Locally Adapted Hierarchical Basis Preconditioning
Richard Szeliski

Microsoft Research
May 2006

Technical Report

MSR-TR-2006-38

This paper develops locally adapted hierarchical basistioms for effectively pre-
conditioning large optimization problems that arise in gaoer vision, computer
graphics, and computational photography applications ssscsurface interpolation,
optic flow, tone mapping, gradient-domain blending, anaipation. By looking at
the local structure of the coefficient matrix and performangecursive set of variable
eliminations, combined with a simplification of the resudticoarse level problems, we
obtain bases better suited for problems with inhomogengpatially varying) data,
smoothness, and boundary constraints. Our approach rentdoeeneed to heuristi-
cally adjust the optimal number of preconditioning levagnificantly outperforms
previous approaches, and also maps cleanly onto datdgbamadhitectures such as

modern GPUSs| Errata in (8) and (9) fixed October, 2007 ]

Microsoft Research
Microsoft Corporation
One Microsoft Way
Redmond, WA 98052

http://ww.research. mcrosoft.com






1 Introduction

A large number of computer graphics problems can be forradlas the solution of a set of
spatially-varying linear or non-linear partial differeadtequations (PDEs). Such problems in-
clude computational photography algorithms such as higtachic range tone mapping (Fattl
al. 2002), Poisson and gradient-domain blending (Pétesd. 2003, Levinet al. 2004, Agarwala
et al. 2004), colorization (Leviret al. 2004), and natural image matting (Levehal. 2006). They
also include various physically-based modeling probleothsas elastic surface dynamics (Ter-
zopoulos and Witkin 1988), as well as the regularized sotutif computer vision problems such
as surface reconstruction, optic flow, and shape from sha@nggioet al. 1985, Terzopoulos
1986, Broxet al.2004).

The discretization of these continuous variational profdeising finite element or finite differ-
ence techniques yields large sparse systems of linearieqsiaDirect methods for sparse systems
(Duff et al. 1986) become inefficient for large multi-dimensional peshs because of excessive
amounts offill-in that occurs during the solution. In most cases, iterativetem are a better
choice (Saad 2003). Unfortunately, as the problems becarger| the performance of the itera-
tive algorithms usually degrades due to the increased tondiumber of the associated systems.

Two different classes of techniques, both based on muwléHénierarchical) representations,
have traditionally been used to accelerate the convergdhisgative techniques (Saad 2003). The
first are multigrid techniques (Brigget al. 2000), which interpolate between different levels of
resolution in an effort to alternately reduce the low- anghkirequency components of the error.
Unfortunately, these techniques work best for smoothlyingr (homogeneous) problems, which
is often not the case with low-level vision algorithms.

The second class of techniques are optimization algoritsuct as conjugate gradient pre-
conditioned using a variety of parallel or multi-level teaiues (Yserentant 1986, Szeliski 1990c,
Saad 2003). Among these techniques, multi-level precrmmgits such as hierarchical basis func-
tions and wavelets (Yserentant 1986, Szeliski 1990c, Bemtll 994, Gortler and Cohen 1995,
Yaou and Chang 1994, Lai and Vemuri 1997) are a particulastydgmatch to vision problems

because they exploit the natural multi-scale nature of nvésyal problems.



Another big advantage of such techniques is their suitgbitir implementation on data-
parallel architectures. Older work on low-level visionesfistressed this connection (Poggio 1985),
and several low-level algorithms were ported to data parafchitectures such as the Connection
Machine (Poggiet al. 1988). While such computers were very specialized and haatlyrdisap-
peared, the last few years has seen the re-emergence giatatkel computation with the advent
of programmable graphical processing units (GPUs), wharh mow be found in almost every
computer. In fact, many vision and numerical analysis aflgors have recently been ported to
GPUs (Yang and Pollefeys 2003, Batal.2003).

While multi-level preconditioners have proven to be quiteaive at accelerating the solution
of many low-level vision problems (Szeliski 1990c, Lai arehvuri 1997), some problems remain.
First, the choice of basis functions and the number of leigejsroblem-dependent and is still
mostly a heuristic art (Szeliski 1990c). Modulating theestf the basis functions based on the
local stiffness of the regularized problem can help quitatadspecially in reducing the need
to find an optimal number of preconditioning levels (Lai aneimdri 1997). However, this
requires the temporal adjustment of a weighting functigf) which blends between the data-
dependent and smoothness-dependent modulation fun¢tiansnd Vemuri 1997). Furthermore,
these algorithms perform poorly on problems with large am®of inhomogeneity, such as local
discontinuities or irregularly spaced data, or irregylatiaped boundaries.

In this paper, we go back to basics and ask the question:ns #m®ptimalset of hierarchical
basis functions that can perfectly precondition an anyitnaulti-dimensional variational problem?
It turns out that for a one-dimensional first order systemgca@ construct such a multi-resolution
basis. For higher order or higher-dimensional problemscame use a similar methodology to
derive locally adapted hierarchical basis functions #ygtroximatean optimal preconditioning
of arbitrary problems and significantly outperform prestyupublished techniques. The key to
our approach is to carefully examine the the local structdithe coefficient matrix to perform a
recursive set of variable eliminations combined with a difigation of the resulting coarse level
problems.

We begin this paper with a review of variational problems #radr discretization (Section 2).



In Section 3, we review previously developed techniquesh blirect and iterative, for solving
such linear systems, including the use of multigrid and mieltel preconditioners. In Section 4,
we derive optimal hierarchical bases for the one-dimeraifrst order problem. In Section 5, we
develop a methodology for constructing locally adaptiverdichical bases for two-dimensional
first order problems such as Poisson image blending, HDR nwaggping, and colorization. We
also discuss how to map these algorithms onto GPUs. Sectwasgnts some experimental re-
sults, including comparisons with previous approachedgv@ection 7 discusses areas for further

research.

