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— Terms —

t,bu = v Atom
| \z.t Abstraction
| tu Application
| let z = u in ¢ Let binding
| let z::0 = w in ¢ Annotated let binding
v = z | C
— Types —
T = a| o | TT
p = 7|o—oo| To
o = Va.p
— Boxy types —
prou= 1o =d | TT | [p
d = Va.p | @
— Environments —
' == e Empty environment
| T,(z:0) Term binding

Figure 1: Syntax of the source language and types

1 Introduction

This paper accompanies the main paper “Boxy types: type inference for higher-rank types and impredicativity” [1].
For self-containment we repeat the figures in this document. The basic system syntax is given in Figure 1.




CEt:p ~ 1t

vo€l Fo<p ~f

VAR
TFv:p ~fuv
o1 ~ (@]
T 200 HY t b~ t! TH(\s.t):[G1] =[]~ '
ABsl ; ABS2
Tk (\z.t): 01 =0y~ (Az.t) TH(\z.t): gL =03~ t
Tht:@—p ~t
THY 4o
APP
THtu:p ~t o
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ol
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0Ty ; — GEN1 B T GEN2
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Figure 2: Type system specification




ol ~ o}

Fob ~ o
_ 2T oy ——— BBEQ
Fop ~ b F@m~m
MEQ1 MEQ2
T~ Fr~T
|‘0”1—)0'12N—) Fol~oy oy ~oy
; ; A ; 7 ; ’AEQZ
}_01—>0'2Nm "O'l—>0'2"‘0'3_)0'4
FTol~ TG kol ~ o)
— CEQl ————— CEQ2
- T ol ~ T FTo~ T
F ot ~ [p2] FpL~pa
——— EQl —_— ,SEQ2
FVa.p; ~|Va.p2 FVa.p1 ~Va.ps
/ !/
}_ CTl f; CT2 “”*.f
"@NO" }_TE’NO"
SBOXY MONO —— BMONO
F@ <o ~ Az.z Frlr~Az.z Fr <@~ Az.z

N 71_’ ; CON
g <o ~Ar.z

ol #£0] b#ftu(ah)
Foi <ph~f Fla—=Tap <ph~f

SKOL

— — SPEC
Fol <Vb.py~ Az.Ab.f z

FVa.py < py~ Az.f (z [3])
kol —oh <[@3 =@~ f
Fl

"UéNUinl FU’zSUﬁ“"fz

F2
Foi = oy <[@a o4~ f Foi = oy <oy =0y~ Ag. Ay .fo(g (fi )

Figure 3: Subsumption and boxy matching




2 Definitions and conventions

Substitutions, denoted with S, T', U, V are, as usual, idempotent maps from (internal) variables to monotypes. We
use dom(S) and range(S) to denote the domain and the range of a substitution S respectively. Substitutions are
naturally extended to be total as follows: We define S(a) = a whenever a ¢ dom(S). Sometimes we write X1, X
to denote the union of the two variable sets X1 and X>. Composition of substitutions, § - V, is defined as usual:

S- V(o) = S(V()).



3 Subsumption and Boxy matching

Subsumption and boxy matching are given in Figure 3.

3.1 Boxy matching

Boxy matching is the relation that is responsible for filling in the holes in the two types that are compared. In an
unknown-meets-unknown situation it forces both boxes to be monotypes, otherwise the order of filling in the boxes
would be important.

Lemma 3.1 (Substitution for boxy matching). If+ o] ~ o5 then - Soi ~ Soy and the new derivation has the
same height.

Proof. Straightforward induction on the height of the derivation - ] ~ a5. The cases where the last rule was syM,
AEQl, AEQ2, CEQ1, or CEQ2 follow directly by application of the induction hypothesis and application of the same
rule. The cases of BBEQ,MEQ1, and MEQ2 follow by the fact that substitutions range over monotypes. For the rest of
the cases we have:

e Case sEQl. We have that + Va.p} ~ given that - p} ~ [pz]. Consider a substitution S - [a > b]
where b#wvars(S). Then by induction hypothesis - S[a — b]p} ~ |S[a — b]p2| and by rule SEQ1 we have that

F Vb.S[a — b]py ~ [Vb.S[a > b]p2|, or equivalently - S(Vb.[a > b]p}) ~ S(Vb.[a — b]p2|), or equivalently
F S(Va.pi) ~ S(Va.pz)) as required.

e Case SEQ2. Similar to the case for sEQl.

Remark 3.2 (Boxy matching not reflexive). It is not the case that - [@ ~ [@] for arbitrary o.
Proof. Immediate. a

Remark 3.3 (Boxy matching not transitive). If - o ~ o5 and F o5 ~ o3 then it is not necessarily the case
that - o ~ o}.

Proof. To see why take o} = [@], 0h = o and o4 = [@] where ¢ is not a monotype. O
Yy Y

3.2 Subsumption

This is a variation of Odersky-Liufer subsumption that is able to handle boxes and uses invariance for function
arguments instead of contravariance.

Lemma 3.4 (Substitution for subsumption). If o) < a4 then - Soi < Soy and the new derivation has the
same height.

Proof. By induction on the height of the derivation o] < o3. We proceed by case analysis on the last rule used.
The case of SBOXY follows from Lemma 3.1. The cases for MONO and BMON follow from the fact that substitutions
range over monotypes. The case for CON follows from Lemma 3.1. The case for F1 follows by induction hypothesis
and application of F1, and F2 follows by induction hypothesis, Lemma 3.1, and application of F2. For the rest of the
cases we have:

e Case SKOL. In this case o} < Vb.p5 given that

—_

b#tfto(at) (
kol <ps (

)
)

Consider § - [b — c] where c#wvars(S), ftv(a). Then, by induction hypothesis for (2) we get - S[b — c|o] <
S[b — c]p5. Using (1) this is equivalent to F Soi < S[b +— c]ph. By applying then SKOL we are done.
e Case sPEC. We have that F Va.p) < pb given that  [a — [@]]p] < ph. Assume that a#vars(S) otherwise we

can apply an a-renaming to Va.p}. Then we have by induction hypothesis that - [a > [Sa]|Sp) < Sph. By
applying SPEC we get - Va.Sp) < Sph and since a#vars(S) this is equivalent to F S(Va.p}) < Sph.

N

|

Remark 3.5 (Subsumption not reflexive). It is not the case that - [@] < [@] for arbitrary o.



Proof. By contradiction assume that it is derivable; then the only rule applicable is SBOXY but (~) is not reflexive
by Remark 3.2. O

Remark 3.6 (Subsumption not transitive). If - o] < o4 and F o5 < o} then it is not necessarily the case that
F oy < ob.

Proof. Take for example 0} = [Va.a — a, 0h =Va.a — a and o3 = a — a. It is not the case that F <

a — a. |

3.3 Boxing and unboxing of types

Controlled boxing around monotype information is given in Figure 4. Arbitrary boxing of types is given in Figure 5,
where essentially the only difference is that rule UBBOX allows for boxing arbitrary types, not only monotypes.
Finally a restriction of the subsumption relation that is valid on some syntactic categories of types and performs
boxing perhaps on negative parts of types and skolemisation on positive parts is given in Figure 6. An auxilliary
definition first. Let us define the function strip(-) as follows:

strip(Va.p') = Va.strip(p')

strip(o] — o3) = strip(ol) — strip(oh)
strip([@]) = o

strip(T @) = T strip(o”)

strip(T) = T

Strip merely removes the boxes off a boxy type (to avoid confusion we stress that it only has mathematical meaning,
it is not used anywhere by the inference system).

Lemma 3.7. IfF7v0’ thenk7~0 and-[@~ 0.

Proof. By induction on F 7> ¢’. We have the following cases to consider.
e Case CBREFL. Here ¢’ = 7 and the first result follows by MEQ2, the second from MEQ1 and SyMm.
e Case CBBOX. Here ¢’ = [T] and the first result follows by MEQ1, the second from BBEQ.

e Case CBFUN. Here 7 = 71 — 7 and 0’ = o} — 0% such that F 71 > o} and F 72 > o). By induction hypothesis
71 ~o1 and b 12 ~ 03, - [71] ~ o1 and + [T2] ~ 05 and by AEQ2 we get the first result, using also AEQ1 we
get the second.

Case CBCON. Similar to the case of CBFUN.

e Case CBCONBOX. Straightforward, as this is the case where the type constructor has no argument types.

Lemma 3.8. If-o' » 7 theno' = .

Proof. By induction on the derivation - ¢’ » 7. We have the following cases to consider.
e (Case UBREFL. Trivial.

e Case UBFUN. In this case ¢/ = 0] — o5 and 7 = 71 — 72 such that - o} » 71 and F o5 » 7». By induction
hypothesis ] = 71 and o5 = T».

e Case UBCON. Similar to the case of UBFUN.

e Cases UBALL, UBBOX, UFUNBOX, UBCONBOX cannot happen (the case of UBALL can happen but it would be a
trivial application).

|

Lemma 3.9. The following are true of the (~) relation:
1. If - o} ~ o and & o1 > o} then F of ~ o}.
2. If o} ~ 0% and - oy > oy then - o1 ~ ).
Proof. We prove the two claims simultaneously by induction on the height of the derivation F o ~ 5. For each

claim, the induction hypothesis asserts both claims for derivations of smaller height.
Part 1: For the first part we have the following cases to consider.

o Case syM. The result follows from the induction hypothesis for the second claim.



e Case

AEQL. In this case we have that F o] — o ~ given that F o] — 0% ~ [01] — [02] and with an

extra inversion

F oy ~[o] (1)
F oy ~[o2] (2)

By inversion on the () relation we have the following cases to consider for + o7 — o3 > o'.

e Case

Case CBREFL. Trivial.
Case CBFUN. We have that - 0] — o5 > o] — 0% where
Foyvoal (3)
Foy>ay (4)
From (1) and (3) and induction hypothesis - oy ~ [g1], and from (2) and (4) and induction hypothesis
we get - a3 ~ [0z]. By rule AEQ2 and AEQL we get that F of — of ~ [0 = 03]

Case CBFUNBOX. In this case o] = and o5 = and then by (1) and (2) it must be the case that
o1 =71 and o2 = 72. Then we need to show that - [77 = 72] ~ [T1 — 72| but this follows from rule BBEQ.

Case CBBOX. In this case 0] — 05 = 71 — 72 and by (1) and (2) and an easy inversion on (~) it must
be that 01 = 71 and 02 = 7. Then we need to show that - [71 = 72] ~ [Tt — 72] and this follows by rule
BBEQ.

AEQ2. In this case we have that - o] — o5 ~ 05 — o given that
oy~ o (5)
- 0'2 ~ 021 (6)

By inversion on (>) we have the following cases to consider for - o] — o5 > o.

o Case
e Case
e Case

e Case

Case CBREFL. Trivial.
Case CBFUN. In this case we have that - o] — o4 > o — o} where
Foivot (7)
Foyb oy (8)
From (5) and (7) and induction hypothesis we get that F of ~ 03, and using (6) and (8) we get - o5 ~ 7.
Then by applying rule AEQ2 we get - o] — 04 ~ o3 — o as required.

Case CBFUNBOX. In this case we have that F o] = and F a5 = and F o) — oy >[@L > 03 We
then need to show that ~ o4 — oj. But this follows from SYM, equations (5) and (6) and
rules AEQ1, AEQ2.

Case CBBOX. Similar to the case for CBFUNBOX.

CEQLl. Similar to the case for AEQ1.
CEQ2. Similar to the case for AEQ2.
BBEQ. Trivial, since it can only be that F [7]> [T].
MEQ1. Here we have that - [7] ~ 7 and we have the following cases for - 7> o’.
Case CBREFL. Trivial.
Case ¢cBBOX. The result follows then by rule BBEQ.
Case CBFUN. Then 7 = 71 — 7 and we have that
F ot 9)
Frboh (10)
By Lemma 3.7 we know that - [7i] ~ o] and | [72] ~ 03. We need to show that - o] — o3 ~ [T = 72].
But this follows by applying AEQ1,AEQ2.

Case CBON. Similar to the case for CBFUN.



— Case CBCONBOX. In this case the constructor takes no argument types and the result follows by rule
CEQ1.

e Case MEQ2. In this case we have that - 7 ~ 7. We have that I 7> ¢’, therefore by Lemma 3.7 + 7 ~ ¢’ and
by applying SYM we are done.

e Case SEQl. Let us assume in this case that we have no useless quantifiers otherwise the case is a degenerate
use of the rule. We have that - Va.p} ~ given that F py ~ [p2]. There are two cases for - Va.pi>o’.

— Case CBREFL. Trivial.

— Case CBALL. In this case - Va.p] b Va.p! given that F p} > p7. By induction hypothesis then + pj ~
and by applying rule sEQl F Va.p] ~ as required.

e Case SEQ2. Similar to the case for sEQ1.
Part 2: For the second part we have the following cases.

o (Case syM. The result follows from the induction hypothesis for the first claim.

e Case AEQ1. Trivial, since it can only be that - [g1 — o2|>[61 — 02}

e Case AEQ2. In this case we have that - o] — o5 ~ 0% — o) given that

Foi~oa (11)
Foh~ oy (12)

By inversion on (>) we have the following cases to consider for - o5 — o} > o',

— Case CBREFL. Trivial.

— Case CBFUN. In this case we have that - o5 — o > 0§ — o4 where

koo (13)

kool (14)
From (11) and (13) and induction hypothesis we get that F o7 ~ 0%, and using (12) and (14) we get
F o5 ~ 4. Then by applying rule AEQ2 we get F o] — 05 ~ o — o4 as required.

— Case CBFUNBOX. In this case we have that F o5 = and F o) = and F o — oy >[g5 — 4] We
then need to show that + o7 — o3 ~ [03 = 04] But this follows from equations (11) and (12) and rules
AEQL, AEQ2.

— Case CcBBOX. Similar to the case for CBFUNBOX.
e Case CEQL. Similar to the case for AEQL.
e Case CEQ2. Similar to the case for AEQ2.
e Case BBEQ. Similar to the case for AEQL.
e Case MEQL. Trivial, since it can only be that F 7> [T].
e Case MEQ2. In this case - 7 ~ 7 and by Lemma 3.7 we have that - 7> ¢’ implies - 7 ~ ¢’ as required.
e Case SEQl. Similar to the case for AEQ1.

o Case SEQ2. Assume we have no useless quantifiers. Then the case is similar to the case of SEQ2 of the first
part.

a
Corollary 3.10 (Controlled boxing for matching). If+ o] ~ o} and o1 > o5 and o4 > 0y then F o3 ~ a}.
Proof. Directly follows by Lemma 3.9 and the fact that () is reflexive. d

Lemma 3.11. The following are true of the (~) relation:
1. If - o} ~ o and - o » o} then F o} ~ o}.

2. If - o}y ~ 0% and - o)y » o4 then - o1 ~ o}.



Proof. We prove the two claims simultaneously by induction on the height of the derivation - o} ~ o%. For each part
the induction hypothesis asserts both claims for derivations of smaller height. For each part we proceed with case
analysis on the last rule used in the derivation.

Part 1: For the first part we consider the following cases.

Part

Case sYM. Follows by induction hypothesis for the second part.

Case AEQl. Here we have that - o] — o} ~ given that F o7 — o ~ — and with an extra
inversion we get

Fop~ (15)
Fob~ (16)

The cases for - o’ B o] — o4 are the following:
— Case UBREFL. Trivial.
— Case UBFUN. In this case we have that - of — 0% » o} — 0%, given that
Foi » oy (17)
F oy » oy (18)

Then by induction hypothesis from (15) and (17) we get k- o7 ~ [o1]- Similarly from (16) and (18) we get
F 0% ~ [@2] Then the result follows by rules AEQ1 and AEQ2.

Case AEQ2. Similar to the case for AEQ1.
Case CEQIL. Similar to the case for AEQL.
Case CEQ2. Similar to the case for AEQ2.

Case BBEQ. Here I [T] ~ [T]. We have the following cases for - o’ » [7].

— Case UBREFL. Trivial.
— Case UBBOX. In this case the result follows by rule MEQL.

— Case UBFUNBOX. In this case we have that 7 = 71 — 7 and we need to show that - — ~ [TL = 12}
But this follows by rules AEQ1, AEQ2, and BBEQ.

— Case UBCONBOX. Similar to the case of UFUNBOX.

Case MEQL. Can’t happen, except for the reflexive case which is trivial.

