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1 MotivationAbadi and Cardelli (1994a, 1994b, 1994c) present a number of related calculithat formalise aspects of object-oriented programming languages, includingmethod update (the ability to modify the behaviour of an object by alteringone of its methods) and object subsumption (the ability to emulate an objectwith an object that has more methods). They give equational theories fortheir calculi, present a denotational semantics based on partial equivalencerelations for the largest calculus and show that the equational theory is sound.Their object calculi form an extremely simple yet clearly object-orientedsetting in which to seek type systems that support styles of object-orientedprogramming found in full-blown languages. Hence they are an importantsubject of research.Abadi and Cardelli's goal was to study type systems for objects by aban-doning complex encodings of objects as �-terms and to study primitive ob-jects in their own right. Our goal here is to study operational equivalence ofobjects in its own right, instead of via denotational semantics, another kindof encoding.We work with FOb1<:� (Abadi and Cardelli 1994c), a �rst-order state-less object calculus including a ground type of Booleans, objects, recursivetypes and functions. We take Morris-style contextual equivalence (Morris1968) to be the natural operational equivalence on objects: two programsare equivalent unless there is a distinguishing context of ground type suchthat when each program is placed in the context, one converges but the otherdiverges. Following earlier work on functional languages (Crole and Gordon1995; Gordon 1995), we de�ne a CCS-style labelled transition system for theobject calculus and replay the de�nition of (strong) bisimilarity from CCS.Our bisimilarity descends from a line of work on operational equivalencefor functional calculi beginning with Abramsky's applicative bisimulation(Abramsky and Ong 1993). The new elements here are subtyping and ob-jects. Using an extension of the method of Howe (1989) we prove Theorem 1,that bisimilarity is a congruence. Theorem 2, that bisimilarity equals con-textual equivalence, then follows easily. The quanti�cation over all contextsmakes contextual equivalence hard to establish directly. The purpose of thelabelled transition system, justi�ed by Theorem 2, is to admit CCS-stylebisimulation proofs of contextual equivalence. We use this style of proof|a form of co-induction|for our �nal result, Theorem 3, that bisimilaritysoundly models all of Abadi and Cardelli's equational theory.We brie
y examine equivalences between two example objects suggestedby Abadi and Cardelli. One of the equivalences follows by co-induction butnot from their equational theory. 1



Our framework appears to be robust. Our main results continue to holdwhen we extend the pure object calculus with functions, records, variantsand dynamic types. We leave a study of polymorphic types as future work,but see Rees (1994).Section 2 introduces syntax and operational semantics of the object cal-culus Ob1<:� and its extension with functions, FOb1<:�. Contextual equiv-alence is de�ned in Section 3, and we prove it equal to a form of bisimilarityin Section 4. In Section 5 we show that contextual equivalence is a modelof Abadi and Cardelli's equational theory, and we consider one of their ex-amples in Section 6. Section 7 extends FOb1<:� with records, variants anddynamic types. We investigate the connection between divergence and con-textual equivalence in Section 8. In Section 9 we brie
y discuss other formsof operational equivalence. In Section 10 we exercise our theory by provingthat Abadi and Cardelli's embedding of functions as objects is sound, butnot fully abstract. We review related work in Section 11 and conclude inSection 12.For the sake of clarity, unless a proof is particularly compelling or inter-esting, we postpone it to Appendix A. Although the main text deals mainlywith the language FOb1<:�, in Appendix A we prove all the results for thefull language incorporating the extensions given in Section 7.
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2 An object calculusThis section recalls Abadi and Cardelli's FOb1<:�, a stateless calculus withsubtyping, including Top, one ground type Bool, object types, recursive typesand function types.The syntax is a �-calculus extended with expressions for Booleans, con-ditionals, object formation, [`1 = ς(x1:A1)e1; : : : ; `n = ς(xn:An)en] (whereeach ς(xi:Ai)ei is a method), method selection, a:`, method update,a:` ( ς(x:A)e, and recursive types. We use the metavariables x and X forvariables and type variables, and e and E for possibly open expressions andtypes, respectively. Let I stand for �nite indexing sets and ` for labels, drawnfrom some countably in�nite set. Formally, the grammars of types, E, andexpressions, e, are given as follows.E ::= X j Top j Bool j [`i:Ei]i2I j �(X)E j E ! E 0e ::= x j true j false j if(e; e; e)j [`i = ς(xi:Ei)ei]i2I j e:` j e:`( ς(x:E)ej fold(E; e) j unfold(e)j �(x:E)e j (e e0)Let fv(e) be the set of free variables of the expression e, and ftv(e) andftv(E) be the sets of free type variables of the expression e and the typeE, respectively. We identify expressions and types up to alpha-conversion,denoted by �.An environment, �, is a �nite list of assignments of closed types tovariables, x:A, followed by a �nite list of type variable bounds, X <: E. Let�; X;�0 be short for �; X <: Top;�0. Let Dom(�) be the set of variables andtype variables bound or assigned in �. The static semantics of the calculusconsists of �ve inductively de�ned judgments: � ` � (the environment �is well-formed), E � Y (the type E is formally contractive in variable Y ),� ` E (the type expression E is well-formed), � ` E <: E 0 (the type E is asubtype of E 0), and � ` e :A (the expression e has the closed type A). Thesejudgments are given inductively by the rules in Tables 1, 2, 3, 4 and 5. Wefollow a metavariable convention based on the following sets.A;B 2 Type def= fE j ? ` Ega; b 2 Prog(A) def= fe j ? ` e : AgBy program we speci�cally mean a closed expression contained in Prog(A)for some A, respectively. As usual we write simply a1; a2; : : : ; an:A to meanfa1; a2; : : : ; ang � Prog(A) and A<:B for ? ` A <:B.Here are basic facts about the static semantics.3



(Env ?)? ` � � ` � ? ` A x =2 Dom(�) (Env x)�; x:A ` �� ` E X =2 Dom(�) (Env X<:)�;X <:E ` �Table 1: Well-formed environments
X 6= YX � Y Top � Y Bool � Y [`i:Ei]i2I � Y E � Y�(X)E � YTable 2: Formal contractivity

�;X <:E;�0 ` � (Type X<:)�;X <:E;�0 ` X � ` � (Type Top)� ` Top� ` � (Type Bool)� ` Bool � ` Ei (8i 2 I) `i distinct (Type Object)� ` [li : Ei]i2I�;X <: Top ` E E � X (Type Rec <:)� ` �(X)E � ` E � ` E0 (Type Arrow)� ` E ! E0Table 3: Well-formed types
4



� ` E (Sub Re
)� ` E <:E � ` E1 <: E2 � ` E2 <:E3 (Sub Trans)� ` E1 <:E3�;X <:E;�0 ` � (Sub X)�;X <:E;�0 ` X <:E � ` E (Sub Top)� ` E <: TopJ � I � ` Ei (8i 2 I) (Sub Object)� ` [`i : Ei]i2I <: [`i : Ei]i2J� ` �(X1)E1 � ` �(X2)E2 �;X2 <: Top;X1 <:X2 ` E1 <:E2 (Sub Rec)� ` �(X1)E1 <: �(X2)E2� ` E01 <: E1 � ` E2 <:E02 (Sub Arrow)� ` E1 ! E2 <:E01 ! E02Table 4: Subtyping relationLemma 1(1) If � ` E then ftv(E) � Dom(�) and � ` �.(2) If � ` E <: E 0 then ftv(E) [ ftv(E 0) � Dom(�) and � ` �.(3) If � ` e : A then ftv(e) [ fv(e) � Dom(�) and � ` �.(4) If � ` [`i = ς(xi:Ai)ei]i2I :B then the Ai are identical and each Ai<:B.(5) If A<:B then Prog(A) � Prog(B).(6) If A<:B and both A and B are object types, they must have the forms[`i:Ai]i2I and [`j:Aj]j2J , respectively, with J � I.(7) If �; X 0; X<:X 0 ` E<:E 0 and � ` A<:A0 then � ` E[A=X]<:E 0[A0=X 0].(8) Subtyping is decidable.(9) If � ` E <: E 0 and � ` E 0 <: E then E � E 0.Abadi and Cardelli discuss the FOb1<:� type system at length. A fewpoints are worth noting here. The pure object calculus Ob1<:� can be ob-tained by removing functions from FOb1<:�. Numbers, lists and so on can5



�; x:A;�0 ` � (Val x)�; x:A;�0 ` x : A � ` e1 : Bool � ` e2 : A � ` e3 : A (Val If)� ` if(e1; e2; e3) :A� ` � (Val True)� ` true : Bool � ` � (Val False)� ` false : Bool�; xi:A ` ei : Ai (8i 2 I) A � [`i:Ai]i2I � ` � `i distinct (Val Object)� ` [`i = ς(xi:A)ei]i2I : A� ` e : [`i:Ai]i2I j 2 I (Val Select)� ` e:`j :AjA � [`i:Ai]i2I � ` e : A �; x:A ` e0 : Aj j 2 I (Val Update)� ` e:`j ( ς(x:A)e0 :AA � �(X)E � ` e : E[A=X ] ? ` A (Val Fold)� ` fold(A; e) : AA � �(X)E � ` e : A (Val Unfold)� ` unfold(e) : E[A=X ]�; x:B ` e : A (Val Fun)� ` �(x:B)e :B ! A � ` e1 : B ! A � ` e2 : B (Val Appl)� ` (e1 e2) : A� ` e :A1 � ` A1 <:A2 (Val Subsumption)� ` e :A2Table 5: Type assignment
6



(Red If True)if(true; a1; a2) 7! a1 (Red If False)if(false; a1; a2) 7! a2a � [`i = ς(xi:Ai)ei]i2I j 2 I (Red Select)a:`j 7! ej [a=xj ]a � [`i = ς(xi:Ai)ei]i2Ia0 � [`j = ς(x:Aj)e; `i = ς(xi:Ai)ei]i2I�fjg j 2 I (Red Update)a:`j ( ς(x:B)e 7! a0(Red Unfold)unfold(fold(A; v)) 7! v (Red App)((�(x:A)e) a) 7! e[a=x]a 7! b (Red Experiment)E [a] 7! E [b]Table 6: Single-step reductionbe encoded in FOb1<:� and functions can be encoded in the pure calculusOb1<:�. Thus FOb1<:� is essentially PCF plus subtyping, recursive typesand objects. The contractive constraint on recursive types implies that anyclosed type can be decomposed into the form �(X1) : : : �(Xn)E where E isone of Top, Bool, [`i:Ei]i2I , or E ! E 0. Whenever A <: B and both Aand B are object types, they must have the forms [`i:Ai]i2I and [`j:Aj]j2J ,respectively, with J � I. In other words, an object type is invariant inits component types, that is, neither covariant nor contravariant. This isnecessary because methods have a contravariant dependence on self, but asa consequence only nonvariant functions may be encoded in Ob1<:�. Theprimitive functions in FOb1<:� have the usual subtyping: contravariant inthe domain and covariant in the codomain.We need the following substitution and bound weakening lemmas, whichare standard.Lemma 2 If �; x:A;�0 ` e : B and � ` e0 : A, then �;�0 ` e[e0=x] : B.Lemma 3 If �; x:A;�0 ` e : B and A0 <: A then �; x:A0;�0 ` e : B too.Abadi and Cardelli present a many-step deterministic evaluation relation, , for FOb1<:�. For our purposes, it is more convenient to reformulate it as7



a single-step reduction relation. To specify the evaluation strategy we needthe following notion of a context. Let `�' be a distinguished variable usedto stand for a hole in a program. Let a context be an expression e suchthat the only free variable, if any, is �. If e is a context and a is a program,we write e[a] short for the program e[a=�]. These are not variable-capturingcontexts.For each type A de�ne the set Value(A) � Prog(A) (with typical membersu, v) of values of the following forms.true false [`i = ς(xi:B)ei]i2I fold(B; v) �(x:B)eLet Value be the set of values at any type, that is, SfValue(A) j A 2 Typeg.The notation a 7! bmeans that a reduces to b in a single step of reduction;it is de�ned inductively by the rules in Table 6. The rule (Red Experiment)gives a reduction strategy. An experiment, E , is a context with one hole,of one of the following forms.if(�; a1; a2) � :` � :`( ς(x:A)eunfold(�) fold(A;�) (� a)The relation 7! is weak in the sense that it is closed only under experiments,not arbitrary contexts. There are no experiments to allow reduction under
ς- or �-abstractions. (Red Update) preserves the property that whenever anobject [`i = ς(xi:Ai)ei]i2I has type A, each Ai <: A and indeed all the Ai'sare identical.Experiments are just atomic evaluation contexts (Felleisen and Friedman1986); every program can be decomposed uniquely as follows.Lemma 4 If a:A there is a unique list of experiments E1; : : : ; En, n � 0, andvalue v such that a � E1[: : : En[v] : : :].Lemma 5 The values are the normal forms of 7!, that is, whenever a is aprogram, a 2 Value i� :9b(a 7! b).The reduction rules are deliberately type independent, in the sense thatalthough they manipulate type information contained in programs, they arenot contingent on the form of the types they manipulate. For instance, (RedUpdate) allows for the type bounds, Ai, to be distinct although we knowthem to be identical. Hence ill-typed expressions can be reduced. This is aredundancy in the dynamic semantics, but is harmless because we are onlyinterested in statically typable programs.We can easily prove determinacy and subject reduction.8



Lemma 6 If a 7! b and a 7! c, then b � c.Lemma 7 If a:A and a 7! b then b:A.As usual, let the relation 7!� be the re
exive and transitive closure of7!. We now recover a many-step evaluation relation, +, and three standardpredicates as follows.a 7! def= 9b(a 7! b) `a reduces'a + b def= a 7!� b & :(b 7!) `a evaluates to b'a+ def= 9b(a + b) `a converges'a* def= 8b(a 7!� b ) b 7!) `a diverges'We have a+ i� not a*. We have recovered Abadi and Cardelli's many-stepevaluation relation; a + b in our notation corresponds to ? ` a b in theirs.The proof is standard.We introduced FOb1<:� without recursive programs, but we can de-�ne them using objects; for example, let �(x:A)e abbreviate the expression[` = ς(s:[`:A])e[s: =̀x]]:`. We have �(x:A)e 7! e[�(x:A)e=x]. Hence there is adivergent program at every type. Let 
A be �(x:A)x; 
A 7! 
A so 
A*.The de�nability of 
A and the contractivity condition on recursive types to-gether imply the following lemma, which guarantees a value and a divergentprogram at every type.Lemma 8 8A 2 Type 9a1; a2:A (a1+ & a2*).
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3 Contextual equivalenceWe take Morris' contextual equivalence (Morris 1968; Plotkin 1977), alsoknown as `observational congruence' (Meyer and Cosmadakis 1988), to bethe natural operational equivalence on objects. First we introduce the ideaof a relation between expressions of matching types. Let a proved programbe a pair aA such that a:A. Let P and Q range over proved programs. LetRel be the universal relation on proved programs of the same type, given asfollows. Rel def= f(aA; bA) j a:A & b:AgWe use R and S for subsets of Rel, that is, relations on proved programsthat respect typing. If R � Rel, then for any type A, de�ne RA = f(a; b) j(aA; bA) 2 Rg. So the notation `aRA b' means that (aA; bA) 2 R.Instead of using relations on proved programs, we could have used binaryrelations on expressions indexed by types. We use proved programs becausewhen de�ning bisimilarity we can work simply in the complete lattice ofsubsets of Rel ordered by �, rather than of indexed sets.For each closed type A, let A-contextual equivalence, A' � Rel, be therelation on proved programs given by the following.a A'B b i� whenever �:B ` e : A, e[a] + i� e[b] + too.In other words, two programs are A-contextually equivalent i� their be-haviour is the same whenever they are placed in a larger program, e, oftype A.Proposition 9(1) Suppose there exists a context e such that �:A ` e : B and for allprograms a:A, we have a+ i� e[a]+. Then B' � A'.(2) If A<:B then B' � A'.(3) For all A, Top' � A'.(4) For all B, B' � Bool' .(5) Top' � Bool' .Proof 10