2 Problem formulation

Many problems in low-level computer vision can be formutiatesing avariational approach
which involves defining a continuous two-dimensional oftetion problem, adding appropriate
regularization termsand then discretizing the problem on a regular grid (Teondgps 1983, Pog-
gioetal.1985, Horn and Brooks 1986). There are also deep connetigiwsgen such approaches
and the use of Markov Random Fields as priors for low-levelrence problems (Szeliski 1990a).

Variational approaches were first applied in computer wisiosolve surface interpolation prob-
lems (Terzopoulos 1983), including surfaces with first aecbsd order discontinuities (tears and
creases) (Terzopoulos 1986, Zhastgal. 2002). They were also applied to problems such as
optic flow (Horn and Brooks 1989, Braet al.2004), shape from shading (Horn and Brooks 1986,
Szeliski 1990b), stereo matching (Poggial. 1985), and edge detection (Pogeioal. 1985).

More recently, similar approaches have been used in cortiquodh photography to perform
various image editing operations such as single view modd€lhanget al. 2002), seam hiding
(Pérezet al. 2003, Levinet al. 2004, Agarwaleet al. 2004), high dynamic range tone mapping
(Fattal et al. 2002), and colorization (Leviet al. 2004). What all of these problems have in
common is that the discretization of these variational idations leads to quadratic forms with
large sparse symmetric positive definite (SPD) coefficiark.&. Hessian or stiffness) matrices

that have a natural embedding in a two-dimensional grid aachance amenable to multi-level



approaches.

2.1 1D problems

Let us begin with the simplest possible variational prohleamely the controlled continuity (dis-
continuity preserving) approximating spline. The probleno reconstruct a one-dimensional
function f(x) that approximately interpolates a set of data pofats at locations{z,} with as-
sociated weightgw,}.2 To make the problem well-posed, we add a regularization,teemely

a smoothness functional, which can either be first order,

£ = [ sl f2@)dr, o

or second order

&= [ cla)f2(x)da, 2)
or some blend between the two. The spatially varyngpothnesand curvaturefunctionss(z)
andc(z) determine the amount of smoothness imposed and the losaifdears §(x) = 0) and
creases((x) = 0). For the remainder of this paper, we focus on first order lerab and leave the
solution of second order problems to future work.

To discretize the above problem, we choose a regular gricdrspaf sizeh and place all of our

data constraints at discrete grid locations, which resultise discrete energy
By = Zwi(fz‘ —d;)?, 3)

with w; = 0 where there are no data points. Figure 1 shows a sample sgiuwifdata values;
and weightsw;, which we can think of points pulling on the final surfatewith strong springs.
(Weaker springs connect the remaining points to the O besgli The smoothness functicpis

constant everywhere except for one “tearsat= 0.

We will not deal in this paper with vision problems such asexteand shape from shading that have non-quadratic

energies, although our techniques could be extended iditteistion (Szeliski 1990b).
2We can setv;, — oo to implement ehard constraintand our preconditioner can deal with this case.
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Figure 1:Input data and output solution. The input data values @re= {150,50,200} ati =

{3,8,15} and 0 elsewhere. The data weights are= 100 ati = {3,8,15} and 1 elsewhere,
which causes the interpolated curfe@o sag towards 0. The smoothness function is 10 except
for s;; = 0, which causes a “tear” in the reconstructeticurve between = {11, 12}. (The tear

is not readily apparent because of the linear interpolatised by the plotting software.)



To discretize the smoothness functional, we can use eitli@tadifference or a finite element
approach. In finite differences, we replace the first ordeivdive term with a collection of

(fix1 — i) terms, each of which becomes squared and weighted indepintieobtain

Es = Z (fir1 — fi)% (4)

The finite element approach (Bathe and Wilson 1976) model&itictionf (z) as a piecewise
linear spline, i.e.,

fla) = i+ T2

(Terzopoulos 1983). After analytically integrating theeagy functional&,, we obtain the same

[fivs = fil, @ € [2i, wip4] )

formula as (4), with the value fos; given bys; = h™* [["*' s(z)dx = s/h, for a constant
s(x) = s.

Thus, at first glance, it appears that the finite element ambrdolds no real advantage over
finite differences. However, it makes the dependence ofrtegg on the grid sizé explicit, which
makes it easier to reason about relationships betweemaftfdiscretizations and discontinuities.

The second ordezurvaturefunctional can similarly be discretized as

E. = Zcz‘(fz‘+1 —2fi+ fim1)? (6)

In this case, the finite element approach to discretizingsde®ond derivative functional is to ap-
proximate f (z) with a piecewise quadratic spline (Terzopoulos 1983). ©fisg that for the

guadratic spline,
Jiv1 —2fi+ fia
2h? ’

we obtain for constant(z) the relationship; = h—3c/4.

fxz:

2.2 2D problems

Two-dimensional variational problems can be formulated similar manner. Again, we wish to
reconstruct a functiorf(x, y) through a set of data poin{gl,.} at locations{(zy, yx)} with asso-

ciated weights{w,}. The two-dimensional first order smoothness functionatrbranemodel



(Terzopoulos 1983)) can be written as

&= [ 5@y f2ay) + (@), y)de dy, ™

while the second ordehin platemodel is

& = [ el y) + 203, (e, y) + S, (0, 9)da dy, ®)

where the mixe@f;, term is needed to make the energy rotationally symmetric.scitizing

these functionals leads to a first ord@noothnesterm,
Es = Zsij(fﬂrl,j — fij — g;?fj)Q + Si"’,j(fz',jﬂ — fij — g;y,j)Q 9
(2%
and a second ordeurvatureterm

E. = Zcf,j(fiﬂ,j —2fi; + fzel,j)Q
,J
+2¢%(fivr501 — firrg — fij + fii)? (20)

+ ¢ (fijer — 2fiy + fiic1)?

