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Abstra
tGo is an an
ient Chinese game of perfe
t information whose 
omplexity has defeated attempts byArti�
ial Intelligen
e resear
hers to automate play. There is un
ertainty about the future 
ourse ofthe game be
ause of the sheer 
omplexity of the game tree and the fa
t that 
omputers (and humans)have limited 
omputation speed. This thesis presents a number of models whi
h use probability theoryto represent and manage this un
ertainty.Firstly, the task of obtaining a probability distribution over available moves in a Go position is
onsidered. A predi
tive model is trained from re
ords of histori
al games between expert humanplayers. Ea
h move is represented by the exa
t pattern of stones in the lo
al neighborhood of theboard and millions of these patterns are automati
ally harvested from the game re
ords. The system
an produ
e a distribution over all the legal moves in a position at a rate of hundreds of positions perse
ond and in 34% of test positions the model perfe
tly predi
ts the moves of the expert players. Ahierar
hi
al version of the model is also developed with improved performan
e.Next, probability theory is used for solving lo
al ta
ti
al Go problems. Su
h problems are solvedby sear
hing the game tree until su�
ient information is gathered that it is possible to prove by logi
aldedu
tion whether a parti
ular goal 
an be a
hieved. Before a proof is found, probabilities are usedto represent the degrees of belief about whether reasoning about a position will lead to a logi
al proofand these probabilities are used to guide sear
h. The move predi
tion model of the previous 
hapter isused to in
orporate domain knowledge into sear
h. The system 
an learn from previous sear
h taskshow to solve future, unseen, problems more e�
iently.Thirdly this thesis 
onsiders the task of predi
ting the �nal territory out
ome of a Go game givena mid-game position. A set of Boltzmann ma
hine models is applied to this task, trained from re
ordsof expert games. A generalised version of the Swendsen-Wang sampling algorithm is used to performe�
ient inferen
e. Go players 
on�rm that the territory predi
tions made by these simple models arereasonable.In the �nal 
hapter some alternative Bayesian versions of Monte Carlo planning algorithms aretested on syntheti
 game trees. With 
orre
t setting of the hyperparameters, a simple Gaussian
ounting model �nds the best move faster than the 
urrently popular algorithm (Upper Con�den
eapplied to Trees).
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Notation
GoN The size of the Go board (usually 19).N = f0; � � � ; Ng2 The set of points on the Go board.~v 2 N A point (vertex) on the Go board ~v := (vx; vy).C := fb; w; eg The set of possible states (bla
k, white, empty) of a point on the board.L(
) The set of legal move lo
ations for a board 
on�guration 
, 
 : N ! C:ProbabilitiesP (Q) The probability that proposition Q is true.p(x) Probability distribution over the value of variable x.p(xjy) Probability distribution over the value of x given a value of variable y.N �x;�; �2� Gaussian distribution with mean � and varian
e �2:� �x;�; �2� CDF of the Gaussian distribution with mean � and varian
e �2:N (�) N (x) = N (x; 0; 1). By a 
hange of variables, 1�N �x��� � = N �x;�; �2�.� (�) � (x) = � (x; 0; 1). By a 
hange of variables, � �x��� � = � �x;�; �2�.hf(x)ip(x) Expe
tation of f(x) for x � p(x):I(Q) Indi
ator fun
tion, returns 1 if proposition Q is true and 0 otherwise.Fa
tor GraphsV The set of all variables in the model.Vf The set of variables that fa
tor f depends on, Vf � V .F The set of fa
tors in the model.Fv The set of fa
tors that depend on variable v, Fv � F .mf!v The message from fa
tor f to variable v.mv!f The message from variable v to fa
tor f .
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Chapter 1Introdu
tion
������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������	Figure 1.1: The empty Go board.Long before the development of 
omputers people were fas
inated with the possibility of ma
hinesplaying games of mental skill. In the late 18th 
entury a fake 
hess playing ma
hine known as the`Turk' be
ame famous as it was demonstrated throughout the world (Wood, 2002). Sin
e the birthof arti�
ial intelligen
e (AI), resear
hers have applied their ideas to game play. The �rst appli
ationof ma
hine learning to a game was by Samuel (1959) for his Che
kers player. Game resear
h in these
ond half of the last 
entury was dominated by brute for
e Minimax sear
h te
hniques whi
h provedextremely su

