
��� ����� �
	�� 
�����������	���������	���� ��	�!#"$�%� �&�����('��*)+��,-���.	��0/1"2"43
)5/%,6�7�98��:��; )+��,-����	��0/

<>=@?BA�CEDGFIH�JLKNMPORQ�?BQIA0S K$?THUS =GMV?BQ ∗

WYX[ZP\^]`_ba.\
c�d dPe�fhg.ikjml�n�gpokqrotsud^evg`suwyx7g(nhg.z{qrokwyo�l(|>su}bd ~Bl`��d^i6g(nh��zywyeEw{sug(skwyl.nhoEl.|2w�sud^i�g`skwy�.d7g.oux�dPnh�rwynb�(�@~biuwyx^d

x^l.e-fbw{nTg`skl�ikw�g(z$g.�hx�suw{l�nho^�Ic�d�~biul`�.d%g-z�g(iu�.d&n:�be�fBd^i�l(|�iudPok�bz{suo>ok}bl`�>wynb�Esk}bd�fBl.�bnT�bg(iuw{dLo�l(|I�>}hg`s�xPg(n7fTd
g�x�}bwyd^�.dL�vf:qv�rw��Nd^iud^nRs�e6l:�bd^z�o�l.|�g.oux�dPnh�rwynb�-g.�hx�suw{l�nhoP�[w{skdPe�~biuwyx^dPo��:oP�Ifb�bnh�bz{d%~biuwyx^dPoP�rg(nbl�nRq:e6l.�To�~biuwyx^dPo
�roP�Y~Bd^i�o�l�nhg(zywy�^dP��~biuw�x�dPoP���bd�skdPike6wynbw�otsuwyxv�roP�Ynbl�nr���rd�sud^iueEwynbw�otsuwyx.�[g�okx^d^nh�bw{nb���roP� �rdLokx^d^nh�rwynb�T��~biud�|�dPikdPnhx�d
dPz{w�x�w{sug(skwyl.n��ro^��|��bzyz�dPz{w�x�w{sug(skwyl.n��Tg.�bg.~rskwy�.d��roP��nbl�nr��g.�bg.~rskwy�.d��bg(nh��okw{nh�.zyd%ski�g`�tdPx�skl�ikq��roP��e-�bz{skw�suiug(�tdPx�skl.iuq.�
����lvl(|�l.�bi>evg.w{n�iudPok�bz{suo2ok}bl`�0sk}hg(s�nbd^w{sk}hd^i�g�okx^d^nh�rwynb�vw{skdPe-�@~biuwyx^d�g(�hx�skwyl.nho2nbl.i�g�okx^d^nh�bw{nb��g.nbl.n:q:e6l.�ho
fh�bnh�rzyd��@~biuwyx^d&g.�hx�suw{l�nho�x^g(n7�rd�sud^iue6w{nbd&su}bd%l.~rsuw{evg(z$g.z{zylrx^g`suw{l�n g.eEl�nb����d^nbdPiug.zT�`g.z{�hg(skwyl.nhoP����}bw�o[�t�hotsuw� TdPo
su}bd¡�hokd�l(|%~Bd^i�o�l�nhg(zyw{�PdP�¢fb�bnh�bz{d¡~hikw�x�dLo6w{n£w{skdPiug(skwy�.d�x�l�e�fbwynhg`sul.iuwyg.z>g(�hx�skwyl.nhovzywyj.d7sk}bd¥¤[¦>¦�o�~BdPx�skiu�be
g.�hx�suw{l�nhoP�

∗ §�¨�©Pª¬«®­�¯�«�ª�©P°h± ²R³L©P¨-´Pµ�¶u·�¸ ¹(º^»@ª®¸ ©P¶L¸ ª¬«®¸�¼.¶�¹R³`³P«r³P½T§�²R¾Lª¬²�¿�¿uÀtª¬²R¾4©P²R°-Á[³P¨�ÂRº.Ãt¿uÀ�¼(¶�ª¬¿�²R¶u¿L±.ÄI¹R¿ÆÅ�¿�Ç.Àt¿uÈmÉ�²Rª¬ÊV¿uÀt·�ªËÃGÌ%³P½BÍL¿uÀtº�·t©P«¬¿�¨6¸
¼.º�ÂRÂr³^À�Ãt¿�°�Ç`Ì�¾PÀ�©^²`Ãt·�½{Àt³L¨ÎÃt¹�¿�ÏÐ·@À�©P¿u«�ªRÑ�¶�©L°.¿�¨4Ì>³^½T¼.¶�ª¬¿�²�¶�¿�·Ò©P²R°�Ãt¹�¿�É>¼�Ñ�ÓÔÏÐ·@À�©P¿u«�Õ�ª�²R©^Ãtª¬³L²R©P«:¼.¶�ª¬¿�²�¶�¿�ÖR³Lº�²:°�©^Ãtª¬³L²h¸$ÄI¹R¿�©^º�Ãt¹�³PÀt·
Ãt¹:©^²R×�ØE³P·�¹R¿2ÕI©^Ç:©Pª¬³^Ù$±b¼.¹R©P¹R©^À�Ú�³PÇRÛ�ª¬²R·�×(ª®±.Ü�³P²6ÝT©�Ê(ª®±�Ú>©P²�ª�¿u«TÝh¿�¹R¨�©^²R²h±(Ú>©�Ê.ª�°-Þ$©^Àt×V¿�·�±:ØEª¬¶k¹R©P¿�«B¼.¶�¹:©^ÂRªËÀ�©%©^²:°�ÏÐ«ËÌ(©%¼(¿�¾V©^«h½y³PÀ
¹R¿u«�Â.½�º�«B°.ª�·�¶uºR·�·�ª¬³L²�·�¸



� �������	��

�����������

�����������! "��#%$���&' (#%)*#%+,�-$' .���,/10!#�/�2-$3�%465,2-$�2-&���782-�,2���+,/9 "�,:� ";< ./' "�!).2=78�<�<:!/3#%&�2=4>��&?/@#%).2BADCE#���5F�! .:!:!2-&3��#1GH5�#�;82I#
:� KJ62-&�2-�L$M;B#%)"+,294N��&M2-;82-&'GO/�+!�,/�2-$M�%46$'5,2�/�29 "$�2-�H/1ADP95,2Q78�8#%), ./R$��TS�#%&'$' "$' .����$'5,2Q "$�2-�H/E#%�H���!7
$'5,2Q�! .:!:!2-&�/E/�+,��5
$'5�#%$E$'5,2=/��U�- (#%)�V32-)K4W#%&�2�XY$'5,2=$���$@#%)�;B#%)"+,2��%46$'5,2��! .:!:!2-&�/E4>��&M$'5,2=�!+!�,:�).2�/E$'5,2-GO&�2���2- ";82[ZM ./M��#]\� "�^ "_12�:6AE`<2-)")" "�!7
21#���5a "$�2-�b "�a#^/@2-S�#%&@#%$�2�#%+,�-$' .���c��#1Gd "7B�,��&�2T2������,���^ .��&�2-)(#%$' .���,/=��2-$�V32�2-�e$'5,2�78�<�U:!/10,#%�,:c$'5L+,/=��#�Gf "�,�-+!&
#g/�2-;82-&�2
2������,���^ .�O "�,2ih��- .2-�,�-G	j�$'5,2�78�<�U:!/���#�Ga��2fk�l�m�npo.qim�qir�sYt-0	VQ5,2-&�2�$'5,2�;B#%)"+,2
�%49#H�!+!�,:�).2� ./u7B&�21#%$�2-&
$'5�#%�v$'5,2�/'+!�w�%4x$'5,2I;B#%)"+,2�/��%4D "$�/QS�#%&'$�/
X>2BA 7,A"0�#�).2i4>$�/'5,�<2T#%�,:c#�&' "7B5L$u/'5,�<2I$���782-$'5,2-&�V3��&'$'5a�H��&�2�$'5�#%�v$'5,2
/'+!�b�%4D$'5,2�/' "�!7B).2-$����c;B#%)"+,2�/yZ?��&Q$'5,2T��S!S	�B/' "$�2��1#�/�2��%4Etyz,{yt-s>|Ys>z�s}qyt� "$�2-�H/�X>2BA 7,A"0p#%�a#% "&')" "�,2�$' .��~82-$I#%�,:v#�$'&@#% "�
$' .��~82-$=$��^$'5,2T/@#%�H2�:!2�/'$' "��#%$' .���pZiA

P95,23�����^S!+!$@#%$' .����#%)<5�#%&�:��,2�/@/��%4������
�! "��#%$���&' (#%)!#%+,�-$' .���,/x ./*$}V3�I/' .:!2�:6j�$'5,2M�! .:!:!2-&�/x5�#�;823$��=�����^�
+!�! .�1#%$�2
S!&' ";B#%$�2Q "��4>��&'��#%$' .���gVQ "$'5g#%��2i\�S����,2-�U$' (#%)�/' "_12BAD�e��&�2��1;82-&10<2-;82-�H K4�V?2�#�/�/�+!�H29$'5�#%$E21#���5g�! .:!:!2-&M ./M "�U$�2-&�2�/'$�2�:
 "��#I/' "�!7B).2Q�!+!�,:�).2=���!)"G80B�,�,:� "�!7T$'5,2���S!$' "��#%)�#%)").�U�1#%$' .���H ./E���D�}�����^S!).2-$�2
�"�[�]�}A���5! ").2Q$'5,29)(#%$'$�2-&ES!&����!).2-���1#%�
�	2=/���)";82�:F "�FS!&@#��-$' .��2=4N��&?&@#%$'5,2-&?)(#%&'782i�}/@�1#%).2�S!&����!).2-�H/[0U$'5,2u�����^��+!�! .�1#%$' .���cS!&����!).2-��/@2�2-�H/3$��
�	2=5�#%&�:!2-&9$��
/���)";82u�d#%�,:v$'5! ./�S!&����!).2-�� ./�$'5,2�4>�<�-+,/=�%4R$'5! ./�V?��&'~�A9��#%�LG�|>s}qi�'�Bs>|���qO#%+,�-$' .���,/=5�#1;82T�	2�2-�a/'+!7B782�/'$�2�:v "�c$'5,2
)" "$�2-&@#%$'+!&�2aX>/@2�2B0*2BA 7,A"0�$'5,2�/'+!&';82-G����B���YZ�$��v�1;82-&������H2g$'5! ./�S!&����!).2-�vjT$'5,2H�! .:!:!2-&�/�:!�d�,��$T&�2-;821#%)E$'5,2- "&TVQ5,��).2
S!&�2i4N2-&�2-�,��2�/10L�!+!$9���!)"G^&�2�/'S	���,:�$��
�L+,2-&' .2�/34>&�����$'5,2u#%+,�-$' .���,2�2-&1AE�=2�/@21#%&���5,2-&�/35�#�;82I/'$'+,:� .2�:F:� KJ	2-&�2-�U$3�H�<:!2-)./
4N��&Q "$�2-&@#%$' ";82��������! "��#%$���&' (#%)R#%+,�-$' .���,/10�#%�,:v "�a#O�����^S�#%�! .���aS�#%S	2-&T���]�}0�V?2T/'$'+,:�Gd/����H2��%4R$'5,2�/�2I�H�<:!2-)./�#%�,:
$'&'G�$��T��5�#%&@#��-$�2-&' "_12�$'5,2�:� KJ62-&�2-�,��2�/M�	2-$}V32�2-�g$'5,2-�v0U#%�,:H/�S�2��- K���1#%)")"G80U$'5,2QS	�1V32-&3�%46:� KJ62-&�2-�L$3$}G<S�2�/E�%4	�U+,2-&' .2�/1A
����$'5! ./3V3��&'~	0UV?2�4N�<�-+,/3�����%t-kyqirp��|YrU���Bz�k�s>|Nl�r!t=�� "$�2-&@#%$' ";82�#%+,�-$' .���,/? "�gVQ5! .�@5f$'5,2=S!+!�!)" ./'5,2�:gS!&' .��2�/9�1#%�F���!)"G
&' ./�2I "�d$' "�H2BA

��2=�,�,:H$'5,2u/'$'+,:�GH�%4�#�/���2-�,:� "�!7H#%+,�-$' .���,/Q#%S!S�21#%)" "�!7
4N��&E;B#%&' .��+,/3&�21#�/@���,/1AD�� "&�/�$10<#�/���2-�,:� "�!7H#%+,�-$' .���,/Q#%&�2
VQ .:!2-)"Gd+,/�2�:d "�a��#%�LGd&�21#%)K�W)" K4N2
/@2-$'$' "�!78/Q4>&���� $'5,2��x¡Q¡¢/'S	2��-$'&'+!��#%+,�-$' .���,/O�"�1£]��$��g#%)"�H�B/'$u#%�UGv2i�}�����^�H2-&���2
V32-�,/� "$�2
X>2BA 7,A"0�����0��i�YZiAD¤Q�-$'+�#%)")"G80<$'5! ./M ./M��#1GU�	2�$'5,2=�H�B/'$3/�$'&@#% "7B5L$¥4N��&'V?#%&�:FV?#1G^$���/�2-)"), "$�2-�H/[jD#�/�~�$'5,2=�! .:!:!2-&�/
VQ5�#%$HV?��+!).:¦$'5,2-G§)" "~82d$��¨�!+!G�+!�,:!2-&F��2-&'$@#% "�¦S!&' .��2�/10Q#%�,:© "�,�-&�21#�/@2v$'5,2vS!&' .��2�/g�%4T�1;82-&¥�}:!2-��#%�,:!2�:ª78�U�<:!/1A
¤u/���2-�,:� "�!7e#%+,�-$' .���,/O#%&�2�#%)./��a�����,/' .:!2-&�2�:��H��&�2� "�L$'+! "$' ";82�4>��&T��#%�UG��! .:!:!2-&�/10R#%�,:¨#%&�2H�	2-)" .2-;82�:�$��v "�,�-&�21#�/�2
$'5,2=«}$'&'+,/'$¥¬��%4*$'5,2I�! .:!:!2-&�/Q "�f$'5,2T#%+,�-$' .���,2�2-&10�#�/9$'5,2-Gg/@2�2�$'5,2I&�2�/�+!)"$Q7B&@#�:�+�#%)")"GF2-�H2-&'7B "�!7O4>&����­$'5,2u�! .:!:!2-&�/1®
&�2�/'S	���,/�2�/1A¯¤u/���2-�,:� "�!7°#%+,�-$' .���,/f#%)./���5�#1;82c��$'5,2-&g:!2�/� "&�2�:¯2������,���^ .�vS!&���S	2-&'$' .2�/1092BA 7,A"0?$'5,2-G� "�,�-+!&F/'��#%)").2-&
 "��4N��&'��#%$' .���v&�2-;82-)(#%$' .����X>�����,/' .:!2-&10,4>��&�2i\,#%�^S!).2B0,CR�!7B)" ./�5a#%+,�-$' .���,/�;�/1AR/�2������,:<�WS!&' .��2
/�21#%).2�:f�! .:c#%+,�-$' .���,/yZiA

P95,2���#% "�a:� ./'$' "�,�-$' .���a��2-$�V32�2-�e$'5,2�:� KJ62-&�2-�L$u~U "�,:!/��%4M#�/@��2-�,:� "�!7F#%+,�-$' .���,/� ./� "�v$'5,2- "&�S!&' .�- "�!7g�H2-$'5,�<:!/1j
/����H2��H�U:!2-)./�S!&�2�/�2-�L$����!)"G�|>s}qim�np�y|Nk@qytf±Wo²|�r	q'���Qn��y|Nk@qyt�³%0�VQ5,2-&�2�$'5,2
S!&' .��2��%4E21#���5e�!+!�,:�).2� ./�$'5,2
/�+!�w�%4M$'5,2
S!&' .��2�/��%4x$'5,2� "$�2-�H/� "�d$'5! ./9�!+!�,:�).2BA?´�$'5,2-&�/Q��5,�<�B/�2I$��O+,/�2H{iz<rp��o.qQnp�i|>k@qit^±}rpl�r,µ�o¶|Yr�q'�B�?np�y|Nk@qyt�³� "�fVQ5! .��5c21#��@5
�!+!�,:�).2���#1Gd5�#�;82
#�S!&' .��2
�%4x "$�/��1VQ��A?�}�v/@���H2�#%+,�-$' .���,/10,$'5,2�/@#%�H2���rplBr,·�m^lBzLt�S!&' .��2�/I#%&�2�S!&�2�/�2-�L$�2�:c$���#%)")
�! .:!:!2-&�/10%VQ5! ").23 "�O#%+,�-$' .���,/x$'5�#%$x+,/�2�rplBr,µ¸��r�l�r,·�mHl�zLtIX>:� ./��-&' "�^ "��#%$���&'G!Z*S!&' .��2�/10�21#��@5��! .:!:!2-&x ./�S!&�2�/�2-�L$�2�:�VQ "$'5
#�S	2-&�/�����#%)" "_12�:v/�2-$��%4DS!&' .��2�/1AR�u��$�2�$'5�#%$94>��&=#�/@��2-�,:� "�!7F#%+,�-$' .���,/10�#%�,���UGU�H��+,/=S!&' .��2�/Q ./=#O/�2-;82-&�2T&�2�/'$'&' .�-$' .����j
 "$E5�#�/9#
/' "�!7B).2�#�/���2-�,:� "�!7�$'&@#]¹'2��-$���&'G��%4�S!&' .��2�/10<VQ5,2-&�2= "�g�,������#%�,���LG<�H��+,/�#%+,�-$' .���,/?V32���#�GH5�#1;82I#�:� KJ	2-&�2-�U$
#�/���2-�,:� "�!7H$'&@#]¹'2��-$���&'Gd�%4xS!&' .��2�/=S�2-&�21#���5v�! .:!:!2-&1A3CE#���5e�%4x$'5,2���#%�UGv:� KJ	2-&�2-�U$�S!&���S	�B/�2�:c#%+,�-$' .���,/�5�#�/�/����H2
/'+!�,/�2-$u�%4R$'5,2
#%�	�1;82
S!&���S�2-&'$' .2�/1A=º� (#%7B&@#%�»�gXY "�e¤=S!S	2-�,:� K\c�MZQ/'+!�^��#%&' "_12�/u$'5,2���#�/' .��«��-)(#�/@/�2�/¥¬T�%4E#%+,�-$' .���,/
 "�^S!)" .2�:§�LG��������! "��#%$' .���,/H�%4u$'5,2d#%���[;82fS!&���S�2-&'$' .2�/H#%�,:§�-)(#�/�/' K��2�/^/@���H2F�%4�$'5,2f#%+,�-$' .���,/HS!&���S��B/�2�:� "�§$'5,2
)" "$�2-&@#%$'+!&�2�#�������&�:� "�!7g$��^$'5! ./��-)(#�/�/' K���1#%$' .����A