The data valueg}; andg;; are gradient data terms (constraints) used by algorithicts as1 HDR
tone mapping, Poisson blending, and gradient-domain bign@rattalet al. 2002, Pérezt al.
2003, Leviret al.2004). (They are 0 when just discretizing the conventionstl@rder smoothness
functional (7).) Note how separate smoothness and cuevétums can be imposed in they,
and mixed directions to produce local tears or creasesperdos 1988, Szeliski 1990a). The

two dimensional discrete data energy is written as
Eq =Y wi;(fij —dij)*. (11)
i.j

To obtain the discrete energies using finite element arglysrzopoulos uses piecewise linear
right-angledriangular spline elements for the membrane model and square quageatices for
the second order thin-plate model (Terzopoulos 1983). Bexthe squared derivatives get inte-
grated over local two-dimensional patches of déathe discrete first order squared smoothness

terms become independent/gfwhile the second order terms scalehas.
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For both the one and two-dimensional problems, the totalggnef the discretized problem

can be written as quadratic form
E=FE;+E,=xz"Ax — 22"b +, (12)

wherex = [f, ... f,,_1] is called thestate vecto?

The sparse symmetric positive-definite matdxis called theHessiansince it encodes the
second derivative of the energy functibiror the one-dimensional first order problesjs tridi-
agonal, while for the two-dimensional problem, it is mddanded with 5 non-zero entries per row.
We callb theweighted data vectoMinimizing the above quadratic form is equivalent to sotyi
the sparse linear system

Ax =b. (13)

3 Direct and iterative solution techniques

The solution of sparse positive definite (SPD) linear systefmequations breaks down into two
major classes of algorithms: direct and iterative.

Direct methods use sparse matrix representations togettiestable factorization algorithms
such as LU (lower-upper) or Cholesky decomposition to obspiarse symmetric factor matrices
for which forward and backward substitution can be effidieperformed (Duffet al. 1986). Un-
fortunately, for two-dimensional problems, the factoredtmnces suffer fronfill-in, i.e., the zero
entries separating the main diagonal band and the off-deldmands (which result when the 2D
variables are placed in raster order) get replaced withzaasa-values. Thus, for two-dimensional
problems discretized on anx m grid, the cost of linear system solutiondnm?) rather than
the O(n) complexity of one-dimensional direct solution techniqué=urthermore, direct solvers,

being sequential in nature, are not directly amenable t@-datallel execution on GPUs.

3We usez instead off because this is the more common form in the numerical arsiyesiature (Golub and Van

Loan 1996).
4In numerical analysisA is called thecoefficientmatrix (Saad 2003), while in finite element analysis (Bathe a

Wilson 1976), it is called thetiffnessmatrix.



Iterative relaxation algorithms such as gradient desseretessive over-relaxation (SOR), and
conjugate gradient descent minimize the quadratic enenggtion (12) using a series of steps that
successively refine the solution by reducing its energyd2&®3). While in theory, conjugate
gradient descent requiréé = nm steps to converge to the final solution, in practice, the ohte
convergence depends on ttendition numbeof the coefficient matrix4, which depends on the
ratio of its minimum and maximum eigenvalues (Saad 2003).siBigerative algorithms can be
accelerated using a variety of techniques, including muttj hierarchical basis preconditioning,

and tree-based preconditioning.

3.1 Multigrid

A more intuitive way to analyze the convergence of thesaiiez algorithms is to note that gradi-
ent descent is equivalent to local relaxation, which eifety reduces the high-frequency compo-
nent of the error, while being less effective at reducingddlefrequency error (Briggst al.2000).
Based on this observatiomultigrid methods have been developed which alternate between solv-
ing the problem on the original (fine) level and projecting #rror to a coarser level where the
lower-frequency components can be reduced (Brgggs. 2000, Szeliski and Terzopoulos 1989,
Saad 2003). This alternation between fine and coarse lexelseextended recursively by attack-
ing the coarse level problem with its own set of inter-levehsfers, which results in the commonly
usedV-cycleand W-cyclealgorithms (Brigg<et al. 2000). Multigrid techniques were first intro-
duced to the vision community by Terzopoulos (Terzopoul83) and are now commonly used
to solve newer problems such as blending and colorizatiattgFet al. 2002, Pérezt al. 2003,
Levin et al. 2004, Levinet al. 2004). The algorithm has also been ported to GPUs (Bbkl.
2003).

While multigrid techniques are provably optimal for simpl@mogeneous problems, their per-
formance degrades as the problem becomes more irregufgt@mbgeneous (Saad 2003). Alge-
braic multigrid solvers (AMG), which locally adapt the inp@lation functions to the local structure
of the coefficient matrix, can be more effective in these sé8eaggset al.2000, Saad 2003). How-

ever, to our knowledge, AMG solvers have not previously beggplied to computer graphics and



computer vision problems. The techniques we develop aa¢ectko AMG (as we discuss later),
although we use preconditioned conjugate gradient as aic bigorithm rather than multigrid,
since it can compensate for the imperfect coarsening tletdemic in most real-world problems
(Saad 2003).

3.2 Hierarchical basis preconditioning

An alternative approach to solving sparse multi-dimersioalaxation problems also draws its
inspiration from multi-level techniques. However, inste# solving a series of multi-resolution
sub-problems interspersed with inter-level transferecpnditioned conjugate gradient uses the
multi-level hierarchy tgpreconditionthe original system, i.e., to make the search directioneemor
independent and better scaled. These techniques wereduskoged in the numerical analysis
community by Yserentant (1986) and applied to computeouigiroblems by Szeliski (1990c).
More recent versions using different basis functions (;agtwvavelets) and some amount of local
adaptation have been proposed by Pentland (1994), Yaou lagwgd1994), Gortler and Cohen
(1995), and Lai and Vemuri (1997).