(1) Suppose for some some type C and programs a and b, we have a B'C b.We must prove that a A'C b. Suppose for some context e0 that �:C `e0 : A. By symmetry, it is enough to show that if e0[a]+ then e0[b]+.Consider the context e[e0=�] satisfying �:C ` e[e0=�] : B, where e is asgiven in the statement of the proposition. Then e[e0[a]]+, and sincea B'C b, we have e[e0[b]]+; hence e0[b]+ as required.(2) A corollary of part (1), taking e � � and using subsumption.(3) A corollary of part (2), since A <: Top.(4) A corollary of part (1), taking e � if(�; vB; vB) for some value vB oftype B (we know such a value must exist by Lemma 8).(5) We have :(trueTop' Top
Top) but true Bool' Top 
Top. The former is imme-diate; the latter is trivial once we have Theorem 2. �Of this family of equivalence relations, Top' makes the most distinctions be-tween programs, and Bool' the fewest. The only substantial di�erence amongthe relations is the set of types at which termination is distinguishable fromnon-termination.In a call-by-value language, we can construct a context satisfying part (1)for any two types A and B, namely ((�(x:A)vB)�) where vB is some valueof type B. Hence, in a call-by-value language, the A''s are equal.We choose to take Bool' as our notion of operational equivalence for thisstudy for three reasons. First, it is the notion of contextual equivalence usedby Plotkin (1977) and is standard in studies of the language PCF. Second,it is the most generous of the A-contextual equivalences. Third, since one ofour motivations is to validate the equational theory of Abadi and Cardelli,we must choose a contextual equivalence in which their equations are sound.In particular, the rule � ` e : A � ` e0 :B (Eq Top)� ` e$ e0 : Topmust hold, so Top' is inappropriate. We will see later that (Eq Top) holds forBool' .Another candidate was [ ]', which does satisfy (Eq Top) and would be themost natural choice in the language without Booleans. It is �ner-grainedthat Bool' ; it distinguishes [ ] and 
[ ] whereas Bool' identi�es them.11



We will use contextual equivalence, ' � Rel, to stand for Bool' , andde�ne contextual order, @� � Rel, as follows.a@�Ab i� whenever �:A ` e : Bool,e[a] + implies e[b] + too.Note that a 'A b i� a@�Ab and b@�Aa.It is easy to show that two programs are contextually distinct: just ex-hibit a single context that tells them apart. But to show equivalence re-quires a quanti�cation over all contexts. The point of the next section is tocharacterise contextual equivalence co-inductively as a kind of bisimilarity,and hence to admit CCS-style bisimulation proofs of equivalence. Contex-tual equivalence is de�ned in terms of one-o� tests consisting of compositecontexts; bisimilarity is de�ned in terms of multiple atomic observations onobjects. When proving programs equal it is often easier to consider a seriesof atomic observations rather than all possible contexts.
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4 Bisimilarity4.1 Labelled transitionsWe will de�ne a labelled transition system that characterises the atomicobservations one can make of a proved program. The notation P ��! Qmeans that the proved program P does an action � and becomes anotherproved program Q. As usual we write P ��! mean that there is some Q withP ��! Q.The simplest labelled transition system to characterise contextual equiv-alence co-inductively is the following.�:A ` E : B (Trans Exper)aA E�! E [a]B a+ (Trans Val)aBool val�! 0where an action is either an experiment, E , or val, and 0 is disjoint fromthe set of programs. We could prove that CCS-style bisimilarity accordingto this labelled transition system equals contextual equivalence. This is adirect generalisation of Milner's context lemma for PCF (Milner 1977). Wecan do better than this by describing a labelled transition system in whichthere are fewer transitions available to proved programs: this reduction insize will simplify some of our proofs.We divide the types of FOb1<:� into two classes, active and passive.Only Bool is active. Top, object types, recursive types and function types arepassive. At active types a program must converge to a value before it can beobserved; at passive types a program does actions unconditionally, whetheror not it converges. The observable actions, � 2 Act, take the followingforms. true false ` `( ς(x)e unfold @aThese actions correspond to the actions of the general labelled transitionsystem, except that actions of the form if(�; a; b) are missing, and typeannotations are missing from the update actions.The labelled transition system we shall work with is the family of relations( ��! j � 2 Act) given inductively by the rules in Table 7, such that wheneverP ��! Q, each of P and Q is a proved program. Let 0 be aTop, for somearbitrary program a:Top. The purpose of 0 is that it has no actions; afterobserving ground data there is nothing more to observe.We can characterise the observable actions at each type. For each typeA, de�ne the set Act(A) � Act as follows.Act(Top) = fg 13



v 2 ftrue; falseg (Trans Bool)vBool v�! 0A � [`i:Ai]i2I j 2 I (Trans Select)aA `j�! a:`jAjA � [`i:Ai]i2I j 2 I x:A ` e :Aj (Trans Update)aA `j(ς(x)e�! a:`j ( ς(x:A)eAA � �(X)E (Trans Unfold)aA unfold�! unfold(a)E[A=X ]b:B (Trans App)aB!A @b�! (a b)AA active a 7! a0 a0A ��! bB (Trans Red)aA ��! bBTable 7: Rules of the labelled transition system
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Act(Bool) = ftrue; falsegAct([`i:Ai]i2I) = f`i; `i ( ς(x)e j i 2 I & x:[`i:Ai]i2I ` e : AigAct(�(X)E) = funfoldgAct(A! B) = f@a j a:AgLemma 10 � 2 Act(A) i� 9a:A(aA ��!).We can make more observations at a subtype than a supertype.Lemma 11 If A<:B then Act(B) � Act(A).An alternative formulation of a labelled transition system for FOb1<:�would be to remove the rules (Trans Red) and (Trans Bool) and substituteinstead the following rule.a + v v 2 ftrue; falseg (Trans Bool')aBool v�! 0However, we adopt the more general rule (Trans Red) so that when weintroduce more active types into the language, the general rule will apply tothem all. In particular, the following lemma must hold in any extension ofthis system.The following is a trivial fact for FOb1<:�, as Bool is the only activetype, but it holds in the extensions of Ob1<:� we will consider in Section 7,in which more types are active.Lemma 12 If A is active then aA ��! bB i� 9v 2 Value(a + v & vA ��! bB).At passive types, divergent programs have actions, but they always lead todivergent programs.Lemma 13 If a:A, a* and aA ��! bB then b*.The actions on passive types are almost in the form of experiments. Weintroduce the idea of erasure on experiments, E#, to make this precise.(�:`)# = `(�:`( ς(x:A)e)# = `( ς(x)e(unfold(�))# = unfold(� a)# = @aThe erasure operation removes the type annotation from the update action,ensuring that actions are uniform at di�erent types. This property is requiredfor the proof of Lemma 11. Given the erasure operator, we can recover alimited form of the rule (Trans Exper) for passive types.15



Lemma 14 If A is passive then aA ��! bB implies 9E(� � E# & b � E [a]).Hence, the transitions at passive type in our labelled transition system cor-respond to the ones derivable from the (Trans Exper) rule, except that thelatter incorporate subsumption. Our labelled transition system is image-singular, in the following sense.Lemma 15 If P ��! Q and P ��! Q0, then Q � Q0.Because of subsumption, the more general system is not image-singular. Forexample, the following two transitions are derivable from (Trans Exper).a[`:Bool] �:`�! a:`Boola[`:Bool] �:`�! a:`Top4.2 De�nition of bisimilarityThe derivation tree of a proved program P is the potentially in�nite treewhose nodes are proved programs, whose arcs are labelled transitions, andwhich is rooted at P . Following Milner (1989), we wish to regard two provedprograms as behaviourally equivalent i� their derivation trees are the samewhen we ignore the syntactic structure of the programs labelling the nodesand the ordering of the arcs from each node. We formalise this idea in thestandard way. First de�ne two functions [�]; h�i : }(Rel)! }(Rel) by[S] def= f(P;Q) j whenever P ��! P 0 there is Q0with Q ��! Q0 and P 0 S Q0ghSi def= [S] \ [Sop]opThese are both monotone functions on }(Rel). Let a relation S � Rel be abisimulation i� S � hSi. Let bisimilarity,� � Rel, be the union of all thebisimulations. By the Tarski{Knaster theorem, bisimilarity is the greatest�xpoint of h�i. In other words, bisimilarity is the greatest relation to satisfythe following: whenever (P;Q) 2 Rel, P � Q i�(1) P ��! P 0 ) 9Q0(Q ��! Q0 & P 0 � Q0)(2) Q ��! Q0 ) 9P 0(P ��! P 0 & P 0 � Q0).If S is a bisimulation, S � � by de�nition of �; this is the co-inductionprinciple associated with bisimilarity.We shall need the preorder form of bisimilarity. Let relation S � Rel bea simulation i� S � [S]. Similarity, . � Rel, is the greatest �xpoint of[�], that is, the union of all simulations.16



4.3 Basic properties of bisimilarityWe can easily establish the following using co-induction.Proposition 16(1) . is a preorder and � an equivalence relation.(2) � = . \.op.Part (2) depends on image-singularity, Lemma 15. This property fails in anondeterministic calculus such as CCS.4.4 Bisimilarity and subtypingWhenever A <: B, we would expect that if two programs are equal at thesubtype, A, that they will be equal at the supertype, B. To prove this, weneed the following lemma.Lemma 17 Relation f(aB; bB) j 9A(? ` A<:B & a �A b)g is a simulation.The following is a simple corollary by co-induction.Proposition 18(1) If a .A b and A <:B then a .B b.(2) If a �A b and A <:B then a �B b.In the following section we introduce the idea of a relation being a con-gruence, and in the next we prove that bisimilarity is one.4.5 Congruence and precongruenceA congruence is an equivalence that is preserved by all contexts. To statethis formally we must begin with a few preliminary de�nitions. Let a sub-stitution be a function ~� def= a1=x1; : : : ; an=xn (n � 0) from expressions toexpressions, which substitutes programs for free variables. The applica-tion of a substitution ~� to an expression e is written e[~�]. A substitution~� � a1=x1; : : : ; an=xn is a �-closure for an environment � � x1:A1; : : : ; xn:Ani� each ai:Ai. Let a proved expression be a triple (�; e; A) such that � is`closed' (it contains no type variable bounds; that is, it only contains assign-ments of closed types to program variables), A 2 Type and � ` e : A. If therelation R � Rel then its open extension, R�, is the relation on provedexpressions such that (�; e; A)R� (�0; e0; A0) i� A � A0, � � �0 and e[~�]Re0[~�]for all �-closures ~�. Open extension is a monotonic operator on relations.17



Lemma 19 If R � S then R� � S�.For instance, Rel� is the universal relation on pairs of proved expressions withmatching types and environments. As a notational convention, if R � Rel�we write � ` eR e0 : A to mean that ((�; e; A); (�; e0; A)) 2 R.If R � Rel� then its compatible re�nement (Gordon 1994) is the re-lation bR � Rel�, given by the rules in Table 8, that relates two expressionsif they share the same outermost syntactic constructor, and their immediatesub-expressions are pairwise related by R. Each compatible re�nement rulecorresponds to a type assignment rule, and vice versa, except for (Val Sub-sumption). We say a relation R � Rel� is a precongruence i� it satis�esthe following two rules.� ` e$ e0 : A A <:B (Eq Subsum)� ` e$ e0 :B � ` ec$ e0 : A (Eq Comp)� ` e$ e0 : AThis de�nition of precongruence can easily be shown equivalent to a moreconventional one based on substitution into variable-capturing contexts. If,in addition, a precongruence is an equivalence relation, we say it is a con-gruence.Proposition 20 Suppose $ is a preorder. Then satisfaction of (Eq Comp)and (Eq Subsum) is equivalent to satisfaction of the following rule� ` C[�A] :B �;�0 ` e$ e0 : A (Eq Cong)� ` C[e]$C[e0] :Bwhere C is a variable-capturing context, that is, an expression with a singlehole of the form �A (subject to the extra type assignment axiom � ` �A : A),with the hole in the scope of binders for the environment �0.4.6 Bisimilarity is a congruenceWe will show that the open extension of bisimilarity is a congruence. Sincebisimilarity is the symmetrisation of similarity, Proposition 16(2), it is enoughto prove that similarity is a precongruence. We do so using a form of Howe'smethod (1989). We de�ne an auxiliary relation, .�, which by de�nition isa precongruence, and prove that .� = .�. Let the precongruence candi-date, .� � Rel�, be the least relation closed under the following rule.� ` e c.� e00 : A A <:B � ` e00 .� e0 :B (Cand Def)� ` e .� e0 :B18



(Comp x)�; x:A;�0 ` x bR x : A(Comp True)� ` true bR true : Bool (Comp False)� ` false bR false : Bool� ` e1 R e01 : Bool � ` ei R e0i : A (2 � i � 3) (Comp If)� ` if(e1; e2; e3) bR if(e01; e02; e03) :AA � [`i:Bi] �; xi:A ` ei R e0i :Bi (8i 2 I) (Comp Object)� ` [`i = ς(xi:A)ei]i2I bR [`i = ς(xi:A)e0i]i2I :A� ` eR e0 : [`i:Ai]i2I j 2 I (Comp Select)� ` e:`j bR e0:`j : AjA � [`i:Bi] � ` e1 R e01 :A �; x:A ` e2 R e02 :Bj j 2 I � CompUpdate�� ` e1:`j ( ς(x:A)e2 bR e01:`j ( ς(x:A)e02 :AA � �(X)E � ` eR e0 :E[A=X ] (Comp Fold)� ` fold(A; e) bR fold(A; e0) :AA � �(X)E � ` eR e0 :A (Comp Unfold)� ` unfold(e) bR unfold(e0) : E[A=X ]�; x:B ` eRe0 : A (Comp Fun)� ` �(x:B)e bR �(x:B)e0 :B ! A� ` e1Re01 :B ! A � ` e2Re02 :B (Comp App)� ` (e1 e2) bR (e01 e02) :ATable 8: Compatible re�nement
19



Since .� is de�ned by exactly one rule, it is valid upwards, that is, whenever� ` e .� e0:B, there is some expression e00 and some type A with � ` ec.�e00:Aand A <: B and also � ` e00 .� e0 : B. We can easily prove the followingproperties of .� by standard methods.Lemma 21 Relation .� is re
exive, and the following rules are valid.� ` e .� e0 : A (Cand Sim)� ` e .� e0 : A � ` e c.� e0 : A (Cand Comp)� ` e .� e0 : A� ` e .� e00 : A � ` e00 .� e0 : A (Cand Right)� ` e .� e0 : A�; x:B ` e1 .� e01 : A� ` e2 .� e02 : B (Cand Subst)� ` e1[e2=x] .� e01[e02=x] : AMoreover, .� is the least relation closed under (Cand Comp), (Cand Right)and (Eq Subsum).Unlike previous applications of Howe's method, we need to prove that.� satis�es (Eq Subsum). Given that (Eq Subsum) holds for similarity,Proposition 18, the following new properties are easy to prove.Lemma 22 Both (Eq Subsum) and the ruleA <:B �; x:B;�0 ` e$ e0 : C (Eq Asm Subsum)�; x:A;�0 ` e$ e0 : Chold for .� and .�.The following lemma is the heart of the precongruence proof. The proofis detailed but follows the standard pattern.Lemma 23 Relation S = f(aA; a0A) j ? ` a .� a0 : Ag is a simulation.Theorem 1 The open extension of bisimilarity is a congruence.Proof By Lemma 23, S is a simulation, and hence S � . by co-induction.Open extension is monotone, Lemma 19, so S� � .�. Now .� � S� followsby (Cand Subst) and the re
exivity of .�. Hence we have .� � .�. But(Cand Sim) provides the reverse inclusion, so in fact .� = .� and hence .�is a precongruence. By appeal to symmetry, �� is a congruence. �20