Case MEQ2. In this case we have - 7 ~ 7. We have that - ¢’ » 7, therefore by Lemma 3.8 we get o' = 7 as
required and MEQ2 finishes the case.

Case sEQl. We have that F Va.p) ~ given that - pi ~ [pz]. Then we need to consider cases for
F o' » Va.p). Assume as well that the quantifiers are not trivial otherwise we could just ommit the rule
application in the original derivation.

— Case UBREFL. Trivial.

— Case UBALL. We have that - Va.p! » Va.p} given that - pi » p}. We can apply the induction hypothesis

then and rule SEQ1 to get the result.

Case SEQ2. Similar to the case of SEQ1.
2: For the second part we consider the following cases.

Case syM. Follows by induction hypothesis for the first part.
Case AEQL. We have that F o] — o ~ given that

F ol — o5 ~ @1 — [02] (19)
F ol ~ o] (20)
F oy ~ [ (21)

Then we consider cases for - ¢’ B [01 = 73].

— Case UBREFL. Trivial.

10



— Case UBBOX. In this case ¢/ = 01 — 02. By induction hypothesis on (20) we get - o] ~ o1 and by
induction hypothesis on (21) we get F o5 ~ g2. Then by AEQ2 we get o] — o4 ~ 01 — 02 as required.

— Case UFUNBOX. In this case ¢/ = — and we already have the result from (19).
e Case AEQ2. Here we have that - o] — 05 ~ 05 — o given that
Foy~o3 (22)
Foy ~ oy (23)
The cases for F o’ < o3 — o} are the following.
— Case UBREFL. Trivial.

— Case UBFUN. In this case we have that ¢’ = 0§ — o4 such that

ko3 » oy (24)
ko » oy (25)

From (22) and (24) and induction hypothesis we get - o] ~ o3 and from (23) and (25) we get - o5 ~ o7.
Then by rule AEQ2 we get - o] — 05 ~ o — 0% as required.

Case CcEQ1. Similar to the case for AEQL.

Case CEQ2. Similar to the case for AEQ2.

Case BBEQ. In this case we have - [T] ~ [f]. We have the following case for F ¢’ ~
— Case UBREFL. Trivial.
— Case UBBOX. It must be that ¢’ = 7 and the result follows by MEQ1 and SYM.

— Case UBFUNBOX. In this case 7 = 71 — 72 and o’ = [f] — [Tz]. We must show that ~ [T —
but this follows from rules SYM, AEQ1, AEQ2, and BBEQ.

— Case UBCONBOX. Similar to the case for UBFUNBOX.

Case MEQL. Straightforward case analysis.

Case MEQ2. Similar to the case for MEQ1.
Case sEQl. In this case we have that F Va.p} ~ given that - p} ~ [P2]: Then we have to consider the

following cases for - o’ » [Va. ps]

— Case UBREFL. Trivial.

— Case UBBOX. We have that ¢’ = V@.p2. It is then enough to show that - p} ~ p2 but this follows from
induction hypothesis, since - p2 » [p2].

Case SEQ2. Again, assume no useless quantifiers. We have that F Va.p} ~ Va.p5 given that - pi ~ p5. The
only cases for F ¢’ B Va.ph are the following.

— Case UBREFL. Trivial.

— Case UBALL. In this case o’ = Va.p4 such that - p5 B p2. By induction hypothesis then - p; ~ p5 and
the result follows from SEQ2 again.

|

Corollary 3.12 (Uncontrolled unboxing for matching). If - of ~ o3 and + o5 » 0| and + o) » o4 then
Fof ~ oy

Proof. Directly follows by Lemma 3.9 and the fact that (») is reflexive. |
Lemma 3.13 (Reflexivity on box-free types for matching). Fo ~ o.

Proof. By induction on the structure of o.
e Case 0 = Va.p. By induction hypothesis and rule SEQ2.
e Case o = 01 — 02. By induction hypothesis and rule AEQ2.

e Case 0 = T' . By induction hypothesis and rule CEQ2.

11



Case o = 7. Follows by MEQ2.

O
Lemma 3.14 (One-sided boxy matching). + o ~ [a].
Proof. By induction on the structure of o.
e Case 0 = Va.p. By induction hypothesis and rule SEQ1.
e Case 0 = 01 — 02. By induction hypothesis and rule AEQL.
e Case o0 = T' 7. By induction hypothesis and rule CEQL.
e Case o0 = 7. By MEQL.
O
Corollary 3.15. ¢’ ~ strip(o’).
Proof. By induction on the structure of o’.
e Case o/ = Va.p'. By induction hypothesis and rule SEQ2.
e Case o' = o] — o}. By induction hypothesis and rule AEQ2.
e Case o' = T . By induction hypothesis and rule CEQ2.
e Case o’ =[g]. By Lemma 3.14.
e Case o' = 7. Follows by MEQ2.
O

Lemma 3.16. If 7o’ then

1.
2.
3.
4.

Fr<o.
Fo' <.
Fm<o.
Fo <@

Proof. By induction on the derivation + 7> ¢’. We have to consider the following cases.

Case CBREFL. The first two claims follow by MONO, the third by sBOXY, and the last by BMONO.

Case CBFUN. In this case 7 = 7 — 72 and ¢’ = 0] — 0% such that - 71 > o] and F 72 > o). By Lemma 3.7 and
by Corollary 3.10 we get

F7~of (1)
F [~ o1 ()
b~ o) (3)
F ~ o (4)
By induction hypothesis we have
F <oy (5)
F b <7 (6)
F < oy (7
Foh < (8)
By (1) and (5) and AEQ2 we get that -7 < ¢’. By (1) and (6) and AEQ2 we get that - ¢’ < 7. By (2) and (4)
and SBOXY we get that - [7] < ¢’. By (1) and (8) and rules AEQ1, AEQ2 we get F o’ < [T].
e (Case CBCON. Similar to the case for CBFUN.
O
Lemma 3.17. Ift o} ~ o4 then fiv(ol) = ftv(o).
Proof. Easy induction. a

12



We next introdude the notion of a protected polytype. Protected polytypes are those whose polymorphism is
hidden under a box. They are just a subset of the domain of o', defined as follows.

w = 7|@|lw—2w|Td

A feature of the controlled (but not of the uncontrolled) boxing is that whenever the right-hand type is a box,
the left-hand type is already protected.

Lemma 3.18. If+ ¢’ >[g] then o' = w.

Proof. By induction on the derivation - o' b [g].
e Case CBREFL. We have that [@] € dom(w).
e Case CBBOX. Monotypes are in dom(w).
e Case CBFUNBOX. Types of the form — are in dom(w).
e Case cBCONBOX. Types of the form T [g] are in dom ().

e The rest of the cases cannot happen.

Next we assert that no skolemisation can happen for protected types in subsumption.
Lemma 3.19. If+ w < o' then ftv(d’) C ftv(w).

Proof. By induction on the derivation @ < o',
e (Cases SBOXY and CON. Follow directly by Lemma 3.17
o Cases MONO and BMONO. Immediate.

e Case SKOL. In this case we know that - w < Vb.ph given that - w < pb and b#ftv(w). By induction
hypothesis ftv(py) C ftv(w) and therefore ftu(Vb.py) C ftv(w).

e (Case sPEC. Can’t happen.

e Case F2. Here we have that - o] — 0% < 05 — 0} given that F o} ~ of and o5 < 0%. But it must be that
01 = w1 and 0% = w» and the result follows by Lemma 3.17 and induction hypothesis.

e Case F1. Similar to the case of F2 with an extra inversion step.

Lemma 3.20. If+-7 <o thent o ~ 7.
Proof. By induction on the derivation F 7 < ¢’. The case for SBOXY cannot happen. The cases for MONO and BMONO
are easy. Case CON follows directly by the premise and case SPEC can’t happen. For the rest of the cases we have:

e (Case SKOL. Assume without loss of generality that this is a non-trivial application of the rule. then 7 is a
protected type and by Lemma 3.19 this case cannot happed because otherwise it must be that the skolem
constants are in fiv (7).

e Case Fl. Directly follows by induction hypothesis and rule AEQ1.

e Case ¥2. In this case we have that F 11 — 7 < o3 — o} given that F 03 ~ 71 and - 7» < o}. By induction
hypothesis - 0 ~ 72 and by applying AEQ2 we are done.

|

Lemma 3.21. If @ do not occur inside bozes in pi, pi and - py > pY then [a — d']pi > [a — o']pY
PLs P P> p p p

Proof. Easy induction on the derivation F p] b py. Let us assume without loss of generality that @ € ftv(p}, p?).
Then the case for REF follows again by rule REFL. Case CBBOX cannot happen. Cases CBALL, CBFUN and CBCON
all follow by induction hypothesis (for CBALL we use the non syntactic invariant that all well-formed types cannot
contain quantified variables free inside a box). Finally cases CBFUNBOX and CBCONBOX cannot happen. |

Lemma 3.22. Ifa do not occur inside bozes in pi, pi and = p} » pi then [a = o’]p} » [a — o’|p!
Proof. Similar to the proof of Lemma 3.21. a

Lemma 3.23. Bouzing (controlled or not) does not affect free type variables.
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1. If+ o} v o then ftu(ol) = flu(ah).

2. If - a1 » b then ftu(ol) = flv(ob).
Proof. Easy induction. |
Lemma 3.24. IfF o] < o5 and - o1 > o} then o5 < o5.
Proof. The proof is by induction on the derivation F o} < 05. We proceed with case analysis on the last rule used in

the derivation.

e Case SBOXY. In this case we have that F [@] < o’ given that - [@] ~ ¢’. Then it can only be that - @] [&] and
the result follows trivially.

e Case MONO. In this case we have 7 < 7 and we have - 7> ¢’. Then by Lemma 3.16 we get that - o’ < 7 as
required.

e Case BMONO. Here 7 <[f] and F 7> ¢’. Then by Lemma 3.16 we get o' < [T].
e Case CoON. Follows by Corollary 3.10.
e Case SKOL. We have that - o} < Vb.p) given that

o1 # @ (1)
b#tftv(o1) (2)
F oy < ph (3)

Assume that - o1 >07. Then by Lemma, (3.23) ftu(o}) = ftv(oy). Assume additionally that the application of
the rule is a non trivial one, otherwise we get the result directly from the induction hypothesis, that is assume
b # 0 and b C ftu(ph). By induction hypothesis we get

kol < ph (4)
To be able to apply rule SKOL again we need to show that of # [@]. Assume by contradiction that of = [&].
Then by Lemma 3.18 it must be that o} is protected. Then by Lemma 3.19 and equation (3) it must be that
ftv(ph) C ftv(o}) therefore b C ftv(o}), a contradiction. Therefore of # [@], and we can apply rule SKOL to get
the result.

e Case SPEC. Here I Va.p] < ph given that F [a — [@]]p} < p5. By inversion on () we get either that CBREFL was
used and we are trivially done, or that F Va.pi>Va.py such that - pi>p) and moreover @ don’t appear free inside
boxes in p}, pY, so that the types are well-formed. Then by Lemma 3.21 we get that - [a — [@]|p} b [a — [@]]p}
and by induction hypothesis - [a — [@]]p] < p5. Applying rule SPEC finishes the case.

e Case F1. We have that - o] — 05 < given that + o] — o5 < [03] — [04], or with an extra inversion

step:
k@3] ~ o} (5)
Foy < (6)

We proceed by taking cases for - of — ghb o'
— Case CBREFL. Trivial.
— Case CBFUN. Direct application of induction hypothesis and rule F1.

— Case cBBOX. We have that 07 — 05 = 71 — 72 and ¢’ = [fT =5 72]. We want to show that <

— [0a), or equivalently ~ — [0a), or equivalently F [T1] ~ and - [T2] ~ [04] But we get
the first equation from equation (5) and the latter from equation (6) and Lemma 3.20, and Corollary 3.10.

— Case CBFUBOX. Similar to the case for CBBOX.

— The rest of the cases cannot happen.

e Case F2. In this case F o] — o5 < 03 — o4 given that F o5 ~ o} and F o) < oy. We consider cases for
Fol = ohpo’:

— Case CBREFL. Trivial.

14



— Case CBBOX. In this case 0] — o5 = 71 — T2 and we know that - o4 ~ 71, therefore by Corollary 3.10
F o3 ~[71]. Similarly we know that
Fr <oy (7)

By Lemma 3.20 we get that - 75 ~ o or by Corollary 3.10

k(7] ~ o} (8)
Then we need to show that + < 03 — 04 or using SBOXY F < o3 — oy. But this is
derivable from equations (7) and (8), rule syM, and rules AEQl and AEQ2.
— Case CBFUN. Easily follows by induction hypothesis and Corollary 3.10.

— Case CBFUNBOX. In this case o7 =[o1] and 03 = [gz] and ¢’ = [61 — 02]. Then we have that - [g1] ~ o3 and
F < o4, which with an inversion gives F ~ o) Then we need to show that - <ob— o0y
but this follows by SBOXY, and rules SYM, AEQ1, and AEQ2.

— The rest of the cases cannot happen.

Lemma 3.25. If o] < oh and - o4 > oy then F o) < oy.

Proof. By induction on the derivation of - o < 0. We proceed with case analysis on the last rule used.

Case SBOXY. In this case I [@] < ¢’ given that I [@] ~ ¢’. Suppose that - ¢’ > ¢”. Then by Corollary 3.10 we
get [@] ~ o’ and by applying SBOXY again we are done.

Case MONO. In this case -7 < 7 and 7> 0’. By Lemma 3.16 we get - 7 < o' as required.
Case BMONO. Here - 7 < [7] and only CBREFL can be applied to [7], so the result follows trivially.
Case CON. Similar to the case for SBoXy appealing to Corollary 3.10.

Case SPEC. Directly follows by induction hypothesis.

Case skoL. We have that - o] < Vb.ph given that of # [@, b#ftv(cl) and F o] < ph. Assume as well that
this is a non-trivial application of the rule, otherwise we get the result directly by induction hypothesis. Then
it must be that either that CBREFL was used and we are trivially done, or that F Vb.ph > Vb.py such that
F ph > p5. By induction hypothesis F o} < p5 and applying rule SKoI finishes the case.

Case F1. Similar to the case of BMONO.

Case 2. Here we have that - o] — o5 < 03 — o} given that
Fog ~ o (9)
Foy <oy (10)

We consider cases for F o5 — o4 b o’

— Case CBREFL. Trivial.

— Case cBBOX. Here 03 — 04 = 73 — 74 and ¢’ = [T3 = 74] Then we need to show that - o] — o5 <
or by using rules F1 and F2 it is enough to show that I o] ~ [T3] and + o5 < [Tz} The first follows
by (9) and Corollary 3.10. The secon follows by (10) and induction hypothesis, since F 74 > [Ta].

— Case CBFUN. Here we have that - o4 — oy > 0% — o4 given that
Foyb>oy (11)
Foyboy (12)
From (9), (11) and Corollary 3.10 we get that - o5 ~ oi. From (10), (12) and induction hypothesis
F oy < o4. The result follows by applying rule F2 again.

— Case CBFUNBOX. Here o} = and o) = [04 Equation (9) gives then F ~ o} and (10) gives

F oh < [oa We need to show that - o] — o4 < [03 — 04, or by F1 F o] — 05 < [@3] — [04], or by F2
F [@3] ~ o1 and | o) < [04] which we already have.

— The rest cases cannot happen.

15



Corollary 3.26 (Controlled boxing for subsumption). If o] < 04 and + o\ >3 and - oy o)y then - o < o}.

Proof. Follows by Lemma 3.24 and Lemma 3.25 and the fact that (>) is reflexive. d

Lemma 3.27. IfF o} < 05 and - o » o} then - a5 < o5.

Proof. By induction on the derivation - i < o%. We proceed by case analysis on the last rule used.

Case sBoxY. Follows by Corollary 3.12 and rule SBOXY.

Case MONO. We have that - 7 < 7 and by Lemma 3.8 it can only be that - 7 » 7. The result follows trivially.
Case BMONO. Similar to the case for MONO.

Case coN. Follows by Corollary 3.12 and rule COR.

Case SKOL. In this case we have that F o} < Vb.ph given that o} # [@, F#ftv(a'l), and F o] < ph. Assume
that - of » oi. Then it cannot be that of = [@] because it would have to be as well that o] = [@. Also by
Lemma 3.23 ftv(o7) = ftu(o1) and we can apply rule SKOL to get the result.