The basic idea is to replace the origimaldalvariablese = [f; . .. f,_1] with a set ofhierar-
chicalvariablesy that lie on a multi-resolution pyramid, which has been saimgled so that it has
the same number of samples as the original problem (Figui®z2&)iski 1990c). Because some of
these new variables have larger bases (influence regibesyptver can take larger low-frequency
steps as it iteratively searches for the optimal solution.

To convert between the hierarchical (multi-resolution)l @odal bases, we use a set of local
interpolation steps,

x=Sy=2515--S1y. (14)

The columns ofS can be interpreted as thesrarchical basis functionsorresponding to the nodal
variables (Yserentant 1986, Szeliski 1990c). In the wavaenmunity, this operation is called
thelifting schemdor second generation waveldiSchroder and Sweldens 1995, Sweldens 1997).
The form of the individual interlevel interpolation funetis.S; is usually similar to that used in

multigrid, e.g., linear interpolation for one-dimensibpaoblems and bilinear interpolation for

10
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Figure 2: Multiresolution pyramid with half-octaveg(iincunxsampling (odd levels are colored

gray for easier visibility). Hierarchical basis functiorontrol variables are shown as black dots.

11



two-dimensional problems. Figure 3 shows a set of hieraatlibases that correspond to using
uniform linear interpolation at each stage.
The hierarchical bases are used to transform the origiredrqtic form inx, (12), into a new
forminy,
E =y"(STAS)y — 29" (ST)b+c=y"Ay —b+c. (15)

The advantage of performing this transformation is thatabedition number of the matrixd

is much smaller than that ol (Szeliski 1990c). The matri¥ is not nearly as sparse as the
original matrix A, but this does not impact the performance of the conjugaidignt descent
algorithm, sinceA is never explicitly formed. Instread, treearch directionfor the origional
(unpredonditioned) problem is multiplied 8 and thenS”, each of which can be implemented
as a recursive set of coarsening or interpolation stepse (Szeliski 1990c) for a full derivation
and pseudocode of the preconditioned conjugate gradigotitdm.)

Hierarchical basis preconditioning often outperformstiguld relaxation on the kind of non-
uniform scattered data interpolation problems that aridew-level vision (Szeliski 1990c). How-
ever, as more levels of preconditioning are used, the pednce starts to degrade once the hi-
erarchical bases become larger than the “natural” locatisgaof the data (Figure 5). This is
symptomatic of a more general problem observed by Lai anduvemamely that regular HBFs
ignore the structure of the coefficient matein formulating the bases (Lai and Vemuri 1997).

In their paper, Lai and Vemuri show how to exploit this infation bymodulatingthe size of
the basis function at each level based on the spectral @rexy characteristics of the smoothing
operator fegularization filte), which depends on the relative values of the data weighfirsg
order smoothness, and curvature terms;, andc. This results in an algorithm that significantly
outperforms the technique originally proposed in (Szell€00c) and does not require the tuning
of the number of levels. However, tlshapeof the basis functions themselves is still determined
heuristically and does not adapt to the local continuitycttire of the underlying problem. (See,
however, (Szeliski 1990c, Zhareg al. 2002) for some heuristic rules to adapt the interpolation
functions to local discontinuities.) Because the spedsdimation in (Lai and Vemuri 1997) is

based on a wavelet transform of tthiegonalof the data stiffness matrix, they also need to modify
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the ends and in the middle) are very broad, correspondingéocbarse-level bases, while others

become progressively narrower.

the basis modulation function at each iteration to oridyn@nore the data term and to later give
it more weight.

These enhancements to the original HBF idea result in dlgos that can solve regularized
low-level vision problems more effectively than previgudkeveloped techniques. However, they
still leave the question open as to whether it is possiblesiave anoptimalset of hierarchical basis
functions, or at least a more principled way to adapt thenhéddcal structure of the underlying

problem. We next turn out attention to answering these gquest

4 One-dimensional problems

We begin by analyzing the first order one-dimensional prob{é), since it is the easiest to un-
derstand and since we can actually derive an optimal hieiGlcpreconditioner. In practice,
one-dimensional problems can usually be solved more «ftigieising direct methods (Duét al.
1986). However, if we wish to exploit the data-parallelissmd higher computational throughput)
available on GPUs, the techniques presented here coulcelde us

The basic idea in using a hierarchical basis is to interpdts solution obtained with a coarser

level approximation and to then add a locatrectionterm. However, if we were given the exact

13



solution at the coarser level, could we thmarfectlypredict the solution at the finer level?

For the first order one-dimensional problem, it turns out Wecan because each variable only
interacts with its two nearest neighbors. Thus, if we pldctiha even variables in the coarse level
and keep the odd variables at the fine level, we can solve @r #ae level variable independent

of the others. Consider thieh row from the tridiagonal system of linear equations (13),
@i i—1Ti—1 + Q3T + Qi1 Tip1 = by (16)
We can write the solution for; as
T = ai_,il [bi — @i i—1Ti—1 — Qg1 T (17)

Note that this “interpolant” doesot, in general, interpolate the two parents; andz;,; since
a;i—1/ai; + a;i11/a;; < 1 wheneverw; > 0, i.e., whenever there is any data present at a node.
In fact, as the data weight at a poinf — oo, we getz; — b;/a;; = d; and the target data value

is interpolated exactly without usiregny smoothing. This is an example of what Sweldens calls
weighted waveletéSweldens 1997).

We can now substitute the above formula fgrfor all odd values ofi simultaneously and
obtain a new energy function that does not involve the odakbes and yet which has the exact
same dependence on the even variables as the original sfggeuming that the odd variables are
always placed in their minimal energy configuration). Thisgess is commonly known &gclic
reduction(Golub and Van Loan 1996).

