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ABSTRACT

Go is an ancient Chinese game of perfect information whose complexity has defeated attempts by
Artificial Intelligence researchers to automate play. There is uncertainty about the future course of
the game because of the sheer complexity of the game tree and the fact that computers (and humans)
have limited computation speed. This thesis presents a number of models which use probability theory
to represent and manage this uncertainty.

Firstly, the task of obtaining a probability distribution over available moves in a Go position is
considered. A predictive model is trained from records of historical games between expert human
players. Each move is represented by the exact pattern of stones in the local neighborhood of the
board and millions of these patterns are automatically harvested from the game records. The system
can produce a distribution over all the legal moves in a position at a rate of hundreds of positions per
second and in 34% of test positions the model perfectly predicts the moves of the expert players. A
hierarchical version of the model is also developed with improved performance.

Next, probability theory is used for solving local tactical Go problems. Such problems are solved
by searching the game tree until sufficient information is gathered that it is possible to prove by logical
deduction whether a particular goal can be achieved. Before a proof is found, probabilities are used
to represent the degrees of belief about whether reasoning about a position will lead to a logical proof
and these probabilities are used to guide search. The move prediction model of the previous chapter is
used to incorporate domain knowledge into search. The system can learn from previous search tasks
how to solve future, unseen, problems more efficiently.

Thirdly this thesis considers the task of predicting the final territory outcome of a Go game given
a mid-game position. A set of Boltzmann machine models is applied to this task, trained from records
of expert games. A generalised version of the Swendsen-Wang sampling algorithm is used to perform
efficient inference. Go players confirm that the territory predictions made by these simple models are
reasonable.

In the final chapter some alternative Bayesian versions of Monte Carlo planning algorithms are
tested on synthetic game trees. With correct setting of the hyperparameters, a simple Gaussian
counting model finds the best move faster than the currently popular algorithm (Upper Confidence
applied to Trees).
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NOTATION

Go

N

N =H{0,---, N}
TeEN

C = {b,w,e}
L(c)

Probabilities

P(Q)

p(x)

p(zly)

N (z;p,0?)
® (2; p, 0?)
N (a)

® (a)
(P
I(Q)

Factor Graphs

The size of the Go board (usually 19).

The set of points on the Go board.

A point (vertex) on the Go board @ := (v, vy).

The set of possible states (black, white, empty) of a point on the board.

The set of legal move locations for a board configuration ¢, ¢ : N' — C.

The probability that proposition Q is true.

Probability distribution over the value of variable z.

Probability distribution over the value of x given a value of variable y.
Gaussian distribution with mean p and variance o2.
CDF of the Gaussian distribution with mean p and variance o2.

N (z) = N (2;0,1). By a change of variables, 2N (2£) = NV (z; u, 0?).
® (z) = ® (z;0,1). By a change of variables, ® (*=£) = & (z; 1, 07).
Expectation of f(x) for z ~ p(z).

Indicator function, returns 1 if proposition ) is true and 0 otherwise.

The set of all variables in the model.

The set of variables that factor f depends on, Vy C V.
The set of factors in the model.

The set of factors that depend on variable v, F, C F.
The message from factor f to variable v.

The message from variable v to factor f.
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CHAPTER 1

INTRODUCTION

Figure 1.1: The empty Go board.

Long before the development of computers people were fascinated with the possibility of machines
playing games of mental skill. In the late 18th century a fake chess playing machine known as the
‘Turk’ became famous as it was demonstrated throughout the world (Wood, 2002). Since the birth
of artificial intelligence (AI), researchers have applied their ideas to game play. The first application
of machine learning to a game was by Samuel (1959) for his Checkers player. Game research in the
second half of the last century was dominated by brute force Minimax search techniques which proved
extremely successful for many games. The defeat of Gary Kasparov by Deep Blue was a well publicised
example of the power of this approach (Schaeffer and Plaat, 1997). However, the ancient Oriental game
Go has defeated attempts by artificial intelligence researchers to automate play at any level superior
to a beginner. Indeed, Go has emerged as one of the current grand challenges of AT research, much
like chess was in the 1960s. Many legal moves are typically available and it is difficult to estimate the
value of a position. The ensuing defeat of Minimax search forces the pursuit of alternative approaches.
Go seems an excellent test-bed for Al ideas, being complex yet well-defined by a small set of simple

rules in a fully observed state space. Also, we know that humans are capable of playing Go and learn
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to do so with relative ease, so any insights we may gain into how to model Go play may help us to

understand human intelligence.

1.1 The Game of Go

A great deal of information about Go can be found at http://gobase.org (van der Steen, 1994).

1.1.1 History

According to legend, the Chinese game Weiqi originated in the 23rd century BC. One story goes that
‘(Emperor| Shun regarded his son Shang Jun as stupid and invented Go to instruct him’ (Fairbairn,
1995). Another story says the Weiqi board originated as a tool for divination in order to predict the
outcomes of future battles during the Shang or Zhou dynasties between the 17th and 6th century BC.
At any rate, the view of the Zhou on the cosmos is frequently referred to by later popular writers on
the game, for example Ban Gu (32-92 AD) wrote: ‘The board must be square and represents the laws
of the earth. The lines must be straight like the divine virtues. There are black and white stones,
divided like yin and yang. Their arrangement on the board is like a model of the heavens.” (Fairbairn,
1995)

The first known reference to Weiqi is by Confucius in the 6th century BC (Leys, 1997) and the
game probably spread to Korea at this time where it was known as ‘Baduk’ (Fairbairn, 1995). Weiqi
became immensely popular in the next millennium and eventually started being played in Japan in the
7th century AD under the name ‘Igo’ (van der Werf, 2005). The game became known to westerners in
the 17th century (Fairbairn, 1995) and some time later took on the English name ‘Go’. The number
of players in the West is increasing but the game is still most popular in Asia, in particular Korea,

Japan and China. There are currently about 60 million players worldwide.

1.1.2 Rules and Definitions

Go is a board game of two players, ‘black’ and ‘white’, who take it in turns to place ‘stones’ (@ or Q)
on the vertices of an N x N grid. IV is usually 19 but smaller boards may also be used. Once a stone
is placed on the board it is never moved but it may be ‘captured’ (by being surrounded by opponent
stones). The aim of the game is for a player to make territory by surrounding areas of the board with

their stones. We adapt the Chinese rules of Go (Davies, 1992) for our purposes as follows:

e Go is a game of two players: ‘black’ and ‘white’.

e The Go board is represented as an N x N graph, G = (N,&), where the nodes, 7 € N,

correspond to the vertices of a grid so N' = {0,--- ,N}2 . We define £ as the set of edges
connecting each vertex with its horizontal and vertical neighbors on the board (see Figure 1.1).

e The set of possible states (colours) of each vertex is C := {b,w, e} (black, white, empty) so a

configuration (board position) can be given by the function ¢ : N — C (see Figure 1.2).

e A vertex ¥ of colour C' € {b,w} on the grid is said to be ‘connected’ to a vertex ¥ (also of
colour C) if there exists a path on the graph G between #;and ¥, passing only through vertices

of colour C.

13
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Figure 1.2: Go position during the early stage of a game.
e A set of vertices B C N entirely connected together and all of colour white or black is called a
‘block’ or ‘chain’ (see Figure 1.3).
e A ‘liberty’ of a chain is an empty node adjacent to the chain on the graph G (see Figure 1.3).

¢ Removing a chain, B, means assigning the state of all vertices, 7 € B, to empty.
Play proceeds as follows:

e Starting with an empty grid, the players alternate turns starting with black.

¢ A ‘move’ consists of a player changing the state of one empty vertex to his colour, then removing
all chains of the opponent’s colour with zero liberties then removing all chains of his colour with
zero liberties.

e A ‘suicide’ move is a move that does not capture an opponent chain and creates a new chain

with zero liberties which is immediately removed from the board (see Figure 1.3).

e An ‘eye’ of colour C is an empty board location where a move would not be suicide for the

player of colour C but is a suicide move for the opponent (see Figure 1.4).

e A ‘turn’ is a move which is not suicide, does not remove an eye of the colour of the player
moving and does not repeat an earlier board position (see the ko rules below). If no such moves

are available then a player ‘passes’.

e After two consecutive passes the game terminates. All empty vertices (the eyes) are changed
to the colour of the chain adjacent to them. The score of each player is the number of vertices

of their colour on the board. The winner is the player with the highest score.
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Figure 1.3: Left: Example position with the chains labeled. The chain marked with triangles has
4 liberties which are marked ‘L’. Right: Vertices marked with an x correspond to suicide moves for
black (Davies, 1992).

Comparison With Normal Human Rules

In human Go games play will usually stop some time before there are no more moves available.
According to the usual rules, a player can choose to pass at each turn and if the two players pass
consecutively then the game ends. This raises the difficulty of scoring the game which entails predicting
whether each stone would have eventually been captured had the game been played out until no more
moves were available. For the purposes of computer play we simplify the rules of the game in that we
do not allow a player to pass unless this would mean filling in one of their eyes. Go players will realise
that this version of the rules does not handle seki correctly (situations where the player to move first
in a local situation will lose a group of stones so neither player makes a move) (Davies, 1992). We
ignore this issue as we believe it does not affect the arguments of this thesis.

Life and Death

A set of chains which have eyes in common is called a ‘group’. It follows from the rules above that a
group of stones with two or more eyes per chain cannot be captured and is said to be a ‘living group’.
See Figure 1.4 for example configurations of living groups. It requires fewer stones to create a living
group at the corner of the board and more stones to create a living group in the center of the board.
This is one reason why Go players tend to play in the corners first, then along the sides and finally
break out into the middle area of the board.

Often a group can be said to be ‘alive’ some time before it actually attains two eyes. A set of
stones is alive if it can become connected to two eyes in the future course of the game, even taking
into account the actions of the opponent. If a stone cannot become part of a living group in the future
it is called ‘dead’. Predicting the life or death status of stones is an important skill for a Go player to
master. Notice that the number of liberties of a chain is the smallest number of opponent stones that
must be placed on the board in order to capture the chain, so the number of liberties gives a useful

heuristic which indicates how likely the chain is to be alive.

Atari

A chain is in ‘atari’ if it has one liberty and could thus be captured by the opponent in a single move.

Ladder

A ‘ladder’ is a forced sequence of direct threats to capture a chain. Let the black chain X be caught
in a ladder. In that case, every move by white results in the X having one liberty, forcing black to
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Figure 1.4: Three living black groups with the eyes labeled ‘e’ (van der Werf, 2005).

respond in order to save the chain. Whether the chain will eventually be captured depends on the

board position. On an empty board, the chain X will inevitably be captured.

Ko

The ‘ko’ rule is intended to prevent infinite games. We use a version of this rule known as ‘situational
superko’. The ‘superko’ rule states that ‘an earlier position must not be repeated’. The ‘situational’
qualifier means that we define a position as the arrangement of stones on the board in conjunction
with the colour of the player to move next. The alternative, ‘positional superko’, considers only the
arrangement of stones on the board when detecting repetitions (van der Steen, 1994; van der Werf,
2005).

1.2 Minimax Search

The standard algorithm for playing deterministic adversarial games of two players such as chess is
minimaz search (Russell and Norvig, 1995). This algorithm has three aspects: lookahead, evaluation,
and back-up. We will refer to the two game players as Max and Min, where Max moves first. Max has
the goal to maximise the game score and Min has the goal to miminise the game score.

When in a game position the next move is determined by playing the game forward, alternating
play between Max and Min, from the current position a fixed number of steps (V) into the future.
Let the number of legal moves available each turn be B (the branching factor). The cost of examining
the possible positions that can be reached from the first position in this way is O(BY).

The position at each leaf of this search tree is analysed using a static evaluation function which
estimates the value of each position. The evaluation function used by a chess program can be straight-
forward: simply summing up the point values of the pieces on the board seems to work well. The
critical thing is that the evaluation is extremely fast: the purpose of lookahead is to insulate us from
errors due to the simplicity of the evaluation function.

The value of each position in the tree is determined by propagating information from the leaves
of the tree to the root (back-up). For each position where Max is to play, the value of the position is
taken to be the maximum of the values of each legal successor position (as the Max player will choose
the move leading to the most valuable position. For each position where Min is to play, the value of a
position is taken to be the minimum of the value of the successors (as the Min player will choose the
move leading to the move leading to the position with the most negative value.)

The success of this algorithm for chess is due to the fact that an evaluation function can be written
which is fast yet sufficiently accurate that, when combined with a deep-enough search (involving the

exploration of billions of positions), leads to good predictions about which moves are valuable. If
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the evaluation function was slower to calculate or less accurate then minimax search would not be

successful for chess.

1.3 Computer Go

A position in Go typically has 220 legal moves available whereas a position in chess has, on average,

35 legal moves. This means that if a Go program could explore the same number of states as a chess

In 35
In 220

from the horizon effect: important lines of play may be terminated before they are played out, which

program using minimax search the tree would be two thirds as deep ( ) and programs would suffer
might lead to a poor estimation of the value of a move (Palay, 1985). However, it is important to
realise that minimax search cannot be used to select Go moves even on a small board, where the
branching factor is comparable to chess: until recently there were no Go programs capable of play
stronger than weak amateur level on a 9 x 9 board. The real problem is that it is not possible to
write a sufficiently accurate yet fast evaluation function for Go. Go programs are typically capable of
evaluating 10-20 positions per second whereas a chess program will often analyze millions of positions
per second (van der Werf, 2005). This means that chess programs need to be programmed with little
knowledge about tactics and strategy; instead they apply brute force search and effectively learn to
play the game from scratch with every move. On the other hand, most Go programs tend to harness
a great deal of knowledge about the game which must either be pre-programmed by hand or learned
automatically offline. This means that Go programs are typically complex (Muller, 2002; Fotland,
1993).

1.3.1 Traditional Approaches to Computer Go

The first computer program to win against a (weak) human Go player was written by Zobrist (1970).
Go research accelerated in the 1980s as computers became more affordable and a million dollar prize
was offered in 1985 for a program winning against a professional player (the Ing prize). This prize
expired, unclaimed, in 2000.

Local Search

Usually a Go program will not use much global search (because of the difficulty of position evaluation
as described above). However it is possible to use search to determine certain local properties of
the position such as whether a group is alive (Wolf, 1994, 2000), whether a particular stone can be
captured, or whether a pair of stones are likely to become connected (Thomsen, 2000) as evaluating
these goals is straightforward. This type of local goal-directed search (as opposed to global search)
is possible in Go because evaluating simple sub-goals such as ‘capture stone A’ or ‘connect stones A
and B’ is simple and fast, unlike estimating the heuristic ‘probability of win’. Another application of
search to Go is for solving the late end-game when the game tends to break down into a number of
subgames and can thus be solved by a divide-and-conquer approach (decomposition search) (Muller,
1999).

Static Knowledge

A common method for representing static knowledge about the game is by matching patterns of
stones on the board which are labeled with various properties such as the life/death status of stones,
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good locations for moves or connectivity between stones (Boon, 1990; Bouzy and Cazenave, 2001;
Muller, 2002). Also, mathematical methods have been developed for the determination of living
groups (Benson, 1976) and the analysis of end-games (Berlekamp and Wolfe, 1994).

The Combination: an Evaluation Function

A combination of the results of goal-directed search tasks and additional static (rule based or heuristic
based) knowledge is typically used to build a detailed hierarchical abstract representation of the board
position (Fotland, 1993). This representation is used by a move generator to select possible moves. A
candidate set of moves may then be generated and the resulting positions evaluated, which will often
involve additional goal directed searches to determine life and death as well as further static analysis.

An ‘influence function’ may be used to predict territory (Zobrist, 1970).

1.3.2 Machine Learning Approaches to Go

These Go programs use many hand tuned rules and potentially unreliable heuristics. It is notoriously
difficult to tune such rule-based expert systems to work well. There is no principled way of handling
conflicting rules or taking account of the fact that a rule may not always be correct depending on the
wider context (Russell and Norvig, 1995). The more complex the expert system becomes the more
difficult it becomes to tune. Programming Go knowledge by hand takes a great deal of time and the
well known traditional Go programs took years to develop (see Fotland (1993) for example). Also,
it is difficult for a human to determine by hand what knowledge is most useful for a Go program to
perform well: even strong Go players cannot easily describe what thought processes they are going
through when selecting a move.

For these reasons a number of approaches to automatically adding knowledge to Go programs and
tuning them have been investigated. The sources of this knowledge fall into three main categories.
Firstly, as recognised by Samuel (1959), it is possible to store information gained by exploring the
state space generated by the rules of a game, so that in future it is possible to predict the result of
exploration without actually having to carry it out, in effect compressing the game tree and reducing
the state space. Secondly, humans have learned a great deal about Go over the last few millennia
and this knowledge is implicit in abundant records of human games. A particularly large resource is
games that have been played online on the Internet Go servers. Thirdly, a program can learn from Go
positions manually labeled with important properties.

Some attempts have been made to extract rule-based knowledge from the first source by offline
retrograde analysis of local searches (Cazenave, 1996; Bouzy, 2001; Cazenave, 2001). However, possibly
because of the problems with rule-based systems mentioned above, more impact has been made by
work on non rule-based machine learning techniques. Reinforcement learning from self play using the
temporal difference (TD) algorithm famously produced a world-class backgammon player (Tesauro,
1994). Inspired by this success a number of researchers have applied this idea to Go. Schrauldolph et
al. (1994) trained a convolutional neural network to evaluate Go positions by TD learning from self-
play. Following this work, more success with self-play learning was achieved by Enzenberger (1996,
2003) who incorporated prior game knowledge into his neural network architecture. In particular he
took account of the common fate property of chains. This neural network was the key component of
his Go program, NeuroGo, which was capable of competing with the mid-level traditional Go programs
of the time. More recently Silver et al. (2007) trained by self play a system that represented a position
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as a combination of local patterns of stones.

The approaches to learning from unlabeled game records have been directed at the task of move
prediction. One method is to extract salient patterns of stones from positions in the games and to
learn properties of these patterns based on the decisions made by the human players (Stoutamire,
1991; Bouzy and Chaslot, 2005; de Groot, 2005). Neural networks using a number of pre-processed
features as their inputs have also been trained to predict moves in game records (van der Werf et al.,
2002). Dahl (1999) used a hybrid approach in order to produce a surprisingly strong Go player: Honte.
His system was composed of several neural networks, one for generating candidate moves which was
trained from expert game records and two others for evaluating Go positions which were trained by
TD under self-play. Another recent approach to train a neural network from game records is by Wu
and Baldi (2007).

One way that labeled positions can be used by learning algorithms is for learning to solve local
(tactical) Go sub-tasks. Sasaki et al. (1999) describe an application of neural networks to solving
problems of life and death in Go where the task is to choose the best move to kill a group in a given
position (so called tsume go problems). Their training data was in the form of positions labeled with
the correct move in each case. Graepel et al. (2001) made use of the common fate property of chains
(in a manner similar to Enzenberger (1996)) to construct an efficient graph-based representation of
the board. They trained a Support Vector Machine to use this representation to solve Go problems,
again training from labeled positions. In his PhD thesis van der Werf (2005) describes applications of
neural networks to the Go sub-tasks of territory prediction, scoring final positions and life and death

determination.

1.4 Monte Carlo Search and the State-of-the-Art in Go

I suggest there is a continuum between static and dynamic approaches to position evaluation. A
dynamic evaluation method makes use of the rules of the game and learns about a position by exploring
the game state space. A pure static evaluation method does not take into account the rules of the game
and does not attempt to explore the state space, but instead applies general knowledge associated with
game states.

An example of a pure dynamic technique is Monte Carlo planning which takes into account only
the rules of the game (Briigmann, 1993). In this approach games are played from the current position
to the end of the game, using a stochastic procedure (policy) to choose the move at each position in
the game. The final win/loss outcomes of these games after they are completely played out are taken
to be samples from the distribution over the value of the initial position. In this way Monte Carlo
planning provides a stochastic, dynamic, evaluation function for Go positions. In contrast, Minimax
search is only partially dynamic as it uses the rules of the game in order to search into the future but
also has a crucial static component: the evaluation function.

A pure static evaluation method for Go might take into account features such particular patterns
of stones which appear on the board or static features of moves such as the value of moving at the
edge of the board and so on.

1.4.1 Monte Carlo Planning with UCT

As discussed in the previous section, successful Go programs have predominantly used static knowledge

because no fast evaluation function has been found to make minimax search effective, although some
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dynamic evaluation is included in the form of local tactical searches. However, recently Gelly et al.
(2006) discovered that an adaptive Monte Carlo planning algorithm, ‘Upper Confidence applied to
Trees’ (UCT) (Kocsis and Szepesvari, 2006) could be very successfully applied to Go on small sized
boards and this has led to a sudden shift in the focus of Go research from static knowledge-based
approaches towards techniques which are almost entirely dynamic in nature. As in the older Monte
Carlo method described above, each iteration of UCT involves playing a game from the current position
until the end of the game (this is called a ‘rollout’). In this way the game tree is explored and each
game position which is encountered along the way is valued by taking the mean of the win/loss values
of the rollouts passing through that position. The difference with UCT is that the policy used to
select the moves during the rollouts is adapted based on the outcome of previous rollouts. As further
iterations are carried out more valuable positions are explored more frequently.

UCT provides a unified attack against the two key problems of computer Go discussed at the
start of this chapter: determining the evaluation function and exploring the huge game tree usefully.
Typically, when UCT is implemented, the two tasks of evaluation and search are separated out as in

minimax search.

Position Evaluation

In Monte Carlo planning, the positions at the leaves of the search tree are evaluated by playing
rollouts from these positions. This avoids the most challenging problem of computer Go: writing a
static evaluation function. This is because at the end of each rollout evaluation is trivial (just count
the score as in Section 1.1.2). Since this evaluation method is noisy, standard minimax search cannot
be applied. Also, since the game tree is so large in Go it is unknown if it could be applied usefully

anyway. However, UCT provides a method of searching the game tree which solves these problems.

Game Tree Exploration vs Exploitation

The tree search part of the algorithm requires that the part of the game tree which has been explored
so far is stored in memory. Each iteration of the algorithm involves walking down the tree from the
current position to a leaf (a previously unexplored position) and then adding this leaf position to the
tree and sampling its value by performing a stochastic Monte Carlo rollout. UCT provides the method
to explore the tree so as to efficiently assign computational resources. As we will see in Chapter
6 the algorithm achieves this by treating each node as a separate multi-armed bandit (where each
arm corresponds to a legal move) (Kocsis and Szepesvari, 2006). Moves are chosen so as to balance
‘exploitation’ and ‘exploration’ (Sutton and Barto, 1998). Exploitation means further examining parts
of the tree that have been seen before and already predicted to be valuable, this is useful to do because
it means that nodes higher up in the tree can have their estimates improved. Exploration means
to examine parts of the tree that have not been investigated previously in case they turn out to be
valuable. In contrast to minimax search, no information is propagated up the tree in a step-wise
fashion. Rather, the value of each node is estimated directly as the mean of all the outcomes of the
rollouts passing through that node. The trick which makes UCT converge to the minimax solution
is that this average becomes dominated by the results of following better and better move sequences
until, ultimately, only the correct sequence of moves is being followed. Chapter 6 covers this in more
detail.
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1.4.2 Combining Knowledge with Monte Carlo Search

In order to make Monte Carlo planning competitive with the traditional Go programs it was found
that is was necessary to include some static game knowledge in the form of rules and local patterns
(although it is important to point out the knowledge included in these programs is still extremely simple
compared to the knowledge included in the traditional Go programs). Gelly et al. (2006) initially used
small local patterns to bias play during the rollouts to make them more informative. Next, additional
domain knowledge was included in order to initialise the values of newly encountered positions (Gelly
and Silver, 2007) in the game tree. Some other Go-specific heuristics were also included which led
to greater performance increase. Currently the resulting Go program, MoGo, is the worlds strongest
Go program on the 9 x 9 Go board and plays at a level comparable with strong amateur Go players.
On the 19 x 19 board MoGo has achieved a similar level to the traditional Go programs but is still
weak compared to human play. Another successful UCT based Go program is Crazystone which also
combines static Go knowledge (in the form of patterns of stones) with UCT (Coulom, 2007) and is of
a similar strength to MoGo. At the time of writing, one of the biggest questions which computer Go

researchers are trying to answer is if UCT can be applied successfully to the full size Go board.

1.5 Limited Rationality and Uncertainty

Typically in machine learning, uncertainty is said to derive from observation ‘noise’, due to unpre-
dictable aspects of the data-set in question. For example, imagine we are interested in building a
model for predicting the future price of a stock given the historical sequence of previous prices for that
stock. The future price will depend on many external factors such as news events, the success of rival
companies or macroeconomic changes. All of the information needed to predict the future evolution
of the price will probably not be contained in the price history. In fact, it would be extremely difficult
to determine all of the relevant information. It may be possible to predict stock prices to some degree
of accuracy but some uncertainty we always remain, however good the model is, due to the fact we
only have imperfect information to base our prediction on.

In Go, uncertainty comes from another source: limitations on computing power (also termed
‘limited rationality’) (Simon, 1982; Russell and Wefald, 1991). A board position, in conjunction with
the rules of the game, contains all of the information necessary for perfect play. However, the sheer
complexity of the game tree prevents sufficient exploration of the state space, resulting in uncertainty
about the future course and outcome of the game. The Japanese have a word, aji, much used by Go
players. Taken literally it means ‘taste’. Taste lingers and likewise the influence of a Go stone lingers
(even if it appears weak or dead) because of the uncertainty about the effect it may have in the future.
In this thesis I propose that it is useful to represent and manage this uncertainty using probability

theory. A number of models are presented which demonstrate this principle.

1.6 Bayesian Uncertainty

I propose that progress can be made if we adopt a unified, rigorous and consistent mechanism for rep-
resenting and managing the uncertainty that results from the complexity of the game tree: probability
theory.

Following Jaynes (2003) I view probabilities as an extension of logic in which degrees of plausibility
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are represented as probabilities (also known as ‘degrees of belief’). Cox (1946) stated a set of axioms
under which degrees of belief can be represented by real numbers such that the representation satisfies
desired conditions of consistency and correspondence with intuitions about the way a rational agent
should reason. The degree of plausibility of a proposition @ being true is represented as the real
number, P(Q), the probability of Q. If @) is known to be certainly true then P(Q) = 1. If Q) is known
certainly to be false then P(Q) = 0. The following conditions hold for probabilities:

P(@) >0

P@Q)+P(-Q) =1

In general we are interested in representing uncertainty about the possible values of numerical variables
which may be continuous or discrete. If X is a variable then the probability P(X = x) represents the
degree of belief that X will take on the value z. A probability distribution is a function which returns
the probability of each of the possible assignments to its input variable(s) so p(z) = P(X = z). In this
thesis I will often make use of the abbreviated notation that the name of a variable also represents its
value. A probability distribution, p(z), must satisfy:

p(z) >0,V

> p(z)=1

/p(m)dw =1

/bp(a:)da: = Pla <z <b).

and for continuous variables:

where

Probability distributions may be used to represent the probability of the joint assignment of a set of

variables, for example, p(z,y) returns P((X = z) A (Y = y)), the joint probability that X = z and

Y =y. Note that
DY iy =1
oy

with the sums replaced by integrals for continuous variables. This leads to the ‘marginalisation’
property:

pl) = p(z.y).

The probability that a variable has value X = z given the value of another variable Y = y is known as
a conditional probability. The conditional distribution, p(y|x), is a probability distribution over the

possible values of V' given that X takes on the particular value, z. If p(z|y) = p(x) then X and Y are

independent. The conditional distribution is related to the joint distribution by the ‘product rule’:

p(z,y) = pylz)p(x).

Noting that p(z,y) = p(z|y)p(y) we arrive at Bayes’ rule (Bayes, 1763):
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If we observe X to be equal to the value a then this equation enables us to update our ‘prior’ belief

distribution, p(y), over the value of y in light of this new observation and thus infer a new ‘posterior’
distribution, p(y|z = a). This is an example of Bayesian inference. The distribution p(x|y) is known as
the ‘likelihood’ function which returns, for a particular observed value of the variable z, the likelihood
of each possible setting of y (the probability of = given y). The task of ‘probabilistic modeling’ is to
produce a probability distribution which places high probability on future empirical data, often given
some parameters. An important application of Bayesian inference is to infer posterior probability
distributions over the values of the parameters of a model in the light of observed data, given some
prior belief about their plausible values.

1.7 Training Data

One advantage of the game of Go as a test-bed for machine learning techniques is that a large number
of games are available for training data. I obtained games from two main sources. Firstly I obtained
a collection of historical expert games, ‘Games of Go on Disk’ (GoGoD)! by T. Hall and J. Fairbairn.
The version of this database used here contained 22,000 Go games. A second source is games played
on the various internet Go servers. Because Go players are distributed quite sparsely across the world
these servers are extremely popular and many high quality games records are available from them. I
obtained most of these games from a pre-compiled collection which is commercially available: BiGo?.
This contains about 1,000,000 games in total although only a subset were used for the experiments in
this thesis.

1.8 Thesis Outline

In this thesis I present a number of applications of machine learning to modeling aspects of Go play.
In Chapter 2 T introduce the probabilistic modelling techniques and mathematical results that are
used throughout the rest of the thesis. Chapter 3 covers an approach for ranking patterns in order
to predict human move choices in records of games between expert players. Next, in Chapter 4, I
apply probability theory to solve local tactical Go problems and to learn how to solve future, unseen,
problems more efficiently. In Chapter 5 I focus on predicting the final point-wise territory outcome
of games given a mid-game position using a simple conditional Markov random field model. Recently
there has been success with applying Monte Carlo planning techniques to computer Go (Gelly et al.,
2006). Chapter 6 presents some initial findings into alternative approaches to the algorithms currently

used for this task. Finally, in Chapter 7 we present some conclusions and ideas for future work.