���¯$'5! ./gV3��&'~	09V32a$'&'G©$��¨/'G�/'$�2-��#%$' .�1#%)")"G¦#%��#%)"G<_12vVQ5�#%$f:!��$'5,2c:� KJ62-&�2-�,��2�/g��2-$�V32�2-�¼$'5,2�/�2v�H�<:!2-)./��%4
#%+,�-$' .���,/9�H21#%��AR��2I$'&'Gg$��O#%�,/�V32-&Q$'5,2�4>��)").�[VQ "�!7��U+,2�/'$' .���,/1j½±W|¶³�¾F¿L|>k-¿gmHl1�Lqio¶t�l¥ÀT�%t-kyqirp��|YrU�F��z�k1s>|>l�r,tTk@��r
Á rp�TsY¿�q�lyn	s>|�mH��o!��oYoKl1k@�Bs>|>lBr!Â���rp�MÀ-l��?ÃD¿L|Nki¿Ok�oK�%tyt�qyt�l¥À?�]��o²z��8s>|>l�r,tUÄc±}|�|¶³QÅyrgk@�%t�qyt9ÃD¿�qi��q=sY¿�q�lyn	s>|�mH��o,��oYoKl[k��Bs>|Nl�r
k���r�rplBsM{�q��Lq�s}qi�ymO|Yr�q'��{-·��%t�k@qirp��|YrU�H�Bz�k�s>|Nl�r!tyÂ*¿<lBÃ�Ã3q-o�o	k���rftyz!ki¿F�Bz�k�s>|Nl�r!tI�yn8np�'l1Æ�|YmH�Bs}qIsY¿�q=t�l1k-|N��o�Ã3qio À����'q�Ä
±W|Y|Y|�³gÇTlBÃÈ�Ll�sY¿�qf��| É�qi�'q-r�sImHl1�Lqio¶t�À�l��F��t-k@qir���|�r<����z�k1s>|>l�r,tfk�l�m�n��B�'q<ÄËÊ���q�t-l�m�qgmHl1�Lq-o�tdk�l�m�npz�sW�Bs>|>lBrp��oYo¶·
tis>�'l�rU�Uqi��sY¿<��r�lBsY¿�q-�@t<Ä

P95,2�/'$@#%&'$' "�!7
S	�� "�L$9�%4*��+!&E$'&�21#%$'�H2-�U$Q�%4�#�/���2-�,:� "�!7������
�! "��#%$���&' (#%)*#%+,�-$' .���,/? ./E$'5,2�2i\< ./'$�2-�,��2� "��$'5,2=)" "$�2-&¥�
#%$'+!&�2��%4M/�2-;82-&@#%)x/'+,��5�#%+,�-$' .���,/=$'5�#%$I#%)"V?#1G</u���!$@#% "�e#%�e��S!$' "��#%)D#%)").�<�1#%$' .����A9�}�vS�#%&'$' .�-+!)(#%&u$'5,2I«} .Ì?+!�,:�).28XNÍ8Z}¬
#%+,�-$' .�����%4=���%ÎB�D#%�,:a$'5,2I«��R&��1\<Ge#%+,�-$' .����¬
�%4=��Í%�}A����L$�2-&�2�/'$' "�!7B)"G80��	��$'5�#%+,�-$' .���,/u+,/�2��,������#%�,���LG<�H��+,/I�!+!�,:�).2
S!&' .��2�/1Ag�}��$'5! ./�V3��&'~	0*V?2H/'5,�[V�$'5�#%$T "$T ./��,�v���� "�,�- .:!2-�,��2BjO#%�LG���$'5,2-&T$�GUS	2H�%4=#�/���2-�,:� "�!7e#%+,�-$' .���,/
�1#%�!�,��$
#%)"V?#1G</��,�,:d$'5,2���S!$' "��#%)x#%)").�<�1#%$' .���c��&=2-;82-�e#�&�21#�/�����#%�!).2
#%S!S!&��1\< "��#%$' .����A

��2M/�$'+,:�G�#�/@��2-�,:� "�!7u#%+,�-$' .���,/D#�/�#9$��<��)84N��&*/���)";< "�!7�$'5,2�Ï�np�'q>À�qi��qirpkyquq-o¶|Nk-|>sW�Bs>|>lBrUÐ�S!&����!).2-�vj*2-)" .�- "$' "�!7�S�#%&'$' (#%)
 "��4N��&'��#%$' .���c#%����+!$9$'5,2u�! .:!:!2-&�/1®<S!&�2i4>2-&�2-�,��2�/� "�f��&�:!2-&9$��O:!2-$�2-&'�^ "�,2I$'5,2I��S!$' "��#%)*#%)").�U�1#%$' .����AE����$�2u$'5�#%$9$'5! ./

�



Iterative auctions

Demand auctions

Item-price 
auctions

Anonymous 
price auctions

Ascending 
auctions

1
2

3

4

5

6

97
8

10

�x "7B+!&�2H�Bj ��}bd��rw�g(��iug.e x�z�g.ouo�w{ hdLoÆsu}bd%|�l.zyzyl`�>w{nb�vg.�hx�suw{l�nho�g.x^x^l.i��rwynb��sul6sk}bdPw{i>~hikl�~TdPi�suw{dLo^�
������� dPe6g.nb�.d����%g(zyd

& � l.skl�e6gVq�l.i
	 o�� ��
Òg.�bg.~rsug(skwyl.nv|�l�i��%dPzyokl &
¦�i�gV��|�l.i���	 o�������
�g(�Tx�skwyl.nY|�l.i>ok�bfho�skw{sk�rsudPo��`g(zy�hg`suw{l�nho^�

����� ��}bd���iul��rq��2�hx�skwyl.n � !"
Òf:q#�2�To��bfBd^z
& $ wyz{��ikl�e���&%'� w�(��bnT�rz{d*)+!*,�fRq#�Ig.ikj�dPo

& - nb�Rg(i.� /���
@��10�� ��}bd�w2(��hnh�rzyd3)4/3,�g(nbl�n:qRe6l��ho�g(�hx�skwyl.n7fRq#�Ig.ikj�dPo
& - nb��g.i�� /"��
@���5��.6 �bi2�rdLokx^d^nh�rwynb�vg.�hg(~rs�g`skwyl.n |�l.i�su}bd7/V��g(~h~bikl��rwyevg`skwyl.n�|�l.i2ok�bfbe6lr�r�bz�g(i>�`g(zy�hg`suw{l�nho�f:q8���:9�
;)Go�dPd � �bfhokdPx�skwyl.n<�h���
,���&='� �2�hok�bfBd^z>	 o?� �@
�skiu�rsk}b|��bzÒg(�Tx�skwyl.n |�l.i2ok�bfho�skw{sk�bskdPo2�Vg.z{�Tg`skwyl.nTo^�

��A�� ��}bd�g.�hg(~rs�g`skwyl.n7f:q#B2w�oug(n
& � dP��g(zC�D/"E�
Òl(|�sk}bd O(

√
m)
g.~b~biul��:wyevg`suw{l�nYf:qF����G:
@�

�&H'� ��}bd�g(�Tx�skwyl.n7f:q#(�g(iksug.zG�I�&l�nbd^n
&
B�wyoug(n �DJ

�|�l.i2�b�b~bzywyxPg`skd^�Ðw{skdPe g.�hx�suw{l�nho^�

�&K'� ��}bd�g(�Tx�skwyl.n7f:q<LBwynbj.dP�:wyx�}���(�zy�be
& � g(nT�r}bl.zyeM�D/"N�
Ò|�l.i�O>dLg.�:� 6 nhx�d4|�l.iue��hzyg.d.����QP'� ��}hd?�2jQ(R�S���hx�suw{l�n�fRq c¥�hikevg(n
&
c�d^zyzye6g.n � /*G:
Ð�

 ./Q#�:� KJ	2-&�2-�U$QS!&����!).2-�­$'5�#%�©Ï ÀizUoYo*qio¶|Nk-|>sW�Bs>|Nl�rUÐ* "�FVQ5! .�@5vV32�#% "��$��^2i\,#��-$')"GH).21#%&'�d$'5,2u�! .:!:!2-&�/1®�;�#%)"+�#%$' .���,/?4N��&
2-;82-&'G�S��B/@/' "�!).2O�!+!�,:�).2BA���#%�LG�$' "�H2�/10*$'5,2^ "��4>��&'��#%$' .���°�,2�2�:!2�:�4N��&�S!&�2i4>2-&�2-�,��2g2-)" .�- "$@#%$' .���¨ ./��
+,��5§/'��#%)").2-&
$'5�#%�cVQ5�#%$u ./��,2�2�:!2�:v4N��&�4>+!)")�2-)" .�- "$@#%$' .����A�`<2-;82-&@#%)�&�2���2-�U$�S�#%S	2-&�/u/'$'+,:�Gd$'5,2
�����!�,2��-$' .�����	2-$}V?2�2-�a$'5,2�/�2
$}V?�
S!&����!).2-�H/
X¥���QT,0VU�06�"W!0,�QU]�YZiA

¤u/���2-�,:� "�!7�#%+,�-$' .���,/�5�#1;82��	2�2-�f2i\�$�2-�,/' ";82-)"Gf/'$'+,:� .2�:d "�d$'5,2I)" "$�2-&@#%$'+!&�2�X>/@2�2I$'5,2I&�2���2-�L$=/'+!&';82-GF�LGf�D#%&'~82�/
���B�]�YZiAR�e�B/'$3�%4�$'5! ./3V3��&'~HS!&�2�/@2-�L$�2�:e® +!S!S�2-&?����+!�,:!/[®"0L WA 2BA"0<S!&���S	�B/�2�:H�H2��@5�#%�! ./'�H/9VQ "$'5f#�/@��2-�,:� "�!7
S!&' .��2�/Q#%�,:
#%��#%)"G<_12�:c$'5,2- "&�S!&���S�2-&'$' .2�/1A�¤ &�2�/'+!)"$�VQ5! .�@5a ./u�-).�B/�2-&� "�a/'S! "&' "$u$�����+!&�/10p ./��UGYXu+!)D#%�,:e`U$@#�����5,2-$'$' ��"�1�]�}0pVQ5,�
/'5,�[V32�:g$'5�#%$E�,�T "$�2-�O�WS!&' .��2I#�/���2-�,:� "�!7O#%+,�-$' .���F�1#%�f#%)"V?#�G�/9:!2-$�2-&'�^ "�,2=$'5,27Z�¡�X¢S!&' .��2�/[0L2-;82-�g4>��&E/�+!�,/'$' "$'+!$�2�/
;B#%)"+�#%$' .���,/1A�[°´�+!&�4>&@#%�H2-V3��&'~e ./u�H��&�2�782-�,2-&@#%)x$'5�#%��$'5,2�$'&@#�:� "$' .����#%)R)" "�,2O�%4E&�2�/�21#%&��@5�$'5�#%$I�����,��2-�U$'&@#%$�2�/T���
$'5,2 Á rp�BoD#%)").�<�1#%$' .���a#%�,:dS�#1GU�H2-�U$�/�#%�,:d "�vS�#%&'$' .�-+!)(#%&10p���d&�21#���5! "�!7e® �¨#%)"&@#�/' (#%�a2��U+! ")" "�!&' (#�®,��&�®�¡?���^S	2-$' "$' ";82
2��U+! ")" "�!&' (#�®"A�¤­�¨#%)"&@#�/' (#%�©2��U+! ")" "�!&' "+!�F\g ./�~<�,�1VQ�©$��e2i\< ./�$
 "�§$'5,2f�1#�/�2F�%4I`U+!�,/'$' "$'+!$�2�/O;B#%)"+�#%$' .���,/103#%�,:� ./
~<�,�1VQ�c$�����2� "�^S��B/@/' "�!).2I4N��&u#%�LGdVQ .:!2-&I�-)(#�/�/��%4D;B#%)"+�#%$' .���,/��"�B�-�}AQP95! ./=:!�<2�/=�,��$�&'+!).2���+!$u��$'5,2-&u#%)").�<�1#%$' .���,/
�LG�#�/���2-�,:� "�!7�#%+,�-$' .���,/1j� "�
$'5! ./DS�#%S	2-&�V?29;U .2-V�$'5,2Q#%+,�-$' .���,/M#�/R#������^S!+!$@#%$' .����#%)�S!&��U��2�/�/xVQ5,2-&�2?$'5,29��+!$������H2
�6����$'5^$'5,2�#%)").�<�1#%$' .����#%�,:O$'5,29S�#�G<�H2-�L$�/M�*�1#%�^��29:!2-$�2-&'�^ "�,2�:�#�������&�:� "�!7�$��T#%)")!$'5,2Q:,#%$@#I2-)" .�- "$�2�:O$'5!&���+!7B5,��+!$
$'5,2T#%+,�-$' .���^]�P95! ./�782-�,2-&@#%)�4>&@#%�H2-V3��&'~d/'$'&�2-�!7B$'5,2-�,/=��+!&=�,2-7L#%$' ";82T&�2�/'+!)"$�/1AD_

��2H:!�v�,��$�$'&�21#%$T5,2-&�2F#%�LG� "�,��2-�L$' ";82g ./�/'+,2�/�XY WA 2BA"0�V32F#�/�/'+!�H2^$'5�#%$
$'5,2^�! .:!:!2-&�/10x��&
#%�¨��&@#��-).2g����$'5,2- "&
�	2-5�#%)K4¥0]&�2�/'S	���,:T$'&'+!$'5�4>+!)")"GT$���#%)")<�L+,2-&' .2�/yZi0B#%�,:�V323#�/@/'+!�H2M$'5�#%$x$'5,2MS�#%&'$' .2�/D#%&�2E�����^S!+!$@#%$' .����#%)")"G
+!�L�	��+!�,:!2�:
X>2BA 7,A"0]$'5,2-GT�1#%��/���)";82E�u�D�W5�#%&�:�S!&����!).2-�H/yZiAR`��[V32-;82-&10�$'5,2�/�2R$�V3�u/'$'&����!7�#�/�/�+!�^S!$' .���,/Mt-s>�'qir<�BsY¿�qirH��+!&�5�#%&�:��,2�/�/
&�2�/'+!)"$�/1A

P95! ./=S�#%S�2-&� ./=�����^S��B/�2�:c�%4M#�&�2-)(#%$' ";82-)"Gd)(#%&'782T�L+!���	2-&I�%4x&�2�/'+!)"$�/[AE�u2i\<$10�V?2T$'&'GF$��^S!+!$�$'5,2�/�2�&�2�/�+!)"$�/� "�
$'5,2- "&=�����U$�2i\<$10�#%�,:vV32T:� ./'$' "�,�-$= "$�2-�O�WS!&' .��2
#%�,:d�!+!�,:�).2i�WS!&' .��2�#�/���2-�,:� "�!7g#%+,�-$' .���,/1A
acb ¿�½�º.À�Ãt¹R¿uÀ�°.ª�·�¶uºR·�·�Ãt¹Rª¬·IÀt¿�·�º�«¬ÃÆª¬²�¼(¿�¶uÃtª¬³L²ed(¸ d.¸f Ñ b ©P«ËÀ�©P·�ª�©^²Y¿hg(º�ª¬«�ª¬Ç.Àtª�º�¨�ª�·�ÊV¿�¶uÃt³^À�³^½Òª¬Ãt¿u¨ Â.Àtª�¶u¿�·�½y³PÀ�È�¹�ª¬¶k¹�©^«�«TÃt¹R¿2ªËÃt¿�¨�·�©�Àt¿4·�³P«�°vÈ�¹�¿�²v¿�©^¶k¹vÇ�ª{°�°�¿uÀÆÀt¿�¶�¿uª�ÊL¿�·�©%Ç�ºR²:°.«¬¿

ª¬²E¹�ª�·Æ°.¿�¨�©P²R°�·�¿uÃ�¸i ÏG²-½y¿uÈ Àt¿�¶�¿�²`Ã�©Pº�¶uÃtª¬³L²v°.¿�·�ª¬¾L²R·�j®¿L¸ ¾.¸�±lk mR±lnho:p�q�Ãt¹R¿>ÂR©�Ì.¨�¿�²`Ãt·[©^Àt¿2²R³^Ã�²R¿�¶�¿u·�·t©^Àtª¬«ËÌEÃt¹R¿sr:²:©^«TÂ.Àtª¬¶�¿�·�³P½NÃt¹�¿2©Pº�¶uÃtª¬³L²R·�¸

�



����� �����
	���
�����������	������������
	 ��!��"�#��$%���

��$� ./OV?2-)")�~<�,�1VQ�©$'5�#%$^$'5,2f "$�2-�O�WS!&' .��2c#�/���2-�,:� "�!7�#%+,�-$' .���,/H�%4'&�2-)./���#%�,:¦¡3&@#1V94>��&�:Ë�"�-ÎB�=#%�,:§ "$�/O;�#%&' (#%�U$�/
�)(�0x�B�i���,�,:a$'5,2
��S!$' "��#%)M#%)").�<�1#%$' .����#�/u).���!7d#�/u#%)")xS!)(#�G82-&�/[®p;B#%)"+�#%$' .���,/u5�#�;82�$'5,2�tyz,{ytis>|>s>z<s}qit�S!&���S	2-&'$}G8AIP95,2
���L;< .��+,/T�U+,2�/'$' .���� ./�VQ5,2-$'5,2-&�$'5,2H��S!$' "��#%)3#%)").�<�1#%$' .���¨�1#%���	2�4>��+!�,:e4N��&�#F)(#%&'782-&��-)(#�/�/T�%49;B#%)"+�#%$' .���,/1Ag´�+!&
�,&�/'$Q&�2�/'+!)"$=5,2-&�2� ./�#^/'$'&����!7H�,2-7L#%$' ";82T&�2�/'+!)"$10!VQ "$'5c/�2-;82-&@#%)�2i\<$�2-�,/' .���,/[j