Another way to view this operation is to say that (17) definkexcally adapted basis (interpola-
tion) function (Kobbelt and Schroder 1998). Figure 4 shtvweslocally adapted hierarchical basis
functions for the data weighting and smoothness functitoduced in Figure 1. Notice how none
of the functions span the discontinuity in the smoothneastfan and how the local shape of the
functions is controlled by the data spacing and strength.

If we permute the entries id and S so that the fine level variables come first and the coarse

level variables come second, we can re-write these mag@ges
D E I -D'E
A= and S, = ) (18)
E" F o’ I
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Figure 4:Locally adapted hierarchical basis functions. Note howeaohthe functions span the
break ati = {11, 12} and how the shape of individual functions varies accordmthe local data
weights and smoothness values. This particular set of basesexact preconditioner for the 1-D

problem (when combined with the appropriate scaling).

The resultingoreconditioneccoefficient matrix can therefore be written as

. . D 0 D 0
Al == Sl A51 - - . (19)

~ C

of F-E'D'E 0" A

For the one-dimensional first order problem, is a diagonal matrixl has a bandwidth of
two, and F' is also diagonal. The resulting (smaller) coarse-leveffment matrix Af =F —
ETD'E is therefore tri-diagonal, just like the original coeffictematrix A. We can therefore
recurse on this matrix to construct a locally adapted setieraichical basis functions that that
convert the original coefficient into a diagonal matex In the iterative methods community,
the above algorithm is called @mplete factorizatiomf A, since no approximations are used
in this derivation (Ciarlet Jr. 1994). It is a special instarof the more generahcomplete LU
factorization with multi-eliminatiorflLUM) algorithm (Saad 2003§12.5), which we describe in
the next section.

The construction described above leads to the followinopterpretation of the well known
cyclic reduction algorithm (Kobbelt and Schroder 1998):

For a one-dimensional first-order problem, using the pretibaner SA_IST, where S is

15
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Figure 5:Convergence of preconditioned conjugate gradient on tihepsa 1st order 1D problem,

whereL indicates the number of preconditioning levels. For noayatéd hierarchical bases, more

levels initially speeds up the convergence but eventuldlyssit down. For the locally adapted

bases (LAHBF), the algorithm converges in a single iteratio
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Figure 6: Red-black elimination of variables, and the ri@sglundesired (extra bandwidth) con-

nections shown in blue.

defined using the set of locally adapted hierarchical bagigfionsS; = | I —D;'E, | as
described above and is the resulting diagonal (preconditioned) multi-leveletficient matrix,
results in perfect preconditioning and hence a one-steptsol.

Looking at Figure 5, we see that indeed, the locally adaptecithical basis functions algo-
rithm (LAHBF) converges in exactly one step.

Unfortunately, this result only holds for one-dimensiohdt order problems. However, the
general methodology developed above can be modified sd tzat be applied to two-dimensional

problems, as we describe next.

5 Two-dimensional problems

Let us now turn our attention to two-dimensional problemiicl are generally more relevant to
computer vision and computer graphics.

In two dimensions, most hierarchical basis function apghea (as well as pyramid-based
algorithms) eliminate odd rows and columns simultanequsiythat each coarser level has one
guarter as many variables as the finer one (Szeliski 199@yeMer, the fine-level variables being
eliminated are not independent, which makes it difficultgpls the previous methodology.

Instead, we eliminate the red elements in a red-black chieoked first, and then eliminate
the other half of the variables to move a full level up in thegmgid. In the numerical analysis
community, this is known atepeated red-black (RRB) orderin(@r elimination) (Brand 1992,

Ciarlet Jr. 1994, Notay and Amar 1997), and is a particulstaince of more generalulticoloring
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strategies that can be applied in conjunction viittomplete LU with multi-eliminatioLUM)
preconditioning (Saad 2003)Pictorially, we can view this as shown in Figure 6, where tx r
x’s are eliminated in the first pass and the diamonds are dit@ihin the second. The gray lines
indicate the connections (non-zero entriesAipbetween variables, while the blue lines indicate
undesirable connections, which must be eliminated, agitéescbelow.

Using this scheme, th®) matrix is diagonal, théZ matrix is 4-banded (4 nearest neighbors),
and theF matrix is diagonal (crosses and diamonds are independesdaf other). The re-
sulting Ai matrix is 9-banded, i.e., each circle (or diamond) depemdsat only its immediate
4-neighbors (gray lines in Figures 6 and 7), but also on iégainal 2-D neighbors (light blue
lines).

In order to keep the bandwidth from growing, we would like ionenate these diagonal con-
nections. But how? The usual answer (Brand 1992, Saad 20@3performncomplete factoriza-
tion, which means simply dropping the undesired element (ILOOperhaps adding these dropped
values to the diagonal to preserve affine/interpolatorpertes of the resulting system (known as
modified ILUor MILU). (A blend of these two approaches, knovetaxed ILUor RILU, is to add
a fractionw of the dropped elements to the diagonal (Saad 2003).)

This paper takes an alternative approach. Rather thanigiokthe undesired matrix elements
as abstract quantities, we view them as springs whose inopabe system must be approximated
by stiffening adjacent (non-eliminated) springs. The ge&b make the coarsenetergy function
(quadratic form with enforced zero entries) be as good asilplesan approximation to the original
energy.

Let us start with some special cases. If the data constsasu strong that the connections in
D' E are essentially zero, we do not have a problem. The samesig/tran a circle only depends
on an adjacent pair of neighbors (Figure 7a), since thisagega single new link (dependence).

When a circle has a non-adjacent pair of neighbors (not showigure 7), we ignore this

connection, since modeling it would otherwise induce a estion between neighbors that does

SHalf-octave pyramids are also used in image processinga(éyoand Stern 1984), where they are sometimes

calledquincunxsampling (Feilneet al. 2005).
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Figure 7:Two-dimensional cliques of neighbors and how they are égduring the simplification

process. (a—c): The left hand side of each arrow diagram shibw original (non-zero) connec-
tions between the crosses and the circle along with thegioal weights. The right hand side
shows the connections after variable elimination. The diagonal connections shown in blue
are eliminated (redistributed to the black ones) in the fist@p. (d): General case of diagonal

edge weight redistribution.

not exist in the fine-level model.