1GoGoD is available at http://www.gogod.co.uk.
2BiGo is available at http://bigo.baduk.org.
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CHAPTER 2

REPRESENTING UNCERTAINTY

N
J
N
J

Figure 2.1: fuseki

In this thesis I present a number of applications of probability theory to represent and manage the un-
certainty that results from the complexity of the Go game tree. This chapter introduces the technique
of probabilistic modelling and a number of mathematical results are derived which will be invoked
throughout the rest of the thesis.

In general, a probabilistic model is a probability distribution over the values of a set of vari-
ables, X = {xy,xa, -+ ,zn}. These variables may represent observable features of the real world or
they may be unobservable ‘latent’ variables. An assignment of a value to each of these variables,
{1 =a,zy =0,..,z, = c}, represents a hypothesis about a plausible assignment of their values. The
probability distribution, p(z1, 2, z3, ...), returns, for each possible hypothesis, a probability represent-

ing our degree of belief that this hypothesis is true.
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Figure 2.2: Clouds and rain model. Left: Bayesian network. Right: Factor graph.

2.1 Graphical Models

Graphical models represent relations between variables using graphs. They were independently de-
veloped in several fields and have been adopted for various applications such as expert systems, data
mining, control tasks and error correcting codes. For a comprehensive treatment of the methods as
they are used in machine learning I refer the reader to Pearl (1988), MacKay (2003) and Bishop (2006).

2.1.1 Bayesian Networks
Clouds and Rain Example

As a first example, imagine we are interested in modeling the joint plausibility of two variables, ¢:
whether it is cloudy and r: whether it is raining. We choose to model the joint distribution as the
product of two terms: a prior belief about whether it is likely to be cloudy and a conditional probability

of rain given that it is cloudy:

p(e,r) = p(c)p(rlc)

If we observe that it is raining we can infer a posterior distribution over the probability of clouds by
Bayes’ rule:
p(e)p(r = TRUE|c)
p(c|lr = TRUE) = 2.1
. ) S ploplr = TRUE] 21
The dependencies between the variables can be depicted graphically by drawing a ‘Bayesian network’

(Pearl, 1988) (Figure 2.2 Left).

Sprinkler Example

A more complex model extends the above to give the joint distribution of clouds (c¢), rain (r), wet
grass (w), a sprinkler running (s) and there being lots of traffic on the roads (¢). Here we assume that

the joint distribution is given by

ple,r,t,w, s) = p(e)p(r|e)p(s)p(w]|r, s)p(t|r). (2.2)

The Bayesian network for this model is given by Figure 2.3 (left). By decomposing the joint distribution
into a product of factors, each only operating on a subset of the variables, we are making ‘conditional
independence’ assumptions. For example, take the three variables ¢, r, and c. If we observe r then ¢

and ¢ become independent or in other words, p(t|r, c) = p(t|r).
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Figure 2.3: Sprinkler example. Left: Bayesian network. Right: Factor graph.

If we observe that the the grass is wet (w = TRUE) we can calculate a posterior marginal proba-
bility of clouds by:
p(c,w = TRUE)
=TRUE) = 2.3
plew ) = S T TRUE) (2.3)

_ p(c,w = TRUE) (2.4)

Z
_ % S35 ple,r,t,5,w = TRUE) (2.5)
s r t

The cost of this summation scales exponentially with the number of unobserved variables in the model.

However, we can take advantage of the distributive law to give:

plefw =TRUE) = 333" plep(rlclp(s)p(w = TRUE|r, s)p(t|r) (26)

= 200 Y pr10) 3 pls)p(w = TRUE]r, 5) Y plel) (2.7
= S Yplrl) () ma(r) (28)

where
my(r) = Zp(s)p(w = TRUE]|r, s) (2.9)

and

ma(r) = Zp(t|r). (2.10)

This calculation is called ‘variable elimination’ and its computational cost depends on the order in
which variables are summed out or ‘eliminated’. Notice how the inference problem decomposes into a

sequence of smaller sums and products.
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2.1.2 Factor Graphs

A factor graph {V, F, £} represents a factorised function as a bipartite graph with factor nodes f € F
and variable nodes v € V (represented by squares and circles respectively) (Kschischang et al., 2001).
Each factor node in the graph corresponds to a factor in the function and each variable node to a
variable. The edges e € £ in the graph indicate which variables each factor is a function of. In general

a factor graph can be used to represent a distribution of the form

) = [T 1),

feF

where V; is the set of variables that factor f depends on. The distribution is the product of all the
factors renormalised (by the factor %) A Bayesian network can be represented as a factor graph where
each factor corresponds to one of the conditional probabilities or prior probabilities in the Bayesian
network and in that case the renormalisation factor Z is equal to 1 (see Figures 2.2 and 2.3). However,
not all factor graphs have a Bayesian network equivalent. Factor graphs are a generalisation of many
other earlier methods, for example ‘Tanner Graphs’ for the decoding of error correcting codes (Tanner,
1981) as well as Markov Random Fields.

2.2 Message Passing On Factor Graphs

2.2.1 The Sum Product Algorithm

Equation (2.8) shows how marginalisation can be simplified as a sequence of less costly sums and
products due to the conditional independence assumptions made when constructing the model. In a
factor graph with no cycles each variable, v, separates the graph into a set of subgraphs, one for each
factor, f € F,, connected to the variable in question, v (MacKay, 2003). Since no variable occurs
in more than one of these sub-graphs the marginal p(v) can be calculated as the product of separate
smaller summations: one for each f € F,. This idea leads to a message passing implementation
of variable elimination called the sum product algorithm (Kschischang et al., 2001) for calculating
marginal distributions of variables in a model. This algorithm is a generalisation of Belief Propagation
(BP) by Pearl (1988) as well as algorithms for decoding error correcting codes (Tanner, 1981). See
Kschischang et al. (2001) for a more detailed discussion of the origins of the algorithm and how it
relates to other methods.
Messages are propagated about the graph according to the following pair of equations:

miso(®) = Y fOV) - I mess(v) (2.11)

Vi\v vi€Vy\v
mosr@) = [ mpo(®) (2.12)
Fi€F NS

and the marginal distribution of a variable v € V is calculated by

p(v) = ser, nZlf% ) (2.13)

where F, is the set of factors connected to variable v, ms_,,(v) is a message from factor f to variable

v and my_r(v) is a message from variable v to factor f and Z is a normalisation constant. For an
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Figure 2.4: Left: Sprinkler factor graph. The grass is observed to be wet by including the factor
fe(w) = I(w = TRUE). Messages are propagated in order to calculate the posterior marginal, p(clw =
TRUE), as shown. Right: The top part of the sprinkler model. The factor f; corresponds to the
evidence propagated from the lower part of the full model, summarised in the message my, ., =
My, —p(r) - Mgy p(r). If v is observed (for example to be true by setting f; = I(r = TRUE)) then c
becomes independent of the other variables and then we have the rain model of Figure 2.2.

acyclic graph there is an update schedule such that each message needs to be calculated only once in
order to determine the marginal distributions of all the variables exactly. On a tree this means that
firstly the messages are calculated in a sweep from the leaves to the root of the tree and in a second

sweep the messages from the root to the leaves are calculated.

Observations

Empirical evidence in the form of observations of variable values or constraints can be taken into

account by including observation factors of the form

foVr,) =T1(Q(Vy,))

where I(Q(Vy,)) is the indicator function which returns 1 if logical proposition, Q(Vy,), is true and 0
otherwise. For simple observations of the value of a variable, v, we let f,(v) = I(v = a) where a is

the observed value of v. Another type of observation used in this thesis is an inequality constraint, for
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example f,(v) =I(v > b).

Sprinkler Example

For the sprinkler example the messages are shown in Figure 2.4 (left). The grass is observed to be wet
and this is indicated by the factor fs(w) = I(w = TRUE). Message calculations proceed starting with

the observation:
mfs—w(w) = fo(w) =[(w=TRUE),

(from equation 2.11). Next we calculate,
My sa(5) = f3(5) = p(3),
the prior on s (also from 2.11), now using (2.12) we calculate,
My f5 (W) = My (w) = I[(w = TRUE),

and

Ms—f5 (5) = mf3—>3(5) = p(s)

At this point we have all the messages needed to calculate the message from the factor f5 to the
variable r (using 2.11):

mfs—M”(r) = Zz.f5 w,T,s) m8—>f5( ) - mw%fs(w)
ZZp wlr, s) -I(w = TRUE)

= Zp w = TRUE|r, s) - p(s).

Now from (2.11) and (2.12) :
mpoe(r) = Y p(t]r).

Notice that this message equals unity and will have no effect on the final result. Continuing, we use
(2.12) to calculate

My p, (1) = Mgy (1) - Mgy r(r Zp (w = TRUE|r, 5) Zp (t]r).

So the bottom half of the model effectively can be replaced by a single factor fr(r) = myp,_,(r) -
my,—r(r) (See Figure 2.4 Right). Now, equation 2.11 gives us,

My —e(cC Z fa(r,c) - mp_yp, (r Zp Zp(w = TRUE]|r, s) - p(s) - Zp(t|r).
s t

We also have that
mf1—>0(c) = fe(c) = p(c),
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the prior on clouds, ¢, so the marginal posterior is given by equation (2.13):

p(cjlw = TRUE)

’ mf1—>6(c) ' mf2—>6(c)

p(e) - Y p(rle) - Y p(w = TRUE|r,s) - p(s) - 3 p(tlr).

t

N =N =

Notice how we recover the result of Equation (2.8).

Cost

The computational cost is exponential in the number of variables in the largest factor, not the number
of variables in the model so in principle models of arbitrary size are possible as long as the individual
factors remain simple and there are no cycles in the corresponding factor graph.

Separation

Figure 2.4 (right) shows the top part of the sprinkler model with the bottom half of the model replaced
by a single factor node, f7(r) = mys,—,(r) - ms,—,(r). The variable, r, separates the other variables in
the graph because of conditional independence: if r is observed by setting f7(r) = I(r = TRUE) then
¢ becomes independent of the other variables and the model reduces to the simple rain/clouds model
of figure 2.2. In this case the posterior p(c|r = TRUE) is given by

1
p(c|1‘ = TRUE) = mezﬂc(c) 'mflﬂc(c)

_ % S I(r = TRUE) - p(rlc) - p(c)

p(r = TRUE|c) - p(c)
> p(r = TRUE[c) - p(c)’

which is Bayes’ rule (compare with equation 2.1).

The factor graph methodology in conjunction with the sum-product algorithms gives us a unified
method for performing inference on a composite model with several conditionally independent, sub-
components. Beliefs propagated from other components are summarised as messages depicted as factor
nodes on the recipient model. Being able to construct composite models of this type is a key advantage
of using probabilities to represent uncertainty.

In this thesis we will often follow the following process for performing inference on probabilistic
models:

1. Write down the Bayesian network corresponding to the model.
2. Write down the corresponding factor graph, including any observation or constraint factors.

3. Calculate any desired marginal distributions by message passing using (2.11), (2.12) and (2.13).

2.2.2 Loopy Belief Propagation

If the factor graph contains cycles then the separation property cannot apply for the variables in each

cycle. This means that there is no schedule by which the local messages can be all updated using the
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sum-product algorithm in such a way that we can obtain the correct marginal distributions when the
schedule terminates. However, the algorithm can still be run, with the messages repeatedly passed
around each cycle. This process is called loopy belief propagation (MacKay, 2003) and was originally
suggested by Pearl (1988). If the message densities converge to a fixed point then this is a stationary
point of the Kikuchi free energy (Yedidia et al., 2002) and the marginal distributions calculated using
the resulting messages can be used as approximations to the true distributions. This issue will be

re-visited in Chapter 5.

2.3 Parametric Message Passing

It is often useful to represent the messages in parametric form and in this section we discuss two simple
representations. The Bernoulli distribution is used to represent binary messages and the Gaussian

distribution is used to represent continuous messages.

2.3.1 Bernoulli Message Passing

In the example above all the variables we have considered are Boolean. If we represent these as binary

variables then all the messages take on the form of a Bernoulli distribution:
Ber(z;q) = ¢° - (1-¢)' %, z € {0,1}, ¢ € [0,1], (2.14)

the distribution over the value of a binary variable, . A conditional binary distribution, p(y|z), can

be represented as:
plylz) = [ (1= a)'=]" - (1= b))

where

and

Beta-Bernoulli Model

Let the prior on the parameter ¢ be a Beta distribution:
p(g) = Beta(g; a, ) o< ¢*~1 - (1= ¢)° 7",

Now the predictive distribution for z is

=
S
[

=
[

/Ber(w = 1;q)Beta(q; o, B)dq
J q- Beta(g; o, B)dg
Z(a, B)
(8]

= 5 (2.15)

the mean of the Beta distribution.
We also have that the posterior distribution over the parameter ¢, given an observation of the

value of z is also a Beta distribution. This property is called conjugacy. The Beta distribution is the
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conjugate prior on the parameter of the Bernoulli distribution:

p(z = X|q)p(q)

plgle = X) = = X)
_ Ber(X;q) - Beta(q; o, B)
_ (-9 " (1-9)f
Z(e, B)
= Beta(g;a+ X,8+1—-X). (2.16)

This useful property means that after making an observation of x = X; we can use the posterior
p(glz = X1) as the prior for the next observation without making inference more complex at the next

stage.

2.3.2 Gaussian Message Passing

A particularly useful representation for messages in models with continuous variables is the Gaussian

function:

5-02(0) =N o3 0%) =~z oxp {5 = | (2.17)

2mo?
This has a number of useful properties: firstly, the distribution over the value of a linear combination
of Gaussian distributed random variables is a Gaussian, secondly the Gaussian distribution is the
conjugate prior for the mean of a Gaussian likelihood and thirdly the product of Gaussian functions
yields a Gaussian function. It is important to realise that the messages are not necessarily Gaussian
probability distributions since the variance of a message may be negative, in which case the function
cannot be normalised. When multiplying the messages together to generate marginal distributions
according to (2.13) the resulting normalised density will be a Gaussian probability distribution with
positive variance. A number of exact relationships hold if we assume that all messages are represented

as Gaussian densities as follows.

Variable to Factor Messages

Figure 2.5 (top) shows a node, x, connected to 3 factors of the form
fi(z) = N (@ pi,07).

The node to factor messages are calculated by
Ma—fy (ZE) = Hmfi—wv(w)
i#1
= HN(xnullaf)
i#1
= N(z;p',07) (2.18)

where the update equations for multiplying Gaussian densities are:

1
o = = 3
Zz’;él 0;
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mfnﬂy

fi ZN(HZ;MMU%) Masp () = N(x;,u',UIQ)
12 _ 1
o= X (ai1n.3) -
[ 2 &
f3 ZN(x;MB,U?%) po=0 Z; 0?
fo=N(y;2,5%)
Q O—IN ;1,0 mpoy() = N (yip B +0°)

/l

N (CU§N1’U%)

=Ty =2, aii)

@—IN(Z‘;MM?L)

myoy(y) = N(%Zami,Za?af)

Figure 2.5: Useful Gaussian message passing update equations.

Top: Node connected to a set of

Gaussian Factors. Middle: Gaussian Noise Factor Bottom: Linear Projection Factor
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a:
it i
Gaussian Noise Factor

Figure 2.5 (middle) shows a Gaussian factor connecting two variables z and y of the form

fa(@,y) =N (y;2,8%) .

This factor corresponds to the addition of Gaussian noise to the variable x, or alternatively f,, can be
thought of as a Gaussian model with parameter ;4 = x for an observed variable y. The message from

this factor to the variable y is calculated as

mf,,—)y(y) = /fn(:v,y) My f, (z)dzx

/N(y;w,62) N (w5, 0%) da
N (yip. B* + 0?) . (2.19)

Note that the direction of the conditional distribution implied by f,, does not matter since N'(y; z, %) =
N(x;y,8%).

Linear Projection Factor

Figure 2.5 (bottom) shows a factor, f, which enforces the constraint that the variable y must be equal

to a particular linear combination of the x; variables:
fly,z1,-yan) =I(y = Zai FT;).
i
The message from the factor to the variable y is calculated as:
myy(y) = / . / fly,zy, -+ ,xn) Hmmiﬂf(xi)dxl -oodxy,
z1 Tn ;
/ / I(y = Zai 'mi)HN(wia/Ji:U?) dzy -+ -dzyp
1 Tn i i
N (y, > aip, Zcﬁzﬁ) : (2.20)
i i

Simply re-arranging the factor and using the above gives the messages to the other variables if a

Gaussian factor N'(y; py, 07) is added to the graph:

2 2 2
Ty +Zajgj

1
my e, (2i) =N | 23 P Hy — Za]ﬂj
! i

J#i

8 =
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2.4 Expectation Propagation on Factor Graphs

2.4.1 Expectation Propagation Message Passing

We have seen that using the Gaussian density to represent messages in the sum-product algorithm
has the advantage that the message updates are often simple to calculate (Section 2.3.2) and the
messages are easy to represent. However, for most types of factors, the factor-to-variable messages
will not be Gaussian (after calculating them using equation 2.11), leading to an intractable message-
passing scheme with messages taking on complex forms which are difficult to represent, and making the
required integrals non-analytic. To deal with this we use an approximation scheme called Expectation
Propagation (EP) (Minka, 2001), applied as a message passing algorithm (Minka, 2005), which gives
us a unified approximate inference scheme in which we represent all messages in continuous models as
Gaussians. EP was first developed in order to improve the performance of Assumed-Density Filtering
(ADF), which will be covered later in this chapter. EP is discussed in the context of ADF and
developed from it by Minka (2001).
The equation for calculating exact factor to variable messages for continuous variables is:

mits, @) = [ - TI mees oy (221
Vi\v; vi€Vy\v;

We also have from (2.12) and (2.13) that

true

p(or) o< mgss, (Vi) - My 1 (Vk)- (2.22)

This is typically non-Gaussian so we approximate it with the Gaussian p(vy) such that the Kullback-

Leibler (KL) divergence is minimised:

KLG15) = [ o0 10g 20N

For a Gaussian p(v) the KL divergence is minimised when the first and second moments of p(v) are

set to the corresponding moments of p(v) so we have

argming, KL (p||p")
= MM [p(vy)]
= MM [m}rievk (Vk) - My £ (V)] (2.23)

p(vr)

= N(v; g, 04).

where ‘MM][.]" denotes ‘moment match’. Now the approximate Gaussian factor-to-variable message
can be calculated by dividing out the variable-to-factor message:

. p(vr)
M p_yy,, (V x — 2.24
f— (k) mvk%f(vk) ( )
MM [mifts,, (0g) -, (03
= (2.25)
mvk%f(vk)

N(Uk':uq-ag)
= — =N (v 1, 0%, 2.26
N(Uk§uvk—>f=0-12)kaf) ( ) ( )
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fe =Ber(c;q)

my_c(c) = Ber (c; ® (O,M, 02))

mg—e

f=T({y>0)A(c=1))
HG<OAC=0) |

R mpy(y) = “N(yino)

my—y o

¥ For p/ and ¢'? see equations (2.29), (2.30) and

(2.31).
fy =N (y;n,0%)

Figure 2.6: Factor graph showing a coupling between a binary variable ¢ and a continuous variable y.
The message formulae are shown on the right.

where the update equations for dividing Gaussian densities are:

12 1
o =" 5
Oqg — ka—)f

//’l — 5" :u_g - /"gkﬂf )
94 Top—sf

2.4.2 Coupling Binary and Continuous Models

An important application of the moment matching method in this thesis is to couple a model of a set
of binary variables with a model of a set of continuous variables. In the binary model we pass messages
with the parametric form of a Bernoulli distribution and in the continuous model we represent the
messages as Gaussian densities. In particular, imagine we have a Bernoulli distributed binary variable,
¢, and a continuous variable y. Let us place a Gaussian prior on y so p(y) = f,(y) = N'(y; u,0?) . This
prior could be the result of message passing on an arbitrarily complex model. We let the conditional

distribution for ¢ given y be

plely) =T1((y > 0) A (c=1)) +1((y < 0) A (¢ = 0)),

or in other words we enforce the constraint that if ¢ = 1 then y must be positive and if ¢ = 0 then
y must be negative. Also, we do not assume that ¢ is observed directly (although it can be as a
special case) but other observed variables are dependent on it. The evidence passed down from these
observations can be summarised by the belief f. = Ber(c; ). The situation is illustrated in Figure 2.6.

We are interested in determining the messages from the coupling factor f. The message to the
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binary node, mys_,.(c) is calculated from equation 2.11 as

mye(c) = /f(c,y)-myaf(y)dy
|

/ (4> 0) A (e = D) N(y; . 0>)dy + / T((y < 0) A (e = 0)) N'(y: 1, 0%)dy
Ie=1)(1-&(0; ,0%) +1 (c = 0) &(0; 1, 0%)
= Ber (c;(1 - ®(0;p,0?%))) (2.27)

The exact message to the continuous node is calculated by
mypoy(y) = Z fle,y) -mesg(c)
c
= > fley) f(1-q)'°
c
= ¢ Iy>0)+(1-q)  Iy<0).

As mentioned above we wish to represent all the messages in the continuous part of the model as Gaus-
sian densities so we must approximate this exact message by a Gaussian using the scheme described
above. From 2.13 we have that

[qI(y > 0) + (1 — ¢)I(y < 0)] - N (y; p, 0°)
Z(p,0,q) '

p(ylg) =

We approximate this using the Gaussian distribution, p(y), with the same moments as the true marginal

SO
ply) = MMIp(ylg)]
= Ny;u',o”), (2.28)
where
po= % [<I> (g) (2qﬂ—u)+/\f(§) (2q0—0)+u—t1-u] (2.29)
o? = % : [‘b (g) (1 +0%)(2¢— 1)+ N (g) op(2g—1) + (p* +0°) (1 - q)] —u'? (2.30)
7 = (1—q)-(1—¢(§))+q-¢(g). (2.31)

The derivation of this result is given in Section A.1. The approximate Gaussian message can now be

calculated by dividing out the incoming message using equation 2.26:

A

p(y)
my—s5(y)
N(y;w',0"”)
N(y; p,0%)

mfﬁy (y)
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2.5 Assumed-Density Filtering

Now, instead of assuming all the data is available simultaneously, we look at learning on-line from
one data point at a time. We assume that each data point in a data-set, D, is independent so the
likelihood factorises as a product of separate terms for each data-point. The posterior distribution

over the parameters is given by Bayes’ rule:

p(OID) = 2p6) T pldil6), (2.32)
d; €D

where 6 is the set of parameters and p(6) is the prior on the parameters. If we wish to learn on-line and
update the parameters each time we observe another data-point then the update after each observation
is

p(01S;1) = 5-P(OISIP(E ). (2.33)

where S; = {dy,---d;_1} the set of data seen up to element i —1, S; C D. If this equation is applied for
each data-point in turn, calculating the posterior given that data-point and then using this posterior
as the prior for the next point the outcome will be the same result as applying the batch update 2.32.

If we place a Gaussian prior p(f) on the parameters and the posterior p(f|d) is calculated using
equation 2.33 the result will not be Gaussian for most forms of p(d;|f). This means that inference
will be more complex for the next data point because the prior will no longer be Gaussian. However
if at each step we approximate the true posterior by an assumed parametric density (for example a
Gaussian distribution) then the inference procedure remains the same for each data-point and the

posterior is simple to represent. The approximate distribution at each step is calculated as
1
q(0|Sit1) = MM Z‘J(a\si)P(di\Q)

and this approximate posterior is used as the prior for the next data-point. This method is called
‘Assumed-Density Filtering’ (ADF) and was independently developed in the statistics, artificial intel-
ligence and control fields (Minka, 2001). Although EP was developed to improve the performance of
ADF in the case where all the data is available simultaneously ADF is still useful when we wish to
learn ‘online’ because we do not have random access to the data.

2.6 Monte Carlo Methods

An alternative to performing approximate inference in order to solve an otherwise intractable infer-
ence problem is to obtain samples from the distribution (MacKay, 2003). If sufficient independent
samples {x;},_, ~ p(x) are obtained we can determine expectations under the distribution p(x) by

the estimator

Oy = 5 3 150 (2.34)

which gives the exact result as n — oco. This is called a Monte Carlo (MC) method and we will apply
this type of technique in Chapters 5 and 6. Monte Carlo methods were developed and popularised by
physics researchers (for example, (Metropolis and Ulam, 1949)) and became used more commonly as

digital computers became available for simulations. A famous early application of the methods was
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during the Manhattan Project.

Gibbs Sampling

In order to perform inference on a graphical model, a standard MC approach is Gibbs sampling. The
algorithm proceeds by drawing samples from each of the variables in turn. The distribution used to
draw each sample is the conditional probability distribution over the possible states of that variable,

given the states of variables it depends on (connected to it via factors in the factor graph):

Tlyer, f0=a,v5\v)
TS T er F0 VAW

p(v=alV\v)

In this way a Markov chain of samples is generated, each one of which can be used to calculate the
expectation of equation 2.34. Usually it is necessary to discard the first few samples from the Markov
chain as they will be dependent on the initialisation of the variables, and hence not drawn from the
correct distribution (burn-in). Gibbs sampling is useful for models where EP or loopy BP would
give poor performance. The graphical models covered in chapter 5 contain many tight loops so Gibbs
sampling provided a better trade off between speed and accuracy than BP methods. However, for most
of the models in this thesis, Expectation Propagation and message passing was sufficiently accurate
and fast. A common alternative to Gibbs sampling is to use the Metropolis-Hastings method (see
MacKay (2003)), although this is not applied in this thesis.

2.7 Alternative Methods

This chapter is intended as a reference for the rest of this thesis, not as a complete review of machine
learning techniques. Many alternatives to the techniques presented in this chapter exist and for
a comprehensive treatment I suggest reading Bishop (2006) and MacKay (2003). One alternative
method which is particularly worth mentioning is the variational approximation which can also be
formulated as a message passing algorithm: Variational Message Passing (Winn and Bishop, 2005).
Also, it is possible to combine the different methods to perform inference in different parts of a single

model.
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CHAPTER 3

PATTERN RANKING FOR MOVE
PREDICTION!

N
J
N
J

Figure 3.1: Taisha joseki

Faced with a board position, what is the best move to make? That is the key question a Go player
must answer and here we focus directly on that issue. To be precise we are interested in obtaining a
probability distribution over legal moves in a particular board position. On its own, this distribution
would provide us with a standalone Go player but it could also be used as a sub-component within a
Go program. For example, it could be used to prune a search tree or to pre-select moves before more
computationally expensive analysis is performed. This distribution also may provide a study tool for
Go.

Over the last few millennia humans have learned a great deal about playing Go. This knowledge

IThe content of this chapter is built on work done in collaboration with Thore Graepel and Ralf Herbrich from
Microsoft Research. That work was presented at the International Conference of Machine Learning 2006 (Stern et al.,
2006).
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has been passed down through the generations by verbal and written means as well as by the dialogue
implicit in play between two players. Along the way many useful strategies and guiding principles
have been developed and this information is contained in abundant records of human games. In this
chapter we are interested in predicting the moves in game records.

An example of the type of Go knowledge which has been developed over the years is the concept of
shape. A shape is a local pattern of stones which is created by making a move. A ‘good’ shape will use
stones efficiently in order to maximise the possibility of them establishing good connections, making
eyes and increasing liberties while remaining flexible. Another aspect of Go play which is strongly
influenced by history and is dominated by standard sequences is the opening or fuseki. Following the
fuseki, a second set of standard sequences are often played out, called the joseki moves (Figure 3.1).

A lot of the information needed to select a move is contained in the configuration of stones local
to the move in question. In this chapter we take advantage of this locality by matching exact patterns
of stones surrounding potential moves. By matching a hierarchy of nested patterns of different sizes,
the system provides a unified representation of local shapes and tactical patterns as well as standard
opening plays and joseki sequences (de Groot, 2005; Stoutamire, 1991).

3.1 Pattern Matching

Computer Go has similarities to computer vision. Superficially, the goals of these fields seem well
aligned: the task of a Go program is to take a board configuration (which can be represented as an
array of pixels) and return a label (which location should a move be made). Similarly, in computer
vision a common task is to ascribe labels to parts of images. Therefore, Schrauldolph et al. (1994)
seemed to be on the right track when evaluating Go positions with a model previously used for
character recognition (Lecun et al., 1989). However, images usually have the property that changing
the state of a single pixel makes little difference to the meaning of the image whereas in Go changing
the state of a single vertex can completely change the value of a move. Exact pattern matching seems
appropriate to capture this discontinuous nature of pattern recognition in Go and has the additional
advantage that it can be achieved with low computational cost. Also, Go knowledge in reference books
for players is frequently represented in terms of exact arrangements of stones in diagrams so this type
of representation seems appropriate for Go.

Exact pattern matching has previously been used as a representation of various types of knowledge
in computer Go programs such as connectivity between stones, group safety, territory or potential
moves (Bouzy and Cazenave, 2001; Muller, 2002). A pattern is usually defined by three properties:
firstly the template, the area within which points on the board are considered when testing for a
match, secondly, additional context constraints which must be satisfied for the pattern to match such
as liberty counts of chains on the boundary of a pattern and thirdly, the pattern information which
is the knowledge which can be applied if the pattern matches, such as good move locations or group
safety information (Muller, 2002). These patterns are usually hand-crafted (Boon, 1990; Fotland,
1993). Some work has gone into automatically generating the patterns from search trees (Cazenave,
1996, 2001) though more success has been achieved by extracting patterns from records of expert
games (Bouzy and Chaslot, 2005; Stoutamire, 1991; de Groot, 2005).