4.7 Bisimilarity equals contextual equivalenceThe proof of our main result, Theorem 2, follows the standard pattern.Lemma 24 Both . � @� and � � '.Lemma 25 Contextual order, @�, is a simulation.Theorem 2 � = '.Proof Apply co-induction to Lemma 25 and combine with Lemma 24. �4.8 Soundness of reductionThe relationship between operational semantics and equivalence in FOb1<:�is subtle. The following facts are straightforward to state and prove.Proposition 26 For any type A,(1) 8a; b:A(a 7! b) a �A b);(2) 8a; v:A(a + v ) a �A v);(3) 8a:A(a* ) a �A 
A).We postpone a classi�cation of the types for which part (3) can be strength-ened from ) to i� until Section 8.
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A0 � [`i:Bi]i2I A00 � [`i:Bi; `j :Bj ]i2I;j2J I \ J = ?�; xi:A0 ` ei : Bi (i 2 I) �; xj :A00 ` ej :Bj (j 2 J) (Eq Sub Object)� ` [`i = ς(xi:A0)ei]i2I $ [`i = ς(xi:A00)ei]i2I[J : A0A � �(X)E � ` e : A (Eval Fold)� ` fold(A; unfold(e))$ e :A� ` e :A! B x =2 Dom(�) (Eval Eta)� ` �(x:A)(e x)$ e :A! BTable 9: Fragment of the equational theory of FOb1<:�5 Validating the equational theoryAbadi and Cardelli (1994c) present an equational theory for FOb1<:�. Theirrelation is essentially the relation $ � Rel� that is inductively de�ned bythe rules in Table 9, together with rules of equivalence, compatibility, closureunder evaluation, (Eq Top) and (Eq Subsum). The theory is given in full inAppendix B. We show that the open extension of bisimilarity is closed underthe relevant equational rules and hence $ � ��.Most of the FOb1<:� equational theory is easy to verify. The equivalencerules follow for bisimilarity follow from Proposition 16 (1). The congru-ence rules follow directly from Theorem 1. The evaluation rules follow fromProposition 26. (Eq Top) follows from Proposition 31(1). (Eq Subsum) fol-lows from Lemma 22. (Eval Fold) and (Eval Eta) can easily be proved byco-induction. (Eq Sub Object) appears to be most easily proved via a di-rect proof that the two objects are contextually equivalent. We give the fullproofs in Appendix A.6. Since �� is closed under all the rules inductivelyde�ning the equational theory, it is sound in the following sense.Theorem 3 $ � ��.Bisimilarity is no panacea|witness the direct proof of (Eq Sub Object)|butthe bisimulation proofs of most of the equational rules would appear to besimpler than direct proofs of contextual equivalence.The converse of Theorem 3 fails; see Proposition 29 below for an exam-ple. In any case since the calculus presented here is Turing-powerful, no22



recursively enumerable equational theory such as $ could be complete foroperational equivalence.Strictly speaking, the theory of this paper does not cover all of Abadi andCardelli's equations because their equational theory covers open expressionsof open type. We have only considered open expressions of closed type.Open expressions of open type are not useful in FOb1<:� because there areno polymorphic functions (though of course such expressions are useful inricher systems considered by Abadi and Cardelli). It should be possible toextend our notion of open extension to include expressions of open type,and correspondingly to extend the compatible re�nement and congruencecandidate relations and thus derive the exact forms of their equations. Wepostpone this until a future study of polymorphism.
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6 ExampleWe consider an example given by Abadi and Cardelli. A �eld is a degeneratemethod that does not depend on its self parameter. Let e0:` := e be shortfor e0:` ( ς(x)e, and [` = e; : : :] be short for [` = ς(x:A)e; : : :], for somex =2 fv(e). De�ne a type A and two objects a and b as follows.A def= [x:Bool; f :Bool]a:A def= [x = true; f = true]b:A def= [x = true; f = ς(s:A)s:x]Proposition 27 Not a �A b.Proof Let the context e be �:x :=
Bool:f . Both e[a] and e[b] are programsof type Bool, but e[a] + true whereas e[b]*. Hence the two are contextuallydistinct, therefore not bisimilar. �Proposition 28 a �[x:Bool] b.Proof Using (Eq Sub Object) we can prove both [x = true] �[x:Bool] aand [x = true] �[x:Bool] b, and therefore a �[x:Bool] b by transitivity. �Proposition 29 a �[f :Bool] b.Proof Let P and Q be a[f :Bool] and b[f :Bool] respectively. Here are all theirpossible transitions.(1) P f�! P 0 with P 0 � (a:f)Bool � trueBool.(2) Q f�! P 0 with P 0 � (b:f)Bool � trueBool.(3) P f(ς(x)e�! P 0 with P 0 � [x = true; f = ς(x:A)e][f :Bool].(4) Q f(ς(x)e�! Q0 with Q0 � [x = true; f = ς(x:A)e][f :Bool].In each case, whenever P ��! P 0 there is Q0 with Q ��! Q0 and P 0 � Q0,and vice versa. Hence (P;Q) 2 h�i and since � = h�i we have a �[f :Bool] b.�This example, in a form using natural numbers rather than Booleans, isgiven in section 4.3 of Abadi and Cardelli (1994c). Proposition 29 does notfollow from the equational theory $. We expect it would follow by a directproof of contextual equivalence (similar to the one we needed for (Eq SubObject)) but the bisimulation proof above is much simpler.24



7 ExtensionsEach lemma in the proof of Theorem 2 is a property of a relation which isproved by induction or co-induction on some set of rules. If a new syntacticalconstruct is added to the language, we must check that each property isuna�ected; this amounts to adding a single case to each induction or co-induction argument.To demonstrate the modularity of our approach, we extend FOb1<:� withthe following �rst-order types.� Type Dynamic (Table 10); values of this type are pairs of a programswith its type. The language here is a subset of that considered byAbadi, Cardelli, Pierce, and Plotkin (1989), but with subtyping. Dynamictype is active.The operational semantics of terms of dynamic type uses the subtyp-ing relation to decide whether (Red Dynamic Match) or (Red DynamicDefault) applies. These rules thus depend on the decidability of sub-typing; if we were to extend the type system to incorporate F�, inwhich subtyping is undecidable (Pierce 1994), we would have to choosea di�erent destructor for terms of dynamic type.Our motivation for including dynamic types is to be able to derivemore subtyping relations than would be possible using FOb1<:� only.Suppose Nat is a type of natural numbers. Given the two typesA def= �(X)[x:Nat; dx:Nat! X]B def= �(X)[x; y:Nat; dx; dy:Nat! X]which represent moveable one-dimensional and two-dimensional points(the dx and dy functions take a natural number and return an objectin which the appropriate co-ordinate has been updated), the expectedsubtyping B <: A does not hold because of object invariance. More-over, if that single subtyping relation were added to the language, theproperty of subject reduction property would fail (Abadi and Cardelli1994c). However, we can represent these points using dynamic types,for example, A0 def= [x:Nat; dx:Nat! Dynamic]B0 def= [x; y:Nat; dx; dy:Nat! Dynamic]and now the relation B0<:A0 holds. However, the encoding is inelegant:every time we update a point, we have to use a typecase expression25



(Type Dynamic)� ` Dynamic� ` e : A (Val Dynamic)� ` tag(A; e) : Dynamic� ` e : Dynamic �; x:B ` e0 : A � ` e00 :A (Val Typecase)� ` typecase(e; (x:B)e0; e00) :AA<:A0 (Red Dynamic Match)typecase(tag(A; e); (x:A0)e0; e00) 7! e0[e=x]:(A <:A0) (Red Dynamic Default)typecase(tag(A; e); (x:A0)e0; e00) 7! e00(Trans Dynamic)tag(A; e)Dynamic tagA�! eA� ` e bR e0 :A (Comp Dynamic)� ` tag(A; e) bR tag(A; e0) : Dynamic� ` e1Re01 : Dynamic �; x:B ` e2Re02 : A � ` e3Re03 : A � CompTypecase�� ` typecase(e1; (x:B)e2; e3) bR typecase(e01; (x:B)e02; e03) : AE ::= typecase(�; (x:A)e0; e00)v ::= tag(A; e)� ::= tagA 2 TypeTable 10: Rules for dynamic types
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to convert the resulting value from dynamic type back to an point. Torepresent these types elegantly, we need a type system that is `poly-morphic in self', such as that given in Abadi and Cardelli (1994b).� Records (Table 11); these are essentially objects without method up-date, and with covariant subtyping, as described in Cardelli (1989).Record types are passive.� Variants (Table 12), also known as unions or �nite sum types, asdescribed in Cardelli (1989). Variant record types are active.The proofs in the appendix are for the language FOb1<:� extended with thesetypes. We leave second-order extensions, in particular polymorphism, for fu-ture work. We believe our results would routinely extend to eager constructs,that is, call-by-value functions, records that evaluate their components, andso on, but we have not checked the details.
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� ` Ei (8i 2 I) (Type Record)� ` record(Ei)i2IJ � I � ` Ej <:E0j (8j 2 J) (Sub Record)� ` record(`i:Ei)i2I <: record(`j :E0j)j2J� ` ei :Ei (8i 2 I) (Val Record)� ` record(`i = ei)i2I : record(`i:Ei)i2I� ` e : record(`i:Ei)i2I j 2 I (Val Select)� ` e:`j : Ej 2 I (Red Record)record(`i = ai)i2I :`j 7! ajA � record(`i:Ai)i2I j 2 I E � �:`j B � Aj (Trans Record)record(`i = ai)i2IA E#�! E [a]B� ` eiRe0i :Ai (8i 2 I) (Comp Record)� ` record(`i = ei)i2I bR record(`i = e0i)i2I : record(`i:Ai)i2I� ` e1Re01 : record(`i:Ai)i2I j 2 I (Comp Select)� ` e1:`j bR e01:`j : AjE ::= �:`iv ::= record(`i = ai)i2ITable 11: Rules for records
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� ` Ei (8i 2 I) (Type Variant)� ` variant(Ei)i2II � J � ` Ei <:E0i (8i 2 I) (Sub Variant)� ` variant(`i:Ei)i2I <: variant(`j :E0j)j2Jj 2 I � ` e : Ej � ` Ei (8i 2 I) (Val Variant)� ` variant(`j = e) : variant(`i:Ei)i2I� ` e : variant(`i:Ei)i2I �; x:Ei ` ei :E (8i 2 f1; : : : ; ng) (Val Case)� ` case(e; (x)e1; : : : ; (x)en) : E (Red Case)case(variant(`j = aj); (x)e1; : : : ; (x)en) 7! ej [aj=x]A � variant(`i:Ai)i2I j 2 I (Trans Variant)variant(`j = a)A `j�! aAjj 2 I � ` eRe0 :Aj (Comp Variant)� ` variant(`j = e) bR variant(`j = e0) : variant(`i:Ai)i2I� ` eRe0 : variant(`i:Ai)i2I �; xi:Ai ` eiRe0i :A (8i 2 I) (Comp Case)� ` case(e; (x)e1; : : : ; (x)en) bR case(e0; (x)e01; : : : ; (x)e0n) :AE ::= case(�; (x)e1; : : : ; (x)en)v ::= variant(`j = aj)Table 12: Rules for variant records
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8 Operational adequacyProposition 26(3) strengthened from `)' to `i�' is an important property ofequality and divergence. In the setting of the equality induced by a denota-tional semantics it is known as computational adequacy (see Pitts (1994),for instance) or complete adequacy (Meyer and Cosmadakis 1988).We can characterise the types with this property as follows. Let a typeA be total i� 8a:A9v:A(a �A v), that is, every program equals a value.Otherwise we say A is partial. The following proposition says that thepartial types are exactly those that are computationally adequate.Proposition 30 For any type A, the following are equivalent.(1) A partial(2) 8a:A(a � 
A ) a*)(3) 8a; b:A(a+ & a � b) b+)In contrast to partial types, at a total type A, equality to 
A cannot implydivergence because there is a value equal to every program, including 
A.Total types are important for our study because we want Abadi and Cardelli's(Eq Top) rule to hold. It asserts that all programs at type Top are equal. Itholds because there are no transitions at type Top. So at least Top is total.Clearly Bool is partial. But object types may be either. [`:Bool] is partialbut [] and [`:[]], for instance, are total. In order to compute which types aretotal, we introduce a further distinction, between singular and plural types.Let a type A be singular i� 8a; b:A(a �A b), that is, any two programsat type A are equal. Otherwise we say A is plural, that is, there are at leasttwo distinct programs at type A.We can compute the singular types as follows. Let SP be the computablefunction given by structural recursion on argument E using the equationsin Table 13. If E is a type, then SP(E) either equals the constant S or apair (v; e) where v is a value (possibly with free type variables) and e is anexpression. We assume a total ordering on the set of method labels.Proposition 31(1) SP(A) = S) 8a; b:A(a �A b)(2) SP(A) 6= S) 9v:A(v + v & v 6� 
A)(3) A is singular i� SP(A) = S. 30



SP(X) = SSP(Top) = SSP(Bool) = (true;�)SP([`i:Ei]i2I) = 8<:S if SP(Ei) = S for all i 2 I([`j=vj ; `i=
Ei ]i2I�fjg;ej [�:`j ]) if `j is the least labelwith SP(Ej) = (vj ; ej)SP(�(X)E) = 8<:S if SP(E) = S(fold(�; v[�=X ]);e[�=X ][unfold(�)]) if SP(E) = (v; e) and� � �(X)ESP(E1 ! E2) = �S if SP(E2) = S(�(x:E1)v2; e2[�(
E1)]) if SP(E2) = (v2; e2)SP(Dynamic) = (tag(Bool; true); typecase(�; (x:Bool)true; true))SP(record(`i:Ei)i2I) = 8<:S if SP(Ei) = S for all i 2 I(record(`j=vj ; `i=
Ei)i2I�fjg; ej [�:`j ]) if `j is the least labelwith SP(Ej) = (vj ; ej)SP(variant(`i:Ei)i2I) = (variant(`1 = 
E1); case(�; (x)true; : : : ; (x)true))Table 13: The SP(�) function
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Total PartialBoolDynamicvariant(`i:Ai) ActiveTopRecordsrecord(`:Bool) record(`:Top)[ ] [`:Top] [`:Bool] ObjectsFunctionsTop! Bool Bool! Top Recursive�(X)[`:X ! Bool]�(X)[ ]! Bool �(X)[`:X]
Singular

Figure 1: Classi�cation of types in Ob1<:�A type is singular if neither it nor any of its subexpressions is Bool. So�(X)[`1:Top; `2:X] is singular but �(X)[`1:Bool; `2:X] is not. Intuitively, allprograms are equal at a singular type because there are no Bool-contexts totell them apart.Now we can compute whether a type is partial or total as follows.Proposition 32 Suppose A is a type. If SP(A) = S then A is total. Other-wise A takes one of the following forms:(1) �(X1) : : : �(Xn)Bool, partial;(2) �(X1) : : : �(Xn)[`i:Ei], partial.(3) �(X1) : : : �(Xn)E1 ! E2, total;(4) �(X1) : : : �(Xn)Dynamic, partial.(5) �(X1) : : : �(Xn)record(`i:Ei), total.(6) �(X1) : : : �(Xn)variant(`i:Ei), partial.Object types are either singular or partial; a total object type must be singu-lar. If we had unrestricted call-by-value functions, every type in the languagewould be partial. Any value, even at type Top, could be distinguished from
. But then (Eq Top) would be invalid. Figure 1 illustrates the relationshipsbetween these classi�cations of types.32