When three out of the four connections are non-zero (Fighyewe can view this configura-
tion as a triangular finite element. If the original weighttween neighbors are 1, it is easy to
demonstrate (by substituting the average valye+ z;. + x;)/3 for z;)° that the resulting energy
has connections of strengthg between the neighbors shown in Figure 7b (right size of tisé fir
arrow). For a triangular element of areawith unit smoothness = 1, the diagonal connections
should bel/,, so that they add up tb after the other side of each link is also eliminated. (Recall
that the finite element analysis in Section 2.2 indicatestttemembrane energy in 2D does not
scale withh because thé 2 growth in derivative values is cancelled by th&growth in area.)
Therefore, a sensible heuristic is to “distribute” half lbé tstrength along the vertical blue line to
each of its two neighbors, which results in the desired paratues(1/s, 1/2).

For the fully four-connected case (Figure 7c), a similarlysia shows that the vertical and
horizontal strength should be evenly distributed betwleratljacent neighboedter being scaled
up by a factor of 2which results in a final strengthi, on each of the diagonal (black) edges.

What about the case when the strengths are not all the same&nekad heuristic rule can be
formulated that reduces to the above special cases:

Heuristic 1: For the two-dimensional membrane, after multi-eliminataf the red (cross)

5Note how we now use single subscripts to index the variables
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variables, distribute any “diagonal” connection strengtin the rotated grid to each connection’s
nearest neighbors, using the relative weighting of the inafj4-connections, with appropriate
scaling.

More formally, if a variabler; originally has connections to its 4 neighbors of weight . . a;,,,
(Figure 7d), and the interpolation (adapted hierarchiaald) weights are;; . . . s;,,,, si; = —a;;/ s,
the entries in the new coarser-level coefficient mattix(19) corresponding to that finite element
will be

djk = @i SijSik, etc. (20)

(The entrya;;, will also receive a contribution from the finite element benidg it on the other side,
but such contributions are ignored in the formulas beloweasdt in our current implementation.)
This formula works fine, except that it introduces undeseatties between nodesand !
(and alsd: andm, not shown in Figure 7d), which must be re-distributed torteghboring pairs
jk...jm. To do this, we first compute the relative weights for the fallowable links, e.g.,
Wik = i/ Wikim, With - W, = > og- (21)
aBe{jk,kl,jm,ml}

We then update each of the allowable link weights by
Qi — Qi + sNwikaj = (14 snaji/Wikim) G- (22)

(The diagonal entries are also adjusted to maintain thenbalbetween off-diagonal and diagonal
entries inA;.) The scaling factosy = 2 is chosen so that the coarse level coefficient matrix in
homogenous (constant smoothness) regions is the same &t lveoabtained by applying finite
element analysis at the coarser level.

The important thing to notice about this scheme is that itdiameously satisfies two goals:

1. It incorporates the local relative weighting betweendhta constraints and the smoothness
constraints, as well as local variability and discontirastin the smoothness, since the in-
terpolation/basis function§; are derived from the problem itself and do a perfect job of

coarsening the original problem.
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r
iter=1
F
iter=5
Figure 8: Simple two-dimensional discontinuous interpolation peol. The two rows show the
solution after the first and fifth iterations, and the threéuoons show regular conjugate gradient,

hierarchical basis preconditioning (3 levels), and LAHBr@onditioning. Note how conjugate

gradient hardly makes any progress, while regular HBFs esrapoth the solution.

2. It re-distributes unwanted entries in the new coefficieatrix in a way that preserves the

desired finite element discretization as well as possibsgrinoth regions.

These two properties have not, to our knowledge, been prslhiaised to construct parallel pre-

conditioners for these kinds of problems.

5.1 GPU implementation

Implementing the locally adaptive hierarchical basis pretitioned conjugate gradient algorithm
is straightforward, as it involves only a small extensiortilte conjugate gradient and multigrid
algorithms already developed by Badz al. (2003). The basic operations in conjugate gradient,
namely the evaluation of the residual vecigrwhich involves the sparse matrix multiplication

Ax — b, and the computation of the new conjugated directicand step size, which involve the
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computation of two inner products, map naturally onto theJGfote that theA matrix, which
has only 4 non-zero entries per row, is stored naturallygdate all of the other vector (image)
guantities as a 4-banded float image.) Similarly, the tiansétion of the current direction vector
by the S” and S matrices (Szeliski 1990c) involves nothing more than theritevel transfer
operations present in multigrid, where the spatially viagyéntries in eacl¥; matrix can be again
stored in a 4-banded image aligned with the quantities theypaing applied to.

The final algorithm therefore consists of the following st€pee (Szeliski 1990c) for more

details):

=

. Compute the current residual vector
2. Compute the hierarchical version of the residual by a@pglyhe coarsening operatioss’
3. Divide this residual by the hierarchical coefficient matliagonal

4. Compute the nodal (smoothed) version of the residual pyyag the interpolation opera-

tions S

5. Compute the conjugated direction as a linear combinatidhe new (preconditioned) and

previous directions
6. Compute the optimal step size using an inner product addtephe state

Each of these steps involves a separate rendering passonétpass per resolution level in the
coarsening and smoothing stages. Because of the currargly dverhead in initiating a new pass,
it is probably more effective to use a limited number of levefl preconditioning, which is fine, as
for most computer graphics applications, constraints aelyd to be propagated a finite distance.
Alternatively, a coarsened version of the problem couldfeaded to the CPU for solution with

a direct solver as part of the preconditioning step.
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6 Experimental results

To evaluate the performance of our new algorithm, we havepawed it to regular conjugate gradi-
ent descent, regular (non-adaptive) hierarchical basisgoditioning, and three different variants
of incomplete factorization (ILUO, MILU, and RILU witlv = 0.5). Figure 8 shows a simple 2D
interpolation problem that consists of interpolating adfe4 sparse constraints on a square grid
with a tear halfway across the bottom edge. As you can seg@)gate gradient hardly makes any
progress, even after 20 iterations. Regular hierarchigsistpreconditioning starts off strong, but
after 5 iterations, it has not yet accurately modeled theasisnuity. Locally adaptive hierarchi-
cal basis preconditioning, on the other hand, achievesumalysacceptable solution in a single
iteration.