Following Stoutamire (1991) and de Groot (2005) we define a pattern as the exact arrangement of
stones within a sub-region of the board (the template) surrounding the (empty) location of a potential

move. We define in advance a nested sequence of symmetrical, roughly circular templates of increasing
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Figure 3.2: Left: Screen shot of the pattern system showing a board configuration from an expert
game. The area of the black squares indicates for each vertex the probability of being the next black
expert move under the model. In the top left corner pattern template T3y, is shown centred about
the lower 2-4 (b,d) point of that corner. Right: The sequence of nested pattern templates T; with
i € {l,...,14}. Template T14 is a 39%39 square which covers the full board for every possible move
location so it extends beyond the plot as indicated by “4”. These pattern templates are similar to the
pattern templates as used by de Groot (2005).

size so a large pattern can be used if a large local context has been seen previously but a small pattern
can be used where necessary. Restricting ourselves to exact pattern matching within fixed, symmetrical
templates means that the matching process is extremely efficient. This efficiency allows us to harness
a good proportion of the vast amount of available game records (we use over a hundred thousand
records of games between professional players). In addition, the low computational cost opens up a set
of applications that would otherwise be impossible, such as pruning search trees and guiding Monte
Carlo planning algorithms. The patterns are generated by harvesting them automatically from game
records as described in Section 3.1.4. Given the move selection choices present in the game records we
can learn values for the patterns in a separate distinct training process (see Section 3.2). As a result

of this procedure the patterns can be used to predict the moves in game records.

3.1.1 Representation

In order to include the edge of the board in the representation we define an extended set of board
vertices N := {17+ §:7eN,be D} where D = {—(N = 1),--- ,(N - 1)}2 is a set of vectors rep-
resenting offset locations § from a move location @. We also define an extended set of board states
as C = {b,w,e,o0} (black, white, empty, off-board) generated by the function é : N = C. A pattern
template, T C D, is a subset of the set of offset vectors which defines the region of the board relative
to a particular move location, ¢, which is considered when determining if a pattern is present. Each
pattern, 7 : T — é, m € II, represents a particular colouring of the vertices of a template. For a
pattern 7 to match at location @, it must hold that & + 0) = (8) for all § € T.

We denote the template of size i as T;. Ty is the smallest template (just the vertex where the move
is made) and T4 is the largest template (a (2N + 1) x (2N + 1) square which covers the full board

for every possible move location). The pattern templates are illustrated in Figure 3.2 and have the
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following properties:

e The templates are a nested sequence of increasing size so for two templates T and T we have
that T C T'or 7' C T and also that i < j = T; C Tj.

e The templates are rotation-symmetric and mirror-symmetric.

The meaning of a pattern of Go stones does not change if it is rotated or mirrored. In addition, if
we are to use patterns to represent moves, the meaning of the pattern does not change if we reverse
the colour of the move and the colour of all the stones in the pattern. Therefore we wish the pattern
matcher to be invariant to these transformations. To achieve this goal we define an invariant pattern,
7, as the set of patterns # C II which are equivalent under the 8-fold symmetry of the square and
reversal of all the stone colours. For the colour reversal property to hold we set 7r(6) = b for patterns
corresponding to black moves and 7r(6) = w for patterns corresponding to white moves. An invariant
pattern, 7, matches for a move in a position if one of its constituent non-invariant patterns = € 7

matches for that move in the same position.

3.1.2 Local Features

In order to extend the predictive power of the smaller patterns we can incorporate additional con-
straints which must be satisfied for a pattern to match. Guided by van der Werf et al. (2002) we
selected the following features which provide us with 8 binary features in total:

e Liberties of new chain (2 bits) The number of liberties of the chain of stones produced by

making the move. Values are {1,2,3,> 3}.

e Liberties of opponent (2 bits) The number of liberties of the closest opponent chain after
making the move. Values are {1,2,3,> 3}.

e Ko (1 bit) Is there an active Ko?

¢ Escapes atari (1 bit) Does this move bring a chain out of atari, either by connection, extension

or by capturing an opponent chain?

¢ Distance to edge (2 bits) Distance of move to the board edge. Values are {< 3, 4, 5, > 5}.

We define an index over the set of features as F' = {1,--- ,8}. The function f: F — {TRUE, FALSE}
maps each feature to its logical value. For the larger patterns these features are already seen in the
arrangement of stones within the template region so the larger patterns are less likely to be altered by

the addition of these features.

3.1.3 Pattern Matching and Storing

The patterns are not represented explicitly but instead we define a hash function for patterns and store
the pattern information in a hash table. This saves memory and decreases the computational cost of
pattern matching. The hash function is a variant of Zobrist hashing (Zobrist, 1990). We generate four
sets of 64-bit random numbers, h, : D — {0,-+-,2%* — 1}, a € C, so there are four numbers for each
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possible offset vector from the pattern center. The hash-key k. of a pattern 7 is calculated by the
XOR () of the corresponding random numbers:

k= @D bz (9):

SeT

Both adding and removing a stone of colour a € {b.w} at position 5 correspond to the same operation
knew < kgq @ ha(8) @ he(8). Due to the associativity and commutativity of the XOR operation the
hash-key can be calculated incrementally as stones are added or removed from a pattern and the order
in which stones are added does not matter.

As mentioned in Section 3.1.1 we wish to match patterns which are invariant to the 8-fold symmetry
of the square and to colour reversal so we actually store the invariant patterns 7. In order to calculate
the hash-key for an invariant pattern, 7, we calculate the hash-key for every symmetry variant of the
pattern and then choose the minimum of those keys, that is, kz := min; ¢z k..

We also generate a random number for each of the features (see Section 3.1.2),1: F — {0, cee 204 1} .
The hash key for the feature configuration is given by the XOR of the keys for the active (TRUE)
features:

ky = PO ().
icF

Therefore, the hash-key of the complete pattern, including feature constraints, is generated by:
kﬁ-,f = ki ® kf.

3.1.4 Harvesting

The hash-table of patterns is filled by automatically harvesting invariant patterns (for all the template
sizes) corresponding to the moves played in a database of Go game records. A game has about 250
moves on average and there are 14 different pattern sizes so a database of 180,000 game records yields
roughly 180,000 x 14 x 250 = 600, 000, 000 potential patterns. In order to reduce storage and to ensure
that we store only significant patterns we retain only the patterns which appear in the game records
more than b times where b = 2 for the full database and b = 1 if we use only a subset of the database.
Testing for this condition is potentially difficult as storing 600 million 64-bit hash keys in memory is
impossible. In order to get around this difficulty we use a spectral Bloom filter (Cohen and Matias,
2003) to count the number of times each pattern has been seen as we play through the game records.

A spectral Bloom filter is a generalisation of the Bloom filter (Bloom, 1970) and gives an approx-
imate test for the minimum number of times each element of a set has been seen previously with
minimal memory footprint. The spectral Bloom filter contains of a array of m integers, each entry of
which is indexed by a key, k € {1,---,m}. Let the value of each of the entries in the array be given
by the function B : k — {0,Z%} (initialised to zero for an empty Bloom filter). For each item to be
added to the Bloom filter we generate a set of hash keys, K, and to insert the item we increment each
of the corresponding entries in the array, that is, B(k) := B(k) + 1,Vk € K. To test the number of
times an item has been previously inserted we calculate

t = min B(k).
kEK

If we use t > b as a success criterion (that is we wish to test if an item has been inserted more than
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b times) then the false positive rate is the same as that for the standard Bloom filter and can be
estimated as (1 — exp(—%))‘m (Cohen and Matias, 2003). We choose |K| = 4, and m = 232 which
gives us an error rate of 3% for n = 600 x 108 insertions. In practice, the false-positive rate seems far
lower than this, possibly because the figure n = 600 million is an over-estimate. The false negative rate
is zero so although we may end up with some unnecessary, rarely seen patterns in the hash-table we
will not eliminate any important, frequently seen patterns. The hash-keys are generated as described
in Section 3.1.3.

3.2 Move Ranking Models

3.2.1 Bayesian Ranking Model

The model for ranking the patterns is based on a model for ranking players after observing a sequence
of game outcomes (Herbrich et al., 2007). Each position in a game record contains a set of available
legal moves, only one of which was chosen by the player whose turn it was to move. We assume that
each move in the set of legal moves, ¥ € L(c), in a position, ¢, has some ‘urgency value’, u(7, ¢), which
is defined such that a player will always choose the move with the highest urgency value. If we denote
the vector of move urgencies by u, the probability distribution over move locations for a position, ¢,
is given by

P(¥]e,u) := P <U= argmax {u(ﬁ",c)}) . (3.1)

T EL(c)

We model each move’s urgency, u(7,c), as a Gaussian distribution with an underlying latent mean
value, y (%, ¢), and fixed variance, 32, that is, p(uly, %) = N(u;y, 3?). We use y to denote the vector
of the underlying move mean values. We place a separate Gaussian prior on each move’s underlying
value, p(y(¥,c)) = N (y(7, c);,umc,crfxc). If the parameters of this Gaussian prior model are shared
between moves with the same characteristics in different positions then it is possible to generalise and
hence to learn to predict moves in future, unseen positions, from positions in the training data. The
simplest way we do this is to make the value of a move depend on the largest matching pattern in the
hash table. We denote the largest matching pattern for a move at location ¥ in position ¢ as 7 (7, ¢)
so, y(¥,c) := y(n(¥,c)). This is the method we use for the first experiments. The noise term with
variance 32 takes into account variability due to the prior model on y(%,¢) not taking into account all
aspects of the board position (because the largest pattern will usually not be the full board pattern)
as well as the fact that different Go players have different playing styles so may prefer different moves

in the same context.

Inference

Equation 3.1 shows that if a move is played it must have higher urgency than every other available
move. This means that observing a move being played in a position is equivalent to observing the
set of constraints enforced by the fact that the urgency of the played move must be higher than the
urgencies of each of the other legal moves. Figure 3.3 shows the factor graph corresponding to this
situation, including the observed constraints. Each element of u is denoted u; and each element of y
is denoted y; where i is an index over the available legal moves in a position.

The goal of learning is to infer a posterior distribution over the move values, y. For a single
board position and chosen move the posterior, p(y|7,c), can be calculated by message passing ac-
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Figure 3.3: Factor graph corresponding to the joint distribution of u and y for a single Go position.
The move with index 1 is chosen. This is equivalent to observing the set of constraints such that move
1 has a higher urgency, u;, than the other available moves.

cording to the sum product algorithm (see Section 2.2.1). The messages from the factors, o1; (the
sign constraints), to the difference variables, r1;, are non-Gaussian step functions (equal to the factors
01; themselves). These are approximated by Gaussian densities using the EP scheme described in
Section 2.4 and the message update is given by equation 2.28 for the special case where ¢ = 1. All
the other factor-to-variable messages on the graph are exactly Gaussian (assuming Gaussian input
messages) and the update equations are given in Figure 2.5. Since the messages from the factors oy;
are approximations which depend on the upward messages into the factors, which in turn depend on
(approximate) messages from the other o1; factors, we must iterate the message passing in the part
of the graph above the u; variables until convergence before passing the messages down to the y;
variables. To summarize, we first calculate the upward (exact) messages my, ., using equation (2.19).
Next we iterate messages passing in the top part of the graph. Then we calculate the messages m.,; i,

and the messages my, ,,, so we can finally update the posterior from equation 2.13 as

. 1
p(yi\v,c) = Emsiﬁ*yi My,

This posterior is obviously only an approximation to the true posterior because the message m,,;—ry;
is only approximately Gaussian. For the next move/position pair in the dataset we use this posterior
as the prior on the latent move values, y;, and perform the same message passing procedure for the
next position. Therefore we are performing online learning across the set of game positions using
Assumed Density Filtering (ADF) (Section 2.5).

3.2.2 Independent Bernoulli Model

As a simpler alternative model, we assume that each move has a certain independent probability
of being played, regardless whether another move is already played in that position. Therefore the
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Figure 3.4: Independent Bernoulli Model.

probability of the location of a move being ¥ in position ¢ is

p(mcap) = Dw,c" H (1 - pU’,e)-
T eL(c)\T

where p is a vector of probabilities, ps.. Again, the simplest way to map a move to a probability
(the element of p) is by the largest pattern which matches for the move, that is, py.. = pr(s.c)- This
is the method we adopt for our experiments. The uncertainty on the probability py . is modeled by a

conjugate Beta prior p(pg.) = Beta(pg,c; s, B5.c) (see Section 2.3.1) so the marginal probability of

a move is
p(Ulc,a,B) = /p(ﬁlc,p) [l Beta(pe .:aw.c By .c)dp (3.2)
7' eL(c)
Ay e Qg ¢
— J . 1- —"0° 3.3
Qg.c + 617,0 17’61;[6)\17 ( Qg e + Bz’)‘ﬁc) ( )

If we map to the parameters via the largest pattern match then ay . is equal to the number of times
the corresponding pattern matched in the training data for moves played by the human players and
By, corresponds to the number of times the corresponding pattern matched for moves which were
available to be played in the training games but were not chosen. Thus learning in this model involves
simple counting. For comparison the factor graph for this model for the same example situation as we
used for the ranking model is shown in Figure 3.4.

This model does not produce a normalised distribution over the moves in a position and valid
samples from this distribution may contain zero or indeed multiple moves per position. This means that
the probability of the expert moves in the test data as calculated using equation (3.2) is lower for this
model (as we will see in Section 3.2.3) than for the full ranking model. The move prediction probability

could be improved by re-normalising the probabilities produced by equation 3.2 per position.

3.2.3 Experiments

In order to evaluate the pattern representation and compare the ranking models we carried out the

following set of experiments.
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pattern size 1

phase of the game

Figure 3.5: Relative frequency of the different pattern sizes matching as a function of game phase.
Each game phase is 30 moves. These patterns were harvested from 181,000 Go games with the Bloom
filter cut-off set to b = 2.
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Harvesting

Patterns were harvested from a training set of 181,000 Go games between professional Go players. We
retained all patterns seen 3 or more times so the Bloom filter cut-off was set to b = 2. This gives a
table of 12 million patterns. Figure 3.5 shows the relative frequency of the different pattern sizes being
matched at each phase of the game. In this plot (and in the following results where the term is used)
each game ‘phase’ is 30 moves. Large patterns match at the beginning of the game when the board
is mostly empty and play is proceeding according to standard lines of play (the fuseki and joseki)
whereas later in the game only smaller patterns match.

Pattern Ranking

Next, values were learned for each pattern using the models described above. Each move was repre-
sented by the largest pattern found in the hash table matching at the move location, that is, parameters
were shared between moves with the same largest matching pattern. Since we harvest only patterns
seen sufficient times in the training games as described in Section 3.1.4, using the biggest matching
pattern to represent a move is equivalent to the ‘backing off” scheme well known to the language mod-
elling community (Katz, 1997). In such a scheme smaller and smaller contexts are considered until
the context is sufficiently small that it has been seen a significant number of times in training so we
can use its value with confidence.

For the full ranking model the prior parameters were set to u = 0 and o = 1 for all of the patterns.
For the independent Bernoulli model the prior parameters were set to &« = § = 1 (corresponding to
two initial pseudo-observations of the pattern appearing, one in which it was played and one in which
it was not played.)

For the testing we ranked all the moves played in 1352 separate expert games by matching the
largest pattern for every possible move and ranking the moves according to the u values in the case

model. Figure 3.6 (top) shows that the full ranking model ranks 34% of all expert moves first, 66% in

the top 5, 76% in the top 10 and 86% in the top 20. The graph illustrates that we have significantly
improved on the performance of van der Werf et al. (2002) who used a neural network model, taking a

of the full ranking model and the mean probabilities, in the case of the independent Bernoulli

number of hand crafted features as the input. Expert human players will often disagree about which
is the best move on the board so a possible direction for future work would be to evaluate human

performance at this task since this result would yield a useful benchmark for our models.

Three Ranking Scenarios

Figure 3.6 also shows that the two move ranking models appear to perform similarly. This is perhaps
surprising as the full ranking model should be able infer a ranking from more limited observations
than the independent model. Considering three hypothetical scenarios which might occur in training
as presented in Figure 3.9 provides a possible explanation of the similar performance of the two models.
Assume we wish to infer a global ranking of four patterns from limited observations of pattern pairs
where the true values are ordered such that A > B > C' > D. Each factor in the figure represents an
observation of the ordering of a pair of patterns.

The first graph shows a situation where we observe three preference pairs in a linked chain:
A > B, B > (, and then C' > D. The full ranking model could infer a global ranking from
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Figure 3.6: Comparing the performance of the two ranking models on 1352 unseen expert games.
The error bars indicate +/— one standard deviation. Top: Cumulative distribution of the ranks the
models assign to the moves played by expert players. For comparison the corresponding curve from
van der Werf et al. (2002) is included which was obtained on games from the same collection. Middle:
Mean rank error for each pattern size. Rank error js —cxpert move rank Bottom: Mean rank error

number available moves *
for different phases of the game (each phase is 30 moves).
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Figure 3.9: Each factor graph represents a set of observations of the ordering of pairs of variables. The
global preference order of these variables is A > B > C' > D and the goal of a ranking algorithm is to
infer this order from the observations.

these observations. In contrast, the independent Bernoulli model could only learn the probabilities
{A,B,C.,D} = {3,112} where each fraction is (times played)/(times seen).

In the second graph we observe three preference pairs: A > D, B > D, and C > D. Neither
ranking model can learn a global ranking from these three observations. This set of observations is
typical of what is observed during a fuseki or joseki sequence in Go. During such a sequence the
patterns in areas of the board not involved in the joseki will remain unchanged as no new stones will
be placed in these areas of the board (corresponding to the pattern D in the example). However as
each move in the joseki sequence is added to the board the pattern for that move disappears and by
the placement of the new stone the next pattern in the sequence is created. The joseki move-patterns
correspond to A, B, and C in the example. Despite the fact that a global ordering of the joseki
patterns cannot be inferred (as they are unlikely to co-occur in a single position in the training games)
the system can learn the joseki sequence by merely learning that all joseki patterns have high value -
the ordering of the moves follows automatically from the rules of the game.

The third graph shows a situation in which we observe a preference ordering for all pairs of
patterns. In that case both of the ranking models can learn a global ranking of the patterns with the
independent Bernoulli model learning {4, B,C, D} = {%, %, %, %} This scenario is typical of an end
game situation in Go where many competing move-patterns co-occur on the board.

So in summary it is only the first situation (the chain of preference pairs) where the full ranking
model can learn a better ordering of moves than the independent model. However, this situation does
not correspond (at least not in any obvious way) to a real scenario likely to be seen in Go games so
this might explain the similar performance of the two models in terms of move ordering.

Despite this similarity in performance, the full ranking model has the advantage that it provides a
normalised probability distribution over moves in a given position whereas the independent model does
not because it lacks the constraint that only exactly one move-pattern is played in a given position as
shown by the two factor graphs (Figures 3.3 and 3.4). Since the full ranking model concentrates its
probability mass on only the possible set of outcomes, we would expect the model evidence, p(¥|c), to
be greater, which indeed is the case. Figure 3.7 compares the probability of the expert moves in the
test set according to the two ranking models. The full ranking model outperforms the independent
model at every stage of the game and for all pattern sizes. It is worth noting, however, that the move
probabilities produced by the Bernoulli model could be renormalised for each position which would

improve the performance of this model in terms of move probability. Both models appear to perform
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Figure 3.10: Cumulative distribution of the ranks the models assign to the moves played by expert
players. A separate plot is shown for each phase of the game. For comparison the corresponding curve
from van der Werf et al. (2002) is included which was obtained on games from the same collection.

best at the start of the game and at the end of the game. The increase in performance at the end of
the game could be explained by the fact that at the end-game play starts to become dominated by
standard plays, characterised by standard patterns, and hence becomes more predictable. The figure
also demonstrates that larger patterns yield better performance.

Because the full ranking model gives a normalised probability distribution over moves and hence
predicts the actual expert moves with a higher probability, I did not consider the independent Bernoulli
model further. Another reason for this choice is aesthetic: the full ranking model seems the ‘correct’
model for learning the underlying values of moves, based on an observed partial ranking and seems a
more principled approach than the bernoulli counting model. After all, it is a ranking we observe, so
a ranking model seems appropriate. Also, learning a ranking of moves is exactly what is needed if we
are to use the system to prune the huge Go game tree, which is ultimately what we are interested in.

Game Phase

The ranking performance at different stages of the game is compared in Figures 3.8 (top) and 3.6
(bottom). The system performs extremely well at the early stages of the game where moves more
commonly correspond to standard plays. Figure 3.8 (bottom), Figure 3.6 (middle) and Figure 3.5
provide an explanation for this: the system is more likely to match larger patterns with greater
discriminative power earlier in the game. For the first 30 moves the system frequently matches full
board patterns (size 14) which correspond to the standard fuseki opening moves and for the next 30
moves large patterns are still often matched (size 12 and 13) which correspond to the standard joseki

corner plays. The combination of matching large patterns and the systematic assignment of their
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values means that the system reliably predicts entire joseki sequences. Later in the game only smaller,
less discriminative, patterns are matched so the move prediction performance decreases. However,
the fact that the system gradually automatically backs off to smaller patterns as the game progresses
means that the performance degradation is graceful.

Figure 3.10 shows the cumulative density function of the rank of the expert move according to the
full ranking model for different stages of the game, again showing that performance is much stronger
at the start of the game. However, performance never falls below that of the neural network model of
van der Werf et al. (2002).

Effect of Training Set Size

Figures 3.11 and 3.12 show the effect of changing the number of training games on performance. There
is a large performance difference, presumably because larger patterns are found more frequently if the
set of patterns is larger. This suggests that better results might be obtained if an even larger training
set was used. There is a great deal more data available from the online Go servers than we have made

use of so far.

Example Self-Play Game

I also tested the ability of the system to play Go and an example game of the system against itself is
shown in Figures 3.13 and 3.14. Each move is selected by matching the largest pattern in the pattern
table for each available legal move and then selecting the move with the largest mean pattern value.
The system appears to play along standard fuseki and joseki lines during the early part of the game
(up to move 32).

The system takes about 10ms to generate each move on a standard 2GHz PC. This speed can be

increased to the order of 1ms by restricting the size of the largest pattern (as in the next chapter).

Games Against Human Opponents

Move prediction and actual game play are quite different challenges. It seems likely that a model
could perform extremely well at the task of move prediction (in terms of fraction of moves correctly
predicted) while being an extremely poor Go player. Imagine, for example, the case where every 10th
move of a perfect expert move predictor was replaced by a random move: such a move predictor would
predict 90% of expert moves perfectly but it would probably be a poor Go player because the random
moves would leave urgent threats un-answered. Interestingly, we have (albeit rather limited) evidence
that the pattern system described in this chapter can actually provide a reasonable (and fun) opponent
for both weak and strong Go players.

Several human players played against the pattern system. Go players are rated according to a
standard system of kyu and dan values where kyu ratings (lower is better) are for student players
(like the coloured belts in martial arts) and the dan ratings (higher is better) are for serious players
(like the black belt). A Go player with a strong rating of 2 dan estimated the pattern system should
be rated about 8 kyu (a weak but not beginner rank, comparable to the Go program GnuGo). The
system was able to play each move in about 10ms on a standard 2GHz PC so if the thinking time of
the human player was restricted the computer would have a considerable advantage. This speed also

means that the computer could, in principle, play hundreds of human opponents in parallel.
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A game between this opponent and the pattern system is shown in Figures 3.15 and 3.16. The
pattern system played as black with 9 handicap stones. The handicap stones should compensate for
a difference of 9 levels between the players. A few things are worth pointing out. Firstly, the pattern
system does not simply respond passively to the threats made by the opponent but makes moves into
fresh areas of the board when no other more urgent move-patterns are available (knowing when to
take the initiative in this way is important and is known as tenuki by Japanese Go players). See moves
28 and 56 for examples. The system responds correctly to urgent threats as long as the necessary
information is contained in the pattern or features present. See move 86 for example. The pattern
system crucially does not respond to white move 179 which leads to it losing the large black group in
the bottom right of the board (as commented by the opponent). This is because the move does not
seem locally urgent if you do not take into account the wider context which shows that the group is
running out of eye space so will likely to be captured if no action is taken. After black loses this group
we enter the end-game. Since the pattern system cannot recognise the fact that the groups in the
bottom left and bottom right are dead it continues to waste moves trying in vain to save these groups.
In the end, white (the human) wins by 52 points. The human player wrote that the pattern system
‘successfully cut off a couple of my groups’. He also mentioned its weaknesses such as it ‘played in
dead groups. Failed to handle some of the situations between the borders of [the two player’s] groups
early enough. It did this quite well in the end game, but did not recognise earlier [...] that these could
affect the lives of groups’. When asked about how consistently the pattern system seemed to play
they responded that ‘it makes some advanced moves in many phases but missed fairly obvious (to a
human) things like when its group in the [bottom right| corner was in danger’.

Another player with a rating of 1 kyu (strong amateur level) judged that the pattern system had
a strength of 9 kyu and commented that ‘the opening was pretty good (although a bit passive for my
taste). The AT has a good sense of shape.” When asked to comment on negative aspects of the pattern
system’s playing style the same player said that ‘when the tactics get tricky, the AT makes silly moves
(and probably due to its reliance on stronger players, whenever I relied on a ladder the AI would
assume that it worked for me, even when that was not the case). In addition, the AI does not seem
to have a good sense of which area is most urgent.” In response to a question about the consistency
of play the player responded that ‘The play was generally reasonably good, but occasionally the AT
would ignore a significant threat from one of my moves.’

I believe that the picture that emerges from these (rather subjective) comments is that the system
performs poorly at reading life and death (not surprising as local patterns can hardly be expected to
be able to discriminate between live and dead groups) and performs poorly at predicting the results
of local tactical battles (also not surprising as it seems likely that a search module is necessary to
make good assessments of such situations as we will see in the next chapter). Also, the system has
no representation of overall strategy and no attempt is made to globally evaluate board positions or
predict the final territory outcome of the game which may explain the comment from a strong Go
player that ‘the AI does not seem to have a good sense of which area is most urgent’. However, the
pattern system as Go player does make good ‘shape’ and plays a strong opening. Also, according to its
human opponents, the pattern system makes a number of ‘advanced’ moves which challenge strong Go
players. I believe that if the mistakes due to incorrect assessment of life and death could be eliminated
then the playing strength could be improved.
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Figure 3.15: Diagram of the start of a match of the pattern system against a 2 dan human opponent.
The pattern system played as black with 9 handicap stones (which should compensate for a difference
of 9 rating levels between the computer and the opponent).
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3.3 Hierarchical Gaussian Pattern Model

A comparison can be made between the pattern system for Go move generation and language modelling
in general. The patterns are used to predict Go moves based on a local context. An n-gram language
model predicts future words (or letters) based on the previous n — 1 words (letters). A simple method
of dealing with data sparsity in language models is backing-off (Katz, 1997) where n is selected so only
contexts that have been seen a sufficient number of times in training are used to make predictions.
This means larger, more discriminative, contexts are used where available but a smaller context is
used where necessary. The pattern system also makes use of this principle because only patterns seen
more than a certain number of times in the training data are stored.

These similarities might suggest that we can learn from techniques used in language modelling.
However, it should be realized that Bayesian language models (MacKay and Peto, 1994) define a
generative model for text whereas the pattern system, on the other hand, does not necessarily lead
to a generative model for Go positions. Instead, the patterns are used to associate a wvalue with a
particular vertex in a position. The role of the pattern system in conjunction with a probabilistic
model is to provide a prior on this vertex-value whose definition depends on the application. In
general, it could be related to the urgency of a move as in the move prediction task, the probability
of a move leading to a certain goal being achieved (see the next chapter) or perhaps act as the prior
on the final territorial ownership of the point in question at the end of the game as in Sanner et al.
(2007).

The patterns form a hierarchy. The single vertex (size 1) ‘grandmother’ pattern is at the top. The
set of all patterns matching the next template up (size 2) form the next level of the hierarchy and so
on. Full board positions (centered on the point in question) form the bottom level. The pattern that
matches in the same board position as another pattern but only within a template one size smaller
is called the ‘parent’ of the other pattern. The hierarchical structure of the population of patterns
suggests that their values should be modelled hierarchically.

Intuitively, the influence a pattern exerts on the vertex-value of the center vertex of the match
should depend on the size of the pattern and the number of times it was seen in the training data.
The evidence provided by a larger pattern should dominate over the evidence from a smaller pattern if
they both match at the same location and they were both seen the same number of times in training.
This is because a larger pattern contains all the information of a smaller pattern matching at the same
location as well as additional information. However more accurate beliefs can be formed about patterns
seen more frequently in training and smaller patterns are more common than large patterns. Therefore
the smaller patterns should be allowed to influence the value of the larger patterns in cases where the
larger patterns have been seen infrequently. These desiderata motivate a hierarchical model. Note
that Bayesian hierarchical language models appear to recover the desired ‘smoothing’ automatically
(MacKay and Peto, 1994).

We now outline our hierarchical model for pattern values. Let each pattern have a latent value.
The distribution over this value forms the prior distribution over the possible values of the children of
this pattern. The prior distribution of the single vertex pattern is defined to be Gaussian. Each latent
pattern value is defined to be distributed as a Gaussian centered on the value of its parent pattern.
We also say that the value of a vertex in a board position is distributed normally about the latent
value of the largest pattern. In this way we define a generative model of a vertex-value in a given Go

position. The values of the patterns are never observed directly but an observation can be made of the
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Figure 3.17: Hierarchical Gaussian pattern model. In this example the number of pattern sizes, n = 3.
There are 11 patterns in total in the hierarchy and 11 observations. A realistic implementation contains
millions of patterns and billions of observations.

value only in the context of a particular full board position. The conjugacy properties of the Gaussian

distribution lead to efficient inference.

3.3.1 Model Detalils

The set of all observed point-values is denoted ). Also let the set of values of all possible patterns of
all sizes be X'. Each member of A’ shall be denoted z;; where z;; is the value of the jth pattern of
size i. The index of the smallest pattern size is 1 and the value of the smallest (single vertex) pattern
denoted z;. The largest pattern size is n and only the values of the largest patterns are ever observed
directly (patterns are always observed in the context of a whole board position). An observed value,
yjr € Y is the kth observation of the jth full board position.