9 Other equivalence relationsOur theory is based on characterising contextual equivalence as a form ofbisimilarity. We considered several other forms of operational equivalence.9.1 Contextual equivalence using capturing contextsIn Section 3, we de�ned contextual equivalence for closed expressions only.In extending the relation to open expressions, we have two choices; one isto use the relation '�, the other is to use contexts with a single hole thatcaptures free variables; that is, we de�ne a relation �1 as follows.e �1 e0 i� 8<: for all capturing contexts C s.t.C[e]:Bool and C[e0]:Bool thenC[e] + i� C[e0] +We can easily show that that �1 contains contextual equivalence for bothFOb1<:� and Ob1<:�; the reverse inclusion holds for the former but fails forthe latter. The only bound variables in Ob1<:� are self-parameters, of objecttype, so x:Bool ` x �1 true holds vacuously, but of course x:Bool ` x 6'�true, because false=x is an x:Bool-closure. However, if Ob1<:� is extendedwith functions (as in FOb1<:�) or with a let-construct at arbitrary type wecan prove that the two equivalences are equal.Proposition 33 In the presence of functions or a let-construct, '� = �1.9.2 Record-style bisimilarityThinking of objects as records, we considered a simple equivalence, �2, thatequates two objects if selections of their methods are pairwise bisimilar.a �2[`i:Ai](i2I) b i� � a + i� b +; anda:` �2Ai b:` for all i 2 IThis relation is not discriminatory enough because it has too narrow a notionof observation on objects. It would be correct for a record calculus, but itignores the possibility of method update. For example, it equates a and bfrom Section 6 at type [x:Bool; f :Bool], but we know from Proposition 27that they are contextually distinct at that type. Abadi and Cardelli (1994c)reject a record-style semantics for their calculus for similar reasons.
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9.3 Applicative bisimulationHowe (1989) de�nes a format for applicative bisimulation, �3, for a generalclass of untyped �-calculi. Here is a natural way to express this format in atyped setting.a �3A b i� whenever a + u then 9v s.t. b + vand ? ` ud�3� v : A; and vice versa.Unfortunately, this format is too discriminatory for this object calculus. Itdistinguishes between the two programs a and b from Section 6 at the type[f :Bool], whereas Proposition 29 shows they are contextually equivalent.Two �-calculus functions �(x:A)e and �(x:A)e0 are equal if and only if eand e0 are equal for any expression of the correct type that may be substitutedfor x. However, for the methods ς(s:A)true and ς(s:A)s:x to be equal, theirbodies only need to be equal when particular values of s are substituted forx: namely the objects a and b themselves.
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10 Encoding functions as objectsWe will consider an encoding of the �-calculus in the object calculus and usethe bisimilarity relation to show that this encoding is sound.We take as the language for this study the simply-typed �-calculus to-gether with Booleans. The relations of contextual equivalence and bisimilar-ity are de�ned as before, and the two relations may be shown to be equalusing the same proof as before. Now we consider the encoding hh�ii, givenby the following rules.hhBoolii = BoolhhA! Bii = [a:hhAii; v:hhBii]hhxii = x:ahhtrueii = truehhfalseii = falsehh�(x:A)eii = [a = ς(s:hhA! Bii)s:a; v = ς(x:hhA! Bii)hheii]hhe1e2ii = hhe1ii:a( ς(s:hhA! Bii)hhe2ii:vhhif(e1; e2; e3)ii = if(hhe1ii; hhe2ii; hhe3ii))To show that this encoding is sound, we need to show that any reductionof a �-calculus expression can be matched by the reduction of its translationin the object calculus. Unfortunately, the expected property `if a 7! b thenhhaii 7!+ hhbii' fails. For example, let a � ((�(x:Bool)�(y:Bool)x) true) andb � �(y:Bool)true. Omitting the type annotations for clarity, and lettingo � [a = ς(s)s:a; v = ς(y)x:a] we havehhaii 7!+ [a = ς(s)s:a; v = ς(y)[a = true; v = ς(x)o]:a]hhbii � [a = ς(s)s:a; v = ς(y)true]:So a 7! b but hhaii 67!+ hhbii. However, the translation of a di�ers from thetranslation of b only in that where the latter has true, the former has theunevaluated selection [a = true; : : :]:a, and in fact the congruence propertyof bisimilarity immediates gives hhaii � hhbii. To make this idea precise, weintroduce the relation � ` e < e0 : A on expressions in the object calculus,de�ned by induction on the two rules? ` a < �(a; b) : A � ` e b< e0 : A� ` e < e0 : Awhere �(a; b) def= [a = a; v = ς(s)b]:a, for suitably typed programs a and b.Clearly �(a; b) 7! a. The intuition is that a < b if b has the same structureas a, but contains zero or more additional unevaluated method selections.35



Now we can prove that if a �-calculus program converges, then it issoundly modelled by its translation into the object calculus, in the followingsense.Lemma 34 Let a be a �-calculus program with a:A. Then(1) a + v ) 9u(hhaii + u & hhvii <hhAii u)(2) hhaii + u) 9v(a + v & hhvii <hhAii u)The soundness of the translation is a simple corollary.Theorem 4 If hhaii 'hhAii hhbii then a 'A b.Proof Suppose for some �-calculus context �:A ` e that we have e[a]+.We must show e[b]+. By Proposition 34(1) hhe[a]ii+; from hhaii 'hhAii hhbii wehave hhe[b]ii+; hence by Proposition 34(2) e[b]+. �However, the translation is not fully abstract, because we can exhibittwo programs that are equivalent, but whose translations are contextuallyinequivalent.Lemma 35 There exist �-calculus terms a, b such that a � b but not hhaii �hhbii.Proof Take the following programs.a � �(x:Bool ! Bool)(x true)b � �(x:Bool ! Bool)if((x false); (x true); (x true))The only transition from a is a @c�! (a c) for some c:Bool ! Bool, with(a c) 7! (c true). We have b @c�! (b c) with (b c) 7! if((c false); (c true);(c true)), and since our simply-typed �-calculus is determinstic and nor-malising, then either (c false) + true or (c false) + false; in either case(b c) 7!� (c true), so a � b.However, hhaii and hhbii are distinguished by the ς-calculus context �:a(
ς(s:hhBool ! Boolii)[a = 
Bool; v = ς(s:hhBool ! Boolii)if(s:a; s:a;
Bool)].�So our translation of the simply-typed �-calculus without recursion is notfully abstract.The particular counterexample depends on the fact that our choice ofsimply-typed �-calculus is normalising, so it is natural to ask about the case36



when the �-calculus is extended with recursive terms (thus obtaining a formof PCF). In that case, there exists a divergent �-calculus term 
A for each�-calculus type A, so the counterexample in Lemma 35 fails because thecontext (��(y)if(y:Bool; true;
Bool)) distinguishes the programs a and b.However it is simple to construct a counterexample that works. For ex-ample, take the following programs.a0 � �(x:Bool)
Boolb0 � 
Bool!BoolIt is easy to show that a0 � b0, but the context �:(v ( ς(s:hhBool !Boolii)true):v distinguishes the translations hhaii and hhbii.
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11 Related workMost prior work on the theoretical underpinnings for object-oriented pro-gramming uses denotational semantics (Gunter and Mitchell 1994), whichprovides �xpoint induction for reasoning about programs. Co-induction can-not always take the place of �xpoint induction, but Mason, Smith, and Tal-cott (1994) show how to derive �xpoint induction in a purely operationalsetting. Breazu-Tannen, Gunter, and Scedrov (1990) is one of the few pa-pers to establish computational adequacy for a denotational semantics in thepresence of subtyping. One conclusion of our study is that in spite of itselementary construction, bisimilarity is a useful operational model for an ob-ject calculus. Although much can be done purely operationally, it would beworthwhile to research the connections between contextual equivalence andthe PER model for Ob1<:�.Walker (1995) and Jones (1993) show how to encode objects in the �-calculus. Following their approach, we could translate Ob1<:� into the �-calculus, but we expect, based on Sangiorgi (1994), that the equivalencegenerated by the encoding would be �ner grained than contextual equiva-lence. Agha, Mason, Smith, and Talcott (1992) studied untyped actors, aform of objects, with side-e�ects and concurrency. We consider the extensionof our results to the imperative object calculus of Abadi and Cardelli (1995)to be important future work. In the presence of dynamic state all known def-initions of bisimilarity are �ner grained than contextual equivalence (Stark1994) but nonetheless we expect bisimilarity to be useful for imperative ob-jects. Ob1<:� is also studied by Palsberg (1994), who presents a completetype inference algorithm. Ob1<:� is based on �xed-length objects; Mitchell,Honsell, and Fisher (1993) have developed a �-calculus of extensible objects.They too de�ne a simple operational semantics, analogous to our 7! relation.We expect our theory of bisimilarity could be reworked for their calculus. Weare aware of only two other studies of bisimilarity and subtyping. Pierce andSangiorgi (1995) investigate type annotations on names in the �-calculus.Maung (1993), like us, used a labelled transition system and a notion of sim-ilarity to express object properties. He proved that similarity of his objectsimplies a notion of substitutability.
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12 ConclusionContextual equivalence formally captures the idea that two programs areequal i� no amount of programming can tell them apart. We characterisedcontextual equivalence as a form of bisimilarity. We validated Abadi and Car-delli's equational theory. Furthermore, we showed that bisimilarity admitsCCS-style proofs of equivalence, going beyond the equational theory. Ourwork builds on previous studies of bisimilarity for functional calculi (Abram-sky and Ong 1993; Howe 1989; Crole and Gordon 1995; Gordon 1995). Thisis the �rst use of Howe's method in the presence of subsumption and the�rst study of contextual equivalence for an object calculus. The chief dif-�culties were in de�ning a labelled transition system that correctly dealtwith method update and subsumption. Our main results extend to func-tion, dynamic, record and variant types. In all we claim that operationalmethods are a promising new direction for the foundations of object-orientedprogramming.Milner (1989) showed that bisimilarity is a useful theory of concurrentprocesses. Analogously, our work shows that bisimilarity is a useful theoryof objects with subtyping. We have shown that from elementary foundationsit captures intuitive operational arguments about objects.AcknowledgementsGordon holds a Royal Society University Research Fellowship. Rees holds anEPSRC Research Studentship. We thank Mart��n Abadi, Luca Cardelli andAndy Pitts for many useful conversations about this work. We are gratefulto Paul Taylor for the use of his commutative diagrams macros to typesetsome of the diagrams.ReferencesAbadi, M. and L. Cardelli (1994a, June). A semantics of object types. InProceedings of the 9th IEEE Symposium on Logic in Com-puter Science, pp. 332{341. IEEE Computer Society Press.Abadi, M. and L. Cardelli (1994b). A theory of primitive objects: Second-order systems. In Proceedings of European Symposium on Pro-gramming, Volume 788 of Lecture Notes in Computer Science,pp. 1{25. Springer-Verlag. 39
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A ProofsA.1 Operational semanticsProof of Lemma 1(1) If � ` E then ftv(E) � Dom(�) and � ` �.(2) If � ` E <: E 0 then ftv(E) [ ftv(E 0) � Dom(�) and � ` �.(3) If � ` e : A then ftv(e) [ fv(e) � Dom(�) and � ` �.(4) If � ` [`i = ς(xi:Ai)ei]i2I :B then the Ai are identical and each Ai<:B.(5) If A<:B then Prog(A) � Prog(B).(6) If A<:B and both A and B are object types, they must have the forms[`i:Ai]i2I and [`j:Aj]j2J , respectively, with J � I.(7) If �; X 0; X<:X 0 ` E<:E 0 and � ` A<:A0 then � ` E[A=X]<:E 0[A0=X 0].(8) Subtyping is decidable.(9) If � ` E <: E 0 and � ` E 0 <: E then E � E 0.The proofs of parts (1) to (7) are routine. For part (8), we give aninductive de�nition of an alternative subtyping relation, in which all therules are syntax-directed, and show that the new de�nition is the same as theold. Part (9) is a simple corollary of part (8). Our algorithmic presentationof the subtyping relation was inspired by Compagnoni (1994). See Amadioand Cardelli (1990) for an algorithm to decide subtypings in a richer systemwhere a recursive type is considered equivalent to its unfolding.The new subtyping relation, <:0, is de�ned by the rules in Table 14.We observe that the rules are in syntax-directed form; that is, a subtypingrelation � ` E<:0E 0 matches at most one of the rules. Hence, if we can showthat <: = <:0, and if we can show that application of the rules terminates forany triple (�; E1; E2) with � ` E1 and � ` E2, then the de�nition of <:0 givesan algorithm for deciding whether two types are in the subtype relation.The following inclusion is immediate.Lemma 36 The rules for <:0 are all derivable rules for <:; hence <:0 � <:.Proof The rules (Sub0 Re
 X), (Sub0 Re
 Bool) and (Sub0 Re
 Rec) followfrom (Sub Re
). The (Sub0 Trans X) follows from (Sub X) and (Sub Trans).The rules (Sub0 Top), (Sub0 Object) and (Sub0 Arrow) are identical to (SubTop), (Sub Object) and (Sub Arrow) respectively. The rule (Sub0 Rec) di�ersfrom (Sub Rec) only in a side condition. �43



�;X <: E;�0 ` � (Sub0 Re
 X)�;X <:E;�0 ` X <:0 X�;X <:E;�0 ` E <:0 E0 E0 6� Top E0 6� X (Sub0 Trans X)�;X <: E;�0 ` X <:0 E0� ` E (Sub0 Top)� ` E <:0 Top� ` � (Sub0 Re
 Bool)� ` Bool<:0 BoolJ � I � ` Ei (8i 2 I) (Sub0 Object)� ` [`i : Ei]i2I <:0 [`i : Ei]i2J�;X <: Top ` E (Sub0 Re
 Rec)� ` �(X)E <:0 �(X)E� ` �(X1)E1 � ` �(X2)E2�;X2 <: Top;X1 <:X2 ` E1 <:0 E2 �(X1)E1 6� �(X2)E2 (Sub0 Rec)� ` �(X1)E1 <:0 �(X2)E2� ` E01 <:0 E1 � ` E2 <:0 E02 (Sub0 Arrow)� ` E1 ! E2 <:0 E01 ! E02Table 14: Syntax-directed subtyping relation
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To prove the reverse inclusion, we must establish that the rules for <: arederivable for <:0. The di�cult case is (Sub Trans); the other rules arestraightforward to derive.Lemma 37 The rules (Sub Re
), (Sub X), (Sub Top), (Sub Object), (SubRec) and (Sub Arrow) are derivable for <:0.Proof For (Sub Re
), we prove the result by induction on the derivationof � ` E.For (Sub X), then if E � Top, then the result follows by (Sub Top).Otherwise, given the hypothesis, then �; X <: E;�0 ` E by (Env X); hence�; X <:E;�0 ` E <:0E by (Sub Re
); hence �; X <:E;�0 ` X <:0E by (SubTrans X).The rules (Sub Top), (Sub Object) and (Sub Arrow) are identical to (Sub0Top), (Sub0 Object) and (Sub0 Arrow) respectively.The rule (Sub Rec) follows from (Sub0 Re
 Rec) and (Sub0 Rec) together.�It su�ces to prove (Sub Trans) for <:0. The most obvious proof methodis induction on the derivation of the subtyping judgment. The cases areeasy except for (Sub0 Rec), when the judgments we derive are initially in thewrong form to apply the induction hypothesis; that is, we deduce�; X2 <: Top; X1 <:X2 ` E1 <:0 E2 (1)�; X3 <: Top; X2 <:X3 ` E2 <:0 E3 (2)and wish to derive �; X3 <: Top; X1 <:X3 ` E1 <:0 E3 by the induction hy-pothesis. However, we cannot do this because the environments are di�erent.Our solution will involve induction on a certain weighting of subtypingjudgments; in the case for (Sub0 Rec) we will derive the following judgments,�; X3 <: Top; X2 <:X3; X1 <:X2 ` E1 <:0 E2 (3)�; X3 <: Top; X2 <:X3; X1 <:X2 ` E2 <:0 E3 (4)from (1) and (2). Since (3) and (4) involve the same environment we applythe induction hypothesis and the case for (Sub0 Rec) easily follows. Theimplication (2))(4) is just weakening, since the type variable X1 is not freein E2 or E3. To establish (1))(3), we prove the following lemma.Lemma 38(1) �; X <: E 00;�0 ` � i� �; Y <: E 00; X <: Y;�0 ` � for some variableY =2 Dom(�; X <: E 00;�0). 45



(2) �; X <: E 00;�0 ` E i� �; Y <: E 00; X <: Y;�0 ` E for some variableY =2 Dom(�; X <: E 00;�0).(3) �; X <:E 00;�0 ` E <:0 E 0 i� �; Y <:E 00; X <:0 Y;�0 ` E <:0 E 0 for somevariable Y =2 Dom(�; X <: E 00;�0).Proof In each case, the proof is by rule induction. Parts (1) and (2) areroutine; in part (3) we must take care in the case (Sub0 Trans X) whenX = Y ; then we must apply (Sub0 Trans X) twice to deduce the requiredresult. �We note that in going from �; X<:Top;�0 ` E<:0E 0 to �; Y <:Top; X<:Y;�0 `E <:0 E 0 we may increase the depth of the derivation, because the rule (Sub0Trans X) may be applied more times in the derivation of the latter than inthe derivation of the former. Hence we cannot now prove the validity of thecase (Sub0 Rec) in the proof of (Sub0 Trans) by simply inducting on the depthof derivation of the subtyping judgment, because the judgment (3) may havea longer derivations than the judgment (1), and so the induction hypothesiswill not go through.Instead of a simple induction on depth of inference, we induct on thevalue of the function w(�; E; E 0) = hp; qi which computes a weight (a pair ofnatural numbers) for the triple (�; E; E 0) where we have � ` E and � ` E 0.The weight w is given by the following de�nition.w(�; E; E 0) = hsize of E 0; j�0jiwhere �0 is the least initial segmentof � with ftv(E) � Dom(�0)iWeights are considered to be ordered lexicographically. We extend weights tosubtyping judgments by setting w(� ` E<:0E 0) = w(�; E; E 0). By inspectionof the rules in Table 14 we note that in each rule, the weight of the hypothesisof the rule is always less than the weight of the conclusion of the rule. Foreach rule except (Sub0 Trans X) the �rst component of the weight goesdown from conclusion to hypothesis; for (Sub0 Trans X) the �rst componentremains the same, and the second component decreases (for the environment�; X <: E;�0 to be well-formed we must have � ` E, which has a shorterenvironment than the judgment �; X <: E ` X).The weight w establishes that the rules in Table 14 give a terminatingalgorithm; that is, for any well-formed environment � and any two typesE and E 0 with � ` E and � ` E 0, the application of the rules eventuallyproduces a proof of � ` E<:0E 0 or else reaches a point where no rule applies.To establish the correctness of the algorithm, we will need the followingproperty of w. 46