Case SPEC. We have in this case that - Va.p} < pb given that + [a — [@]p] < pb. Then the only case for
F o’ » Va.p) is either using UBREFL, in which case the result follows trivially, or using UBALL. In the latter
case we have - Va.p! » Va.p| where I pf » pi. By Lemma 3.22 we get that F [a — [@]]p] » [a — [@]]p] and
by induction hypothesis - [a — [@|p] < pb. Applying rule SPEC finishes the case.

Case F1. In this case we have F o] — o) < [03 — 04] given that
(03 = 04] &

kot — o5 < [o3] — [04] 1)
We have only two cases for - ¢’ B 0 — o5. If rule UBREFL was used then we are trivially done. If rule UBFUN
was used we are done by an application of the induction hypothesis for (1) and rule F1.
Case F2. Here - o] — 04 < 05 — o) given that
Fos~ o1 (2)
Foy <oy 3)
We consider cases for - o’ » of — 5.
— Case UBREFL. Trivial.
— Case UBFUN. We have that ¢’ = o] — &% such that
Foi » ol (4)
F oy » oy (5)
From (2) and (4) and Corollary 3.12 - o3 ~ o, and using (3) and (5) and induction hypothesis we get
F o < o}. The result then follows by applying F2.
|

Lemma 3.28. IfF o] < 0% and - o) » o4 then o] < o).

Proof. By induction on the derivation - o1 < o3. We proceed by case analysis on the last rule used in the derivation.

Case sBOXY. Follows by Corollary 3.12 and application of rule SBOXy.
Case MONO. We have that - 7 < 7 and by Lemma 3.8 it can only be that - 7 » 7. The result follows by MONoO.

Case BMONO. In this case we have - 7 < [f]. We consider cases for - ¢’ » [T

— Case UBREFL. Trivial.

— Case UBBOX. In this case we have ¢/ = 7 and we need to show that - 7 < 7 but this follows by rule
MONO.

— Case UBFUNBOX. In this case we have that 7 = 71 — 7, o/ = — [z} We need to show that
F 1 — 1 <[T1] —[2], and both - 71 ~ [71] and F 72 < [r2] are derivable.

— Case UBCONBOX. Similar to the case for UBFUNBOX.

e Case CON. Easily follows by Corollary 3.12 and rule CON.
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e Case SKOL. We have that - o] < Vb.p} given that o] # [@, b#ftv(ol) and
ko1 < ph )

Consider cases for - o’ » _VZ. p2. If UBREFL was used then the result follows trivially. Otherwise UBALL must
have been used and ¢’ = Vb.p5 such that - p5 B p5. By induction hypothesis for (1) we get then that - o1 < p4
and we are done by applying SKOL again.

e Case sPEC. Directly follows by induction hypothesis and application of rule SPEC.

e Case F1. We have that - 0] — o5 < given that

F ol — o5 < [03] = [04] (2)
k@3] ~ a} (3)
F oy <[oa] (4)

We have the following cases to consider for + o' B [g5 = o4]:

— Case UBREFL. Trivial.

— Case UBBOX. Here we have that ¢/ = 03 — 04 and we need to show that F o] — o5 < 03 — g4, or using
F2 that - 03 ~ o1 and I o4 < 04. The former follows by (3) and Corollary 3.12. The latter follows from
(4) and induction hypothesis, since - o4 » [02]-

— Case UBFUNBOX. In this case we have that o' = — and we have the result directly from equation
(2).
e Case F2. In this case - o] — 03 < 0 — o} given that
Fog ~ o (5)
ko <oy (6)
We have the following cases for o’ » o5 — oy:
— Case UBREFL. Trivial.
— Case UBFUN. Here ¢’ = 03 — o with
= 0'3' » 0'3 (7
ko » oy (8)

From (5) and (7), and Corollary 3.12 - o5 ~ o} and from (6) and (8) and induction hypothesis I o5 < o7.
Applying rule F2 finishes the case.

|

Corollary 3.29 (Uncontrolled unboxing for subsumption). If - o] < o4 and F o5 » a1 and + o} B o5 then
F oy <o}

Proof. Follows by Lemma 3.27 and Lemma 3.28 and the fact that (») is reflexive. d
The next theorem asserts that subsumption behaves the same for classes of (>)-equivalent types.

Theorem 3.30. If+ o} < o4 then & [o1]s < [02]s-

Proof. Direct consequence of Corollary 3.26 and Corollary 3.29 and the observation that (>) C (»). d

Lemma 3.31. + o' < strip(a”’).

Proof. By induction on the structure of o’. We proceed by case analysis on ¢’.

e Case ¢/ = Va.p'. We need to show that - Va.p' < Va.strip(p'). We have by induction hypothesis that
F p' < strip(p') and by Corollary 3.26 we get - [a — [@]p’ < strip(p'). Then by SPEC we get - Va.p' < strip(p’)
and the result follows by applying rule SKOL.

e Case o' = [@. We need to show that I [@] < o, or by sBOXY, that I [@] ~ o, which holds by Lemma 3.15.
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e Case 0/ = o] — o5. We need to show that - o] — o4 < strip(ol) — strip(oh) or equivalently that F
strip(al) ~ o1 and + o5 < strip(o3). The former follows by rule syMm and Lemma 3.15 and the latter by
induction hypothesis.

e Case o' = T 7. Follows by Lemma 3.15 and rule CON.

e Case o' = 7. Follows by rule MONO.

Corollary 3.32 (Reflexivity on box-free types for subsumption). o <o.

Proof. Just observe that strip(o) = o and the result follows from Lemma 3.31. d

3.4 Strange boxing relation

This relation will be useful when we prove that we can embedd System-F in our language, provided we supply extra
annotations on type lambdas and type applications. Here are its properties.

Lemma 3.83. If-7 >0 thenk7<0".

Proof. By induction on the derivation - 7 > o'. The case for sB1 is trivial. The case for SB2 cannot happen. For
SB3 we havethat T =7 > mand 71 — m > — o4 where F 72 > 05. By induction - 72 < 0% and F ~ Ti.
Applying rule F2 gives the result. The case for sB4 is similar. a

Lemma 3.34 (Strange boxing preserves subsumption). Ift o1 < o end b o > o4 then o1 < of.

Proof. By induction on the derivation F o < p. We proceed with case analysis on the last rule used.
e Case sBOXY. Cannot happen as o1 is box-free type.
e Case MONO. In this case we have that - 7 < 7 and F 7 > ¢’ therefore by Lemma 3.33 - 7 < o’.
e Case BMONO. The only applicable rule would be SB1 and the result follows trivially.

e Case CON. We have that H T & < 02 when - T' @ ~ o2, therefore it must be that 0o = T @2 by an easy
inversion. Then the only rule applicable is SB1 and the result follows trivially.

e Case SkOL. If sB1 was used the result follows trivially; otherwise SB2 must have been used in which case the
result follows from the premises of SKOL.

e (Case SPEC. Directly follows by induction hypothesis and rule SPEC.
e Case F1. The only applicable rule would be sB1 and the result follows trivially.

e Case F2. We have that - 01 — 02 < 03 — 04 given that
|— g3 ~ 01 (9)
o2 <oy (10)
We have the following cases for - 03 — o4 > o',

— Case sB1. Trivial.

— Case sB3. In this case we have that F g4 > o4 and by induction applied to (10) we get F a2 < o} We
then need to show that ~ o1. But (9) implies that o3 = o1 and this follows by Lemma 3.15. Then
we can apply F2 to get the result.

|

Lemma 3.35 (Controlled boxing for typing). The following are true of the typing relation:
1. IfT H% ¢ 0" and F o' bo” then T HY t: 0",
2. IfTHt:p andbFp' vp”’ thenT - t:p".
Proof. We prove the two claims simultaneously by induction on the height of the derivations. For each part the

induction hypothesis asserts both claims for derivations of smaller height.
Part 1: For the first part we have two cases to consider.
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Figure 4: Controlled boxing of types
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19




e Case GEN1. We have that T ' ¢ : Va.p' given that T - ¢ : p/ and @#ftv(T'). We consider cases for - Va.p'vo’.
Either the rule CBREFL was used in which case we get the result trivially, or CBALL was used. In the latter case
we have - Va.p' b Va.p" given that F p' > p”. By induction hypothesis T' I ¢ : p” and by applying rule GEN1
we get the result again.

o Case GEN2. In this case we have that T’
done.

Ry [P] and it can only be that F [p]> [p] therefore we are trivially

Part 2: For the second part we have the following cases to consider.

e (Case VAR. Follows directly be Corollary 3.26.

e Case ABS1. We have that T' - \z.t: 0} — o4 given that

ko~ (1)
T, z:01 l—poly t: 0"2 (2)

We consider cases for - o] — ohb o'

Case CBREFL. Trivial.

Case CBBOX. In this case 07 — 05 = 71 — 7. We need to show that T'F \z.t: or by applying
ABS2, that I' F \z.¢ : [f1] = [f2]. By Corollary 3.26 and (1) we get F [71] ~ and by (2) and induction
hypothesis we get I', z:01 g [72]. Applying rule ABs1 finishes the case.

Case CBFUN. In this case we have that - o] — 0% b of — o4 given that - o} > 07 and - o5 > 0%. By
Corollary 3.26 and (1) then we get that - o} ~ [1]. By (2) and induction hypothesis T, z:01 K t : 0.
Applying rule ABs1 finishes the case.

Case CBFUNBOX. In this case o7 = and o = and o’ = [0 = 02 We then need to show that
F'F\z.t: or using ABS2 that ' - \z.t: — which we already have.

Case ABS2. Only the rule CBREFL can be used so the result follows trivially.

e Case APP. We have that T - ¢ u : p’ given that

THt:@—p (3)
FI—leyu:o' (4)

Take - p' b p”, then F [@ — p' b[@ — p’ and by induction hypothesis for (3) we get I' - ¢ : [@] — p”. From
this, (4) and rule APP again we get the result.

Case LET. Easy unfolding and application of the induction hypothesis and rule LET.

e Case SIG-LET. Similar to the case for LET.

Lemma 3.36 (Uncontrolled unboxing for typing). The following are true of the typing relation:

1. FTH" t .0 ando" » o' then TH™" t: 0",
2. IfTHt:p andbp" »p' thenTH t:p".

Proof. We prove the two claims simultaneously by induction on the height of the derivations. For each part the
induction hypothesis asserts both claims for derivations of smaller height. We proceed with case analysis on the last

rule used.

Part 1: For the first part we consider two cases.

e Case GEN1. We have that I' F

oly

t : Va.p' given that T' F t : p’ and a#ftv(T'). We consider cases for

F o' » Va.p'. Either the rule UBREFL was used in which case we get the result trivially, or UBALL was used.
In the latter case we have - Va.p” > Va.p' given that F p” > p’. By induction hypothesis T' F ¢ : p” and by
applying rule GEN1 we get the result again.

e Case GEN2. We have that T' % ¢ : [P given that T' -t : [p). By induction hypothesis, if - p' » [p]then T' F ¢ : p'
and by rule GEN1 with no generalised variables we get the result.

Part 2: For the second part we consider the following cases.

e (Case VAR. Follows by Corollary 3.29.
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e Case ABS1. We have that T' - \z.t: o} — o4 given that

Foi~ (1)
T z:01 ol t:oh (2)

We consider cases for - o’ » o7 — o5.

— Case UBREFL. Trivial.

— Case UBFUN. In this case we have that - of — of » o1 — o5 such that - o{ » o} and F o » o5. By
Corollary 3.12 + o7 ~ and by induction hypothesis I', z:01 P oy. Applying rule ABs1 finishes
the case.

o (Case ABs2. In this case we have that I' - \z.% : given that

Lk \z.t: [0 — 02 3)
We have the following cases for o’ B [0 — o2}

— Case UBREFL. Trivial.
— Case UBFUNBOX. Directly follows by (3).

— Case UBBOX. In this case we need to show that I' - \z.t : 61 — o2. But it is easy to confirm that
For— o2 — and the result follows by this and induction hypothesis for (3).

e Case APP. In this case we have that [' - ¢ u : p’ given that
THt:@—p (4)
rH" u:o (5)

Take - p”" » p', then F [@ — p” » [@] — p' and by induction hypothesis for (4) we get that T' - ¢ : [@] — p”.
From this, (5) and APP we get the result.

e (Case LET. Easy unfolding and application of induction hypothesis and rule LET.
e (Case SIG-LET. Similar to the case for LET.
O

Theorem 3.37 (Boxing-unboxing for typing). IfT'F t:p' then T+ t: [p'].. IfT Ho% o' then T Y ¢ [']5.

Proof. Follows by Lemma 3.35 and Lemma 3.36 and the fact that (>) C (»). d
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Figure 7: System-F (& la Curry)

System-F translation [t7], = ¢

[z]- =

rz.t]y, = (z.[tlr...,) where T,z:71 FF ¢ : 02
rz.t], = (\z.[tlr..,,)::(01 = 02) where T, 309 F' ot oo
[t t2]r = [l [t]r

[AT.t]ly = [t where a#ftv(t)
[Aa.t], = [tlpa::o where T'H' AG.t:0
[t 7lr = [tlr

[toily = [tp::o where T'HF t51:0

Figure 8: Translation of System-F

4 Translation of System-F

The System-F figure is given in Figure 7. Notice that this version of System-F is as expressive as the more familiar one
where type abstractions and type applications occur one at a time. The results in this section can be made to work
with the simpler version of System-F, but for convenience we present them for the multi-abstraction, multi-application
version. Consider the following syntax for terms, denoted with r, s.

s, ou= v|N|M|sr|s:o
Noon= \z:i:it.s
Mooa= (\£.s)::(01 = 02)

Consider also the following translation of System-F, called pre-translation:

[=1%

=z
|I>\‘7’.' t]]‘tl; = (\‘7": iTL- |[t]];,a::'rl)
where T,z:m FF t:on
Dot = (e[t} ,.,,)::(01 = 02)
where T, z:01 FF t:00
[t 6]l = [alf [t}
[Aa.i]l = [
where a#ftv(t)
[[Aﬁ.t]]lt = [t]]lt’a::o
where THF AG.t:0o
AL =
[tadl = [t::0

where THF tT1:0
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It is an easy observation that if ¢ is a System-F term, then |[t]]J1L yields an s-term.
To type s-terms we use VAR, and APP for variables and applications. We use the following rule for s::0:

ftv(Va.p) C dom(T') a#fto(T')
Takt:p FVa.p<yp

Tk (t::Va.p):p

For A' we have the following rule:

ftu(o1 = o2) C dom(T")
T z:01 Y g o2
- o1 — 02 S p’ ft’U(O’1,0’2) (_Z dom(F)

TFN\z.r)::(o1 = 02): p

ABS*

Finally, for A* we use the following pair of rules:

ftu(t) Cdom(T) Foi~
| A et t:ob
!

T'F(\z::7.t): 07 = 0

ABS1*

Tk (\z::7.t) : [01] = [02]
A
Tk (\z::7.%) : [01 = 03]

BS2*

The following lemma is then true.
Lemma 4.1. If+ Tk s:p andbp = p"” thent-T ks :p”. If+T K% s o' and o' = o then T ™ s: 0"
Proof. By induction on the structure of s. We inline uses of the second part in the first, so we can apply induction
hypothesis for both. We have the following cases.

e Case s = v. Directly follows by rule VAR and Lemma 3.34.

e Case s = 71 2. In this case we have that T' F r1 m : p’ given that

Tkrii@—p 1)
I o (2)

By induction hypothesis for (1) T'F 7 : [@] — p” and using this and (2) and rule APP finishes the case.

e Case s = r::0. In this case assume o = Va.p and

we have that a#ftv(T), ftu(Va.p) C dom(T), I',a F r : p, and - Va.p < p'. Using Lemma 3.34 we get
FVa.p < p” and we can use the derived rule siG to get the result.

e Case s = (\z.s)::(01 — 02). Similar to the case for the annotated term.

e Case s = (\z::7.s). In this case we have two subcases.

— Rule ABS1* was used, in which case we have that

Tk (\z::7.t): 07 — 0 (3)

given that
Foi~ (4)
T, z:1 Ea T ah (5)

Let us consider cases for - g} — a5 = p'.
* Case sBl. Trivial.
* Case sB2. Cannot happen.