The joint distribution p(Y, X) is defined to be:

p(V,X) = p(&)p(Y|X)
= p) [TTI T p@lza-0n) - TT TTpWam|zna)
i=2 k j qg m

where

P(Iij|$(z'—1)k) = N(xij;x(i—l)k36?—1)
p(yrs|wnl) N(yrs; Tnl, 62)

P(Cﬂl) = N(ﬁ;llha%)

An example Bayesian network corresponding to this model for n = 3 is shown in Figure 3.17. The
variance parameters, 37, correspond to the variability of the latent value of patterns of sizes i + 1
about the value of the size i pattern that also matches. One would expect this value to be larger for
small patterns due to the fact that smaller patterns contain less information for discrimination. It
might also be expected that the variance 3? depends on the difference between the sizes of templates

i and i + 1. The predictive distribution over the value, y, of a vertex in a position where the index
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of the largest (size n) pattern matching at that location is j is found by integrating out all the other

variables and observation beliefs:
ply) = / / p(y|zn;) - p(V \ y|X)p(X)dXdy.
Y\y /X
This integration can be accomplished by message passing.

3.3.2 Inference

Each node in the graphical model (Figure 3.17) corresponds to the latent value of a pattern in the
hash table. Exact inference on this acyclic graph is accomplished using the sum-product algorithm for
Gaussian densities (Section 2.3.2). Efficient inference is possible due to the fact that messages passing
towards the root of the tree (which we call the ‘backward messages’) do not depend on the messages
from the root of the tree (the ‘forward messages’).

The pattern system returns the sequence of nested patterns at a particular vertex on the board
and we denote their values by x = {z1,29, -+ ,Z,—1,%,} (smallest ... largest). For the following
discussion we drop the per template pattern index and just index each pattern in the sequence by its
size. The stack of matching patterns, x, corresponds to a single path from the root of the tree (Figure
3.17) to one of the leaves. Figure 3.18 shows a fragment of this path and its corresponding factor

graph representation. Each conditional probability distribution is given by a factor g;.

N($i+1; “y )

i+l p(iy1|e;) N($i+1; )

b = N(zip1;2:,62)

mp,i+1

9i = N(ziy1;2i,87) /
an

my,i Y(mp,iv1,Bi)

xD p(zilTio1) N(zi;-, ) i ‘/
A :N(xi;a:i,l,ﬂf_l)

byi

m
W
gi-1 = N(ziswi1, B7,)

mgi—1

i—1 N(xifl;'f) i—1

N(zi_1;-,-)

Figure 3.18: Fragment of hierarchical model with messages labelled.
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The forward message from pattern value node z; is denoted my ;. The backward message from
pattern value node x; is denoted my ;. Let -y denote convolution with a Gaussian density (the addition
of Gaussian noise). For example, if the message my ;41 = ma,,,—g; = N(Tit1; ftm,0,) then equation
2.19 yields:

Mg, sz; = N(Cﬂiaﬂmaff?n +ﬁ12)

7(m$i+1 —gi (‘ri+1)) 61)

The forward messages can be stated in terms only of other messages up and down this factor graph
fragment via the marginal update equation (2.13) to give:
p(wi) Y(myio1,Bi-1) My

My =My, g, () = = . 3.4
i —0:(1) Mg, —z; Y(mp,it1, Bi) B4

Similarly the backward messages are found by:

Y(mp,iv1, Bi) -my,i

mp,; = 3.5
" y(my,i—1,Bi-1) (3.5)
As a special case of (3.4) the forward messages from the root node are calculated via:
p(z1)
me = ————. 3.6
T Y (2. B) (36)

Each pattern stores one Gaussian density: p(z1) for the single vertex pattern and the backward
messages, my ;, for every other pattern. To determine p(y;), the predictive probability distribution over
the point-value in a board position, the forward messages must be updated for the stack of observed
patterns at this point. This is achieved by using equation 3.4 for each pattern (starting at the root
and working up). Note that since the backward messages are cached and up to date, this calculation
requires a single sweep forward from root to the leaf in question (linear in the number of template
sizes). The learning update is achieved by propagating the backward messages according to (3.5),
caching the new backward message for each pattern and updating the marginal probability of the root
(also linear in the number of template sizes).

When harvesting new patterns, the Gaussian density stored for each pattern (apart from the
zero sized pattern) is set to be uniform (¢ = oo), which means that the backward messages are
uniform, corresponding to no prior observations. The Gaussian density for the single vertex pattern
(corresponding to p(z1)) is set to A/(0, 100).

3.3.3 Move Prediction Experiments

The performance of the hierarchical model was evaluated for the task of move prediction. For this
application we do not observe the numerical value, y, of a move directly. Rather, we let this value
be the move value as in the model of Section 3.2.1 so y = u(¥,¢) and the distribution over moves is
given by equation 3.1. In other words we use the hierarchical model to provide the Gaussian prior
on a move value and the observations are in the form of constraints on the ordering of the values of
moves based on the decisions made by the human players. Inference is achieved by message passing
on the composite factor graph of the two models. Clearly the full composite graph may contain loops

because the smaller patterns may match for multiple available moves but we ignore this issue, much
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Figure 3.19: Empirically estimated (3; values.

as we implicitly ignored it previously by using ADF. All 14 pattern templates were used so n = 14
(see Figure 3.2).

Empirical Determination of Variance Parameters

The variance parameters, 37, must be determined. The full Bayesian approach would be to place a
prior on them and marginalize them out. For the experiments here we simply estimated the values

using

52 _ Zk[(ﬂi+1,k - ,ui,pa(k))Q]
1 Zk 1

where 1,41, is the mean value of pattern k of size i + 1 and p; pa(x)is the mean value of its parent

pattern as learned using the ranking model when matching only the maximum sized pattern (as in
Section 3.2.3). The resulting values are shown in Figure 3.19. Note also that the magnitude of
B; depends on the relative difference in size between successive nested templates (figure 3.2). The
expectation is taken over patterns harvested and trained on the GoGoD training set (training only
the biggest pattern to match for each move as in the experiments in Section 3.2.3). It should also be
pointed out that the training set used to tune these parameters does not intersect any test set used
here. These f3; settings were used for the experiments in this section but in practice it was found that

the performance depended little on this setting (very similar results are achieved if 3; is set to 1).

Results

Figures 3.20 and 3.21 compare the performance of the pattern system using the hierarchical model as
the prior on the move value against the results obtained when only the maximum sized pattern is used
(as in the previous experiments). The system was trained on 18,000 expert games and tested on 1352
games. Figure 3.20 shows that the move prediction performance of the hierarchical model is better at
every stage of the game and for every pattern size, although the increase is rather modest, especially
at the start of the game. Figure 3.21 compares the probability of the expert moves according to the

two models. This shows that the hierarchical model is a better probabilistic model throughout most
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Figure 3.20: The performance of the hierarchical model is compared with the performance of the
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on 1352 test games. Top: Cumulative distribution of the ranks the models assign to the moves played
by expert players. Middle: Mean rank error for each pattern size. Rank error is —cxpert move rank

number available moves *
Bottom: Mean rank error for different phases of the game (each phase is 30 moves).

68




14

13
12
12r
11

r 1o

—In(predictive probability):hierarchical model

4 .. 6 .8 10 12 14
—In(predictive probability):max pattern

-1 T

——max pattern
— hierarchical model

-3+

-5\ 4

mean In(predictive probability)

pattern size

\ —— max pattern
-2r —— hierarchical model b

-3+

mean In(predictive probability)

5 6 7
phase of the game
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The models were trained on 18,000 games and tested on 1352 games. Top: Scatter Plot. Each
colour corresponds to a different maximum pattern size (for the model using only the largest pattern).
Middle: Mean predictive probability for each pattern size. Bottom: Mean predictive probability for
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Ranking model

N(t1;pa,07) N (t2; po,03) N (tn; pin,02)

Figure 3.25: Factor graph fragment showing that the move value is modelled as the sum of the values
of a set of features. The factor at the top corresponds to beliefs propagated from the ranking model.
Note that the full composite graph of the ranking model contains cycles if the same feature is present
in more than one of the legal moves in a position (as is often the case). This issue is ignored for the
experiments here.

of the game except during the first 30 moves. The model is worse at the start of the game because
the available moves correspond to large patterns and the model predictive probability is worse for the
larger patterns as shown by Figure 3.21 (middle).

Figures 3.23 and 3.24 make the same comparisons for the case the system is trained on 684 games
only and show that the increase in performance yielded by using the hierarchical model is slightly
larger. This may be because large patterns are less frequently matched as the pattern table is smaller

so smaller gains are achieved by smoothing over contexts of different sizes by the hierarchical model.

3.4 Linear Feature Model

Since the initial publication of this large scale application of patterns for move prediction in Go (Stern
et al., 2006) the work was followed up by Coulom (2007). Instead of the full Bayesian ranking model
described in Section 3.2.1 he used a generalisation of the Elo ranking system used internationally to
rank chess players (also known as the Bradley-Terry model). His approach allowed him to avoid the
exponential number of parameters (Q‘F‘ x #patterns) required by the addition of the pattern features
described in section 3.1.2. He achieved strong move prediction performance, probably because he was
able to use a much larger set of features. This section demonstrates that by using perhaps the simplest
possible approach (a linear model) we can use a large number of features. We assume that the value
of a move is the sum of the values of a number of features in the same manner as Coulom (2007) but

using the full ranking model of Section 3.2.1.

3.4.1 Model Description

The value of a move, u, is modeled as the sum of the values of a set of binary features. The set of
features is given by F = {1---n} and the function f : F — {TRUE,FALSE} maps each feature to
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its logical state. The function s : FF — R returns the value of each feature in a particular position,

s(1) := s;. The distribution over the value, u, of a move is given by:

p(uls1,52,+ 0) = ( - Zs(i)l(f(i))> .

i€l

The value of the feature in a particular position, s;, is taken to vary about the underlying value of
the feature, t;, with Gaussian noise having variance 32 so p(s;|t;, 8) = N (s;;t;,3%) The prior on the
underlying value of each feature is taken to be Gaussian, p(t;) = N(¢;; wi,0?). This yields a Gaussian

predictive distribution on the value of a move,

p(ulp,o,8) =N (UQZﬂiH(f(i))aZ(U? +62)H(f(i))> :

i€l ieF

This is used as the prior on u(%, c), the move value as in the ranking model of Section 3.2.1, that is,
the probability of a move in a position is given by equation 3.1. Figure 3.25 shows the relevant factor
graph fragment. The learning procedure is the same as before except now messages are propagated
to each feature variable, t;, and the mean and variance of each feature are stored. The message
updates required for inference in this part of the graph are given by equations 2.20 and 2.19. The
full composite factor graph produced by combining the ranking model with the linear feature model is
likely to contain multiple cycles due to a particular feature being TRUE for multiple moves. For the
experiments in this section we ignore this issue and the update messages are just propagated to the

feature variables for each move in a position separately.

3.4.2 Features

For a pattern table containing m patterns, the first m features in F' indicate which pattern is the largest
to match for the move (only one of m will be TRUE). The other features are explained in Table 3.1
and are similar to those used by Coulom (2007). The Monte Carlo territory feature is calculated by
playing 64 random games from the current position. The feature state is determined by the number
of times that the empty vertex where the potential move is to be played is owned at the end of the
random game by the player to move. Since the simple linear model cannot detect the importance
of a conjunction of features we compensate for this lack of representational power by including some
features which are in fact a combination of features of the position, such as ‘atari when ko is present’

to characterise a ko threat.

3.4.3 Results

Figures 3.26 and 3.27 show that (trained on 18,000 games) the linear feature model produces better
results than our previous method of including features, both in terms of predictive probability and
move ranking performance. This is presumably because far more features are included. Only at the
start of the game does the inclusion of the extra features make no improvement because all of the
information needed to predict a move is already present in the patterns because they are sufficiently
large.

Figure 3.26 (top) also includes the corresponding cumulative density function curve from Coulom
(2007). We perform slightly better at the start of the curve (we predict the expert move correctly
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Feature Category State ;i Details
Capture 1 2.11  Capture.
2 —0.18 Capture but stone in ladder anyway.
Escape Atari 1 1.85 Escape atari.
2 0.42 Escape atari but still in ladder.
Atari 1 0.87 Atari in ladder.
2 1.55 Atari when ko present.
3 1.03 Other Atari.
Liberties of New Chain 1 —0.75 1 liberty means self-atari.
2  -0.06
3 0.18
4 0.19
>4 0.22
Distance to Edge 0 -0.16
1 0.45
2 0.48
3 0.22
4 0.04
5 0.02
Monte Carlo Territory 1 —-1.56 0-7
2 —-0.67 8-15
3 0.13 16-23
4 0.38 24-31
5 0.29 32-39
6 —0.23 40-47
7 —1.24 48-55
8 —2.61 56-63
Liberties of Closest Opponent 1 —0.17 Liberties of closest opponent chain
2 0.38 (if distance less than 6.)
3 0.06
Distance To Previous Move 1 2.12
2 1.46
3 1.10
16 -0.14
>17 -0.19
Distance to Move Before Previous 1 1.13
2 0.83
3 0.61
16 0.24
> 17 0.25

Table 3.1: Features used by the linear model. There are 9 feature categories which can each take
on a number of states. This leads to 63 binary features in addition to the largest matching pattern
which together are used to characterise a move. The table also shows the mean, u;, of the posterior
distribution over the value, ¢(7), of each feature after training.
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37% of the time) and slightly worse at the tail of the curve. The linear feature model is trained
on 18,000 games yet we obtain similar performance as the previous experiment where the system
was trained on 181,000 games and used only the 8 pattern features (Figure 3.6). Perhaps the move
prediction performance of the linear model could be increased further by training on more data. The
computational cost is now somewhat higher than before because of computationally expensive features
such as the ladder features and the Monte Carlo feature. The system can predict moves at a rate of

about 10 positions per second on a standard 2GHz PC.

Feature Values

It is interesting to examine the values learned for the features during training (Table 3.1). The ordering
of the values of the different features is similar to that found by Coulom (2007). Ataris and captures
are frequently played when they are available (as long as the stones would not be captured in a ladder
anyway). Ko threats are also learned.

The value of a move seems to strongly depend on the predicted territory at the point in question
(the Monte Carlo feature). It seems that moves tend not to be made into areas that are either black
or white territory but are more likely to be made into regions of the board where ownership has not
yet been decided. This corresponds with standard Go-playing wisdom. Interestingly, moves into one’s
own sure territory are penalised even more than moves into the opponent’s sure territory. Possibly
this is because a move into one’s own territory is almost certainly a waste whereas a move into the
opponent’s territory could represent a threat, which costs nothing if it requires a response from the
opponent.

As van der Werf et al. (2002) discovered, the distance of a move to the previous move is a valuable
feature for the task of move prediction and we find that here too. Players presumably don’t play moves
merely because they are close to the previous move, but because they are good moves! Logically, if
you’re playing an optimal opponent, the optimal move in a given position has no dependence on the
previous move. If experts were optimal and we were to produce a model that captured all important
aspects of the board configuration then presumably the value of the move would be fully explained

away by this model and the distance to the previous move would become an unimportant feature.

3.5 Discussion

In the introduction we referred to a distinction between static and dynamic approaches to position
evaluation. Pattern matching falls into the category of static evaluation methods. By restricting the
system to matching only exact, local, symmetrical, non-overlapping templates we achieve surprisingly
accurate move prediction performance at little computational cost. There are many possible extensions
which might improve the performance of the model. For example we could use templates with variable
shape which could take into account the structure inherent in the arrangement of the stones on the
board (perhaps using a common fate type representation (Graepel et al., 2001)).

A strength of the pattern system is that it is fast enough to work within the inner loop of a
larger Go playing system. This suggests that these computationally expensive extensions may not be
worthwhile. T think the most worthwhile direction forward would be to move towards using a more
dynamic approach to position evaluation which uses the pattern system to incorporate static knowledge
in such a way as to exploit the speed of the pattern system. This is because although it is possible

for a pure static method to be accurate in principle (a very large look up table would do), I believe
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that static evaluation alone seems an inefficient means of evaluating a move. A dynamic evaluation
can adapt and learn about the position at hand by exploring the local part of the state space, rather
than having to know in advance how to play in every possible position, as a static method must. The
recent success of Monte Carlo planning for Go adds weight to this argument.

The pattern system as it stands can predict expert moves at a rate of hundreds per second but
by restricting the size of the maximum pattern matched and by reducing the set of other features
being checked the speed can be increased to a rate of thousands of moves per second. In that case
the speed of the pattern matcher is sufficient that it can be used to guide search and this application
is investigated in the next chapter. Another application of the pattern matching system is to guide
adaptive Monte Carlo planning (as discussed in Chapter 6).
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CHAPTER 4

LEARNING TO SOLVE GAME TREES!

p
bl
|

J

O

Figure 4.1: A battle emerges in the top right of the board.

In this chapter, we consider the task of proving whether goals can be achieved by a player in an
adversarial game. The task is to prove that a player (the ‘attacker’) can achieve the goal, whatever
the actions of the opponent (the ‘defender’). Such problems are solved by searching the state space
(the game tree) (Pearl, 1984; Russell and Norvig, 1995). We saw in Section 1.3 that it is intractable to
use minimax search to select moves in the game of Go because the evaluation function is too complex.
However, search can be applied to sub-problems in Go such as the task of determining whether a
particular stone on the board can be captured. The evaluation function for that task is trivial: return
‘TRUE’ if the stone is captured and ‘FALSE’ otherwise. Therefore, the ideas developed in this chapter
are applied to the task of solving capture problems in Go. A system that can solve capture problems
is an important sub-component of most Go programs and the results returned by this system could

be useful for position evaluation or for building a structured board representation.

I'The content of this chapter builds on work carried out in collaboration with Thore Graepel and Ralf Herbrich and
presented at the International Conference of Machine Learning 2007 (Stern et al., 2007).
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We assume every node in a game tree has an underlying ‘Delphic’ value: the Boolean value that
would be returned by an oracle with perfect knowledge (Palay, 1985). This value is TRUE for a node
if the goal can be provably achieved in the corresponding position and FALSE if the goal cannot be
achieved. After fully exploring the tree we can determine by logical deduction the value of the root
node. In this case the tree is ‘solved’ and search terminates. During a search the values of some nodes
are not yet determined and we can quantify the uncertainty about these values using probabilities.
We assign a probability of 1 to every TRUE node and probability 0 to every FALSE node. All other
nodes have some probability between 0 and 1 which represents a degree of belief about whether the
node is TRUE (see Section 4.3). The final outcome of search does not depend on these probabilities.
Rather, they are used to guide search to find the solution more rapidly.

By placing prior distributions on the values of the leaf nodes of the game tree we can incorporate
knowledge into search. These distributions are surrogates for the unexplored parts of the tree. As
searches are performed, nodes become proved as TRUE or FALSE and these proofs can be used to
update the surrogate distributions so future searches are more efficient. As more is learned and the
surrogate distributions become more accurate we are essentially compressing the game tree.

Many individual nodes must be solved in order to solve a game tree and each node represents a
search problem in its own right so a problem decomposes recursively into a number of simpler building
blocks. This means that a complex problem potentially provides a rich source of information about
problem solving in general. Learning a distribution over plausible values of these building blocks is
analogous to the process of chunking described in the psychology literature (Miller, 1956). Human
short-term memory can only hold a limited number of discrete units (so-called chunks) so the more
information each chunk holds, the more information can be contained in short-term memory. There is
some evidence that the ‘better’ chunks we form, the better we are at solving problems (Simon, 1974).
A Go position in conjunction with the rules of the game contains all the information necessary for
perfect play but if we have limited computational resources we must take care to extract only relevant
information. The game tree gives the structure required to extract this knowledge and the more we
learn from experience about the plausible values of subtrees in the game tree the more efficiently we
can search in the future.

This type of supervised learning is unusual because it is the agent itself generating the observations
(active learning). The search algorithm in conjunction with the probabilistic model used to guide search
gives a generative model of game trees. Since the search algorithm uses observations made in previous
searches to learn how to guide the next search (and hence learn to search more efficiently) one might
be concerned that we are introducing a systematic bias into the observations. However, as long as
we make our inferences based entirely on our generative model (the search algorithm in conjunction
with the model) and on which nodes are observed to be TRUE or FALSE we receive the protection
of the likelihood principle (MacKay, 2003): Given a generative model of data which depends on some
parameters, inference about these parameters depends only on the likelihood of the observed data,
not on other data which could have been observed but was not. Therefore a systematic bias cannot
be introduced by this type of active learning. Another way of thinking about it is that in learning a
model of z given an input y, it is allowed to look at the value of y for a datum and choose whether
to include the datum in the data set - the inference about p(z|y) will not be biased (MacKay, 1992).
The critical thing is that that exactly the same search algorithm is used in training as in testing. If
this was not the case then we would be using a different generative model in testing and this way we

would indeed potentially introduce a bias.
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Figure 4.2: Example tesuji capture problems (Davies, 1975). The goal is to capture the stones marked
with a triangle.

4.1 Go Tesuji Problems

We apply the ideas developed in this chapter to the task of solving tesuji capture problems where the
goal in each case is to capture a particular stone on the board (Davies, 1975) (See Figure 4.2 for two
examples). The Japanese word tesuji means the best play in a certain local Go position. Tesuji moves
often have names such as the ‘net’, the ‘cranes nest’ and the ‘throw in’. Tesuji problems are used for

teaching a player these standard plays.

4.2 Search in Games

Let the set of all possible positions in a game be S. Each position n € S has a set of legal moves
available, £(n), each of which generates a successor position. Two players, attacker and defender,
take it in turns to move. A problem is defined by its goal, g : S = {TRUE, FALSE, UNKNOWN}.
We are concerned with proving whether, starting in a particular position, n, the attacker can reach a
state in which the goal is TRUE taking into account all possible actions of the defender. The (Boolean)
result of this proof is the Delphic value of the node and is denoted d(n) where d : S — {TRUE, FALSE}.

Starting at a root position r € S we develop it by generating each legal successor position (its
children). In this way we begin to generate a search tree, T := {S,€}, which represents possible
(directed) paths through state space. Each edge e € £ corresponds to a transition between states (a
move). We stick to the conventional term ‘tree’ here although this is slightly misleading because the
possible paths through state space actually correspond to a directed acyclic graph because the same
state can be reached via multiple paths. We refer to the set of legal successor positions of a node n
as ch(n), the children of node n. The parent of node ¢ is denoted pa(c). Once a position is developed
it is called an internal node otherwise it is a leaf node. Leaf nodes, I, where g(I) is TRUE or FALSE
are called terminal nodes. We iterate the process of developing non-terminal leaf positions to expand
the search tree.

4.2.1 Minimax Search

Game trees of this type are usually solved by minimax search. The tree is fully expanded to a fixed

number of moves in the future (depth-first search) and the following function is applied recursively to
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the nodes in the tree (Russell and Norvig, 1995):

MAaX, ¢ ch(n)Minmax(c) if attacker to move and n internal
min, ¢ ch(n)minmax(c) if defender to move and n internal
minmax(n) = 1 if g(n) = TRUE
-1 if g(n) = FALSE
u(n) if n is a leaf node and g(n) = UNKNOWN

which returns 1 if the goal can be achieved. This is known as a back-up routine as information is ‘backed
up’ the tree towards the root. The evaluation function, u(n) € [0,1], is a game specific heuristic. In
practice the alpha-beta pruning algorithm is usually used to ensure only nodes which can actually
change the choice of move are developed (Knuth and Moore, 1975). The effectiveness of alpha-beta
pruning depends on the ordering of the moves generated. With a perfect move ordering the cost is

O(+/t) where t is the number of nodes in the full minimax tree.

4.2.2 Best-First Search

Using depth as the criterion for terminating search may result in a great deal of wasted computational
effort by not concentrating on important lines of play. In this work we focus on best-first search. At
each step in a best-first search the most promising node (according to some criterion) is developed.
In practice, depth-first search has proved much more successful in game playing applications because
choosing which node to expand is difficult. Both depth-first and best-first methods suffer from the
horizon effect: important lines of play may be terminated before they are played out leading to a poor

estimation of the value of the root (Berliner, 1979).

4.2.3 AND / OR Trees

The values of previously explored paths through state space are represented as an AND/OR tree
(Nilsson, 1971) which is a graphical representation of a logical function of a set of variables (the
leaves of the tree). Each node n € S in the AND/OR tree is labeled with a logical value v(n) €
{TRUE, FALSE, UNKNOWN}. If v(n) is TRUE or FALSE then node n is ‘solved’ and v(n) = d(n).
An AND/OR tree has two types of nodes: OR nodes and AND nodes. For a given tree with values

assigned to the leaf nodes we determine the values of the internal nodes by:

AND node: v(n) = /\ v(c)
c€ch(n)

OR node: v(n) = \/ v(ce).
c€ch(n)

The AND operator (A) is defined such that if any child of a node is FALSE then the node is FALSE,
otherwise if any child is UNKNOWN then the node is UNKNOWN, otherwise it is TRUE. The OR
operator (V) is defined such that if any child of a node is TRUE then the node is TRUE, otherwise
if any child is UNKNOWN the node is UNKNOWN, otherwise it is FALSE; see Figure 4.3 for an
example tree.

Each AND node corresponds to a position in which it is the defender’s turn to move (because

every defender response must be considered to prove that the goal can be achieved). Each OR node
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Figure 4.3: And / Or Tree with truth values of nodes labelled. The arcs underneath some of the nodes
indicate that they are AND nodes. The other nodes are OR nodes.

corresponds to a position in which it is the attacker’s turn to move (because only one working attacker
move must be found in each position along the path to the solution). The AND / OR rules correspond
to the minimax back-up procedure with a binary valued evaluation function.

If the root has value TRUE or FALSE then the tree is ‘solved’. The value of the tree is the value
of its root. If a tree has value TRUE it is ‘proved’, if it has value FALSE it is ‘disproved’. If no
children can be added to a leaf node I (because no legal moves are available) and the evaluation g(I)
= UNKNOWN then it has value FALSE if it is an OR node and TRUE if it is an AND node.

4.2.4 Proof Number Search

We compare our techniques to Proof Number Search (Allis, 1994), a state-of-the-art best-first search
algorithm for finding solutions to problems represented as AND/OR trees. Proof Number Search is
related to Conspiracy Number search (McAllester, 1988), a best-first search for searching game trees
when we have a continuous evaluation function.

In Proof Number Search, two numbers are assigned to each node, n: the proof number, N,,, and
the disproof number, D,,. The proof number is defined as the minimum number of nodes that must be
developed in order to prove that node TRUE. Therefore, the proof number of an AND node is the sum
of the proof numbers of its children (as all of its children must be proved to prove the node). The proof
number of an OR node is the minimum of the proof numbers of its children as only one of the children
needs to be proved to prove the node. The disproof number is defined as the minimum number of
nodes that must be developed in order to disprove the node (prove it FALSE). By symmetry, the rules
for propagating disproof numbers are the same as the rules for proof numbers if we exchange OR for
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Figure 4.4: And / Or Tree with proof and disproof numbers labelled as [N,, D,]. The path to the
most proving leaf is shown.

AND and TRUE for FALSE. The back-up propagation rules are:

( > cech(n) Ne if internal AND node,

min,cch(n)Ne if internal OR node,
Ny = 0 if v(n) = TRUE,
00 if v(n) = FALSE.
L 1 if UNKNOWN leaf node

( min,cch(n) De if internal AND node,
> cech(n) De if internal OR node,

D, = o0 if v(n) = TRUE,
0 if v(n) = FALSE.
L 1 if UNKNOWN leaf node

Figure 4.4 shows an AND/OR tree with proof and disproof numbers labeled. Given a search tree with
proof numbers and disproof numbers assigned according to the above rules the next node to develop is
determined by working down the tree from the root. At each OR node the child node with the lowest
proof number is selected and at each AND node the child node with the lowest disproof number is
selected. Once a leaf is reached it is developed and then the proof numbers and disproof numbers are
propagated up to the root. This process is repeated until the tree is solved.
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Figure 4.5: Search tree as Bayesian network. Each node is labelled with its probability of being TRUE.
The estimated path of best play is also labelled - notice it is the same as the path followed by Proof
Number Search (Figure 4.4).

4.3 Search and Inference

In this chapter we use probabilities to guide search. For each node, n, we store the probability of it
being TRUE: P, := P (d(n) = TRUE),n € S. If a node has value FALSE the probability P, = 0, if it
has value TRUE then P, = 1. If the node is UNKNOWN then the probability represents our degree
of belief about the value of the node being TRUE. Under the assumption of independence between
the values of the children of a node inference is achieved by simple propagation rules (Pearl, 1984; Chi
and Nau, 1988) which we call ‘Probability Propagation’:

AND: P, = P| A do|=]] P (4.1)
c€ch(n) c€ch(n)
OR:P, = P| \/ do|=P|~ N =d(o
c€ech(n) c€ch(n)
= 1- [] a-ro. (4.2)
c€ch(n)

In other words we treat the game tree as a Bayesian network as shown in Figure 4.5. The joint

distribution of the Delphic values of all nodes in the game tree is:

p({dD}es) = T (d0) {d)} ccanny ) TT p(d®) (43)

neS\F leF
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where F is the set of leaves (the search frontier). For an AND node, p(d(n)|{d(c)}.con(n)) = L(d(n) =
Aveenmy d(€)) and for an OR node p(d(n)| {d(c)} ,cop(n)) = L(d(n) = Voean) d(©)). For leaf nodes, I,
with ¢g(I) = TRUE or g(I) = FALSE the priors on the leaf values, P(d(l) = TRUE) are set to 1 or
0 respectively (the evaluation function). For UNKNOWN leaves the priors represent our prior belief
about whether the node is TRUE or FALSE (set to 0.5 in initial experiments).