• ��2aS!&�2�/�2-�L$v#�/' "�^S!).2��]�W "$�2-� �]�WS!)(#�G82-&dS!&����!).2-� VQ5,2-&�2e�,��#�/���2-�,:� "�!7§ "$�2-�O�WS!&' .��2�#%+,�-$' .���¢�1#%�ª�,�,:
$'5,2^��S!$' "��#%)E#%)").�<�1#%$' .����A�P95,2^/@#%�H2OS!&��U�%4?S!&��1;82�/�#F/' "�^ ")(#%&� "�^S	�B/�/' "�! ")" "$�Ga&�2�/�+!)"$�4N��&���$'5,2-&��H�U:!2-)./��%4
#%+,�-$' .���,/[ARP95! ./M ./R "�������U$'&@#�/'$?$�������$'5�$'5,2QS��[V32-&9�%4��!+!�,:�).2i�WS!&' .��2I#�/���2-�,:� "�!7O#%+,�-$' .���,/uX>/�2�2���2-).�[V�ZM#%�,:
$��O$'5,2TS��[V32-&=�%4D782-�,2-&@#%)� "$�2-�O�WS!&' .��2�:!2-��#%�,:a�L+,2-&' .2�/����[�}0�����$'5c�%4DVQ5! .��5a�1#%�a#%)"V?#1G</��,�,:f$'5,2T��S!$' "��#%)
#%)").�<�1#%$' .���a#%�,:d "�v4N#��-$�2-;82-�vS!&��[;U .:!2�4Y+!)")6S!&�2i4N2-&�2-�,��2�2-)" .�- "$@#%$' .����A

• ��2
/'5,�1V $'5�#%$I#%$�).21#�/'$
k − 1

#�/@��2-�,:� "�!7F "$�2-�O�WS!&' .��2
$'&@#]¹'2��-$���&' .2�/I#%&�2
�,2�2�:!2�:a$���2-)" .�- "$'*�´u�Ë4N��&'��+!)(#�2
VQ "$'5

k
$�2-&'�H/1AdP95! ./�&�2�/'+!)"$
 ./T "�§/����H2�/@2-�,/�2H$' "7B5U$10R/' "�,��2HV?2�/'5,�[V�$'5�#%$^#%�LG

k
�W$�2-&'�+*�´u��4>��&'�
+!)(#

�1#%�F�	2�4>+!)")"GH2-)" .�- "$�2�:F�LG
k− 1

rpl�r,µ¥�Lq-s}qi�imO|�r�|(t-s>|>k�XY WA 2BA"0<VQ5,2-�f/@���H2�2i\!��782-�,��+,/E«}$�21#���5,2-&¥¬I "�,/'$'&'+,�-$�/?$'5,2
#%+,�-$' .���,2�2-&����F5,�[V $��� "�,�-&�21#�/�2I$'5,2IS!&' .��2�/yZ�,T#�/���2-�,:� "�!7g#%+,�-$' .���,/[AM�a��&�2��[;82-&10,2-)" .�- "$' "�!7H/����H2��-)(#�/�/@2�/?�%4
;B#%)"+�#%$' .���,/�&�2��U+! "&�2�/=#%��q�Æyn�l�r�q-r�s>|>�Bo<�U+!���	2-&��%4M#�/���2-�,:� "�!7� "$�2-�O�WS!&' .��2T$'&@#]¹¥2��-$���&' .2�/1A

• ��2����,/�2-&';82=$'5�#%$3 "$�2-�O�WS!&' .��2�#�/���2-�,:� "�!7�#%+,�-$' .���,/Q#%�,:H "$�2-&@#%$' ";82�#%+,�-$' .���,/3$'5�#%$9#%&�2=)" "�^ "$�2�:�$���#un�lBo¶·�rpl�µmO|N��o��L+!�
��2-&u�%4R�U+,2-&' .2�/
X>�%4E#%�UGd~U "�,:60!�,��$��,2���2�/�/@#%&' ")"Gv#�/���2-�,:� "�!7UZ�#%&�2� "�,�����^S�#%&@#%�!).2� "�v$'5,2- "&=S	�1V?2-&1j
#�/@��2-�,:� "�!7e#%+,�-$' .���,/103ÃR|YsY¿etymH��oYoEqirpl�zB�%¿�|Yrpk-��qim�qir�sYt-0��1#%�¨2-)" .�- "$�$'5,2^S!&�2i4>2-&�2-�,��2�/
 "�¨�1#�/�2�/TVQ5,2-&�2g#%�LG
S	��)"G<�,���^ (#%)��L+!�
��2-&u�%4D�U+,2-&' .2�/��1#%�!�,��$1A

�e��$' ";�#%$�2�:H�LG^/�2-;82-&@#%)�&�2���2-�U$ES�#%S	2-&�/M$'5�#%$?/'$'+,:� .2�:^$'5,2Q&�2-)(#%$' .���g��2-$�V32�2-��2-)" .�- "$' "�!7�#%�,:^4>+!)")"GU�}2-)" .�- "$' "�!7�$'5,2
S!&�2i4N2-&�2-�,��2�/E "�f�������! "��#%$���&' (#%)�#%+,�-$' .���,/�X>2BA 7,A"0	� U�0��"W]�YZi0UV32u2i\<S!).��&�2�$'5,2=:� KJ62-&�2-�,��2=�	2-$}V?2�2-�f$'5,2�/�2�S!&����!).2-�H/? "�
$'5,2=�����U$�2i\<$9�%4*#�/���2-�,:� "�!7^#%+,�-$' .���,/1AD��2=/'5,�[V�$'5�#%$9#%)"$'5,��+!7B5f#�/' "�!7B).2�#�/@��2-�,:� "�!7O#%+,�-$' .���f�1#%�g:!2-$�2-&'�^ "�,2u$'5,2
��S!$' "��#%)�#%)").�<�1#%$' .���a#%�H���!7F#%�UGg�U+!���	2-&��%4D�! .:!:!2-&�/�VQ "$'5c/�+!�,/'$' "$'+!$�2�/�;B#%)"+�#%$' .���,/10! "$��1#%�!�,��$MÀiz<o�o²·�µ¥qio²|>k�|Ys�/�+,��5
#^;B#%)"+�#%$' .���a�%43#�/' "�!7B).2T�! .:!:!2-&1A9�ª5! ").2F�"�"U]�x/'5,�[VË$'5�#%$u$'5,2�/�2-$=�%4E/�+!�,/'$' "$'+!$�2�/=;B#%)"+�#%$' .���,/�5�#�/=�H21#�/'+!&�2
_12-&��
 "�f$'5,2�/'S�#���2I�%4�782-�,2-&@#%)�;B#%)"+�#%$' .���,/10� "$�/Q:� "�H2-�,/' .���d ./9�,��$Q~<�,�1VQ��0,#%�,:f "�fS�#%&'$' .�-+!)(#%&� "$9 ./Q/'$' ")")���S	2-�fVQ5,2-$'5,2-&
#^S	��)"G<�,���^ (#%)x#%�H��+!�L$��%4R "��4N��&'��#%$' .���e/'+�h���2�/�$���:!2�/@�-&' "��2�#H/'+!�,/'$' "$'+!$�2�/�;B#%)"+�#%$' .����AQ��5! ").2
��+!&=&�2�/'+!)"$u��#�G
�	2
#g/'��#%)")�/'$�2-Se "�e$'5�#%$u:� "&�2��-$' .����0�V32��,��$�2
$'5�#%$u��+!&u "�^S	�B/�/' "�! ")" "$}Gc&�2�/'+!)"$I#%)./@��5,��).:!/=4>��&u;B#%)"+�#%$' .���,/� "�e$'5,2
�-)(#�/�/�´-*�`d:!2i�,�,2�:d�LG��"�"U%�}0�;B#%)"+�#%$' .���,/�$'5�#%$�V?2�#%&�2�#%�!).2�$��^/'5,�[V 5�#�;82�#O�����^S�#��-$=&�2-S!&�2�/�2-�U$@#%$' .����A

��2f#%)./��a7B ";82F/@2-;82-&@#%)?&�2�/�+!)"$�/�/@2-S�#%&@#%$' "�!7e$'5,2FS	�1V?2-&O�%4u:� KJ	2-&�2-�U$��H�<:!2-)./
4>��&^#�/���2-�,:� "�!7��������! "��#%$���&' (#%)
#%+,�-$' .���,/1jDV?2�S!&��[;82B0��,��$Q/'+!&'S!&' ./' "�!7B)"G80�$'5�#%$T�8�8�yn	s>|��%q�#�/���2-�,:� "�!7�#%+,�-$' .���,/�#%&�2u�H��&�2uS��[V32-&¥4>+!)�$'5�#%��lL{-o¶|Y�1|Nl�zLt
#�/���2-�,:� "�!7O#%+,�-$' .���,/?#%�,:�$'5�#%$�rpl�r,µ¥�Lq-s}qi�imO|�r�|(t-s>|>k�#�/���2-�,:� "�!7O#%+,�-$' .���,/9#%&�2Q�H��&�2=S��[V32-&¥4>+!)p$'5�#%�a�Uq-s}qi�im�|Yr,|�tis>|Nk
#�/���2-�,:� "�!7g#%+,�-$' .���,/[AR��2T#%)./��^�����^S�#%&�2T:� KJ62-&�2-�L$�~< "�,:!/Q�%49rpl�r,µ¥��rpl�r,·�mHl�zUt�#%+,�-$' .���,/�X>2BA 7,A"0,/' "�
+!)"$@#%�,2���+,/=��&
/�2��U+,2-�L$' (#%)�Zi0�#%�,:����,/�2-&';82�$'5�#%$?#%�,���LG<�H��+,/?�!+!�,:�).2i�WS!&' .��2u#%+,�-$' .���,/9#%�,:^�,������#%�,���UGU�H��+,/9 "$�2-�O�WS!&' .��2u#%+,�-$' .���,/
#%&�23 "�,�����^S�#%&@#%�!).29 "�
$'5,2- "&DS	�1V32-&1AD�x "��#%)")"G80B�H��$' ";B#%$�2�:��LG�ºu+!$���5H#%+,�-$' .���,/10�V?29�����,/' .:!2-&��Lqyt-kyqirp��|YrU����z�k1s>|>l�r,ti0
#%�,:T5,�[V§$'5,2-GT�����^S�#%&�2E$��I#�/���2-�,:� "�!7I���,2�/1A*��2?/'5,�[V°�-)(#�/�/�2�/x�%4,;B#%)"+�#%$' .���,/�$'5�#%$D�1#%���	2E2-)" .�- "$�2�:��UG�#�/���2-�,:� "�!7
 "$�2-�O�WS!&' .��2
#%+,�-$' .���,/=�!+!$Q�,��$��LGd:!2�/���2-�,:� "�!7� "$�2-�O�WS!&' .��2
#%+,�-$' .���,/10�#%�,:v;U .��2I;82-&�/@#�A

���/. �����
	���
������102!���
�3�	
�4�5�����
	6��!��"�#�7$8���

¤�)")p~<�,�1VQ�c#�/���2-�,:� "�!7^�!+!�,:�).2i�WS!&' .��2
#%+,�-$' .���,/9$'5�#%$=#%&�2I#%�!).2u$��
�,�,:f$'5,2I��S!$' "��#%)*#%)").�U�1#%$' .���d�	2-$}V?2�2-�d782-�,2-&@#%)
;B#%)"+�#%$' .���,/=+,/�2��,������#%�,���LG<�H��+,/uS!&' .��2�/1AQ¤=�,���UGU�H��+,/�#�/���2-�,:� "�!7��WS!&' .��2O#%+,�-$' .���,/�#%&�2����!)"Gd~<�,�1VQ�a$��H�	2
#%�!).2
$��F�,�,:�$'5,2H��S!$' "��#%)3#%)").�<�1#%$' .���°#%�H���!7c/�+!S�2-&¥��#�:!:� "$' ";82^;B#%)"+�#%$' .���,/���&I4N2-V ��$'5,2-&�/' "�^S!).2^�-)(#�/@/�2�/�X¥���BÍ]�YZiAO��2
/'5,�[V $'5�#%$�$'5! ./Q ./Q�,�O�^ ./�$@#%~82Bj

• �u�°#�/���2-�,:� "�!7©#%+,�-$' .���¼VQ "$'5ª#%�,���UGU�H��+,/fS!&' .��2�/F�1#%�¦�,�,:�$'5,2c��S!$' "��#%)T#%)").�<�1#%$' .�����	2-$}V?2�2-�¼782-�,2-&@#%);B#%)"+�#%$' .���,/1ARP95! ./E����+!�,:^ ./E&�2-7L#%&�:�).2�/�/?�%4	$'5,2�&'+!�!�! "�!7
$' "�H2B0<#%�,:H "$3#%)./���5,��).:!/R4N��&E:!2�/���2-�,:� "�!7O#%+,�-$' .���,/
#%�,:v�,�����}:!2-$�2-&'�^ "�! ./'$' .�
#%+,�-$' .���,/1A

• ��2Q/'$'&�2-�!7B$'5,2-�^$'5! ./D&�2�/�+!)"$M/' "7B�! K���1#%�L$')"G��LGO/'5,�1VQ "�!7�$'5�#%$=�Brpl�r,·�mHl�zUtQ#�/���2-�,:� "�!7�#%+,�-$' .���,/E�1#%�!�,��$MS!&��%�:�+,��2�#u��2-$'$�2-&M$'5�#%�
O(
√

m)
#%S!S!&���\� "��#%$' .���eX

m
 ./R$'5,2��L+!���	2-&E�%4	 "$�2-�H/R4N��&M/@#%).2[Z���$'5,2=#%S!S!&��1\< "��#%$' .���

9;: ³L².ÓÐ°.¿uÃt¿uÀt¨�ª¬²Rª¬·@Ãtª¬¶�¶�³P¨�ÂRº.Ã�©^Ãtª¬³L²6ª¬·�È�ª�°�¿�«ËÌ6º�·�¿�°Eª¬²�Á�¼6©^²:°6©^«�·�³�ª¬²6¿�¶u³L²R³P¨�ª¬¶�· j®¿P¸ ¾.±b© b ©^«ËÀ�©P·�ª�©P²v¿�g`º�ª�«¬ª¬Ç�Àtª¬º�¨ ³^À k <>=�p�qk¸IÏÐ²
·�³L¨�¿�·�¿uÃ�Ãtª¬²R¾L·�±:°�¿uÃt¿kÀt¨�ª�²�ª¬·@Ãtª�¶�©P²:°�²R³P²�ÓG°�¿uÃt¿kÀt¨�ª�²�ª¬·@Ãtª�¶�¨�³(°�¿�«¬·�¹:©�ÊV¿�¿hg(ºR©P«bÂr³�ÈI¿uÀ�j®¿L¸ ¾.¸�±R¶�³L¨�Â�º�Ã�©�Ãtª�³P²-È�ªËÃt¹ rR²RªËÃt¿>©Pº.Ãt³L¨�©�Ã�©�qk¸

Í



&@#%$' .�H$'5�#%$=�1#%�d��2T#��@5! .2-;82�:vVQ "$'5a#�S	��)"G<�,���^ (#%)��L+!�
��2-&u�%4D�U+,2-&' .2�/�X¥�"�[��0,�B£]�YZQ#%�,:f "�cS�#%&'$' .�-+!)(#%&10,VQ "$'5
#�S	��)"G<�,���^ (#%)��L+!�
��2-&u�%4x "$�2-�O�WS!&' .��2
:!2-��#%�,:c�U+,2-&' .2�/�X¥���[�YZiA��

�x "��#%)")"G80%V32M/�$'+,:�Gu$'5,2MS�2-&¥4N��&'��#%�,��2E�%4!$'5,2M2i\� ./'$' "�!7������^S!+!$@#%$' .����#%)")"GU�}2ih��- .2-�L$E#�/@��2-�,:� "�!7u#%+,�-$' .���,/1AxP95,2�/�2
S!&���$��<����)./�X¥���%Î�0,Í]�YZ3&�2��U+! "&�2�2i\<S	���,2-�L$' (#%)�$' "�H2I "�d$'5,2�V3��&�/'$��1#�/@2B0�#%�,:f$'5! ./Q ./Q+!��#1;8�� .:,#%�!).2
#�/�/'5,�[VQ�d�LG����B£]�}A
`u�1V32-;82-&10xV?2�#%)./��v���,/�2-&';82H$'5�#%$T$'5,2�/�2�#%+,�-$' .���,/10D#�/�V?2-)")?#�/�$'5,2^VQ5,��).2g�-)(#�/�/T�%4Q/' "�^ ")(#%&
#�/���2-�,:� "�!7a�!+!�,:�).2i�
S!&' .��2^#%+,�-$' .���,/10	&�2��U+! "&�2H#%�e2i\�S����,2-�U$' (#%)R$' "�H2^2-;82-�e4>��&I/' "�^S!).2^#�:!:� "$' ";82O;�#%)"+�#%$' .���,/[ATP95! ./O|(t�#1;8�� .:,#%�!).2�#%�,:
 "�,:!2�2�:^$'5,2=#�/@��2-�,:� "�!7T "$�2-�O�WS!&' .��2�#%+,�-$' .���,/3�%4D�"�-ÎB���1#%�H�,�,:O$'5,2���S!$' "��#%)�#%)").�<�1#%$' .���^4N��&R$'5,2�/�2Q;B#%)"+�#%$' .���,/MVQ "$'5
S	��)"GU�,���^ (#%)*�����^�
+!�! .�1#%$' .����A

�������
	��
��������������� V32�:!�H�,��$=~<�,�1V 5,�1V $���#���5! .2-;82^#%�UGd�,�����W$'&' ";U (#%)R#%S!S!&���\� "��#%$' .���,/�4>��&�+!�!&�2�/'$'&' .�-$�2�:
;B#%)"+�#%$' .���,/3�UG�2- "$'5,2-&Q#%�,���LG<�H��+,/9�!+!�,:�).2i�WS!&' .��2T#%+,�-$' .���,/?��&Q#�/���2-�,:� "�!7O "$�2-�O�WS!&' .��2�#%+,�-$' .���,/1AD��2I#%)./��
:!�
�,��$
�-+!&'&�2-�L$')"G^5�#1;82u#�).�1V32-&?�	��+!�,:^4N��&M$'5,2�#%S!S!&��1\< "��#%$' .���v#���5! .2-;B#%�!).2��LGfrpl�r,µ¥��rpl�r�·%mHl�zUt� "$�2-�O�WS!&' .��2I#�/���2-�,:� "�!7
#%+,�-$' .���,/1AI����#�:!:� "$' .����0	V?2
).21#1;82�$'5,2
2i\,#��-$���5�#%&@#��-$�2-&' "_[#%$' .���¨�%4M$'5,2�;B#%)"+�#%$' .���,/�$'5�#%$T#%&�2�2-)" .�- "$@#%�!).2O�LGc21#��@5
$}G<S	2��%4R#�/���2-�,:� "�!7F#%+,�-$' .���,/�#�/=#%�c��S	2-�v�U+,2�/'$' .����A