* Case sB3. Here 0] — 0% = 01 — 05 and p' = — 05. From (4) it must also be that + ~
and by applying rule ABS1* we are done.
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* Case sB4. Follows by induction hypothesis for (5) and rule ABS1*.

— Rule ABS2* was used. In this case after two steps of inversion a similar analysis as above applies.

The second part is straightforward. a

Theorem 4.2 (Arbitrary instantiation). FVa.p < [a— olp.

Proof. By SPEC it is enough to show that - [a — [@]]p < [@ = &]p. But this follows from Lemma 3.31. |

Notice that in the theorem above our types are sans-boz. A definition we need is the weak prenex form conversion.

wpr(Va. p) = Vab.p: where wpr(p) = Vb.p1
and b#a

wpr(o1 = 02) = o1 — p2 where wpr(oz2) = Va.p2

wpr(T &) = To

wpr(7) = 7

Lemma 4.3 (Subsumption infers weak prenex form). If wpr(o) = Va.p then o < [p].

Proof. By induction on the structure of o.

Case 0 = Va.p1. Assume wpr(p1) = Vb.p2 such that without loss of generality b#a. We then need to show
that - Va.p1 < [pz] But by induction hypothesis we have that F p1 < and by Corollary 3.26 we have
F [a = [@]p1 < [p2] Then we can apply rule SPEC to finish the case.

Case 0 = 01 — 2. Assume that wpr(os) = Vb.ps and without loss of generality b#ftv(c). Then we need to
show that - o1 — 02 < or by rule F1 and rule F2 ~ g1 and + o2 < [p2]. The former follows by
Lemma 3.15 and the latter by induction hypothesis.

Case 0 = T 7. Here wpr(T &) = T & and we need to show that H T ~ which follows by CEQl, CEQ2
and Lemma 3.15.

Case o = 7. Trivially follows by BMONO since wpr(r) = 7.
a

Lemma 4.4 (Polytype substitution for matching). If @ have unbozed occurrences in oy, o5, and b o1 ~
then  [a v olo] ~ [a = o|os.

Proof. The proof is by induction on the height of the derivation ¢} ~ d5. We proceed by case analysis on the last
rule used.

Case sYM. By induction hypothesis and SYm again.

Case AEQ1. By induction hypothesis and AEQ1 again.

Case AEQ2. By induction hypothesis and AEQ2 again.

Case CEQL. By induction hypothesis and CEQ1 again.

Case CEQ2. By induction hypothesis and CEQ2 again.

Case BBEQ. Trivially follows as all occurrences of @ are guarded under a box.
Case MEQL. Follows by Lemma 3.15 and SyMm.

Case MEQ2. Follows by reflexivity for box-free types, Lemma 3.13.

Case sEQ2. For SEQ2 we have that - Vc.p} ~ Vc.ph given that F pi ~ p5. By the (monotype) substitution
lemma for matching, Lemma 3.1 we get that - [¢ — b]p} ~ [c > b]ph with the same height, where b#vars(7, @)
Then by induction hypothesis - [a75&][c — b]p} ~ [T a][c — b]ps and by SEQ2 + Vb.[@a > &][c — b|p) ~
Vb.[a—a][c — b]ph, or equivalently - [ a|Vb.[c — b]p] ~ [@—= a|Vb.[c — blph, or F [G—=G|VE.pL ~
[@a+ o]Ve. ph as required.

Case SEQ1. Similar to the case for SEQ2.

Lemma 4.5 (Polytype substitution for subsumption). Assume that the following three conditions hold:

1.
2.

@ have unbozed occurrences in o, ob.

All occurrences of @ in o4 are unbozed.
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3. kot <oab.

Then + [a— ool < [a — 0]0%.

Proof. By induction on the height of the derivation - o] < 0%. We proceed by case analysis on the last rule used.
e (Case sBOXY. Follows by Lemma 4.4.
e Case MONO. Follows by reflexivity for box-free types, Corollary 3.32.
e Case BMONO. Trivially follows since all occurrences of @ in the right-hand side type are guarded under a box.
e (Case CON. Follows by Lemma 4.4.

e Case SKOL. In this case we have that F o} < Vb.ph, given that

oy #[©@ b#ftu(ol) 1)
kol <ps (2)

Consider c#ftv(a1), vars(7), a. Then by induction hypothesis for (2) we get [a = (b — c]oi < [a— a][b — c|ps,

or equivalently using (1) [a+> a]o1 < [a7+ a][b — c]p5 and by applying rule SKOL [a = 7oy < Ve.[am a][b — c|p;
equivalently [a— oo < [a = a]Vb. ph as required.

e Case SPEC. Let us name the substitution 1 = [@a+> &]. In this case we have that F Ve.p} < p) given that
F [c = [@pl < pb. Equivalently
F[b — @llc = blpi < p> 3)
where we assume b#vars(1), ftv(¢,[@), that is b completely fresh. By induction hypothesis we get - 1[b — [@]][c — b]p} <

(ph) or by the freshness of b F [b — [th(0)[[9)[c — b]pt < 9 (ph). By applying rule sPEC F Vb.9[c — b]p) <
1 (ph) or equivalently F 1(Ve.pl) < 1(ph) as required.

e Case F1. Trivially follows sinc @ cannot be inside boxes in the right-hand side type.
e Case F2. Follows by induction hypothesis, Lemma 4.4 and application of rule F2 again.
a

Lemma 4.6 (Substitution for typing). Assume without loss of generality that scoped variables can a-vary, so as
to satisfy the condition that dom(T')#vars(S). The following are true for the typing relation.

1. IfTHt:p then STH1t:Sp.
2. IfT " t . o’ then STH" t: So’

Moreover in each case the new derivation has the same height.

Proof. The two claims are proved simultanously by induction on the height of the derivations.

For the first part, all cases but the LET case follow by by application of the induction hypothesis appealing to
Lemma 3.4, Lemma 3.1. The only interesting case is the one for LET. Here we have that T - let ¢ = » in ¢ : p’
given that

T'ku:fp (1)
@ = ftv(p) — fto(T) (2)
T,zVa.pkt:p (3)

Consider b#ftv(T, p), vars(S). Then by induction hypothesis S[a +— 8]T F u : , or ST wu: .
Then we claim that b = ftv(S[a — b]p) — ftu(ST). For one direction assume that there exists a b € b such that
b ¢ ftu(S[a — blp) — ftu(ST). Then it must be that b € ftv(ST), a contradiction. Conversely assume that g €
ftv(S[a — blp) — ftv(ST) but g ¢ 5. Then it must be that § ¢ @ otherwise g € b. But then there must exists
¢ € ftu(p) such that g € ftv(Sc). Also ¢ ¢ ftv(I') because otherwise g € ftv(ST). Then ¢ € @, a contradiction.

For the second part the case for GEN2 follows by induction hypothesis and the case for GEN1 follows by induction
hypothesis with an extra renaming substitution as in the case for rule SKOL in the the substitution lemma for
subsumption. O

Lemma 4.7 (Polytype substitution for restricted typing). If all positive occurrences of @ in p' are unbozed
and a#ftv(T), and ¢ = [a— o] then:

1. IfTkr:p thenT Yo P(p').
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2. IfT Y r: o' then T ¥ 11 4p(o”).
(Notice that this is the syntactically restricted system.)
Proof. We prove the two claims simultaneously by induction on the structure of the term r. We inline the second

part for which we assume that the first part always holds (notice that the usage of the second part always is for
smaller terms inside the first part). For the first part we have the following cases.

e Case r = v. Directly follows by rule vAR and Lemma 4.5.

e Case 7 = r; . In this case we have that T'F r; 2 : p’ given that
Tkr:@—p (1)
% o (2)

By Lemma 3.36 and (1) we get I' - 1 : ¢ — p’. By induction hypothesis (1) is a sub-term of 7. T ry : 9(0) —

¥(p') and by Lemma 4.1 T 7y : — 4(p). Then by induction hypothesis for (2) we get T' H*Y 1, : 1(0)
and by applying rule APP we are done.

e Case 7 = s::0. In this case assume o = Va.p and we have that a#ftv(T), fitv(Va.p) C dom(T), I',a F 7 : p,
and F Va.p < p’. Using Lemma 4.5 we get - Va.p < 9(p’) and we can use the derived rule SIG to get the
result.

e Case r = (\z.s)::(01 — o2). Similar to the case for the annotated term.

e Case r = (\z::7.s). Here we have two cases to consider.

— Case ABs1*. In this case we have that

T (\z::7.t): 07 = 0h (3)
given that
F 0"1 ~ (4)
T, 2.7 Ho g o (5)
(6)

Moreover by (4) if must be that ftv(o}) = ftv(r) C ftu(T), since they are scoped variables. Therefore,
also all positive occurences of @ in o7 — 0% are unboxed implies that all positive occurences in o5 are
unboxed and by induction hypothesis for equation (5) and application of rule ABs1* again we are done.

— Case ABS2*. Vacuously true.
For the second part we assume that the first always holds. We proceed with case analysis on the rule used.

e Case GEN1. We have that I’ I—polf 7 :Va.p given that I' - r : p' and a#ftv(I'). Consider then a renaming
substitution [a + b], with fresh b, composed with our substitution and by the first part T' - r : 9[a > b]p'.
Then b#ftv(I') and by rule GEN1 again we are done.

e (Case GEN2. Directly follows by the first part.

Theorem 4.8 (Translation of System-F to restricted system). IfT'+" t: o and wpr(c) = Va.p then
1. T [t1L : o in the restricted system.
2. T H°Y [t]]} :[P] in the restricted system.

Proof. The proof is by induction on the derivation I' F7 ¢ : o and we proceed with case analysis on the last rule used.

e Case VAR. Assume that o = Vb.po. Then we have I' ¥ v : o given that v:c € I'. We need to show that
Ty 0or by inversion that I' - v : pg, or F o < po but this follows because subsumption is reflexive for
box-free types, that is - o < o and the result follows by inversion on rule SKOL. For the second part the result
follows from Lemma 4.3.
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e Case ABS. In this case we have that T " Az.t: o1 — o2 given that

L,z:01 FX t: oo (1)
IP'koy  thatis fiv(o1) C flu(T) (2)

To see which translation rule applies we have the following cases:
— o1 # 71. By induction hypothesis for (1) we get
L,zi00 [t} 0o (3)

Moreover - o1 ~ and from this we need to show the following two equations:

Tk ((\z.[t]1):: (01 = 02)) : 01 = 02 (4)
I ((\z.[t]1):: (01 = 02)) : 1= P2 (5)
where wpr(o2) = Va.pa. It is then enough using rule ABs* to show that
|‘0’1—)0’2S0’1—)0’2 (6)
Fo1 =0y < (7)

But the first follows from Corollary 3.32 and the second from Lemma 4.3.

— o1 = 71. By induction hypothesis in this case we get that

T,z b [t .., : o2 (8)
T b [, 9

Obviously + 71 ~ [f1], and + ~ [T1], therefore by rule ABs1* we get that

FI—\&:::T.|[L‘]]1E,E:T1 1T1L 02 (10)
1"I—\:c::'r.|[t]]1£,z:71 [T — [p2] (11)

Equation (10) gives the first part, and equation (11) with an application of ABS2* gives the second.

o Case ApP. We have that T'F # t» : o given that

T o1 > o (12)
Tty 0y (13)

By induction hypothesis for (12) and (13) we get

I+ [tl]]lt 101 — 02 (14)
I+ [[tg]]} 101 (15)
T+ [l : Ei=p] (16)

where wpr(o2) = Va.ps. Then by Lemma 3.36 and (16) we get ' - |[t1]]} : — and from this, equation
(13) and rule APP we get the second part. Moreover assume that o2 = Vb.p3. Then F g1 — 02 > — p3 and
by Lemma 4.1 on (14) we get I' - [[tl]]il : — p3. Then, we can apply rule APP to get that I' I [t tz]]iﬂ Py
and by applying rule GEN1 we are done.

e Case TABS. In this case we have that I' F* A@.t : Va.p given that I',@ F t : p, G#ftv(T'). Assume that
@ € ftu(t). We only show the first claim, the second is by essentialy a similar argument. By induction we get
that I', @ ol |[t]]} 5 ¢ p or by using GEN1 and the derived rule sig ' - [[t]]} s+ (Va.p) : p and by using GEN1
again we are done. If on the other hand @ ¢ ftu(t) the result follows by System-F weakening and the fact that
it preserves heights of derivations and application of induction hypothesis.

o Case TAPP. In this case we have that ' F¥' ¢ & : [@ 7 o]p given that
TH t:Va.p (17)

and I' F . We have two cases to consider.
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— 7 # 7. By induction hypothesis I' o [[t]]} : Va.p and assuming that a#ftv(I') (which we can get with
one more step of inversion on (17)) we get ' - [¢]} : p. Then by Lemma 4.7 we get that

U+ [l [a=alp (18)

Then we need to show that I' F°" [¢1L:: ([[@=alpll) : [a—a]p and this easily follows from (18) and
the derived rule SIG since subsumption is reflexive for box-free types. Similarly the second part follows
from equation (18), an extra skolemisation step, and Lemma 4.3.

— o = 7. Similar to the analysis above we get I" - |[t]]J1L : p and by an extension of the substitution lemma for
the restricted system we have I' - |[t]]1t : [@= T]p. Moreover by induction hypothesis we geta I - |[t]|1': :
where wpr(p) = Vea.po (notice that we did not rename the @ as they are considered fresh already) and
by the type substitution lemma we are done.

|

So far we have established that every well typed System-F term translates to a well typed s-term. Consider now
the following translation of s-terms to normal terms, which merely removes the 7 annotations from abstractions:

[v] = v

[s 7] = [s][r]

Nz 7. 8] = \z.[s]
N\z.s:(o1—=02)] = \z.[s]::(01 = 02)
[s:o]=][s]::0

It is easy to see that this translation, composed with weak translation yields the original translation of System-F.
Corollary 4.9. []. = ﬂ[]];r,]
Proof. Directly follows from the definitions. a

Moreover, if a restricted term was typable in the restricted system, its stripping-off the monotype annotations
will be in the original system (where, of course, we treat user type annotations as derived forms, using as well the
derived typing rule sIG).

Lemma 4.10. The following are true:

1. IfTkr:p thenTF[r]:p.

2. IfT % 1 o' then T [r]:o.
Proof. Easy induction on the height of the derivations of the restricted system. |
Theorem 4.11 (Translation of System-F). IfT' 7 t: ¢ and wpr(c) = Va.p then

1. THY [tly : 0.

2. TH [t : [

Proof. Follows directly from Theorem 4.8, Corollary 4.9, and Lemma, 4.10. |
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5 Translation to System-F and type safety

In this section we give a type-preserving translation to System-F. We define the operational semantics of a translated
System-F term to be the operational semantics of the source language, using therefore System-F as the “core”
execution language associated with our “surface” language. Type safety of the source language follows then by
progress and subject reduction for all well-typed System-F terms.

First of all it is easy to see that if - o] ~ 0% then strip(cy) = strip(c3). Therefore there is no retyping induced
by boxy matching. Subsumption caused by boxy matching merely yields identity retyping functions.

Lemma 5.1 (Retyping functions). Ift o] < o ~ f then F¥ f : strip(o] — ob).
Proof. Easy induction. O

Lemma 5.2 (Term translation). If T+ t: p' ~ t' then T " ' : strip(p’). IfT Ho o) st then T HF ¢
strip(c’).

Proof. Easy induction appealing to Lemma 5.1. |
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6 Weakening lemmas
We define the ML “shallow subsumption” relation with the following rule.

b#ftv(Va.p)
FVa.p <. Vb.[a=Tlp

SHSUBS

Lemma 6.1. Ift o1 <;, o2 then o1 < 03.

Proof. Let o1 = Va.p and o3 = Vb.[@a= 7|p. Then F o1 <., o2 given that b#ftv(o1). If we apply rule SKOL it is
enough to show that - Va.p < [a— 7]p. By SPEC it is enough to show that + [a — [T]]p < [@ = 7]p. But this follows
from Lemma 3.31 since strip([a — [Tlp) = [a— 7lp- |

Lemma 6.2. IfVa.7 <7 thenVa.7 <s 71.

