. Part (9) is a simple corollary of part (8). Our algorithmic presentation
of the subtyping relation was inspired by Compagnoni (1994). See Amadio
and Cardelli (1990) for an algorithm to decide subtypings in a richer system
where a recursive type is considered equivalent to its unfolding.

The new subtyping relation, <:’, is defined by the rules in Table 14.
We observe that the rules are in syntax-directed form; that is, a subtyping
relation I' H E' <" E' matches at most one of the rules. Hence, if we can show
that <: = <, and if we can show that application of the rules terminates for
any triple (I', £y, E») with I' = B} and ' - E,, then the definition of <:’ gives
an algorithm for deciding whether two types are in the subtype relation.

The following inclusion is immediate.

Lemma 36 The rules for <:" are all derivable rules for <:; hence <:" C <:.

Proof The rules (Sub’ Refl X), (Sub’ Refl Bool) and (Sub’ Refl Rec) follow
from (Sub Refl). The (Sub’ Trans X) follows from (Sub X) and (Sub Trans).
The rules (Sub’ Top), (Sub’ Object) and (Sub’ Arrow) are identical to (Sub
Top), (Sub Object) and (Sub Arrow) respectively. The rule (Sub’ Rec) differs
from (Sub Rec) only in a side condition. |
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X< EI'Fo

(Sub’ Refl X)
LX< ETFX<!'X

IX<EI'vrE<'E E #Top E #£X
I'X<:ETI'FX<'E

(Sub’ Trans X)

'-FE
———— (Sub’ Top)
'+ E <! Top

'to

(Sub’ Refl Bool)
' - Bool <:' Bool

JCI TFEWMiel)
DE [l Eilier <! [t : Elicy

(Sub’ Object)

X <:Topk E
'Fu(X)E <! u(X)E

(Sub’ Refl Rec)

PEp(X)Er TFp(X2)E,
I', Xy <: Top, X; <: Xy F E, <! Ey ,u(Xl)El §é ,u(XQ)EQ

'+ H(Xl)El <! /J/(XQ)EZ
'-E|<'E T'FE;<'E)]

(Sub’ Rec)

— — (Sub’ Arrow)

Table 14: Syntax-directed subtyping relation
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To prove the reverse inclusion, we must establish that the rules for <: are
derivable for <:'. The difficult case is (Sub Trans); the other rules are
straightforward to derive.

Lemma 37 The rules (Sub Refl), (Sub X), (Sub Top), (Sub Object), (Sub
Rec) and (Sub Arrow) are derivable for <:'.

Proof For (Sub Refl), we prove the result by induction on the derivation
of '+ E.

For (Sub X), then if E = Top, then the result follows by (Sub Top).
Otherwise, given the hypothesis, then I'; X <: E,I" = E by (Env X); hence
[NX<:E I"F E<!FE by (Sub Refl); hence I', X <: E,I" + X <" E by (Sub
Trans X).

The rules (Sub Top), (Sub Object) and (Sub Arrow) are identical to (Sub’
Top), (Sub’” Object) and (Sub’ Arrow) respectively.

The rule (Sub Rec) follows from (Sub’ Refl Rec) and (Sub’ Rec) together.

[

It suffices to prove (Sub Trans) for <:. The most obvious proof method
is induction on the derivation of the subtyping judgment. The cases are
easy except for (Sub’ Rec), when the judgments we derive are initially in the
wrong form to apply the induction hypothesis; that is, we deduce

F,XQ <: TOp,X]_ < X2 F E1 <I, E2 (].)
I X3 <ZTOp,X2 <:X3F E, <! Es (2)

and wish to derive I', X3 <: Top, X; <: X3 F E; <!’ F3 by the induction hy-
pothesis. However, we cannot do this because the environments are different.

Our solution will involve induction on a certain weighting of subtyping
judgments; in the case for (Sub’ Rec) we will derive the following judgments,

F,Xg <ZTOp,X2 <ZX3,X]_ <1X2 l_El <I, E2 (3)
F,Xg, <ZTOp,X2 <IX3,X1 <: Xo F Ey <! Es (4)
from (1) and (2). Since (3) and (4) involve the same environment we apply
the induction hypothesis and the case for (Sub’ Rec) easily follows. The

implication (2)=>(4) is just weakening, since the type variable X is not free
in By or Ej5. To establish (1)=-(3), we prove the following lemma.

Lemma 38
() X < E"T'Foiff V'Y <« E" X < Y,I" - ¢ for some variable
Y ¢ Dom(I', X <: E",T").
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2) LX< E"I'"F Eiff Y < E" X <Y, I" b E for some variable
Y ¢ Dom(L', X <: E",I").

B) LX< E'I'FE<'E if )Y <E" X <'Y,I"+E<!'FE for some
variable Y ¢ Dom(I', X <: E",T").

Proof In each case, the proof is by rule induction. Parts (1) and (2) are
routine; in part (3) we must take care in the case (Sub’ Trans X) when
X =Y, then we must apply (Sub’ Trans X) twice to deduce the required
result. |

We note that in going from I', X <:Top, [+ E<'E"to ', Y <:Top, X <:Y, I -
E <" E' we may increase the depth of the derivation, because the rule (Sub’
Trans X') may be applied more times in the derivation of the latter than in
the derivation of the former. Hence we cannot now prove the validity of the
case (Sub’ Rec) in the proof of (Sub’ Trans) by simply inducting on the depth
of derivation of the subtyping judgment, because the judgment (3) may have
a longer derivations than the judgment (1), and so the induction hypothesis
will not go through.

Instead of a simple induction on depth of inference, we induct on the
value of the function w(I', E, E') = (p, ¢) which computes a weight (a pair of
natural numbers) for the triple (I, E, E’) where we have I' - F and ' - E.
The weight w is given by the following definition.

w(l',E,E") = (size of E',|I"|)
where I is the least initial segment
of I with ftv(E) C Dom(I"))

Weights are considered to be ordered lexicographically. We extend weights to
subtyping judgments by setting w(I' - E<:'E") = w(I', E, E'). By inspection
of the rules in Table 14 we note that in each rule, the weight of the hypothesis
of the rule is always less than the weight of the conclusion of the rule. For
each rule except (Sub’ Trans X) the first component of the weight goes
down from conclusion to hypothesis; for (Sub’ Trans X)) the first component
remains the same, and the second component decreases (for the environment
[ X <: E, I to be well-formed we must have I' = E, which has a shorter
environment than the judgment I', X <: £+ X).

The weight w establishes that the rules in Table 14 give a terminating
algorithm; that is, for any well-formed environment [' and any two types
E and E' with ' F £ and I' = E’, the application of the rules eventually
produces a proof of I' = E <:" E' or else reaches a point where no rule applies.

To establish the correctness of the algorithm, we will need the following
property of w.
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Lemma 39 Let J be the judgment I'; X <:Top, " = E<!"E" and let IC be the
judgment I')Y <:Top, X <:Y,I" = E<!'E’ for some Y ¢ fv(I')Ufv(I")U{X}.
Then if J is derivable with w(J) = (p, q), then K is derivable with w(K) =
(p,q +n) for somen > 0.

Proof That K is derivable follows from Lemma 38. That w(K) = (p, ¢+n)
is proved by induction on the derivation of 7. [ |

Now the proof that (Sub Trans) is a derived rule for <:’ is simple.
Lemma 40 (Sub Trans) IfI'F E\<!/E, and' - Ey<!Ej then ' - B, <!'E;.

Proof By induction on the weight w(I' F E; <" E,), considered to be
ordered lexicographically. The interesting case is (Sub Rec). Here we have
the judgments

'+ ,U/(XI)EI <! /J,(XQ)EQ (5)
'+ M(XQ)EQ <! /J,(Xg)Eg (6)

with w(5) = (p,¢). By (Sub’ Rec) we deduce the judgments

F,XQ <: TOp,Xl <:XoF E; <! Es (7)
F,Xg <ZTOp,X2 <ZX3 l_El <I, E2 (8)

with w(7) = (p—1, ¢). By Lemma 38 and Lemma 39 we derive the judgment
F,Xg <ZTOp,X2 <ZX3,X]_ <ZX2 l_El <I, E2 (9)

with w(9) = (p — 1, ¢+ n) for some n > 0 (since X3 ¢ fv(I') U{X,, X»}). By
weakening we derive

F,Xg <ZTOp,X2 <ZX3,X]_ <ZX2 l_El <I, E2 (]_O)

(since X ¢ fv(I') U{X3, Xa}). Since (p —1,¢+n) < (p,q) we can apply the
induction hypothesis and deduce

F,Xg, <ZTOp,X2 <IX3,X1 <:XoF E; <! Es (11)
so by Lemma 38(3) we can get rid of the variable X, and establish
I', X3 <ZTOp,X1 <:X3F E; <! Es. (12)

Hence I' - u(X1)Ey <" u(X2)E> as required. |
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Now we can establish the main result:

Proof of Lemma 1(8)  Subtyping is decidable.