Figure 9 shows a plot of the RMS error (relative to the minimemergy solution, expressed
in gray levels) for all of these algorithms. As you can seeHBA significantly outperforms all
previously published algorithms, which can also be verifigdboking at the semi-log plots of the

error curves.

6.1 Computer Graphics applications

We next evaluate the performance of our algorithm on a numib@ymputer graphics applications.

Colorization Colorization is the process of propagating a small numbesotdr strokes to a
complete gray-scale image, while attempting to preserseoditinuities in the image (Leviet al.

2004). As such, is it a perfect match to the controlled-cuuity interpolators developed in this
paper. The actual smoothness term being minimized in (Lewi. 2004) involves differences
between a pixel’'s value and the average of its eight neighbés such, it is not a first-order
smoothness term and is not directly amenable to our actieletachniqué€. Instead, we replace
the term used in (Leviret al. 2004) with a simpler term, i.e., we set the horizontal andiver

cal smoothness strengths inversely proportional to thedatal and vertical grayscale gradients.

"Levin et al. (2006) also use a related formula for solving the naturatjievaatting problem in closed form.
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Figure 9:Error plot for the simple two-dimensional problem. The LAHBreconditioned solver
converges in just a few iterations, while regular HBFs cageemore slowly and require manual
selection of the number of levels for best performance. Th&JMIgorithm performs better than

non-adapted bases, but still significantly underperforngsriew algortihm.
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(a) (b) ©) (d)

Figure 10: Piecewise smooth color interpolation in a colorization &pation: (a) input gray
image with color strokes overlaid; (b) solution after 20r&Bons of conjugate gradient; (c) using
1 iteration of hierarchical basis function preconditiogin(d) using 1 iteration of locally adapted

hierarchical basis functions.

This still does a good job of preventing colors from bleediogoss region boundaries, while being
amenable to our current acceleration technique.

Figure 10 visually shows the result of running our algorifamwell as conventional precondi-
tioned conjugate gradient on the sparse set of color strelk@sn in Figure 10a. As you can see,
conjugate gradient hardly makes any progress, even aftéei2@ions, while LAHBF precondi-
tioned conjugate gradient converges in just a few iteratidfigure 11 shows the convergence of
these algorithms (RMS error in the reconstructed chronueaignals) as a function of the number

of iterations.

Poisson (gradient domain) blending Poisson blending is a technique originally developed to
remove visual artifacts due to strong intensity or colofedldnces when a cutout is pasted into a
new background (Péreat al. 2003). It has since been extended to non-linear variantarfLet
al. 2004), as well as applied to image stitching, where it is usee@duce visual discontinuities
across image seams (Agarwatal. 2004). Poisson blending relies on reconstructing an image
that matches, in a least-squares sense, a gradient fieldabdieen computed from the various
images that contribute to the final mosaic.

Figure 12 shows an original two-image stitch where blentiiag been applied. The left image

shows the unblended result. The middle image shows the fieha| indicating where each pixel
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Figure 11: Error plot for the simple colorization problem. The LAHBFeponditioned solver

converges in just a few iterations, while regular HBFs and_MIiconverge more slowly.
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Figure 12:Poisson blending example. The left image shows the unldeedelt, the middle image
shows the pixel labels, and the right image shows the finaldeld image. The regular and semi-

log error plots are below.
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is drawn from. The right image shows the blended result,inbthusing just a few iteration of
LAHBF preconditioned conjugate gradient. (Notice thatigtglseam is still visible, because the
contrastis not properly matched across images. This suggest thadibig in the log-luminance
domain might be more appropriate.) Figure 12 also showsttregponding error plots. As before,
we see that LAHBF converges in just a handful of steps. Ingleeamples, rather than selecting a
single pixel as a hard constraint to remove the overall simfbiguity, we used a weak constraint

towards the unblended original image.

Tone mapping Our final graphics application is gradient domain high dytarange compres-
sion (Fattakt al. 2002). In this technique, the gradients of a log-luminanecefion are first com-
puted and then compressed through a non-linearity (FigB@eld), A compressed log-luminance
function is then reconstructed from these gradients. Eig3c shows the sparse set of constraints
used to clamp the dark and light values, Figure 13d showsettenstructed log-luminance func-
tion, and Figure 13e shows the convergence plots. As bef@age that our new approach offers
significant performance improvements. We have also appliealgorithm to a newly developed

interactive tone mapping algorithm (Lischingkial. 2006) with good results.