4.3.1 The Search Tree Factor Graph

A more general perspective can be obtained by representing the AND / OR tree as a factor graph as
shown in Figure 4.6. Each node in the AND/OR tree corresponds to a variable node (circle) in the
factor graph. The subscript for each factor indicates the parent node of that factor (the node directly
above it in the search tree). AND nodes are connected to their children via the AND factor:

fron (A0 AL sean) = Tldm) = A dle) |,

and OR nodes are connected to their children by the OR factor:

Foun (A0) A} seanimy) = Tldm) =\ de)
)

ci€ch(n

The factors enforce the AND / OR constraints. The logical value of each node, d(n), is represented as
a binary number so TRUE:=1 and FALSE:=0. Bernoulli factors f;(I) = Ber(d(l); ¢) are attached to
each of the leaves. For UNKNOWN leaf nodes the probability ¢; encodes our prior belief about whether
the leaf is TRUE or FALSE. If a node, [, is evaluated and found to be FALSE (that is, g(I) = FALSE)
then ¢, = 0, if it evaluates to TRUE then ¢; = 1. A Bernoulli factor fioot = Ber(d(r);q,) can also be
attached to the root and this can be used to incorporate an exogenous belief about the probability of
the tree being eventually proved true or false. If ¢, is set to 0.5 then we recover the same distribution
as that represented by the Bayesian network of figure 4.5.
The messages propagated on this factor graph are represented as Bernoulli distributions: m;_,,(d(n)) =

Ber(d(n); ¢(n)). The parameters of the messages to and from node n are denoted ¢"(n) for an upward
message and ¢?(n) for a downward message. Using (2.11) and (2.12) we can calculate the messages

up and down the search tree factor graph. The upward messages are calculated as:

My aon(dn)) = Ber(d(n);gi(n)) =Ber [ d(n); [[ mess. . (de) =1) (4.4)
c€ch(n)
My, .on(dn)) = Ber(d(n);gy(n))=Ber [ dn);1— [ (1-mesp,(de)=1))] (45)
c€ch(n)
gm) = [ ¢ (4.6)
c€ch(n)
@) = 1- J[ 1-q¢") (4.7)
c€ch(n)
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Figure 4.6: Search tree as a factor graph. Each variable node corresponds to a node in the search tree.
Every internal variable node, z, is connected to a factor: f, , for an OR node and fA , for an AND
node. The factors enforce the AND / OR constraints on the logical values of the nodes.
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(compare to equations 4.1 and 4.2). The downward messages are:

mpy, . —c(d(c) = Ber(d(c);qjl\(c)) (4.8)
Mgy seld() = Ber (d(e); 3 (c)) (4.9)
where
L O T eanmne a*(e) + (1= 0 M) (1= TL cangmne 4°(5))
gi(c) = (4.10)
a4 Tl conune 2°(65) + (1= (1)) (2 =TT, cangmne 4°(e5))
and |
a“(n) (4.11)

d(p) —
D) = 30y = (1= 209 IL,, congue (1 = 4°())

for ¢ € ch(n). If we set g, (the root bias) to 0.5 then (4.8) and (4.9) are both equal to 0.5 and do not
effect the marginal distributions of the variables in the graph so we do not need to calculate them. In
this case the propagation rules reduce to (4.4) and (4.5) (c.f (4.1) and (4.2)).

4.3.2 The Algorithm

We now have a system for inferring the distribution over possible final values for the tree given beliefs
propagated up from the leaves. A best-first search algorithm also needs a method of selecting the best
node to expand next. We adopt the following simple strategy: as in Proof Number Search we start at
the top of the tree and work downwards. At each OR node we select the child with the highest marginal
probability of being TRUE and at each AND node we select the child with the highest probability of
being FALSE. When we reach a leaf node this node is selected as the next node to expand.

The method we use for node selection is to simply follow the path of best play from root to leaf
and expand the leaf we reach at the end of this path. This is motivated by Russell and Wefald (1991).
They ask the question: why do we search? The answer is: we search in order to improve the quality of
our actions, in other words, to ‘Do The Right Thing’. As noticed by Palay (1985), there are two ways
in which new observations can change the planned sequence of actions: by reducing the value of the
current plan or by increasing the value other actions so as to make them preferable to current choices.
By following the path of best play we explore the first of these possibilities and try to determine if
further exploration of the consequences of our actions will change our current plan by reducing its
value. We also attempted the sensitivity analysis approach (in the manner of Rivest (1988)) as it is

straightforward to differentiate the probability of the root node with respect to the probability of each

dpP,
dp,

poorly as it penalised depth too much, leading to a breadth-first search.

leaf, for our model and use this as the criterion for node expansion. This method performed

Fortunately, the upward messages on a factor tree (where ‘up’ points towards the root of the tree)
do not depend on any of the downward messages. Therefore inference can be performed efficiently
on the fly using a dynamic programing approach (see algorithms) with cost linear in the depth of the
tree. If the parameter g, (the root bias) is equal to 0.5 (as is the case for the experiments here) then
the downward messages are all equal to 0.5 and we do not need to calculate them, thus simplifying
the algorithm.

Experiments (See Section 4.5.1 and Figure 4.9) show that Probability Propagation and Proof
Number Search must expand roughly the same number of nodes to solve Go problems. Figures 4.4

and 4.5 show an example where Probability Propagation and Proof Number Search both select the
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same leaf node for expansion. Both methods avoid exploring branches of the tree leading to AND
nodes with many children because a proof of such a branch would involve proving more nodes in total.
In this way the algorithms strive for quick solutions to problems. Probability Propagation differs from
Proof Number Search in that it has an affinity for developing OR nodes with many children because
each child of an OR node represents an independent additional chance of finding a proof of the parent.
In other words, Probability Propagation tends to explore parts of the search tree where attacker has
many moves available and defender has fewer moves available. Thus Probability Propagation seems

to recover a heuristic often used by programmers of traditional game tree search: mobility.

Algorithm 1 Search

while p(root) < 1.0 do
n — FindBestNode(root)
Develop(n)
UpdateBeliefs(n)

end while

Algorithm 2 FindBestNode(n)

if n is leaf then
return n
end if
for all ¢; € ch(n) do
if n is AND node then
Calculate my, ., via (4.8)

else
Calculate my, ., via (4.9)
end if
Calculate p(d(CZ)) = % My e Mo —es
end for )

if n is AND node then

return FindBestNode(argmin,, ccn(,) {p(d(ci))})
else

return FindBestNode(argmax,, ¢ () {p(d(ci))})
end if

Algorithm 3 Develop(n)
Generate each child, ¢ € ch(n), according to £(n)
for all ¢ € ch(n) do
if g(c) TRUE then
Mg (c)—ec = ]I(d(c) = 1)
else if g(c) FALSE then
mg.(c)—e = ]I(d(c) = 0)
else
My, (e)—c = Ber(d(c); g.) (surrogate prior)
end if
end for
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Algorithm 4 UpdateBeliefs(n)
if n is AND node then
Calculate my, _,,, via (4.4)
else
Calculate my, ., via (4.5)
end if
UpdateBeliefs(pa(n))

4.3.3 Log-Odds Message Representation

To implement the propagation rules in such a way as to avoid difficulties because of limited numerical
precision we represent the probabilities as log-odds ratios, logodds(p) := L(p) := ln(%). This uses the
full floating point range to represent L(p), with high precision at both ends of the range (corresponding
to probabilities close to 1 or 0). The log-probability domain is not suitable as it has poor accuracy for
probabilities close to 1 which are readily generated by the OR rule in large problems.

Since the AND and OR operations are associative it is possible to perform these calculations
efficiently (see Appendix B). If the probability of a node, ¢, changes during the UpdateBeliefs back-up
phase (see Algorithm 4) then the message to the parent, My, .o —pa(c)s 1 calculated by removing the
old message using the ANTI-AND or ANTI-OR updates (equations B.14 and B.16) for an AND or
OR node respectively and then adding the new message using the AND or OR incremental updates
(equations B.13 and B.15). The downward messages can also be incrementally updated in a similar

manner using equations B.17 and B.18.

4.3.4 Discussion
Related Work on Best-First Search

A number of best-first search algorithms have been suggested that take into account the shape of
the tree for move selection in the case where a continuous evaluation function is used. McAllester
(1988) noticed that there are sets of leaves that must all change their value for the value of the root to
change. The larger this set of nodes (called a ‘conspiracy’), the more nodes will need to be expanded
to make the expansion of any one of the member nodes worthwhile. Therefore it is better to expand
nodes from smaller conspiracies. The resulting algorithm is a precursor to Proof Number Search. A
second method by Rivest (1988) is to use a propagation scheme that approximates minimax by using
continuous operators instead of max and min. This means that a sensitivity analysis (simply taking
the derivative of the value of the root with respect to each leaf node) can be used to select the best
node to expand.

The first practical application of probability distributions to guide best-first search was by Palay
(1985). Palay’s PB* algorithm extends the B* algorithm of Berliner (1979). In B* the evaluation
function is replaced by upper and lower bounds on the value of a state. The algorithm is concerned
with proving that one move is better than all the others by ensuring that the lower bound on the
value of the resulting position is greater than the upper bounds on all alternatives. This can be
achieved by either raising the lower bound on the value of the current best action (called the ‘Prove
Best’ strategy) or by lowering the upper bounds on other available actions (called the ‘Disprove Rest’
strategy). Palay’s PB* algorithm assigns a probability distribution to leaf nodes in the search tree
which is based on these bounds. The simplest case would be to let the prior distribution on the value
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of a node be uniform between the upper and lower bounds on its value as used by B*. A probability
distribution over the value of all internal nodes is calculated by the probabilistic form of minimax (i.e.
the value, z(n), of a MAX node is distributed according to z(n) ~ p(max.z(c) = z(n)), ¢ € ch(n).)

Russell and Wefald (1991) consider the principled decision theoretic utility of node expansion and
take into account the cost of time which yields a principled criterion for search termination. However,
their approach had a high computational cost and made use of an unrealistic assumption that the
value of a node is Gaussian distributed. The approach of Baum and Smith (1997) took their work
forward and instead stored for each node a discrete distribution over possible values for that node and
used a clever, exact propagation scheme.

All of the above approaches assume that a node has some continuous underlying value and the
probabilistic algorithms of Palay, Baum and Smith as well as the approach of Russell and Wefald all
store probability distributions over this value. We, on the other hand, assume that a node has only a
binary underlying ‘delphic’ value: does the corresponding position lead to the goal being achieved or
not?

Probability Propagation

Minimax search has historically relied on the availability of a heuristic evaluation function which
returns some quantitative indication of how valuable a game position is and the precise semantics of
this value are not usually discussed. The Probability Propagation rules (4.1 and 4.2) were originally
proposed by Pearl (1984) for the analysis of minimax search. These rules are the correct backup scheme
under a different and somewhat stronger set of assumptions to minimax. The first assumption is that
when a move is made both players will gain complete knowledge of the game outcome. This means
that the meaning of the evaluation of a position is well defined as the probability of winning under
optimal play from that position to the game end. Pearl suggests in the postscript to his book that
‘translating’ the usual heuristic evaluation function into an estimate of the probability of winning (in
[0,1]) and then propagating these values using probability propagation might be a good alternative to
minimax for backing up the values in a depth-first search. Chi and Nau (1988) take up this suggestion
and compare the performance of minimax with Probability Propagation and they show that results
depend on the game. Here, we avoid the use of a real-valued evaluation function but incorporate
knowledge into search by the assignment of prior beliefs about the binary TRUE / FALSE value of
each leaf. These prior models are surrogate for the as-yet unexplored part of the tree and are learned
from data to model the probability that the goal can be achieved from the corresponding position so
no ad-hoc ‘translation’ is needed.

The second assumption implicit in the Probability Propagation rules is that there is no dependence
between the outcomes of the leaves. As mentioned by Frank (1994) this assumption can lead to
pathological behavior with the probabilities often taking on wildly fluctuating unrealistically high and
low values as they are propagated up the tree. We also found this to be the case, hence the need
for a representation of the probabilities in the log-odds domain to avoid numerical overflow. The
independence assumption seems too strong in the case of ‘global’ game tree search, where the purpose
of search is to find the move which will win the entire game. The notions of being ‘ahead’ or ‘behind’
in a game depend on the fact that the values of moves in a given position are correlated: if we have
already found several moves leading to victory in a position then we are more likely to find others.
However, for local search, this may be less of an issue. If we are interested in proving whether a

local goal can be achieved we really must consider each available move as representing an additional
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Figure 4.7: The sequence of nested pattern templates T; with i € {0,...,7}.

independent chance for the player to achieve the goal (or prevent the goal being achieved). At any rate,
for the task of solving Go capture problems, Probability Propagation seems empirically to perform

similarly to proof-number search (see Section 4.5.1).

4.4 Search and Knowledge

Search is a process of observation. Starting with some prior knowledge, encoded in prior beliefs about
whether the available actions will lead to the goal being achieved, the search algorithm explores the
state space and updates these beliefs in the light of new evidence. There is a trade-off between search
and knowledge: the more accurate the prior beliefs, the less search should be needed to obtain accurate
posterior beliefs and so determine the correct action.

Knowledge is combined with the search algorithm described above by the assignment of prior beliefs
on the values of the leaf nodes, p(d(l)) = Ber(d(l); ¢;). These prior distributions are surrogate for the
as-yet unexplored parts of the tree. When search terminates the parameters of each surrogate prior
distribution can be updated according to evidence propagated from the search tree. If L is the set of all
of the nodes in all of the searches then the joint likelihood is given by p({d(l)},c;, [a) = [I,c;, p(d(l)|q).
The parameters q are shared across all nodes and all problems so generalisation across different game
states and search tasks is possible. Which particular parameter is used for each state depends on
domain knowledge and we use the pattern system described in the previous chapter to determine this.

The AND / OR tree recursively breaks down a problem into a set of simpler sub-problems which
must be solved first. A complex problem provides a rich source of knowledge about problem solving
in general because of all the sub-problems it generates. Indeed, even if the search algorithm were
incapable of solving a complex problem in a reasonable time it can still learn from progress made in
solving sub-problems encountered on the way.

The search algorithm we have described up to this point is domain independent and could be used
for theorem-proving tasks in unspecified applications. For the rest of this chapter we are concerned

with Go-specific methods for using domain knowledge to guide search.

4.4.1 Pattern Matching

We saw in the previous chapter that exact local pattern matching gives a rapid and surprisingly
accurate Go move predictor. Now we apply this technique to represent knowledge in search. Here
we use only 8 pattern template sizes as shown in figure 4.7 in order to improve the speed of pattern
matching and it seems unlikely that larger patterns would occur frequently in local problems. In
contrast with the pattern definition in Section 3.1.1, in this chapter each pattern vertex has five

states (attacker stone, defender stone, empty vertex, off-board, goal stone) and the patterns are not
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A fq = Ber(d(n); gm)

(0) pldn)la) = Ber(d(n):q) (n)

fo = Ber(d(n); q)

(@) pla) = Beta(q; o, 5) (a)
fo= Beta(q; a, 3)

Figure 4.8: Beta Surrogate Tree Model represented as belief network (left) and factor graph (right).

invariant to colour reversal. Nodes in the game tree (positions) are mapped to patterns via the move
that generated the node. Let the stack of all patterns that match node n be denoted by m(n).

Partial-Transposition Table

Each pattern defines a many-to-one mapping from search tree nodes into a look-up table via the hash
key. This table can be viewed as a ‘partial-transposition table’. A ‘transposition table’ is a tool
used in most practical game search implementations which contains the values of all board positions
that previously appeared in the search so if a position is encountered again the information already
gathered about it can be exploited (Plaat et al., 1986). In this work we do not map from full board
positions to transposition table entries but instead from patterns (partial positions) to table entries.
Thus here we effectively use a partial-transposition table. This partial matching allows generalisation
across different search tasks but this generalisation is bought at the cost of uncertainty - hence the
entries in the partial-transposition table are probability distributions.

We use two pattern tables: one for the defender moves and one for the attacker moves. This
means that each pattern is either for an attacker move or a defender moves and learning which moves
are good for the defender is considered a separate problem to learning which moves are good for the

attacker.

Harvesting

When a node, n, is developed and its children ¢ € ch(n) are added to the tree, the patterns matching
for the pattern templates of all sizes, T € T, centered on each move, m; € L£(n), which generated each
new node, ¢ € ch(n), are all harvested, that is, added to the pattern table if not already present.

4.4.2 Surrogate Tree Models

Two different models were considered for producing the prior distribution over the truth value of a leaf
node. The parameters of these models were mapped to Go positions via the patterns which matched

for the move generating the node.

Beta Distribution With Back-Off

The prior distribution on the value of a leaf node, 1, is p(d(l)) = Ber(d(l); ¢;). Let #(l) be the largest
pattern (which has been seen at least once before) that matches for leaf node I. This pattern is used to

map to the parameter of the prior belief on the value of this node (g := gz(;)) so the prior distribution
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is p(d(l)) = Ber(d(l); gx;)). We place a conjugate Beta prior on the parameter of this distribution:
P(gz)) = Beta(gz(y; @z, Brqy)- This gives the predictive distribution p(d(l)|az ), Bz)) = ﬁ
and the parameters az () and ((;) are pseudo-counts corresponding to the number of observed proofs
and disproofs respectively of all nodes where 7 (1) is found to match. This simple model is represented
by the belief network of Figure 4.8 (left). The gray arrow at the top of the directed graph represents the
connection to the rest of the search tree model (corresponding to the top factor, f,, of the equivalent
factor graph.

To implement this model, each entry in the pattern table contains the parameters of a Beta
distribution. When a pattern is first harvested these parameters are set to @ = ag and § = ag. When
the node is attached to the tree and its prior distribution is assigned we determine its parameters from
the largest matching pattern which has been seen at least once before. If no pattern is found then the
prior ~ Beta(ag, fo) is returned.

To learn means to calculate the posterior distribution over the parameter: p(g,|d(n)). If we observe
a value for d(n) (that is, if the node n becomes proved or disproved) then the posterior is a Beta
distribution with the pseudo-counts updated appropriately: that is p(gq|d(l)) :Beta(ql;a%(l),ﬂgr(l))
with o' = a+ 1if d(I) = TRUE and ' = §+ 1 if d(I) = FALSE (see Section 2.3.1).

It is also possible to update the distribution over ¢ after search termination for all nodes in the
tree, even if the corresponding node is still UNKNOWN after search. This is because beliefs can still
be propagated from the search tree based on the current state of affairs when search was terminated.
The beta surrogate prior model can be represented as a factor graph (figure 4.8 right). The messages
on this graph are calculated as follows:

Message from prior: my, ,(q) = Beta(q; a,f)
Message up to search graph: my, ,(d(n)) = /Ber(d(n); q)Beta(g; a, 8)dg
e
= Ber (d(n); ———
er( (n) 04+5>
Message from likelihood (search tree): my, ,(q) = Z Moy, (d(n)) - fo(d(n), q)
d(n)

= Z Ber(d(n); ¢m) - Ber(d(n); q)
d(n)
= qm-q+ (1 —gn) (1-9q)

To update we need the posterior marginal distribution p(q) which is calculated using (2.13):

plg) = m{qm-qm—qm)-(1—q>}-Beta<q;a,5>

x Agm ¢ (1= + (1 —gn) ¢ (1 -9}

where

Z(Q:B:Qm): (QQm_1)+1_Qm

e
a+pj
If g =0 o0r g =1 (i.e d(n) is observed as FALSE or TRUE) then this corresponds to the standard
posterior pseudo-count update for the Beta distribution (see Section 2.3.1). Otherwise, p(q) can be

very closely approximated by finding the beta distribution closest to p(g) in terms of KL divergence:
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p'(q) = Beta(g; o', 8") (4.12)

where

o!,8' = argmin, ,KL (Beta(a, b)||p(q)) (4.13)

This is achieved by moment matching and the update equations are derived and presented in Section
A.2. Thus we have an ADF online learning scheme.

When the learning update is applied for a move (node), the pattern payloads for the matching
patterns for all of the pattern templates T; are updated according to the above scheme, not just the
parameters that were actually used in the search (corresponding to the biggest pattern). If only the
largest matching pattern were updated it is unlikely this pattern would be seen in the future so the
new knowledge would be lost.

When a new pattern is harvested the prior pseudo-counts are set to the same values as the parent
(one size smaller) pattern. The child pattern contains all of the information of the bigger pattern so it
makes sense to initialise it to the same distribution. If the parameters were not initialised in this way
then harvesting new patterns on the fly could worsen performance as the information already learned

about a smaller pattern would be masked by the bigger pattern.

Hierarchical Gaussian Model

We also applied the hierarchical Gaussian pattern prior on the value of a move as described in Section
3.3. Under this model the value y of a move has a Gaussian distribution: p(y) = N (y; u, 02). In order
to obtain the desired distribution over the binary logical value, d(l), of a game tree node we use the

conditional distribution to link the two models:
p(d)ly) = T((y > 0) Ad(l)) + I((y < 0) A=d(l)). (4.14)

That is, we observe the constraint that the value of a move generating a TRUE node is greater than
zero and the value of a move generating a FALSE node is less than zero. Inference is performed as
described in section 2.4.2. Again it is possible to propagate beliefs from the search tree after search

termination whether or not the corresponding node was actually solved.

4.5 Experiments

Proof-Number Search and Probability Propagation were applied to the task of solving a set of Go tesuji
capture problems which we know in advance all have a TRUFE solution. The problems we used for
these experiments are available at http://t-t.dk/madlab thanks to Thomas Thomsen. A disproof
criterion was defined based on the liberty count of the goal stone. The goal function was set as

TRUE if goal vertex empty (the target stone has been captured),
B TRUE if the goal vertex can be captured in a ladder,
gln) = FALSE if liberties of goal > L,
UNKNOWN otherwise
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Figure 4.9: Comparing the problem solving speed of Proof-Number Search with Probability Propaga-
tion on a set of 190 tesuji Go problems. Top: Time taken to solve each problem. Bottom: Number
of nodes developed in order to solve each problem.
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The liberty disproof cut-off, L, was initially set to 1. If search terminates with value FALSE then L
was incremented and the search repeated. This process is repeated until the search terminated with
value TRUE. Note that we included a ladder solver in the evaluation function which meant the search

algorithm did not have to explore the ladders. This greatly improved performance.

4.5.1 No Knowledge

Firstly the performances of Proof-Number Search and Probability Propagation with an ignorant prior
(p(d(l)) = 0.5, 1 € F) were compared on a set of 190 Go capture problems (see Figure 4.9). In most
problems the two algorithms perform similarly as discussed in Section 4.3.2. These 190 problems
were a subset of our total set of 434 problems. Of the rest of the problems either one or both of
the algorithms failed to solve them before time out. Probability propagation could solve 4 problems
that Proof Number Search could not solve and Proof Number Search could solve 9 problems that

Probability Propagation could not solve.

4.5.2 Batch Learning

In a second set of experiments we included additional problems that could not be solved by either
algorithm before time out. The problems were randomly divided into a training set (289 problems)
and a test set (145 problems). The pattern table was initially empty. During learning the searcher
harvested patterns continuously into two separate tables: one for attacker moves and one for defender
moves. The prior distribution for each new leaf node was assigned using one of the surrogate models
described in Section 4.4.2, using the patterns to determine the parameters of the models. Learning
was carried out by updating the posteriors over the parameters of the surrogate models after search
termination by propagating beliefs to the nodes.

A time-out of 120s was set for each problem. The searcher iterated over the training set re-
attempting problems that previously failed until as many problems as possible were solved. The result
plots are generated by timing the solver on the test set using the parameters learned by training and
separately timing the solver for the prior settings of the parameters. Time is used for comparison so
additional cost associated with pattern matching and inference is taken into account. Problems that
are solved after learning but could not be solved before learning are labeled as crosses on the plots.
Problems that could be solved before learning but not after learning are labeled as circles on the plots.
The dots correspond to problems that could be solved both before and after learning. Problems that

could be solved neither before or after learning are omitted.

Beta Prior

The Beta model was tested (Figure 4.10) with three different initial settings for the prior parameters
(oo and Bp). In these experiments the surrogate models were updated after search termination for
nodes which were found to be TRUE and FALSE only, not for nodes which remained UNKNOWN.
Learning improves the speed of problem solving, often by orders of magnitude. However, there are a
number of problems which fail after learning but were able to be solved without learning. This is a
cause for concern: the learning actually seems to worsen performance on unseen problems in many
cases. This suggests that the Beta-Pattern model as it stands is a poor model of the value of moves

in tactical search trees.
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Figure 4.11: Two example patterns matching for a position in a search tree generated by one of the
problems in the test set. The goal is to capture the marked chain. Left: The correct move, the pattern
parameters (learned from problems in the training set) are « = 1 and § = 39. Right: An incorrect
move, with a = 15 and 8 = 8 (leading to an incorrect prediction that this is a good move). Note that
in these cases important information is ignored because of the small size of the pattern templates.

The reason for this state of affairs is that the patterns that match are frequently small and do not
contain enough information to correctly distinguish between good and bad moves because important
stones are beyond the pattern template. As an example Figure 4.11 shows two screenshots of a position
from one of the search trees (the goal is to capture the chain of three white stones marked with a red
cross). The position on the left is labeled with the pattern template corresponding to the largest
matching pattern for the correct move to solve this problem. For this pattern, a = 1 and § = 39 so
this move is ranked low and therefore not explored until the searcher has wasted a great deal of time
on other parts of the search tree. Clearly this decision is based on too little context which does not
take into account the surrounding white chains. The right position shows a template corresponding
to the largest pattern matching for a wrong move. This pattern has o = 15 and § = 8 and leads
the search in this direction. This pattern is also too small to make good predictions. Perhaps it is
important to take account of the uncertainty due to the fact that our predictions are based on only
small local contexts if this system is to generalise well.

One ad-hoc scheme which we used to attempt to address this issue was to initialise the pseudo-
counts of the beta distribution (ap and fg) to higher values which corresponds to setting the prior
distribution to be strongly peaked around p(d(l) = TRUE) = 0.5. This slows down learning and makes
the probabilities returned by the model close to 0.5. Since we know that Probability Propagation
performs similarly to Proof Number Search on tactical problems with a prior setting of p(d(l)) = 0.5
this should mean that there are fewer problems which fail after learning. Figure 4.10 (middle) shows
the performance of the model for ag = By = 100. Figure 4.10 (bottom) shows the results of using the

following setting (where i is the pattern size):

100,000 x 10~%  for i < 5

Qg = Po .
1 otherwise.
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This has the effect of pinning the small patterns to give the prior p(d(l)) = 0.5 but allowing the large
patterns to change their values more. This improved the results. However, more principled model
improvements were required - hence the adoption of the hierarchical Gaussian prior.

Hierarchical Gaussian Model

The hierarchical Gaussian model performs somewhat better (Figure 4.12). The top plot corresponds
to an initial setting of zero previous observations (the backward messages are initialised to be uniform
distributions (see Section 3.3). Recall that the hierarchical Gaussian model produces a Gaussian
distribution over the continuous value of a node which is then used to produce a distribution over its
binary value by observing a sign constraint (equation 4.14). The bottom plot shows the result of an
experiment where each time a new leaf node was added to the game tree (and its prior assigned using
the hierarchical model) an initial soft pseudo-observation of the value of y; is added by performing a
single update as described in Section 3.3 for a Gaussian belief p(y;) = M (y;,0,0.5). This was intended
to produce the same effect as initialising the pseudo-counts of the Beta distribution and ensures that
if few observations have been made of the large patterns then p(d(l)) is close to 0.5.

Learning from Uncertain Nodes

The next set of results (Figure 4.13) compares the effect of three different update schemes (using the
Beta Model with g = 8o = 1):

1. Learning only from nodes proved TRUE (top).
2. Learning from nodes proved TRUE or FALSE (middle).

3. Learning from all nodes when each search terminates. The approximate posterior is found
by (4.13) for the beta model. This corresponds to Assumed-Density Filtering (Minka, 2001)
(bottom).

The performance seems to be better the more information we extract from the search trees during
training. If only proof information is extracted (the top plot) then the resulting system generally per-
forms extremely poorly, perhaps because the knowledge learned about each pattern is biased towards
proof rather than disproof. If disproof information is taken into account then performance is much
better (middle plot). The performance is improved slightly more by updating the surrogate mod-
els based on evidence propagated to all nodes, even those that are not actually proved or disproved
(bottom plot).

4.5.3 Online Learning

A natural application of this work is an on-line learning setting: the searcher solves (or tries to solve)
a set of problems while simultaneously learning. The experiment was set up as follows. 400 Go
problems were (roughly) ordered by their difficulty, with more difficult problems at the end and easier
problems at the start. The searcher tried to solve each problem. Again the time-out was set at two
minutes. When each search terminated (due to a solution being found or due to time-out), beliefs
were propagated to the surrogate models and the parameters were updated. The hypothesis is that
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observations made in earlier (simpler) problems should help in solving later (more difficult) problems
and the system should be able to ‘bootstrap’ as learning progresses.

Online learning experiments were carried out for the Beta model and the hierarchical Gaussian
model for the best prior settings found in the Batch experiments. The results are shown in Figure
4.14. There is evidence that the searcher can become significantly faster by learning as it solves the
problems. However there are a number of problems from the training set that could not be solved
despite the shaping effect of starting with simpler problems. Also, as we saw with batch learning,
some of the problems could be solved before learning but not after learning.

4.6 Conclusions

Probability Propagation explores a similar number of nodes as Proof-Number Search in order to
solve Go tesuji problems. Domain knowledge can be used to improve the speed of search by adding
prior distributions on the logical values of the leaves of the search tree. The models which provide
these distributions are surrogates for the unexplored parts of the tree. We performed experiments
where exact pattern matching (as described in the previous chapter) was used to determine which
parameters are shared between these surrogate models depending on the board position local to the
move corresponding to the leaf nodes in question. Two of the models introduced in the previous
chapter were used: the Beta distribution and the hierarchical Gaussian model. The hierarchical
Gaussian model performed better as it is capable of properly taking into account the uncertainty in
the value of infrequently seen patterns.