Proof Combining Lemmas 36, 37 and 40 gives us the identity <:" = <:,
and then the syntax-directed rules for <:’ give us an algorithm for deciding
the validity of a candidate subtyping relation. |

Proof of Lemma 1(9) IfTFE<:E and'F E' <:E then E = E'.
Proof By inspection of the rules for the relation <:'. [ |

Proof of Lemma 2 [f,x:E',I"Fe:FE and ' - € : E', then I',)T" -
ele'fx] . E.

Proof By induction on the derivation of I', x:E', " Fe: E. [ |

Proof of Lemma 3 IfI',x:A)I"Fe:B and A'<:A then I, x:A", 1"+ e: B

too.
Proof By induction on the derivation of I'; x: A, " - e: B. |
Proof of Lemma 4  If a: A there is a unique list of experiments &1, ...,&,

and value v such that a = &;[...Ey[v] .. ]
Proof By induction on the derivation of a:A. [ |

Proof of Lemma 5  The values are the normal forms of —, that is, when-
ever a is a program, a € Value iff —(a ).

Proof The forward direction is easy to check; we just observe that no
reduction rule applies to any value. For the reverse direction, we prove by
induction on the structure of the derivation of a:A that if a ¢ Value, then
a . Consider the last rule used in the derivation of a:A. It cannot have
been (Val x), because a is a closed expression, and cannot have been (Val
True), (Val False), (Val Object), (Val Fun), (Val Dynamic), (Val Record) or
(Val Variant) because a ¢ Value.

(Val Subsumption) Here a:A’ for some A’ <: A. By the induction hypothesis,
if a ¢ Value, then a .
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(Val If) Here a = if(ay, aq, a3) with a;:Bool. If a; € Value, then by its type
we must have either a; = true or a; = false and then either a — a9
by (Red If True) or a — a3 by (Red If False) respectively. Otherwise
a; is not a result and by the induction hypothesis a; — a}. Hence
a — if(a), az, a3) by (Red Experiment).

(Val Select) or (Val Update) Here a = b.9 where b:[¢;:B;|;cr and j € I and
either 6 = ¢; or 6 = {; < ¢(z:A)e, respectively. If b ¢ Value,
then by the induction hypothesis b — b'; hence a — 0.5 by (Red
Experiment). Otherwise b € Value, and by its type we must have
b= [l; = ¢(x;:B;)e;ier and by (Red Select) or (Red Update) we have
either a — ¢;[Vz] or a — [¢; = ¢(@:B;)e, {; = ¢(x;:B;)eilier—yjy, respec-
tively.

(Val Fold) Here a = fold(A,d') and a":A. If a ¢ Value, then o' ¢ Value,
and by the induction hypothesis, o’ — a”. Hence a — fold(A4,a") by
(Red Experiment).

(Val Unfold) Here A = E[4/X], a = unfold(a’) and a":u(X)E. If o’ € Value,
then by its type we must have o/ = fold(A',a”) with a" € Value.
Then by (Red Unfold) a — a”. Otherwise a’ ¢ Value, and by the
induction hypothesis we have o’ — a”. Hence a — unfold(a”) by (Red
Experiment).

(Val Appl) Here a = (ajaz), with a;:B — A. If a; € Value, then a; =
A x:B')e with B <: B" and then a — e[22/z] by (Red App). Otherwise
a; — a} by the induction hypothesis, and then a — (a} az) by (Red
Experiment).

(Val Typecase) Here a = typecase(ay, (x:B)e,a3) with a;:Dynamic. If a; €
Value, then by its type we must have a; = tag(C,a}). Now either
C <: B, in which case a — e[@1/z] by (Red Dynamic Match), or else
—(C'<:B), in which case a — a3 by (Red Dynamic Default). Otherwise,
a; ¢ Value, hence by the induction hypothesis a; — a/; hence by (Red
Experiment) a — typecase(a), (x:B)e, a3).

(Val Select) Here a = a'.¢; with a’:record({;:A;);cr and j € 1. If o’ € Value,
then by its type we must have o' = record(¢; = a});c;, in which case
a — a; by (Red Record). Otherwise, a’ ¢ Value, hence by the induction
hypothesis a' — a”; hence by (Red Experiment) a — a".¢;.

(Val Case) Here a = case(d/, (z:)eq,. .., (x)e) with a":variant (¢;:A4;)e;. If
a' € Value, then by its type we must have ¢’ = variant(¢; = o) for
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some j € I, in which case a ~ ¢;[¢/z] by (Red Case). Otherwise,
a' ¢ Value, hence by the induction hypothesis a' — a”; hence by (Red
Experiment) a — case(a”, (x)ey, ..., (x)e). |

Proof of Lemma 6 Ifa— b and a— ¢, then b = c.

Proof By rule induction on the reduction a — b. We note that the rules
(Red If True) and (Red If False) apply only if a = if(v, a1, az2), where v is
true or false respectively; the rules (Red Select) and (Red Update) apply
only if @ = v.0, where v is an object; the rule (Red Unfold) applies only if
a = unfold(v) where v is fold(A, u); the rule (Red App) applies only if a =
(va') where v = A(x:A)e; the rules (Red Dynamic Match) and (Red Dynamic
Default) apply only if a = typecase(v, (z:A)e, a') where v = tag(A’, a") (and
because subtyping is decidable, Proposition 1(8), only one can apply); the
rule (Red Record) applies only if @ = v.{; where v = record({; = a;);c; and
j € I; and the rule (Red Case) applies only if a = case(v, (z)ey, ..., (x)e,)
where v = variant({; = v'). But in each case, (Red Experiment) does not
apply because v € Value; and no other rule matches the outermost form of a.
Therefore a — ¢ must follow from the same rule as a — b, and in each rule
the outcome of the reduction depends only on the form of a. Hence b = c.
If (Red Experiment) does apply, then a = £[d'], b = E[V] and ¢ = £[¢] with
a' — b and o' — ¢. By the induction hypothesis, b’ = ¢’; hence b = c. [ |

Proof of Lemma 7 If a:A and a — b then b:A.

Proof By rule induction on the derivation of the typing a:A. Having found
one form of b, we appeal implicitly to Lemma 6 to deduce that there are no
other forms for b. Consider the last rule used in the derivation of a:A. It
cannot have been (Val z) because a is a closed expression, and it cannot have
been (Val True), (Val False), (Val Object), (Val Fun), (Val Dynamic), (Val
Record) or (Val Variant) because a .

(Val Subsumption) Here we have a type A’ such that a:A” and A’ <: A. By
the induction hypothesis b:A" and by (Val Subsumption) b:A.

(Val If) Here a = if(d/, as, a3) and a:Bool and a;:A and ag:A. Then either
(i) o' — d" or else (ii) ¢’ € Value. In case (i), by (Red Experiment)
b = if(a”,as,a3) and by the induction hypothesis a”:Bool; hence by
(Val If) b:A. In case (ii), by the type o’ = true or o' = false; then by
(Red If True) or (Red If False) respectively we have b = ay or b = a3
respectively; in either case b: A.
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(Val Select) Here a = a'.¢; with a’:[¢;:A;] and A = A;. Then either (i) o’ — ¥/
or else (ii) ¢’ € Value. In case (i), by (Red Experiment) b = b'.¢; and
by the induction hypothesis we have v':[¢;:A;]; hence by (Val Select) we
have b:A; = A. In case (ii), by the type o' = [¢; = ¢(z:4;)ei)ier; by
(Red Select) b = b;|%/x]; by (Val Object) we have a:[¢;:A;] F b;: A;; and
b:A; = A by Lemma 2.

(Val Update) This case is similar to that for (Val Select).

(Val Fold) Here a = fold(A,a') and A = u(X)E and o':E[4/X]. Since a
it must be the case that o' ¢ Value and hence o' — a”. By (Red
Experiment) b = fold(A,a"); by the induction hypothesis a”:E[4/X]
and by (Val Fold) b:A.

(Val Unfold) Here a = unfold(a’) and A = E[MX)E/X] and o':u(X)E.
Then either (i) ' — a” or else (ii) o' € Value. In case (i), by (Red
Experiment) b = unfold(a”); by the induction hypothesis a": (X)) E;
hence by (Val Unfold) b:A. In case (ii), by the type of ¢’ we must
have a' = fold(u(X)E,a"); hence by (Red Unfold) b = " and by (Val
Unfold) b:A.

(Val Appl) Here a = (a; a3), with a;:B — A and as:B. Then either (i) a; —
a} orelse (ii) a; € Value. In case (i), by (Red Experiment), b = (a} as),
and by the induction hypothesis a|:B — A; hence by (Val Appl) b:A.
In case (ii), by the type a; = A(z:B)e with 2:B F e: A and by (Red
App) we have b = e[@2/z], and b:A by Lemma 2.