essful for many games. The defeat of Gary Kasparov by Deep Blue was a well publi
isedexample of the power of this approa
h (S
hae�er and Plaat, 1997). However, the an
ient Oriental gameGo has defeated attempts by arti�
ial intelligen
e resear
hers to automate play at any level superiorto a beginner. Indeed, Go has emerged as one of the 
urrent grand 
hallenges of AI resear
h, mu
hlike 
hess was in the 1960s. Many legal moves are typi
ally available and it is di�
ult to estimate thevalue of a position. The ensuing defeat of Minimax sear
h for
es the pursuit of alternative approa
hes.Go seems an ex
ellent test-bed for AI ideas, being 
omplex yet well-de�ned by a small set of simplerules in a fully observed state spa
e. Also, we know that humans are 
apable of playing Go and learn12



to do so with relative ease, so any insights we may gain into how to model Go play may help us tounderstand human intelligen
e.1.1 The Game of GoA great deal of information about Go 
an be found at http://gobase.org (van der Steen, 1994).1.1.1 HistoryA

ording to legend, the Chinese game Weiqi originated in the 23rd 
entury BC. One story goes that`[Emperor℄ Shun regarded his son Shang Jun as stupid and invented Go to instru
t him' (Fairbairn,1995). Another story says the Weiqi board originated as a tool for divination in order to predi
t theout
omes of future battles during the Shang or Zhou dynasties between the 17th and 6th 
entury BC.At any rate, the view of the Zhou on the 
osmos is frequently referred to by later popular writers onthe game, for example Ban Gu (32�92 AD) wrote: `The board must be square and represents the lawsof the earth. The lines must be straight like the divine virtues. There are bla
k and white stones,divided like yin and yang. Their arrangement on the board is like a model of the heavens.' (Fairbairn,1995)The �rst known referen
e to Weiqi is by Confu
ius in the 6th 
entury BC (Leys, 1997) and thegame probably spread to Korea at this time where it was known as `Baduk' (Fairbairn, 1995). Weiqibe
ame immensely popular in the next millennium and eventually started being played in Japan in the7th 
entury AD under the name `Igo' (van der Werf, 2005). The game be
ame known to westerners inthe 17th 
entury (Fairbairn, 1995) and some time later took on the English name `Go'. The numberof players in the West is in
reasing but the game is still most popular in Asia, in parti
ular Korea,Japan and China. There are 
urrently about 60 million players worldwide.1.1.2 Rules and De�nitionsGo is a board game of two players, `bla
k' and `white', who take it in turns to pla
e `stones' (� or�)on the verti
es of an N �N grid. N is usually 19 but smaller boards may also be used. On
e a stoneis pla
ed on the board it is never moved but it may be `
aptured' (by being surrounded by opponentstones). The aim of the game is for a player to make territory by surrounding areas of the board withtheir stones. We adapt the Chinese rules of Go (Davies, 1992) for our purposes as follows:� Go is a game of two players: `bla
k' and `white'.� The Go board is represented as an N � N graph, G = (N ; E), where the nodes, ~v 2 N ,
orrespond to the verti
es of a grid so N = f0; � � � ; Ng2 . We de�ne E as the set of edges
onne
ting ea
h vertex with its horizontal and verti
al neighbors on the board (see Figure 1.1).� The set of possible states (
olours) of ea
h vertex is C := fb; w; eg (bla
k, white, empty) so a
on�guration (board position) 
an be given by the fun
tion 
 : N ! C (see Figure 1.2).� A vertex ~v1 of 
olour C 2 fb; wg on the grid is said to be `
onne
ted' to a vertex ~v2 (also of
olour C) if there exists a path on the graph G between ~v1and ~v2 passing only through verti
esof 
olour C. 13
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���������
�����������������
����������������������������������	Figure 1.2: Go position during the early stage of a game.� A set of verti
es B � N entirely 
onne
ted together and all of 
olour white or bla
k is 
alled a`blo
k' or `
hain' (see Figure 1.3).� A `liberty' of a 
hain is an empty node adja
ent to the 
hain on the graph G (see Figure 1.3).� Removing a 
hain, B, means assigning the state of all verti
es, ~v 2 B, to empty.Play pro
eeds as follows:� Starting with an empty grid, the players alternate turns starting with bla
k.� A `move' 
onsists of a player 
hanging the state of one empty vertex to his 
olour, then removingall 
hains of the opponent's 
olour with zero liberties then removing all 
hains of his 
olour withzero liberties.� A `sui
ide' move is a move that does not 
apture an opponent 
hain and 
reates a new 
hainwith zero liberties whi
h is immediately removed from the board (see Figure 1.3).� An `eye' of 
olour C is an empty board lo
ation where a move would not be sui
ide for theplayer of 
olour C but is a sui
ide move for the opponent (see Figure 1.4).� A `turn' is a move whi
h is not sui
ide, does not remove an eye of the 
olour of the playermoving and does not repeat an earlier board position (see the ko rules below). If no su
h movesare available then a player `passes'.� After two 
onse
utive passes the game terminates. All empty verti
es (the eyes) are 
hangedto the 
olour of the 
hain adja
ent to them. The s
ore of ea
h player is the number of verti
esof their 
olour on the board. The winner is the player with the highest s
ore.14
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�����������������������������������������	Figure 1.3: Left: Example position with the 
hains labeled. The 
hain marked with triangles has4 liberties whi
h are marked `L'. Right: Verti
es marked with an x 
orrespond to sui
ide moves forbla
k (Davies, 1992).Comparison With Normal Human RulesIn human Go games play will usually stop some time before there are no more moves available.A