Additional applications The solution of data and gradient interpolation/recortsion tasks oc-
curs in many other computer vision, computer graphics, amdpttational photography appli-
cations. For example, Agrawat al. (2005) remove reflections from photographs by selectively
nulling out certain gradients and then reconstructing thage from the resulting gradient field.
In more recent work (Agrawadt al. 2006), they solve shape from shading using locally weighted
gradient reconstruction, which is specifically the kindgasks our technique is designed to han-
dle. It would be interesting to compare the speed of the ampralescribed in this paper to the

sine-transform approach used in their work.
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Figure 13:Gradient domain high dynamic range compression: Leftmastitnages: horizontal
and vertical compressed gradient fields; middle image: tlighd dark value constraints; right
image: reconstructed compressed log-luminance functidre regular and semi-log error plots

are below.
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Applic. Prob. size | Setup| LAHBF | CG | Prec.| Mem (MB)

Color. | 298 x 224 x 2 15 153 30 | 77 14 /26
Blend. | 686 x 686 x 3 | 262 797 |280| 563 | 106/220
Compr.| 846 x 1271 x 1 | 359 1984 | 150| 1200| 174/373

Table 1: Performance of LAHBF on three sample problems. The probleenis given in pixels
(width x height) by the number functions (r.h.s. columns) beingnstracted. The setup (coef-
ficient matrix computation), locally adaptive HBF pre-camgttion, conjugate gradient iteration,
and hierarchical preconditioning steps are given in mékk®nds (msec). The memory footprint is
in MB, and shows the memory without and with hierarchicatprelitioning. As noted in the text,

we expect these numbers given to drop significantly with optenization.

6.2 Performance

The performance of our algorithm on the three real-worldwxas discussed above is summarized
in Table 1. These numbers were obtained on a Xeon 2.8GHz RP@ngion unoptimized C++
code. (We suspect that we can squeeze out a factdor-of-3x in both speed and memory with
careful optimization.) The time taken and memory size auginty proportional to the problem
size. Computing the locally adaptive basis functions takktle longer than actually using them
as a preconditioner, which is about twice as slow as the lamigugate gradient update step.
The convergence plots shown previously should therefove tzeir top lines (regular conjugate
gradientL = 0) squished left by a factor of three to make the comparisonsilske in terms of run
times. However, the advantages of LAHBF over conjugateigradtill remain quite dramatic.

We also compared the time taken with our solver against thessdinear solver in MatLab.
For the Colorization applicatior298 x 224 image), our preconditioned iterative technique uses
153 msec precomputation time and 107 msec per iteratiom, total of 688 msec for 5 iterations.
The MatLab code (after loading the sparse linear systengstak34 msec. For the larger prob-
lems listed in Table 1, we were unable to load the sparse ceatmto Matlab, so we cannot get

comparative numbers.
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7 Discussion

Our experimental results demonstrate that our locally dhpierarchical basis functions sig-
nificantly outperform unadapted hierarchical bases asopiditioners for the kinds of first-order
optimization problems presented in the previous section.

As we mentioned before, our technique is closely relatedto &lgebraic multigrid and ILUM.
Incomplete LU (lower-upper) factorization with multi-edination (ILUM) on a red-black (multi-
color) grid performs the same first step of problem reduétioarsening as our algorithm. The
major difference comes in how the undesired off-diagonai@nare treated. In ILUM, it is tradi-
tional to simply drop coefficient matrix entries that are wfadl magnitude relative to other entries
in a given row. (This is known as ILU with thresholding, or IT{Saad 2003, p. 306).) In our
approach, rather than dropping such termgevdistributethese entries to other off-diagonal and
on-diagonal entries in a way thpteservesa good finite-element approximation to the original
variational problem.

Algebraic multigrid techniques attempt to remedy some @f shortcomings of traditional
multigrid techniques, which assume a fixed uniform set ofg®@ng and interpolation kernels,
by adapting these kernel to the underlying structure (ooity and stiffness) of the finite element
problem being solved. As discussed in (Saad 2003, p. 444k recent AMG techniques use the
same basic multi-elimination equations to define the iatelitransfer operators as ILUM. As with
ILUM, small terms in the resulting coarser level coefficiamtrix are again neglected in order to
keep the system bandwidth from growing excessively. Agamapproach presented in this paper
suggests a more principled and effective way for re-distiily these neglected terms.

Another class of recently developed pre-conditioning tégphes relies onreesdefined over
the original connectivity graph (Gremban 1996, Bonsdral. 2004, Spielman and Teng 2004).
These techniques, also known @@mbinatorial preconditionerbecause of their close connec-
tion to graph theoretic algorithms, are known to performlwal sparse irregular linear systems.

(http://www.preconditioners.comontains a good tutorial introduction as well as pointergh®

most recent literature.) While we have not yet had a chanceitapare the performance of our

approach to these new techniques, we believe that for theriZEbgsed first order problems that
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we address in the paper, our technique will perform betteabse it does not neglect a subset of

connections in the original problem, as the tree-basedtqubs do.

7.1 Futurework

The basic approach developed in this paper can be extendatuimber of ways. We are currently
working on extending our technique to second order problent®th one and two dimensions.
Because even-odd and red-black ordering do not lead totésbkets of variables that can be
eliminated, these problems are significantly more chalteptp handle.

We are also interested in extending our approach to nonrgtia@nergy minimization prob-
lems such as dynamic programming (which can be used forosteegching or speech recogni-
tion). While 1-D versions of these problems are known to heffective sequential solutions, our
approach can be used to parallelize these algorithms och@tectures such as GPUs. The exten-
sion to 2-D MRFs is likely to be quite challenging, but coult/a large payoffs for problems such
as stereo matching and graph cut segmentation.

Finally, we would like to apply our techniques to a wider rard computer graphics applica-

tions such as fluid simulations.

8 Conclusions

In this paper, we have shown how to locally adapt hierar¢Hhiaais functions to inhomogeneous
problems so that they are more effective at preconditiotairge first-order optimization problems
that arise in computer graphics and computer vision. Ouragmh is based on an extension of re-
peated red-black (RRB) ILUM preconditioners that usesdialement analysis to redistribute off-
diagonal terms in a manner that preserves good approxinsioathe underlying variational prob-
lem. The resulting algorithm performs significantly bettean previously proposed approaches, is
simple to implement, and also maps naturally onto a GPU. We damonstrated that our current
algorithm has a wide range of applications in computer geapland we plan to extend its range

of applicability in the future.
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