Unfortunately, there were a number of Go problems in the test set which took longer to solve
with the learned values for the parameters than with the prior values, even with the hierarchical
Gaussian model. This suggests that model improvements are necessary. Perhaps the situation could
be improved by the addition of extra pattern features, specific to the search task. A second, and
perhaps more serious, cause for concern is the assumption of independence between child values made
by the Probability Propagation model. This leads to large, unrealistic, values being taken on for the
probabilities of internal game tree nodes and this forced us to adopt a log-odds representation to
prevent numerical overflow. In Chapter 6 we will discuss models which turn the problem of game tree
search on its head. Rather than considering a deductive model where we wish to infer the probability
of the root node being TRUE or FALSE depending on evidence from the leafs, we instead consider
models that assume that the values of nodes are determined by an inductive process. That is, the
distribution over the value of a node acts as the prior on the values of its children. This alternative

view means that correlations between the values of children of nodes can easily be modelled.
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Figure 4.12: Time taken to solve Go problems - Probability Propagation before and after learning.
Hierarchical model. Top: Uniform prior. Middle: Initial pseudo-observation ~ A(0,0.5).
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. Learn from TRUE nodes only: mean speedup factor=0.721
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problems each bar graph corresponds to. The problems are grouped in sets of 100 each with each
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of problems in that subset that could be solved after learning but not before. The red bar on the
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of —2 indicates that the searcher was faster by two orders of magnitude after learning. Top: Beta
model, prior pseudo-counts function of pattern size (Figure 4.10 (bottom) shows the performance of
this model in the batch learning setting). Bottom: Hierarchical model with initial pseudo-observation
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CHAPTER 5

BOLTZMANN MACHINES FOR
TERRITORY PREDICTION!

|
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Figure 5.1: Board position from a game at move 80. We wish to model the probability distribution
over final territory outcomes given a position such as this one.

We have seen that it is possible to learn from game records how to predict the moves of expert Go
players. Game records contain another source of information that we have not yet exploited: the final
outcomes of the games. When a game is finished, each point on the board is labeled as belonging to
white or black so the game can be scored. This point-wise territory outcome yields a great deal of
information about each of the game positions encountered during the game. Firstly, it tells us the life
and death status of all stones on the board. If a stone ended up as part of the opponent’s territory
then that stone must have been captured by the end of the game so must be dead. If a stone ends up

I This chapter builds on work done in collaboration with Thore Graepel and David MacKay and was presented at the
Neural Information Processing Systems conference (Stern et al., 2004). Iain Murray provided the generalised version of
the Swendsen-Wang algorithm.
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as part of territory of its own colour then the stone must be alive (that is, not captured). Secondly,
the territory outcome provides an observation of the strength of a chain of stones on the board. Go
players use the word thickness to refer to the extent of the influence exerted by a group because of
the combination of its strength and location. If an isolated chain of stones ends up part of a large
region of territory then we can say that it is plausible it had a lot of thickness. The Japanese word aji
refers to the influence of a stone because of the uncertainty about its effect in the rest of the game.
If a group that appears weak and surrounded by opponent chains goes on to become part of a region
of territory of its own colour then it can be said to have had aji. Thirdly, the final territory outcome
partitions the board position into a set of groups. In Section 1.1.2 we defined a group as a set of chains
of stones connected to common eyes. Using the notion of the final territory outcome we can generalise
this concept to earlier stages of the game when the stones are not actually yet connected: we define a
group as the set of stones within a contiguous region of a single colour in the final territory outcome.

In traditional computer Go programs, the final territory outcome of a game is estimated by first
predicting which chains of stones are alive or dead and then determining how much territory each
living chain represents (Muller, 2002). The second task may be achieved by an influence function
(Zobrist, 1970) which is an iterative method that first assigns positive values to a player’s stones and
negative values to the opponent’s stones and then propagates influence. At each iteration the new
value of each point on the board is calculated as its current value plus the number of neighbors of the
same sign minus the number of neighbors of the opposite sign. Mathematical morphology has also
been applied to the task of estimating territory (Bouzy, 2003). These approaches have been improved
on by training a neural network to predict the final territory outcome at each point of board positions
taken from expert Go games (van der Werf et al., 2004). This method treats the territory outcome of
each board vertex as an independent event which seems simplistic but the system benefits from being
able to be automatically tuned from records of expert games.

In contrast to these earlier techniques we wish to obtain a full probability distribution over the
territory outcome at each point on the board and we train the parameters of this distribution from
positions in game records in conjunction with the true final territory outcomes of those games. This
distribution contains a great deal more information than that provided by an influence function because
it captures the correlations (both positive and negative) between the outcomes at different points on
the board and by properly quantifying the uncertainty about the final territory outcome we open up
the possibility of using this system as a component within a larger probabilistic model.

5.1 Territory Prediction

We denote a board configuration by the vector ¢ € {black,white,empty}NXN where each element,
¢y = ¢(?), corresponds to the colour of the board at a particular vertex. At the end of a game the
point wise territory outcome is determined (as described in Section 1.1.2) and this is denoted by the

score vector s € {+1, =1}V

where sz = s(7) so, again, each element corresponds to a board vertex.
We score from the point of view of black so elements of s that have the value +1 represent black
territory and elements with value —1 represent white territory. Neutral territory is ignored. Here, as
discussed in Section 1.1.2, we are using the Chinese method of scoring where the stones of each player

as well as the surrounded empty regions count towards their territory. The distribution we model is

p(slc),
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that is, the distribution over final territory outcomes given a particular board position from any stage
of the game. This model would have a number of applications as a component within a Go playing

program.

5.1.1 Evaluation Function

With a distribution over plausible territory outcomes given the current position we can produce an
evaluation function, the simplest being derived from score at the end of the game which, using Chinese
scoring from the point of view of black, is given by Spjack = Zve/\/ sg. One possible evaluation function

would be the expected score:

Uscore(c) = <Sb1ack>p(s‘c) = <Z 51’)‘>

VEN  / p(sle)

Another evaluation function that is probably better (if we assume, as strong human players do, a win

by 1 point is just as good as a win by 10 points) is given by the probability of winning from the current
uwin(c) =p <<Z Sf;) > 0) .
TeEN

As explained in Section 1.1.2 the fate of stones depends on the other stones they are connected to

position:

5.1.2 Connectivity

and ultimately it is determined by whether a group of connected stones can become connected to two
eyes. The connectivity, C' (¢, 73, ¢), between two locations on the board could be estimated by the

correlation between the territory outcomes at the points in question:
<(SU1 - <SU1>) (802 - <8172>)>

s = G5 {(oss = t5e)?)

where the expectations are taken under the distribution p(s|c). Determining which stones are connected

C(Ul,ﬁg,c) =

would be useful for building a structured representation of the board and for solving life and death
problems.

It would also be useful to determine for which pairs of vertices the function C(%7, 75, ¢) takes on a
negative value. The Japanese refer to this as miai meaning situations where a player has two mutually

exclusive options and if one player takes one option the other player will take the other.

5.1.3 Group Safety

The safety of a group of stones on the board can be modeled using the distribution over territory
outcomes. If we denote a group of interest by N C N and let the vector § represent the territory
outcome for each vertex in A then a model of the safety of each element of this group for black is

given by the marginal distribution

pBle) = Y plsle).

{35:176./\/\./\7}
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Figure 5.2: Factor graph for the Boltzmann territory prediction model for a 3 x 3 Go board. This
picture does not show the current board position c.

5.2 Model

5.2.1 Framework

The model we propose for territory prediction is a conditional Markov random field (Lafferty et al.,
2001) with the grid topology of the Go board. In other words the model factorises over factors f;;
each of which connects two adjacent vertices of the board. The distribution is given by

p(slc) = Z(i ) II fitsirsiie,0),

(i,J)€E

where £ is the set of edges in the graph corresponding to the Go board (as defined in Section 1.1.2).
The factor graph corresponding to this model is shown in Figure 5.2. This model is equivalent to
an Ising model where each spin corresponds to the territory outcome at a board vertex and whose
couplings and biases are dependent on the board position.

The structure of this model is inspired by Go knowledge. In many situations, the fate of Go stones
appears to obey the Markov property along the topology of the board as assumed by the model: stone
A is connected to stone C because stone A is connected to B which is connected to C. Edge effects are
incorporated to some degree by the fact that points on the edge of the board have less connections than
those in the center. Also, if we ignore the effect of the board edge, properties of Go stones are invariant
with respect to translation across the board. We make this assumption so the same parameters 6 are
shared by all factors. If we wish to model the effect of board location we could make 6 a function
of the board location. In addition this model cannot model non-linear effects that would be taken

account of by a model with factors that covered larger regions of the board.
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5.2.2 Boltzmannb

The simplest version of the model has factors that decompose into ‘coupling’ and ‘bias’ terms as

follows:

fij(ciycj, 8,85, 0) = exp(w(ci, ¢j)sis; + h(ci)si + h(cj)s;).

The coupling w(c;, ¢;) between territory outcome nodes, s; and s;, depends on the state of the board
at the two vertices. The bias for each vertex h(c¢;) depends only on the state of the board at the point
in question. We assume that Go positions and their territory outcomes are symmetric with respect
to colour reversal so fi;(ci,c;,8i,85,¢) = fij(—ci,—¢;j, —8;, —s;,¢) and also to direction reversal so
fij(ci g, 84,85, 0) = fij(cj.¢i, 85,8, ¢). If these symmetries are taken into account the model has 5

free parameters:

® Wchains = w(black, black) = w(white, white),

® Winter—chain = W(black, white) = w(white, black),

® Wchain—empty = W(empty, white) = w(empty, black) = w(white, empty) = w(black, empty),

® Wempty = w(empty, empty),

¢ hstones = h(black) = —h(white),
and h(empty) is set to zero by symmetry. We will refer to this model as Boltzmannb. This simple
model is interesting because all these parameters can be interpreted. For example we would expect

Wehains 10 take on a large positive value to give us the ‘common fate’ property of chains, that is the

stones in a chain are all captured together or not at all.

5.2.3 Boltzmannl2

A more general model has factors of the form

fij(ciscj, 86,85, 0) = exp(w(ci, ¢, 54, 85))-

If we take account of the symmetries mentioned above we are left with 12 free parameters so this

model is referred to as Boltzmannl2.

5.2.4 BoltzmannLiberties

As stated by Lafferty et al. (2001) adopting a discriminative approach (by conditioning on the board
position rather than modelling it fully) allows us to relax the conditional independence assumptions
of the Markov random field without increasing the complexity of inference. One way this is possible
for the task at hand is by making each factor a function of features whose values are determined by
non-local aspects of the board position. As we have seen, the number of liberties of a chain is a useful
heuristic for predicting whether it will live or die, so the next version of the model we will consider
takes into account the liberty counts of the chains present at the two locations that each factor links.

The factors are

fij(8i58j7ca¢) = exp(w(ciacjasiasjalialj))
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Figure 5.3: Diagonal cluster graph for the 3 by 3 Go board example.

where I; € {1,2,3,> 4} is the number of liberties of the chain at vertex i. Again we can take account
of the symetries of Go positions which leaves this model with 78 free parameters. This model will be

referred to as BoltzmannLiberties.

5.3 Inference

We use inference to calculate the marginal distribution over the territory outcome at a single board

vertex, p(s;|c), or a pair of vertices, p(s;, s;|c). This can be achieved by a number of methods.

5.3.1 Exact Inference

The marginal distributions over the territory outcome at each vertex, p(s;), can be calculated by
variable elimination (see Section 2.1.1). The cost of this operation strongly depends on the order in
which variables are eliminated. For a grid the best order in which to sum out the variables is diagonal
by diagonal. This can be illustrated by redrawing the factor graph for the model where we combine
some of the variables together into ‘clusters’ (see Figure 5.3). The composite factors are known as
‘separators’ because they separate the variables into two sets. This ‘cluster graph’ has no cycles so we
can cast the variable elimination task in terms of the sum-product algorithm. In that case the most
expensive operation is calculating the messages from the central cluster such as (for our 3 by 3 Go

board example):

ms.,—d(Se, s8) = ZZ Z f36fs6 f58 f1s - Me—ss.4(83, 55, 57).-

S3 S5 S7
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Fortunately, the diagonal elimination order means there is only one cluster of size 3 corresponding to
the central diagonal and all of the other clusters are smaller. Therefore the expensive message needs
to be calculated only twice (once for the downward pass and once for the upward pass). Once the
marginal distribution is calculated for each cluster, the marginal distributions for the original variables
can be calculated by summing out the other variables in the cluster. For the full size Go board the
largest cluster is the full diagonal containing 19 variables.

An alternative method for determining the clusters and performing the variable elimination for a
given elimination order is provided by Cozman (2000). The algorithm proceeds by

1. Placing all factors in the graph into a pool.

2. For each variable, v;, according to the elimination order

a) Create a ‘bucket’, B;.

(
(b) Remove all densities containing v; from the pool and place them in B;.

(c
(d

)
)
) Multiply all the densities in B; to create the ‘cluster’ C; and store this in the bucket.

) Sum out v; from C; to create the ‘separator’ S; and add this separator to the pool of

densities.

After this process the pool will contain one separator density which when renormalised is the marginal
density of the last variable to be eliminated. A reverse update pass through the buckets can then be
applied which corrects the densities of each cluster so they can be used to query every marginal in the
graph without repeating the above calculation (Cozman, 2000). To calculate the partition function
the sum calculated by this algorithm for the elimination order sq S2, 54,53,55,57,56,58,59 for our 3 by 3

Go board example is

Z(c,0) o Z Z [s9 Z feo Z frs Z f56f5s Z f36 Z a5 far Z f25 f23 Z fi2f1a

Sg 88 86

whereas the sum calculated by the sum-product algorithm on the cluster graph of figure 5.3 is given

by
Z(c,8) Z Z Z fs9 feo Z Z Z fr8f56f58 f36 Z Z fas faz f25 fo3 Z fi2fia

s9 S8 86 S7 85 83 S4  S2 s1

which is slightly less efficient (if implemented naively). We used the Cozman approach for the experi-
ments here and all the marginals for a 19 by 19 Go board can be calculated in 10 minutes on a 2GHz
computer using the diagonal elimination order. This is too slow for use in a playing Go program but

fast enough to use as a benchmark to compare our other inference methods to.

5.3.2 Loopy Belief Propagation

An alternative to performing exact inference is to run the sum-product algorithm directly on the
loopy graph (Figure 5.2) with the messages being repeatedly passed around the loops in the graph.
The incoming messages to each node are stored and these are updated in an asynchronous fashion by

repeatedly sweeping over the graph. The update is ‘damped’ by updating the messages according to

miT,(n=a) = (1=A) - mih,(n=a)+ X -mfs,(n=a)
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damping is included to prevent oscillations (Heskes, 2003) and for our experiments a setting of A = 0.5

where m is the message calculated by the sum-product algorithm (equations 2.12 and 2.11). This

seemed to work well. The approximate marginals for all the nodes in a 19 by 19 Go board can be

calculated in about 0.5 seconds using loopy belief propagation on a 2GHz computer.

5.3.3 Gibbs Sampling

The standard method for performing inference on Boltzmann machines is Gibbs sampling. See MacKay
(2003) for a tutorial. We generate a Markov chain of samples, each one generated by changing the

state of a single territory node, s;, according to the probability

Hfueefsi fir(si =1, 5,¢)
"~ jer, fin(si=1sk,e) + 11 er, fir(si =0,5k,¢)°

p(si=1]s\ s;,c¢) (5.1)
where s is the state of all the territory nodes in the previous sample. At each stage the next node to be
flipped is selected uniformly at random. The first 1,000,000 such samples are disregarded as they are
assumed to be influenced by the initial setting of the states of the variables (burn in). Expectations
of single variables under the distribution p(s|c) can then be estimated by

1 n
<Si>p(s\c) = ﬁ Z{p (Sﬁ = l‘st\827c) —p(sf» = _1|st\827c)}
t=1

where ¢ is an index over samples and 7 is the total number of samples (5,000,000). Note that using the
conditional probabilities in the expectation calculation greatly reduces the number of samples needed

to obtain an accurate estimate when compared to just taking an average over samples.

5.3.4 Swendsen-Wang Sampling?

We will see that the coupling between territory outcome nodes is very strong if the corresponding
board locations are part of the same chain of stones because of the common fate property of chains.
This means that the probability of changing the state of a single node in a chain conditional on the
other nodes according to (5.1) can be very small so it may take a long time before the chain of samples
correctly represents the distribution p(s|c). In other words, Gibbs sampling mixes very poorly.

The situation can be greatly improved by increasing the complexity of the model in such a way as
to not change the marginal distribution of the nodes we are interested in while allowing much more
efficient sampling. Following Edwards and Sokal (1988) who devised this generalisation of the original
process of Swendsen and Wang (1987), we attach an extra binary ‘bond’ variable, h;;, to each factor
as shown in Figure 5.4. The new factors g;; are such that if the bond h;; is set then the variables s;
and s; must be in the same state if the coupling between them is positive or in the opposite state if the
coupling between them is negative. In this way the bonds have the effect of grouping the variables into
ferromagnetic (positive coupling) and anti-ferromagnetic (negative coupling) clusters. Let the vector

of bond variables be h. Gibbs sampling proceeds by alternately sampling from p(h|s, ¢) and p(s|h, ¢).

2Special thanks is due to Tain Murray for suggesting the generalised version of the Swendsen-Wang algorithm.
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Figure 5.4: Factor graph for the territory prediction model with Swendsen-Wang bond variables, h;;.
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The Factors

In order to produce the correct distribution we must choose the factors g;; such that if we marginalise
out the bond variables we obtain the original distribution:

1 1
Zm H gij(si,S]‘,hij,C,a):Z(c’e H fij(Si,Sj,C,a). (52)

h (i,)€E (i,J)€E

Define the ‘coupling’, K;; = fi;(1,1) x fi;j(—=1,-1) — f;;(=1,1) x f;;(1,—1) for the original factors
fij(si,s;). If the coupling K;; > 0 then the factors g;; are defined as

[hij = ‘coupled’] [hij = ‘not coupled’]
gis = [Si = —].] [Si = 1] [Si = — ] [Si = 1]
) —
[sj = —1] (1 = mij)aijbi; 0 2503505 x5 Aijbij
[Sj = 1] 0 (1 — iEij)Ai]'Bi]' mijaijBij wiinjBij

and if the coupling is negative, that is, K;; < 0 then

[hij = ‘coupled’] [hij = ‘not coupled’]
9ij = [s; = —1] [si = 1] [si = —1] [s; = 1]
[ = 1] 0 (1 = i) Cijdi; yijcijdij yi; Cijdij
[sj = 1] (1 = yij)eij Di 0 yijcijDij YijCij Dij -

To satisfy equation 5.2 we have

9ij (Sl Sj, hi]' = ‘coupled’) + gij(si, Sj, hi]' = ‘not coupled’) X fz](sz Sj)
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Figure 5.5: Comparing ordinary Gibbs with Swendsen Wang sampling for Boltzmannb. The plots
show the differences between the running averages and the exact marginals for each of the 361 nodes
plotted as a function of the number of whole board samples. Note the log scale. Left: Gibbs. Right:
Swendsen Wang

which gives us

aijbi; o fij(—1,-1),
AiiB;; o« fi;(1,1),
zijAijbi; o< fij(1, 1),
zij0i;Bi; o« fij(—1,1).

Solving for the unknowns yields

l] fz]( ’ )
zg fz]( s T ), (53)

i _ Cij fzg( ) )
Aij ij fm( -1

xij =

Q

=
T

.
S

fij(=1,-1) fij(l ~1)
fi(1,1) - fij(=1,1)

ij

ij

&
S

Sampling Update

Sampling from p(hls, ¢) is straightforward as, conditional on s, each bond is independent. We have

l—xij ifKij>0and Si = 8

0 if K;j >0and s; # s;
p(hij = ‘coupled’|s, h \ hyj,¢) = j £ 5
1-y;; if K;; <0ands; #s;
0 ifKij<0and 8; =8

so z gives the bonding probability for each pair of variables which, as can be seen from equation 5.3,
depends on the strength of the coupling between the variables. To sample from p(s|h, ¢) we note that
there are only two possible global states for each cluster of bonded variables (all nodes the same in

the ferromagnetic, positively coupled, case and all adjacent nodes opposite in the anti-ferromagnetic,
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Figure 5.6: Single Swendsen-Wang sample for Botzmann5 with bonds shown as blue lines. This sample
was for an expert board position at move 90. For each vertex, ¢, a white circle represents a white
stone (cz = white), a black circle represents a black stone (¢ = black), a black square represents black
territory (sy = +1), a white square represents white territory (sz = —1).

negatively coupled, case). We denote the vector of variables involved in a cluster by s, and the two
legal states of each cluster are given by sp, and s},. We flip each cluster in turn based on the probability

®(sh)

p(sb = sb|s \ sb, h,c) = T(s0) + ()

where @ is the cluster potential which for the positively coupled case is given by:

@(Sb) = H [aij]l(si = —1) + AZJ]I(SZ = ].)] ' [bij]I(Sj = —1) + Bin(Sj = 1)] ce
9i3(si,85,hij)ER
-[z - I(hs; = ‘coupled’) + (1 — z) - I(h;; = ‘not coupled’)]

where R is the set of factors involved in the cluster. The negatively coupled case is the same if z is
replaced by y.

Since groups of strongly correlated variables (such as those corresponding to stones in the same
chain) will tend to get grouped into a single cluster (according to equation 5.3) which is flipped as a
single step during sampling the Swendsen-Wang process mixes much faster for our model than flipping
a single variable at a time as in the usual Gibbs sampling update schedule. Figure 5.6 shows a position
from an expert game with a single Swendsen-Wang sample overlaid and the Swendsen-Wang bonds
shown. The bonded clusters do tend to roughly correspond to regions of common fate. Figure 5.5
compares the empirical convergence of the estimated marginals using Swendsen-Wang sampling with
Gibbs sampling.

Using Swendsen-Wang sampling we can find accurate marginals for every vertex of a 19 by 19 Go
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board in about 5 seconds. A burn-in of 1000 full board samples was used.

5.4 Training

Each training example in the dataset, D, consists of a mid-game position, ¢, from an expert Go game
and the final territory outcome of that game, §. The training games are a subset of the GoGoD
database and the final territory outcomes were determined automatically using GnuGo®. Not all the
games in GoGoD could be scored by GnuGo because the games were incomplete so we only used games
that could be automatically scored for our training and test data.

Bayes rule gives us the posterior distribution over the parameters given the observed territory

outcome, assuming each data point is independent:

p1s.¢) o { T »(s.el8) pp(@).

(8,6)€D

This requires us to calculate the partition function of p(s, ¢|@) for all settings of the parameters 6 under
the distribution p(f) leading to a so called ‘doubly intractable’ problem (Murray and Ghahramani,
2004). Therefore, instead of calculating the full posterior distribution we use gradient descent to
determine point estimates for the parameters that maximise one of two alternative objective functions:

mazimum a posteriori (MAP) and contrastive divergence (CD).

5.4.1 Maximum Posterior

The goal of MAP learning is to determine

argmax H p(8,¢l0) 7 p(6) = argmax Z log (p(8, €]8)) + log (p(9)) (5.4)
0 i 0
(8,8)€D (8,6)eD
= argmax Z L(8,¢,0) +log(p9)) | . (5.5)
0 (8,6)eD

where L is the log likelihood of a data point. This is achieved by gradient descent using the derivative
of the sum of the log likelihoods for each data point and the log prior. The derivative of the log
likelihood is equal to

dl(s,c,0)  d
—— 2 = delog Z H fij(si,sj,c,0) (5.6)
(71)65
= > i{logf».(s. sj,¢,0)} — d log Z(c, §). (5.7)
“— df AT df
(i,4)€E

3GnuGo is available at http://uww.gnu.org/software/gnugo/gnugo.html
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Where the differential of the log partition function is given by

Drogz(e.) = “tiogY [] fulsisyie.) (58)
df df s
s (2,
_ Z % H(i,j)GS fi]'(sivsjv(::e) (5.9)
. Z(c, ) '
d% exp (Z ij)€E log fij(siasjzcaa))
- (i-d) (5.10)
. Z(c,0)
= (S Liog fislsis5.c,0) (5.11)
— df
(i,j)€€

p(s[c)

so the derivative of the log-likelihood of all the data with respect to the parameters can be written

d N _ dlog fi;j(3:,5;,¢€,0) dlog fi;j(si,55,¢€,0)
7| 2. LEed))= <(Z df (Z df
D

(8,8)€D i,j)€E ij)€eE

p(s)¢)
(5.12)

where the expectation of the left hand term is simply the mean of its argument over the training data
and the expectation of the right hand term is calculated under the model distribution, p(s|c). This is
equivalent to minimizing the KL divergence between the data distribution and the model distribution.
To evaluate the expectation under the model distribution we must calculate the pointwise and adjacent
pairwise marginal probabilities of territory outcomes for each board position, which can be calculated
using one of the inference methods described in the previous section.

The prior p(f) is set to

p(f) = Zpta) exp (—%a%@) (5.13)
" d(logp(6)) _
= ob (5.14)

which corresponds to simple weight decay (MacKay, 2003).

5.4.2 Contrastive Divergence

A standard method for Boltzmann machine learning is to estimate the right hand term in equation 5.12
by Gibbs sampling so the resulting gradient will be a stochastic approximation to the true gradient.
A simpler alternative to attempting to find an accurate estimate of the gradient of equation 5.12 is to

calculate instead

d - _ dlog fij(8:,5;,¢,0) dlog fij(si, s;,¢,0)
G| 2. CpG.es) )= <(Z a9 (Z a9
D qt

(8,6)€D i,j)EE i,j)EE

(sle,$)
(5.15)
where the expectation of the second term is calculated under an approximate distribution ¢; . Each
sample from ¢, is calculated by simply initialising all the territory variables, s, to the observed data, §,
and then running the Gibbs sampler for ¢ steps (Hinton, 2002), using the final sample in the Markov

chain. The parameter, t, is typically set to 1. By performing gradient descent using (5.15) we are
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attempting to minimise an objective function called the ‘contrastive divergence’ which intuitively
we can think of as a stochastic measure of the degree to which Gibbs sampling under the model
distribution tends to cause the state of the model variables to diverge from the data. Training the
model by minimising contrastive divergence with ¢ = 1 while using Swendsen-Wang sampling to
perform the Gibbs step and the adaptive meta descent scheme described below to perform the complete
optimisation is roughly 1,000 times faster than fitting the model by MAP although, as we will see in
the results section, the performance of the resulting system is slightly poorer. For the contrastive

divergence experiments a weight decay setting of e = 0.001 was used.

5.4.3 Gradient Descent Methods

If a deterministic method is used to estimate the gradient (5.12) (either loopy belief propagation
or exact variable elimination) then we used a version of the conjugate gradient descent procedure
which only requires gradient information in order to determine the optimal parameters?. This method
performs poorly when the gradient is stochastic so we used an alternative adaptive gradient descent
scheme where Gibbs sampling was used to estimate the gradient for MAP or CD learning. In that

case the parameters were updated at each iteration n according to
0?“ =046 V7

where V; is the gradient with respect to parameter ; and d; is the step size, and there is a separate
step size for each parameter. The step size is adapted according to ALAP (Almeida et al., 1998):
-1
5n+1 =6n+'yv?v?

n

where 7 is also adapted according to
=+ (1 - )V VT

The meta-descent parameters are set to p = 0.9 and v = 0.01.

5.5 Results

5.5.1 Learned Parameters for Boltzmannb

Table 5.1 gives the values of the parameters of the Boltzmann5 model after it was trained using MAP
for 290 expert game positions. Separate experiments were performed for three game stages: move 20,
move 80 and move 150. As expected, Wepains takes on a high value which corresponds to a strong
correlation between the plausible territory outcome of two adjacent vertices in a chain of connected
stones. This is due to the common fate property of chains. The value of wempty is also interesting
(corresponding to the coupling between territory predictions of neighboring vertices in empty space)
which is close to the critical coupling for an Ising model, 0.441. Perhaps this is because an Ising model
close to the critical temperature has clusters (contiguous spins all in the same state) of a similar size to

typical regions of contiguous Go territory. If the temperature was too high then only small contiguous

4Macopt by David MacKay: http://www.inference.phy.cam.ac.uk/mackay/c/macopt.html.
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parameter move 20 move 80 move 150

hstones 0.271 0.265 0.235
Wempty 0.406 0.427 0.496
Wchain—empty 0.410 0.442 0.426
Wehains 1.866 2.740 2.976
Winter—chain 0.490 0.521 0.429

Table 5.1: Parameters learned for Boltzmann5 using maximum likelihood training (using Swendsen-
Wang sampling for inference).

regions of territory would be possible (too small to contain two eyes and live) and if the temperature
was too low then this would mean that with high probability the board would either be all white or
all black territory (quite unlikely in Go). The positive value for the stone bias, hstones, Simply means
that a stone is more likely to live than to die in the expert positions. This positive stone bias will be
counteracted in cases where a chain is surrounded by opponent stones because of the positive value
of Winger—chains Which is the tendency for a chain to have the same territory outcome of a neighboring

chain — i.e one chain survives at the expense of another.

5.5.2 Territory Prediction Performance
Territory Predictions

Figure 5.6 shows a single sample from the distribution over territory outcomes under the Boltzmannj
model generated by the Swendsen-Wang technique. The Swendsen-Wang bonds are also shown. This
sample represents a hypothesis about what the final territory outcome of the game might be. The
contiguous regions of the same colour within the territory prediction have a similar typical size to
typical regions of territory in Go and the Swendsen-Wang bonds appear to cluster together regions
which we might consider to have approximately common fate (due to stones becoming connected in
the future). All connected chains of stones form single clusters. In general, more stones are alive than
dead.

Figure 5.7 shows board positions labeled with the expected pointwise territory outcome under the
3 models introduced in this chapter (Boltzmann5, Boltzmann12 and BoltzmannLiberties).