ording to the usual rules, a player 
an 
hoose to pass at ea
h turn and if the two players pass
onse
utively then the game ends. This raises the di�
ulty of s
oring the game whi
h entails predi
tingwhether ea
h stone would have eventually been 
aptured had the game been played out until no moremoves were available. For the purposes of 
omputer play we simplify the rules of the game in that wedo not allow a player to pass unless this would mean �lling in one of their eyes. Go players will realisethat this version of the rules does not handle seki 
orre
tly (situations where the player to move �rstin a lo
al situation will lose a group of stones so neither player makes a move) (Davies, 1992). Weignore this issue as we believe it does not a�e
t the arguments of this thesis.Life and DeathA set of 
hains whi
h have eyes in 
ommon is 
alled a `group'. It follows from the rules above that agroup of stones with two or more eyes per 
hain 
annot be 
aptured and is said to be a `living group'.See Figure 1.4 for example 
on�gurations of living groups. It requires fewer stones to 
reate a livinggroup at the 
orner of the board and more stones to 
reate a living group in the 
enter of the board.This is one reason why Go players tend to play in the 
orners �rst, then along the sides and �nallybreak out into the middle area of the board.Often a group 
an be said to be `alive' some time before it a
tually attains two eyes. A set ofstones is alive if it 
an be
ome 
onne
ted to two eyes in the future 
ourse of the game, even takinginto a

ount the a
tions of the opponent. If a stone 
annot be
ome part of a living group in the futureit is 
alled `dead'. Predi
ting the life or death status of stones is an important skill for a Go player tomaster. Noti
e that the number of liberties of a 
hain is the smallest number of opponent stones thatmust be pla
ed on the board in order to 
apture the 
hain, so the number of liberties gives a usefulheuristi
 whi
h indi
ates how likely the 
hain is to be alive.AtariA 
hain is in `atari' if it has one liberty and 
ould thus be 
aptured by the opponent in a single move.LadderA `ladder' is a for
ed sequen
e of dire
t threats to 
apture a 
hain. Let the bla
k 
hain X be 
aughtin a ladder. In that 
ase, every move by white results in the X having one liberty, for
ing bla
k to15
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k groups with the eyes labeled `e' (van der Werf, 2005).respond in order to save the 
hain. Whether the 
hain will eventually be 
aptured depends on theboard position. On an empty board, the 
hain X will inevitably be 
aptured.KoThe `ko' rule is intended to prevent in�nite games. We use a version of this rule known as `situationalsuperko'. The `superko' rule states that `an earlier position must not be repeated'. The `situational'quali�er means that we de�ne a position as the arrangement of stones on the board in 
onjun
tionwith the 
olour of the player to move next. The alternative, `positional superko', 
onsiders only thearrangement of stones on the board when dete
ting repetitions (van der Steen, 1994; van der Werf,2005).1.2 Minimax Sear
hThe standard algorithm for playing deterministi
 adversarial games of two players su
h as 
hess isminimax sear
h (Russell and Norvig, 1995). This algorithm has three aspe
ts: lookahead, evaluation,and ba
k-up. We will refer to the two game players as Max and Min, where Max moves �rst. Max hasthe goal to maximise the game s
ore and Min has the goal to miminise the game s
ore.When in a game position the next move is determined by playing the game forward, alternatingplay between Max and Min, from the 
urrent position a �xed number of steps (N) into the future.Let the number of legal moves available ea
h turn be B (the bran
hing fa
tor). The 
ost of examiningthe possible positions that 
an be rea
hed from the �rst position in this way is O(BN ):The position at ea
h leaf of this sear
h tree is analysed using a stati
 evaluation fun
tion whi
hestimates the value of ea
h position. The evaluation fun
tion used by a 
hess program 
an be straight-forward: simply summing up the point values of the pie
es on the board seems to work well. The
riti
al thing is that the evaluation is extremely fast: the purpose of lookahead is to insulate us fromerrors due to the simpli
ity of the evaluation fun
tion.The value of ea
h position in the tree is determined by propagating information from the leavesof the tree to the root (ba
k-up). For ea
h position where Max is to play, the value of the position istaken to be the maximum of the values of ea
h legal su