��� �����! �"#�
��$%"&�������'�)(*� � ���+",����� jM`<2��-$' .���a��:!2�/��-&' "�	2�/���+!&Q�H�U:!2-)WAE`<2��-$' .���eÍ
:� ./@�-+,/�/�2�/9$'5,2IS	�1V32-&��%4
 "$�2-�O�WS!&' .��2�#�/���2-�,:� "�!7e#%+,�-$' .����0x#%�,:¨`<2��-$' .����Îv�����^S�#%&�2�/
:� KJ	2-&�2-�U$T�H�<:!2-)./T�%49/�+,��5¨#%+,�-$' .���,/1A^���°`<2��-$' .��� W
V32�/'$'+,:�Gg$'5,2TS��[V32-&=�%4D�!+!�,:�).2i�WS!&' .��2
#�/���2-�,:� "�!7f#%+,�-$' .���,/1A

- .0/�132 ��
4165

. ��� 7 ��� �
��	 � 	 ��!��"�#��$%���98;$ �;:5$%�8�#��� ! $8!��9<>=�3�! 	��

´�+!&=�H�<:!2-)R#% "�H/=$��F�1#%S!$'+!&�2� "$�2-&@#%$' ";82^#%+,�-$' .���,/u$'5�#%$I��S�2-&@#%$�2
���a&�21#%)K�W;B#%)"+,2�:c;B#%)"+�#%$' .���,/1A�P95,2-&�2� ./I#H/')" "7B5U$
$�2���5!�! .�1#%)�:� Kh��-+!)"$�G�5,2-&�2u "�F�!&' .:�7B "�!7�$'5,2u7L#%SF��2-$�V32�2-�d$'5,2u:� ./��-&�2-$�2u��#%$'+!&�2I�%4x#%�g "$�2-&@#%$' ";82T#%+,�-$' .����0!#%�,:F$'5,2
�����L$' "�U+,��+,/=��#%$'+!&�2��%4x$'5,2�;B#%)"+�#%$' .���,/1AMP95! ./= ./Q2i\!#��-$')"Gf$'5,2T/y#%�H2IS!&����!).2-��#�/Q "�d�H�<:!2-)" "�!7g#^/' "�^S!).2�CM�!7B)" ./'5
#%+,�-$' .����AMP95,2-&�2�#%&�2T$'5!&�2�2T/'$@#%�,:,#%&�:f4N��&'��#%)�V?#1G</=$��O�H�U:!2-)* "$1j
�BA��e�<:!2-)3$'5,2d#%+,�-$' .���¦#�/^#c�����U$' "�L+,��+,/�S!&��U��2�/�/^#%�,:§/'$'+,:�G� "$�/�$'&@#]¹'2��-$���&'G¨ "�§$' "�H2BA��,��&^2i\,#%�^S!).2B0M$'5,2
/@�%�}�1#%)").2�:�?L#%S�#%�,2�/�2�#%+,�-$' .���v ./Q��#�/' .�1#%)")"Gv#O�����L$' "�U+,��+,/=�H�<:!2-)*�%4M#%�cCR�!7B)" ./'5c�H�U:!2-)WA�@

��A��e�<:!2-),$'5,2=#%+,�-$' .���F#�/E:� ./��-&�2-$�2�#%�,:^$'5,2�;�#%)"+�#%$' .���,/?#�/E�����L$' "�U+,��+,/')"GH;B#%)"+,2�:6AD�}�H$'5! ./E�1#�/�2QV32= "�L$'&��<:�+,��2
#�S�#%&@#%�H2-$�2-&

ε
#%�,:d+,/'+�#%)")"GF&�2��U+! "&�2�$'5,2�#%+,�-$' .���v$��^S!&��<:�+,��2�&�2�/'+!)"$�/�$'5�#%$�#%&�2

ε
�}�-).�B/@2I$��H��S!$' "��#%)WA

Í�A��e�<:!2-)�$'5,2�;B#%)"+�#%$' .���,/�#�/�:� ./��-&�2-$�2BA?���d$'5! ./=�1#�/�2�V?2�#�/�/'+!�H2T$'5�#%$�#%)")�;B#%)"+�#%$' .���,/�#%&�2� "�U$�2-782-&��
+!)"$' "S!).2�/
�%4�/����H2g/'��#%)")M�!\!2�:¨�U+�#%�L$' "$�G

δ
0D2BA 7,A"09�HS	2-�!�LG8Ad¤�)")3�����^�
+!�! .�1#%$' .���§ "�¨$'5! ./��1#�/�2H ./�$'5,2-�¨��#%$'+!&@#%)")"G

�,�! "$�2BAM��2T�1#%�a#�/�/'+!�H2IVQ "$'5,��+!$=).�B/�/��%4D782-�,2-&@#%)" "$}Gd$'5�#%$
δ = 1

5,2-�,��2�#%)")6;B#%)"+�#%$' .���,/�#%&�2� "�U$�2-7B&@#%)WA
���©$'5! ./HS�#%S	2-&�V?2d+,/�2d$'5,2d)(#%$'$�2-&�4>��&'�
+!)(#%$' .���¼#%�,:�#�/�/'+!�H2d$'5�#%$f#%)")�;�#%)"+,2�/F#%&�2d��+!)"$' "S!).2�/f�%4�/����H2

δ
A

¤�)"�H�B/'$=#%)")3XY K4D�,��$=#%)")�Z9�%4D��+!&=&�2�/'+!)"$�/��1#%�v�	2I$'&@#%�,/')(#%$�2�:d$��^$'5,2���$'5,2-&�$}V?�^�H�U:!2-)./=VQ "$'5v)" "$'$').2T2iJ6��&'$1A

. �/. <>=�3�!A= � ��$%���

��2�VQ ./'5g$���/�2-)")6#�/@2-$
M

�%4
m
 "�,:� ";U ./' "�!).2� "$�2-�H/�#%�H���!7

n
�! .:!:!2-&�/1ARCE#��@5f�! .:!:!2-&

i
5�#�/Q#�;�#%)"+�#%$' .���g4Y+!�,�-$' .���

vi : 2M → {0, δ, 2δ, ..., L} $'5�#%$=#%$'$@#���5,2�/=#
;B#%)"+,2 vi(S)
4N��&�#%�LGF�!+!�,:�).2

S ⊆M
AR¤�)")	;�#%)"+,2�/�#%&�2u�
+!)"$' "S!).2�/��%4

/����H2
δ > 0

AE��2�#�/�/'+!�H2T$}V3�F/'$@#%�,:,#%&�:c#�/@/'+!�^S!$' .���,/�4N��&��������! "��#%$���&' (#%)M#%+,�-$' .���,/1juXY �Z9�!&�2�2
:� ./'S��B/y#%)W0! WA 2BA"0, K4
S ⊂ T

$'5,2-�
vi(S) ≤ vi(T )

A=XY " �Z9�u��&'��#%)" "_[#%$' .����0, WA 2BA"0
vi(∅) = 0

4N��&�2-;82-&'GF�! .:!:!2-&
i
A

��2IVQ ")")��H2-�U$' .���c$'5,2I4N��)").�1VQ "�!7F�-)(#�/�/�2�/Q�%4D;�#%)"+�#%$' .���,/[j

• ¤§;B#%)"+�#%$' .���
 ./x�1#%)").2�:�tyz,{iµ}mHl1��z<o"���= K4!4N��&x#%)")</�2-$�/��%4, "$�2-�H/ A
#%�,:

B
V3235�#�;82?$'5�#%$

v(A∪B)+v(A∩B) ≤
v(A) + v(B)

A

• ¤©;B#%)"+�#%$' .���^ ./D�1#%)").2�:gtyz[n!qi�iµ¸�8�8�B|Ys>|Y�%q� K4,4>��&M#%)")!:� ./>¹'�� "�L$R/�2-$�/D�%4� "$�2-�H/ A
#%�,:

B
V?2?5�#�;829$'5�#%$

v(A∪B) ≥
v(A) + v(B)

A
B ÄI¹�¿�·t©^¨�¿�Çr³PºR²R°&¶�«¬¿�©^Àt«ËÌ�¹�³L«�°�·Ò½�³PÀRj�©P²R³P²`Ì�¨�³PºR·&qNªËÃt¿�¨%ÓÔÂ�Àtª¬¶�¿Æ©P·�¶u¿�²:°.ª�²�¾&©^ºR¶uÃtª¬³P²R·[·�ª¬²�¶�¿�·�º�¶k¹�©^ºR¶uÃtª¬³L²�·[¶�©^²�Çr¿�·�ª¬¨&º�«�©^Ãt¿�°%Ç`Ì

©P²�³L²`Ì.¨�³Lº�·IÇRº�²:°�«¬¿uÓÔÂ.Àtª�¶u¿>©P·�¶�¿u²:°�ª¬²�¾�©Pº�¶uÃtª¬³L²R·�¸
C ÑÆ²R³^Ãt¹R¿uÀ�·�ª¬¨�ª¬«�©^ÀÆ¨�³(°�¿�«bª¬·�Ãt¹R¿+DG¨�³�Ê(ª�²�¾4×(²�ª�ÊL¿�·FE�¨�³(°.¿�«bª¬²EÃt¹R¿�¶�©P×V¿uÓÔ¶�º.Ã�Ãtª¬²R¾&«¬ªËÃt¿uÀ�©�Ãtº�Àt¿L¸

Î



• ¤ ;B#%)"+�#%$' .���a ./u�1#%)").2�:�#
k
µ'{izUr���o"q������¢ K4M "$u�1#%�a�	2T&�2-S!&�2�/�2-�U$�2�:�#�/I# *�´u� �������! "��#%$' .�����%43#%$u�H�B/'$

k
#%$����^ .���! .:!/��"� (%�}0� WA 2BA"0� K4
$'5,2-&�2¨#%&�2�#%$d�H�B/'$

k
�!+!�,:�).2�/

Si

#%�,:¼S!&' .��2�/
pi

/'+,��5¢$'5�#%$f4N��&v#%)")
S
0

v(S) = maxi|S⊇Si
pi
AR`U+,��5F;�#%)"+�#%$' .���,/3VQ ")")��	2�:!2-�,��$�2�:H�UG

v = (S1 : p1)⊕ (S2 : p2)⊕ . . .⊕ (Sk : pk)
A��

. �	� � � 	 ��=��#��
%	 ��!��"� ��$%���

P95,2378�8#%)��%4p$'5,2?#%+,�-$' .���,2�2-&R ./�$��u��#]\< "�^ "_12?$'5,2=t-l1k-|N��o�Ã3qio À-�B�'q�X>��&x$'5,2�q'k�lBrpl�mO|>kIq
�¦k-|Wqirpk�·y³�0�$'5�#%$D ./10%$��=�,�,:O#
S�#%&'$' "$' .����X>��&I��oYo"l1k��Bs>|Nl�r�Z

S1, ..., Sn
�%46$'5,2� "$�2-�H/E$'5�#%$?��#]\� "�^ "_12�/ ∑n

i=1 vi(Si)
AR�u��$�2�$'5�#%$9��+!&E78�8#%)� ./M�,��$?$��

��#]\� "�^ "_129$'5,2?/@2-)").2-&1® /R&�2-;82-�L+,2B0L�!+!$x$��I��#%~829$'5,2E«�/��<�- .2-$}GU¬9#�/R�����U$�2-�L$3#�/DV?2Q�1#%��ADP95,2�#%+,�-$' .���,2�2-&R&�2-S�21#%$�2�:�)"G
�U+,2-&' .2�/Q$'5,2��! .:!:!2-&�/� "�v��&�:!2-&=$��^7L#% "�c/'+�h��- .2-�U$� "��4>��&'��#%$' .���c4>��&�:!2-$�2-&'�^ "�! "�!7g$'5,2T��S!$' "��#%)�#%)").�<�1#%$' .����A

¤©S!&���$��<����)*X>��&M#%��«¸#%+,�-$' .����¬9��&M#%�
«¸#%)"78��&' "$'5!�O¬¸Zx ./D$'5,2?�H2-$'5,�<:O$'5,29#%+,�-$' .���,2�2-&3:!2-$�2-&'�^ "�,2�/RVQ5! .��5H�U+,2-&' .2�/
$���#�/'~	A§P95,2v�L+,2-&' .2�/H��#�G§��2f:!2-$�2-&'�^ "�,2�:ª#�:,#%S!$' ";82-)"G809 WA 2BA"0?#�/H#e4>+!�,�-$' .���¯�%4I$'5,2d5! ./'$���&'G§�%4I�U+,2-&' .2�/�#%�,:
&�2�/'S	���,/�2�/108��&3���!)" ";U .��+,/')"GO��VQ5,2-&�2�#%)"),$'5,2��U+,2-&' .2�/3#%&�2=S!&�2�:!2i�,�,2�:6AR��2�/@#1GO$'5�#%$3#�S!&���$��<����),5�#�/3#�S���)"G<�,���^ (#%)
&'+!�!�! "�!7��W$' "�H2�X>��&
 ./������^S!+!$@#%$' .����#%)")"G°2ih��- .2-�U$yZ� K4�$'5,2��U+!���	2-&O�%4=�U+,2-&' .2�/O#�/'~82�:¨ ./O#%)"V?#1G</�S	��)"GU�,���^ (#%)? "�
$'5,2H�U+!���	2-&��%4��! .:!:!2-&�/

n
0*$'5,2��L+!�
��2-&O�%4� "$�2-�H/

m
#%�,:¨ "� L

δ

0xVQ5,2-&�2
L
 ./T$'5,2���#]\< "��#%)?S	�B/�/' "�!).2^;B#%)"+,2BA��

�u��$�2=$'5�#%$9V32�:!�
�,��$9&�2��L+! "&�2I��+!&9S!&���$��<����)./9$��
&'+!�F "�f$' "�H2uS���)"G<�,���^ (#%)	 "�
log L

0�#�/3V?��+!).:f��2�&�2��U+! "&�2�:f5�#�:
V32
V?#%�U$�2�:�$���&'+!�e "�e$' "�H2
$'5�#%$u ./uS���)"G<�,���^ (#%)x "�a$'5,2
&�2-S!&�2�/�2-�L$@#%$' .���°�%4E21#���5�;�#%)"+,2BAuP95! ./u ./u��2��1#%+,/�2
$'5�#%$
#�/���2-�,:� "�!7g#%+,�-$' .���,/=�1#%�v+,/'+�#%)")"GF�,��$=#���5! .2-;82�/�+,��5v&'+!�!�! "�!7H$' "�H2�/
X>�����,/' .:!2-&=2-;82-�v$'5,2�CR�!7B)" ./�5a#%+,�-$' .���c���c#
/' "�!7B).2� "$�2-�gZiAR�a�B/�$?�%4�$'5,2�#%+,�-$' .���,/?V32uS!&�2�/�2-�U$?��#1G��	2�#�:,#%S!$�2�:F$��
&'+!�F "�F$' "�H2�S���)"G<�,���^ (#%)	 "�

log L
0L+,/� "�!7

#��! "��#%&'GU�}/�21#%&���5��W)" "~82
S!&��U��2�:�+!&�2B0,).�B/' "�!7H$'5,2- "&�#�/���2-�,:� "�!7���#%$'+!&�2BA
��2^/@#1G�$'5�#%�°#%�¨#%+,�-$' .���¼qio²|Nk-|YsYt�/@���H2^�-)(#�/�/

V
�%4?;B#%)"+�#%$' .���,/10� K49 "$T:!2-$�2-&'�^ "�,2�/
$'5,2H��S!$' "��#%)3#%)").�<�1#%$' .���

4N��&Q#%�UGgS!&��%�,).2��%4�;B#%)"+�#%$' .���,/�:�&@#�VQ�d4>&����
V
]���2�/y#�GF$'5�#%$=#%�c#%+,�-$' .���a#���5! .2-;82�/u#

c
µ¥�yn8np�'l1Æ�|YmH�Bs>|>lBr 4N��&Q$'5,2

��S!$' "��#%)6V32-)K4W#%&�2
OPT

0U K4D "$�#���5! .2-;82�/u#�V32-)K4W#%&�2T�%4D#%$Q).21#�/'$ OPT
c

4>��&�#%�UGgS!&��%�,).2T�%4x;�#%)"+�#%$' .���,/[AR��2�/@#�GF$'5�#%$
#%�e#%+,�-$' .���fÀizUoYo²·dqio²|Nk-|YsYtO/����H2��-)(#�/@/��%4M;B#%)"+�#%$' .���,/

V
0p K4M "$u�1#%�a4Y+!)")"Gd).21#%&'��#%�LGc;�#%)"+�#%$' .���

v ∈ V
XY WA 2BA"0�).21#%&'�

v(S)
4N��&�2-;82-&'G

S
ZiA

. ��� �����
	���
������1��!��"� ��$%���

��#�G<��2�$'5,2
/' "�^S!).2�/'$�~U "�,:a�%4R�U+,2-&'Gf ./�$'5,2�«};�#%)"+,2
�L+,2-&'GU¬I�37B ";82-�e#H�!+!�,:�).2
S
0,$'5,2T�! .:!:!2-&u&�2-S���&'$�/�5! ./�;B#%)"+,2

vi(S)
4>��&�$'5! ./=�!+!�,:�).2BAu���c$'5! ./�V3��&'~vV?2
�����,��2-�U$'&@#%$�2^����#%+,�-$' .���,/u$'5�#%$u+,/�2
#�:� KJ	2-&�2-�U$u$�GUS	2��%4E�U+,2-&'Gf�9$'5,2