Go players confirm that the territory predictions seem plausible. The common fate of chains is
predicted correctly and chains that are more surrounded by opponent chains are more likely to be
dead whereas chains with many liberties or with plenty of space are predicted to be alive. Comparing
the figure for BoltzmannLiberties with the other Boltzmann models shows that the liberty information
allows the model to correctly identify which of the two competing small chains in the bottom right of
the board is dead.

The (non-probabilistic) territory prediction from the commercial Go program ‘The Many Faces of
Go’ is also included for comparison (Fotland, 1993). However, it is difficult to objectively evaluate the
territory prediction performance of the Boltzmann models against the one provided by this program
as the ‘Many Faces of Go’ prediction is only available graphically. At any rate, I don’t believe we
would benefit much by comparing with other Go program’s territory predictions as none of these
predictions represents ground truth and it is unclear how accurate they are in the first place. The

types of predictions produced by these programs will depend on how they are used to generate moves,
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BoltzmannLiberties Many Faces of Go

Figure 5.7: Comparing territory predictions for a Go position from a professional game at move
90. The circles represent stones. The small black and white squares at each vertex represent the
average territory prediction at that vertex, from —1 (maximum white square) to +1 (maximum black
square). Exact inference was used for the Boltzmann models (this takes 10 minutes per position but
indistinguishable results can be achieved in 5 seconds per position using Swensen-Wang sampling.)
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Boltzmann5 (Exact) Boltzmannj (Loopy BP)

Figure 5.8: Comparing territory predictions for a Go position using different inference methods from
a professional game at move 90. The circles represent stones. The small black and white squares at
each vertex represent the average territory prediction at that vertex, from -1 (maximum white square)
to +1 (maximum black square).

and they will be tuned for that purpose rather than to accurately predict the final game outcome.
Also, none of these programs produces a probability distribution over territory outcomes, only a point
estimate. Therefore, for the rest of this chapter we use the predictive probability of ground truth (the

actual territory outcomes of test games) to evaluate the different models.

Comparing Models and Inference Methods

Figure 5.8 compares the territory prediction when calculated exactly for the Boltzmann5 model (left)
with the territory prediction when inference is performed using loopy belief propagation (right). In
general loopy belief propagation tends to give marginals which are polarized towards +1 or —1. This
‘over-confidence’ (lack of uncertainty) is a known side-effect of loopy belief propagation (Weiss, 1998).
The over-confidence is more prominent in regions of the board where fewer stones are present (for
example see the top right of the board) and less prominent in regions where more stones are present
(bottom left of the board). The parameters for the loopy BP results were trained by MAP, using loopy
belief propagation for inference.

Figures 5.9 and 5.10 show the log predictive probabilities of the territory outcomes for a set of
expert games. Since the performance of Boltzmann5 and Boltzmannl2 appeared nearly identical,
Boltzmannl2 was not considered further. Figure 5.11 shows the results of the same experiment as
Figure 5.10 but where each data-point used to generate the plot is the per-position mean of the log
probabilities of the territory outcomes. For all the predictive probability plots we see that as we
progress through a game, predictions unsurprisingly become more accurate but (at least when we
take the per-position means) the variance of the accuracy increases, possibly because of the incorrect
assessment of the life and death status of groups of stones. Swendsen-Wang performs better than

loopy belief propagation which suffers from over-confidence although this difference becomes smaller
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Figure 5.9: Log predictive probability of the territory outcome at each vertex of 327 unseen Go
positions, p(s?|c?) where d is an index over data points. The horizontal lines in the boxes show the
lower quartile, median and upper quartile. The whiskers extent to the most extreme data point. 3
board positions were analysed for each game (move 20, 80 and 150). The Boltzmann5 (B5) and the
Boltzmann12 (B12) models are compared and found to have near identical performance. The horizontal
line across the plot is at —In(0.5) = 0.69, the probability of the outcome if guessing randomly.
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Figure 5.10: Log predictive probability of the territory outcome at each vertex of 327 unseen Go
positions, p(sf\cd). The horizontal lines in the boxes show the lower quartile, median and upper
quartile. The whiskers extent to the most extreme data point. Sampling is compared with loopy belief
propagation. 3 board positions were analysed for each game (move 20, 80 and 150). The Boltzmann5
(B5) and the BoltzmannLiberties (BLib) models are compared. The horizontal line across the plot is
at —In(0.5) = 0.69, the probability of the outcome if guessing randomly.
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Figure 5.11: Each data-point is the per-position mean of the log predictive probability of the territory
outcomes at the vertices of 327 unseen Go positions, v > scn P(5¢/c?). The horizontal lines in the
boxes show the lower quartile, median and upper quartile. The whiskers extent to the most extreme
data point. Sampling is compared with loopy belief propagation. 3 board positions were analysed for
each game (move 20, 80 and 150). The Boltzmann5 (B5) and the BoltzmannLiberties (BLib) models
are compared. The horizontal line across the plot is at — In(0.5) = 0.69, the probability of the outcome
if guessing randomly.

in the later stages of the game when there are more stones present on the board. BoltzmannLiberties
performs slightly better than Boltzmann5 (when using Swendsen-Wang for inference) according to
Figure 5.11 and the variance of the predictions made by BoltzmannLiberties is smaller. The difference
in performance between the two models increases at the end of the game when liberty counts become
more important for assessing group safety.

Figure 5.12 compares the performance of the Boltzmann5 and BoltzmannLiberties model on move
80 for parameters trained using MAP with those trained using contrastive divergence. The Gibbs
reconstruction step in contrastive divergence was performed using one full board Swendsen-Wang
iteration. Minimising contrastive divergence is about 1,000 times faster but the results appear slightly
worse with higher variance. Recent work has shown that it would probably be possible to improve
performance by increasing ¢ as the gradient descent proceeds so that we will gradually home in on the
MAP solution (Salakhutdinov et al., 2007).

5.6 Move Prediction

We can obtain a probability distribution over moves by choosing a Gibbs distribution with the negative

energy replaced by one of the evaluations given in Section 5.1.1:

pBu(m(7.c).6)
Yier(c €m0

p(v],0,H) = (5.16)

where the function m : NV x CN*N — ¢NxN

returns the new board position generated by applying
a move to a board position. Directly applying the Boltzmann machine trained to predict territory

in expert games to provide the evaluation function u for equation 5.16 resulted in very poor move
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Figure 5.12: Per position mean log predictive probability of the territory outcomes at the vertices of 327
unseen Go positions, xix Ygen P(s%c?). Boltzmann5 (B5) is compared with BoltzmannLiberties
(B78) for two different training methods (maximum likelihood and contrastive divergence (CD).

Figure 5.13: Stone life overconfidence example. This shows how the non-expert black move leading
to the position on the right leads to the model predicting too much territory resulting from this black
stone. The area of each square is the magnitude of the expected territory outcome at that vertex
(€ [-1,1]) and the colour gives the sign.
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prediction performance. Since the model is trained to predict the final territory outcome given game
positions from ezpert games there is a selection bias which leads to poor prediction of the territory
outcome given a non-expert mid-game position. To be precise, the model is over-confident about the
survival of stones on the board because experts tend to place stones such that they will live (so most
stones in expert games do live) but if a stone is placed in a random location on the board then the
chance of survival should be much smaller. Figure 5.13 gives an example where a black stone is placed
in a location where it is likely to be captured and will not produce any territory. Here, the model is
overconfident about its safety because it has learned that most stones live (as is the case if experts
place them). Most of the positions generated to normalise equation 5.16 are not expert positions so

the move prediction performance is poor.

5.7 Discussion

A simple Markov random field model can capture a number of the characteristics of plausible territory
outcomes. In samples generated by the model the typical size of contiguous clusters of territory of
the same colour are of a similar size to clusters of territory found in real games. Each chain of stones
tends to fall within the same territory cluster as suggested by the common fate of chains. Also, the
models are capable of predicting the life and death of stones in simple cases.

A number of model improvements are possible. The local factors could be conditioned on larger
areas of the board position, rather than just the vertices corresponding to the points in the territory
outcome these factors are responsible for. Also the model could be conditioned on more features in
addition to liberty counts. These improvements could be made without increasing the complexity of
inference and the efficient Swendsen-Wang sampling method could be applied. Sanner et al. (2007)
combined the pattern system explained in Chapter 3 with the simple Boltzmann machine models
of this chapter, using the patterns to determine the bias factors. The slow speed of learning in
Boltzmann machines was not a serious problem for the models presented in this chapter as they have
few parameters (shared across the factors) so few training games are needed. When using patterns
to determine the biases, far more parameters must be tuned so more training games are needed and
learning takes too long. To address this issue Sanner et al. (2007) made use of the pseudo-likelihood
training method and another local training method (‘piecewise’ learning), both of which which resulted
in quite poor performance (worse than the models presented in this chapter, despite having orders of
magnitude more parameters). A possible future work direction would be to use Contrastive Divergence
learning with Swendsen-Wang used for the reconstruction step to train the models presented by Sanner
et al. (2007). 1 believe this would allow far more training data to be used in a given time so models
with more parameters would work better.

Another way the model could be improved would be to increase the size of the factors (that is,
making them a function of the territory outcomes at more than two adjacent vertices) which would
allow the model to capture non-linear local effects. This would make inference more difficult. Adding
hidden units would be another way of improving the representational power of the model, perhaps
adding a number of layers and moving in the direction of Deep Belief Networks (Hinton et al., 2006).

These model improvements might allow the model to predict the life and death of Go stones more
accurately. However, one property of samples generated by these models would remain: there is no
guarantee that they will be legal hypotheses. A ‘group’ of connected Go stones corresponds to a set

of stones within a region of contiguous territory of the same colour in the final game outcome. For a
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group of stones to survive they must be connected to at least two eyes. However, as can be seen in
Figure 5.6, there are clusters of contiguous regions of territory which are too small to contain two eyes
so the corresponding groups of stones would have been captured and become part of the opponent’s
territory. As pointed out by van der Werf (2005), the final territory outcome and the life and death of
chains of stones depend on each other. The life and death status of stones determines which stones will
belong to each player and hence is the starting point for predicting the territory outcome. However, the
territory prediction itself implicitly predicts which stones are grouped together into entities (groups)
for which we can count eyes and thus predict life and death.

It is difficult to write down a probabilistic model that correctly models life and death (in the
sense that every hypothesis is legal) and that is purely static in the sense it does not explore the
game state space. In the next (and final) Chapter we consider a class of models that can predict the
final outcome of games by quite a different approach. Rather than building complex models that are
able to statically value a position, we generate samples from the probability distribution over final
outcomes by stochastically generating the sequence of moves from the current position to the end of
the game. Since the sequence of moves must be legal, every hypothetical final territory outcome will
be legal. Even the simplest version of these so called Monte Carlo planning techniques (Briigmann,
1993) can predict the life and death of Go stones surprisingly accurately and according to Sanner et
al. (2007) gives a better trade off between computational cost and accuracy than simple Boltzmann
machine models such as the ones discussed in this chapter. In the next chapter we apply Monte Carlo

techniques to move selection.
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CHAPTER 6

MONTE CARLO PLANNING

|
A
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Figure 6.1: The positions displayed at the top of each chapter are from a famous game played in 1846
between Shusaku (black) and Gennan Inseki (white). Gennan was 50 years old and one of the most
famous Go players in Japan, while Shusaku was just 17 years old. The isolated black stone in the
center turned the game around and has become known as the ‘ear-reddening move’. Many people were
watching this match, mostly disciples of Gennan. A doctor who was present recalled the moment when
that crucial stone was placed on the board: ‘I don’t know much about the game, but when Shusaku
played, Gennan’s ears flushed red. This is a sign he had been upset.” (Hollosi and Pahle, 2007)

This chapter returns to the task of move prediction. However we now consider the task of choosing
the best move in a game rather than predicting the play of human Go players. In the previous chapter
we considered models which can predict some aspects of the final territory outcomes of games well.
However, these models would have to be made much more complex in order to accurately predict the
life and death of Go stones and for this reason they would not correctly score a final board position.
An alternative method to obtain samples from the probability distribution over final game outcomes
which guarantees that each sample is legal is to play the game forward from the current position ¢ to
the very end using some stochastic policy for each player. This is called a ‘playout’ or ‘rollout’. The

final territory outcome of this game, s, is a sample from p(s|c) and this distribution is determined by
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the policy used to play each rollout. If this policy is determined from evidence gathered from previous
rollouts, that is, moves are chosen which have been seen empirically to lead to more victories, then the
system may be able to ‘bootstrap’ itself to play stronger and stronger and this is the principle behind
the ‘Upper Confidence applied to Trees’ (UCT) algorithm by Kocsis and Szepesvari (2006) which has
recently been applied to Go with a great deal of success (Gelly et al., 2006). This chapter presents
some initial experiments which evaluate a selection of Bayesian alternatives to UCT on artificial game
trees. I have not yet applied these ideas to Go. A possible advantage of using a Bayesian approach to
this problem is that it would enable the principled addition of domain knowledge by the assignment
of prior distributions on the values of moves and positions. I present some initial experiments on the

effect of including prior knowledge in these algorithms.

6.1 Monte Carlo Planning

In general we are interested in selecting actions in Markov Decision Problems (Sutton and Barto,
1998) with large state spaces and delayed rewards. In each state, s € S, a number of actions (moves),
a € A(s) are available. Here we are concerned with deterministic processes with a transition function
m : S x A(S) - S. We define terminal states, t € 7, 7 C S to be states where no actions are

available, that is, A(t) = . We define the reward function 7 : S — R as

r(s)—{ I(s) ifseT

B 0 otherwise

so only terminal states are associated with rewards. In the simplest case of a game with a win/loss

outcome the terminal function [ : T — R may be defined as

l(s):{ 1 for win

0 for loss

Alternatively the terminal function may return the game score. The policy, 7(s, a), defines a probability
distribution over actions in a given state, i.e, 7(s,a) = p(als), s € S, a € A(s). Monte-Carlo planning
is concerned with selecting the best action in a given state by sampling from the state space where
each sample is one path from the starting state to the terminal state (a rollout) according to a policy

.

6.1.1 Uniform Monte-Carlo Planning

The simplest method is to use a fixed uniform stochastic policy: 7(s,a) = m for all states and
to value a state by running a number of rollouts and taking the mean of the observed rewards. If
the set of rewards observed in rollouts from a given state, s, is X(s) then the value of a state,
Vis) = ﬁzzex(s)m. After the algorithm is terminated (after some time) the values of the
states can be used for action selection. This technique was applied by Briigmann (1993) to Go with
surprisingly good results considering the size of the state space. We refer to this algorithm as Uniform
Monte Carlo Planning (UMC).
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6.1.2 Upper Confidence applied to Trees

‘Upper Confidence applied to Trees’ (UCT) (Kocsis and Szepesvari, 2006) also estimates the value
of each state as the mean value of the rewards observed in rollouts from that state. However, the
policy is adapted according to observations made in previous rollouts. For each state s we store
ns, the number of times the state has been encountered so far and Rs = ZxEX(s) z, the sum of
the rewards received by rollouts passing through state s. The (deterministic) policy is given by
m(s,a) = I(a = argmax , ¢ 45 {V (m(s,ai(s)),s)}). The utility of moving to a state ¢ is given by
V(q, s) where s is the previous state. This utility is defined as V' (g, s) = nLqRq + c(ng,ns) where ns
is the number of times the previous state in the Markov chain has been seen which is equal to the

number of times state ¢ has been available as a choice. The bias, ¢, given by

2lnn

clng,m) =[5
which ensures that confidence bounds are satisfied about the accuracy of the state value and hence
ensures adequate exploration. Essentially, each decision is treated as a separate multi-armed bandit
problem, where each move is a separate arm and the actions are chosen such as to balance exploration
(determining which arm is actually best) and exploitation (reaping rewards by choosing the arm
currently believed to be the best). After each rollout the values Rs; and n, are updated for each state,
s, encountered along the way. By adapting the policy in this way the rollouts concentrate on promising
lines of play and eventually the value of each state will converge to its minmax value. For certain state
spaces (the target applications of UCT) action selection with very low error rates may be possible
after far fewer iterations than would be needed to perform an alpha-beta search as we demonstrate

empirically in Section 6.2.3.

6.2 Synthetic Game Trees

In this chapter we test various Monte-Carlo planning algorithms by applying them to the task of move
selection in synthetic game trees. The tree is the set of possible paths through state space from a given
root state and each Monte-Carlo rollout consists of one path from the root to a leaf of the tree. The
depth (D) is the number of states visited by a rollout and the branching factor (B) of the tree is the
number of actions available in each state. Here we will focus on adversarial game trees. We construct
synthetic trees by 1) generating the tree with the desired dimensions, 2) assigning win/loss values to
the leaves (using one of the two methods described below) and 3) determining which player can force
a win from each state by minimax. The first player to play is called MAX and her opponent is called
MIN.

6.2.1 Random Trees

A ‘Random Tree’ is a tree whose leaves are assigned binary win/loss status independently at random
according to p(win) = m,,. If this value is set to a critical value, 7., (the positive root of the equation
P + 2 + 1 = 0) then the probability that the first player can force a win from the starting position,
P(w) = 7y = 7. (Pearl, 1984). In general, P(w) is a function of m, and the depth of the tree, D. As
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the depth of the tree increases this function rapidly approaches a step function

. if my = m,
lim P (w|D,my,) ~ 0 ifmy <me
D—oo

1 ifmy, >m,

For a binary (B = 2) tree 7. is equal to the golden ratio (v/5—1)/2 = 0.6180339. For the experiments

here m,, is set to 7. to ensure a reasonable value for P(w).

6.2.2 P-Game Trees

A ‘P-Game tree’ (Kocsis and Szepesvari, 2006) simulates a two person, zero-sum, game where the
outcome is determined by scoring the final position. Go is an example of such a game.

Only the value of the final board position is observed directly by the players. Each move in the
game tree has a value drawn from the interval [0, 1] for the MAX player and [—1, 0] for the MIN player.
The value of a terminal position is simply the sum of the values of the moves along the path from the
root to the corresponding leaf. If this value is positive then the result is a win for MAX, otherwise it
is a win for MIN. In other words we model a game as a random walk of a fixed number of steps. The
values of the moves and the intermediate nodes in the game tree are unknown to the game players.

It is hoped that this simple model captures the qualitative nature of the Go game tree and in
particular the smoothness in the value of states in a game tree. The notions of being ‘ahead’ or
‘behind’ in a game rely on smoothness in the value of nodes in the game tree. Another advantage
of this model is that each move is associated with a value. We assume that this value is usually
unobserved to the players of the game but in simulations a noisy observation of its value could be used
to test the addition of domain knowledge.

6.2.3 Experiments with Existing MC Planning Techniques

Figure 6.2 compares the performance of UCT, Uniform Monte Carlo, and alpha-beta search on syn-
thetic game trees. For each plot, g = 2000 trees are generated and the leaves are valued according the
Random or PGame method (see Sections 6.2.1 and 6.2.2 respectively) using different random numbers
for each tree. Next, the win/loss values of the internal nodes are determined by minimax and these
‘delphic’ values are used to assess the performance of the planning algorithms tested on the trees. Each
algorithm is run on each tree and at each iteration (rollout) we record whether the move from the root
currently valued as best by the model is actually a win. If it is a win then this is recorded as a success

for that iteration. The ‘mean error’ rate is ZSuccesses

and is plotted as a function of iteration number.
Alpha-beta search is a depth first search so one iteration from root to leaf is considered equivalent to
one rollout.

Both Monte-Carlo planning techniques appear to fail on Random trees (Figure 6.2 left). Firstly,
compare the curves for Uniform Monte Carlo (MC) for the two tree types. On Random trees the error
rate remains constant at the rate for random move selection whereas for P-Game trees the error rate
decreases rapidly at first but then converges to a fixed positive value. We know empirically that this
algorithm can be used to select reasonable Go moves (Briigmann, 1993) so it seems likely that the
P-Game model is a better model of Go game trees than the random tree model. This suggests that
smoothness in the underlying values of nodes in the tree is important (in the sense that if one is in a

strong position then there are likely to be more moves available leading to other strong positions than
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Figure 6.2: Comparing the performance of Monte Carlo planning on different synthetic game trees
(B = 2,D = 20). Alpha Beta search (AB) is compared to Uniform Monte Carlo (MC) and UCT.
For each plot 2000 trees are generated and the leaves are valued according the Random or PGame
method (see Sections 6.2.1 and 6.2.2 respectively). Then the win/loss values of the internal nodes are
determined by minimax. Each algorithm is run on each tree and at each iteration (rollout) we record
whether the move from the root currently valued as best is actually a win. If it is a win then this

counts as a success. The ‘mean error’ rate is W and is plotted as a function of iteration number.

Left: Random Tree with 7, = 0.6180339, Right: PGame Tree (see Section 6.2).

weak positions). This contradicts the independence assumption made by the Probability Propagation
model of Chapter 4 and might provide a partial explanation for the fairly poor performance of that
model.

Now compare the curves for UCT for the two tree types. UCT converges much slower than
alpha-beta for the Random tree but much faster than alpha-beta for the P-Game tree. This result, in
conjunction with the success of UCT for Go (Gelly et al., 2006), also suggests that P-Game trees are
a better model of Go game trees than Random trees. We use P-Game trees to test various approaches

to Monte Carlo planning in this chapter.

6.3 Bayesian Models

UCT falls into a category of Monte Carlo planning techniques which we will call ‘adaptive’ because
the policy is learned from previous rollouts. We now consider a number of alternative adaptive Monte-
Carlo planning techniques which explicitly model the distributions over the values of each state, and
balance exploration and exploitation by taking account of uncertainty using the standard rules of
probability.

6.3.1 Independent Dynamic Counting Model

Model

For the first approach, we model the value of each game state separately (much like UCT) and do not
explicitly model the correlations between states. Each state is valued by the number of wins and losses
of games that encountered it, ignoring the path taken through state space between it and the end of
the game. We model the distribution over the binary (win/loss) value, ¢, of games which encounter

the state. This value is observed by performing rollout simulations. In other words, at the end of each
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Figure 6.3: Bayesian Counting Model.

rollout the win/loss value of the terminal state is taken as an observation of the win/loss value of all
states visited by the rollout.

We let each state, s, have a latent initial underlying value x5, on which we place a Gaussian
prior:

p(zs0) = N (2505 p1,07).

The purpose of learning a value of each state is that we are going to adapt the policy used for the
rollouts. This means that the distribution over each node’s value will be non-stationary as the policy
changes. We model this nonstationarity by assuming the value of each state can drift by the addition

of Gaussian noise. The distribution of the value of a state in rollout i + 1 given its value in rollout 7 is:
P(Ts,it1Ts,i) = N(To,ip1: 05,5, 7°). (6.1)

At each time step, i, a node has observed value, y;, which is distributed as a Gaussian about its

underlying value:

p(ys7i|$s7i) = N(?Js,z’; 33571':72)-

Each binary win/loss observation (provided by a rollout) gives a sign constraint on the node value:
if the terminal position visited by the rollout is a win then we assume that y;; must be greater
than zero and if a loss is observed then y,; must be less than zero. We use the boolean variable
¢s,i € {TRUE, FALSE}to indicate whether the rollout resulted in a win (TRUE) or loss (FALSE):

p(cs,i ys,i) = ]I(cs,i A (ys,i > 0)) + ]I(_‘cs,i A (ys,i < 0)) (62)

See Figure 6.3 for the corresponding graphical model. Inference is performed by the sum-product
algorithm using the linear Gaussian framework given in Figure 2.5 and using the approximate update

given in Figure 2.6 for the message from the sign constraint observation (equation 6.2).

Algorithm

MC planning using this counting model proceeds in a similar manner as UCT. We store the mean
and variance of the Gaussian distribution over each node’s underlying value. Actions are selected
stochastically by sampling from the Gaussian distribution over the value of each available state and

selecting the one with the highest sample value. That is 7 (s, a) = p(a = argmax,, ¢ 4(s)Tm(s,a:(s)).t ) In
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Figure 6.4: Inductive Game Tree Model. Each z variable is the value of a game position and each
¢ variable is the value of a move. The value of a position is modeled as the sum of the value of the
previous position and the value of the move which transitions to the new position.

other words we assume that a player should always move to the most valuable state. Since uncertainty
exists about the value of each state the policy is a probability distribution which automatically balances
exploration and exploitation if we sample actions stochastically. States with low mean value but high
variance may still be explored until their value is determined sufficiently accurately to be worse than
other available states, much like what happens with UCT.

The models for all the nodes visited by a rollout are updated when the rollout is completed. The
win/loss value of the terminal position of the rollout represents an observation of the sign of the value

of each game state visited by the rollout.

6.3.2 Inductive Game Tree Model
Model

Next we consider a generative model of the value of all nodes in the game tree. The Bayesian network
corresponding to this model is given in Figure 6.4. We place a Gaussian prior on the value of the root
node:

p(wo) = N (@030, 7).

The value of the move generating state x, has a value §, and the value of the new position created by
making a new move is modeled as the sum of the value of the previous position and the value of the

move:
p(wildi, pa(zi)) = 1(d; + pa(z:)),

where pa(x) denotes the value of the previous position to the one with value z. We place a Gaussian

prior on the value of each move:

p((sz') = N(ls';ui,U?)-

Therefore the value of the terminal positions at the leaves of the tree is the sum of the values of all the
moves made along the way. In other words, we are modeling the sequence of state values encountered
in a game as a biased random walk, much like the P-Game described in Section 6.2.2 and used by
Kocsis and Szepesvari (2006) to simulate game trees. As in the P-Game trees we treat a win as an
observation that the value of the terminal node must be positive and a loss as an observation of the
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terminal node being negative:
plaly) =Ta A (yr > 0)) +I(=a A (y1 < 0)).

where y; is the value of the leaf node. Observation noise with variance +? is included by setting

puilm) = N(yilz,7%)

where z; is the (latent) value of the leaf node. Inference proceeds as usual according to the updates in
Figures 2.5 and 2.6. Each node stores the Gaussian message from that node towards the root of the
tree and the messages are updated in the same manner for the Gaussian hierarchical model of Section
3.3 with cost linear in the depth of the tree.

Note that the game tree model of Chapter 4 was deductive in the sense that the values of nodes
higher up in the tree are deduced from the values of nodes below them. The model presented in this
section is inductive in the sense that the values of future states are estimated from evidence from

previous states.

Algorithm

For this model we again use the stochastic policy 7(s,a) = p(a = argmaxaieA(s)mm(s,ai(s))) for Gaus-
sian distributed z, the value of each state according to the model above. An observation of the sign

of the leaf of the tree is made after each rollout.
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6.3.3 Dynamic Inductive Game Tree Model

Figure 6.5: Dynamic Inductive Game Tree Model. Each vertical chain of nodes corresponds to a rollout.
The horizontal arrows linking the § (move value) variables indicates that that move is encountered in
both of the rollouts linked by the arrow. Left: Graphical Model. Right: The part of the game tree
that has been explored so far by the corresponding set of rollouts.

Lastly, we consider a model of the values of the states in the sequence of rollouts produced by the
Monte Carlo planner. This model allows us to adapt the values of each move as rollouts are performed.
Again, the values of the states visited in each rollout are assumed to follow a Gaussian random walk.
The value of each visit of each game state seen in the sequence of rollouts is denoted x;; where ¢ is a
unique index over states and j is the index over the observations of this state in rollouts. We place a
Gaussian prior on the value of the root state before any rollouts are carried out:

p(70,0) = N(20,0; pto, 05).

The value of a move is denoted d;; for the move which generates position with value z;;. Again, we

place a Gaussian prior on the value of a move:
p(8i.0) = N (8i,0: pio. 07 0)-

Also, as before, we model the value of the state generated by playing a move as the sum of the value
of the previous state and the value of the move:

p(wij|dij, pa(wij)) = 1(dij + pa(zi;))

where pa(z) denotes the previous state to z in the same rollout. The more rollouts are played, the

more we learn about the value of each move. We take the prior on the value of each move to be the
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previous value of this move (the last time it was seen in a rollout) with some Gaussian noise added:

Sijo1) = N(6ij; 6ij—1,7°).

(i,

Similarly we model the sequence of values of the root state (as successive rollouts are performed) as a

Gaussian random walk in the same manner:

p(zoj|Toj—1)) = N(2oj; To(j—1), T°)-

The Bayesian network for this model is given in Figure 6.5. Again, inference is performed using the
linear Gaussian framework. After each rollout, the constraint on the sign of the value of the last node
visited by the rollout (with Gaussian noise with variance 72 added) is observed as before (positive
for a win and negative for a loss). The cycles in the graph (Figure 6.5) are ignored because we only
pass messages forward. Therefore, for each game tree node we only need store the parameters of the

distribution over the value, d;, of the latest encounter of the move which generates the position.

Algorithm

For this model we use the stochastic policy 7(s,a) = p(a = argmaxaieA(s)ém(s,ai(s))) to explore the
state space. After each rollout we make an observation of the sign of the value of the terminal state
of the rollout and then propagate beliefs up the graph to update the values, §;, of the moves played

during the rollout.

6.4 Results

6.4.1 Comparing the Model Performances

Figure 6.6 compares the different models on P-Game trees using the method described in Section 6.2.3.
The models have a number of hyperparameters which were tuned automatically by a simple gradient-
free hill climbing approach. Each parameter was taken in turn and the error after 1000 rollouts was
estimated using 2000 repeats. The same error was calculated for slightly higher and lower values of
this parameter and then the parameter was adjusted in the direction of the best result and then the
next parameter was adjusted. The values of the parameters for the models are given in Tables 6.1, 6.2
and 6.3. Since the error-rate is very noisy the optimisation process was troublesome and the precise
values for these parameters should not be taken too seriously, however these values were found to be
better than ones tuned by hand. Further experiments are required to determine the best method of
setting the parameters of these models.

Weak Performance of Tree Models

The results show that the tree models (both the simple and dynamic versions) do not perform as well
as UCT. Initially the error rate decreases at a similar rate to UCT as more rollouts are performed but
UCT ends up converging to the correct solution more rapidly. The tree models tend to converge to a
fixed non-zero error rate which is lower than the error rate obtained by Uniform Monte Carlo.