(Val Typecase) Here a = typecase(ay, (x:B)e, az) wand we have a;:Dynamic
and 2:B F e: A and ag:A. Then either (i) a; — a} or else (ii) a; € Value.
In case (i), by (Red Experiment), b = typecase(a}, (z:B)e, as), and by
the induction hypothesis a}:Dynamic; hence by (Val Typecase) b:A. In
case (ii), by the type a; = tag(C,a}), and either —=(C' <: B), in which
case b = as, or else C' <: B, in which case b = e[01/z] by (Red Dynamic
Match), and hence b:A by Lemma 2 and Lemma 3.

(Val Select) Here a = a'.¢; with a":record((;:A;)ic; and j € [ and A =
A;. Then either (i) o' — a" or else (ii) ' € Value. In case (i),
by (Red Experiment), b = a”.¢;, and by the induction hypothesis
a":record(/;:A;);er; hence by (Val Select) b:A. In case (ii), by the
type a’ = record({; = aj)ic;, and b = a; by (Red Record), and hence
b:A.
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(Val Case) Here a = case(d, (z)ey, ..., (z)e) with a':variant({;:A;);e; and
x:A; e Aforeach i € I. Then either (i) o' — a” orelse (ii) o’ € Value.
In case (i), by (Red Experiment), b = case(a”, (z)ey, ..., (x)e), and by
the induction hypothesis a":variant(¢;: A;);cs; hence by (Val Case) b:A.
In case (ii), by the type ¢’ = variant({; = a”) for some j € I, and
b= ¢;[¢"/x] by (Red Case), and hence b:A by Lemma 2. |

Proof of Lemma 8 VA € Type Jay,as:A (a1l & asf}).

Proof Let ay be Q4 at each type A. The type A must take the form
p(Xy) ... pu(X,)B, so let a; be fold(Ay,...fold(A,,b)...), where the A;’s
are unravellings of A, and b is true if B is Top or Bool, [{; = QPi];c; if B
is [(;:B;licr, Mx:By)QP? if B is B, — B, tag(true,Bool) if B is Dynamic,
variant(¢; = QP) if B is variant({;:B;)ic; or record({; = QBi),c, if B is
record((;:B;);c;- We know that B can have no other form by the contrac-
tivity condition in (Type Rec <:). [ |

A.2 Labelled transition system
Proof of Lemma 10 o« € Act(A) iff Ja:A(as —).

Proof By inspection. [ |
Proof of Lemma 11 If@+ A <: B then Act(B) C Act(A).

Proof The proofis by rule induction on the derivation of & = A<:B. The
only interesting case is (Sub Object), in which case we have A = [(;:A;j]ier
and B = [{;:Bj]jes, with J C I. We consider an arbitrary o € Act(B). If
« is £; then o € Act(A) because J C I. Otherwise « is ¢; < ¢(x)e, and
r:BFe:Aj; soxAF e: A by Lemma 3; hence o € Act(A) too, because
JCI. [

Proof of Lemma 12 If A is active then ay — by iff v € Value(a |
v & vy 5 bp).

Proof If A is active then we have one of the three cases A = Bool, A =
Dynamic or A = variant(/;:A;);c;. The result follows by induction on the
length of the reduction a |} v, using (Trans Bool), (Trans Dynamic) or (Trans
Variant) respectively for the base case and (Trans Red) for the induction step.

[

Proof of Lemma 13  If a:A and aft and ay — by then bi).
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Proof If aff and a4 — then the type A must be passive, in which case
there must be some experiment £ such that o« = €] and b = £[A]. But since
each experiment is strict in its hole, b} too. [ |

Proof of Lemma 14  If A is passive then ay — bp implies 3 (a = E| &

b= E&la)).

Proof By inspection of the rules in Table 7 and the definition of erasure.
[ |

Proof of Lemma 15 IfP % Q and P - Q', then Q = Q.

Proof By inspection of the rules in Table 7. [

A.3 Bisimilarity and subtyping
Proof of Proposition 16

(1) < is a preorder and ~ is an equivalence relation.

() ~=snsr

Proof Part (1) is a standard result for bisimilarity and similarity; see
Proposition 4.2 of Milner (1989), for instance. Part (2) depends on the
image-singularity of the labelled transition system, Lemma 15, and is easily
proved by co-induction. |

Lemma 41 Suppose @+ A<:B, @+ a: A and o € Act(B). Then

(1) whenever ay — a' o then there exist a”, B' such that ag — a" g and
A'<:B" and a ~y d"; and

(2) whenever ag 25 d'r then there exist ", A" such that ay — a" 4 and
A'<:B and d ~4 a".

Proof We prove part (1) by an analysis of the way in which ay — a' is
derived. In every case, a’ and a” are identical, except when a = ¢ < ¢(z)e,
in which case @’ and «” differ only in type annotations, that is, ' = a./ <
¢(x:A)e and d' = a.l <= ¢(x:B)e.

Now, either afy, in which case by part (3) of Proposition 26 we have
a ~4 Q4 hence by Lemma 13 we have o' ~4 Q4 ~ 4 a" as required; or else
a | v. Then v = [{; = ¢(x;:4;)e;]ier With @ F A; <: A4; also a = {; <= (v)e
and o' = v.l; <= ¢(z:A)e; and A" = A. Now since a € Act(B) and a ,
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then it must be the case that ag — a”p where a” = v.¢; <= ¢(2:B)e. The
two programs a’ and o” differ only in the type annotation on the parameter
in the updating method. However, this annotation is altered by reduction
using (Red Update) to conform to the existing annotations on the type, that
is, a' =" " = [l; = ¢(v:4))e, l; = (xi:A;)ei]er—{;}) and also a” —* a™.

By repeated application of part (1) of Proposition 26 a' ~4 a" ~ a" as
required.

Part (2) follows by a symmetric argument. |
Proof of Lemma 17 S & {(ap,bp) | JA(@ F A<:B & a ~4 b)} is a

stmulation.

Proof Suppose that agSbg. Then there is a type A such that o+ A<: B
and a ~4 b. Consider any transition ap — a'p. By Lemma 11 a € Act(A).
Then by Lemma 41 (2) ay — a" 4 with @ - A’ <: B' and o/ ~4 a". Then
from the definition of bisimulation, by — 4”4 with a” ~4 b”. Hence by
Lemma 41 (1) bg — b'gn with b ~4 V" and @ - A’ <: B". But B' = B"
because we have ag — @' and by — b' g with the same transition o. By
the transitivity of ~ we have a’ ~4 b' and from this and the above we have
' SV . Hence S is a simulation. [ |

A.4 Properties of <°*
Proof of Lemma 19 I[fR C S then R° C S°.

Proof Suppose RC SandI'FeR°e : A Then for any I'-closure, &, we
have e[G] R €'[G]. Hence e[d] Sy €'[F]; hence ['Fe S° €' : A. |

For instance, if Id is the identity relation on programs (up to alpha-
conversion, of course) then Id° is the identity relation on proved programs,

{((T',e,A), (T',e,A)) | T Fe: A},

and furthermore, Id° = I/d\o The inclusion I/d\o C Id’° is immediate from
inspection of the rules in Table §, Wh/il\e the reverse inclusion follows from
the result that I' - e: A implies I' - e Id° e : A, which is proved by induction
on the derivation of I' Fe: A.

Proof of Proposition 20 Suppose <> is a preorder. Then satisfaction of
(Eq Comp) and (Eq Subsum) is equivalent to satisfaction of the following
rule

' Cle4]: B IT'Feo e A
' Cle] <> Cle']: B

(Eq Cong)
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where C is a variable-capturing context, that is, an expression with a single
hole of the form e 4 (subject to the extra type assignment axiom I'F- e, : A),
with the hole in the scope of binders for the environment I".

Proof Each instance of (Eq Comp) can be derived from (Eq Cong), using
reflexivity and transitivity if need be. If A <: B we can derive ' - e, : B
using (Val Subsumption) so (Eq Subsum) is a special case of (Eq Cong).

For the other direction, we can show that (Eq Comp) and (Eq Subsum)
together imply (Eq Cong) by induction on the depth of inference of I' I
Clea]: B. If Cles] = @4 then I' - e <> ¢ : A is required, which follows by
assumption since I must be empty (because there are no binders in the
context). Otherwise one of the (Val —) rules must apply.

(Val Fun) Here C = A(2:B,)Cy, B = By — By, I'yz:B; F Cy[e] : B, by a
shorter inference, [V = z:B;,I"" and context Cy captures the variables
in I''. By induction hypothesis I',x:B; = Cyle] <> Cole'] : By so then
I' - Cle] +» C[¢] : B follows by (Eq Comp).