essor position (as the Max player will 
hoosethe move leading to the most valuable position. For ea
h position where Min is to play, the value of aposition is taken to be the minimum of the value of the su

essors (as the Min player will 
hoose themove leading to the move leading to the position with the most negative value.)The su

ess of this algorithm for 
hess is due to the fa
t that an evaluation fun
tion 
an be writtenwhi
h is fast yet su�
iently a

urate that, when 
ombined with a deep-enough sear
h (involving theexploration of billions of positions), leads to good predi
tions about whi
h moves are valuable. If16



the evaluation fun
tion was slower to 
al
ulate or less a

urate then minimax sear
h would not besu

essful for 
hess.1.3 Computer GoA position in Go typi
ally has 220 legal moves available whereas a position in 
hess has, on average,35 legal moves. This means that if a Go program 
ould explore the same number of states as a 
hessprogram using minimax sear
h the tree would be two thirds as deep ( ln 35ln 220 ) and programs would su�erfrom the horizon e�e
t: important lines of play may be terminated before they are played out, whi
hmight lead to a poor estimation of the value of a move (Palay, 1985). However, it is important torealise that minimax sear
h 
annot be used to sele
t Go moves even on a small board, where thebran
hing fa
tor is 
omparable to 
hess: until re
ently there were no Go programs 
apable of playstronger than weak amateur level on a 9 � 9 board. The real problem is that it is not possible towrite a su�
iently a

urate yet fast evaluation fun
tion for Go. Go programs are typi
ally 
apable ofevaluating 10-20 positions per se
ond whereas a 
hess program will often analyze millions of positionsper se
ond (van der Werf, 2005). This means that 
hess programs need to be programmed with littleknowledge about ta
ti
s and strategy; instead they apply brute for
e sear
h and e�e
tively learn toplay the game from s
rat
h with every move. On the other hand, most Go programs tend to harnessa great deal of knowledge about the game whi
h must either be pre-programmed by hand or learnedautomati
ally o�ine. This means that Go programs are typi
ally 
omplex (Muller, 2002; Fotland,1993).1.3.1 Traditional Approa
hes to Computer GoThe �rst 
omputer program to win against a (weak) human Go player was written by Zobrist (1970).Go resear
h a

elerated in the 1980s as 
omputers be
ame more a�ordable and a million dollar prizewas o�ered in 1985 for a program winning against a professional player (the Ing prize). This prizeexpired, un
laimed, in 2000.Lo
al Sear
hUsually a Go program will not use mu
h global sear
h (be
ause of the di�
ulty of position evaluationas des
ribed above). However it is possible to use sear
h to determine 
ertain lo
al properties ofthe position su
h as whether a group is alive (Wolf, 1994, 2000), whether a parti
ular stone 
an be
aptured, or whether a pair of stones are likely to be
ome 
onne
ted (Thomsen, 2000) as evaluatingthese goals is straightforward. This type of lo
al goal-dire
ted sear
h (as opposed to global sear
h)is possible in Go be
ause evaluating simple sub-goals su
h as `
apture stone A' or `
onne
t stones Aand B' is simple and fast, unlike estimating the heuristi
 `probability of win'. Another appli
ation ofsear
h to Go is for solving the late end-game when the game tends to break down into a number ofsubgames and 
an thus be solved by a divide-and-
onquer approa
h (de
omposition sear
h) (Muller,1999).Stati
 KnowledgeA 
ommon method for representing stati
 knowledge about the game is by mat
hing patterns ofstones on the board whi
h are labeled with various properties su
h as the life/death status of stones,17