The reason for this state of affairs is as follows. The tree models each provide a generative

model of the values of the terminal-nodes of the search tree. Only the values of the terminal nodes
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Figure 6.6: Comparing Monte Carlo planning models on PGame trees. The ‘independent model’ is
the counting model of Section 6.3.1, the ‘tree model’ is the model of Section 6.3.2 and the ‘adaptive
tree model’ is the model of Section 6.3.3. Top: B=7,D =7, Bottom: B=2,D =20
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(corresponding to final game positions) are ever observed, the other node values (the z variables) are
latent (unobserved) variables. In the exploration algorithm described above these latent values are
used to guide search under the interpretation that they represent the underlying value of states in the
game tree (so it is good to chose moves which lead to positions with higher latent values).

In general it is true that it is good to move to positions with higher latent values because these
values are strongly correlated as we move down the tree so valuable positions do tend to lead to wins
more often than losses (hence the fact that the algorithm does converge to an error rate better than
uniform Monte Carlo). However, even if we observe the value of every leaf in the search tree by fully
expanding it, the latent position values according to the model do not give us the means to solve the
game and find the correct move in every position. To correctly predict the values of the internal nodes
in the tree we would have to use minimax search based on the predicted leaf values obtained from
the generative model (although this would be both intractable and pointless as it would require the
expansion of the entire game tree - after which we could just observe the values of the leaves without
needing a predictive model). Another way to think about it is to imagine that we know the actual
underlying value of all the nodes in the PGame tree (by summing the additive value of each move
from the root to the node in question). These values, while helpful in providing a heuristic to guide
search, would not specify the correct move in each position - this can only be achieved by determining
the truth values of the leaf nodes (by the sign of the accumulated value from the root to the leaf) and
then propagating up these logical values by minimax.

For this reason the algorithms described above which use the latent variables in the tree models
to guide search can never converge to the correct (deterministic) policy for exploring the tree. Further
work would be needed to find a tractable method to correctly use the leaf values predicted by the
model with minimax search without having to expand the entire search tree.

Strong Performance of Bayesian Counting Model

With appropriate setting of the hyperparameters, the simple independent Bayesian counting model
(Section 6.3.1) converges faster than UCT for both tree shapes, more so for the wider (B = 7) tree.

2. seems to be zero for this model. Despite the fact

The optimal setting for the dynamics variance, 7
that this model ignores the correlations between node values it performs better than the tree models

for the reasons discussed above.

6.4.2 Domain Knowledge

One possible advantage of these models over UCT is that domain knowledge can be included in the
form of the prior distribution over the value of each position in the game tree. In the case of the
inductive tree models prior knowledge can be included as prior distributions over the additive value of
each move. Experiments were performed in order to simulate the addition of domain knowledge using
the independent dynamic counting model described in Section 6.3.1. Recall that when each P-Game
tree is created (see Section 6.2.2) a value for each move must be generated by drawing randomly
from the interval [0, 1] for MAX moves and [—1, 0] for MIN moves. Domain knowledge is simulated by
setting the prior mean value of each position to the additive value of the previous move. In a real game
tree search these values could, in principle, be provided by a model which is trained from previous
games.

It was unclear at the outset if this knowledge of the additive value of each move would help the
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Parameter Value for B=7,D =7 Valuefor B=2,D =20

o 1.6 0.7
vy 1 1
T 0 0

Table 6.1: Hyperparameters of Independent Dynamic Counting Model as trained by minimising error
rate after 1000 iterations.

algorithm converge to the correct solution faster. It seemed likely that using these values might lead
to an initially better policy (with lower error rate than if no knowledge was used). This is because
the correlation in the values of nodes in the search tree means that that moves which add more value
are more likely to lead to win positions. However, it was unclear if the algorithm would ultimately
converge faster by making use of this knowledge to guide search. The experiments show, that both
a lower initial error rate and a faster convergence are observed if we make use of the PGame move
values in the manner described above. In other words, better moves tend to lead to more informative
playouts.

The variance, o2, was set by hand to 0.25 (this value was found to work well for both trees). The
results of this experiment are shown in Figure 6.7. For the tree with width and depth equal to 7,
setting the prior in this way leads to much faster convergence to the correct solution. For the binary
tree, adding this knowledge makes less difference.

This result is potentially useful for future work as it may be easier to obtain a model of the additive
value of a move rather than a model of the absolute value of a position as the effect of a move is likely

to be local (as suggested by the strong results of Chapter 3)

6.5 Discussion and Future Work

In this chapter we presented some initial findings of experiments into using explicit models of the
value of nodes in game trees to guide Monte Carlo planning algorithms. The simplest model which
treats each node in the tree independently performed the best, and for good settings of the parameters
converged to the correct solution more rapidly than UCT. We also showed that domain knowledge
can be included successfully by using it to set the prior distribution over the value of game positions.
Future work could look to applying this algorithm to Go, inspired by the recent success of MoGo (Gelly
et al., 2006), and in particular combining domain knowledge with the planning algorithm. It might
also be possible to learn from Monte Carlo rollouts themselves, in a similar manner to the method by
which in Chapter 4 the model was able to learn from previous search tasks how to solve future unseen
problems more efficiently. In that Chapter the model did not perform very well, in the sense that
some problems took more time to solve after learning than before. However, the algorithms presented
here correctly take account of uncertainty in order to balance exploration and exploitation so perhaps

these models would be more robust after learning from small amounts of data.
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Parameter Value for B=7,D =7 Value for B=2,D =20

Move mean value, p; (MAX to move) 0.6 1.6
Move mean value, p; (MIN to move) -0.4 -1.7
Move standard deviation, o; (tied across all moves) 0.2 0.1
Root prior, oq 0.015 0.21
ol 1 1

Table 6.2: Hyperparameters of Inductive Tree Model as trained by minimising error rate after 1000
iterations (v was fixed to 1).

Parameter Value for B=7,D =7 Value for B=2,D =20
Move mean value, p; (MAX to move) -0.1 1.0
Move mean value, p; (MIN to move) 0.2 -0.1
Move standard deviation, o; (tied across all moves) 1 0.4
Root prior, gq 1.7 1.1
Dynamics factor, 7 (tied across all moves) 0.02 0.01
¥ 1 1

Table 6.3: Hyperparameters of Dynamic Inductive Tree Model as trained by minimising error rate
after 1000 iterations (v was fixed to 1). All 7 parameters tied.
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CHAPTER 7

CONCLUSIONS

Figure 7.1: Final position from the game. Shusaku (black) won by 2 points.

Go is a game of perfect information. However, computers (and humans) have limited computational
speed so from the point of view of any human or computer player there is uncertainty about the future
course of the game due to the sheer complexity of the game tree. At the start of this thesis I proposed
that probability theory might be a useful tool for representing and managing this uncertainty. I have
presented a number of probabilistic models which were applied to different aspects of Go and this

Chapter summarises some of the main findings.

7.1 Conclusions

In Chapter 3 I considered the task of obtaining a probability distribution over moves in a Go position
and hence predicting Go moves. A great deal of knowledge about playing the game has been passed
down over thousands of years. This knowledge is implicit in abundant game records. In order to build
a model, each move was represented by the exact pattern of stones in the local area of the board
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centered on the proposed move. These patterns were automatically harvested from records of games
between expert players. Each board position in a game record contains a set of available legal moves,
only one of which was chosen by the human player. This information was used to learn values for
each move (pattern) using a Bayesian ranking model. The simplicity of this system meant that it
was sufficiently fast that hundreds of thousands of games could be used for training. The system was
able to predict 34% of expert moves correctly and ranked the expert move within the top 10 moves
on the board 76% of the time. These results were better than other published results of the time
but were subsequently improved on by Coulom (2007). Using a simple linear model in conjunction
with the pattern system I was able to obtain similar move ranking performance to Coulom. I also
presented a hierarchical model which ‘smooths’ over the information from patterns of different sizes
to take account of the fact that small patterns are seen more frequently but contain less information
than larger patterns. This also improved performance over the original model.

Next, in Chapter 4 I focused on using probabilities to guide search in order to solve local tactical
Go problems. Such problems are solved by searching the game tree until sufficient information is
gathered that it is possible to prove by logical deduction whether a particular goal can be achieved.
Before a proof is found there is uncertainty about the solution and probabilities are used to represent
this uncertainty and a probability distribution over the possible solutions is inferred based on evidence
propagated up from the leaves, under the assumption of independence between the values of available
moves in a position. I showed that, when used to guide search, this model gives the same performance,
on a set of Go capture problems, as the currently popular method for solving this type of problem
(Proof Number Search). However, the independence assumption led to the values of nodes in the
search tree taking on extreme, unrealistic values, which suggests that a better model would take
account of correlations between the values of available moves. Next, I applied the pattern system
developed in Chapter 3 to assign prior beliefs on the values of leaf nodes in the search tree so prior
knowledge could be used to speed up search. The resulting composite system was capable of learning
from previous search tasks how to solve future, unseen, problems more rapidly. Unfortunately there
was also a difficulty: some problems took longer to solve after the model was trained than before,
which suggests that the pattern matching system was a poor model for this task (where the data is
much more limited than for the task of move prediction). By using the hierarchical model of Chapter
3 I partially addressed this issue; however further model improvements are necessary.

One source of information in the records of expert games which was not exploited in Chapter 3
was the final outcome of each game. In Chapter 5 I returned to the game records and presented a
simple model for learning to predict the final territory outcome of games given a mid-game position.
The model was a conditional Markov random field with the grid topology of the Go board where
each variable represented the final territory outcome (black or white) at a particular point on the
board. The couplings and biases of this Boltzmann machine depended on the current arrangement of
stones on the board. Loopy belief propagation and a generalised Swendsen-Wang process were used
for inference. The Swendsen-Wang process is a Gibbs sampling algorithm which replaces the original
model by a more complex model such that the marginal distributions of the variables of interest remain
unchanged. The more complex model has the property that it can be sampled from more efficiently.
Go players confirm that the territory outcomes produced by this system are reasonable. A weakness
of the model as it stands is that it cannot accurately predict the life and death of stones, apart from
in simple cases, so cannot score final board positions accurately.

In the final Chapter I looked at a technique which addresses, in a unified manner, some of the
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shortcomings of the specialised models presented in earlier chapters: Monte Carlo planning. This
method determines the value of Go positions by observing the outcomes of simulated games, played
with some (usually stochastic) policy, from the position in question to the end of the game. Recently,
Go researchers have achieved success with algorithms which bootstrap themselves by adapting the
policy used for the Monte Carlo simulations based on the information gathered from previous simula-
tions (Gelly et al., 2006). Existing Monte Carlo planning algorithms were tested on two types of game
trees: ‘random trees’ where the values of the leaves of the tree are assigned at random with the same
probability that each leaf is a win or loss, and ‘P-Game trees’ where the sequence of the values of po-
sitions encountered in a game is modeled as a biased random walk. The Monte Carlo techniques failed
on the random trees but found the best moves faster than alpha-beta search on the P-Game trees.
In other words, Monte Carlo planning techniques require some ‘smoothness’ in the underlying values
of nodes in the game tree in order to be successful (which contradicts the independence assumption
made by the model of Chapter 4). Next, I suggested some Bayesian alternatives to these algorithms
and tested their performance empirically on artificial game trees. With appropriate settings for the
hyperparameters, the simplest of these models (a simple dynamic Gaussian model) achieved lower
move error rates in less time than the current state of the art technique (UCT). Also I showed that
this model can, in principle, be used to combine prior knowledge with searching the state space in

order to improve performance.

7.2 Contributions of this Thesis to the State-of-the-Art in Com-
puter Go

At the start of this thesis I pointed out that computer Go research has recently become dominated
by Monte Carlo search techniques (Section 1.4). Whereas in the past the focus was on systems using
a great deal of static knowledge, now the focus is on dynamic techniques that adapt to the position
at hand. Current Go research is interested in finding efficient ways to search the game tree efficiently
and extracting the relevant information from it. I believe that in order to produce a strong Go
program on the full size board we need to re-introduce knowledge into Go programs and combine this
knowledge with the efficient Monte Carlo search approaches. In this thesis I presented a number of
novel probabilistic models which are relevant to this task.

The pattern system described in Chapter 3 provides an accurate distribution over Go moves in
a position. If we are to extract the relevant information from the vast Go game tree given only
limited computational resources (as discussed in Section 1.5) then it is essential to be selective about
which parts of the tree are explored and the pattern model provides a way to do this. Coulom (2007)
successfully used a pattern matching system to guide the stochastic rollouts for evaluating Go positions
for UCT. The pattern system developed in Chapter 3 could be applied in a similar way since it provides
a probability distribution over the legal moves in a position - exactly what is needed - and, crucially,
inference is fast enough to be run in the inner loop of the search in this way. In addition, it is worth
mentioning that the pattern system presented in this thesis is in general useful for proposing Go moves
before performing more expensive analysis and currently I am working on applying the pattern system
to prune moves at the top of the game tree in the hope of improving the performance of UCT on the
full size Go board. It is hoped that the strengths of the pattern system are somewhat orthogonal to
the strengths of UCT so the combination might be powerful. In particular, UCT is very weak at the

opening on the full size board whereas the pattern system plays at expert level in the opening.

146



Most Go programs (apart from the recent Monte Carlo programs) use tactical search techniques
to determine whether various properties of a Go position hold (such as whether a particular group will
live). In Chapter 4 I presented a novel search algorithm which uses probabilities to guide search and
performs similarly to Proof Number Search, a current popular method to solve this type of problem.
This result has not been previously shown and may prove useful for future work in this area. While the
latest Monte Carlo programs do not currently use exact search methods, I believe that in the future
they may have to in order to achieve expert level strength on the full size board.

Chapter 5 presents a new approach to predicting the final territory outcome of Go games. The
model provides a probability distribution over final game outcomes, as is provided by Monte Carlo
rollouts, so the model provides an interesting counterpart to the Monte Carlo planning approach to
position evaluation. The Boltzmann machine model is a static approach to evaluation whereas Monte
Carlo rollouts provide a dynamic evaluation function. However, both approaches are stochastic (as the
Boltzmann machine requires a Monte Carlo algorithm for inference) and become more accurate if more
computational effort is put in. Therefore, one might speculate that models of the type presented in
Chapter 5 could be applied in place of the stochastic rollouts of Monte Carlo planning and UCT used
to determine which parts of the tree to develop and explore further. In other words samples from static
Boltzmann models could provide a fast stochastic evaluation function for the full size Go board which
could be combined with UCT in the same manner as MC rollouts are used in current approaches. Also,
in addition to the possible application to Monte Carlo Go, another potentially useful contribution of
this work is that even the simplest Boltzmann machine model could replace the influence functions
used to estimate territory in most traditional Go programs. In that case I would envisage that one
would condition the territory prediction on the results of local tactical searches, such as the output
from a dedicated life and death module, which would improve the prediction (by pinning the state of
some of the territory variables and then running the Gibbs sampler).

The experiments of Chapter 6 look at the Monte Carlo planning and the UCT algorithm. An
important contribution of this chapter is that I show that smoothness in the underlying values of
nodes in the game tree is important to allow these methods to work. This suggests that this fact
could be exploited in order to design better algorithms. Next, I show that, at least for artificial game
trees, it is possible to improve on the performance of UCT by explicitly modelling the value of a game
position. This algorithm achieves a balance between exploration and exploitation in quite a different
way to UCT: simply sampling from the distributions over each moves value and choosing the move
corresponding to the highest sample seems to work well. In general, this chapter represents a general
new direction to take research into exploring game trees using UCT-like algorithms which incorporate
Bayesian models of the values of nodes in the game tree. Such models allow prior knowledge to be

included in a principled way.

7.3 Future Work

I believe that all of the models presented in this thesis would benefit from extensions. An obvious
direction for future work would be to further integrate the work presented in the different chapters. One
possible combination is that the move prediction performance of the pattern system could probably
be improved by the addition of some territory information. This could be provided by the Boltzmann
machine models of Chapter 5 or the Monte Carlo algorithms of Chapter 6. The pattern system could

also be used to improve the territory predictions of the Boltzmann machines and a step in this direction
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has already been taken by Sanner et al. (2007). Another possible combination would be to integrate
the output of the local tactical search algorithms of Chapter 4 with the territory prediction models:
if a stone is proved to be alive or dead then its life/death status could be pinned and the Boltzmann
machine used to predict the territory outcome for the rest of the board. Many other such model
combinations are possible, some of which have been discussed in the individual chapters. In the last
few paragraphs of this thesis I outline what I consider to be some possible (speculative) new directions,
above and beyond simple extensions of the work already presented.

In my opinion, Monte Carlo planning techniques are an interesting future direction for research.
Despite the simplicity of the approach, this method has outperformed any other current method,
including very complex expert tuned programs, at the task of playing Go (Gelly et al., 2006). The
world’s strongest Go program uses Monte Carlo planning to select moves with only very simple Go
knowledge included. This system effectively learns how to play Go from scratch with every move. If a
method could be found to incorporate domain knowledge in the Monte Carlo planning algorithm then
perhaps performance could be improved. I took a tentative step in this direction by experimenting
with Bayesian versions of Monte-Carlo planning algorithms in Chapter 6 that, in principle at least,
allow domain knowledge to be included via the prior distributions on the values of moves and positions.
Future work would involve applying these techniques to Go and using a model (such as the pattern
system) to provide a prior distribution on the value of each move so domain knowledge could be
included. Perhaps this domain knowledge would be learned from expert games or perhaps it would be

learned from previous Monte Carlo rollouts.

Each Monte Carlo simulation could be a considered a sample from the joint

@ distribution over game histories. This distribution can be represented by a
factor graph as shown on the left (T. Minka, personal communication) where
each variable x; is the state of the game at time ¢. The factors enforce the rules
of the game as well as the normative constraints which determine which states

@ are preferred by the players. Other approximate schemes, besides Monte Carlo,
for performing inference on this (ideal) game model could be investigated as
a possible direction for future research, perhaps starting with simpler games
than Go.

7.4 Summary

I have presented a number of probabilistic models for various aspects of the
game of Go. Much work remains to be done before we have a strong Go playing
computer but I believe that Bayesian machine learning provides a useful set of
tools for modelling uncertainty in the game of Go.
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APPENDIX A

MOMENT MATCHING DERIVATIONS

A.1 Moments of a Fragmented Gaussian
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Figure A.1: Fragmented Gaussian, p(y), and the Gaussian with matching moments, p(y). Here,
p=0=1and ¢g=0.3.

We wish to approximate the function

_ lal(y>0) + (1 — @)Ly < 0)] - N(y; 1, 0°)

Ply) Z(p,0,q)

which we term a ‘fragmented’ Gaussian by the Gaussian, p(y), closest in terms of KL divergence (see

Figure A.1). This is achieved by setting the moments of p(y) equal to the moments of p(y), that is,

p(y) = MM [p(y)].

The first moment of p(y) is given by

oo ) 1— 0 ‘
Wp) = %/0 yN (yau=02)dy+7q-/ yN (y:p,07) dy (A1)

— 00
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and the second moment by
00 0
W) =2 [N o) dy+ L [N (o) dy (A.2)
W)z, Eal 7 . 3, . .

Let I = [ yN (y;pu,0°) dy and I, = [° y>N (y; . 02) dy. These integrals are calculated by consid-
ering the derivatives of 1 — ®(0, u, 0%) = fooo/\f (y; I, 02) dy. Starting with the first derivative,

9 N R SV
on [1-®(0,p,0%)] = o . N (y:n,0?) dy
_ [T o L2
=/ auN(y”“"” ) dy
[Ty —n o,
= /0 N (y;p,0%) dy
_ h-p2 (8
- g2
We also have that
n
= [1=2 (0.m0%)] = N (£)
SO
L =p-® (g) +oN (g) (A.3)
Now we consider the second derivative:
82 [e%e] 82
sEli=s )] = [ SoN o) ay
Y A Tl T TR ek VT
= /0 p N (yin,0%) dy
1
= 5 [12 —oul + (12 — o) ® (g)] ,

which is also equal to,

& - 1. /n
o2 [1—®(0,p,0%)] = g';N(;),

leading to,
L= (40 @ (g) + poN (g) . (A.4)

The other integrals are derived using the same technique to give

/ODO yN (yip,0®)dy = p- @ <—7,u> —oN (g) (A.5)

0 J—
/ YN (yip0®)dy = (0°+0°) @ <7ﬂ> —MUN(

SIS

) . (A.6)
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Now using (A.1), (A.2), (A.3), (A.4)

Y Y Y

(A.5) and (A.6) we arrive at the first and second moments of

the fragmented Gaussian:

(y) = % {‘I’ (g) (2qu — p) +N(§) (2q0 — o) +u—rJ-u] (A.7)
(y?) = % : {(P (g) (W +0*)(2¢-1)+ N (g) op(2¢—1)+ (u* +0°) (1 - Q)] (A.8)
7 = (1—q)-(1—¢(§))+q-¢(g). (A.9)

The mean and standard deviation of the approximating distribution, p(y) = N (y; g, 03), are thus,

e = (y)
op = (¥°)—nug

A.2 Soft Update Equations for a Beta-Bernoulli Model

We wish to approximate the function

pg) = 5@%35mmq+u—%»u—mymm@mm

where

Z(Q:B:Qm): (QQm_1)+1_Qm

a
a+p
by a Beta distribution p(q) = Beta(q; o', 8'). We do this by finding the Beta distribution with the
same moments as p(q), that is,

p(q) = Beta(q; o', ') = MM [p(qle, B, qm)] -

This does not correspond to the distribution closest in terms of K.L divergence (that would be true of

a Gaussian distribution) but as we will see, still results in a very close approximation.

A.2.1 Moment Calculations
Moments of Beta Distribution

The nth moment of the Beta distribution is given by:

(@) _ Ta+B)T(a+n)
T/ q~Beta(a:6) = T(Q)T(a + B + n)

where I'(z) is the Gamma function where,
Fz+1)=2z- I'(z),

SO



These results allow us to derive:

(6]

<Q>q~Beta(a,,8) = o +Ba (AlO)
_ ala+1)
<q2>q~Beta(a,,6) - (a + 6)((1 + 6 + 1)’ (All)
< 3> _ ala+1)(a+2)
T /gBetaas) = (a4 B)a+B+Datp+2)

Moments of Posterior

Now we can determine the moments of p(q). For the first moment we have:

@y = 7 [ {an- 0+ 0= am)- (1= )} Beta(gia, )dg

1
= E“%m_lﬂf%%mﬂwﬂ+u_ﬂm”®w%m@m
1 algme + gm + B — qmB)

- . A.12
Z (a4 B)(a+LF+1) (4.12)
and for the second moment
1
(@) = 5/(12 Adm - q+ (1 —gn) - (1 —q)} - Beta(g; a, f)dg
1
= 7 {(2qm - 1) <q3>q~Beta(a7ﬁ) + (1 N Qm) <q2>q~Beta(a,5)]
_ 1 a(a+1)(Qma+2qm_QmB+B) (A13)

Z (a+B)a+B+1)(a+B+2)

A.2.2 Update Equations
In order to find the desired approximation we must solve the moment matching equations for o’ and
8"
<q>ﬁ(a)=Beta(q;a’,6’) - <q>p(a)
2 _ 2
<q >13(Q):Beta(q;a’7ﬁ’) a <q p(q)

From A.10 and A.11 we obtain the update equations:

v <¥% <V@
. =@ g
re <q>pq>
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Figure A.2: The true posterior distribution p(q) for a Beta prior ~ Beta(a = 2,3 = 3) is plotted as
a blue line. The downward belief, ¢,,, is set to 0.7. The prior is plotted in a solid red line, and the
approximate posterior as a dashed red line. Note that the approximations appears to be extremely
good.

153



APPENDIX B

AND/OR UPDATE EQUATIONS

We represent the Bernoulli messages in the search tree factor graph as log-odds ratios, logodds(q) :=
L(g) := In(y%;). In this appendix we derive the message calculations for the search tree factor graph
for the log-odds domain. This ensures numerical stability because the log-odds representation means
that the full range of the double precision floating point number can be used and good precision is
possible for probabilities approaching 0 or 1.

B.1 0Odds Ratios

First we derive the AND / OR rules in terms of odds ratios. The odds ratio of a probability, g, is

given by o(q) = 1L, and we can invert this to give.

o(q)
= —=—. B.1
=17 0(q) (B-1)
Now the update equations are calculated by substituting this result into the update equations of
Section 4.3.1. Let ga be the parameter of the Bernoulli message to the parent of an AND factor, and
qv be the parameter of the Bernoulli message to the parent of an OR factor. We denote the parameter
of the Bernoulli message to or from a variable n as g(n) and for notational convenience we will often

drop the functional dependence of the parameter, denoting ¢, := ¢(n)

Upward Messages

AND

From 4.4 we have q(n) = [[;ccn(n) @' and using B.1 we obtain the AND update in terms of odds

ratios as:
. [1; o(g}')
o(qh) = L1+ o)) — 1, o(g) (B.2)

for i € ch(n), the set of children. This is slow to calculate but using ¢k = g% - qy for two children, z

and y, we obtain the AND incremental update in terms of odds ratios follows from substituting B.1

to give:

o(qy) - o(qy)

M) T o)+ olap) (B.5)
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which is re-arranged to give the ANTI-AND inverse update:

1+ o(g")
O(Q/u\\y) = o(qy) = Wyl (B.4)
o(af) —

Now we can update the message parameter ¢4 to the parent (after the parameter, qy ., of a single child
changes during the UpdateBeliefs phase) by first applying B.4 to remove the previous contribution
from that child and then applying B.3 to add in the updated contribution from node y.

OR

Similarly we can translate the OR relationship ¢\ (n) = 1 —[[,(1 — ¢}') for i € ch(n) into the log-odds

domain as:

o(ay) = [T+ o(a)) - 1. (B.5)

i

The OR for two children can be written as ¢ = ¢» + ¢y — ¢ - gy so the OR incremental update is:
o(qy) = o(qz) + olgy) + olaz) - o(qy) (B.6)
which is re-arranged to give the ANTI-OR inverse update:

o(qy) — olay) _

1+ o(q}) (B.7)

o(a\y,) = olay) =
which can be used to swap out the previous contribution from a child as with the AND factor.

Downward Messages

AND

We use equations 4.10 and B.1 to obtain the Bernoulli paramater of the downward message ¢ (c) from
an AND factor to a child node, ¢, in terms of the parameter ¢ of the message from the parent node,
n, and the parameters, ¢}, of the upward messages from the other children in the odds domain:

o(gl (@) = 1+ (o(®) - D ][ (&) (BS)

i L o(q})

Now from equation B.2 we have the relationship:

I (v5m) = o

i€ch(n)

where ¢ = ¢¥%(n) is the parameter of the upward message from the AND factor to its parent node, n.
Substituting this into B.8 leads to the incremental update in terms of the upward message from the
factor, ¢ = ¢ (n):

G — 1 (o) 1. 0@ 1+ olg)
olan (@) =1+ (o(an) = 1) 77000 —5mm
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or alternatively this can be written in terms of the message to the parent node with one child contri-
bution removed using the ANTI-AND update B.4:

o(qp\.(n))
d d A\e
o(gh(c)) =14+ (o(q;,)) = 1) ————— B.9
OR
The downward message from the OR factor is given from 4.9 and B.1 as:
d _ 0(‘12)
o(q9(e)) = o) . (B.10)

Mo.G4en 1ol

We also have from B.5 that

" _olgy) +1
H (O(Qi)-l'l)_i_*_l

i€ch(n)\c

which when substituted into B.10 gives the incremental update in terms of the upward message from

the OR factor: (%) - (o(gh) + 1)
| B o(qy) - (o(q,) +
D) = T 00 — ola) - olat) + oa) - ola) o

or alternatively we use B.7 to can write it in terms of the message to the parent node with the

contribution from the child in question removed, qﬁ\c, which gives

o(a) - (olaln.(m) +1)
d —
oD = ey ol () + 1 (B.12)

B.2 Log Odds Ratios

Now we derive the update equations for propagating messages up and down the search tree factor
graph while storing the values of the parameters of the Bernoulli distributions in the log-odds domain:

L(o(q)) = logodds(q) = log (ﬁ)

Upward Messages
AND

Taking the natural logorithm of equations B.3 and B.4 gives us the incremental update of the messages
from an AND factor to its parent variable in the log-odds domain:

L(gn) = L(gy) —log (1 +e T 4 eL(qy)_L(q”)) (B.13)
which is applied such that L(p,) > L(p,) and the inverse AND rule:

L(ga\y) = L(ga) +log (e_L(qy) + 1) —log (1 - eL(qA)_L(’M) . (B.14)
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OR

Similarly we take the natural logarithm of equations B.6 and B.7 to obtain the incremental update for

the OR messages:
L(qv) = L(gx) + log (1 +ella) 4 eL(%)*L(‘“)) (B.15)

which is applied such that L(g,) > L(g,) and the inverse OR rule:

L(gv\y) = log (e”qv)*“qv) - 1) —log (e*L@y) + 1) : (B.16)

Downward Messages
AND

The incremental update for the downward messages from an AND factor in the log-odds domain is
written in terms of the message to the parent node with the contribution from the child we are sending
the message down to removed, gn\.. The update is simply found by taking the natural logarithm of

equation B.9 which gives:
L(g(c)) = L(gl) + L{gno(n)) + log (1 4+ ¢ Ha) “Llane()) _og (14 eblame)) - (B.17)

OR

The incremental update for the downward message from an OR factor is also written in terms of the
message to the parent node with the contribution from the child in question removed, g\., by taking

the natural logarithm of B.12:

L(QS(C)) — L(qrdz) + L(qv\c(n)) +10g (1 + e—L(Qv\c(n))) _ IOg (1 + eL(qg)+L(QV\c(n))) . (B]_8)
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