(Val App) Here either C = Cyeg or egCy for some expression eq and smaller
context Cy (remember there is exactly one hole in C). In the first case
we have ' Cy: C' — B and I' - ¢j : C' for some type C'. By induction
hypothesis we have I' F Cyle] <+ Cyle] : C — B and then by reflexivity
and (Eq Comp) I' = Cy[e] ey <> Cyl€e'] €9 : B follows. The other case, with
C = ey Cy, is similar.

(Val Subsum) There is some type B’ with B’ <: Band I' - Cle4] : B' by a
shorter inference. Then I' - Cle] <> C[e/] : B’ by induction hypothesis,
and I' - Cle] <» Cle¢'] : B by (Eq Subsum).

The other cases are similar. [ |

Proof of Lemma 21  Rules (Cand Sim), (Cand Comp), (Cand Right)
and (Cand Subst) are valid. Moreover, <* is the least relation closed under

(Cand Comp) and (Cand Right).

Proof First note that <° is a preorder, since similarity is a preorder and
by definition of open extension. Given then that <° is reflexive, reflexivity
of <* follows by proving I' = e <* e: A by induction on the derivation of
' e: A Rule (Cand Comp) follows at once from (Cand Def). Now the
reflexivity of <* means that Id° C <°. Compatlble refinement is monotone,

so we have Id° C <° which is to say Id° C <‘ Thus we have I' - e <' e: A
whenever I' e A and hence (Cand Sim) follows from (Cand Def).
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For (Cand Right), suppose that ' -e <*¢”": Aand I'F¢” <° €' : A. By

(Cand Def) there must be a type A’ and an expression ¢ with I" - e;je"’:A’
and A’ <: Aand I' - " <° €1 A. By transitivity of <° we have ' " <°
¢’ 1 A, and hence by (Cand Def) that I'F e <* ¢’ : A as required.

(Cand Subst) follows by a routine rule induction on the judgment I', x: B F
ep Stel A

Finally suppose that R is another relation to satisfy (Cand Comp), (Cand
Right) and (Eq Subsum). We must show that <* C R. We prove by rule
induction that I' - e <* ¢: A implies I' - eRe’:A. Suppose that I' Fe <* €1 A,
and hence by (Cand Def) that there is a type A’ and an expression e” with
'+ e;:' e":A"and A'<:Aand ' e” $° e': A. By the induction hypothesis
we have 'FeRe”: A'. So by (Cand Comp) for R we have ' FeR " : A,
by (Eq Subsum) we have I' F eRe” : A and then by (Cand Right) for R that
'FeRe : A as required. [ |

Proof of Lemma 22  Each of the two rules (Eq Subsum) and (Eq Asm
Subsum) is valid for both <° and <°.

Proof First we validate the rules for <°. From Lemma 17 it follows by
considering an arbitrary I'-closure that (Eq Subsum) is valid for <°. As
for (Eq Asm Subsum), suppose that A <: B and I',:B,I" F e <° ¢': C,
which is to say that for any I'-closure &, any b:B and any [”-closure &’, that
e[, Y, 5] < €'[3, Yz, 5"]. To validate the rule we must show the same thing,
except with b:A. But if b:A we know by subsumption that b: B too, and hence
the desired relation holds.

Now we can validate (Eq Subsum) for <°*. Suppose that I' - e <* ¢": A and
A <:B. By (Cand Def) there must be a mediating type A’ and expression e”

such that [' - e§ e A"and A'<tAand I'Fe” <€t A We have A’ <: B
and from (Eq Subsum) for <° we have I' Fe” <° ¢/: B; hence ' Fe <* ¢': B
via (Cand Def).

Finally, suppose that A<: B and ', z:B,I" - e <* €':C. We prove by rule
induction on the latter that I',x:A, " F e <* ¢’ : C holds too. From (Cand
Def) there must be a type C' and an expression €” such that I',x:B,T" I
e%} e :C"and C'"<:C and I', x: B, I" F " <° ¢': C. Either both e and €" are
the same variable, say y, or they both have the same outermost constructor
with pairwise related sub-expressions. In the ﬁrEE case, whether y = x or not
we can use (Comp z) to derive I'yz: A, IV = y <*y: C’. Then by (Eq Asm
Subsum) for <° we have I', z: A, T" -y <° ¢':C, hence ', : A, T" Fe <* €' : C.

In the second case, where e and e” share the same outermost constructor
with sub-expressions re/lgted pairwise by <°, it follows by induction hypoth-
esis that I', x: A, T" e <t € : (', and then via the same argument as for the
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first case we have I', x:A, IV - e <* ¢’ : C. Hence (Eq Asm Subsum) is valid
for <°. [

Lemma 42 Ifa S, b and a — a' then a' S4 b too.

Proof We proceed by a rule induction on the reduction a — o'. In any
case we know from (Cand Def) there is a type A" and a program c such that

@l—a%\'c:A’andA’<:Aand®|—c§°b:A.

(Red Experiment) There is an experiment £ and programs a; and a} such
that a = E[a1], o’ = €[a}] and a; — a). Since |eicE]a] %\' c[A"] we can
show, by considering each possible form of the experiment £, that there
is a program ¢, an experiment &, and a type B such that ¢ = &;[¢]
and @ F a; <°* ¢, : B. Now by the induction hypothesis it follows that
Dby S* ey B too. We/\can check that each possible form of £ must
be such that @ = £[by] <* & ey = A" (the interesting cases are (Comp
Fun) and (Comp Update), and hence by (Cand Def) and @ - ¢ <° b: A
we have @ Fa' <S*h: A,

(Red If True)

e From a — d by (Red If True) we have a = if(true,as,a3) and
a = as.

e From @ F a ;:‘ ¢c: A" by (Comp If) ¢ = if(eq,c,c3) with @
true <* ¢ :Bool and @ Fa; <* ¢ A for 2 < i < 3.

e From (Cand Def) there must be a type B <:Bool and a program u
such that @ - true S*w: B and @ - u <° ¢; : Bool.

e By (Comp True) B = Bool and u = true.

Now we can appeal to the similarity, @ F u <° ¢; : Bool.

e Since u =% 0, then ¢; must match that transition, hence by
Lemma 12 ¢; |} true, so by (Red If True) ¢ —* c,.

Putting these together with appeal to (Eq Subsum) for <*, we have
the following relations at the type A.

ad=ay;<*cy~c<h
and so by (Cand Right) and transitivity of < we have a’Sxb.

(Red If False) Similar to the case for (Red If True).
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(Red Select)

From a — a' by (Red Select), we must have a = v.{; where
v = [l; = ¢(w;:B;)eilicr and j € I and o' = e[V,

By Lemma 1(4), there’s some type B such that each B; = B.
Since @ + a i\' ¢ : A’ then by (Comp Select), ¢ must have the
same outermost structure as a: that is, ¢ = ¢;.¢; and @ - v <°
cr: [liiAlcp and Aj = A" and j € 1.

By (Cand Def) there must be a type B’ <: [(;:A;]icr and a pro-
gram u such that @ =v S*w: B and @ - u $° ey : [0 Ay

By (Comp Object) we must have B' = B = [{;:A;];c; and hence
j € I' C I. The program u must have the same outermost form
as v, that is, u = [(; = ¢(x;:B)e}]jcr and z;:B' Fe; <* e 1 A; for
each ¢ € I.

By (Cand Comp) we have @ Fv <*u: B’
From z;:B" = ¢; <* €)@ A; and (Cand Subst) we have &
ej[Vr;] S eh[W;] Ay

Now we can appeal to the similarity, @ - u <° ¢; : B.

. . ) ¢
Since j € J, we can derive up — (u.éj)A]_ from (Trans Select).
Since u Sp ¢, value ¢; can match this transition, so we get that
uly Sa; 1ty

Putting these together we have the following relations, at type A.

a $*ej[Wail ~vudy Sedy=cSh

and so by (Cand Right) and transitivity of < we have a'Sb.

(Red Update)

From a — o' by (Red Update) we must have a = v.{; < ¢(z:B)e,
where v = [¢; = ¢(x;:B;)eilicr and o' = [{; = (v:Bj)e, l; =
C(friiBi)ei]iEI—{j}-

By Lemma reflemma:static-facts, there is some type B’ such that
each B, = B'.

From @ + « i\' c¢: A" by (Comp Update) we must have B =
A" = [l;:Aj)ier, with j € I' C I. The program ¢ must have the
same outermost form as a, namely ¢ = ¢1.{; < ¢(z:A’)e’ with
GhFvSte A and 2 AT e St el Ay
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e By (Cand Def), there’s some type B” <: A" and some program u
such that @ v S*wu:B"and @Fe <P e A

e By (Comp Object) B" = [¢;:A;]ier, so I = I' and B" = A" and u
has the same outermost form as v, that is, u = [{; = ¢(x;:A")e}]ici
and z;:A'Fe; Stelt A foralli e 1.

e By (Eq Asm Subsum) for <* we have z;:A' e <* €'+ A; and
by (Comp Object) we have @ F o %\' A" where ¢ = [(; =
Qlzi:A')ej, U = Q(xj: A€ lici— 153

Now we appeal to the similarity, @ - u <° ¢; : A'.

e Let action a be £; < ¢(z)e’. By (Trans Update) we have ua —
(u.l; < ¢(z:A")e’) ,,. Hence there is ¢y such that (c1) , — (c2) o/
and u.l; <= ¢(x:B)e ~a g ~p 1l = g(aA)e =c.