good lo
ations for moves or 
onne
tivity between stones (Boon, 1990; Bouzy and Cazenave, 2001;Muller, 2002). Also, mathemati
al methods have been developed for the determination of livinggroups (Benson, 1976) and the analysis of end-games (Berlekamp and Wolfe, 1994).The Combination: an Evaluation Fun
tionA 
ombination of the results of goal-dire
ted sear
h tasks and additional stati
 (rule based or heuristi
based) knowledge is typi
ally used to build a detailed hierar
hi
al abstra
t representation of the boardposition (Fotland, 1993). This representation is used by a move generator to sele
t possible moves. A
andidate set of moves may then be generated and the resulting positions evaluated, whi
h will ofteninvolve additional goal dire
ted sear
hes to determine life and death as well as further stati
 analysis.An `in�uen
e fun
tion' may be used to predi
t territory (Zobrist, 1970).1.3.2 Ma
hine Learning Approa
hes to GoThese Go programs use many hand tuned rules and potentially unreliable heuristi
s. It is notoriouslydi�
ult to tune su
h rule-based expert systems to work well. There is no prin
ipled way of handling
on�i
ting rules or taking a

ount of the fa
t that a rule may not always be 
orre
t depending on thewider 
ontext (Russell and Norvig, 1995). The more 
omplex the expert system be
omes the moredi�
ult it be
omes to tune. Programming Go knowledge by hand takes a great deal of time and thewell known traditional Go programs took years to develop (see Fotland (1993) for example). Also,it is di�
ult for a human to determine by hand what knowledge is most useful for a Go program toperform well: even strong Go players 
annot easily des
ribe what thought pro
esses they are goingthrough when sele
ting a move.For these reasons a number of approa
hes to automati
ally adding knowledge to Go programs andtuning them have been investigated. The sour
es of this knowledge fall into three main 
ategories.Firstly, as re
ognised by Samuel (1959), it is possible to store information gained by exploring thestate spa
e generated by the rules of a game, so that in future it is possible to predi
t the result ofexploration without a
tually having to 
arry it out, in e�e
t 
ompressing the game tree and redu
ingthe state spa
e. Se
ondly, humans have learned a great deal about Go over the last few millenniaand this knowledge is impli
it in abundant re
ords of human games. A parti
ularly large resour
e isgames that have been played online on the Internet Go servers. Thirdly, a program 
an learn from Gopositions manually labeled with important properties.Some attempts have been made to extra
t rule-based knowledge from the �rst sour
e by o�ineretrograde analysis of lo
al sear
hes (Cazenave, 1996; Bouzy, 2001; Cazenave, 2001). However, possiblybe
ause of the problems with rule-based systems mentioned above, more impa
t has been made bywork on non rule-based ma
hine learning te
hniques. Reinfor
ement learning from self play using thetemporal di�eren
e (TD) algorithm famously produ
ed a world-
lass ba
kgammon player (Tesauro,1994). Inspired by this su

ess a number of resear
hers have applied this idea to Go. S
hrauldolph etal. (1994) trained a 
onvolutional neural network to evaluate Go positions by TD learning from self-play. Following this work, more su

ess with self-play learning was a
hieved by Enzenberger (1996,2003) who in
orporated prior game knowledge into his neural network ar
hite
ture. In parti
ular hetook a

ount of the 
ommon fate property of 
hains. This neural network was the key 
omponent ofhis Go program, NeuroGo, whi
h was 
apable of 
ompeting with the mid-level traditional Go programsof the time. More re
ently Silver et al. (2007) trained by self play a system that represented a position18