«�:!2-��#%�,:f�L+,2-&'GU¬@AD�}�d#
:!2-��#%�,:F�U+,2-&'G80U7B ";82-�d#
/�2-$?�%4*S!&' .��2�/34>��&?$'5,2=�!+!�,:�).2�/[0U$'5,2��! .:!:!2-&9&�2�/'S	���,:!/EVQ "$'5d���,2
�%4M5! ./u�H�B/'$�:!2�/' "&�2�:a�!+!�,:�).2�/10	 WA 2BA"06#H�!+!�,:�).2�$'5�#%$I��#]\< "�^ "_12�/u5! ./^X>�U+�#�/' �)" "�,21#%&yZ=+!$' ")" "$�G

v(S) − p(S)
A����}��#

�����^S�#%�! .����S�#%S	2-&^X¥���%�YZ�V?2O7B ";82^#g:!2-$@#% ").2�:�:� ./@�-+,/�/' .�����%43$'5,2�S	�1V32-&T�%49:!2-��#%�,:��L+,2-&' .2�/T#%�,:e5,�[V :!�g$'5,2-G
�����^S�#%&�2I$��O��$'5,2-&9$}G<S�2�/Q�%4*;B#%)"+�#%$' .���,/1A3`US	2��- K���1#%)")"G806���[��/'5,�1V�/9$'5�#%$Q:!2-��#%�,:d�U+,2-&' .2�/�#%&�2I/' "7B�! K���1#%�L$')"GF�H��&�2
S	�1V32-&¥4>+!)�$'5�#%�v;B#%)"+,2T�U+,2-&' .2�/1AR¤u/���2-�,:� "�!7g#%+,�-$' .���,/�#%&�2T "$�2-&@#%$' ";82
#%+,�-$' .���,/�VQ "$'5c�,�����}:!2��-&�21#�/' "�!7�S!&' .��2�/1j
� ���6�+� ����������� ���e#%����t-k@qir���|�r<�v��z!k�s>|>lBr�0�$'5,2
S!&' .��2�/� "�a$'5,2
�L+,2-&' .2�/�$���$'5,2
/@#%�H2
�! .:!:!2-&u�1#%�e���!)"Gd "�,�-&�21#�/�2
 "��$' "�H2BAH�,��&'��#%)")"G80�).2-$

p
�	2H#d�L+,2-&'Ge��#�:!2O4N��&��! .:!:!2-&

i
0*#%�,:

q
�	2H#f�L+,2-&'Ge��#�:!2O4N��&��! .:!:!2-&

i
#%$�#F)(#%$�2-&

/'$@#%782� "��$'5,2�S!&���$��U����)WAEP95,2-��4N��&9#%)")�/�2-$�/
S
0
q(S) ≥ p(S)

AR¤ /' "�^ ")(#%&?;B#%&' (#%�L$10<VQ5! .��5fV32I#%)./���/'$'+,:�G�#%�,:F$'5�#%$
 ./=#%)./��^�����^�H���c "�v&�21#%)�)" K4N2B0� ./��Lqyt�k@qirp��|YrU�d��z!k�s>|Nl�r!t-0� "�vVQ5! .��5vS!&' .��2�/��1#%�c���!)"Gf:!2��-&�21#�/�2� "�v$' "�H2BA

�u��$�2^$'5�#%$�$'5,2�$�2-&'�½«¸#�/���2-�,:� "�!7�#%+,�-$' .����¬�&�2i4N2-&�/T$��c#%�§#%+,�-$' .���¨VQ "$'5�#c/' "�!7B).2�#�/���2-�,:� "�!7e$'&@#]¹'2��-$���&'G��%4
S!&' .��2�/1A?�}$=��#�Gd�	2I+,/�2i4Y+!)*$���:!2i�,�,2T�
+!)"$' K�W$'&@#]¹¥2��-$���&'Ge#�/���2-�,:� "�!7F#%+,�-$' .���,/10p "�vVQ5! .�@5c$'5,2TS!&' .��2�/=��#�G<��2�&�2�/�2-$
$��v_12-&��e#f�L+!�
��2-&^�%4Q$' "�H2�/fX>/�2�2B0�2BA 7,A"09� Î��YZiAf��2g�����,/' .:!2-&�$�V3�e��#% "�¨&�2�/'$'&' .�-$' .���,/����¨$'5,2�$}G<S�2�/��%4=#%)").�1V?2�:
:!2-��#%�,:v�U+,2-&' .2�/1j

� � ����� � �
�%����� P95,2�S!&' .��2�/Q "�c21#��@5c�U+,2-&'Gf#%&�2�7B ";82-�d�UGfS!&' .��2�/
pj
À�l���q'�8k-¿v|Ys}qim

j
AEP95,2�S!&' .��2��%4R#O/@2-$

S ./�#�:!:� "$' ";82Bj
p(S) =

∑
j∈S pj

AI��2O/@#1Gc$'5�#%$T#%��#%+,�-$' .����+,/�2�/H{izUr���o"qunp�i|>k@qitO K4?21#���5��!+!�,:�).2
S
��#�Gc5�#1;82H#

:� KJ62-&�2-�L$�S!&' .��2
p(S)

XYVQ5! .��5c ./��,��$Q�,2���2�/�/@#%&' ")"Gf$'5,2T/'+!�b�%4D$'5,2�S!&' .��2�/��%4D$'5,2� "$�2-�H/Q "�
S
ZiA

 �����"!#� ����� �+� �
�%����� P95,2fS!&' .��2�/�/�2�2-�§�LG�$'5,2f�! .:!:!2-&�/�#%$H#%�LG§/'$@#%782f "�©$'5,2v#%+,�-$' .���¦#%&�2f$'5,2d/@#%�H2B0
 WA 2BAuVQ5,2-�,2-;82-&T#g�U+,2-&'Gd ./u��#�:!2�$��g/����H2��! .:!:!2-&10	$'5,2�/@#%�H2��L+,2-&'Gv ./�#%)./��g��#�:!2�$��F#%)")R��$'5,2-&I�! .:!:!2-&�/^XYVQ "$'5

$ Ö�³PÀÆ¿&%�©P¨�Â�«�¿P± v = (abcd : 5) ⊕ (ab : 3) ⊕ (c : 4) °�¿�²�³PÃt¿�·�Ãt¹�¿('*)�Ü¢ÊP©P«¬º:©�Ãtª¬³L²EÈ�ªËÃt¹EÃt¹�¿�Ãt¿uÀt¨�· abcd, ab, c ©P²R°EÂ�Àtª¬¶�¿�· 5, 3, 4Àt¿�·�Âr¿�¶kÃtª�ÊL¿�«ËÌ`¸ÒÖR³PÀ�Ãt¹Rª¬·�ÊP©P«¬º:©�Ãtª¬³L²T± v(abcd) = 5 ± v(abd) = 3 ± v(abc) = 4 ¸+;: ³PÃt¿�Ãt¹R©^Ã�Ãt¹R¿�Â�Àtª¬ÊL©�Ãt¿>°R©�Ã�©&³P½Ò©4ÇRª�°R°.¿uÀ�ª¬·Æ¿,%�Âr³P²R¿�²`Ãtª�©P«hª¬² m ¸- ÑÆ«¬«T³^½$³Lº.À�ª¬¨�Âr³P·�·�ª�Ç�ª¬«�ªËÃGÌ-Àt¿�·�º�«ËÃt·Æ¹�³L«�°�½y³PÀ�©P²`Ì�¶�³L²�·�ª¬·@Ãt¿�²`ÃÆÃtª¬¿uÓÔÇ.Àt¿�©P×(ª¬²R¾&Àtº�«¬¿�Ç`Ì�Ãt¹�¿�ÇRª�°�°�¿uÀt·�³PÀÆÇ`Ì�Ãt¹R¿2©^ºR¶uÃtª¬³P²R¿�¿uÀ�¸

W



$'5,2�S!&' .��2�/�+!�,��5�#%�!782�:�ZiAO���°r�l�r,µ¸�Brpl�r,·�mHl�zUt^#%+,�-$' .���,/10*21#���5��! .:!:!2-&
i
5�#�/IS�2-&�/@����#%)" "_12�:�S!&' .��2�/T:!2-�,��$�2�:��LG

pi(S)
A [�� ���d$'5! ./�S�#%S	2-&10,#%)")�#%+,�-$' .���,/�#%&�2�#%�,���UGU�H��+,/=+!�!).2�/�/���$'5,2-&'VQ ./�2
/'S	2��- K��2�:6A

�u��$�2^$'5�#%$�#%)"$'5,��+!7B5�V32F#�/�/'+!�H2�$'5�#%$�$'5,2^;B#%)"+�#%$' .���,/�#%&�2���+!)"$' "S!).2�/O�%4�/����H2
δ
0*V?2F#%)").�[V�$'5,2g:!2-��#%�,:

�U+,2-&' .2�/=$��^+,/@2
#%&'�! "$'&@#%&'Gv�U+!���	2-&�/� "� <+
A9P95�#%$� ./10�V32�#�/�/'+!�H2T$'5�#%$�$'5,2� "�,�-&�2-�H2-�U$

ε
��#�Gd�	2�/� "7B�! K���1#%�L$')"G

/'��#%)").2-&�$'5�#%�
δ
AM¤�)")���+!&�5�#%&�:��,2�/�/Q&�2�/�+!)"$�/Q5,��).:f4N��&=#%�LG

ε
0!2-;82-�d4N��&������L$' "�U+,��+,/uS!&' .��2� "�,�-&�2-�H2-�L$�/1A

� �U��1������§�	���
1
	����+1R��

����
�	 �����p�@�����

����$'5! ./R/@2��-$' .���^V32��@5�#%&@#��-$�2-&' "_12�$'5,29S	�1V32-&M�%4�#�/���2-�,:� "�!7� "$�2-�O�WS!&' .��2=#%+,�-$' .���,/[AD��2E�,&�/�$M/'5,�1V©$'5�#%$R$'5! ./RS	�1V?2-&
 ./u�,��$I$'&' ";U (#%)Wj�/'+,��5�#%+,�-$' .���,/T�1#%�� "�e782-�,2-&@#%)M2-)" .�- "$�#%��2i\�S����,2-�U$' (#%)E#%�H��+!�L$T�%4E "��4N��&'��#%$' .����A�´��e$'5,2O��$'5,2-&
5�#%�,:60�V32�/'5,�1V $'5�#%$Q$'5,2���S!$' "��#%)x#%)").�U�1#%$' .���c�1#%�!�,��$u#%)"V?#�G�/��	2I:!2-$�2-&'�^ "�,2�:v�UGf#O/' "�!7B).2T#�/@��2-�,:� "�!7g#%+,�-$' .����0
#%�,:� "�¨/@���H2H�1#�/�2�/10*�,��&T�LG�#%�¨2i\�S����,2-�U$' (#%)E�U+!���	2-&
�%4=#�/���2-�,:� "�!7��WS!&' .��2H$'&@#]¹'2��-$���&' .2�/��� "��#%)")"G80�V32�/�2-S�#%&@#%$�2
$'5,2fS	�1V32-&g�%4I:� KJ62-&�2-�L$H�H�<:!2-)./H�%4�#�/���2-�,:� "�!7°#%+,�-$' .���,/1A©¤�)")9�^ ./�/' "�!7�S!&��<�%4>/O4>&����»$'5! ./H/�2��-$' .����#%S!S	21#%&^ "�
¤�S!S�2-�,:� K\d¤
A

� ��� ��� 	 � $�� 	 � $�8 � � 	�� ���������
	 ��� �
	���
���� � ��!��"�#�7$8���
��2��,&�/�$=/'5,�1V $'5�#%$� K4M/'��#%)")x2-�,��+!7B5c "�,�-&�2-�H2-�U$�/I#%&�2�#%)").�1V?2�:60	#�/' "�!7B).2
#�/@��2-�,:� "�!7g$'&@#]¹'2��-$���&'Gv�%4R "$�2-�O�WS!&' .��2�/
�1#%�v2-)" .�- "$�S!&�2i4N2-&�2-�,��2�/=$'5�#%$��1#%�!�,��$���2�2-)" .�- "$�2�:vVQ "$'5vS���)"G<�,���^ (#%)*�����^�
+!�! .�1#%$' .����A
� � �����!� � � ��� l�m�q�k-o"�%tyt�qyt�l¥Àu�]��o²z��8s>|>l�r,t�k��Br�{�q�qio²|>k-|>s}q'�f{i·^|>s}qimOµ"np�i|>kyq��%t�k@qirp�B|�rU�F��z!k�s>|Nl�r!t@ÂE{iz�s3k��Br,rplBs3{@q
qio²|>k�|Ys}q'�d{i·f�In!l�o¶·�rplBm�|N��o6r,z<m�{�qi�Ol¥À��-z,qi�y|Wqyt�l'À���r,·��[|Yrp���
�?�'l1l¥À��I¡?���,/' .:!2-&O$}V3���! .:!:!2-&�/OVQ "$'5

v(S) = 1
 K4 |S| > n

2

0
v(S) = 0

 K4 |S| < n
2

#%�,:§2-;82-&'G
S
/'+,�@5©$'5�#%$

|S| = n
2

5�#�/v#%�ª+!�!~<�,�1VQ�¢;B#%)"+,2a4Y&���� {0, 1} A�ºu+,2e$��ª���B£]�}0�:!2-$�2-&'�^ "�! "�!7¯$'5,2���S!$' "��#%)�#%)").�U�1#%$' .���¢5,2-&�2
&�2��U+! "&�2�/�2i\<S	���,2-�L$' (#%)������^��+!�! .�1#%$' .���c "�d$'5,2IV?��&�/'$=�1#�/�2BAR�u2-;82-&'$'5,2-).2�/�/10,V32�/'5,�[V�XY "�v¤=S!S	2-�,:� K\f¤�Z3$'5�#%$=#%�
 "$�2-�O�WS!&' .��2
#�/@��2-�,:� "�!7g#%+,�-$' .���c�1#%�c:!�^ "$10,#�/�).���!7g#�/Q "$��1#%�v+,/�2�2i\�S	���,2-�L$' (#%)")"Gv/'��#%)")6 "�,�-&�2-�H2-�U$�/1A

��2
�,�1V :!2�/��-&' "�	2�#%�,��$'5,2-&IS	�B/' "$' ";82T&�2�/'+!)"$�4N��&=$'5,2
S��[V32-&��%4M "$�2-�O�WS!&' .��2^#�/���2-�,:� "�!7v#%+,�-$' .���,/1A����e#������O�
S�#%�! .���¨S�#%S	2-&g���[�}0�V32g/'5,�1V�$'5�#%$�#v;�#%)"+,2H�U+,2-&'G��1#%�¨�	2H/' "�
+!)(#%$�2�:¨VQ "$'5§#�XY$'&'+!)"G!Z�S���)"G<�,���^ (#%)E�U+!���	2-&��%4
 "$�2-�O�WS!&' .��2e:!2-��#%�,:��U+,2-&' .2�/1A `u2-&�2B03V?2a/�5,�1V $'5�#%$F2-;82-&'G©;�#%)"+,2a�L+,2-&'G¯�1#%����2c/' "��+!)(#%$�2�:ª�LG¦#¦XYS,/�2-+,:!�LZ
S	��)"GU�,���^ (#%)��L+!���	2-&I�%4���t-k@qir���|�r<�� "$�2-�O�WS!&' .��2�:!2-��#%�,:c�U+,2-&' .2�/1A�X>���c$'5,2T�,2i\�$=/'+!�,/@2��-$' .����0�V?2�/'5,�[VË$'5�#%$=V?2
�1#%�!�,��$E#%)"V?#1G</E/' "��+!)(#%$�2T�Qn���|Y���%4�;�#%)"+,29�U+,2-&' .2�/D+,/' "�!7T#I/' "�!7B).2? "$�2-�O�WS!&' .��2=#�/���2-�,:� "�!7�#%+,�-$' .����A�Z
�}�^¤�S!S�2-�,:� K\
C�0�V?2�/'5,�[V $'5�#%$QV32T�1#%�a/' "��+!)(#%$�2
��$'5,2-&���#%$'+!&@#%)*��&�+,/�2i4>+!)��U+,2-&' .2�/Q+,/' "�!7H "$�2-�O�WS!&' .��2�#�/���2-�,:� "�!7g#%+,�-$' .���,/1A
� � �)������� ������� ��� Êb�]��o²z!q��-z,qi�i·ak���r¯{�q^ty|Ym�z<o"�Bs}q'��{i·a��r�|>s}qimOµ"n��y|Nk@qF�%t-kyqirp��|YrU�e��z�k1s>|>l�r��! *¿L|�t�ty|YmOzUo"�Bs>|Nl�r
��q"�-z<|���qytO��n�l�o²·�rpl�mO|N��o6r,z<mH{@qi��l¥À���z!qi�i|Wqyt#�

¤Q�-$'+�#%)")"G80B$'5,23S!&��<�%4,4>��&D�R&���S	�B/' "$' .���d�ES!&��[;82�/M#=/�$'&����!782-&x+,/@2i4Y+!)<&�2�/'+!)"$D&�2-7L#%&�:� "�!7I$'5,23 "��4N��&'��#%$' .���^2-)" .�- "$�2�:
�LG� "$�2-&@#%$' ";829#%+,�-$' .���,/1AD��$*/@#�G�/�$'5�#%$* "�d��r,·u "$�2-&@#%$' ";82?#%+,�-$' .���� "�
VQ5! .�@5
$'5,23��5�#%�!782�/D�%4,S!&' .��2�/D#%&�23/'��#%)")<2-�,��+!7B5
 "�O21#���5O/'$@#%782uX(«}S,/@2-+,:!�%�}�����L$' "�L+,��+,/'¬�#%+,�-$' .���,/iZi0�$'5,2E;B#%)"+,23�%4p#%)")<�!+!�,:�).2�/R:!2-��#%�,:!2�:^#%).���!7�$'5,2Q#%+,�-$' .���O�1#%�
�	2
�����^S!+!$�2�:6ARP95,2Q��#�/' .�9 .:!21#� ./R$'5�#%$MVQ5,2-�H$'5,2Q�! .:!:!2-&3�H�1;82�/M4Y&���� :!2-��#%�,:� "�!7�/����H2Q�!+!�,:�).2

Ti

$���:!2-��#%�,:� "�!7
#%�,��$'5,2-&H�!+!�,:�).2

Ti+1
0?$'5,2-&�2d ./�#�S	�� "�L$H "�¦VQ5! .��5�/�5,2f ./^ "�,:� KJ	2-&�2-�U$��	2-$}V?2�2-��$'5,2�/�2f$�V3�¨�!+!�,:�).2�/1A¦P95U+,/10

~<�,�1VQ "�!7F$'5,2�;B#%)"+,2
�%4E/@���H2
:!2-��#%�,:!2�:e�!+!�,:�).2dX>2BA 7,A"0�$'5,2�2-�^S!$}Ge/�2-$yZQ2-��#%�!).2�/I�����^S!+!$' "�!7f$'5,2
;�#%)"+,2�/I�%43#%)")
��$'5,2-&=:!2-��#%�,:!2�:c�!+!�,:�).2�/1A

��2u/@#�Gg$'5�#%$9#%�v#%+,�-$' .���f ./�Ï n�t1qiz!�8l�µ¸k@l�r�s>|Yr,z�lBzLt�Ð¸0� K4� "$Q���!)"GH+,/�2�/9:!2-��#%�,:f�L+,2-&' .2�/10!#%�,:F "�d21#���5d/'$�2-S�0<$'5,2
S!&' .��2T�%4M#%$Q�H�B/'$=���,2I "$�2-�b ./=��5�#%�!782�:v�UG