Proof. By inversion it must be that [a¢ — [@]]7 < 71. By Theorem 3.30 it must also be that |[[a = 7| < 71 which

means that [@— 7| ~ 71, consequently it must be that @ = 7. Then we are done by applying Theorem 3.30 and
rule SHSUBS. U

Lemma 6.3. Ift o1 <, o2 then ftv(o1) C flv(o2).
Proof. Immediate. O

Lemma 6.4. The following are true of (~).
1. If o' ~ 1 then - 11>% o',
2. If- 7 ~ao' thenk71b*0'.
Where (>*) 14s the transitive closure of (>).
Proof. We prove the two claims simultaneously by induction on the derivations. For each claim the induction

hypothesis asserts both claims for derivations of smaller height. For the first part we have to consider the following
cases:

e Case syM. Follows by induction hypothesis for the second claim.

Case AEQ2. Follows by induction hypothesis and rule CBFUN.

Case CEQ2. Similar to the case for AEQ2.
e Case MEQL. Can’t happen.
e Case MEQ2. Follows by rule CBREFL.
e The rest of the cases cannot happen.
For the second part we have the following cases:
e Case syM. Follows by induction hypothesis for the first claim.

e Case AEQl. We have that -7 — 7 < given that -7 — m» < — [02) By induction we know that

Fr—mp* — and by rule CBFUNBOX we have — [02]> [01 — 03], therefore - 71 — 1o >*
as required.

e Case AEQ2. Follows by induction hypothesis and rule CBFUN again.
e Case cEQ1. Similar to the case for AEQ1.

e Case CEQ2. Similar to the case for rule AEQ2.

e Case MEQL. Here ¢’ = [7] and the result follows by rule CBBOX.

e Case MEQ2. Follows by rule CBREFL.

e The rest of the cases cannot happen.

Theorem 6.5 (Weakening for subsumption). If o1 < o} and b g9 <. 01 then - oo < ohl.

! Notice that in the theorem statement o1 and o2 are box-free while ¢?, is an arbitrary polytype.
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Proof. The proof is by induction on the derivation F o1 < 05. We proceed with case analysis on the last rule used in
the derivation.

Case sBOXY. Cannot happen.
Case MONO. In this case we have that - 7 < 7 and F 0o <, 7. Applying Lemma 6.1 gives - oo < 7 as required.

Case BMONO. Here we have that - 7 < [7] and F 0o <. 7. Applying Lemma 6.1 gives - o9 < 7 and with
Corollary 3.26 we get F oo < [T] as required.

Case SKOL. We have that - o1 < Vb.ph such that b#ftv(a1), F o1 < rhoj. By induction hypothesis F oo < pb
and by Lemma 6.3 ftv(oo) C ftv(o1) therefore b#ftv(oo). Applying rule SKOL finishes the case.

Case SPEC. In this case F Va.p: < p5 given that
Fla=@pr < po (1)
Assume that oo = V¢.po. Then it is the case that p1 = [¢ = 7T|po, a#ftv(oo), and (1) becomes
Fla—=@e™ 7lpo < p (2)
Let us give names to the mappings above:
b=[a—~@ O™ =[a—=a ¢=[c—T7)
Consider the mapping ¢ = defined as follows:

$(c) =@l & 0 = 8777 (4(c))
Then from (2) and Corollary 3.26 we get
e @elpo < pa 3)
Finally we can apply rule SPEC to get the result.

Case F1. We have that - 01 = 02 < given that - o1 = 02 < — [@a)]. Assume that oo = Va. po.
Then it is the case that o1 — 02 = [@ = 7]p, so we have that

Fla—=T7lp<[0s =04 (4)
By Corollary 3.26 we get
Fla=Tp < (5)

and by application of rule SPEC we are done.

Case F2. In this case we have - 0} — 05 < 05 — o). Assume that oo = Va.po such that [a = 7T]po = o] — 5.
Then we have that + [a+ 7|po < o5 — 04, and by Corollary 3.26 + [a = [T]jpo < o5 — 0. Then we can just
apply the rule SPEC and to finish the case.

Case CON. Similar to the case for F2.

Theorem 6.6 (Weakening for typing). The following are true:

1.
2.

IfTikt:p and -T2 <4 T1 thenTaFt:p.
IfTy H% t .0’ and - Ty <. Ty then Ty K7 t: 0.

Proof. The two claims are proved simultaneously by induction on the height of the derivations. The only interesting
case is the case for VAR where we appeal to Theorem 6.5. For the second part and the SIG-LET case we also appeal
to Lemma 6.3. O
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— Extended Environments —
' == ¢ Empty environment
| T,(z0) Rigid term binding
| T,(z:c) Inferred term binding

Figure 9: Environment syntax for full system

L'Et:p

viVa.d 5o €Tl
T.=aNftv(o) Te=T—T.
Flac —@clo <p'~ f

sicel Fo<p ~f T Ge > [Oc), Gc FF Gc|Ti ~> U]
— VAR-INF — VAR-SIG
Thz:p~fz Thva:p ~f (v[geae o)
Fo1 ~ o]
D,ziot F t ol ~ t' Tk (\z.t): @1 — @2~ t'
ABs1 — ABS2
Tk (\z.t): 01 = dy ~ (Az.t) T'k(\z.t):[o1 =02~ t
Trt:@—p ~t
THY 4o~
APP
THtu:p ~t o
Chou:fp~ o ftu(Va.p) C dom(T) a#ftv(T)
@ = ftv(p) — fto(I") Naku:p~u
D,ziVa.pkt:p ~t D,ziVa.pkt:p ~ ¢t
/ ; — LET SIG-LET
Pklet z =u in t:p ~ (Az.t) (AT.u) ThHlet z::Ya.p = u in t:p ~ (\z.t') (AT.u')

T ¢ .o

Tht:p ~t a#fto(l) Tkt~ t
poly / J—— GEN1 poly . 7
PF " t:Va.p ~ Aa.t PE " ti[p~t

GEN2

Figure 10: Full type system specification

7 Extension of theorems for full type system

Here we extend the properties of the base system for the one given in Figure 10. Note that the contexts used contain
modifiers indicating whether a given type entered the context as a result of a user type annotation or abstraction,
or by a let-binding. The extended environments are given in Figure 9. The only significant change between this
system and the previous one is the presence of the rule VAR-INF which is a useful heuristic for reducing the number
of annotations that are required in type applications. Unfortunately, in order to still have an easy, unification-based
algorithm that is complete for this system, VAR-INF may be used only when the head’s type is fully known because
of some user annotation. Hence the need for keeping track in the environment of whether the type associated with a
binder originated in a type annotation or was inferred.

As an aside, it is straightforward to add annotated abstractions and this has no complications for the type
inference algorithm, nor the specification—but we ommit it because it does not add to the expressiveness of the
system. Notice as well that annotated abstractions would provide for a slightly different translation of System-F but
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again we will not bother introducing them here.
In what follows, whenever we use '+ 1 : p' or T H°% ¢ : o' we refer to derivations of the full system of Figure 10
unless explicitly stated otherwise. We need to generalise the theorems proved in previous sections first.

7.1 Type safety of full system

We naturally extend the type directed translation given for the shorter version of the language to the full system.
The next theorem is an easy check.

Lemma 7.1 (Term translation (extends Theorem 5.2)). IfI' - t : p' ~t then T' F¥ t' : strip(p’). If
TH t:0 ~t then D FF ¢ strip(c’).

Proof. Easy induction appealing to Lemma 5.1. a

7.2 Embedding of System-F

The new system is still capable of capturing System-F. To see this we first observe that the new system is an extension
of the base system. As an abbreviation assume that for a given full system context I' we let I'f to be the same context
where we erased all its modifiers. Formally:

g = .

(T, a)f = I'fa
T,zi0)f = Thzo
T, zi0) = rfzo

Lemma 7.2 (Full system extends base). The following are true:
1. IfTT F ty : p' in base then T'F t1 : p' in the full system.
2. Ifrt % 11 2 o’ in base then T H°Y t 1 o' in the full system.

Proof. We proceed by induction on the height of the typing derivation. We inline usages of the second part in usages
of the first part, so we can apply the induction hypothesis in all cases. We proceed by case analysis on the structure
of t1.

e Case t1 = v and v ‘e € I'. The only rule that could have been used was VAR and we are done by observing
that VAR-INF applies in the full system.

e Case ty = v W and vio € I'. We prove this part by inner induction on the size of @. If % is empty then, in the
core language we had T't - v : p’ given that v:Va.p € T, and I Va.p < p', or by inversion + [a=@p < p' for
some [@]. Using this we can apply the rule VAR-SIG to get the result. Suppose now for the inductive step that

I‘T}—(uﬂ)u:p' (1)
I'rwa):@—p (2)
ot o u:o (3)

Then induction hypothesis tell us that in the full system:

TFrvu:[@—p (4)
oly

'Y u:o (5)

By applying rule APP we are then done?.

e Case t; =t u not in all other cases above. In the base system this could only be derivable using rule APP and
in the target system we can apply induction hypothesis to the premises of the rule and by the full system App
rule we are done.

e Case t; = \z.t. Then either ABS1 or ABS2 was used in the base system and in each case the result follows by
application of the induction hypothesis and rules ABS1 and ABs2 accordingly.

2Notice that we did not assume that the rule APP was only applicable when rule VAR-SIG is not applicable; on the contrary there
is an overlap which is going to introduce some problems when we will discuss the completeness of an algorithm implementing
the full type system.
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e Case t1 =let z = v in ¢. Then LET must have been used and the result follows by the induction hypothesis
and rule LET in the full system again.

o Case t1 = let z::Va.p = u in t. Rule SIG-LET must have been used and the result follows by induction
hypothesis and rule SIG-LET in the full system.

The second part is straightforward. |
Theorem 7.3 (Translation of System-F (full) ). IfT F¥ ¢: 0 and wpr(c) = Ya.p then

1. THY [tlp : 0.

2. TH [t : [

Proof. Directly follows by Theorem 4.11 and Lemma 7.2. |

7.3 'Weakening and substitution lemmas for the full system

Lemma 7.4 (Substitution for typing). Assume without loss of generality that scoped variables can a-vary, so as
to satisfy dom(I')#wvars(S). The following are true for the typing relation.

1. IfTHt:p then STHt:Sp'.
2. IfT H% ¢ o’ then ST H™Y t: So’

Proof. Easy induction in the style of the proof of the substitution for the base system. |
For weakening we have to be a little more careful. We define an ordering on contexts as follows.

dom(T'1) = dom(T'2)
Iy <Ty iff Vzio€Tli.zio€l,
Vzioy €T1.309.202 € T A (F o1 <o 02)

Now weakening holds with respect to this ordering. The intuition behind this ordering of contexts is that the algorithm
itself will put more polymorphic types in the contexts in general. However it will put exactly the same types for
rigid modifiers (modulo unification information, of course) because these rigid bindings originate somewhere in a type
annotation (if of course they contain polymorphism).

Theorem 7.5 (Weakening for typing (extends Theorem 6.6)). The following are true:
1. IfTiyHt:p and T3 X Ty thenTa -t :p'.
2. IfT1 F™ t 0’ and FTy < Ty then Ty 7 ¢ : 0.

Proof. Easy induction. The case of VAR-INF goes through without any problem since the heads are bound with
exactly the same type in the two contexts. O

Finally, boxing and unboxing behaviour is the same as was in the base system.

Lemma 7.6 (Uncontrolled unboxing for typing (full) ). The following are true of the typing relation:
1. IfT K%t o' and o o' then TH t: 0",
2. IfTHt:p andbp" »p' thenTH t:p".

Proof. Similar to the proof of Lemma 3.36 appealing to Corollary 3.29 in the VAR-SIG case. O

Lemma 7.7 (Controlled boxing for typing (full)). The following are true of the typing relation in the full
system:

1. FTP" t:0' andF o' bo” then T HY t: 0",
2. IfTHt:p andtFp' vp”’ thenTHt:p".

Proof. Similar to the proof of Lemma 3.35 appealing to Corollary 3.26 in the VAR-SIG case. |
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Ftu:r @= fto(r)— flu)
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't (let z=u in t): 7

HMLET

7.4

Figure 11: Vanilla Hindley-Milner type system

Conservative extension of Hindley-Milner

In this section we show that the full system conservatively extends the vanilla Hindley-Milner system, given in
Figure 11. Throughout this section we assume that the term and type syntaz adheres with the restrictions of HM, i.e.
no type annotations on terms, no higher-rank types in contexts.

7.4.1 Base system conservatively extends HM

We first show in this section that the base system is a conservative extension of Hindley-Milner type system.

Theorem 7.8 (Extension of HM (base)). IfT ™ t: 7 then Tt : 1.

Proof. The proof is by induction on the height of the typing derivation. We proceed with case analysis on the last
rule used. We just show the first part; the second follows directly by the first and Theorem 3.37.

Case HMVAR. We have that T' -7 v : T given that v:0 € I and F o <, 7. By Lemma 6.1 we get that F o < 7
and by applying VAR we are done.

Case HMAPP. In this case we have that I' F™™ ¢ 4 : 75, given that
™ tm 5 (1)
L™y m (2)

By induction hypothesis we have that I' - ¢ : 71 — 72, and using Theorem 3.37 I' - ¢ : — T3. By induction
we also have I' - u : 71 and we are done by applying rule APP.

Case HMABS. Here we have ' FAM \z.¢ : 71 — 7 given that

D,om F™ ¢ 1y (3)

By induction I', z:7, - ¢ : 7» and by observing that - 71 ~ and rule ABS1 we get I' - ¢ : 71 — 72 as required.
Case HMLET. Here ' -7 (let z=u in t): 7 given that

™ y.r, @a= ftu(r) — fto(T) (4)

D,zVa.r, F™ t:r (5)

By induction hypothesis and Theorem 3.37 we get I' - v : and by induction hypothesis we have I, z:Va. 7,
t : 7. The result follows then by applying rule LET.

|

For conservativity we first need an auxiliary lemma. Assume a stricter version of the protected types given below:

w = 7|@|lwow|Tw
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Lemma 7.9 (Inference mode for Hindley-Milner (base) ). Assume I' F ¢t : w and that the environment
does not contain higher-rank types, and t does not contain type annotations. Then the bozes of w can only contain
monotypes.

Proof. The proof is by induction on the height of the derivations. We proceed with case analysis on the rule that
was used in the derivation.

e Case VAR. We have in this case that I' - v : w given that v:c € T, and F ¢ < w. By our restrictions, it is
the case that ¢ = Va.7. Then by inversion it is the case that F [a — [@|7 < w and by Theorem 3.30 we can
expand the box of w, getting a [@] and it will still be that < [g] or it must be that o are monotypes
and o is a monotype, yielding that t must only contain monotypes inside its boxes.

e Case ABsl. Here we have that T' - (\z.t) : @} — wy given that

by ~ (1)
T, z:01 I—p0ly t: w'2 (2)

From (1) and Corollary 3.10 we can expand the boxes of @) to get [@. But then it must be that o1 =0 =7
by BBEQ; it follows that all the boxes of w] contain monotypes. By induction hypothesis we get the same for
the boxes of w?.

Case ABS2. Follows directly by induction hypothesis.

e Case APP. Easy application of the induction hypothesis.

Case LET. Follows by induction hypothesis.

Case SIG-LET. Cannot happed because of the syntactic restrictions.
O

Corollary 7.10 (Pure inference for Hindley-Milner). IfT'F ¢ :[@], I' does not contain higher-rank types, and
t does not contain type annotations then o = T for some 7.

Proof. Direct consequence of Lemma 7.9. a
Theorem 7.11 (Conservativity over HM (base)). IfT'+t:7 then T F™ ¢ : 1,
Proof. The proof is by induction on the structure of t. We proceed by case analysis on the last rule used in the
derivation.

e Case VAR. Follows by Lemma 6.2 and rule HMABS.

e Case ABsl. Easy application of the induction hypothesis and rule ABs.

e (Case ABs2. Cannot happen.

e Case ApP. Here we have that I' - ¢ u : 72 given that

Pkt:fo]—m (1)
T EY oy o1 (2)

By Lemma 7.9 it must be that o1 = 71 and we also have by Theorem 3.37 that I' - ¢ : 74 — 72, therefore by
induction hypothesis I' ™™ t : 71 — 7. Then by induction hypothesis as well we have I' '™ 4 : 71 and by
rule HMAPP we are done.

e (Case LET. Similar to the case of APP above to unbox the inferred type.

e Case SIG-LET. Cannot happen because of the syntactic restrictions.
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7.4.2 Full system conservatively extends HM

The extension theorem is straightforward.
Theorem 7.12 (Extension of HM (full) ). If T ¥ ¢ .7 then Tt : 7 and T & ¢ : [T] in the full system.
Proof. Follows by Theorem 7.8 and the fact that the full system extends base. a

In order to show conservativity, just as in the proof of Theorem 7.14, we need the versions of Lemma 7.9 and
Theorem 3.37 for the full system.

