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ABSTRACT

We consider the problem of separating colorred signals mixed by
unknown convolutive channels. We introduce a variation of a pre-
vious approach of separating signals via decorrelation. This varia-
tion minimizes the mutual correlation among the output signals of
a decorrelation matrix subject to a diagonal constraint. The diago-
nal constraint ensures a better quality of separation. The diagonal
constraint is shown to be essential when the number of original
signals is less than the number of distorted signals.

1. INTRODUCTION

To fully recover colorred signals from convolutive distortions, one
can use the BIDS method shown in [3, 4]. The BIDS method as-
sumes that the number of original signals is less than the number of
distorted versions, and the original signals are of sufficient spectral
diversity. The BIDS method recovers the original signals using a
bank of decorrelators. These decorrelators are such that each of
their output signals corresponds to only one of the original sig-
nals. The separation of signals is crucial for the final success of
the BIDS method.

In this paper, we focus on blind signal separation (BSS) using
decorrelation. Prior work on this topic includes [1-6]. While the
methods reported in [5, 6] separate signals mixed by two input two
output (TITO) channels, the method by Sahlim and Broman [2]
and the method by Ahmed [1] can perform signal separation from
multi input multi output (MIMO) channels. The methods shown
in [1, 2] use Newton based optimization techniques and require
the main diagonal elements of the channel matrix to be unity. The
method we show here follows the basic principle of decorrelation
which was applied in [3, 4]. But the difference is that we intro-
duce a diagonal constraint on the correlation matrix of the output
of the decorrelator matrix. This ensures a much better quality of
signal separation. The diagonal constraint is shown to be essential
if the number of the input signals of the decorrelator is less than
the number of the original signals. Beside the diagonal constraint,
we follow the same approach used in [3, 4] where the decorrela-
tion is achieved via an alternating minimization, and each step of

the minimization is quadratic. For convenience, the decorrelation
method in [3, 4] is called Decorrelation-1 and the new method is
called Decorrelation-2.

2. PROBLEM FORMULATION

The FIR (finite impulse response) MIMO system we consider is
described as follows

y�n� � H�z�x�n� (1)

where x�n� denotes the I�� unknown input vector, y�n� the J��
output vector (J � I),H�z� the J � I channel matrix and T the
transpose operator. All the data in the time domain are assumed,
without loss of generality, to be real valued. The input signals are
modeled as

x�n� � F�z���n�

where F�z� is an I � I unknown diagonal polynomial matrix of
order LS , and ��n� an I � � white signal vector. The objective of
BSS is to find an I � J separatorG�z� such that

C�z�
�
� G�z�H�z� � P��z�

where P is a permutation matrix and ��z� is a diagonal polyno-
mial matrix. The polynomial matricesC�z�,G�z� andH�z� have
degrees LC , LG and LH respectively, and LC � LG � LH .

Let

v�n�
�
� G�z�y�n� � C�z�x�n� (2)

Denote the correlation matrix of x�n� by

Rxx�� �
�
� E�x�n� � �x�n�T �

and the power spectral matrix ofx�n� (the Z-transform ofRxx�� �)
by Sxx�z�, whereE denotes the expectation operator. Similar def-
initions are applied to other vectors. Then, (1) and (2) imply

Syy�z� � H�z�Sxx�z�H�z���T

III - 30690-7803-7402-9/02/$17.00 ©2002 IEEE



Svv�z� � C�z�Sxx�z�C�z���T

To perform signal separation, we assume (a) The input power
spectral matrix Sxx�z� is diagonal and the diversity of Sxx�z� is
larger than the degree of C�z� [3]. (b) The channel matrix H�z�
is of full column (normal) rank. It is known [3] that a polynomial
matrix G�z� exists such that C�z� is diagonal if

LG � �I � ��LH (3)

Furthermore, the diagonalization of Svv�z� leads to that of C�z�
if (a) and (b) hold.