ε
X�4>��&�/@���H2

ε ∈ (0, δ]
ZQVQ "$'5v&�2�/'S	2��-$Q$��^$'5,2�S!&�2-;< .��+,/��U+,2-&'G8A

� � �)������� �������%$ ��& lBr!ty|N�Lqi�
�Br,·Tnpt�qiz!�8l�µ¥k�l�r�s>|Yr,z!l�zLtH��z!k�s>|Nl�r¯±Wrpl8s3r	q'k@qytyt-���i|�o²·c�%t�k@qirp��|YrU�i³]Â?|Yr�ÃD¿L|Nki¿e{i|N�8�Lqi�
i
�LqimH��rp�%t�sY¿!q�q-m=n	s>·Ht�q�s9�8sEo.q'�%t-s?l�r�k@q^��o"l�rU�FsY¿�q���z!k�s>|Nl�r'�( *¿!qir!ÂEsY¿�q
�]�Bo¶z,qOl¥À�qi��qi�y·v{iz<rp��o.qO�LqimH��rp�Uq'�v{i·
{i|N�8�Lqi�

i
sY¿L�'l�zB�%¿<l�z�sQsY¿�q���z!k�s>|>lBr�k��Br�{@qOk���o"k-zUo"�Bs}q'�c�Bs3sY¿!q
qir��Fl'ÀTsY¿�q���z�k1s>|>l�r��

a*) : ³PÃt¿�Ãt¹R©^Ã�©&²�³L²�ÓG©^²R³L²`Ì.¨�³Lº�·I©^ºR¶uÃtª¬³L²E¶�©P²6¶u«�¿�©^Àt«ËÌ6Çr¿�·�ª¬¨4ºR«�©^Ãt¿�°�Ç`Ì n Â:©�À�©P«¬«¬¿�«N©^²R³P²(Ì.¨�³PºR·�©^ºR¶uÃtª¬³L²�·�¸

U



v(ab) v(a) v(b)� �����+��� �
2 α ∈ (0, 1) β ∈ (0, 1)� �����+��� $
2 2 2

�x "7B+!&�2���j B2l6w�sud^eE�@~bikw�x�d�g�okx^d^nh�rwynb�vg(�Tx�skwyl.n�x^g.n7�bd�skdPike6wynbd%sk}hd�l.~rsuw{evg(z�g.z{zylrx^g(skwyl.n |�l.i�sk}hwyo2x^zyg�oko�l.|[�`g(zy�hg(skwyl.nhoP�

� �/. � ��� � ��= � ��$%���5$�8 � � 	�� �4�5�����
	 �����
	���
���� � ��!��"�#�7$%���

¤�)"$'5,��+!7B5v:!2-��#%�,:v�L+,2-&' .2�/=�1#%�v/���)";82T#%�LGf�������! "��#%$���&' (#%)D#%+,�-$' .���vS!&����!).2-� ���[�}0�VQ5,2-�d$'5,2-Gd#%&�2I&�2�/'$'&' .�-$�2�:d$��
�	2I#�/@��2-�,:� "�!7�/����H2��-)(#�/�/�2�/Q�%4x;�#%)"+�#%$' .���,/=�1#%�!�,��$���2I).21#%&'�,2�:f�,��&�2-)" .�- "$�2�:6A3¤=�d2i\,#%�^S!).2I4N��&9/�+,��5v;B#%)"+�#%$' .���,/
 ./Q7B ";82-�v "�v�x "7B+!&�2���A
� � �����!� � $ �  *¿!qi�'qO�B�'q�k-o"�%t@t1qyt
l¥À��]�Bo¶z!�Bs>|Nl�r!tTsY¿<�Bs9k���r,r�lBs?{�q^q-o¶|Nk-|>s}q'�grpl��RÀizUoYo¶·fqio¶|Nk-|>s}q'�v{i·g�Br,·H|>s}qimOµ"np�i|>kyq
�%t�k@qirp��|YrU�f��z!k�s>|Nl�r'�
�?�'l1l¥À�����2-$D�! .:!:!2-&9�?5�#1;829$'5,2E;B#%)"+�#%$' .���H:!2�/��-&' "�	2�:
 "�O$'5,23�,&�/'$x&��1V¯�%4p�x "7B+!&�2Q��0�VQ5,2-&�2

α
#%�,:

β
#%&�2?+!�!~U�,�[VQ�

;B#%)"+,2�/� "�
(0, 1)

Ag�� "&�/�$10�V32HS!&��1;82^$'5�#%$T$'5! ./��-)(#�/�/T�1#%�!�,��$T�	2�4Y+!)")"G�2-)" .�- "$�2�:��UG�#f/� "�!7B).2�#�/���2-�,:� "�!7a#%+,�-$' .����A
`US	2��- K���1#%)")"G80�#%�a#�/���2-�,:� "�!7g#%+,�-$' .���e�1#%�!�,��$�&�2-;821#%)�$'5,2�;B#%)"+,2�/��%4D����$'5

α
#%�,:

β
A

¤u/T).���!7�#�/
pa

#%�,:
pb

#%&�2H�	��$'5¨�	2-).�1V
1
0x$'5,2��! .:!:!2-&�VQ ")")Q#%)"V?#�G�/�:!2-��#%�,:¨$'5,2�VQ5,��).2��!+!�,:�).2

ab
j
5,2-&

+!$' ")" "$}Gc4Y&����
ab
 ./I/'$'&' .�-$')"Gv7B&�21#%$�2-&I$'5�#%��$'5,2�+!$' ")" "$}Gv4>&����½2- "$'5,2-&

a
��&

b
/�2-S�#%&@#%$�2-)"G8A��,��&�2i\,#%�^S!).2B0	V32O/'5,�1V

$'5�#%$
u1(ab) > u1(a)

j

u1(ab) = 2− (pa + pb) = 1− pa + 1− pb > vA(a)− pa + 1− pb > u1(a)
P95L+,/[06 "����&�:!2-&T$��f7L#% "�¨#%�LG� "��4N��&'��#%$' .���°#%�	��+!$

α
��&

β
06$'5,2OS!&' .��2��%4?���,2H�%4?$'5,2O "$�2-�H/T/'5,��+!).:��	2������H2H#%$

).21#�/'$
1
0RVTA )WA �!A 7,A

pa ≥ 1
A�Ì?+!$O$'5,2-��0R$'5,2F�!+!�,:�).2

a
VQ ")")3�,��$O�	2g:!2-��#%�,:!2�:§�UG¨�! .:!:!2-&d�F$'5!&���+!7B5,��+!$^$'5,2

#%+,�-$' .����0!$'5U+,/��,�^ "��4N��&'��#%$' .���a#%$�#%)")6VQ ")")��	2I7L#% "�,2�:a#%�	��+!$
α
A

�u�1VT0,#�/�/�+!�H2I$'5�#%$��! .:!:!2-&
2
 ./Q~<�,�1VQ�d$��^5�#1;82�$'5,2I;�#%)"+�#%$' .���a:!2�/��-&' "��2�:f "�d$'5,2�/�2������,:f&��1VË�%4D�x "7B+!&�2���A

P95,2=��S!$' "��#%)6#%)").�<�1#%$' .���g:!2-S	2-�,:!/3���gVQ5,2-$'5,2-&
α
 ./M7B&�21#%$�2-&?$'5�#%�

β
XY "���! .:!:!2-&

1
® /M;B#%)"+�#%$' .���pZi0!#%�,:HV32�S!&��1;82�:

$'5�#%$�#%�c#�/���2-�,:� "�!7F#%+,�-$' .���a�1#%�!�,��$=:!2-$�2-&'�^ "�,2�$'5! ./1A
�u��$�2d$'5�#%$F#%�¦ "�^�H2�:� (#%$�2a�����,�-)"+,/' .���� ./H$'5�#%$g$'5! ./H "�^S	�B/�/' "�! ")" "$}G©&�2�/�+!)"$g#%)./���5,��).:!/�4>��&� "$�2-�O�WS!&' .��2°�Lqiµ

t-kyqirp��|YrU�¯#%+,�-$' .���,/F#%�,:¦2-;82-�¯4N��&H$'5,2dVQ .:!2-&F�-)(#�/�/�2�/H�%4^rplBr,µ¸�Lq�s}qi�ymO|Yr,|�tis>|Nkd "$�2-�O�WS!&' .��2�#%+,�-$' .���,/aXY "�¦VQ5! .�@5
/����H2
2i\���782-�,��+,/I:,#%$@#g�1#%�a$�2-)")�+,/=5,�[V $��� "�,�-&�21#�/�2
$'5,2�S!&' .��2�/yZ�#%�,:�r�l�r,µ¸�Brpl�r,·�mHl�zUt�#�/���2-�,:� "�!7f "$�2-�O�WS!&' .��2
#%+,�-$' .���,/1A

� �	� � ��� � ��= � ��$%���5$�8�� !�37� � � �'�%=
	 	��"� $ ��� �����
	���
���� � ��!��"�#�7$%���
¤Q������&�:� "�!7c$��cP95,2���&�2-� ��0��,�a#�/���2-�,:� "�!7c "$�2-�O�WS!&' .��2F#%+,�-$' .���°�1#%�°#%)"V9#�G�/�2-)" .�- "$�$'5,2HS!&�2i4>2-&�2-�,��2�/FXYV32HS!&��[;82
#d/' "�^ ")(#%&�&�2�/'+!)"$�4N��&T�!+!�,:�).2HS!&' .��2�/� "�¨/�2��-$' .��� W8ZiAgÌ3+!$
�1#%�¨$}V?�a#�/���2-�,:� "�!7a$'&@#]¹¥2��-$���&' .2�/
:!�d$'5,2�¹'����
 ´�&
#
S	��)"GU�,���^ (#%)��U+!���	2-&��%4M#�/���2-�,:� "�!7H$'&@#]¹'2��-$���&' .2�/�
c��2I7B ";82��,2-7L#%$' ";82
#%�,/�V32-&�/Q4N��&�/'+,�@5c/'+!7B782�/'$' .���,/1A

��29:!2i�,�,2�#
k
µ�s>�'����q�k�sWl��i·O�%t�k@qirp�B|�rU����z!k�s>|Nl�rF#�/M#u:!2-��#%�,:<�}�U+,2-&'G
 "$�2-&@#%$' ";82=#%+,�-$' .���^ "�OVQ5! .�@5H$'5,29:!2-��#%�,:

�U+,2-&' .2�/*�1#%�T�	2RS�#%&'$' "$' .���,2�:T$��
k
/�2-$�/*�%4!�L+,2-&' .2�/[0[VQ5,2-&�2E$'5,2RS!&' .��2�/�S!+!�!)" ./'5,2�:� "��21#���5�/�2-$*���!)"GI "�,�-&�21#�/�2R "��$' "�H2BA

�u��$�2=$'5�#%$9V32u+,/�2I#�782-�,2-&@#%)	:!2i�,�! "$' .���^]��}$Q#%)").�1V�/9$'5,2�$'&@#]¹¥2��-$���&' .2�/9$���&'+!�F "�fS�#%&@#%)").2-)	��&9/�2��U+,2-�L$' (#%)")"G80,#%�,:F$��
+,/�2I "��4N��&'��#%$' .���a2-)" .�- "$�2�:d "�v/@���H2�$'&@#]¹¥2��-$���&' .2�/�4>��&�:!2-$�2-&'�^ "�! "�!7g$'5,2I4>+!$'+!&�2T�L+,2-&' .2�/� "�c��$'5,2-&�$'&@#]¹'2��-$���&' .2�/1A

P95,2OS	�1V?2-&��%4?�
+!)"$' "S!).2i�W$'&@#]¹¥2��-$���&'G¨#%+,�-$' .���,/
�1#%����2O:!2-�H���,/'$'&@#%$�2�:¨�LGe$'5,2O�,2-7L#%$' ";82^&�2�/'+!)"$T�%47Xu+!)E#%�,:
`U$@#�����5,2-$'$' ��"�1�%�MVQ5,�d/'5,�1V?2�:�$'5�#%$T2-;82-��4N��&�#%�¨#%+,�-$' .���°#%�H���!7v/'+!�,/'$' "$'+!$�2�/�;B#%)"+�#%$' .���,/10x#%��#%�,���UGU�H��+,/�#�/¥�
��2-�,:� "�!7© "$�2-�O�WS!&' .��2¨#%+,�-$' .��� �1#%�!�,��$v�����^S!+!$�2 Z�¡�X S!&' .��2�/d4>��&v#%)")IS!)(#�G82-&�/1A�¤�+,/'+!�	2-)O� Î��T�[;82-&��1#%�H2�$'5! ./
 "�^S	�B/�/' "�! ")" "$}G�&�2�/'+!)"$O#%�,:�:!2�/' "7B�,2�:�#%+,�-$' .���,/�$'5�#%$�:!�v�����^S!+!$�28Z�¡�X­S!&' .��2�/��UG���&'7L#%�! "_� "�!7a$'5,2�#%+,�-$' .���§#�/
#g/�2��L+,2-�,��2��%4

n + 1
#�/���2-�,:� "�!7v#%+,�-$' .���,/1A `u2-&�2B0pV?2�S!&��[;82�$'5�#%$I���,2��1#%�!�,��$�2-)" .�- "$ *�´u� ;B#%)"+�#%$' .���,/IVQ "$'5

k$�2-&'�H/T�UG�).2�/�/T$'5�#%�
k − 1

#�/���2-�,:� "�!7c$'&@#]¹'2��-$���&' .2�/1Ac´���$'5,2g��$'5,2-&�5�#%�,:60xV32g/'5,�1V�$'5�#%$�#%�
XOR

4N��&'��+!)(#
�1#%�f��2�4>+!)")"G�2-)" .�- "$�2�:f�LG

k− 1
�,�����}:!2-$�2-&'�^ "�! ./�$' .�
#�/���2-�,:� "�!7�#%+,�-$' .���,/TX>��&Q�UG

k− 1
:!2-$�2-&'�^ "�! ./'$' .�T#�/���2-�,:� "�!7

#%+,�-$' .���,/� K4D$'5,2T#%+,�-$' .���,2�2-&=~<�,�1V�/=$'5,2�#%$����^ .���!+!�,:�).2�/yZiA [�[
aca ÄI¹�ª¬·�Àt¿�·�ºR«ËÃ2©^¶uÃtº:©^«�«ËÌY·�¿�ÂR©^À�©^Ãt¿u·�Ãt¹R¿&Âr³�È[¿uÀ>³P½I°�¿uÃt¿kÀt¨�ª�²�ª¬·@Ãtª�¶&©P²R°Y²�³L²�ÓG°.¿uÃt¿uÀt¨�ª¬²Rª¬·@Ãtª¬¶4ªËÃt¿uÀ�©�Ãtª¬ÊV¿�©Pº�¶uÃtª¬³L²�·�­ )�º�À�Â�Àt³`³^½I·�¹R³�È�·

Ãt¹:©�Ã4©�²�³L².ÓÐ°.¿uÃt¿uÀt¨�ª¬²Rª¬·@Ãtª¬¶�ªËÃt¿uÀ�©^Ãtª¬ÊV¿�©^ºR¶uÃtª¬³L²¡¶�©^²�¿�«¬ª¬¶�ªËÃ&Ãt¹R¿ k Ó�Ãt¿uÀt¨ '*)�Ü9ÊP©P«¬º:©�Ãtª�³P²R·2È�ªËÃt¹¥©6Âr³P«ËÌ�²�³L¨�ª�©P«�²(ºR¨&Çr¿kÀ2³P½�°�¿�¨�©^²:°
g`ºR¿uÀtª¬¿�·�±R©P²R°#k �:pT·�¹R³�È Ãt¹:©�Ã�Ãt¹Rª¬·�¿�«¬ª�¶uª¬Ã�©�Ãtª¬³L²v¨&º�·@ÃIÃ�©P×L¿2©P²6¿&%.Âr³P²R¿�²`Ãtª�©P«b²(ºR¨4Çr¿uÀ�³P½$°�¿�¨�©^²:°7g(º�¿uÀtª¬¿�·�¸

�



� � �)������� ��������� � �������]��o²z!�Bs>|>lBr!tEÃR|>sY¿
k
s}q-�ym�t?k��Br,rplBs�{�q�qio¶|Nk-|>s}q'�H±¸l���Àiz<o�o²·�q-o¶|Nk-|>s}q'�i³�{-·I��r�·�±

k
µ���³%µ�s>�'����q�k�sWl��i·

|>s}qimOµ"np�i|>kyq^�%t-kyqirp��|YrU�c�Bz�k�s>|Nl�r!Â=qi�%q-r�ÃD¿�qir¨sY¿!qO�BsWl�mO|>kg{izUr���o"qitO����q��[rplBÃRr�sWldsY¿�qHqio²|Nk-|YsWlB�#��Ç�l�Ã3qi�%qi�yÂ�sY¿�qyt1q
�]��o²z!�Bs>|>lBr!t�k���rc{�q�qio²|Nk-|Ys}q��f±���rp�EÀizUoYo¶·Oqio¶|Nk-|>s}q'�i³O{-·g±

k
µ��y³]µ¸s>�¥���1q'k�sWlB�y·�rpl�r,µ¥�Lq-s}qi�imO|�r�|(t-s>|>k=rpl�r,µ¥��rpl�r�·%mHl�zUtQ|Ys}q-m�µ

np�i|>kyq
��t-k@qir���|�r<�F�Bz�k�s>|Nl�r!t��
�e��&�2��1;82-&10�#%�v2i\<S	���,2-�L$' (#%)��L+!���	2-&��%4D$'&@#]¹'2��-$���&' .2�/� ./Q&�2��U+! "&�2�:f4N��&�2-)" .�- "$' "�!7g/����H2��-)(#�/�/@2�/��%4x;B#%)"+�#%$' .���,/1j

� � �)������� ��������� �	� o²|Nk-|YsW�8s>|>l�r¼��rp�HÀyz<o�o²µ¥q-o¶|Nk-|>sW�Bs>|>lBr¼l¥Àft�l�m�qvk-o"�%tyt�qytal¥Àf�]�Bo¶z!�Bs>|Nl�r!tck���r,r�lBsO{@qa�Ll�r�qe{i·°��r,·
k
µ�s>�'���1q'k�sWl��i·g|>s}qimOµ"n��y|Nk@q��%t-kyqirp��|YrU�d��z!k�s>|Nl�r!ÂMÃD¿�qi��q

k = o(2m)
�

�?�'l1l¥À��I¡?���,/' .:!2-&�$'5,2�4>��)").�[VQ "�!7a�-)(#�/�/��%4?;�#%)"+�#%$' .���,/[j��,��& |S| < m
2