Lemma 39 Let J be the judgment �; X<:Top;�0 ` E<:0E 0 and let K be thejudgment �; Y <:Top; X<:Y;�0 ` E<:0E 0 for some Y =2 fv(�)[ fv(�0)[fXg.Then if J is derivable with w(J ) = hp; qi, then K is derivable with w(K) =hp; q + ni for some n � 0.Proof That K is derivable follows from Lemma 38. That w(K) = hp; q+niis proved by induction on the derivation of J . �Now the proof that (Sub Trans) is a derived rule for <:0 is simple.Lemma 40 (Sub Trans) If � ` E1<:0E2 and � ` E2<:0E3 then � ` E1<:0E3.Proof By induction on the weight w(� ` E1 <:0 E2), considered to beordered lexicographically. The interesting case is (Sub Rec). Here we havethe judgments � ` �(X1)E1 <:0 �(X2)E2 (5)� ` �(X2)E2 <:0 �(X3)E3 (6)with w(5) = hp; qi. By (Sub0 Rec) we deduce the judgments�; X2 <: Top; X1 <:X2 ` E1 <:0 E2 (7)�; X3 <: Top; X2 <:X3 ` E1 <:0 E2 (8)with w(7) = hp�1; qi. By Lemma 38 and Lemma 39 we derive the judgment�; X3 <: Top; X2 <:X3; X1 <:X2 ` E1 <:0 E2 (9)with w(9) = hp� 1; q+ ni for some n � 0 (since X3 =2 fv(�)[ fX1; X2g). Byweakening we derive�; X3 <: Top; X2 <:X3; X1 <:X2 ` E1 <:0 E2 (10)(since X1 =2 fv(�)[ fX3; X2g). Since hp� 1; q+ ni < hp; qi we can apply theinduction hypothesis and deduce�; X3 <: Top; X2 <:X3; X1 <:X2 ` E1 <:0 E3 (11)so by Lemma 38(3) we can get rid of the variable X2 and establish�; X3 <: Top; X1 <:X3 ` E1 <:0 E3: (12)Hence � ` �(X1)E1 <:0 �(X2)E2 as required. �47



Now we can establish the main result:Proof of Lemma 1(8) Subtyping is decidable.Proof Combining Lemmas 36, 37 and 40 gives us the identity <:0 = <:,and then the syntax-directed rules for <:0 give us an algorithm for decidingthe validity of a candidate subtyping relation. �Proof of Lemma 1(9) If � ` E <: E 0 and � ` E 0 <: E then E � E 0.Proof By inspection of the rules for the relation <:0. �Proof of Lemma 2 If �; x:E 0;�0 ` e : E and � ` e0 : E 0, then �;�0 `e[e0=x] : E.Proof By induction on the derivation of �; x:E 0;�0 ` e : E. �Proof of Lemma 3 If �; x:A;�0 ` e :B and A0<:A then �; x:A0;�0 ` e :Btoo.Proof By induction on the derivation of �; x:A;�0 ` e :B. �Proof of Lemma 4 If a:A there is a unique list of experiments E1; : : : ; Enand value v such that a � E1[: : : En[v] : : :].Proof By induction on the derivation of a:A. �Proof of Lemma 5 The values are the normal forms of 7!, that is, when-ever a is a program, a 2 Value i� :(a 7!).Proof The forward direction is easy to check; we just observe that noreduction rule applies to any value. For the reverse direction, we prove byinduction on the structure of the derivation of a:A that if a 62 Value, thena 7!. Consider the last rule used in the derivation of a:A. It cannot havebeen (Val x), because a is a closed expression, and cannot have been (ValTrue), (Val False), (Val Object), (Val Fun), (Val Dynamic), (Val Record) or(Val Variant) because a 62 Value.(Val Subsumption) Here a:A0 for some A0<:A. By the induction hypothesis,if a 62 Value, then a 7!.
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(Val If) Here a � if(a1; a2; a3) with a1:Bool. If a1 2 Value, then by its typewe must have either a1 � true or a1 � false and then either a 7! a2by (Red If True) or a 7! a3 by (Red If False) respectively. Otherwisea1 is not a result and by the induction hypothesis a1 7! a01. Hencea 7! if(a01; a2; a3) by (Red Experiment).(Val Select) or (Val Update) Here a � b:� where b:[`i:Bi]i2I and j 2 I andeither � � `j or � � `j ( ς(x:A)e, respectively. If b 62 Value,then by the induction hypothesis b 7! b0; hence a 7! b0:� by (RedExperiment). Otherwise b 2 Value, and by its type we must haveb � [`i = ς(xi:Bi)ei]i2I and by (Red Select) or (Red Update) we haveeither a 7! ej[b=x] or a 7! [`j = ς(x:Bj)e; `i = ς(xi:Bi)ei]i2I�fjg, respec-tively.(Val Fold) Here a � fold(A; a0) and a0:A. If a 62 Value, then a0 62 Value,and by the induction hypothesis, a0 7! a00. Hence a 7! fold(A; a00) by(Red Experiment).(Val Unfold) Here A � E[A=X], a � unfold(a0) and a0:�(X)E. If a0 2 Value,then by its type we must have a0 � fold(A0; a00) with a00 2 Value.Then by (Red Unfold) a 7! a00. Otherwise a0 62 Value, and by theinduction hypothesis we have a0 7! a00. Hence a 7! unfold(a00) by (RedExperiment).(Val Appl) Here a � (a1 a2), with a1:B ! A. If a1 2 Value, then a1 ��(x:B0)e with B <: B0 and then a 7! e[a2=x] by (Red App). Otherwisea1 7! a01 by the induction hypothesis, and then a 7! (a01 a2) by (RedExperiment).(Val Typecase) Here a � typecase(a1; (x:B)e; a3) with a1:Dynamic. If a1 2Value, then by its type we must have a1 � tag(C; a01). Now eitherC <: B, in which case a 7! e[a01=x] by (Red Dynamic Match), or else:(C<:B), in which case a 7! a3 by (Red Dynamic Default). Otherwise,a1 =2 Value, hence by the induction hypothesis a1 7! a01; hence by (RedExperiment) a 7! typecase(a01; (x:B)e; a3).(Val Select) Here a � a0:`j with a0:record(`i:Ai)i2I and j 2 I. If a0 2 Value,then by its type we must have a0 � record(`i = a0i)i2I , in which casea 7! a0j by (Red Record). Otherwise, a0 =2 Value, hence by the inductionhypothesis a0 7! a00; hence by (Red Experiment) a 7! a00:`j.(Val Case) Here a � case(a0; (x:)e1; : : : ; (x)e) with a0:variant(`i:Ai)i2I . Ifa0 2 Value, then by its type we must have a0 � variant(`j = a0) for49



some j 2 I, in which case a 7! ej[a0=x] by (Red Case). Otherwise,a0 =2 Value, hence by the induction hypothesis a0 7! a00; hence by (RedExperiment) a 7! case(a00; (x)e1; : : : ; (x)e). �Proof of Lemma 6 If a 7! b and a 7! c, then b � c.Proof By rule induction on the reduction a 7! b. We note that the rules(Red If True) and (Red If False) apply only if a � if(v; a1; a2), where v istrue or false respectively; the rules (Red Select) and (Red Update) applyonly if a � v:�, where v is an object; the rule (Red Unfold) applies only ifa � unfold(v) where v is fold(A; u); the rule (Red App) applies only if a �(v a0) where v � �(x:A)e; the rules (Red Dynamic Match) and (Red DynamicDefault) apply only if a � typecase(v; (x:A)e; a0) where v � tag(A0; a00) (andbecause subtyping is decidable, Proposition 1(8), only one can apply); therule (Red Record) applies only if a � v:`j where v � record(`i = ai)i2I andj 2 I; and the rule (Red Case) applies only if a � case(v; (x)e1; : : : ; (x)en)where v � variant(`j = v0). But in each case, (Red Experiment) does notapply because v 2 Value; and no other rule matches the outermost form of a.Therefore a 7! c must follow from the same rule as a 7! b, and in each rulethe outcome of the reduction depends only on the form of a. Hence b � c.If (Red Experiment) does apply, then a � E [a0], b � E [b0] and c � E [c0] witha0 7! b0 and a0 7! c0. By the induction hypothesis, b0 � c0; hence b � c. �Proof of Lemma 7 If a:A and a 7! b then b:A.Proof By rule induction on the derivation of the typing a:A. Having foundone form of b, we appeal implicitly to Lemma 6 to deduce that there are noother forms for b. Consider the last rule used in the derivation of a:A. Itcannot have been (Val x) because a is a closed expression, and it cannot havebeen (Val True), (Val False), (Val Object), (Val Fun), (Val Dynamic), (ValRecord) or (Val Variant) because a 7!.(Val Subsumption) Here we have a type A0 such that a:A0 and A0 <: A. Bythe induction hypothesis b:A0 and by (Val Subsumption) b:A.(Val If) Here a � if(a0; a2; a3) and a0:Bool and a1:A and a2:A. Then either(i) a0 7! a00 or else (ii) a0 2 Value. In case (i), by (Red Experiment)b � if(a00; a2; a3) and by the induction hypothesis a00:Bool; hence by(Val If) b:A. In case (ii), by the type a0 � true or a0 � false; then by(Red If True) or (Red If False) respectively we have b � a2 or b � a3respectively; in either case b:A.50



(Val Select) Here a � a0:`j with a0:[`i:Ai] and A � Aj. Then either (i) a0 7! b0or else (ii) a0 2 Value. In case (i), by (Red Experiment) b � b0:`j andby the induction hypothesis we have b0:[`i:Ai]; hence by (Val Select) wehave b:Aj � A. In case (ii), by the type a0 � [`i = ς(x:Ai)ei]i2I ; by(Red Select) b � bj[a=x]; by (Val Object) we have a:[`i:Ai] ` bj :Aj; andb:Aj � A by Lemma 2.(Val Update) This case is similar to that for (Val Select).(Val Fold) Here a � fold(A; a0) and A � �(X)E and a0:E[A=X]. Since a 7!it must be the case that a0 =2 Value and hence a0 7! a00. By (RedExperiment) b � fold(A; a00); by the induction hypothesis a00:E[A=X]and by (Val Fold) b:A.(Val Unfold) Here a � unfold(a0) and A � E[�(X)E=X] and a0:�(X)E.Then either (i) a0 7! a00 or else (ii) a0 2 Value. In case (i), by (RedExperiment) b � unfold(a00); by the induction hypothesis a00:�(X)E;hence by (Val Unfold) b:A. In case (ii), by the type of a0 we musthave a0 � fold(�(X)E; a00); hence by (Red Unfold) b � a00 and by (ValUnfold) b:A.(Val Appl) Here a � (a1 a2), with a1:B ! A and a2:B. Then either (i) a1 7!a01 or else (ii) a1 2 Value. In case (i), by (Red Experiment), b � (a01 a2),and by the induction hypothesis a01:B ! A; hence by (Val Appl) b:A.In case (ii), by the type a1 � �(x:B)e with x:B ` e : A and by (RedApp) we have b � e[a2=x], and b:A by Lemma 2.(Val Typecase) Here a � typecase(a1; (x:B)e; a3) wand we have a1:Dynamicand x:B ` e:A and a3:A. Then either (i) a1 7! a01 or else (ii) a1 2 Value.In case (i), by (Red Experiment), b � typecase(a01; (x:B)e; a3), and bythe induction hypothesis a01:Dynamic; hence by (Val Typecase) b:A. Incase (ii), by the type a1 � tag(C; a01), and either :(C <: B), in whichcase b � a3, or else C <:B, in which case b � e[a01=x] by (Red DynamicMatch), and hence b:A by Lemma 2 and Lemma 3.(Val Select) Here a � a0:`j with a0:record(`i:Ai)i2I and j 2 I and A �Aj. Then either (i) a0 7! a00 or else (ii) a0 2 Value. In case (i),by (Red Experiment), b � a00:`j, and by the induction hypothesisa00:record(`i:Ai)i2I ; hence by (Val Select) b:A. In case (ii), by thetype a0 � record(`i = a0i)i2I , and b � a0j by (Red Record), and henceb:A. 51



(Val Case) Here a � case(a0; (x)e1; : : : ; (x)e) with a0:variant(`i:Ai)i2I andx:Ai ` ei:A for each i 2 I. Then either (i) a0 7! a00 or else (ii) a0 2 Value.In case (i), by (Red Experiment), b � case(a00; (x)e1; : : : ; (x)e), and bythe induction hypothesis a0:variant(`i:Ai)i2I; hence by (Val Case) b:A.In case (ii), by the type a0 � variant(`j = a00) for some j 2 I, andb � ej[a00=x] by (Red Case), and hence b:A by Lemma 2. �Proof of Lemma 8 8A 2 Type 9a1; a2:A (a1+ & a2*).Proof Let a2 be 
A at each type A. The type A must take the form�(X1) : : : �(Xn)B, so let a1 be fold(A1; : : :fold(An; b) : : :), where the Ai'sare unravellings of A, and b is true if B is Top or Bool, [`i = 
Bi ]i2I if Bis [`i:Bi]i2I , �(x:B1)
B2 if B is B1 ! B2, tag(true; Bool) if B is Dynamic,variant(`1 = 
B1) if B is variant(`i:Bi)i2I or record(`i = 
Bi)i2I if B isrecord(`i:Bi)i2i. We know that B can have no other form by the contrac-tivity condition in (Type Rec <:). �A.2 Labelled transition systemProof of Lemma 10 � 2 Act(A) i� 9a:A(aA ��!).Proof By inspection. �Proof of Lemma 11 If ? ` A<:B then Act(B) � Act(A).Proof The proof is by rule induction on the derivation of ? ` A<:B. Theonly interesting case is (Sub Object), in which case we have A � [`i:Ai]i2Iand B � [`j:Bj]j2J , with J � I. We consider an arbitrary � 2 Act(B). If� is `j then � 2 Act(A) because J � I. Otherwise � is `j ( ς(x)e, andx:B ` e : Aj; so x:A ` e : Aj by Lemma 3; hence � 2 Act(A) too, becauseJ � I. �Proof of Lemma 12 If A is active then aA ��! bB i� 9v 2 Value(a +v & vA ��! bB).Proof If A is active then we have one of the three cases A � Bool, A �Dynamic or A � variant(`i:Ai)i2I . The result follows by induction on thelength of the reduction a + v, using (Trans Bool), (Trans Dynamic) or (TransVariant) respectively for the base case and (Trans Red) for the induction step.�Proof of Lemma 13 If a:A and a* and aA ��! bB then b*.52