Lemma 7.13 (Inference mode for Hindley-Milner (full)). AssumeD F t: w and that the environment does not
contain higher-rank types, and t does not contain type annotations. Then the bozes of w can only contain monotypes.

Proof. Similar to the proof of Lemma 7.9. |
Theorem 7.14 (Conservativity over HM (full)). If '+ t: 7 then IT F#¥ ¢t . 7.

Proof. Similar to the proof of Theorem 7.11. We just show here the case for VAR-SIG. In this case we have that:

F'rvw:r (1)
given that
viVa.T 1. €T ()
4. =aNfto(r,) Te=70—TGc (3)
F[a. — ™ <T (4)
PH™ s [0 e & ol (5)

By equation (4) and by expanding the boxes using Lemma 3.26 we get that

Fleemodn| <@ (6)

which means that . = 7. and [@. = 7.7 = 7. Furthermore we know that for each u; we have I' K Yo
Ge V> [0c), Gc — 7c|7i and by Lemma 7.13 . = 7.. Then by the unboxing lemma, Lemma 7.6, it is also the case

that T' F Ui : [@e ™ Te, Gec = 7¢|7i. Then the result follows by an application of the VAR rule and a sequence of
applications of APP. O
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o = & | Va.p o == Va.p

Algorithm types pou= (| 7|0 o0 p = T|o—=a0
T = ala|ToT
o u= [@| Ya.p o == Va.p
Specification types prou= [ 17|d—=0o p = T|o—oo
T = a|a|ToT

Figure 12: Syntax of types

abtp aftftv(o)
—swrl — SWF2
akVbh.p ak @
alkp
atftv(p) akol ak o
ak[p] kol =0 akT

Figure 13: Type well-formedness

8 A type inference algorithm

In this section we give a concrete type inference algorithm for the full system of Figure 10 and prove that this
algorithm is sound and complete with respect to the specification of the type system.

8.1 Definitions

Figure 12 gives the syntactic systems we use. The types that appear in the algorithm include normal unification
variables denoted with «, 3,y and boxy o- and p- variables denoted with £, (. Normal unification variables will be
used to force a type to be monotype, since they can only be mapped to monotypes. There is no restriction on the
other hand on boxy - or p-variables.

In Figure 13 we formalize the notion of well-formedness of types. The specification types have to satisfy a non-
syntactic restriction: quantified variables should not appear inside boxes. It is easy to verify that our specification
maintains this invariant.

Next, we define the notion of well-formed unifiers. A unifier, denoted with letters S, R, is going to be a (total)
map from unification or boxy variables to algorithm types. Moreover we want to formalize the fact that monotype
variables cannot be mapped to p or o types. We incorporate this in the notion of a well-formed unifier, denoted by
FS.

Vo'.S88(c’) = So’ (P1)
FS & a€dom(S)= Saisartype. (P2)
¢ € dom(S) = 3¢ € S¢ (Ps)

Given a set of variables X', we define the ezcluded-X equivalence relation on unifiers as:
S1=%\x & Va,(#X Si(a,¢) = S2(e, ()
Intuitively, two substitutions are excluded-X equivalent if they agree everywhere except perhaps for some variables

in X.
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For a given unifier §, we have a translation operation [-], whose definition is given below:

Va.ply = Valdly  adrnge(s)
|[§]|s =

o1 — o] = I[Ull]]s - [[‘75]]5

[r1s = Sr

We can also define a reverse translation [[-]]71 that replaces every box with an appropriate variable, giving back
a unifier.

(Va.pi,5) 117" = (6, 5)
(& [E— o)) & fresh
(011 = 012,82 - S1)
|[‘7’1]|71 = (0';1, S1)
[ob]™" = (ols, S2)
r21 ] = (¢,[¢= o) C fresh
[~ = (r,0)

Then the obvious property holds: If we translate a specification type to an algorithm type and translate it back to a
specification type, we get the same type back.

[va.p1™"
] R
[o1 = o5]™

Corollary 8.1. If (0}, 5) = [0']"" then [o}]; = o’

Proof. Directly follows by the definitions above. a
Moreover is is easy to see the following:

Corollary 8.2. If[¢'] ' = (5}, 5) thenF S.

Proof. Directly follows by the definitions above. |
We use the following syntax for generalization over the variables of an environment.

I'(p) = Va.p wherea = ftv(p) — ftv(T)
Lemma 8.3. F ST(p) <. ST(Sp).

Proof. Let T'(p) = Va@.p where @ = ftv(p)—ftv(T'). Let g be a new set of variables, such that § ¢ ftv(T"), vars(S), ftv(p).
Then ST(p) = Vg.S5([a=glp). Now, let ST(Sp) = Vb.Sp, where b € ftv(Sp) — ftv(ST). We want to prove that
F Vg.8([@=glp) < Vb.Sp. First we need to show that b ¢ ftu(ST(p)). By contradiction, assume that there exists
a b € b such that b € ftv(ST(p)). Therefore there exists d € ftu(T(p)) such that b € Sd. From this we get that
d € ftv(p) and d € ftv(T). Then, since b € Sd, b € ST, which is a contradiction to the fact that b € ftu(Sp) — ftv(ST).
Therefore, it only remains to be shown that for some types 7T it is the case that [g7— 7]S([a = glp) = Sp. Pick
7 = Sa. |

We use ftv(-) do denote the free variables (ordinary, meta, and boxy) of the argument. We use fov (), fmu(-), fou(:)
to denote the ordinary, meta, and boxy variables of the argument respectively. We use fuv(-) to denote free meta,
and boxy variables.

8.2 Summary and generalised results

We first give in this section a summary of the most important results along with their proofs. In the following section
we give the statements of the theorems upon which the results of this section are based.

Corollary 8.4 (First Completeness Corollary). If + S, [[lg F t : [p'lg, and Ao#ftv(T,p'), vars(S) then
(@,A0)>-F Ft: pl>-(So,A1) such that 3R.S = R - So\4y— A4, -

Proof. Follows directly from Theorem 8.38 with empty initial unifier. a

The corollary implies that if we replace the boxes in a context and in a type with arbitrary fresh variables and
run the algorithm with the same term and the new context and type, the algorithm is going to succeed and return
back a most general unifier.

We can simplify even more the completeness corollary using as well the fact that fresh boxy variables get filled
in in every step of the algorithm:
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Corollary 8.5 (Second Completeness Corollary). if - t : [p] and Ao(#ftv(p) then (0, Ao) >+ t: ¢ > (So,.A1)
such that So = po and AR.Rpo = p.

Proof. Consider corollary 8.4 and take S = [¢ — p]. Then it follows that (#,.Ao) >+ t:¢ > (S,.41). Now, by
Lemma 8.36 it must be that { € dom(So), therefore So¢ = po for some po. But then, since S = R - So\4,-.4, for
some R and (#.40 we have S¢ = RSo(, which implies p = Rpo. a

Intuitively this says that if the specification assigns a completely boxy type [p] to a term then the algorithm is
always going to be able to infer a type po such that p is the result of a substitution applied to po.
The soundness corollary is the following.

Corollary 8.6 (Soundness Corollary). If Ao#ftv(T,p'), F T, and (0, Ao) =T+ t:p' > (S, A1) then [[]g F t:
HPI]]s-

Proof. Tt follows directly from Theorem 8.37 taking an empty initial unifier. |

Completeness and soundness of the algorithm combined with determinacy give a property that asserts that there
is a “best” type that can be given to a term; modulo checked information.

Definition 8.7 (Spine equivalence). The spine equivalence relation is defined as a subset of the set of pairs of
(specification) types as follows:

Ya.pi >~ Va.py iff L~ p2

~

ol oy ~ oy—o, iffol ~ob and oh ~ o)
T ~ T

It is easy to confirm that this relation is indeed an equivalence relation. Then combining soundness and com-
pleteness we get the following theorem.

Theorem 8.8 (Principal Types). Suppose - t : p'. Then there erists a py such that, ¥p" with - t : p” and
p" € [p']~ we have that -t : py and p” = Rp, for some substitution R.

Proof. Consider (p,,S) = [p'] ". It is easy to see that Vp" € [p']~.(ph, S") = [p"] ' provided we choose the fresh
variables in the same way, that is, all spine-equivalent types are the results of substitutions to a common algorithm
type. Then, by Corollary 8.4, for each of those S’ we have that (0, Ao) =+t : p), > (S0, A1) and S’ = R- So\4y—.a, for
some R. However we know that [p, ] = p” therefore R[p,]s = p" since also by Lemma 8.36 all the boxy variables
of p!, are in dom(So). Taking py = [[p’a]]so finishes the proof. d

This last theorem says that for all types that belong in the same “spine” equivelence class, that is, they have
the same amount of checkable information , there exists a best type that can be assigned to the term, such
that all others are substitution instances of that type.

8.3 Detailed properties

We now give in more detail the theorems that are true of the algorithmic relations. Here is a small roadmap. We
are going to prove soundness directly by induction on the algorithmic derivations. However for completeness it is
slightly more convenient and economical in notation if we first convert the specification derivations into an algorithmic
form, where we have eliminated overlapping. Then we show that if a judgement is derivable in the specification, it
is derivable in the algorithmic version of it. Finally we show, roughly speaking, that everything derivable in the
algorithmic version of the specification is derivable in the concrete algorithm.

8.3.1 Algorithmic version of type system

Figures 14, and 15 give the algorithmic presentation of the judgements®.

Lemma 8.9 (Algorithmic matching symmetry). If o] ~ g5 then Bah ~ a].

3Notice that it still does not correspond 1-1 to concrete algorithm derivations because of unification. Take for example the
case of VAR-SIG and APP and their concrete algorithm versions. Immediately we see that the correspondence may break because
of unification; however we will show that if VAR-SIG was used in the specification, we can recover this situation by (potential)
use of AVAR-SIG and rule AAAP in the algorithm.
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Figure 14: Subsumption and boxy matching—Algorithmic presentation

Proof. Straightforward induction on the height of the derivations. |
Lemma 8.10 (Algorithmic monotype matching). For any 7 it is the case that 1 ~ 7, [T ~ 7 and W [T] ~ [T].
Proof. Straightforward induction on the structure of 7. |
Theorem 8.11 (Algorithmic boxy matching). IfT'F o] ~ o5 then I} ~ o}.

Proof. By induction on the height of the derivation I' F ¢} ~ ¢%. The case for SYM follows by Lemma 8.9, the cases
of rule BBEQ, MEQ1, and MEQ2 follow directly by Lemma 8.10, and the rest cases are straightforward applications of
the induction hypotheses and the corresponding rules in the algorithmic version. O

Theorem 8.12 (Algorithmic boxy matching (inverse)). If o} ~ a5 then F o] ~ d5.
Proof. Straightforward induction. a
Lemma 8.13 (Algorithmic subsumption for monotypes). For all 7, 7 < 7 and b7 < [T

Proof. By induction on the structure of 7. If 7 = a then the result follows by rules MONO and BMONO. If on the
other hand 7 = 11 — 7, for the first part using rule F2 we must show that 7, ~ 71 and 7 < 7. The first follows
by Lemma 8.10 and the second by induction hypothesis. For the second part, using rule r1 and F2, we must show
that P[T] ~ 71 and 12 <[R2]. The first follows by Lemma 8.10, and the second by induction hypothesis. a

Theorem 8.14 (Algorithmic subsumption). IfT' F o} < o} then oy < 5.

Proof. By induction on the height of the derivation T ¢} < 5. The case of SBOXY follows by Theorem 8.11 and
rule sBOXy. The case of MONO and BMONO follow by Lemma 8.13. The cases of SKOL, SPEC, and F1 follow by
induction hypotheses and the corresponding rule and the case of F2 follows by induction hypothesis, Theorem 8.11
and application of F2. O

41




et p

VSIG(v w,T)
viVa.g o €T
@.=aNftv(oc) @ =0—a.
bla. = oo < p

sic €T o< s e, : [a —~ [Oel, Gc — 040
- VAR-INF VAR-SIG
Thz:p Thva:p
boy ~
T, zioh "t : o) I (\z.1) : [o1] = [@2]
ABs1 ABS
'k (\z.t): 07 — 03 I't»(\z.t) : [cL = o2
- VSIG(t w,T)
Tt :[g]—p'
AR
APP
Thtu:p
T :[p] ftu(Va.p) C dom (L) a#ftu(T)
@ = ftv(p) — fto(T) Iabu:p
T,z:Va.pht:p T,z:Va.pht:p
- LET —— SIG-LET
I'let z = w in t:p I'blet z::Va.p = u in ¢t : p

Tht:p  a#fto(T) Tkt :[p

GEN2
"t va.p ST

t:[p]

VSIG(¢t,T)

VSIG(t,T) & (t=v @) A (v:Va.g = o €T) A (|T|=|7F])

Figure 15: Full type system specification—Algorithmic presentation

Theorem 8.15 (Algorithmic subsumption (inverse)). If o} < o3 then o] < 5.
Proof. Straightforward induction.

Theorem 8.16.
1. IfTHt:p thenTht:p.
2. IfT % ¢ o' then TW"t: 0",

Proof. We prove the two claims simultaneously by induction on the height of the derivations. It is straightforward
to modify the controlled boxing and uncontrolled unboxing proofs for the algorithmic system and we take them to
be true in what follows. All cases except for the application case are straightforward appealing to Theorem 8.11 and

Theorem 8.14. We consider now the case of APP. In this case we have that

THtu:p
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given that

Tht:[Ga—p (2)
rE U0, (3)

We have two cases for term ¢ wu:
e Case -~ VSIG(t w,T'). In this case we are easily done by the induction hypothesis and rule APP.
o Case VSIG(t u,T). In other words it is the case that (t u = (v " u), v:Va.a" "' = o €T), and n + 1 =|7|,

where u" simply states that |%|= n. By induction hypothesis it is the case that ¢ : [ — p’. Moreover it
must also be that VSIG(t, "), which means that it must have been the case that:

viVa.a" = 0onp1 20 €T (4)

Ge =aNfiv(Ony1 = 0) Ge =T — G (5)
[ E(ont = 0) <@E— 4 (©)
T u; : [a. = (o0}, a7 2] (7)

Now consider the following split of @. = @.1 U @.2 such that .1 = @ N ftv(o), and @2 = @ — Te1. Moreover
let @c1 =@ —@.1 = @. Uac2. Then equation 6 with inversion gives:

b [act = @alo < ¢’ 8)
Plac2 — [Oc2), Ge1 — T nt1)~[Ta] (9)

But this implies as well that o2 are all monotypes 7-2. Equation 7 becomes

I _
Ty, [@e — [Oc), Gz 7 Te2, Gel 7 Oc1]0; (10)

And using the monotype boxing (for ) we get

ToY u, : [a: > [a), Gez = [Foz), Gl 7 Getos (11)
To finish the case we just have to show that
TH""u : [a = [0c), Gez — [Tea) BT P TeT]ont1 (12)
but @e#ftv(on+1) therefore we just have to show that
To "4 : a2 = (el Bt P GeilOnt (13)

and by the controlled boxing lemma (for ) we just need to show that

poly
b " u: [Gcz 7 Te2, Gel M Ocl|On+1 (14)

But from equation 9, those @.1 appearing in 0,41 must be mapped to monotypes, therefore, and by monotype
unboxing for subsumption we get that actually

[Gc2 ™ Te2, Gcl 7 0cl|Ont1 = Oa (15)

And we are done by observing that we already have (3).

|
Theorem 8.17.
1. IfTet:p' then T -t:p.
2. IfFI-PpOlyt ol then THY t: 0.
Proof. Straightforward induction (all rules are admissible). |
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8.3.2 TUnification

So far we have established that there exists an algorithmic version of our type system, which will also guide the
implementation. From this section onwards we describe such an implementation, starting by presenting first-order
unification. Although the results on unification are well known, for self-containment of this document we present
them here as well.