3. PRINCIPLE OF CHANNEL DECORRELATION

Define

	C
�
� �C�
��C���� � � � �C�LC��

	G
�
� �G�
��G���� � � � �G�LG��

where G�l��, l� � 
� �� � � � � LG and C�l��, l� � 
� �� � � � � LC
represent the coefficients of G�z� at z�l� and C�z� at z�l� , re-
spectively. Then (2) can be rewritten as

v�n� � 	G	y�n� � 	C	x�n�

where

	x�n�T
�
� �x�n�T �x�n� ��T � � � � �x�n� LC�

T �

	y�n�T
�
� �y�n�T �y�n� ��T � � � � �y�n� LG�

T �

This leads to

Rvv�� � � 	GR�y�y�� � 	G
T

In practice, R�y�y�� � will be replaced by its estimate �R�y�y�� � with
finite sample size N , which is defined as

�R�y�y�� �
�
�

�

N

N��X
n��

	y�n� � �	y�n�T �
�

N
	Y�� � 	Y�
�T (4)

where

	Y��� � �	y�� �� 	y�� � ��� � � � � 	y�� �N � ���

Similarly, we denote

	X��� � �	x�� �� 	x�� � ��� � � � � 	x�� �N � ���

It follows

	y�n� � Hsw	x�n� (5)

	Y��� � Hsw
	X��� (6)

whereHsw represents the generalized Sylvester matrix associated
to H�z� defined by

Hsw
�
�

�
��
H�
� � � � � � � H�LH�

. . .
. . .

H�
� � � � � � � H�LH�

�
��

and H�l� the coefficient of H�z� at z�l.

Denote 	GT � �g��g�� � � � �gI �. Then the diagonalization of
Svv�z� is implemented by minimizing the squared sum of the off-
diagonal elements of Svv�z�. It is equivalent to minimize the fol-
lowing cost function

J � �gTi Rigi � J�gp� p �� i� (7)

where

Ri �
X
j ��i

KX
���K

�R�y�y���gjg
T
j
�R�y�y���

T

J�gp� p �� i� �
X

p� q �� i

p �� q

KX
���K

�
g
T
p
�R�y�y�� �gq

��

The Decorrelation-1 in [3, 4] is to minimize J subject to gTi gi �
�.

From (4) and (6), we have

g
T
i
�R�y�y���gj �

�

N
g
T
i Hsw

	X�� � 	X�
�THT
swgj

It is obvious that if Hsw is not full row rank, there exist nonzero
gi satisfying gTi gi � �, i � �� �� � � � � I such that gTi Hsw � �

which leads to

g
T
i
�R�y�y���gj � 
 and g

T
i
�R�y�y���gi � 


at the same time. To avoid trivial solution,Hsw needs to be of full
row rank.

Lemma 1: Hsw associated to a square and nonsingular H�z� is
of full row rank.
Proof: Let g�i�, i � 
� �� � � � � LG be J � � vectors and gT �

�g�
�T �g���T � � � � �g�LG�
T �. Denote g�z� �

PLG
i��

g�i�z�i.
If Hsw is not of full row rank, there exists g �� � such that
gTHsw � �. This is equivalent to

g�z�TH�z� � � for each z

which contradicts the nonsingularity ofH�z�. �

If H�z� is a tall polynomial matrix, it is necessary that Hsw

has more columns than rows, i.e., J�LG��� � I�LC���. Com-
bining this inequality with (3), we have

�I � ��LH � LG �
ILH

J � I
� � (8)

Obviously, if J � I � �, (8) will not exist. We will show next that
it is not necessary to requireHsw to be of full row rank if the main
diagonal elements of Svv�z� are constrained.

4. THE DECORRELATION-2

In the Decorrelation-2, the constraint is chosen to be gTi �R�y�y�
�gi
� �. Combined with (7), the optimization problem becomes

min
gi

g
T
i Rigi subject to g

T
i
�R�y�y�
�gi � � (9)
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4.1. Case 1

It can be seen from (4) that �R�y�y�
� is in general symmetric and
positive semidefinite. The following lemma gives a sufficient con-
dition such that �R�y�y�
� is symmetric and positive definite.