0
v(S) = 0

#%�,:e4>��& |S| > m
2

0
v(S) = 2

A
CR;82-&'G°�!+!�,:�).2

S
�%4u/� "_12 m

2

5�#�/�/@���H2g+!�!~<�,�1VQ�§;B#%)"+,2F "�
(0, 1)

A����§¤�S!S	2-�,:� K\°¤­V32f/'5,�[V�$'5�#%$^#e/' "�!7B).2
#�/���2-�,:� "�!7g#%+,�-$' .���a�1#%�v&�2-;821#%)�$'5,2�;B#%)"+,2T�%4M#%$Q�H�B/'$=���,2I�!+!�,:�).2��%4R/' "_12 n

2

A


 � 1
���Q���Q�p����
���/�1����Q�	������� 2 ��
�165 �¢��� 	 �p�
1R��
�����
 	 �������������

ZE#%&' .��+,/R�H�<:!2-)./x4>��&E#�/@��2-�,:� "�!7�#%+,�-$' .���,/M5�#�;829�	2�2-�H/'+!7B782�/'$�2�:O "�^$'5,2?)" "$�2-&@#%$'+!&�2BAM���O$'5! ./R/�2��-$' .����08V?2Q�����^S�#%&�2
$'5,2uS��[V32-&=�%4�$'5,2�:� KJ	2-&�2-�U$Q�H�U:!2-)./1AD��2T#%)./@��:� ./@�-+,/�/?$'5,2�:� KJ	2-&�2-�,��2I�	2-$}V?2�2-�vS!&�2i4>2-&�2-�,��2�2-)" .�- "$@#%$' .���e#%�,:�4>+!)")
2-)" .�- "$@#%$' .����A¨¤u/
�H2-�L$' .���,2�:609#%)")Q#%+,�-$' .���,/H#%&�2f�����,/' .:!2-&�2�:¯#%�,���UGU�H��+,/g#%�,:�:!2-$�2-&'�^ "�! ./�$' .�B0M+!�!).2�/�/^/'S	2��- K��2�:
��$'5,2-&'VQ ./�2BAM¤�)")6�^ ./�/' "�!7�S!&��U�%4N/?4Y&���� $'5! ./�/�2��-$' .���a#%&�2� "�v¤�S!S	2-�,:� K\fÌIA

� ��� � 	��A= �%= �#�7$%��� 	���!�37�#�
������ "!$#&%�!('*)+�-,*./ +���� "!$#&%�!('*�102�+3�%54&!
� jI��2^�	2-7B "��$'5,2H:� ./��-+,/@/' .�����%4?$'5,2H&�2-)(#%$' .������2-$�V32�2-�§#�/���2-�,:� "�!7
#%+,�-$' .���,/�#%�,:f:!2�/���2-�,:� "�!7H#%+,�-$' .���,/9VQ "$'5v#%�f2i\,#%�^S!).2BAD��2uS!&�2�/�2-�L$�XY "�f�x "7B+!&�2eW� "�f¤�S!S�2-�,:� K\fº�A"�[Z3#�/' "�^S!).2
 "$�2-�O�WS!&' .��2v:!2�/���2-�,:� "�!7§#%+,�-$' .���¯$'5�#%$^7B+�#%&@#%�L$�2�2�/f#%$^).21#�/'$^5�#%)K4��%4u$'5,2d��S!$' "��#%)u2ih��- .2-�,�-G¨4N��&H/'+!�!�H�<:�+!)(#%&
;B#%)"+�#%$' .���,/1A [&\ `u�1V?2-;82-&108V?2�#%&�29�,��$�4W#%�^ ")" (#%&RVQ "$'5H#%�LGd�%t-kyqirp��|YrU�O#%+,�-$' .���^$'5�#%$D7B+�#%&@#%�L$�2�2�/3#u/' "�^ ")(#%&x4>&@#��-$' .���
�%4R$'5,2�2ih��- .2-�,�-G8A�P95! ./=&@#% ./�2�/I#^�H��&�2�782-�,2-&@#%)x�U+,2�/'$' .����j9�1#%�e#�/@��2-�,:� "�!7f#%+,�-$' .���,/I/���)";82�#%�LGv�������! "��#%$���&' (#%)K�
#%+,�-$' .���FS!&����!).2-��$'5�#%$? ./3/@��)";�#%�!).2=+,/' "�!7�#�:!2�/���2-�,:� "�!7H#%+,�-$' .����XN#%�,:g;U .��2=;82-&�/@#8Z 
f��2=7B ";82=�,2-7L#%$' ";82I#%�,/'V?2-&�/
$��^$'5,2�/�2��L+,2�/'$' .���,/[AEP95,2� .:!21#H��2-5! "�,:d$'5,2TS!&��U�%4N/Q ./�$'5�#%$=$'5,2� "��4>��&'��#%$' .���e$'5�#%$�$'5,2�#%+,�-$' .���,2�2-&I�1#%�v782-$9«W4N��&
4>&�2�2i¬�#%$Q$'5,2��	2-7B "�!�! "�!7��%4R21#���5a$}G<S�2��%4M#%+,�-$' .���v ./�:� KJ62-&�2-�L$1A�[ _
� � �)������� �������76 �  *¿!qi�'q
����q�k-oK��t@t�qit�sY¿��Bs3k��Br,rplBs9{�qOqio¶|Nk-|>s}q'�e±�ÀizUoYo²·gqio¶|Nk-|>s}q'�i³^ÃR|>sY¿d�%t�k@qirp�B|�rU��|>s}qimOµ"np�i|>kyq
�Bz�k-µ
s>|Nl�r!t@Â3{iz�s9k���r¨{�q^qio²|>k�|Ys}q'�e±}�'qyt}n ��ÀizUoYo¶·fqio¶|Nk-|>s}q'�i³�ÃR|>sY¿v�g�Lqit-k@qir���|�r<�F|Ys}qimOµ.np�y|Nk@q���z!k�s>|Nl�r'�
� � �)������� �������98 �  *¿!qi�'qH���'qHk-oK��t@t�qit�sY¿<�Bs�k@��r,rplBs�{�qgqio²|>k-|>s}q'��±�Àyz<oYo¶·vqio²|>k-|>s}q'�i³v{i·f|Ys}q-m�µ.np�i|>k@qH�Lqyt-kyqirp��|YrU�c�Bz�k-µ
s>|Nl�r!t@Â3{iz�s9k���r¨{�q^qio²|>k�|Ys}q'�e±}�'qyt}n ��ÀizUoYo¶·fqio¶|Nk-|>s}q'�i³f{-·H|Ys}q-m�µ.np�i|>k@qO��t-k@qir���|�r<�F�Bz�k�s>|Nl�r!t��
./ "3: +;-<=%�!
%5�>3�%?�@)+�-,BAC4&!
D�./ +3: ";-<=%5!E%5�>3�%?�9�102�+3�%54&!E� jd�u�����}:!2-$�2-&'�^ "�! ./'$' .�e#�/@��2-�,:� "�!7°#%+,�-$' .���,/g�1#%�©�	2
;< .2-V32�:d#�/Q#%+,�-$' .���,/9VQ5,2-&�2�/����H2=�	2-�,2-;8��).2-�L$Q$�21#��@5,2-&Q$'5�#%$95�#�/?�����^S!).2-$�2I "��4N��&'��#%$' .���d7B+! .:!2�/9$'5,2�#%+,�-$' .���,2�2-&
���e5,�1V /'5,2�/'5,��+!).:e&@#% ./�2�$'5,2�S!&' .��2�/1A�P95�#%$I ./10�S!&�2i4>2-&�2-�,��2O2-)" .�- "$@#%$' .�����1#%����2O:!���,2��LGe#��,�����}:!2-$�2-&'�^ "�! ./�$' .�
#�/���2-�,:� "�!7c#%+,�-$' .����0* K43$'5,2-&�2O ./�t-lBmHq�#�/���2-�,:� "�!7v$'&@#]¹'2��-$���&'Gc$'5�#%$T2-)" .�- "$�/T2-�,��+!7B5¨ "��4>��&'��#%$' .����4N��&T:!2-$�2-&'�^ "���
 "�!7v$'5,2g��S!$' "��#%)9#%)").�<�1#%$' .���ªXN#%�,:¨;82-&' K4YG< "�!7c$'5�#%$
 "$T ./T "�,:!2�2�:°��S!$' "��#%)�ZiAf��2�/'5,�[V�$'5�#%$��,�����}:!2-$�2-&'�^ "�! ./�$' .�
#�/���2-�,:� "�!7g#%+,�-$' .���,/u#%&�2��H��&�2�S	�1V?2-&¥4Y+!)�$'5�#%�a:!2-$�2-&'�^ "�! ./'$' .�
#�/���2-�,:� "�!7f#%+,�-$' .���,/1j
� � �)������� �������CF"� � lBmHq9k�oK�%tyt�qytQk���rF{@q=qio²|>k�|Ys}q'�H±�ÀizUoYo¶·Tqio²|>k�|Ys}q'�-³�{i·T��r^|>s}qimOµ"np�i|Nk@q?rpl�r�µ¸�Lq-s}q-�ymO|Yr,|(t-s>|>kQ��t-k@qir���|�r<�
��z!k�s>|Nl�r!Â?{iz�s?k@��r,rplBsQ{�q^qio²|Nk-|Ys}q��a±}�'qitWn ��ÀizUoYo²·Fqio²|>k-|>s}q'�i³d{i·H|>s}qimOµ"np�i|>kyqO�Lq-s}qi�imO|�r,|�tis>|Nk��%t-k@q-rp��|YrU�f��z�k1s>|>l�r,t#�
�1!$4�!
GH<I4&0(�J)+�-,CAC4&!
D:�1!$4&!EG�<I4�0(�/�102�+3�%54&!E� jQ¤u/=VQ ")")x��2
/'5,�1VQ�� "��`<2��-$' .��� W�0p$'5,2
S��[V32-&��%43#%�,���LGU�
�H��+,/
#%�,:��,������#%�,���LG<�H��+,/��!+!�,:�).2i�WS!&' .��2f#�/���2-�,:� "�!7e#%+,�-$' .���,/
:� KJ	2-&�/
/' "7B�! K���1#%�L$')"G8A `u2-&�2B0�V?2H/'5,�1V�$'5�#%$
#
:� KJ62-&�2-�,��2�#%)./��^2i\� ./'$�/94N��&Q "$�2-�O�WS!&' .��2
#�/���2-�,:� "�!7g#%+,�-$' .���,/[A
a4f ÏG²YÑ�ÂRÂr¿u²:°�ª�%EÚ&¸ nL±hÈI¿&Â.Àt³�ÊV¿�Ãt¹R©^Ã�Ãt¹�ª¬·>°�¿�·�¶u¿�²:°.ª�²�¾E©^ºR¶uÃtª¬³P²7©^¶uÃtº:©^«�«ËÌYª¬¨�ÂR«¬¿�¨�¿�²`Ãt·�Ãt¹R¿4©P«¬¾L³^ÀtªËÃt¹R¨ Ç`Ì�Ýh¿�¹R¨�©^²R²T±hÝh¿�¹R¨�©^²R²

©P²R° : ª�·t©^²<k n �:p�¸a+i ÏG²Y©P·�¶�¿�²R°�ª¬²R¾-©Pº�¶uÃtª¬³L²�·�±hÃt¹�¿&©^ºR¶uÃtª¬³P²R¿�¿uÀ�¶�©P²�Àt¿�ÊV¿�©^«NÃt¹R¿�¨�³L·@Ã�ÊL©^«�ºR©PÇ�«�¿4ÇRº�²:°�«¬¿?j®Çr¿�·�ª�°�¿u· M qÆÇr¿u½�³^Àt¿&·�¹R¿4·@Ã�©^À�Ãt·�À�©^ª¬·�ª�²�¾-Ãt¹�¿Â�Àtª¬¶�¿u·�±hÃt¹(º�·�·�¹R¿4¶�©P²YºR·�¿�Ãt¹Rª¬·�ª¬²�½y³PÀt¨�©^Ãtª¬³P² ½�³^À�©L°�©PÂ�Ãtª¬ÊV¿u«¬Ì6¶k¹�³`³L·�¿&Ãt¹�¿&·�ºRÇ�·�¿�g`ºR¿�²`ÃRg(º�¿uÀtª¬¿�·�¸�ÏÐ²Y°�¿u·�¶�¿�²:°.ª¬²R¾-©PºR¶kÃtª�³P²R·�±T³L²�¿&¶�©^²
¿�©^·�ª�«ËÌerR²:°EÃt¹R¿�ÇRº�²:°.«�¿2È�ªËÃt¹YÃt¹�¿4¹�ª¬¾L¹R¿u·@ÃLKNMNO5PQK�RSO$T>O5P5UWVYXZO5[�Â�Àtª¬¶�¿P±T×L¿�¿�ÂRª¬²�¾-©^«¬«$³PÃt¹R¿kÀ>ÇRº�²:°�«¬¿�·�È�ªËÃt¹ ²�³L².ÓGÂr³P·�ªËÃtª�ÊL¿4º.Ãtª�«¬ªËÃtª¬¿�·�±B©P²:°
ºR·�¿�Ãt¹Rª¬·�ª�².½�³^Àt¨�©^Ãtª¬³L²6ª¬²EÃt¹�¿>©L°�©PÂ.Ãtª�ÊL¿�Â�Àtª¬¶�¿>¶�¹:©^²R¾L¿P¸

T



� � �)������� ��������� � � l�m�qOk-oK��t@t�qitOk���r�rplBs�{�q�q-o¶|Nk-|>s}q'�c{i·v��rplBr,·�m^lBzLtT|>s}qimOµ"np�i|Nk@qH�%t�k@qirp�B|�rU�c��z�k1s>|>l�r,t@Â={iz<s�k@��r
{�qOqio²|>k�|Ys}q'�v{-·F��rpl�r,µ¥��rpl�r,·�mHl�zUtu|>s}qimOµ"n��y|Nk@qO�%t�k@qirp��|YrU�f��z!k�s>|Nl�r'�
�$ ��+02 +!
3�%����E) �-,	�
%5<=0
� 3��&!$ >4&0(� �102�+3�%54&!
� jD¤¼�,������#%�,���UGU�H��+,/�#%+,�-$' .���F ./3�1#%)").2�:cty|YmOzUoKsW��r�q�l�zLtI K4�#%$321#��@5
/'$@#%782B06$'5,2HS!&' .��2^�%49/����H2O "$�2-�  ./�&@#% ./�2�:��LG

ε
4N��&gqi�%qi�i·^�! .:!:!2-&1AHP95,2H#%+,�-$' .���,2�2-&��1#%��+,/�2O$'5,2^ "��4N��&'��#%$' .���

7L#%$'5,2-&�2�:d+!�U$' ")�21#���5a/'$@#%782B0! "�c#%)")�$'5,2�S	2-&�/�����#%)" "_12�:d$'&@#]¹'2��-$���&' .2�/10!$���:!2-$�2-&'�^ "�,2T$'5,2I�,2i\�$=�L+,2-&' .2�/[A
¤Ë�,������#%�,���LG<�H��+,/u#%+,�-$' .���d ./��1#%)").2�:et1q"�-z,qir�s>|N��oD K4�$'5,2T#%+,�-$' .���,2�2-&�S	2-&¥4N��&'�H/�#%�c#%+,�-$' .���d4>��&�21#��@5d�! .:!:!2-&

/�2-S�#%&@#%$�2-)"G80! "�a/�2��L+,2-�U$' (#%)*��&�:!2-&1AEP95,2
#%+,�-$' .���,2�2-&��1#%�v:!2-$�2-&'�^ "�,2T$'5,2T�,2i\<$=�U+,2-&'GF��#�/�2�:d���v$'5,2� "��4N��&'��#%$' .���
7L#%$'5,2-&�2�:d "�v$'5,2T$'&@#]¹¥2��-$���&' .2�/������^S!).2-$�2�:c/���4W#%&=#%�,:d���v$'5,2�5! ./'$���&'Gf�%4D$'5,2T�-+!&'&�2-�L$�$'&@#]¹¥2��-$���&'G8A
� � �)������� �������
� �  *¿�qi��qf����qdk-o"�%t@t1qytgsY¿<�BsIk���r�rplBsT{�qdqio²|>k�|Ys}q'�°{i·vti|�mOz<o²sW��r	q'l�zUt�rpl�r,µ¥��rpl�r�·%mHl�zUtH|>s}qimOµ"np�i|>kyq
�%t�k@qirp��|YrU�f��z!k�s>|Nl�r!t@Â?{-z<s9k���r¨{�q^qio²|Nk-|Ys}q��v{i·g��t�q"��z!qirps>|>��o*rpl�r,µ¥��rpl�r,·�mHl�zUt�|Ys}qimOµ.np�y|Nk@qO�%t�k@qirp�B|�rU�f��z!k�s>|Nl�r'�
� #����E3�%5)  �) �-,������Z%�) %54&0(� �102�+3�%54&!
��� �}4�$'5,2=#%+,�-$' .���,2�2-&?:!2-$�2-&'�^ "�,2�/M$'5,2��U+,2-&' .2�/M&�2-7L#%&�:�).2�/@/E�%4	$'5,29�! .:!:!2-&�/1®
&�2�/'S	���,/�2�/�XY WA 2BA"0�$'5,2��U+,2-&' .2�/�#%&�2�S!&�2�:!2i�,�,2�:�Z�V32
/@#�Gf$'5�#%$=$'5,2
#%+,�-$' .���a ./�lU{io¶|Y�1|Nl�zUtiA�´�$'5,2-&'VQ ./�2B0p$'5,2�#%+,�-$' .���
 ./��8�L�yn�s>|Y�%q-AR��2�S!&��[;82�$'5�#%$�#%�a#�:,#%S!$' ";82T��2-5�#1;U .��+!&u�%4x$'5,2T#%+,�-$' .���,2�2-&���#�Gf��2I�	2-�,2i���- (#%)WA
� � �)������� ������� ��� �  *¿�qi��q�����qek-oK��t@t�qitasY¿<�BsOk���r,r�lBsO{@q�qio²|>k-|>s}q'�¼±�Àyz<o�o²·�qio²|Nk-|Ys}q��i³¨zUty|YrU�§lL{io²|��1|Nl�zUtc|>s}qimOµ"np�i|>kyq
�%t�k@qirp��|YrU�H�Bz�k�s>|Nl�r!tyÂR{iz�sMk���r�{�qTqio²|>k�|Ys}q'�c±W��qytWn ��Àiz<o�o²·Oqio²|Nk-|Ys}q��i³H{-·O��rc�L�8�yn�s>|Y�%qu|>s}qimOµ"np�i|Nk@q��%t�k@qirp��|YrU�H�Bz�k�s>|Nl�r'�

� �/. ����	#8;	 �#	����
	�� 3���� � ��= �#�7$%� 
 �"��� !�3�3�� 3���� �7� = �#�7$8�

�R&�2i4N2-&�2-�,��2�2-)" .�- "$@#%$' .���d#%�,:^4>+!)")p2-)" .�- "$@#%$' .���d#%&�2=�-).�B/@2-)"G^&�2-)(#%$�2�:�S!&����!).2-�H/1AR�}4	4Y+!)")p2-)" .�- "$@#%$' .���g ./M«�21#�/'GU¬TX>2BA 7,A"0U "�
S	��)"GU�,���^ (#%)�$' "�H2[ZE$'5,2-�f�-).21#%&')"Gg2-)" .�- "$@#%$' .���d ./9#%)./@�
21#�/'GcXY�UGF#�rpl�r,µ¥��rpl�r�·%mHl�zUt¦#%+,�-$' .����0!/' "�^S!)"GH�UGH).21#%&'�! "�!7
#%)")9$'5,2F;�#%)"+�#%$' .���,/^/�2-S�#%&@#%$�2-)"G [ ,]ZiA°´��§$'5,2f��$'5,2-&O5�#%�,:60M$'5,2-&�2d#%&�2f2i\!#%�^S!).2�/OVQ5,2-&�2fS!&�2i4N2-&�2-�,��2d2-)" .�- "$@#%$' .���
 ./u�����,/' .:!2-&�2�:c«�21#�/'GL¬
�!+!$�).21#%&'�! "�!7f ./u5�#%&�:�XY$�GUS! .�1#%)")"G8062-)" .�- "$@#%$' .����&�2��U+! "&�2�/I/'��#%)").2-&T#%�H��+!�L$��%4E "��4N��&'��#%$' .���^]
/����H2�2i\,#%�^S!).2�/=�1#%�v�	2u4N��+!�,:f "�¨� U]�YZiA

P95,2fsW�BsWl�r�r�qim�qir�sI#%)"78��&' "$'5!�H/��LG��"�-Î�0�(�0D�B�-�=X>/�2�2O�� "7B+!&�2FUg "��¤�S!S�2-�,:� K\��RZ�2-�,:�+!S�VQ "$'5�$'5,2O��S!$' "��#%)
#%)").�<�1#%$' .���¼4>��&v/'+!�,/�$' "$'+!$�2�/d;�#%)"+�#%$' .���,/[A�[ � ��2�S!&��[;82�$'5�#%$dV32��1#%�!�,��$f4>+!)")"G�2-)" .�- "$a/'+!�,/'$' "$'+!$�2�/d;B#%)"+�#%$' .���,/
X>��&�2-;82-��$'5,2- "&T/'+!���}�-)(#�/�/��%4

OXS
;�#%)"+�#%$' .���,/�:!2i�,�,2�:� "�©�"�"U%�YZi062-;82-�e4N��&T#g/� "�!7B).2
�! .:!:!2-&10��LGe#%�� "$�2-�O�WS!&' .��2

#�/���2-�,:� "�!7�#%+,�-$' .���fXN#%)"$'5,��+!7B5O$'5,2?��S!$' "��#%)�#%)").�<�1#%$' .���O�1#%�
�	2R4N��+!�,:T�UG
#%��#�/���2-�,:� "�!7T#%+,�-$' .���
4>��&D#%�LGT�U+!���	2-&
�%4D�! .:!:!2-&�/���ZiA
� � �����!� � � � � z!{yt-s>|Ys>z�s}qT�]��o²z��Bs>|Nl�r!t
k@��r,rplBs9{�qEÀyz<oYo¶·Fq-o¶|Nk-|>s}q'�d{i·g�%t�k@qirp��|YrU�g|>s}qimOµ"np�i|>kyq
�Bz�k�s>|Nl�r!t��! el���q'l��%qi�yÂ
sY¿�qi·Fk���r,rpl8s9{�q3Àiz<o�o²·Fqio²|>k�|Ys}q'�d{i·f��r,· m

2

�%t�k@qirp�B|�rU�fs>�'���1q'k�sWl��i|Wqytg±
m > 3

³ �
�ª5,2-$'5,2-&�/�+!�,/'$' "$'+!$�2�/�;B#%)"+�#%$' .���,/�5�#�;82d#v�����^S�#��-$�&�2-S!&�2�/�2-�U$@#%$' .���ËXY WA 2BA"0DS���)"G<�,���^ (#%)3 "�°$'5,2��U+!���	2-&��%4

78�<�U:!/yZ* ./M#%�^ "�^S	��&'$@#%�L$?��S�2-�^�U+,2�/'$' .����AD¤�/M#I/'$�2-S^ "�^$'5! ./R:� "&�2��-$' .����0UV32Q/�5,�1V¯ "�H¤�S!S�2-�,:� K\OÌIA���$'5�#%$M "$�/R/'+!���
�-)(#�/�/9�%4

OXS
;�#%)"+�#%$' .���,/�:!�<2�/?5�#�;82T#
�����^S�#��-$Q&�2-S!&�2�/�2-�L$@#%$' .����j32-;82-&'G

OXS
;�#%)"+�#%$' .���v�1#%�f�	2=&�2-S!&�2�/@2-�L$�2�:

�LGd#%$��H�B/'$
m2 ;B#%)"+,2�/1A [ @

" #����

45 1 ���§���@�
1 	����+1R��

����
�	 �����p�@�����

¤�)")?$'5,2a#�/���2-�,:� "�!7¨#%+,�-$' .���,/H "�©$'5,2f)" "$�2-&@#%$'+!&�2d$'5�#%$F#%&�2fS!&��1;82�:©$��e�,�,:©$'5,2d��S!$' "��#%)u#%)").�U�1#%$' .���©4N��&O+!�!&�2i�
/'$'&' .�-$�2�:g;�#%)"+�#%$' .���,/9#%&�2��,������#%�,���LG<�H��+,/9�!+!�,:�).2i�WS!&' .��2I#%+,�-$' .���,/�XY .Ì?+!�,:�).28XNÍ8ZE�LGH�D#%&'~82�/�#%�,:	$��!7L#%&u���%Î8�	#%�,:
$'5,2O«��M&���\�G�¤=+,�-$' .����¬��UG�¤=+,/�+!��2-)3#%�,:��a ")"7B&���� ��Í]�YZiA&%E2-$10D/�2-;82-&@#%)I��rpl�r,·�mHl�zUtF#�/���2-�,:� "�!7�#%+,�-$' .���,/
5�#1;82
�	2�2-��/�+!7B782�/'$�2�:¯X>2BA 7,A"0�¤�~<Ì9¤b���8�]�}0R�"�1Í��M#%�,:� .Ì?+!�,:�).28XN�8Z����%ÎB�YZiA
�}��$'5! ./T/@2��-$' .����0	V32^S!&��[;82O$'5�#%$�#%�,���LG<�H��+,/
�!+!�,:�).2i�WS!&' .��2�#�/���2-�,:� "�!7e#%+,�-$' .���,/
#���5! .2-;82HS��<��&�&�2�/'+!)"$�/I "��$'5,2OV3��&�/�$¥�}�1#�/�2BAO��2�#%)./��f/'5,�[V $'5�#%$�$'5,2�4N#%�^ ")"G
�%4��,������#%�,���LG<�H��+,/Q�!+!�,:�).2i�WS!&' .��2T#�/���2-�,:� "�!7H#%+,�-$' .���,/9�1#%�F&'+!�f2i\�S	���,2-�L$' (#%)")"Gg/�).�1V32-&9$'5�#%�f/' "�^S!).2u "$�2-�O�WS!&' .��2
#�/���2-�,:� "�!7g#%+,�-$' .���,/[A
a 9 : ³PÃt¿�Ãt¹R©^Ã�©^²6©^²R³L²`Ì.¨�³Lº�·I©^·�¶�¿�²:°.ª¬²R¾�©^ºR¶uÃtª¬³L²-¶�©P²�²R³^Ã�²R¿�¶�¿u·�·t©^Àtª¬«ËÌ-¿u«�ª¬¶�ªËÃ�©4¶u«{©^·�·ÆÃt¹R©^Ã�¶�©P²EÇr¿�½�ºR«¬«ËÌ�¿�«¬ª¬¶�ªËÃt¿�°-Ç`Ì�©P²E©P·�¶�¿u²:°�ª¬²�¾

©Pº�¶uÃtª¬³L²h¸a B ¼(ºRÇ�·@Ãtª¬Ãtº.Ãt¿IÊP©P«¬º:©�Ãtª�³P²R·Ò©^Àt¿Æ°.¿ r:²�¿�°�ª¬²�ÑÆÂRÂr¿�²R°�ª�%�Ú&¸ <
qk¸�Ö�³PÀÒ¶�³L¨�Â�«¬¿uÃt¿�²R¿u·�·�±LÈI¿�¾Pª¬ÊV¿�ª�²&Ñ�Â�Âr¿�²:°.ª�%4Ö�©�Â.Àt³`³P½r½�³^À�Ãt¹�¿I¿('�¶uª�¿u²R¶uÌ
³P½BÃt¹Rª¬·Æ©PºR¶kÃtª�³P²E½�³^ÀÆÊL©^«�ºR©^Ãtª¬³L²�·�È�ª¬Ãt¹-Ãt¹R¿>·�ºRÇ�·@ÃtªËÃtº�Ãt¿�·�Â.Àt³LÂr¿uÀ�ÃGÌ`¸a C Ñ ºR²�ªËÃ�ÓÐ°.¿�¨�©P²R°&ÊP©P«¬º:©�Ãtª�³P²-ª¬·�©^² '*)�Ü�ÊP©P«¬º:©�Ãtª�³P²-ª¬²�È�¹Rª¬¶�¹E©^«�«bÃt¹R¿�©^Ãt³P¨�ª¬¶�ÇRº�²:°.«�¿u·�©^Àt¿�·�ª�²�¾L«¬¿uÃt³P²R·�¸ )#'>¼%ÊP©P«¬º:©�Ãtª¬³L²R·[¶�©P²�Çr¿
ª¬²`Ãt¿uÀtÂ�Àt¿uÃt¿�°E©P·Æ©^²v©P¾P¾PÀt¿�¾L©^Ãtª¬³L²Fj D )�Ü�E>q�³P½Ò©P²`Ì�²(ºR¨4Çr¿uÀI³^½�ºR²RªËÃ�ÓG°�¿u¨�©P²:°�Ç�ª{°�°�¿uÀt·�¸�¼(¿�¿2Ñ�Â�Âr¿�²:°.ª�%�Ú&¸ <2½�³^À�½y³PÀt¨�©^«B°.¿ r:²�ª¬Ãtª¬³P²T¸

(



� ��� �
��� �
v1(ac) = 2 v1(bd) = 2 v1(cd) = α ∈ (0, 1)� ��� �
����$
v2(ab) = 2 v2(cd) = 2 v2(bd) = β ∈ (0, 1)
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+!�,:!2-&Q$'5,2IS!&' .��2�/ −→p  ./

ε
�W5! "7B5,2-&Q$'5�#%�d5! ./9+!$' ")" "$}Gg4>&����

Ti
X>�-).21#%&')"G80

k ∈ Ti

�!+!$
k /∈ Ti+1

0!��$'5,2-&'VQ ./�2T$'5,2T:!2-��#%�,:c�@5�#%�!782�V3��+!).:���® $u5�#%S!S�2-�pZiAEP95L+,/10

v(Ti+1)− p(Ti+1) = v(Ti)− p(Ti) + ε

`U "�,��2T$'5,2�S!&' .��2�/u#%&�2�~U�,�[VQ��0�V?2
�1#%�e�1#%).�-+!)(#%$�2
v(Ti)

4>&����
v(Ti+1)

A�`U "�^ ")(#%&')"G80� K4R$'5,2T�! .:!:!2-&1® /�$' .2T�!&�21#%~< "�!7
&'+!).2I4W#�;8��&�/

Ti+1
0�$'5,2-�v$'5,2�+!$' ")" "$' .2�/u#%$Q$'5! ./QS��� "�U$=/'5,��+!).:d�	2�2��U+�#%)W0! WA 2BA"0

v(Ti+1)− p(Ti+1) = v(Ti)− p(Ti)

#%�,:fV32
�1#%�v/' "�^ ")(#%&')"Gd�1#%).�-+!)(#%$�2
v(Ti)

4Y&����
v(Ti+1)
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� � � �)(*( �)� � �!�����)��� ������� � �

�?�'l1l¥À�����2-$
Ai = M \ {i} X�4N��& i = 1, ...,m

Zi0	#%�,:d�����,/' .:!2-&�$'5,2I4N��)").�1VQ "�!75*�´u� ;B#%)"+�#%$' .���vVQ "$'5
m
$�2-&'�H/1j

v = (A1 : 2)⊕ (A2 : α2) . . . ⊕ (Am : αm)

�ª5,2-&�2
α2, ..., αm

#%&�2I+!�!~<�,�1VQ�v;B#%)"+,2�/Q�	2-$}V?2�2-�
(0, 1)

A ��2-$
Aj

�	2I$'5,2u�,&�/'$9�!+!�,:�).2�#%�H���!7 {A2, ..., Am}
$��

�	2H:!2-��#%�,:!2�:¨�UG�$'5,2H�! .:!:!2-&1A ��2-$ −→p ��2H$'5,2HS!&' .��2�/
 "��VQ5! .��5
Aj

 ./
:!2-��#%�,:!2�:6Ac`U "�,��2
v(A1) − p(A1) ≤

v(Aj)−p(Aj)
#%�,:g:�+,2=$���$'5,2�)" "�,21#%&?S!&' .��2�/10U "$M4N��)").�1V�/3$'5�#%$

pj−p1 ≥ v(A1)−v(Aj) > 1
0<#%�,:g$'5L+,/

pj > 1
A
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A2, ..., Am
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A2, ..., Am
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/'+�h���2=4>��&3).21#%&'�! "�!7H#%�LG *�´u�¼;B#%)"+�#%$' .���gVQ "$'5

k
$�2-&'�H/[A ��2-$

A1, ..., Ak
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��&�:!2-&�2�:FVTA )WA �!A 7,AE#�������&�:� "�!7O$���$'5,2- "&9;B#%)"+,2�/�XN#%�,:g$'5,2-�v#�������&�:� "�!7O$��
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A1 ./u$'5,2��,&�/'$I�!+!�,:�).2O$��F��2O:!2-��#%�,:!2�:�ZiAH`U "�,��2
A1

5�#�/I$'5,2O5! "7B5,2�/'$I;B#%)"+�#%$' .����0*#%�,:�:�+,2�$��f$'5,2�4>&�2�2i�}:� ./'S	�B/@#%)
#�/�/'+!�^S!$' .����0	$'5,2-&�2� ./

j 6= 1
/'+,�@5�$'5�#%$

A1 \ Aj 6= ∅
AI��2�&@#% ./�2
$'5,2�S!&' .��2��%4?/����H2� "$�2-�

x
 "�

A1 \ Aj
+!�U$' ")

Aj

 ./�:!2-��#%�,:!2�:60�#%�,:d$'5,2-�vV32��1#%�c/' "��+!)(#%$�2
v(Aj)
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A1
V9#�/=:!2-��#%�,:!2�:60,$'5,2I;B#%)"+,2

v(A1)
�1#%�c#%)./��H��2��1#%).�-+!)(#%$�2�:6A

���°#�:!:� "$' .����0xV32�VQ ")")3�1#%).�-+!)(#%$�2
v(Al)
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l 6= 1, j
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k−1
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´��,2��H��&�2� ./�/�+,2T$'5�#%$�/�5,��+!).:v�	2
#�:!:�&�2�/�/�2�:a ./�$'5�#%$u$'5,2�/�2

k − 1
$'&@#]¹'2��-$���&' .2�/���+,/'$u&�2-;821#%)x2-�,��+!7B5e "��4N��&¥�
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 ./=�^ "�! "��#%)W0, WA 2BA"0�$'5,2-&�2T ./��,�
Aj ⊂ Ai

/'+,��5a$'5�#%$
v(Aj) = v(Ai)
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v(Ai)
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ε
X
ε < δ

m
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Aj
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�I$@#%~82�/�#%$Q).21#�/'$
k − 1

#�/���2-�,:� "�!7�$'&@#]¹¥2��-$���&' .2�/10
$'5L+,/����,2��1#%�!�,��$�:!2-$�2-&'�^ "�,2�$'5,2���S!$' "��#%)x#%)").�<�1#%$' .���d4>��&Q$'5,2�/@2�;�#%)"+�#%$' .���,/[A
� � � �)(*( �)� � �!�����)��� �������7���

�?�'l1l¥À��I¡?���,/' .:!2-&�$'5,2�4>��)").�[VQ "�!7a�-)(#�/�/��%4?;�#%)"+�#%$' .���,/[j��,��& |S| < m
2

0
v(S) = 0

#%�,:e4>��& |S| > m
2

0
v(S) = 2

A
CR;82-&'G��!+!�,:�).2

S
�%49/' "_12 m

2

5�#�/
/����H2^+!�!~<�,�1VQ�°;�#%)"+,2^�	2-$}V?2�2-�
(0, 1)

AF��2H/'5,�1V�$'5�#%$�4>+!)")"Ge2-)" .�- "$' "�!7�/'+,��5
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0 |S| = m
2

0�4N��&R$'5,29�,&�/'$
$' "�H2BA�P95U+,/10,4N��&�#%�UGv "$�2-�

x ∈ M \ S
0,$'5,2��! .:!:!2-&�V?21#%~U)"GdS!&�2i4N2-&�/=$'5,2
�!+!�,:�).2

S
�1;82-&u$'5,2T�!+!�,:�).2 {S ∪ x} 0 WA 2BA"0

v(S∪x)−p(S∪x) ≤ v(S)−p(S)
AE`U "�,��2Q$'5,2QS!&' .��2�/?#%&�2Q)" "�,21#%&108 "$M4>��)").�[V�/R$'5�#%$1j

px ≥ v(S∪x)−v(S) >
2 − v(S) > 1
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v = (abc : 2)⊕ (x : 1)⊕ (y : α)
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x, y
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�%4�;B#%)"+�#%$' .���,/1jO/'$@#%&'$
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py + pw ≥ 1
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 ./=$'5,2OÍ%&�:a "$�2-�

�	2�/' .:!2�/
x, y

ZiAQP95L+,/10p "��4N��&'��#%$' .���aVQ ")")���2�7L#% "�,2�:c���!)"Gc#]4>$�2-&=$'5,2
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