as a 
ombination of lo
al patterns of stones.The approa
hes to learning from unlabeled game re
ords have been dire
ted at the task of movepredi
tion. One method is to extra
t salient patterns of stones from positions in the games and tolearn properties of these patterns based on the de
isions made by the human players (Stoutamire,1991; Bouzy and Chaslot, 2005; de Groot, 2005). Neural networks using a number of pre-pro
essedfeatures as their inputs have also been trained to predi
t moves in game re
ords (van der Werf et al.,2002). Dahl (1999) used a hybrid approa
h in order to produ
e a surprisingly strong Go player: Honte.His system was 
omposed of several neural networks, one for generating 
andidate moves whi
h wastrained from expert game re
ords and two others for evaluating Go positions whi
h were trained byTD under self-play. Another re
ent approa
h to train a neural network from game re
ords is by Wuand Baldi (2007).One way that labeled positions 
an be used by learning algorithms is for learning to solve lo
al(ta
ti
al) Go sub-tasks. Sasaki et al. (1999) des
ribe an appli
ation of neural networks to solvingproblems of life and death in Go where the task is to 
hoose the best move to kill a group in a givenposition (so 
alled tsume go problems). Their training data was in the form of positions labeled withthe 
orre
t move in ea
h 
ase. Graepel et al. (2001) made use of the 
ommon fate property of 
hains(in a manner similar to Enzenberger (1996)) to 
onstru
t an e�
ient graph-based representation ofthe board. They trained a Support Ve
tor Ma
hine to use this representation to solve Go problems,again training from labeled positions. In his PhD thesis van der Werf (2005) des
ribes appli
ations ofneural networks to the Go sub-tasks of territory predi
tion, s
oring �nal positions and life and deathdetermination.1.4 Monte Carlo Sear
h and the State-of-the-Art in GoI suggest there is a 
ontinuum between stati
 and dynami
 approa
hes to position evaluation. Adynami
 evaluation method makes use of the rules of the game and learns about a position by exploringthe game state spa
e. A pure stati
 evaluation method does not take into a

ount the rules of the gameand does not attempt to explore the state spa
e, but instead applies general knowledge asso
iated withgame states.An example of a pure dynami
 te
hnique is Monte Carlo planning whi
h takes into a

ount onlythe rules of the game (Brügmann, 1993). In this approa
h games are played from the 
urrent positionto the end of the game, using a sto
hasti
 pro
edure (poli
y) to 
hoose the move at ea
h position inthe game. The �nal win/loss out
omes of these games after they are 
ompletely played out are takento be samples from the distribution over the value of the initial position. In this way Monte Carloplanning provides a sto
hasti
, dynami
, evaluation fun
tion for Go positions. In 
ontrast, Minimaxsear
h is only partially dynami
 as it uses the rules of the game in order to sear
h into the future butalso has a 
ru
ial stati
 
omponent: the evaluation fun
tion.A pure stati
 evaluation method for Go might take into a

ount features su
h parti
ular patternsof stones whi
h appear on the board or stati
 features of moves su
h as the value of moving at theedge of the board and so on.1.4.1 Monte Carlo Planning with UCTAs dis
ussed in the previous se
tion, su

essful Go programs have predominantly used stati
 knowledgebe
ause no fast evaluation fun
tion has been found to make minimax sear
h e�e
tive, although some19



dynami
 evaluation is in
luded in the form of lo
al ta
ti
al sear
hes. However, re
ently Gelly et al.(2006) dis
overed that an adaptive Monte Carlo planning algorithm, `Upper Con�den
e applied toTrees' (UCT) (Ko
sis and Szepesvari, 2006) 
ould be very su

essfully applied to Go on small sizedboards and this has led to a sudden shift in the fo
us of Go resear
h from stati
 knowledge-basedapproa
hes towards te
hniques whi
h are almost entirely dynami
 in nature. As in the older MonteCarlo method des
ribed above, ea
h iteration of UCT involves playing a game from the 
urrent positionuntil the end of the game (this is 
alled a `rollout'). In this way the game tree is explored and ea
hgame position whi
h is en
ountered along the way is valued by taking the mean of the win/loss valuesof the rollouts passing through that position. The di�eren
e with UCT is that the poli
y used tosele
t the moves during the rollouts is adapted based on the out
ome of previous rollouts. As furtheriterations are 
arried out more valuable positions are explored more frequently.UCT provides a uni�ed atta
k against the two key problems of 
omputer Go dis
ussed at thestart of this 
hapter: determining the evaluation fun
tion and exploring the huge game tree usefully.Typi
ally, when UCT is implemented, the two tasks of evaluation and sear
h are separated out as inminimax sear
h.Position EvaluationIn Monte Carlo planning, the positions at the leaves of the sear
h tree are evaluated by playingrollouts from these positions. This avoids the most 
hallenging problem of 
omputer Go: writing astati
 evaluation fun
tion. This is be
ause at the end of ea
h rollout evaluation is trivial (just 
ountthe s
ore as in Se
tion 1.1.2). Sin
e this evaluation method is noisy, standard minimax sear
h 
annotbe applied. Also, sin
e the game tree is so large in Go it is unknown if it 
ould be applied usefullyanyway. However, UCT provides a method of sear
hing the game tree whi
h solves these problems.Game Tree Exploration vs ExploitationThe tree sear
h part of the algorithm requires that the part of the game tree whi
h has been exploredso far is stored in memory. Ea
h iteration of the algorithm involves walking down the tree from the
urrent position to a leaf (a previously unexplored position) and then adding this leaf position to thetree and sampling its value by performing a sto
hasti
 Monte Carlo rollout. UCT provides the methodto explore the tree so as to e�
iently assign 
omputational resour
es. As we will see in Chapter6 the algorithm a
hieves this by treating ea
h node as a separate multi-armed bandit (where ea
harm 
orresponds to a legal move) (Ko
sis and Szepesvari, 2006). Moves are 
hosen so as to balan
e`exploitation' and `exploration' (Sutton and Barto, 1998). Exploitation means further examining partsof the tree that have been seen before and already predi
ted to be valuable, this is useful to do be
auseit means that nodes higher up in the tree 
an have their estimates improved. Exploration meansto examine parts of the tree that have not been investigated previously in 
ase they turn out to bevaluable. In 
ontrast to minimax sear
h, no information is propagated up the tree in a step-wisefashion. Rather, the value of ea
h node is estimated dire
tly as the mean of all the out
omes of therollouts passing through that node. The tri
k whi
h makes UCT 
onverge to the minimax solutionis that this average be
omes dominated by the results of following better and better move sequen
esuntil, ultimately, only the 
orre
t sequen
e of moves is being followed. Chapter 6 
overs this in moredetail. 20