Lemma 2: If H�z� is square and nonsingular, then �R�y�y�
� is
symmetric and positive definite.
Proof: From (5), we have

R�y�y�
� � HswR�x�x�
�H
T
sw

with

R�x�x�
� � E
�
	x�n�	x�n�T

�
� FswF

T
sw

where Fsw is the generalized Sylvester matrix associated to F�z�
and of full row rank (ensured by condition (a)). This implies that
R�x�x�
� is positive definite.

To complete the proof, assume that b is any a nonzero J�LG�
��� � vector such that bTR�y�y�
�b � 
. This is equivalent to

b
T
HswR�x�x�
�H

T
swb � 
 (10)

Since R�x�x�
� is positive definite, (10) exists only if HT
swb � �.

We know from Lemma 1 thatHsw is of full row rank. This implies
that b must be a zero column vector that contradicts the assump-
tion. The symmetry of �R�y�y�
� can be easily verified from (4) by
setting � � 
. �

If �R�y�y�
� is symmetric and positive definite, it can be written
as follows

�R�y�y�
� � U��UT

where U � �u��u�� � � � �uJ�LG��	� being orthogonal, and � �
diag���� ��� � � � � �J�LG��	�with �� � �� � � � � � �J�LG��	 �


. Define qTi
�
� gTi U�. (9) is equivalent to

min
qi

q
T
i R�qi subject to q

T
i qi � � (11)

where R� � ���UTRiU���. The solution of (11) is given
by the least eigenvector of R�. Once qi is obtained, then gi �
U���qi.

4.2. Case 2

Now, we consider the situation where �R�y�y�
� is singular. Assume
that �R�y�y�
� has M � J�LG � �� nonzero eigenvalues, we have

�R�y�y�
� � �Ur U��

	
��r

�


	
UT
r

UT
�




where Ur � �u��u�� � � � �uM �, U� � �uM���uM��� � � � �
uJ�LG��	� and �r � diag���� ��� � � � � �M �. Recall that the pur-
pose of signal separation is to find a separator G�z� such that
C�z� � G�z�H�z� is diagonal. It follows

gi�z�
T
H�z� � ci�z�

T (12)

for i � �� �� � � � � I , where gi�z�T and ci�z�T are the i-th row vec-
tors ofG�z� andC�z�, respectively. All of the elements of ci�z�T

except for the i-th element are zero. An equivalent expression of
(12) is

g
T
i Hsw � c

T
i (13)

for i � �� �� � � � � I , where cTi is the i-th row vector of 	C. Denote
thatHi is composed of the column vectors of Hsw except for the
��j � ��I � i�-th column vectors, j � �� �� � � � � LC � �. Then
(13) leads to �

gTi Hsw �� �

gTi Hi � �
(14)

Assume qTi is a � �M vector with qTi qi � �. It is easy to verify
that for any vector

g
T
i � q

T
i �

��
r U

T
r (15)

we have gTi �R�y�y�
�gi � �. This implies gTi Hsw �� �. Denote
the null space ofHi byH�

i � �U� ��. It can be seen that�must
be nonempty otherwise gTi Hsw � �. Hence qi exists such that
(14) holds, where qi � �rU

T
r gi.

Substituting (15) into (9), we have

min
qi

q
T
i R�qi subject to q

T
i qi � �

where R� � ���r UT
rRiUr�

��
r . A similar procedure to that in

Case 1 can be followed to compute qi and gi.

4.3. Algorithm

The proposed algorithm is formulated as follows:

� Step 1. Set U � U and � � � if �R�y�y�
� is nonsingular,
or U � Ur and � � �r if �R�y�y�
� is singular. Compute
R��� byR��� � ���UT �R�y�y���U�

��.

� Step 2. Randomly initialize g��	i � i � �� �� � � � � I . Then
compute q��	i by q��	i � �UTg

��	
i , and J��	 by

J
�l	 �

�
X

��i ��j�I

KX
���K

�
q
�l	T
i R�� �q

�l	
j

��
(16)

� Step 3. Set iteration index l � �.