Putting these together yields
@I—a'g\'c':A' A<A oFdSul;j<=aA) ~cSh: A
and hence by (Cand Def) and transitivity of <°*, a’Sab as required.

(Red Unfold)

e From a — o by (Red Unfold) we have a = unfold(v) for some
value v = fold(B,v') and some type B, with o' = v'.

From g+ a %\' c: A" by (Comp Unfold) there must be some type
expression E such that A’ = E[#(X)E/X] and ¢ = unfolde;, and
@t fold(B,v) <* ¢ u(X)E.

From (Cand Def), there must be a type B' <: u(X)E and a pro-
gram u such that @ v <*wu:B and @ F u <°¢;: p(X)E.

By (Comp Fold), B = B' = u(X)E' for some type expresson E',
and u = fold(B,v) and @ o' <* o' : B'[MX)E'/X].

By (Sub Rec) we have X <:Top - E'<:FE; hence by Lemma 1(7) we
have @ + E'[MX)E'/x] <: E[n(X)E/X] = A', so by (Eq Subsum)
for <* we have o F o' <*u': A

Now we can appeal to the similarity, @ F u <° ¢; : u(X)E.
. unfold unfold
e Since uy(x)z — unfold(u),, then ¢, x)p —> unfold(ci),
with @ F unfold(u) < unfold(ey): A'.
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Putting these together with appeal to (Eq Subsum) for <* and <, we
have the following relations at the type A.

o =v' <P o' ~unfold(u) S unfold(c;) =¢ < b
and so by (Cand Right) and transitivity of < we have a'Syb.

(Red App)

e From a — a' by (Red App) we must have a = (vay) and v =
A(xz:B)e and o' = e[%2/z].

e From @ a § c: A" by (Comp App) we have that ¢ has the same
outermost form as a, that is, ¢ = (¢; ¢3) where @ Fv <* ¢1:B — A’
and@l—a2§°0213.

e By (Cand Def) here must be a type B'<: B — A’ and a program u
such that v S*Pu:B and @ F-u <S¢ B — AL

e By (Comp Fun), u = A(x:B)e’ and B’ = B — A" for some type
A" <:A'and :BFe St e AT

e By (Cand Subst) @ F e[@2/z] <* €'[C2/x] : A”.
Now we can appeal to the similarity @ Fu <°¢;: B — A'.

Qc Qc
e By (Trans App), up,a —> u(ca) 4y SO Cipa —> c1(c2) 4
Hence by (Eq Subsum) for <° we have u(c) <4 ¢1(ca).

Putting these together, we have the following relations at type A.
a = e[@2fn] S* feof] ~uler) S er(ex) =c S
and so by (Cand Right) and transitivity of < we have a'Sb.

(Red Dynamic Default) Here a = typecase(tag(C,a1), (z:B)az, as) where
a;:C and —(C <: B). From (Comp Typecase), program c¢ has the
same outer form as a, that is, ¢ = typecase(cy, (x:B)cs, ¢3) with @
tag(C,a1) <* ¢;:Dynamic and z:B F ay S* ot A" and @ Faz S* ez Al
Now we appeal to the similarity, @ I ¢ < b: A. Suppose c3 — ¢4, then
by (Trans Red), ¢ — ¢4 too; hence b — b’ with ¢ < '; hence by ap-
peal to (Eq Subsum) for <*, we have, at the type A, ' = a3 <* ¢35 S b
and so by (Cand Right) a'S4b.

(Red Dynamic Match)
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e From a — ¢ and (Red Dynamic Match), a = typecase(a,
(x:B)agy,a3) and a; is tag(C,a}) and a{:C and C <: B.

From & F a %\' c: A" by (Comp Typecase), ¢ = typecase(cy,
(x:B)cg, c3) with @ F a; <* ¢; : Dynamic and 2:B F ay <® ¢p: A’
and @ Fag <*ez: AL

From (Cand Def) and (Comp Dynamic) there must be a value

—

uy such that @ - a; <*up: A” and @ F uy <° ¢; : Dynamic for
some type A” <:Dynamic. But there is no subtype of Dynamic, so
A" = Dynamic.

By (Comp Dynamic) u; must have the same outer shape as a4,
that is, u; is tag(C,u}) where @ Fa; <*uf:C.

Now we can appeal to the similarity, @ F u; <° ¢; : Dynamic.
o Since u, =55 u}, then ¢ taeg ¢, with @ F u] <° ¢} : C; hence
c1 | tag(C, c}); hence by (Red Dynamic Match) ¢ | ¢y[¢1/z].

e We have :B F ay <* ¢o:A’, and by (Cand Right) we have a] <* ¢].
By (Eq Assum Subsum) we deduce z:C' F ag <*® ¢y : A’; hence by
(Cand Subst) @ - o’ = ay[21/z] <* ey[¢1/z]: A" and by (Eq Subsum)
we have the same relation at the type A.

Putting these together we have the following relations at the type A.
a = ag|z] S°oeplClz] ~ e S b
and so by (Cand Right) and transitivity of < we have a’S4b.
(Red Record)

e From a +— a' by (Red Record) we have a = v.{; where v =
record({; = a;)ier, j € I and d' = a;.

e From @ a,g\' c: A’ by (Comp Select) we have that ¢ = ¢;.4;, @
v S* ¢y 0 B where B = record({;:A;)ier, Aj=Aand jelI' C 1.

e By (Czlrid Def) there exists a type B’ <: B and a program u with
grFv<tu:B and Fu<’c:B.

e By (Comp Record), I = I', B' = B = record({;:A;)ic;, u =

record({; = u;)ier and @ F a; S* w;: A; for each ¢ € 1.

Now we can appeal to the similarity, @ F u; <° ¢; : B.
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Z.
By (Trans Record), up — u.(; 4 and by the similarity ¢; can

. ... . £;
match this transition with ¢, 5 — cl.EjAj and u.l; SJA]. 1.l

By appeal to (Eq Subsum) for <°*, we have the following relations at
the type A.

d=a; SPu; Sul; Selj=eSh

and so by (Cand Right) and transitivity of < we have a'Sb.

(Red Case)

From a — a' by (Red Case) a = case(v, (z)ey,..., (z)e,) where
v = variant(¢; = v') for some j € I, and o' = ¢;[V'/x].

From & - ai\'c:A’ by (Comp Case) ¢ = case(cy, (z)d}, ..., (x)c),)
with @ F v <* ¢; : B where B = variant({;:A;);c; and z:A; +
e; St ¢ Al for each i € 1.

From (Cand Def) there must be a type B’ <: B and a program u,

—

such that @ v <*w;: B and @+ uy <° ¢ : B.
By (Comp Variant) u; must have the same outermost form as v,
that is, uy is variant(¢; = u') where @ o' <S* ' A;.

By (Cand Comp) we have @ - v <* u: B, and by (Cand Subst)
and (Eq Subsum) we have & F ¢;[v'/z] <° ¢ [w'/z] : A.

Now we can appeal to the similarity, @ F u; <° ¢; : B.

¢ ¢
Since u; — o/, then ¢; — ¢ with @ + ' <° ¢ : A;; hence
c1 | variant(¢; = ¢’); hence by (Red Case) ¢ | c;-[C'/:v].

Putting these together we have the following relations at the type A.

d = e;[Ve] $° S[Wfe] ~ e S b

and so by (Cand Right) and transitivity of < we have a'Syb. |

Proof of Lemma 23 IfPSQ and P - P' there is Q' with Q — ()’
and P'S Q'.

Proof The proof of (2) is by rule induction on the transition P — P’
Suppose proved programs P and () are a4 and by respectively, with @ - a <°*
b: A. In each case there is a program ¢ with @ - a <* c:Aand @ ¢ <S° b A.
We consider the transition rules in turn.
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(Trans Red) Here P —*+ P’ derives from a + o' and o'y — P'. By
Lemma 42, ¢’ 48Q, so by induction hypothesis there is Q' with Q — Q'
and P' <° Q.

(Trans Select, Update, Unfold, App and Record) Here a, LA Ela]z, and

also cy AN £[c] unconditionally. Since <* is a precongruence, it
follows that £[a] <% &[], and we can fill in the following diagram,

P = aa 5' CA 5 Q
£l £l £l
P’ = Elap I €ldp S Q'

to yield P'S Q' as required.

true

(Trans Bool) Here A = Bool and we take P — 0 (the case for false is

similar); hence a = true; hence ¢ = true too; hence cy4 220 too, and
we can fill in the following diagram,

P = au <* ca < Q
true true true
P = 0 <t 0 < 0@

to yield P'S ' as required.