1.4.2 Combining Knowledge with Monte Carlo Sear
hIn order to make Monte Carlo planning 
ompetitive with the traditional Go programs it was foundthat is was ne
essary to in
lude some stati
 game knowledge in the form of rules and lo
al patterns(although it is important to point out the knowledge in
luded in these programs is still extremely simple
ompared to the knowledge in
luded in the traditional Go programs). Gelly et al. (2006) initially usedsmall lo
al patterns to bias play during the rollouts to make them more informative. Next, additionaldomain knowledge was in
luded in order to initialise the values of newly en
ountered positions (Gellyand Silver, 2007) in the game tree. Some other Go-spe
i�
 heuristi
s were also in
luded whi
h ledto greater performan
e in
rease. Currently the resulting Go program, MoGo, is the worlds strongestGo program on the 9� 9 Go board and plays at a level 
omparable with strong amateur Go players.On the 19 � 19 board MoGo has a
hieved a similar level to the traditional Go programs but is stillweak 
ompared to human play. Another su

essful UCT based Go program is Crazystone whi
h also
ombines stati
 Go knowledge (in the form of patterns of stones) with UCT (Coulom, 2007) and is ofa similar strength to MoGo. At the time of writing, one of the biggest questions whi
h 
omputer Goresear
hers are trying to answer is if UCT 
an be applied su

essfully to the full size Go board.1.5 Limited Rationality and Un
ertaintyTypi
ally in ma
hine learning, un
ertainty is said to derive from observation `noise', due to unpre-di
table aspe
ts of the data-set in question. For example, imagine we are interested in building amodel for predi
ting the future pri
e of a sto
k given the histori
al sequen
e of previous pri
es for thatsto
k. The future pri
e will depend on many external fa
tors su
h as news events, the su

ess of rival
ompanies or ma
roe
onomi
 
hanges. All of the information needed to predi
t the future evolutionof the pri
e will probably not be 
ontained in the pri
e history. In fa
t, it would be extremely di�
ultto determine all of the relevant information. It may be possible to predi
t sto
k pri
es to some degreeof a

ura
y but some un
ertainty we always remain, however good the model is, due to the fa
t weonly have imperfe
t information to base our predi
tion on.In Go, un
ertainty 
omes from another sour
e: limitations on 
omputing power (also termed`limited rationality') (Simon, 1982; Russell and Wefald, 1991). A board position, in 
onjun
tion withthe rules of the game, 
ontains all of the information ne
essary for perfe
t play. However, the sheer
omplexity of the game tree prevents su�
ient exploration of the state spa
e, resulting in un
ertaintyabout the future 
ourse and out
ome of the game. The Japanese have a word, aji, mu
h used by Goplayers. Taken literally it means `taste'. Taste lingers and likewise the in�uen
e of a Go stone lingers(even if it appears weak or dead) be
ause of the un
ertainty about the e�e
t it may have in the future.In this thesis I propose that it is useful to represent and manage this un
ertainty using probabilitytheory. A number of models are presented whi
h demonstrate this prin
iple.1.6 Bayesian Un
ertaintyI propose that progress 
an be made if we adopt a uni�ed, rigorous and 
onsistent me
hanism for rep-resenting and managing the un
ertainty that results from the 
omplexity of the game tree: probabilitytheory.Following Jaynes (2003) I view probabilities as an extension of logi
 in whi
h degrees of plausibility21