� Step 4. For i � �� �� � � � � I , update R�l	 and q�l	i as fol-
lows:

R
�l	 �

X
j�i

KX
���K

R�� �q
�l��	
j q

�l��	T
j R�� �T

�
X
j�i

KX
���K

R�� �q
�l	
j q

�l	T
j R�� �T

q
�l	
i � the least eigenvector of R

�l	

� Step 5. Compute J�l	 from (16). If jJ�l	�J�l��	j � �� (��
denotes a selected threshold), then l � l � �, go to Step 4.
Otherwise, go to Step 6.

� Step 6. If J�l	 � �� (�� denotes another threshold), go to
Step 2. Otherwise, g�l	i � U���q

�l	
i , i � �� �� � � � � I ,

stop.
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5. SIMULATIONS

This section gives some numerical simulations to evaluate the per-
formance of the Decorrelation-2 method. In our simulations, the
�� FIR MIMO systems of degree 3 were considered. The coeffi-
cients ofH�z� were randomly chosen from the Gaussian distribu-
tion N �
� ��. Two types of input signals, computer-generated sig-
nals and real speech signals, were used. The computer-generated
signals were given by two FIR filters (of order 50) driven by two
independent sequences. The coefficients of the sequences and the
filters were independently chosen from N �
� ��. Two real speech
signals sampled at 7000 Hz were obtained from the Linguistic Data
Consortium. Speech signal 1 and 2 are the sentences “She had your
dark suit in greasy wash water all year” and “Don’t ask me to carry
an oily rag like that”, respectively. Moreover, white Gaussian noise
of variance �� was added to the channel outputs and the signal to

noise ratio (SNR) was defined as SNR
�
� ��
log���

�. The sepa-
rator G�z� was chosen to be of degree LG � LH and initialized
randomly from N �
� ��. The performance of the Decorrelation-2
was measured by the mean rejection level (we assume here that the
permutation indeterminacy isP � I):

Iperf
�
�
X

i��j

LG�LHX

���

Ej�C����ijj
�

Ej�C�� ��iij�

The mean rejection level was estimated by averaging 60 indepen-
dent runs.

Figure 1 and Figure 2 demonstrate the performance of the
Decorrelation-2 via SNR and sample size respectively using the
computer-generated signals. In Figure 1, the sample size was 20000
and SNR was varied from 0dB to 35dB. In Figure 2, the sample
size varied from 2000 to 20000 while the SNR was consistently at
35dB.

The performance of the Decorrelation-1 and the Decorrelation-
2 is compared in Table 1 using the computer-generated signals
of sample size 20000 and the real speech signals, respectively.
The mixed signals were collected by four sensors and the sig-
nal to noise ratio was kept at 35dB. The Decorrelation-1 sepa-
rated signals using the data obtained from two sensors while the
Decorrelation-2 separated the same signals using the data obtained
from all four sensors. As shown in Table 1, for the computer-
generated input signals, the Decorrelation-2 outperforms the
Decorrelation-1 by a large margin. Moreover, when the input sig-
nals are real speech signals, the Decorrelation-1 fails while the
Decorrelation-2 still performs well.

6. CONCLUSION

In this paper, we have proposed a new signal separation method
using second order statistics. While most existing methods re-
quire a square channel matrix to ensure the associated generalized
Sylvester matrix to be of full row rank, the Decorrelation-2 does
not limit the dimension of the channel matrix. The algorithm was
derived by exploiting a recursive technique to update a row of the
separator at each time. The performance of the Decorrelation-2
was demonstrated by numerical simulations. The Decorrelation-2
can be used not only in sole applications of signal separation but
also in some channel identification and equalization methods, such
as the BIDS method [3, 4].

Table 1. Performance comparison of the Decorrelation-1 and the
Decorrelation-2.

Iperf (dB)
Input signals Decorrelation-1 Decorrelation-2

man-made signals -24.76 -40.83
real speeches -6.35 -28.12
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Figure 1. Performance of the Decorrelation-2 versus SNR.
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Figure 2. Performance of the Decorrelation-2 versus sample size.
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