Proof If a* and aA ��! then the type A must be passive, in which casethere must be some experiment E such that � � E# and b � E [A]. But sinceeach experiment is strict in its hole, b* too. �Proof of Lemma 14 If A is passive then aA ��! bB implies 9E(� � E# &b � E [a]).Proof By inspection of the rules in Table 7 and the de�nition of erasure.�Proof of Lemma 15 If P ��! Q and P ��! Q0, then Q � Q0.Proof By inspection of the rules in Table 7. �A.3 Bisimilarity and subtypingProof of Proposition 16(1) . is a preorder and � is an equivalence relation.(2) � = . \.op.Proof Part (1) is a standard result for bisimilarity and similarity; seeProposition 4.2 of Milner (1989), for instance. Part (2) depends on theimage-singularity of the labelled transition system, Lemma 15, and is easilyproved by co-induction. �Lemma 41 Suppose ? ` A<: B, ? ` a : A and � 2 Act(B). Then(1) whenever aA ��! a0A0 then there exist a00, B0 such that aB ��! a00B0 andA0 <:B0 and a0 �A0 a00; and(2) whenever aB ��! a0B0 then there exist a00, A0 such that aA ��! a00A0 andA0 <:B0 and a0 �A0 a00.Proof We prove part (1) by an analysis of the way in which aA ��! a0A0 isderived. In every case, a0 and a00 are identical, except when � � ` ( ς(x)e,in which case a0 and a00 di�er only in type annotations, that is, a0 � a:` (
ς(x:A)e and a0 � a:`( ς(x:B)e.Now, either a*, in which case by part (3) of Proposition 26 we havea �A 
A, hence by Lemma 13 we have a0 �A0 
A0 �A0 a00 as required; or elsea + v. Then v � [`i = ς(xi:Ai)ei]i2I with ? ` Ai <: A; also � � `j ( (x)eand a0 � v:`j ( ς(x:A)ej and A0 � A. Now since � 2 Act(B) and a +,53



then it must be the case that aB ��! a00B where a00 � v:`j ( ς(x:B)e. Thetwo programs a0 and a00 di�er only in the type annotation on the parameterin the updating method. However, this annotation is altered by reductionusing (Red Update) to conform to the existing annotations on the type, thatis, a0 7!� a000 � [`j = ς(x:Aj)e; `i = ς(xi:Ai)ei](i2I�fjg) and also a00 7!� a000.By repeated application of part (1) of Proposition 26 a0 �A0 a000 �A0 a00 asrequired.Part (2) follows by a symmetric argument. �Proof of Lemma 17 S def= f(aB; bB) j 9A(? ` A <: B & a �A b)g is asimulation.Proof Suppose that aB S bB. Then there is a type A such that ? ` A<:Band a �A b. Consider any transition aB ��! a0B0 . By Lemma 11 � 2 Act(A).Then by Lemma 41 (2) aA ��! a00A0 with ? ` A0 <: B0 and a0 �A0 a00. Thenfrom the de�nition of bisimulation, bA ��! b00A0 with a00 �A0 b00. Hence byLemma 41 (1) bB ��! b0B00 with b00 �A0 b00 and ? ` A0 <: B00. But B0 � B00because we have aB ��! a0B0 and bB ��! b0B00 with the same transition �. Bythe transitivity of � we have a0 �A0 b0 and from this and the above we havea0B0 S b0B0 . Hence S is a simulation. �A.4 Properties of .�Proof of Lemma 19 If R � S then R� � S�.Proof Suppose R � S and � ` eR� e0 : A. Then for any �-closure, ~�, wehave e[~�]RA e0[~�]. Hence e[~�] SA e0[~�]; hence � ` e S� e0 : A. �For instance, if Id is the identity relation on programs (up to alpha-conversion, of course) then Id� is the identity relation on proved programs,f((�; e; A); (�; e; A)) j � ` e : Ag;and furthermore, Id� = cId�. The inclusion cId� � Id� is immediate frominspection of the rules in Table 8, while the reverse inclusion follows fromthe result that � ` e :A implies � ` e cId� e :A, which is proved by inductionon the derivation of � ` e : A.Proof of Proposition 20 Suppose $ is a preorder. Then satisfaction of(Eq Comp) and (Eq Subsum) is equivalent to satisfaction of the followingrule � ` C[�A] :B �;�0 ` e$ e0 : A (Eq Cong)� ` C[e]$C[e0] :B54



where C is a variable-capturing context, that is, an expression with a singlehole of the form �A (subject to the extra type assignment axiom � ` �A : A),with the hole in the scope of binders for the environment �0.Proof Each instance of (Eq Comp) can be derived from (Eq Cong), usingre
exivity and transitivity if need be. If A <: B we can derive � ` �A : Busing (Val Subsumption) so (Eq Subsum) is a special case of (Eq Cong).For the other direction, we can show that (Eq Comp) and (Eq Subsum)together imply (Eq Cong) by induction on the depth of inference of � `C[�A] : B. If C[�A] = �A then � ` e$ e0 : A is required, which follows byassumption since �0 must be empty (because there are no binders in thecontext). Otherwise one of the (Val �) rules must apply.(Val Fun) Here C = �(x:B1)C0, B � B1 ! B2, �; x:B1 ` C0[�] : B2 by ashorter inference, �0 = x:B1;�00 and context C0 captures the variablesin �00. By induction hypothesis �; x:B1 ` C0[e]$ C0[e0] : B2 so then� ` C[e]$C[e0] :B follows by (Eq Comp).(Val App) Here either C = C0 e0 or e0 C0 for some expression e0 and smallercontext C0 (remember there is exactly one hole in C). In the �rst casewe have � ` C0 : C ! B and � ` e0 : C for some type C. By inductionhypothesis we have � ` C0[e]$ C0[e0] : C ! B and then by re
exivityand (Eq Comp) � ` C0[e] e0$C0[e0] e0 :B follows. The other case, withC = e0 C0, is similar.(Val Subsum) There is some type B0 with B0 <: B and � ` C[�A] : B0 by ashorter inference. Then � ` C[e]$ C[e0] : B0 by induction hypothesis,and � ` C[e]$C[e0] :B by (Eq Subsum).The other cases are similar. �Proof of Lemma 21 Rules (Cand Sim), (Cand Comp), (Cand Right)and (Cand Subst) are valid. Moreover, .� is the least relation closed under(Cand Comp) and (Cand Right).Proof First note that .� is a preorder, since similarity is a preorder andby de�nition of open extension. Given then that .� is re
exive, re
exivityof .� follows by proving � ` e .� e : A by induction on the derivation of� ` e : A. Rule (Cand Comp) follows at once from (Cand Def). Now there
exivity of .� means that Id� � .�. Compatible re�nement is monotone,so we have cId� � c.�, which is to say Id� � c.�. Thus we have � ` e c.� e : Awhenever � ` e : A, and hence (Cand Sim) follows from (Cand Def).55



For (Cand Right), suppose that � ` e .� e00 : A and � ` e00 .� e0 : A. By(Cand Def) there must be a type A0 and an expression e000 with � ` ec.�e000 :A0and A0 <: A and � ` e000 .� e00 : A. By transitivity of .� we have � ` e000 .�e0 : A, and hence by (Cand Def) that � ` e .� e0 : A as required.(Cand Subst) follows by a routine rule induction on the judgment �; x:B `e1 .� e01 : A.Finally suppose thatR is another relation to satisfy (Cand Comp), (CandRight) and (Eq Subsum). We must show that .� � R. We prove by ruleinduction that � ` e .� e0:A implies � ` eRe0:A. Suppose that � ` e .� e0:A,and hence by (Cand Def) that there is a type A0 and an expression e00 with� ` ec.� e00 :A0 and A0<:A and � ` e00 .� e0 :A. By the induction hypothesiswe have � ` e bR e00 : A0. So by (Cand Comp) for R we have � ` eR e00 : A0,by (Eq Subsum) we have � ` eRe00 :A and then by (Cand Right) for R that� ` eR e0 : A as required. �Proof of Lemma 22 Each of the two rules (Eq Subsum) and (Eq AsmSubsum) is valid for both .� and .�.Proof First we validate the rules for .�. From Lemma 17 it follows byconsidering an arbitrary �-closure that (Eq Subsum) is valid for .�. Asfor (Eq Asm Subsum), suppose that A <: B and �; x:B;�0 ` e .� e0 : C,which is to say that for any �-closure ~�, any b:B and any �0-closure ~�0, thate[~�; b=x; ~�0] . e0[~�; b=x; ~�0]. To validate the rule we must show the same thing,except with b:A. But if b:A we know by subsumption that b:B too, and hencethe desired relation holds.Now we can validate (Eq Subsum) for.�. Suppose that � ` e .� e0:A andA<:B. By (Cand Def) there must be a mediating type A0 and expression e00such that � ` ec.� e00 :A0 and A0 <:A and � ` e00 .� e0 :A. We have A0 <:Band from (Eq Subsum) for .� we have � ` e00 .� e0 :B; hence � ` e .� e0 :Bvia (Cand Def).Finally, suppose that A<:B and �; x:B;�0 ` e .� e0 :C. We prove by ruleinduction on the latter that �; x:A;�0 ` e .� e0 : C holds too. From (CandDef) there must be a type C 0 and an expression e00 such that �; x:B;�0 `ec.� e00 :C 0 and C 0<:C and �; x:B;�0 ` e00 .� e0 :C. Either both e and e00 arethe same variable, say y, or they both have the same outermost constructorwith pairwise related sub-expressions. In the �rst case, whether y = x or notwe can use (Comp x) to derive �; x:A;�0 ` y c.� y : C 0. Then by (Eq AsmSubsum) for .� we have �; x:A;�0 ` y .� e0 :C, hence �; x:A;�0 ` e .� e0 :C.In the second case, where e and e00 share the same outermost constructorwith sub-expressions related pairwise by .�, it follows by induction hypoth-esis that �; x:A;�0 ` ec.� e00 : C 0, and then via the same argument as for the56



�rst case we have �; x:A;�0 ` e .� e0 : C. Hence (Eq Asm Subsum) is validfor .�. �Lemma 42 If a SA b and a 7! a0 then a0 SA b too.Proof We proceed by a rule induction on the reduction a 7! a0. In anycase we know from (Cand Def) there is a type A0 and a program c such that? ` a c.� c : A0 and A0 <: A and ? ` c .� b : A.(Red Experiment) There is an experiment E and programs a1 and a01 suchthat a � E [a1], a0 � E [a01] and a1 7! a01. Since ]eicE [a1] c.� c[A0] we canshow, by considering each possible form of the experiment E , that thereis a program c1, an experiment E1, and a type B such that c � E1[c1]and ? ` a1 .� c1 : B. Now by the induction hypothesis it follows that? ` b1 .� c1 :B too. We can check that each possible form of E1 mustbe such that ? ` E [b1] c.� E1[c1] : A0 (the interesting cases are (CompFun) and (Comp Update), and hence by (Cand Def) and ? ` c .� b :Awe have ? ` a0 .� b : A.(Red If True)� From a 7! a0 by (Red If True) we have a � if(true; a2; a3) anda0 � a2.� From ? ` a c.� c : A0 by (Comp If) c � if(c1; c2; c3) with ? `true .� c1 : Bool and ? ` ai .� ci : A0 for 2 � i � 3.� From (Cand Def) there must be a type B<:Bool and a program usuch that ? ` true c.� u :B and ? ` u .� c1 : Bool.� By (Comp True) B � Bool and u � true.Now we can appeal to the similarity, ? ` u .� c1 : Bool.� Since u true�! 0, then c1 must match that transition, hence byLemma 12 c1 + true, so by (Red If True) c 7!� c2.Putting these together with appeal to (Eq Subsum) for .�, we havethe following relations at the type A.a0 � a2 .� c2 � c . band so by (Cand Right) and transitivity of . we have a0SAb.(Red If False) Similar to the case for (Red If True).57



(Red Select)� From a 7! a0 by (Red Select), we must have a � v:`j wherev � [`i = ς(xi:Bi)ei]i2I and j 2 I and a0 � ej[a=xj].� By Lemma 1(4), there's some type B such that each Bi � B.� Since ? ` a c.� c : A0, then by (Comp Select), c must have thesame outermost structure as a: that is, c � c1:`j and ? ` v .�c1 : [`i:Ai]i2I0 and Aj � A0 and j 2 I 0.� By (Cand Def) there must be a type B0 <: [`i:Ai]i2I0 and a pro-gram u such that ? ` v c.� u :B0 and ? ` u .� c1 : [`i:Ai]i2I0.� By (Comp Object) we must have B0 � B � [`i:Ai]i2I and hencej 2 I 0 � I. The program u must have the same outermost formas v, that is, u � [`i = ς(xi:B0)e0i]i2I and xi:B0 ` ei .� e0i : Ai foreach i 2 I.� By (Cand Comp) we have ? ` v .� u :B0.� From xj:B0 ` ej .� e0j : Aj and (Cand Subst) we have ? `ej[v=xj] .� e0j[u=xj] : Aj.Now we can appeal to the similarity, ? ` u .� c1 :B.� Since j 2 J , we can derive uB `j�! (u:`j)Aj from (Trans Select).Since u .B c1, value c1 can match this transition, so we get thatu:`j .Aj c1:`j.Putting these together we have the following relations, at type A.a0 .� e0j[u=xj] � u:`j . c1:`j � c . band so by (Cand Right) and transitivity of . we have a0SAb.(Red Update)� From a 7! a0 by (Red Update) we must have a � v:`j ( ς(x:B)e,where v � [`i = ς(xi:Bi)ei]i2I and a0 � [`j = ς(x:Bj)e; `i =
ς(xi:Bi)ei]i2I�fjg.� By Lemma reflemma:static-facts, there is some type B0 such thateach Bi � B0.� From ? ` a c.� c : A0 by (Comp Update) we must have B �A0 � [`i:Ai]i2I0, with j 2 I 0 � I. The program c must have thesame outermost form as a, namely c � c1:`j ( ς(x:A0)e0 with? ` v .� c1 : A0 and xj:A0 ` e .� e0 : Aj.58



� By (Cand Def), there's some type B00 <: A0 and some program usuch that ? ` v c.� u :B00 and ? ` e .� c1 : A0.� By (Comp Object) B00 � [`i:Ai]i2I , so I = I 0 and B00 � A0 and uhas the same outermost form as v, that is, u � [`i = ς(xi:A0)e0i]i2iand xi:A0 ` ei .� e0i : Ai for all i 2 I.� By (Eq Asm Subsum) for .� we have xj:A0 ` e .� e0 : Aj andby (Comp Object) we have ? ` a0 c.� c0 : A0 where c0 � [`i =
ς(xi:A0)e0i; `j = ς(xj:A0)e0]i2I�fjg.Now we appeal to the similarity, ? ` u .� c1 : A0.� Let action � be `j ( ς(x)e0. By (Trans Update) we have uA0 ��!(u:`j ( ς(x:A0)e0)A0. Hence there is c2 such that (c1)A0 ��! (c2)A0and u:`j ( ς(x:B)e0 �A0 c2 �A0 c1:`j ( ς(x:A0)e0 � c.Putting these together yields? ` a0 c.� c0 : A0 A0 <: A ? ` c0 . u:`j ( ς(x:A0)e0 � c . b : Aand hence by (Cand Def) and transitivity of .�, a0SAb as required.(Red Unfold)� From a 7! a0 by (Red Unfold) we have a � unfold(v) for somevalue v � fold(B; v0) and some type B, with a0 � v0.� From ? ` a c.� c : A0 by (Comp Unfold) there must be some typeexpression E such that A0 � E[�(X)E=X] and c � unfoldc1 and? ` fold(B; v) .� c1 : �(X)E.� From (Cand Def), there must be a type B0 <: �(X)E and a pro-gram u such that ? ` v c.� u :B0 and ? ` u .� c1 : �(X)E.� By (Comp Fold), B � B0 � �(X)E 0 for some type expresson E 0,and u � fold(B; u0) and ? ` v0 .� u0 : E 0[�(X)E0=X].� By (Sub Rec) we haveX<:Top ` E 0<:E; hence by Lemma 1(7) wehave ? ` E 0[�(X)E0=X] <: E[�(X)E=X] � A0, so by (Eq Subsum)for .� we have ? ` v0 .� u0 : A0.Now we can appeal to the similarity, ? ` u .� c1 : �(X)E.� Since u�(X)E unfold�! unfold(u)A0 , then c1�(X)E unfold�! unfold(c1)A0with ? ` unfold(u) . unfold(c1) : A0.59



Putting these together with appeal to (Eq Subsum) for .� and ., wehave the following relations at the type A.a0 � v0 .� u0 � unfold(u) . unfold(c1) � c . band so by (Cand Right) and transitivity of . we have a0SAb.(Red App)� From a 7! a0 by (Red App) we must have a � (v a2) and v ��(x:B)e and a0 � e[a2=x].� From ? ` ac.� c :A0 by (Comp App) we have that c has the sameoutermost form as a, that is, c � (c1 c2) where? ` v .� c1:B ! A0and ? ` a2 .� c2 :B.� By (Cand Def) here must be a type B0<:B ! A0 and a program usuch that ? ` v c.� u :B0 and ? ` u .� c1 : B ! A0.� By (Comp Fun), u � �(x:B)e0 and B0 � B ! A00 for some typeA00 <: A0 and x:B ` e .� e0 : A00.� By (Cand Subst) ? ` e[a2=x] .� e0[c2=x] : A00.Now we can appeal to the similarity ? ` u .� c1 :B ! A0.� By (Trans App), uB!A0 @c2�! u(c2)A0, so c1B!A0 @c2�! c1(c2)A0.Hence by (Eq Subsum) for .� we have u(c2) .�A c1(c2).Putting these together, we have the following relations at type A.a0 � e[a2=x] .� f [c2=x] � u(c2) . c1(c2) � c . band so by (Cand Right) and transitivity of . we have a0SAb.(Red Dynamic Default) Here a � typecase(tag(C; a1); (x:B)a2; a3) wherea1:C and :(C <: B). From (Comp Typecase), program c has thesame outer form as a, that is, c � typecase(c1; (x:B)c2; c3) with ? `tag(C; a1) .� c1 :Dynamic and x:B ` a2 .� c2 :A0 and ? ` a3 .� c3 :A0.Now we appeal to the similarity, ? ` c . b :A. Suppose c3 ��! c03, thenby (Trans Red), c ��! c03 too; hence b ��! b0 with c03 . b0; hence by ap-peal to (Eq Subsum) for .�, we have, at the type A, a0 � a3 .� c3 . band so by (Cand Right) a0SAb.(Red Dynamic Match) 60