Lemma 8.18 (Unification soundness). If So>711 = 12> 51 and - Sy then S171 = Si172, F 81, and AR.S1 = R- So
with vars(R) C ftu(So1, So2).-

Proof. By induction on the height of the derivation. We proceed with case analysis on the last rule used in the
derivation.
e Case UREFL. Trivial, just take R = {).

e Case BVARI (case BVAR2 is similar). Here

SoxFa=1%5 (1)

given that
a € dom(S) T#a (2)
So>F Soa = 71> 51 (3)

By induction hypothesis - S1 and AR.S1 = R - Sp with vars(R) C ftv(SoSo, So72), or since F So vars(R) C
ftu(Socx, Sot2) as required. Moreover S1Soax = S17 or RSoSoa = Si7 or RSoax = S1i7, or Siax = S17.

e Case UVAR] (case UVAR2 is similar). We have

So-Fa=r1s[ar Sor]- S (4)

given that
a ¢ dom(S) T#a (5)
a ¢ ftv(Sor) (6)

Then it is the case that [a — So7]Soa = [a + So7]7 since a € ftv(T) (otherwise a € ftu(So7) as well). Moreover
take R = [ + So7]; then wars(R) C ftu(Soc, Sor). Finally to show that - (R - So) it is enough to show that

dom([a > SoT] - So)#range([a — Sot] - So) (7)

or
a, dom(So)#ftv(Sot) U (range(So) — {a}) (8)
which is an easy check, given that dom(So)#range(So) as well.

e Case UFUN. In this case we have that

So-F1m o> =13 >T4>5 (9)

given that
So>FT11=13>81 (10)
Si>F T =145 (11)

By induction for (10) we get that F Si, and 3R:1.51 = Ri - So with vars(R1) C ftv(So71, Sors). Then, by
induction for (11) we have F S and 3R>.S> = Ry - S1, with vars(R2) C ftv(S172,5174). Take R = Ry - Ry.
Then vars(R) C ftu(S172, S174) U ftv(So71, So7s). But ftv(Si72, S174) C vars(R) U ftv(So72, Som4) which implies
ftu(S172, S174) C ftv(SoT1, So7s) U ftu(SoT2, So74). Moreover by induction we get Si71 = S173 and Same = Sa74,
and then R2S5171 = R2S173 or Sami = Sa13 as well.

Od
Lemma 8.19 (Unification determinacy). If So>F 11 = 72> Si. and So>F 71 = 72> S1p then Sia = Sis.

Proof. By induction on the first derivation. Just observe that for each rule used there is only one corresponding
rule that can be used in the second derivation and the result follows in each case either directly, or by the inductive
hypothesis. |
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Definition 8.20. Consider the following lexicographic pair to be a metric for a given unifier So, types 71 and 2.
= {(|range(So) U ftu(m1, 72)|, size(11) + size(72))
Lemma 8.21. If+ Sy and So-F a = 7> 81, then 7 = « or a ¢ ftu(r). Similarly if So>-+ 7= a> 5.

Proof. By induction on the height of the derivation. The case UREFL is trivial and the case for UVARL (and UVAR2)
cannot happen as a ¢ dom(So), which would imply a € ftv(So7). The case UFUN cannot happen. In the case
for BVAR] (and similarly BVAR2), if it were the case that o € ftv(7) we would have by unification soundness that
Sia = S17 which cannot happen as the two types would not have the same size. O

Lemma 8.22 (Unification termination). Assuming that - So, unification defines an algorithm that always ter-
minates on inputs So, 11, and T2.

Proof. We show that in any instance of the rules, the metric of the conclusion is strictly greater than the metric of
any of the premises. Cases UREFL, UVAR1, UVAR2, are trivial. For the rest of the cases we have

e Case BVAR] (case BVAR2 is similar). Here we have that So > Fa =7 > S given that a € dom(Sy) and
So>F Soa = 7> S1, T # . The metric of the conclusion is

pe = (|range(So) U ftv(a, )|, 1 + size(7))

But by we know that a € dom(So) therefore a ¢ range(So), since F So. Moreover by Lemma 8.21 a ¢ fiv(7).
Then the metric of the premise is

tp = {|range(So) U ftv(Soar, T)|, size(Socx) + size(T))

Since ftv(Soa) C range(So) and a ¢ range(So), it follows that u, < p. according to the lexicographic ordering.
e Case UFUN. Here

So-F11 = T=73 > T4>52
given that

So-FT11=13>51
Si>-FTm=14>5

The metrics of the conclusion and the premises are:

pe = {|range(So) U ftv(r1, 72,73, 74) |,
size(T1 — T2) + size(Ts — 74))
pp1 = (|range(So) U ftv(r1,73)|, size(m1) + size(T3))
tpz = {(|range(S1) U ftu(rz, 74)|, size(m1) + size(s))

It is obvious that pp1 < pe. To see that pye < p. just observe that by unification soundness, Lemma 8.18,
S1 = R - So with vars(R) C ftu(SoT1, SoT2), or range(S1) C range(So) U ftv(11, 72).

|

Lemma 8.23 (Unification completeness). If Sy and SSom1 = SSo12 then So>F 71 =72 > 51 and AR.S - Sp =
R- 5.

Proof. By induction on the metric u(So, 71, 72). We proceed by case analysis on the structure of 71 and 2. Consider
the following logical splitting of cases:

e Case 11 = «, T2 # a. Here we have two subcases.
— If a ¢ dom(So) then it is easy to see that o ¢ ftv(So72), otherwise it could not possibly be that SSoa =
SSo72. Then by applying rule UVAR] we get that So >+ a =7 > [@ +— So72] - So. Now it must be that
a € dom(S) and we claim that S-Sy can be written as R - [a — So72]S0. Just take R to be the restriction
of S where @ ¢ dom(R). Then it is the case that R-[a + So72]S0(a) = RSom2 = SSo72 since a ¢ ftu(So72).
On the other hand, R - [a — Sp72]S(a’) = $So(a’) as well.

— If a € dom(So) then we can apply rule BVAR1 and by induction hypothesis (see proof of Lemma 8.22 to
see why the metric reduces) we get the result.
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e Case 71 = a, » = a. We can use UREFL and taking R = S we are done.
e Case 11 = a,T11 — Ti2, T2 = «. Similarly to the first case either UVAR2 or BVAR2 is applicable.
e Case 71 = a1, T2 = a2. In this case it must also be that a1 = a2 = a. By UREFL and taking R = .S we are done.

e Case 71 = 711 — Ti2, T2 = T21 — T22. Applying rule UFUN and noticing (see proof of Lemma 8.22) by induction
that S-Sop = R1- 51 for some R; and that R1-S1 = Ra- 52 again by induction we finally get that S-So = Rz2- S
as required.

e Case 71 = a1, T2 = T21 — T22. Cannot happen.

e Case 71 = T11 — Ti2, T2 = a2. Cannot happen.

Lemma 8.24 (Arrow unification soundness and completeness). The following are true:

1. If Ao#tftu(p'), vars(So), F So, and (So, Ag) =+ p' =0of = oy = (S1,.A1) then F Si, Siol — Sioh = Sip,
3R.S1 = R- Sy, and vars(R) C ftv(Sop’) U (Ao — A1)

2. If - 8,50, p # ¢, and SSop’ = o1 — a3, and Ao#vars(S, So), ftv(p') then (So, Ao) =+ p' =05 = o) >
(51,A1), 3R.S - So = R- $1\ag—a,, and RS1 (05 — 0}) = o] — 5.

Proof. Easy induction appealing to unification soundness and completeness, Lemmas 8.18 and 8.23 respectively. O

Lemma 8.25 (Arrow unification termination and determinacy). Arrow unification defines a deterministic,
terminating algorithm on inputs So, Ao, and p’ when  So, and Ao#ftv(p'), vars(So).

Proof. Easy check appealing to Lemma 8.19 and Lemma 8.22. |

8.3.3 Boxy matching and equivalence
Lemma 8.26 (Boxy matching fills holes). If (S, Ao) =F o1 ~ 05> (S1,.A1) then fou(oi,05) C dom(S1).
Proof. Straightforward induction. |

Lemma 8.27 (Boxy matching and filling soundness). The following are true:
1. If Ao#tftv(o1,03), vars(8o), F So, (So,Ao) = a1 ~ a5 = (81, A1) then & [o1]g ~ [02]g,, - S1, and IR. 51 =
R - So with vars(R) C ftv(Soa1, Sooy) U (Ao — A1).
2. If If Ao#ftu(¢,0),vars(So), F So, (So, Ao) >=F ¢ < o> (51, A1) then - ~ Sio,F 81, and AR.S1 = R- S,
with vars(R) C ftv(So¢, Soo) U (Ao — A1).
Proof. The proof is by straightforward induction on the height of the derivations. The two claims are proved
simultaneously. We only give two interesting cases of the first part; the rest cases are in the same style.

o Case AEQ2. We have in this case that

Ao#ftv(a', a3, p), vars(So) (1)
F So (2)
(So,A0)>-|— 0”1 —)0{2~p1>-(51,A1) (3)
given that
(S0, A0)>F" p' = 5 — a4 > (51, A1) (4)
(S1, A1) =+ ol NO”3>~(52,A2) (5)
(82, A2) =F a5 ~ gy = (53, A3) (6)

By (1) and (2) and arrow unification soundness, Lemma 8.24, we get that

F S (7)
Slpl = Slag — 510'51 (8)

Moreover S1 = Ri1So with vars(R1) C ftu(Sop’) U (Ao — A1). Then it is easy to confirm as well that
Ai1#tftv(o1, 03), vars(S1) and by induction hypothesis for (5) we get that

Fols, ~ losls, (9)
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Moreover, - S2 and S2 = R2S1 such that vars(Rz2) C ftv(Si01, S103) U (A1 — A2). Then it will also be that
As#ftv(ah,04), vars(S2) and by induction for (6) we get

F |[‘7’2]|53 ~ |[‘7:1]|53 (10)

Additionally S5 = R3S> with vars(Rs) C ftv(S20%, S20%) U (A2 — Asz). From (9), and the subsumption substi-
tution lemma with the fact that all fbu(o},0%) C dom(S2) by Lemma 8.26 it will also be that

Fo1ls, ~ losls, (11)
From (10) and (11) and rule AEQ2 we get that
Flo1 — U;’;]]Ss ~ o5 — af;]]53 (12)

But observe that, using (8) it must also be that [0 — 04]5, = [¢']s,. To finish the case just pick R = R3-R2-R1
and the rest is easy check.

e Case ASEQIL. In this case we have that

AO#ﬂU(§7VE'p’)= ’UCL’I"S(S()) (13)
F So (14)
(S0, AgbC1) >=F &€ ~ Va.p = (52, A2) (15)
given that
|a|#0 (16)
(80, A0) = C1 ~ [a > Blp’ = (51, A1) (17)
b#tftu(S1(Va.p)) (18)
(81, A1) >+ € < Vb.81(1 > (82, Az) (19)
By induction hypothesis for (17) we get that
F ~[la—blp']s, (20)
S S1=RiS (21)
vars(R1) C fto(So¢1, So([a = blp')) U (Ao — A1) (22)
By induction hypothesis for (19) (second part) we get that
|—~ S2(VD.581¢1) (23)
Sy S2= RS (24)
vars(R2) C fiv(S1€, S1(VD.81¢1)) U (A1 — A2) (25)

Applying the substitution lemma to (20) we get that
+ ~ [la = blp']s, (26)

and applying symmetry and SEQ1 we are done noticing that condition (18) allows us to a-convert [Va.p']g, to
[Vb.[a — b]p'] s,- Taking R = R» - R finishes the case and the rest is again easy check.
O

Lemma 8.28 (Boxy matching and filling completeness).

1. If o] gs, ~ [02]ss, = So, and Ao#tvars(S, So), ftv(o1,0%) then (So, Ao) = F o1 ~ 03> (S1,A1), and 3R.S -
So=R-S51\4p—a-

2. If > [€lss, ~ lolss, F So, and Ao#tvars(S, So), ftv(€, ) then (So, Ao) >+ a < o> (51, A1), and IR.S - So =
R'Sl\AO—.Al-
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Proof. We just give a sketch. We first prove the first claim in the special case where o, o5 are box-free, by
induction on the height of the derivations. Then, this is used to prove the second claim. Finally the full version
of the first claim is proved by induction on the height of the derivations again. The case analysis is on the last
rule used in the specification derivation. We give one interesting case, the case of BBEQ. In this case we have that
[o1]ss, = [05] 55, = [@ This in turn implies that o} = (1, and 03 = (2. Now it must also be (by MEQ3) that also

}"I[Cl]]sso ~a 1)
B [¢2] 55, ~ a (2)

But then, the sums of sizes of types appearing in (1) and (2) is smaller. Now take a §' = [ + a]-$ and equations (1)
and (2) can be rewritten as

B¢, ~ 5 Socx ®3)
P [Clsr5, ~ 5 Socx (4)
Then from the second part for (3) we get that
(S0, A0) > C1 <= a>(51,A1) (5)
and moreover S’ Sy = Ri1 - S1\4,—.4,. We can rewrite equation (4) as
P [Ce] g, s, ~ RiSia (6)
and it is easy to confirm the preconditions for the induction hypothesis. Hence we get
(S1, A1) > (2 < a> (52, A2) (7)

as required, and moreover R1S1 = R2S2\a,—.a,, giving finally $'So = R2S\ag—.a, or SSo = R2S\aga—a, as
required. Applying rule ABBEQ finishes the case. a

Lemma 8.29 (Boxy matching terminates for box-free types). The judgement (So, Ao) >+ o1 ~ o2 > (51, A1),
when = So and Ao#ftv(o1,02), vars(So) defines a terminating algorithm.

Proof. Straightforward induction on the sum of sizes of the two types. If the rule applicable is AMEQ2 then this
follows from unification termination. In the cases of AEQ2L and AEQ2R the metric becomes smaller, as is also the
case for ASEQ2. The rest of the cases cannot happen. O

Lemma 8.30 (Filling termination). The judgement (So, Ao) =F a < o> (S1,41), when t So and AoF#ftv(o, a), vars(So)
defines a terminating algorithm.

Proof. Follows by Lemma 8.29. |

Lemma 8.31 (Matching termination and determinacy). The judgement (S, Ag) =F a1 ~ 05> (S1,.A1) defines
a deterministic, terminating algorithm on inputs So,Ao,01, and o5, when + So and Ao#tftv(ay, a3), vars(So).

Proof. 1t is straightforward to check determinacy. For termination it is also straightforward to see that either after
at most two steps the metric size(a}) + size(o3) reduces, or the algorithm terminates immediately, appealing to
Lemma 8.22 or Lemma 8.30. O

8.3.4 Subsumption
Lemma 8.32 (Subsumption fills holes). If (So, Ao) >+ o1 < o5 > (S1,.41) then fou(ol, o3) C dom(S1).

Proof. Straightforward induction. |

Lemma 8.33 (Subsumption soundness). If Ao#ftv(ol,a%),vars(So), F So, and (So, Ao) =+ o1 < ab > (81,A1)
then + [o1]s, < [o3]s,, F S1, and 3R. S = R - Sy with vars(R) C ftv(Soat, Sooh) U (Ao — Ar).
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Proof. Easy induction on the height of the algorithm derivations. We only show one case, the case for ASPEC. Here
we have that

AOZ#ﬂU(VE.a'I, P’2): UG‘TS(SO) (1)
F So (2)
(S0, Ao) =+ Va.py < p5> (51, A1) 3)
given that
|al#0 (4)
(S0, Ao) =+ [a — Elpt < po>=(S1,A1) (5)
By induction hypothesis we get that
Flla— §]P’1]]51 < |[P12]|51 (6)
which can be rewritten as
F o = [Si€]llp1]s, < [p2]s, (M)

Moreover 3R.S1 = R- Sy with vars(R) C ftv(So[a = &]p, So(p2)) U (Ao — A1) or vars(R) C ftu(So(Va.ph), So(p2)) U
(Ao€ — A1) as required. By applying rule SPEC we are done. O
Lemma 8.34 (Subsumption completeness).