(Trans Dynamic) Here A = Dynamic and a = tag(A’,d’), and ay el

Since @ F a <* ¢: Dynamic it follows by (Comp Dynamic) that ¢ =

. A
tag((,A), ) with @ + o' <* ¢ @ A'; hence ¢y 8% ¢4 too; hence

Q tegd (', and we can fill in the following diagram,
P = aa  SU ca S @

tagA’ tagA’ tag A’
po= dy T de S00Q

to yield P'S ' as required.
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(Trans Variant) Here A = variant(/;:4;);c; and a = variant((; = ') for

Z. —
some j € I, and ay — a's,. Since @ F a <* c: A it follows by
(Comp Variant) that ¢ = variant({; = ') with @ - o' <° ¢ Aj;

2 ¢
hence ¢4 — ¢ 4, t0o; hence Q — @', and we can fill in the following

diagram,
P = aa <* cA < Q
Z ¢ ¢
P = a',Aj S. C,Aj 5 Ql
to yield P'S ' as required. [ |

A.5 Bisimilarity equals contextual equivalence

Proof of Lemma 24 Both S CL and ~ C ~

Proof First we shall prove < C L. Suppose that a 40, To see that a5, b
we must consider an arbitrary expression e such that x:A F e:Bool and show
that e[@/z]l} implies e[b/z]{}. By supposition we have @ - a <°b: A, and so by
the substitution property of <° (Cand Subst) it follows that @ F e[%/z] <°
e[0/x]:Bool. In fact we have e[%/z] <p e[b/z]. Since e[¢/z]{v, it must be able to
do the transition v, hence e[b/z] must match it, and therefore e[b/z]{ too (by
Lemma 12). Having now shown that < C C, ~ C =~ follows by symmetry.

[

Proof of Lemma 25 Contextual order is a simulation.

Proof Suppose then that ol b and that as 2 P. To show that T is a
simulation we must find some @Q such that by — @ with PCQ. We prove
this by induction on the derivation of a4 — P.

(Trans Red) Herea ~— o’ and a/4 = P. By part (1) of Proposition 26, a ~ 4
', and by Lemma 24, o'C  a; hence o'L b, and so by the induction

hypothesis there exists () such that by — @ and PLQ.

(Trans Select, Update, Unfold, App and Record) Here a, LA Ela]z, and
hence —A + £ : B, and so bu N £[b]z unconditionally. By the

substitution property of contextual order, we deduce E[a]5S ,E[b].
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(Trans Bool) Take ov = true, ay = truep,,; and P = 0 (the case for false
is similar). Consider the context C' = if(—, true, 28°°!). Since C[a] |}
true, we must have C[b] |} too; therefore b || true and thus by repeated
applciation of (Trans Red) we have by — @, where @Q = 0 and thus
PLQ as required.

(Trans Dynamic) Here we have A = Dynamic and a | tag(A’,d’), and

agA’ .
ay 25 o/n. Consider the context C' = typecase(—, (2:A')true,

QQBot). Since C[a] |} true we must have C[b] |}; so we must have b |
tag(A”,b') with A”<:A’. By considering the context C' = typecase(—,
(z: A")QB°t true) we deduce that A" <: A” and hence by the antisym-
metry property of subtyping we have A’ = A”. By repeated application

of (Trans Red) and by (Trans Dynamic) we have b, e ar- Now sup-
pose there were some context C' such that C'[a'] || and C'[V]f}; then
consider the context C” = typecase(—, (x:A")C'[x], true). We have
C"la] § and C"[b]ft. But this is contradictory to ak; ,b; so there is no

such context C'; hence o', b'.

(Trans Variant) Here we have A = variant(/;:4;);c; and a |} variant({; =

a') and az 4, a'4;. Consider the context C' = case(—, (1), ...,
(z)true, ..., (x)B°!). Since Cla] || true we must have C[b] |}; so we
must have b |} variant({; = V'), and by repeated application of (Trans

Red) and by (Trans Variant) we have bay Ny 4;- Now suppose there
were some context C" such that C'[a'] || and C'[b']{}; then consider the
context C" = case(—, (z)Q2%°t ... (2)C'[z],..., (x)Q2*°°t). We have
C"la] |} and C"[b]ft. But this is contradictory to ak; ,b; so there is no
such context C'; hence a'; b

All cases considered, it follows that contextual order is a simulation. [ |

A.6 Validation of the equational theory

Lemma 43 (Eval Fold) Let A = p(X)E and suppose I' = e : A. Then
I' - fold(A,unfold(e)) ~° e: A.

Proof Let B = E[4/X]. By definition of open extension it is enough to
show that that pair
(fold(A,unfold(a)),,aa)

is an element of ~ for any program a:A. The only transitions of these two
unfold

programs are fold(A,unfold(a)) , —> unfold(fold(A,unfold(a)))y, and
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unfold

as —3 unfold(a)y, where unfold(fold(A,unfold(a))) ~p unfold(e) by
(Eval Unfold). Hence the pair is a member of (~) = ~. |

It only remains to validate (Eq Sub Object), the following rule.
A’ = [ngZ]Zel A" = [gi:Biagj:Bj]iEI,jEJ INJ=go
F,.TiZAll_eiZBi (ZEI) F,.TjiA"l‘@jZBj (jGJ)
I'F [l = (@i A")eilier < [ = (zi:A")es)icrus - A’

(Eq Sub Object)

We shall validate (Eq Sub Object) via a direct proof of contextual equiv-
alence, similar to the Activity Lemma of Plotkin (1977). We shall need the
following definitions.

Let there be a collection of distinguished variables {—, | n € N}, which

we call indexed holes. Suppose B is a type and A= Aq, ... A, s a list
of types. Let an (ff, B)-context be an expression e of type B containing
indexed holes with types in the list ff, that is, —:Ay,...,—p: A, Fe:B. If
e is an (A, B)-context we write €[y, ..., en] as short for e[er/—]-- - [en/—,].
Finally, iff R C Rel let its context closure be the relation R C Rel given
by

RS & {(eld), e[b]) | 3B(e is an (B, A)-context & a; Ry b; for each i)}

Let (R1) and (R2) be the following properties of a relation R C Rel.
(R1) Whenever a R4 b both a and b are values.

(R2) Whenever a R4 b and experiment & satisfies — A+ £ : B
there are o’ and O such that £[a] — o', £[b] — b and o’ R V.

We shall show in general that any relation possessing these two properties
is contained in contextual equivalence, and then prove (Eq Sub Object) by
exhibiting such a relation.

Lemma 44 Suppose R C Rel is a relation satisfying (R1) and (R2). Then
whenever a R§ b and a — a' there is b' such that b — V' and o' RG V.

Proof By induction on the derivation of a — a’. From a R b there must
be a (B, A)-context e, family (a;, b;) € Rp, such that a = e[@] and b = e[b].
Since e[d] can reduce and each a; must be a value by (R1), context e cannot
be an indexed hole or a value but must equal £[e’] where Z:B,—:C+ &:Aand
Z:BF ¢ :C for some type C, and where £ takes the form of an experiment.
Exactly one of the following cases must hold.
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(A) Reduction a — a' obtained via (Red Experiment), experiment £[d@] and
reduction €'[d] — a”, so that o' = E[d][a"].

xpression €' takes the form of a value, and so a rule other than
B) E i " takes the f f 1 d le other th
(Red Experiment) applies.

(C) Expression €' is —;, one of the indexed holes.
We examine each case in turn.

(A) Since ¢'[@] RS €'[b] the induction hypothesis implies there is b” such
that e'[b] — b” and a” RS 0. We may derive b — E[b][V"] and o =
Eld[a"] RS EB][Y"] by definition of context closure. (Since a” and b”
need not be present in @ and b respectively we are here making essential
use of multiple-hole contexts.)

(B) In this case a case analysis of all the (Red —) rules shows there is a
(B, A)-context ¢” such that V&B(e[d] — €”[d]). (See Lemma 4.16 of
Gordon (1994, p45) for the proof of a similar lemma.) In particular
o' = €"[@] and b — €"[b] with ¢”[@] RS ¢"[b).

(C) Here a = &[a;] + d'. Given a; Rp; bj, fact (R2) and determinacy there
is b’ such that £[b;] — V' with ' RS V' as required. |

Proposition 45 If R satisfies (R1) and (R2) then R C ~.