� From a 7! a0 and (Red Dynamic Match), a � typecase(a1;(x:B)a2; a3) and a1 is tag(C; a01) and a01:C and C <: B.� From ? ` a c.� c : A0 by (Comp Typecase), c � typecase(c1;(x:B)c2; c3) with ? ` a1 .� c1 : Dynamic and x:B ` a2 .� c2 : A0and ? ` a3 .� c3 : A0.� From (Cand Def) and (Comp Dynamic) there must be a valueu1 such that ? ` a1 c.� u1 : A00 and ? ` u1 .� c1 : Dynamic forsome type A00<: Dynamic. But there is no subtype of Dynamic, soA00 � Dynamic.� By (Comp Dynamic) u1 must have the same outer shape as a1,that is, u1 is tag(C; u01) where ? ` a1 .� u01 : C.Now we can appeal to the similarity, ? ` u1 .� c1 : Dynamic.� Since u1 tagC�! u01, then c1 tagC�! c01 with ? ` u01 .� c01 : C; hencec1 + tag(C; c01); hence by (Red Dynamic Match) c + c2[c1=x].� We have x:B ` a2 .� c2:A0, and by (Cand Right) we have a01 .� c01.By (Eq Assum Subsum) we deduce x:C ` a2 .� c2 : A0; hence by(Cand Subst) ? ` a0 � a2[a1=x] .� c2[c1=x]:A0 and by (Eq Subsum)we have the same relation at the type A.Putting these together we have the following relations at the type A.a0 � a2[a1=x] .� c2[c1=x] � c . band so by (Cand Right) and transitivity of . we have a0SAb.(Red Record)� From a 7! a0 by (Red Record) we have a � v:`j where v �record(`i = ai)i2I , j 2 I and a0 � aj.� From ? ` ac.� c :A0 by (Comp Select) we have that c � c1:`j, ? `v .� c1 : B where B � record(`i:Ai)i2I0, Aj � A and j 2 I 0 � I.� By (Cand Def) there exists a type B0 <:B and a program u with? ` v c.� u :B0 and ? ` u .� c1 :B.� By (Comp Record), I = I 0, B0 � B � record(`i:Ai)i2I , u �record(`i = ui)i2I and ? ` ai .� ui : Ai for each i 2 I.Now we can appeal to the similarity, ? ` u1 .� c1 : B.61



� By (Trans Record), uB `j�! u:`jAj and by the similarity c1 canmatch this transition with c1B `j�! c1:`jAj and u:`j .Aj c1:`j.By appeal to (Eq Subsum) for .�, we have the following relations atthe type A. a0 � aj .� uj . u:`j . c1:`j � c . band so by (Cand Right) and transitivity of . we have a0SAb.(Red Case)� From a 7! a0 by (Red Case) a � case(v; (x)e1; : : : ; (x)en) wherev � variant(`j = v0) for some j 2 I, and a0 � ej[v0=x].� From ? ` ac.� c:A0 by (Comp Case) c � case(c1; (x)c01; : : : ; (x)c0n)with ? ` v .� c1 : B where B � variant(`i:Ai)i2I and x:Ai `ei .� c0i : A0 for each i 2 I.� From (Cand Def) there must be a type B0<:B and a program u1such that ? ` v c.� u1 :B0 and ? ` u1 .� c1 : B.� By (Comp Variant) u1 must have the same outermost form as v,that is, u1 is variant(`j = u0) where ? ` v0 .� u0 : Aj.� By (Cand Comp) we have ? ` v .� u : B, and by (Cand Subst)and (Eq Subsum) we have ? ` ej[v0=x] .� c0j[u0=x] : A.Now we can appeal to the similarity, ? ` u1 .� c1 : B.� Since u1 `j�! u0, then c1 `j�! c0 with ? ` u0 .� c0 : Aj; hencec1 + variant(`j = c0); hence by (Red Case) c + c0j[c0=x].Putting these together we have the following relations at the type A.a0 � ej[v0=x] .� c0j[u0=x] � c . band so by (Cand Right) and transitivity of . we have a0SAb. �Proof of Lemma 23 If P S Q and P ��! P 0 there is Q0 with Q ��! Q0and P 0 S Q0.Proof The proof of (2) is by rule induction on the transition P ��! P 0.Suppose proved programs P and Q are aA and bA respectively, with ? ` a .�b :A. In each case there is a program c with ? ` a .� c :A and ? ` c .� b :A.We consider the transition rules in turn.62



(Trans Red) Here P ��! P 0 derives from a 7! a0 and a0A ��! P 0. ByLemma 42, a0ASQ, so by induction hypothesis there isQ0 withQ ��! Q0and P 0 .� Q0.(Trans Select, Update, Unfold, App and Record) Here aA E#�! E [a]B, andalso cA E#�! E [c]B unconditionally. Since .� is a precongruence, itfollows that E [a] .�B E [c], and we can �ll in the following diagram,P � aA .� cA . Q
P 0 � E [a]BE## .� E [c]BE## . Q0#E #to yield P 0 S Q0 as required.(Trans Bool) Here A � Bool and we take P true�! 0 (the case for false issimilar); hence a � true; hence c � true too; hence cA true�! 0 too, andwe can �ll in the following diagram,P � aA .� cA . Q
P 0 � 0true# .� 0true# . Q0#trueto yield P 0 S Q0 as required.(Trans Dynamic) Here A � Dynamic and a � tag(A0; a0), and aA tagA0�! a0A0.Since ? ` a c.� c : Dynamic it follows by (Comp Dynamic) that c �tag((; A)0; c0) with ? ` a0 .� c0 : A0; hence cA tagA0�! c0A0 too; henceQ tagA0�! Q0, and we can �ll in the following diagram,P � aA .� cA . Q
P 0 � a0A0tagA0# .� c0A0tagA0# . Q0#tagA0

to yield P 0 S Q0 as required. 63



(Trans Variant) Here A � variant(`i:Ai)i2I and a � variant(`j = a0) forsome j 2 I, and aA `j�! a0Aj . Since ? ` a c.� c : A it follows by(Comp Variant) that c � variant(`j = c0) with ? ` a0 .� c0 : Aj;hence cA `j�! c0Aj too; hence Q `j�! Q0, and we can �ll in the followingdiagram, P � aA .� cA . Q
P 0 � a0Aj`j# .� c0Aj`j# . Q0#̀ jto yield P 0 S Q0 as required. �A.5 Bisimilarity equals contextual equivalenceProof of Lemma 24 Both . � @� and � � 'Proof First we shall prove . � @�. Suppose that a.A b. To see that a@�A bwe must consider an arbitrary expression e such that x:A ` e :Bool and showthat e[a=x]+ implies e[b=x]+. By supposition we have ? ` a.� b :A, and so bythe substitution property of .� (Cand Subst) it follows that ? ` e[a=x] .�e[b=x] :Bool. In fact we have e[a=x] .B e[b=x]. Since e[a=x]+v, it must be able todo the transition v, hence e[b=x] must match it, and therefore e[b=x]+ too (byLemma 12). Having now shown that . � @�, � � ' follows by symmetry.�Proof of Lemma 25 Contextual order is a simulation.Proof Suppose then that a@�Ab and that aA ��! P . To show that @� is asimulation we must �nd some Q such that bA ��! Q with P@�Q. We provethis by induction on the derivation of aA ��! P .(Trans Red) Here a 7! a0 and a0A ��! P . By part (1) of Proposition 26, a �Aa0, and by Lemma 24, a0@�Aa; hence a0@�Ab, and so by the inductionhypothesis there exists Q such that bA ��! Q and P@�Q.(Trans Select, Update, Unfold, App and Record) Here aA E#�! E [a]B, andhence �:A ` E : B, and so bA E#�! E [b]B unconditionally. By thesubstitution property of contextual order, we deduce E [a]@�BE [b].64



(Trans Bool) Take � � true, aA � trueBool and P � 0 (the case for falseis similar). Consider the context C � if(�; true;
Bool). Since C[a] +true, we must have C[b] + too; therefore b + true and thus by repeatedapplciation of (Trans Red) we have bA ��! Q, where Q � 0 and thusP@�Q as required.(Trans Dynamic) Here we have A � Dynamic and a + tag(A0; a0), andaA tagA0�! a0A0 . Consider the context C � typecase(�; (x:A0)true;
Bool). Since C[a] + true we must have C[b] +; so we must have b +tag(A00; b0) with A00<:A0. By considering the context C � typecase(�;(x:A00)
Bool; true) we deduce that A0 <:A00 and hence by the antisym-metry property of subtyping we have A0 � A00. By repeated applicationof (Trans Red) and by (Trans Dynamic) we have bA tagA0�! b0A0. Now sup-pose there were some context C 0 such that C 0[a0] + and C 0[b0]*; thenconsider the context C 00 � typecase(�; (x:A0)C 0[x]; true). We haveC 00[a] + and C 00[b]*. But this is contradictory to a@�Ab; so there is nosuch context C 0; hence a0@�A0b0.(Trans Variant) Here we have A � variant(`i:Ai)i2I and a + variant(`j =a0) and aA `j�! a0Aj . Consider the context C � case(�; (x)
Bool; : : : ;(x)true; : : : ; (x)
Bool). Since C[a] + true we must have C[b] +; so wemust have b + variant(`j = b0), and by repeated application of (TransRed) and by (Trans Variant) we have bA `j�! b0Aj . Now suppose therewere some context C 0 such that C 0[a0] + and C 0[b0]*; then consider thecontext C 00 � case(�; (x)
Bool; : : : ; (x)C 0[x]; : : : ; (x)
Bool). We haveC 00[a] + and C 00[b]*. But this is contradictory to a@�Ab; so there is nosuch context C 0; hence a0@�A0b0.All cases considered, it follows that contextual order is a simulation. �A.6 Validation of the equational theoryLemma 43 (Eval Fold) Let A � �(X)E and suppose � ` e : A. Then� ` fold(A; unfold(e)) �� e : A.Proof Let B � E[A=X]. By de�nition of open extension it is enough toshow that that pair (fold(A; unfold(a))A; aA)is an element of � for any program a:A. The only transitions of these twoprograms are fold(A; unfold(a))A unfold�! unfold(fold(A; unfold(a)))B, and65



aA unfold�! unfold(a)B, where unfold(fold(A; unfold(a))) �B unfold(e) by(Eval Unfold). Hence the pair is a member of h�i = �. �It only remains to validate (Eq Sub Object), the following rule.A0 � [`i:Bi]i2I A00 � [`i:Bi; `j:Bj]i2I;j2J I \ J = ?�; xi:A0 ` ei :Bi (i 2 I) �; xj:A00 ` ej :Bj (j 2 J) (Eq Sub Object)� ` [`i = ς(xi:A0)ei]i2I $ [`i = ς(xi:A00)ei]i2I[J : A0We shall validate (Eq Sub Object) via a direct proof of contextual equiv-alence, similar to the Activity Lemma of Plotkin (1977). We shall need thefollowing de�nitions.Let there be a collection of distinguished variables f�n j n 2 Ng, whichwe call indexed holes. Suppose B is a type and ~A = A1; : : : ; An is a listof types. Let an ( ~A;B)-context be an expression e of type B containingindexed holes with types in the list ~A, that is, �1:A1; : : : ;�n:An ` e : B. Ife is an ( ~A;B)-context we write e[e1; : : : ; en] as short for e[e1=�1] � � � [en=�n].Finally, i� R � Rel let its context closure be the relation RC � Rel givenby RCA def= f(e[~a]; e[~b]) j 9 ~B(e is an ( ~B;A)-context & ai RB bi for each i)g:Let (R1) and (R2) be the following properties of a relation R � Rel.(R1) Whenever aRA b both a and b are values.(R2) Whenever aRA b and experiment E satis�es �:A ` E :Bthere are a0 and b0 such that E [a] 7! a0, E [b] 7! b0 and a0 RCB b0.We shall show in general that any relation possessing these two propertiesis contained in contextual equivalence, and then prove (Eq Sub Object) byexhibiting such a relation.Lemma 44 Suppose R � Rel is a relation satisfying (R1) and (R2). Thenwhenever aRCA b and a 7! a0 there is b0 such that b 7! b0 and a0 RCA b0.Proof By induction on the derivation of a 7! a0. From aRCA b there mustbe a ( ~B;A)-context e, family (ai; bi) 2 RBi such that a � e[~a] and b � e[~b].Since e[~a] can reduce and each ai must be a value by (R1), context e cannotbe an indexed hole or a value but must equal E [e0] where ~�: ~B;�:C ` E :A and~�: ~B ` e0 :C for some type C, and where E takes the form of an experiment.Exactly one of the following cases must hold.66



(A) Reduction a 7! a0 obtained via (Red Experiment), experiment E [~a] andreduction e0[~a] 7! a00, so that a0 � E [~a][a00].(B) Expression e0 takes the form of a value, and so a rule other than(Red Experiment) applies.(C) Expression e0 is �j, one of the indexed holes.We examine each case in turn.(A) Since e0[~a] RCC e0[~b] the induction hypothesis implies there is b00 suchthat e0[~b] 7! b00 and a00 RCC b00. We may derive b 7! E [~b][b00] and a0 =E [~a][a00] RCA E [~b][b00] by de�nition of context closure. (Since a00 and b00need not be present in ~a and~b respectively we are here making essentialuse of multiple-hole contexts.)(B) In this case a case analysis of all the (Red �) rules shows there is a( ~B;A)-context e00 such that 8~c: ~B(e[~c] 7! e00[~c]). (See Lemma 4.16 ofGordon (1994, p45) for the proof of a similar lemma.) In particulara0 � e00[~a] and b 7! e00[~b] with e00[~a]RCA e00[~b].(C) Here a � E [aj] 7! a0. Given ajRBj bj, fact (R2) and determinacy thereis b0 such that E [bj] 7! b0 with a0 RCA b0 as required. �Proposition 45 If R satis�es (R1) and (R2) then R � '.Proof We shall show that R � @�; that Rop � @�, and hence R � ',follows by a symmetic argument. Suppose then that aRA b, �:A ` e : Booland that e[a]+. We must prove that e[b]+. Clearly e[a]RCBool e[b] (by turning� into �1). Suppose that e[a] 7!� true. By iterating Lemma 44 there isc such that e[b] 7!� c and true RCBool c. It follows by (R1) that c must bea value, so we have e[b]+ as required. (The same argument applies whene[a] 7!� false). �Now to validate any closed instance of (Eq Sub Object), let R � Rel bethe relation such that a0SA0 a00 i� A0 � [`i:Bi]i2I , and a0 and a00 take the forms[`i = ς(xi:A0)ei]i2I and [`i = ς(xi:A00)ei]i2I[Jrespectively, where A00 � [`i:Bi; `j:Bj]i2I;j2J with I\J = ? and xi:A0 ` ei :Bifor each i 2 I and xj:A00 ` ej :Bj for each j 2 J .Proposition 46 Relation R possesses properties (R1) and (R2).67



Proof (R1) is immediate. For (R2) suppose aRAb. Then A must be[`i:Bi]i2I , and a and b must take the forms in the de�nition above. There aretwo classes of experiments to consider.(1) E = �:`i where i 2 I. By (Red Select) a 7! ei[a=xi] and b 7! ei[b=xi] andso aRCBi b (by treating xi as a hole).(2) E = �:`j ( ς(x:C)e with C = [`k:Bk]k2K, K � I, j 2 K and x:C `e :Bj. By (Red Update) we havea 7! [`j = ς(x:A0)e; `i = ς(xi:A0)ei]i2I�fjgb 7! [`j = ς(x:A00)e; `i = ς(xi:A00)ei]i2I[J�fjgand the resulting programs are paired by RA0 � RCA0 . �By Proposition 45R � '. By choosing suitable closing substitutions thisamounts to a validation of the rule (Eq Sub Object).A.7 Properties of typesProof of Proposition 26(1) 8a; b:A(a 7! b) a �A b);(2) 8a; v:A(a + v ) a �A v);(3) 8a:A(a* ) a �A 
A).Proof(1) We show that the relation S def= f(aA; bA) j a 7! bg [ Id (where Id def=f(aA; aA)g) is a bisimulation. Suppose aA ��! a0B. Suppose A is active.Then by Lemma 12 it must be the case that a + v and vA ��! a0B.By Lemma 6 b + v too; hence bA ��! a0B, and we have a0B Id a0B. IfA is passive and �:A ` E : B, then aA E#�! E [a]B, and then bA E#�!E [b]B unconditionally. Since E [a] 7! E [b] by (Red Experiment), thenE [a] SB E [b]. In either case the converse follows by a similar argument,and so S is a bisimulation.(2) Immediate from (1) since � is a preorder.
68