If ploilss, < [02]ss,5 b Sos and Ao#tvars(S, So), ftv(at,03) then (8o, Ao) = F af < a5 > (S1,.41) and 3R.S - S =
R S1\ag—A;-

Proof. Straightforward induction on the height of the derivations. We only show one interesting case, the case of
SPEC.

e Case SPEC. Here it must be that o} is a polytype and assume that o] = Va.p} and o5 = ph. Assume also
without loss of generality that @ ¢ vars(S, So). Then we have that

va. [pi]ss, < P (1)
F So (2)
AOE#UO‘T‘S(‘S’) SO)’ftU(VE'plhp,Z) (3)
given that
|a|#0 Pa— @][pll]ISSo < [[PIQ]]SSO (4)
Now consider $' = [€ — o] - S. Then equation 4 can be rewritten as
B [la — f]Pll]lglsO < [[912]]5'50 (5)

By induction hypothesis (by (4) ftv(a) C vars(S, So), ftv(ph), therefore ftv(a)#.Ao) we get:
(S0, A0) = [a = Elpr < po=(51,41) (6)

with §"So = RS1\ag—4,, or SSo = RS1\ 4,z 4,- Applying rule ASPEC finishes the case.

e Case skoL. For this case we have that b[o1] g < [03]s, given that

[[0"2]]550 =Vb.ph (7)
b ¢ fo([o1]ss,) (8)
|5]#0 9)
[o1]ss, # 1 (10)
P o1]ss, < P (11)
Take an appropriate supply Ao¢€ such that
AoT#vars(S, So) U ftu(al, o3) (12)
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Let as well o5 = Va.ph,. Then
[ve.[a= c]pIZa]]sso =Ve.[[a= C]Pga]]sso (13)

and it must be that
[[a= C]PIZa]]sso =[b~ clp; (14)
It is easy to see that the substitution lemma holds for P subsumption and moreover renaming substitutions

also preserve the height of the derivation (easy induction). Then from (11) we also get B [o1] sso S [0 clph
with the same height, and by induction hypothesis we have:

(S0, Ao) >F o} < [@75 €)pha > (S1,.A1) (15)

Moreover SSo = RS1\4,—.4,. Then it must also be that c#ftv(Si01, S1(Va.ph,)), otherwise there would be
a ¢ € ¢ also in ftv(Si01, $1(Va.ps,)), or ftu(RS107, RS1(Ya.ph,)), or ftv(SSoot, SSo(Va.ph,)), a contradiction
to (12). Applying then rule ASKOL finishes the case.

|

Lemma 8.35 (Subsumption termination and determinacy). The judgement (So, Ao) =+ o < oy = (S1,A1)
defines a deterministic, terminating algorithm on inputs So,Ag,01, and a5, when = Sy and Ao#ftv(al,ah), vars(So).

Proof. Determinacy is an easy check. Moreover the sum of sizes of two types becomes smaller after at most two steps,
or the algorithm terminates because of the auxiliary judgements termination (by soundness lemmas, all unifiers created
are well-formed, and therefore termination for boxy matching and filling holds). d

8.3.5 Main algorithm
Lemma 8.36 (Main algorithm fills holes).
1. If (So, Ao) =Tk t: p' > (51, A1) then fou(p’') C dom(S1).
2. If (S0, Ao) =T H* £ : ¢’ = (81, A1) then fbu(o’) C dom(S1).
Proof. Straightforward induction. |

Theorem 8.37 (Soundness). The following are true:

1. If Ao#tftu(T, p'), vars(So), k= So, and (So, Ao) =T F t: p' = (51, A1) then [Tlg Ft:[p']g,, F 51, and 3R. S =
R - So with vars(R) C ftv(Sop’, SoT') U (Ao — A1).

2. If Ao#ftu(T,0’), vars(So), & So, and (So, Ao) =T ¥ t 1 ¢’ = (51, A1) then [T, o [o']s,, F S1, and
AR. S = R - So with vars(R) C ftv(Soo’, SoT') U (Ao — A1).

Proof. The two claims are proved simultaneously by induction on the height of the derivations, appealing to the
substitution property of typing. We only show the case for LET. We have that

Aoa(#ftv(T, p) (1)
F So ()
(S0, A0a¢) =T+ 1let z = u in t:p > (82, A2) (3)
given that
(So,A0)>P|-’u,:C>(S1,A1) (4)
a = fto(5:1¢) — ftv(5:.T) ()
(S1, A1) =T,z Va. [ G]S1¢ - t 2 p' > (2, A2) (6)

By induction hypothesis for (4) we get that

[T]s, Fou: (7
and F S and 3R;1.S51 = Ry - So with vars(R1) C ftu(SoI',¢) U (Ao — A1). It is easy to confirm that the induction
hypothesis applies then to (5) and we get

[T, z:Va. [a=alSiClg, Ft: o], ®
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with - S2, and 3R2.S52 = Ra - §1 with
vars(R2) C ftv(SiT, S1(Va.[@a=a]Si¢), S1p") U (A1 — A2) (9)

which implies that vars(R2)#a as well. By (7) and the substitution lemma we get

IMls, - v a5 (10)

Now it is not hard to confirm that ftv(R:[a+ @] $1()—ftv(S2I') = @ and moreover [Va.[a+ a]S51(]s, = [Va.[a—a a]Slle
and by applying rule LET we get the result. Taking R = R; - R» finishes the case. The rest is easy check.

Theorem 8.38 (Completeness). The following are true:
1. If[C] g5, t : [0'] 55,5 = So, and Ao#tvars(S, So), ftv(T, p') then (So, Ao) =Tkt : p'= (51, A1), and IR. S-S =
R 851\ -

2. If |[F]]SSOI->p01yt t [0']ss,5 = So, and Ao#tvars(S, o), ftu(T,0") then (So, Ao) > T H g0 > (51,A1), and
dR.§- Sy =R-S1\ag—A;-

Proof. The two claims are proved simultaneously by induction on the size of the term ¢. We inline uses of the second
part in the first so for the second part we can assume that the first always holds. For the second part the case for
AGEN? follows by the first part and the case for AGEN1 is similar to the case of SKOL in the completeness subsumption
proof. For the first part the only interesting cases are the one for LET and the one for VAR-SIG.

e Case LET. In this case we have that

AOEC#UGTS(S7 So),ftﬂ(r, pl) (1)
F So (2)
|[I‘]]SSO|->1et z = wu in t: |[p']]550 (3)
given that
[Tlss,>u: 2] (4)
@ = ftv(p) — ﬁ“([[rl]sso) (5)
[Tlss,,2:Va. pht : [0']gs, (6)

Consider §' = [ + p] - S. Then we have by induction hypothesis for (4) (assume without loss of generality
that the supply variables are disjoint from the variables of p) that

(SQ,A0)>-F|—’LL:C>-(51,A1) (7)

and S’ So = R151\4,—4,- Moreover by soundness we have that I S and it is also the case that Va . p = SSoI'(p).
But notice that using Lemma 8.3 we have

Ri$15iT(81¢) <& Ri85185T(R155:C)
= R1S1F(R151C)
= SSor(R1S1C) = SSoI‘(p)

By the weakening lemma then and equation (6) we get that
[[P]]R151’ [$§WS1C]]R151|"75 : I[p']]R1S1 (8)
And by induction hypothesis we get that

(S1, A1) =T,z  SiTSC ¢ p' = (S2, A2) (9)

with R1S1 = R252\ 4, — 4, for some Ry. This gives us then that SSo = R2.52\ 4qa¢c— .4, as required and application
of rule ALET finishes the case.
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e Case VAR-SIG. We just give a sketch in this case. We have that

[[P]]ssol"y w: I[p']]sso (10)

with F So and assuming a fresh enough Ag, given that

VSIG(v @, [T1gs,) (11)
vivVa.g" = o € [[g, (12)
@.=aNftv(o) Te=7—T7. (13)
blac = [olo < [[/)']]550 (14)
I, : [ac = o), & oo (15)

Algorithmically we have to consider two cases; if VSIG(v;u,I") then we notice that the split of variables must be
exactly the same (unification variables never get mapped to bound variables) and the result follows by repeated
applications of the induction hypothesis and rule AVAR-SIG again. If on the other hand - VSIG(v %, T") we pick
the maximum m, 0 < m < n such that it holds that VSIG(v 7™, T') and we show that we can type this term
using AVAR-SIG. By induction on n — m we then show that we can type the rest of the application using AAPP.

O
Lemma 8.39 (Termination and determinacy). The judgement (So, Ag) =T Ft:p' = (S1,.A1) defines a deter-

ministic, terminating algorithm on inputs So,Ao0,T,t, and p’, when = So and Ao#ftv(T,p'), vars(So). Similarly for
the judgement (So, Ao) =T PRI A (S1,Ar).

Proof. We just give a sketch. Determinacy is an easy check. Moreover notice that the size of the term becomes
smaller in each step and all auxilliary judgements terminate (by the series of soundness lemmas we have that the
corresponding unifiers are well-formed and so the termination lemmas are applicable). a
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(S(), .A()) - 0'3 < 0'é> (51, A1)

So, Ao) =t €~ o' = (81, A =46
( 0 0)> E U’>( ! 1) ASBOXY Sos-F 11 =151 AMONO
(S0, Ao) >+ & < o7 (51, Ar) (S0, A0) =k 71 < 735 (51, Ao)
T=a,x
(So,.Ao)>|— C — T>(S1,A1) ABMONO
(S0, Ao)=F 7 < > (51,41)
_lal#0 (s A)>:Il?é<c[bgl¢]0'>(s A)
(S0, 40) >+ [a = Elph < ph>(S1, A1) LIl M i
- ASPEC c#ftv(S1(a1), S1(Vh. p2))
(S0, Ao€) =FVa.py < ph>(Si,A1) ASKOL

(S0, AoC) =+ o1 < Vb.ps>=(S1,.A1)

(S0, A0) =F o1 — 05 < €3 — €4 (51, A1)
(81, A1) >F ¢ « (S1&3 — S1&4) > (52, A2)

(S0, Aokzés) =F ot = a5 < ¢ (83, A3)

(S0, A0)=F7 a=0dy = a5 > (51, A1)
(S1, A1) =F o3 ~ a1 = (52, A2)
(82, A2) >+ 05 < oy > (83, As)

(S0, Ao) =+ a < o3 — 04 > (53, As3)

AF2L

(S0, A0)>F7 ph = a5 — oy > (51,.41)
(S1, A1) =F o3 ~ o = (52, A2)
(82, A2) >F oy < o> (83, As)

(So, Ao) >+ ol = o5 < p12>-(53,.As)

AF2R

Figure 16: Algorithmic subsumption
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(S(),Ao)>-r F it p’>— (51,./41)

vicel (80, Ao)>=Fa < p'>(81,.A1)
(S0, A0) =T Fv:p' > (81,A1)

AVAR-INF

VSIG(v ,T)
vivi.cg>o€el
@.=anf(s) da.=a-a.
(S0, A0) >+ [a. = Elo < p'> (51, A1) T =5i€e
(Si, Ai) =T oy, [@c & Ee,Tc ™ 0coi > (Sig1, Aig1)

(507 Aogcge) >_1—‘ }_ vu: p’ - (S'"d An)

AVAR-SIG

(So, Ao) =F7 p' = 0o} = ab> (51, A1)
(81, A1) >=F ¢ ~ o1 (82, A2)
(Sz,.AQ)}F,.’L”?SzC Kt o5 > (S3,As)

(So,AoC)%P - (\Zt) : p’}(Sg,.As)

AABS1

(S0, A0) =T+ (\z . t) : (1 = (2> (51, A1)
(Sl,A1)>|— C — (S1C1 — S1C2)>(52,A2) AAB

(S0, AoC1G2) =T = (\z . t) : (> (52, A2)

- VSIG(t w,T)
(So, Ao) =T Ft:&— p'>=(81,A41)
(81, A1) ST H™ 42 8§16 (S, As)

(S0, Ao&)>TF tu: p’> (S2,A2)

(So, Ao)>=T'F w: (> (S51,A1)
&= f($i¢) — fw(SiT)
(S1, A1) =T, z:Va.[@=a|SiCF t: p' = (52, Az)
(S0, Aoa¢)>=TF let £ = u in t:p’>—(52,.»42)

ALET

fuv(Va.p) =0 ftv(Va.p) C dom(T)
(S0, Ao)>TF w:[a—=clp>(S1, A1) TH#ftv(SiT)
(S1, A1) =T,z Va.pk t:p > (52, A2)

(S0, A0C) =T F let z::Va.p = u in t: p’ > (82, A2)

ASIG-LET

(So, Ag) =T H ¢ o’ = (51, Ay)

(So, Ao) =T+ t:[a— blp > (51,.A1)
b#fto(5iT, S1(Va.p'))

(50,A0)>-F|— t: E>—(51,.A1)

(S0, A0B) =T F* t:¥a.p > (51, A1)

AGENL (g AN T H™ t: 0 (S, A1)

AGEN2

Figure 17: Inference/Checking Algorithm

54




(S@,Ao)>|— 0’1 ~ a§>(51,A1)

(507A0)>'C1 (_a>‘(51,./41) T, =a,x

(81, A1) = ¢ — a> (52, A2) So-FT1=12>81
ABBEQ AMEQ2
(So,Aoa) -k C1 ~ Cz b (52,.,42) (50, .Ao) kT~ T (51,./40)
T =0, T=a,«
(S0, A0) ¢ 7> (51,A1) AMEQLL (So, Ao > ¢ « 7> (S1,.A1) AMEQLR
(So, Ao) =F ¢ ~ 7> (S51,.A1) (S0, Ao)=F 7 ~ > (51,A1)

(So, Ao) =t o1 = 05 ~ & — €4 (51, A1)

(S0, Ao)=F & — & ~ ot — GZ>(51,.A1)
(S1,.A1)>—|— ¢+ (S1§3 — S1§4)>~(52,A2)

(81, A1) > F ¢ « (S1&1 = S1€2) > (52, A2)
; ; AEQIL ; ; AEQLR
(S0, A0€1€2) =+ C ~ (03 = 04) = (52, Az2) (S0, Ao€3€a) =+ (01 = 03) ~ (= (52, A2)
(S0, A0)=F" a =0} = a5 (51, A1) (S0, Ao) =+ p = 0ot — oy > (S1,.41)
(81, A1) =F o] ~ ab>= (82, As) (81, A1) =F o] ~ o> (S, A2)
(82, A2) >+ oy ~ 0y > (53, As3) AEQIL (52, A2) H‘I o3 NIGQ >’(537«43) AEQ2R
(S0, Ao)=Fa~ o‘é — 0':1>(53,A3) (S0, Ao) =F o1 = a3 ~ p = (53, A3)
lalz0 al£0
(SO,AO)>‘_l_ Cl ~ [a = b]p’>—(51,«41) (So,Ao) >-_|- §1 ~ [a = b]p’ >-(S1,.A1)
b#ﬂ'l}(Sl(_VE.p')) b#ftv(S1 (_Vﬁ.p'))
(S1,A12>—|—§ (—\'/b.51C1>-(S2,A2) ASEQIL (Sl,A12>-|-§ (—Vb.’S1C1>-(Sz,A2) ASEQIR
(So, Aobcl) k&~ Vﬁ.p' s (52,A2) (So,.AobC1) - Vﬁ.p ~ € (52,./42)
|7|=I51# 0

(S0, A0) =F[a—=clpi ~ [a l—)E]p'2>(S1,.A1)
T fto(S1(Va.p1), S1(¥h. p3))

(80, A0T) > F Va@.py ~ Vb.ph>(S1, A1)
(S0, Ao) =+ ¢ < o> (51, A1)

¢ ¢ dom(So)
AUFl (S0, Ao) =+ ¢ « o> ([¢ = Soo] - So, Ao)

ASEQ2

(So, ./4(]) P p’ = Ji — Ué> (51, .A1)

FILL

So-Fa=a1 = ay>=951

(So,Aoa1a2)>|-_’ a=a1 = ay > (Sl,.Ao)

AUE2 ¢ € dom(8s) (8o, Ao)>F So¢ ~ o> (81,.A1) NI

(S0, Ao) =+ ot —= 05 = a1 — 05> (S0, Ao) (S0, Ao) >+ ¢ o> (81, A1)

Figure 18: Boxy matching and relatives
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So?l— 1 i7'2>51

T=a,q
———  URFEFL
So-F1=71>5
a € dom(S) T#a a € dom(So) T=a,T—>T
So>F Soa =751 SomF Soa =71>51
BVAR1 BVAR2
So-Fa=7>5 So-F1T=a>5
a¢ dom(S) T#a a¢ dom(S) T=a,7>T
a ¢ fiv(Sor) UVAR1 a ¢ ftv(Sor) UVAR2
So-Fa=71>[aw— Sot]-So So=F71=a>[aw— So7]-So

So-Fm=m>85 Si>Frn=1>5

UFUN
So-FT1 > T =713 > Ta> S

Figure 19: Unification
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