Proof We shall show that R C L; that R°® C L, and hence R C ~,
follows by a symmetic argument. Suppose then that a R4 b, —:A F e:Bool
and that e[a]{}. We must prove that e[b]{}. Clearly e[a] RS, e[b] (by turning
— into —;). Suppose that e[a] —* true. By iterating Lemma 44 there is
¢ such that e[b] —* ¢ and true RS, ¢. It follows by (R1) that ¢ must be

a value, so we have e[b]} as required. (The same argument applies when
ela] —* false). |

Now to validate any closed instance of (Eq Sub Object), let R C Rel be
the relation such that o' Sa o ift A" = [(;:B;];c;, and o’ and a” take the forms

[0; = q(wi:A")es)ier and [¢; = ¢(z:A")eiliciug

respectively, where A" = [(;:B;, {;:Bjlic1 jes with INJ = @ and z;:A' F¢;: B;
for each i € I and z;:A" ¢, : B for each j € J.

Proposition 46 Relation R possesses properties (R1) and (R2).
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Proof (R1) is immediate. For (R2) suppose aRab. Then A must be
[0;:Bilicr, and a and b must take the forms in the definition above. There are
two classes of experiments to consider.

(1) € = —.¢; where i € I. By (Red Select) a + e;[%/x;] and b — ¢;[0;] and
so a R b (by treating x; as a hole).

(2) € = —t; <= ¢(2:C)e with C = [lj:Bylpex, K C I, j € K and x:C
e: Bj. By (Red Update) we have
a +r [EJ = C(ZEIA,)B,&' = C(xi:A')ei]ig,{j}
b — [E_') = C(.T:A”)e,gi = C(l‘i:A”)ei]iE[UJ_{j}

and the resulting programs are paired by Ra C RS, [ |

By Proposition 45 R C ~. By choosing suitable closing substitutions this
amounts to a validation of the rule (Eq Sub Object).

A.7 Properties of types
Proof of Proposition 26

(1) Va,b:A(a b= a ~4b);
(2) Va,v:A(a | v = a~4v);
(3) Va:A(af = a ~4 Q4).

Proof

(1) We show that the relation S & {(aa,ba) | a — b} U Id (where Id o

{(a4,ax)}) is a bisimulation. Suppose a4 — a’. Suppose A is active.
Then by Lemma 12 it must be the case that a || v and vy — d'p.
By Lemma 6 b |} v too; hence by — a'p, and we have o/p Id a'. If
A is passive and —A F £ : B, then ay AN Ela]g, and then by BiN
£[b]; unconditionally. Since E[a] — £[b] by (Red Experiment), then
Ela] Sp E[b]. In either case the converse follows by a similar argument,
and so § is a bisimulation.

(2) Immediate from (1) since ~ is a preorder.
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(3) We show that the relation S o {(aa,ba) | aff & b1} is a simulation.
Suppose a Sy b. If A is active, by Lemma 12 it has no transitions. If

. : £l : : : .
A is passive, suppose ay —» Elalgz. Since A is passive, we can derive

ba —5 E[b] too. By (Red Experiment) £[a]ft and £[b]{}, so they are
related by §. Hence § is a simulation, and in fact is a bisimulation, as
it is symmetric. Hence (3) follows. |

Proof of Proposition 30  For any type A, the following are equivalent.
(1) A partial
(2) Va:A(a ~ Q4 = afy)
(3) Va,b:A(al & a ~ b= b))

Proof

(1) = (2) For a contradiction suppose that A partial, and there is some a
with a ~ €2 and al}. So there is a value v with a | v; hence v ~ 2. Now
any convergent program of type A equals a value. And any divergent
programs at type A equal €2, which equals the value v. So A is total.
Contradiction.

(2) = (3) For a contradiction, suppose al}, a ~4 b and bff. From the latter,
b ~4 Q4 Since all, the contrapositive of (2) implies that a %4 Q4.
But by transitivity, b 4 Q4. Contradiction.

(3) = (1) Suppose some value equals Q*. From (3) it would follow that Q4J},
but this is impossible. Hence no value equals Q%, so A is partial. W

Lemma 47 If SP(E,) = S and SP(E,) = S then SP(E;[E2/X]) = S.
Proof Structural induction on FEj. [ |
Lemma 48 S = {(a,b4) | a,b:A & SP(A) = S} is a simulation.
Proof By a case analysis of A. If pair (a4,b4) € S, A is passive, so any
transition from a can be matched by its partner b, with their successors also
paired in S. The case for A = p(X)E needs Lemma 47. |
Lemma 49 If X - E and SP(E) = (v, e) then

(1) X+v:E and X, —E F e:Bool;
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(2) e[v] § true and e is an evaluation context.

Proof
(1) By structural induction on E.

(2) By structural induction on E. Clearly e is always an evaluation context.
In the cases where SP(E) = (v,e) we can compute the evaluation
behaviour of e[v] as follows.

Bool) —[true| = true | true.

UiiEliep) €illl; = vj, .. .].4;] = ej[v;] and e;[v;] |} true by IH.
w(X)E) €'[unfold(fold(v'))] — €'[v'] and €'[v'] || true by IH.
Ey — E») es[Ma:E)vy(QF)] — es]vy] and es[vs] |} true by IH.
Dynamic) typecase((Bool,true), (z:Bool)true, true) | true.

o T N N T

variant (ézEZ)lEI)
case(variant(/; = QF), (z)true, ..., (r)true) | true.

(record(&:Ei)iE[)
ej[record(éj = Ujagi = QE’)le[,{]}gj] — Gj[Uj] U« true by IH. |

Proof of Proposition 31
(1) SP(A) =S = Va,b:A(a ~4 b)
(2) SP(A) #S= Fv:A(v | v & v £ QF)
(3) A is singular iff SP(A) = S.
Proof Combine Lemmas 48 and 49. (3) is a corollary of (1) and (2). W

Proof of Proposition 32  Suppose A is a type. If SP(A) = S then A is
total. Otherwise A takes one of the following forms:

Bool, partial;
[0;:E;], partial.
E, — Es, total;

Dynamic, partial.

—~ —~ —~ —~ —

SN— SN— \OJ/ SN— SN—

= = = = =

—~ —~ —~ ~~ —~
=

N N N N N
=

~— ~—~ /g ~—~ ~—
3

N N N N N

record((;:E;), total.
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(6) w(Xy)...pu(X,)variant(¢;:E;), partial.
Proof By Lemma 8, any singular type is total.

(1) Any value of type A takes the form fold(Ay,...fold(A,,v)...) where
v is true or false and each A; is an unravelling of A. We can always tell
Q4 apart from such a value using the context unfold(...unfold(—)...)
consisting of n unfold’s.

(2) Any value of type A takes the form [¢; = ¢(z;)e;]ics, surrounded by
n fold’s as in part (2). Since SP(A) # S there must be a j € I with
SP(Ej) = (vj,¢e;), e;{v;] I true and e; an evaluation context. Let e be
the context

ejlunfold(...unfold(—)...).¢; := v;.0,]

and we have —:A F e :Bool. For any value v:A we have e[v] | true
but e[Q4]{). Hence A is partial.

(3) Using the following eta laws we can construct a value equal to any
CLZ[L(Xl) R N(Xn)El — EQ.

a ~ MNx:A4j)a(z) if a:A; — Ay
a ~ fold(p,unfold(a)) ifap=p(X)E

(4) As in part (1), using the context

typecase(unfold(...unfold(—)...),
(z:Bool)true, true).

(5) As in part (2), using the following additional eta law if a has the type
record(&:Ei)iE[.
a ~ record(l; = a.l;)icr

(6) As in part (3), using the context

case(unfold(...unfold(—)...),
(xz)true,...,(x)true).

Thus we have an algorithm for determining whether a type is partial or total.
[ |
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A.8 Other equivalence relations

Proof of Proposition 33  In the presence of functions or a let-construct,

o 1
~ =R,

Proof

(o}

~° C ~! Suppose ' - e ~% ¢ and also Cle] ||. Now ~° is equal to ~
and the open extension of bisimilarity is a congruence, so we have
Cle] ~goo1 C[€']. So C[e'] | too, and the converse follows by a symmetric
argument.

~! C ~° Suppose I' - e = ¢. We will show that for any I'-closure ¢ =

@fry, ..., Oz, that e[G]5  €'[5]. Choose any capturing context C such

that Cle[#]] |, and let D e ((A(z1,...,%)—) a1 ...ay). Then by re-

peated application of (Red App) we have Dle] —* e[7], so Dle]S ,e[d];
and contextual order is a precongruence, so Cle[G]]5, C[Dle]]. By a

similar argument we have C[e'[G]]5S,  C[Dle']]. Now C[D[—]] is a cap-

turing context, so by the definition of !, if C[D[e]] |}, then C[D[e']] |
too. So if Cle[o]] |, then C[e'[7]] I too, so €[]S ,e’[0]. Hence I'
egi‘e'. A symmetric argument shows I - e’EZe, so we have I' - e ~5 €
as required. [ |

A.9 Encoding the A-calculus in the object calculus

In this section, for the sake of brevity, we write 6™ (a) to be short for
0(...0(a,by)...,b1), for m > 0 and arbitrary programs by, ..., b,.