(3) We show that the relation S def= f(aA; bA) j a* & b*g is a simulation.Suppose a SA b. If A is active, by Lemma 12 it has no transitions. IfA is passive, suppose aA E#�! E [a]B. Since A is passive, we can derivebA E#�! E [b]B too. By (Red Experiment) E [a]* and E [b]*, so they arerelated by S. Hence S is a simulation, and in fact is a bisimulation, asit is symmetric. Hence (3) follows. �Proof of Proposition 30 For any type A, the following are equivalent.(1) A partial(2) 8a:A(a � 
A ) a*)(3) 8a; b:A(a+ & a � b) b+)Proof(1) ) (2) For a contradiction suppose that A partial, and there is some awith a � 
 and a+. So there is a value v with a + v; hence v � 
. Nowany convergent program of type A equals a value. And any divergentprograms at type A equal 
, which equals the value v. So A is total.Contradiction.(2) ) (3) For a contradiction, suppose a+, a �A b and b*. From the latter,b �A 
A. Since a+, the contrapositive of (2) implies that a 6�A 
A.But by transitivity, b 6�A 
A. Contradiction.(3) ) (1) Suppose some value equals 
A. From (3) it would follow that 
A+,but this is impossible. Hence no value equals 
A, so A is partial. �Lemma 47 If SP(E1) = S and SP(E2) = S then SP(E1[E2=X]) = S.Proof Structural induction on E1. �Lemma 48 S = f(aA; bA) j a; b:A & SP(A) = Sg is a simulation.Proof By a case analysis of A. If pair (aA; bA) 2 S, A is passive, so anytransition from a can be matched by its partner b, with their successors alsopaired in S. The case for A � �(X)E needs Lemma 47. �Lemma 49 If ~X ` E and SP(E) = (v; e) then(1) ~X ` v : E and ~X;�:E ` e : Bool;69



(2) e[v] + true and e is an evaluation context.Proof(1) By structural induction on E.(2) By structural induction on E. Clearly e is always an evaluation context.In the cases where SP(E) = (v; e) we can compute the evaluationbehaviour of e[v] as follows.(Bool) �[true] � true + true.([`i:Ei]i2I) ej[[`j = vj; : : :]:`j] 7! ej[vj] and ej[vj] + true by IH.(�(X)E) e0[unfold(fold(v0))] 7! e0[v0] and e0[v0] + true by IH.(E1 ! E2) e2[�(x:E1)v2(
E1)] 7! e2[v2] and e2[v2] + true by IH.(Dynamic) typecase((Bool; true); (x:Bool)true; true) + true.(variant(`i:Ei)i2I)case(variant(`1 = 
E1); (x)true; : : : ; (x)true) + true.(record(`i:Ei)i2I)ej[record(`j = vj; `i = 
Ei)i2I�fjg:`j] 7! ej[vj] + true by IH. �Proof of Proposition 31(1) SP(A) = S) 8a; b:A(a �A b)(2) SP(A) 6= S) 9v:A(v + v & v 6� 
A)(3) A is singular i� SP(A) = S.Proof Combine Lemmas 48 and 49. (3) is a corollary of (1) and (2). �Proof of Proposition 32 Suppose A is a type. If SP(A) = S then A istotal. Otherwise A takes one of the following forms:(1) �(X1) : : : �(Xn)Bool, partial;(2) �(X1) : : : �(Xn)[`i:Ei], partial.(3) �(X1) : : : �(Xn)E1 ! E2, total;(4) �(X1) : : : �(Xn)Dynamic, partial.(5) �(X1) : : : �(Xn)record(`i:Ei), total.70



(6) �(X1) : : : �(Xn)variant(`i:Ei), partial.Proof By Lemma 8, any singular type is total.(1) Any value of type A takes the form fold(A1; : : : fold(An; v) : : :) wherev is true or false and each Ai is an unravelling of A. We can always tell
A apart from such a value using the context unfold(: : : unfold(�) : : :)consisting of n unfold's.(2) Any value of type A takes the form [`i = ς(xi)ei]i2I , surrounded byn fold's as in part (2). Since SP(A) 6= S there must be a j 2 I withSP(Ej) = (vj; ej), ej[vj] + true and ej an evaluation context. Let e bethe context ej[unfold(: : : unfold(�) : : :):`j := vj:`j]and we have �:A ` e : Bool. For any value v:A we have e[v] + truebut e[
A]*. Hence A is partial.(3) Using the following eta laws we can construct a value equal to anya:�(X1) : : : �(Xn)E1 ! E2.a � �(x:A1)a(x) if a:A1 ! A2a � fold(�; unfold(a)) if a:� � �(X)E(4) As in part (1), using the contexttypecase(unfold(: : : unfold(�) : : :);(x:Bool)true; true):(5) As in part (2), using the following additional eta law if a has the typerecord(`i:Ei)i2I . a � record(`i = a:`i)i2I(6) As in part (3), using the contextcase(unfold(: : : unfold(�) : : :);(x)true; : : : ; (x)true):Thus we have an algorithm for determining whether a type is partial or total.�71



A.8 Other equivalence relationsProof of Proposition 33 In the presence of functions or a let-construct,'� = �1.Proof'� � �1 Suppose � ` e '�A e0 and also C[e] +. Now '� is equal to ��and the open extension of bisimilarity is a congruence, so we haveC[e] �Bool C[e0]. So C[e0] + too, and the converse follows by a symmetricargument.�1 � '� Suppose � ` e �1A e0. We will show that for any �-closure ~� �a1=x1; : : : ; an=xn, that e[~�]@�Ae0[~�]. Choose any capturing context C suchthat C[e[~�]] +, and let D def= ((�(x1; : : : ; xn)�) a1 : : : an). Then by re-peated application of (Red App) we have D[e] 7!� e[~�], so D[e]@�Ae[~�];and contextual order is a precongruence, so C[e[~�]]@�BoolC[D[e]]. By asimilar argument we have C[e0[~�]]@�BoolC[D[e0]]. Now C[D[�]] is a cap-turing context, so by the de�nition of �1, if C[D[e]] +, then C[D[e0]] +too. So if C[e[�]] +, then C[e0[~�]] + too, so e[~�]@�Ae0[~�]. Hence � `e@��Ae0. A symmetric argument shows � ` e0@��Ae, so we have � ` e '�A e0as required. �A.9 Encoding the �-calculus in the object calculusIn this section, for the sake of brevity, we write �m(a) to be short for�(: : : �(a; bm) : : : ; b1), for m � 0 and arbitrary programs b1; : : : ; bm.Lemma 50 Let hh�ii; x:hhAii ` hheii < e0 : hhBii and ? ` hhaii < a0 : hhAii andb � [a = a0; v = c]. Then we have hh�ii ` hhe[a=x]ii < e0[b=x] : hhBii.Proof By induction on the derivation of �; x:A ` e :B.(Val x) Here e � x (if e � y 6� x the result is obvious). From hh�ii ` x:a <e0 : hhBii it follows that e0 � x:a (since x:a is not a closed program).Then � ` hhaii < b:a : hhBii follows by the de�nition of <.(Val App) Here e � (e1 e2). From hh�ii; x:hhAii ` hhe1ii:a := hhe2ii:v < e0 : hhBiiit follows that e0 has the form�l(�m(�n(e01):a := �p(e02)):v)72



with hh�ii ` hhe1ii < e01 : hhC ! Bii and hh�ii ` hhe2ii < e02 : hhCii andl; m; n; p � 0. By the induction hypothesis we have hh�ii ` hhe1[a=x]ii <e01[b=x] : hhC ! Bii and hh�ii ` hhe2[a=x]ii < e02[b=x] : hhCii. Sohh�ii ` hhe[a=x]ii < �l(�m(�n(e01[b=x]):a := �p(e02[b=x])):v) : hhBiias required.(Val Fun) Here e � �(y:C 0)e1 and A � C 0 ! C. Assume without loss of gen-erality that x 6= y. Since hh�ii; x:hhAii ` [a = ς(s)s:a; v = ς(y)hhe1ii] <e0 : hhBii e0 has the form�m([a = ς(s)s:a; v = ς(y)e01])with hh�ii; x:hhAii ` hhe1ii < e01 : hhCii and m � 0. By the inductionhypothesis, hh�ii ` hhe1[a=x]ii < e01[b=x] : hhCii sohh�ii ` [a = ς(s)s:a; v = ς(y)hhe1[a=x]ii] <�m([a = ς(s)s:a; v = ς(y)e01[b=x]]) : hhBiias required.The other cases (Val True), (Val False) and (Val If) are similar. �Lemma 51 If a is a �-calculus program and a:A, then if a 7! a0 and ? `hhaii < b : hhAii then there exists b0 such that b 7!+ b0 and ? ` hha0ii < b0 : hhAii.Proof By induction on the derivation of a 7! a0.(Red Beta) Here a � ((�(x:B)e) a2) and a0 � e[a2=x]. Since? ` [a = ς(s)s:a; v = ς(x:hhB ! Aii)hheii]:a := hha2ii:v < b : hhAii;then it follows (using the fact that �n(a) 7!n a for any a and n) thatb 7!� [a = b2; v = ς(x:hhB ! Aii)b1]:vwhere ? ` hha2ii < b2 :hhBii and x:hhB ! Aii ` hheii < b1 :hhAii. So b 7!+b0 where b0 � b1[[a = b2; v = ς(x:hhB ! Aii)b1]=x] and ? ` hhe[a2=x]ii <b0 : hhAii by Lemma 50.(Red Experiment) Suppose E � (� a2) (the case when E � if(�; a2; a3)is similar). Then a � (a1 a2) and a1 7! a01 and a0 � (a01 a2). From? ` hha1ii:a := hha2ii:v < b : hhAii it follows that b 7!� b1:a := b2:v with? ` hha1ii < b1 : hhB ! Aii and ? ` hha2ii < b2 : hhBii. By the inductionhypothesis there exists b01 such that b1 7!+ b01 and ? ` hha01ii < b01 :hhB !Aii. So b 7!+ b0 where b0 � b01:a := b2:v and ? ` hh(a01 a2)ii < b0 : hhAii.73



The remaining cases, for (Red If True) and (Red If False), are similar to theabove. �Proof of Lemma 34 Let a be a �-calculus program with a:A. Then(1) a + v ) 9u(hhaii + u & hhvii <hhAii u)(2) hhaii + u) 9v(a + v & hhvii <hhAii u)Proof For part (1), let a� b if there is some type A such that ? ` hhaii <b : hhAii. Then by Lemma 51, the following diagram commutes.a 7! a1 7! a2 7! : : : 7! v^̂ ^̂ ^̂ ^̂hhaii 7!+ b1 7!+ b2 7!+ : : : 7!+ bnThen from v � bn it follows that there exists a value u such that bn 7!� uand v � u.For part (2), it su�ces to show that hhaii+ implies a+. For if so, wehave hhaii + u and a + v, and hhvii <hhAii u follows from part (1) and thedeterminacy of reduction in the object calculus.We prove the contrapositive, that a* implies hhaii*. Suppose a*. ByLemma 51, we can �ll in the following diagram.a 7! a1 7! a2 7! : : :^̂ ^̂ ^̂hhaii 7!+ b1 7!+ b2 7!+ : : :Hence hhaii* as required. �
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B The equational theory of FOb1<:�These equational rules are taken from Abadi and Cardelli (1996), and com-prise rules of symmetry, transitivity, congruence and reduction, plus (EqTop), (Eq Sub Object), (Eval Fold) and (Eval Eta).� ` e$ e0 : A (Eq Symm)� ` e0 $ e : A� ` e$ e0 : A � ` e0 $ e00 : A (Eq Trans)� ` e$ e00 : A�; x:A;�0 ` � (Eq x)�; x:A;�0 ` x$ x : A� ` e$ e0 : A � ` A <:B (Eq Subsumption)� ` e$ e0 : B� ` e : A � ` e0 :B (Eq Top)� ` e$ e0 : TopA � [`i:Ai]i2I �; xi:A ` ei$ e0i : Ai (i 2 I) (Eq Object)� ` [`i = ς(x:A)ei]i2I $ [`i = ς(x:A)e0i]i2I : A� ` e$ e0 : [`i:Ai]i2i j 2 I (Eq Select)� ` e:`j $ e0:`j : Aj� ` e1 $ e01 : [`i:Ai]i2i �; x:A ` e2 $ e02 : Aj j 2 I (Eq Update)� ` e1:`j ( ς(x:A)e2 $ e01:`j ( ς(x:A)e02 : AjA0 � [`i:Bi]i2I A00 � [`i:Bi; `j:Bj]i2I;j2J I \ J = ?�; xi:A0 ` ei :Bi (i 2 I) �; xj:A00 ` ej :Bj (j 2 J) (Eq Sub Object)� ` [`i = ς(xi:A0)ei]i2I $ [`i = ς(xi:A00)ei]i2I[J : A0A � [`i:Ai]i2I e � [`i = ς(xi:A0)ei]i2J � ` e : A j 2 I � J (Eval Select)� ` e:`j $ ej[e=xj] : AjA � [`i:Ai]i2I e � [`i = ς(xi:A0)ei]i2J� ` e : A �; x:A ` e0 : Aj j 2 I � J � EvalUpdate�� ` e:`j ( ς(x:A)e0 $ [`i = ς(xi:A0)ei; `j = ς(x:A0)e0]i2J�fjg : A75



A � �(X)E � ` e$ e0 : E[A=X] (Eq Fold)� ` fold(A; e)$ fold(A; e0) : AA � �(X)E � ` e$ e0 : A (Eq Unfold)� ` unfold(e)$ unfold(e0) : E[A=X]A � �(X)E � ` e : A (Eval Fold)� ` fold(A; unfold(e))$ e : AA � �(X)E � ` e : E[A=X] (Eval Unfold)� ` unfold(fold(A; e))$ e) : E[A=X]�; x:A ` e$ e0 :B (Eq Fun)� ` �(x:A)e$ �(x:A)e0 : A! B� ` e1 $ e01 : A! B � ` e2 $ e02 : A (Eq Appl)� ` (e1 e2)$ (e01 e02) : B� ` �(x:A)e : A! B � ` e0 : A (Eval Beta)� ` ((�(x:A)e) e0)$ e[e0=x] :B� ` e : A! B x =2 Dom(�) (Eval Eta)� ` �(x:A)(e x)$ e : A! B

76



C Notation� Sets of expressionsType set of closed typesExp(�; A) set of expressions of type A in environment �Prog(A) set of programs of type AValue(A) set of values of type A� Meta-variables in expressionsE a possibly open typee a possibly open expression� an environmentX a type variablex an expression variableA;B;C closed typesa; b; c programs (closed expressions)u; v values (programs which do not reduce)` label identifying a �eld of an object, record or variantI; J �nite indexing sets (with which labels are indexed)i; j indexing variables ranging over the contents of I, JE an experiment (atomic evaluation context)� distinguished free variable in experiments and contexts� Proved programs and relations between themRel the universal relation on proved programs of equal typeId the identity relation on proved programsP;Q proved programs (pairs of programs and their types)R;S relations on programs (subsets of Rel)aA the proved program a at type ARA the subset of R relating programs of type AR� the open extension of RbR the compatible re�nement of R
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� Operational semanticsa 7! b program a reduces to b in one step of computationa 7! program a can take (at least) one step of computationa + b program a evaluates to the value ba+ the evaluation of a convergesa* the evaluation of a diverges@� contextual order' contextual equivalenceA' contextual equivalence, termination observable at type A� Labelled transition system� an action in the labelled transition system0 the proved program with no actions# the erasure operation from experiments to actionsP ��! Q P does the action �, becoming Q� Similarity and bisimilarity[�] the similarity functionalh�i the bisimilarity functional. the similarity relation� the bisimilarity relation.� the candidate relation for precongruence� Equivalence relations� equality up to alpha-conversion$ metavariable for an equivalence relation on expressions�1 contextual equivalence using capturing contexts�2 record-style bisimilarity�3 applicative bisimulation� Miscellaneous~� a substitution of closed terms for expression variables
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