Lemma 50 Let (I')), z:(A) F (e)) <€ : (B)) and @+ (a)) < a': {(A)) and
b=la=d,v=c]. Then we have (T >> (e[afx])) < €'[bf] : (BY).

Proof By induction on the derivation of I', z:A - e: B.

(Val z) Here e = z (if e = y # x the result is obvious). From (I')) - z.a <
¢ : ((B)) it follows that ¢ = x.a (since z.a is not a closed program).
Then I' F (a) < b.a: ((B)) follows by the definition of <.

(Val App) Here e = (e1 e5). From ('), x:(A) F ((e1).a:=({es)).v < €': {(B))
it follows that €’ has the form

SH O™ (6™ (e]).a = 0P(¢e})).v)
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with () = (e)) < € {(C = B)) and () F (e2)) < e5: (C)) and
l[,m,n,p > 0. By the induction hypothesis we have (I )) (er[¥z]) <

e [be] : (€ — BY) and () F (exfafz])) < ehltla] : (CY. S
(O) = (elafal)) < 8™ (6" (e} [Y]).a = 57’(62[%1)).\;) L (B)
as required.

(Val Fun) Here e = A(y:C")e; and A = C" — C'. Assume without loss of gen-

erality that = # y. Since (I')), z:(A)) F [a = ¢(s)s.a,v = ¢(y){e1))] <
e : (B)) € has the form

0" ([a = ¢(s)s.a,v = ¢(y)ey])
with (), z:(A) F (e1) < €] : (C) and m > 0. By the induction
hypothesis, () = (ex[%])) < €[] : (C)) so

(I) Fla=dls)s.a,v = gy) (e[ %=]))] <
0™ ([a = ¢(s)s.a,v = q(y)e! [Y]]) : (B)

as required.

The other cases (Val True), (Val False) and (Val If) are similar. |

Lemma 51 If a is a A-calculus program and a:A, then if a — o' and @ +
(@) < b:{(A)) then there exists b such that b—" 0 and @ {(a')) < b': {(A)).

Proof By induction on the derivation of a — «'.
(Red Beta) Here a = ((M(«:B)e) az) and o' = e[a2/z]. Since
2 la=¢(s)sa,v=qg@:(B = A)){e)].a:= (az)).v < b: (A4),
then it follows (using the fact that §"(a) —" a for any a and n) that
b—"[a=by,v=Ccx:(B— A))b]|.v

where @ F ((as)) < be:(B)) and x:(B — A)) F ((e)) < bi:{(A). Sob+—T
b where v = by[la="b2,v=C(z:(B = A))biliz] and @ F (e[o2/x]) <
v : ((A) by Lemma 50.

(Red Experiment) Suppose £ = (—ay) (the case when & = if(—,ay,a3)
is similar). Then a = (a;a2) and a; — a} and o' = (a] az). From
@ F (a1)).a:= (a2)).v < b: ((A) it follows that b —* bj.a := by.v with
@t (a1)) < by : (B — A) and @+ ((ag)) < by: ((B)). By the induction
hypothesis there exists b} such that b; —7 b} and @ - (a})) < 0}:(B —
AY). So b1V where ' =bl.a:=by.vand @+ (((a] az))) < b : (A4).
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The remaining cases, for (Red If True) and (Red If False), are similar to the
above. [

Proof of Lemma 34 Let a be a A-calculus program with a:A. Then
(1) adv=Fu((a) §u& {v) <qay u)
(2) {a) ¥ u=Fv(adv& {v) <qayu)

Proof For part (1), let a < b if there is some type A such that @ F ((a)) <
b:{(A)). Then by Lemma 51, the following diagram commutes.

a = a = QG = ... = v
A A A A
{a)) =T b =T by =T .. =T b,

Then from v < b,, it follows that there exists a value u such that b, —* u
and v < u.

For part (2), it suffices to show that ((a){ implies al}. For if so, we
have (a)) | w and a || v, and (v)) <yay w follows from part (1) and the
determinacy of reduction in the object calculus.

We prove the contrapositive, that af} implies (a){t. Suppose aff. By
Lemma 51, we can fill in the following diagram.

a = a = ay
A A A

{a) —T by =T by =T

Hence ((a)f} as required. |
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B The equational theory of FOb;,,

These equational rules are taken from Abadi and Cardelli (1996), and com-
prise rules of symmetry, transitivity, congruence and reduction, plus (Eq
Top), (Eq Sub Object), (Eval Fold) and (Eval Eta).

lFewse: A

— (Eq Symm
FI—e'(—)e:A(q ymm)

F'Fewre:A THe e A
'Fewe: A
oA T Fo
DAl Faea: A

(Eq Trans)

(Eq z)

l'Fesse:A THA<:B
e e :B
'Fe:A TFH€e:B

(Eq Subsumption)

(Eq Top)

I'Fe<«re:Top
A= [&Az]zel F,LI}Z'ZA Fe < 6; D A; (Z S ])

, (Eq Object)
'+ [ﬁz = C(x:A)ei]iEI L a [ﬁz = C(x:A)ei]iEI A

F'Fewe: [&Az]zez jel
'+ €.£j < e'.éj : Aj

(Eq Select)

ke el [liiAici DAl eyorey: A jel
Ik el < (a:A)ey <€) .l; < qa:A)ey : Aj

(Eq Update)

A’ = [ElBZ]ZEI A" = [gi:Biagj:Bj]iEI,jEJ INJ=o
A Fe:Bi(iel) I'NejA"Fe;:B; (j€J)
' = C(xiiA')ei]ieI <[ = C(fl’iiA”)ei]iEIuJ A

A=A e=[li=caiA)elies TFe:A jelCJ
'+ €.£j < €; [6/{IIJ] . Aj

(Eq Sub Object)

(Eval Select)

A= [lpAilier e = [l =g A)edics
I'Fe:A DaAbe A jelCJ <Eval>

I'Fel; =gl < [l =¢(ziAe, {; = (v A')e lics—gjy 1 A Update
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A= pu(X)E TFese: E[AX]
[' fold(A,e) > fold(4,e'): A

(Eq Fold)

A=u(X)E Thewe: A
' - unfold(e) <+ unfold(e') : B[A/X]

(Eq Unfold)

A=uX)E Tre:A
I' - fold(A,unfold(e)) <> e: A

(Eval Fold)

A=pu(X)E TFe:E[AX]
I' - unfold(fold(A, e)) <> e) : B[4/X]

(Eval Unfold)

FoA-e« e :B
I'EAz:A)e > AN(x:A)e' : A — B

(Eq Fun)

FFe<rel:A—B The+rey:A
['F (e1e) < (e €)): B

(Eq Appl)

PEAz:A)e:A—=B TI'Fe: A
I'F ((Ma:A)e) €) > el€a] : B
I'Fe:A— B x¢ Dom(T)
I'FAz:A)(ex)<>e: A— B

(Eval Beta)

(Eval Eta)
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C Notation

e Sets of expressions

Type

Exp(T, A)
Prog(A)
Value(A)

set of closed types

set of expressions of type A in environment I’
set of programs of type A

set of values of type A

e Meta-variables in expressions

IR
S
\.O “UU

Q

<

M S~ g R

a possibly open type

a possibly open expression

an environment

a type variable

an expression variable

closed types

programs (closed expressions)

values (programs which do not reduce)

label identifying a field of an object, record or variant
finite indexing sets (with which labels are indexed)
indexing variables ranging over the contents of I, .J
an experiment (atomic evaluation context)
distinguished free variable in experiments and contexts

e Proved programs and relations between them

Rel
Id
P7 Q
R,S
aA
Ra
RO
R

the universal relation on proved programs of equal type
the identity relation on proved programs

proved programs (pairs of programs and their types)
relations on programs (subsets of Rel)

the proved program a at type A

the subset of R relating programs of type A

the open extension of R

the compatible refinement of R
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e Operational semantics

ar—b program a reduces to b in one step of computation
a— program « can take (at least) one step of computation
al b program « evaluates to the value b

all the evaluation of a converges

af the evaluation of a diverges

. contextual order

~ contextual equivalence

A

contextual equivalence, termination observable at type A

e Labelled transition system

Q an action in the labelled transition system
0 the proved program with no actions
d the erasure operation from experiments to actions

P 25 @Q P does the action «, becoming Q

e Similarity and bisimilarity

[—] the similarity functional

(—) the bisimilarity functional

< the similarity relation

~ the bisimilarity relation

<* the candidate relation for precongruence

equality up to alpha-conversion

— metavariable for an equivalence relation on expressions
! contextual equivalence using capturing contexts

~? record-style bisimilarity

~3 applicative bisimulation

e Miscellaneous

a substitution of closed terms for expression variables

Q
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