are represented as probabilities (also known as `degrees of belief'). Cox (1946) stated a set of axiomsunder whi
h degrees of belief 
an be represented by real numbers su
h that the representation satis�esdesired 
onditions of 
onsisten
y and 
orresponden
e with intuitions about the way a rational agentshould reason. The degree of plausibility of a proposition Q being true is represented as the realnumber, P (Q), the probability of Q. If Q is known to be 
ertainly true then P (Q) = 1. If Q is known
ertainly to be false then P (Q) = 0. The following 
onditions hold for probabilities:P (Q) � 0P (Q) + P (:Q) = 1In general we are interested in representing un
ertainty about the possible values of numeri
al variableswhi
h may be 
ontinuous or dis
rete. If X is a variable then the probability P (X = x) represents thedegree of belief that X will take on the value x. A probability distribution is a fun
tion whi
h returnsthe probability of ea
h of the possible assignments to its input variable(s) so p(x) = P (X = x). In thisthesis I will often make use of the abbreviated notation that the name of a variable also represents itsvalue. A probability distribution, p(x), must satisfy:p(x) � 0;8xXx p(x) = 1and for 
ontinuous variables: Z p(x)dx = 1where Z ba p(x)dx = P (a � x � b):Probability distributions may be used to represent the probability of the joint assignment of a set ofvariables, for example, p(x; y) returns P ((X = x) ^ (Y = y)), the joint probability that X = x andY = y. Note that Xx Xy p(x; y) = 1with the sums repla
ed by integrals for 
ontinuous variables. This leads to the `marginalisation'property: p(x) =Xy p(x; y):The probability that a variable has value X = x given the value of another variable Y = y is known asa 
onditional probability. The 
onditional distribution, p(yjx), is a probability distribution over thepossible values of Y given that X takes on the parti
ular value, x. If p(xjy) = p(x) then X and Y areindependent. The 
onditional distribution is related to the joint distribution by the `produ
t rule':p(x; y) = p(yjx)p(x):Noting that p(x; y) = p(xjy)p(y) we arrive at Bayes' rule (Bayes, 1763):22



p(yjx) = p(xjy)p(y)p(x) = p(xjy)p(y)Py p(xjy)p(y) :If we observe X to be equal to the value a then this equation enables us to update our `prior' beliefdistribution, p(y); over the value of y in light of this new observation and thus infer a new `posterior'distribution, p(yjx = a): This is an example of Bayesian inferen
e. The distribution p(xjy) is known asthe `likelihood' fun
tion whi
h returns, for a parti
ular observed value of the variable x; the likelihoodof ea
h possible setting of y (the probability of x given y). The task of `probabilisti
 modeling' is toprodu
e a probability distribution whi
h pla
es high probability on future empiri
al data, often givensome parameters. An important appli
ation of Bayesian inferen
e is to infer posterior probabilitydistributions over the values of the parameters of a model in the light of observed data, given someprior belief about their plausible values.1.7 Training DataOne advantage of the game of Go as a test-bed for ma
hine learning te
hniques is that a large numberof games are available for training data. I obtained games from two main sour
es. Firstly I obtaineda 
olle
tion of histori
al expert games, `Games of Go on Disk' (GoGoD)1 by T. Hall and J. Fairbairn.The version of this database used here 
ontained 22,000 Go games. A se
ond sour
e is games playedon the various internet Go servers. Be
ause Go players are distributed quite sparsely a
ross the worldthese servers are extremely popular and many high quality games re
ords are available from them. Iobtained most of these games from a pre-
ompiled 
olle
tion whi
h is 
ommer
ially available: BiGo2.This 
ontains about 1,000,000 games in total although only a subset were used for the experiments inthis thesis.1.8 Thesis OutlineIn this thesis I present a number of appli
ations of ma
hine learning to modeling aspe
ts of Go play.In Chapter 2 I introdu
e the probabilisti
 modelling te
hniques and mathemati
al results that areused throughout the rest of the thesis. Chapter 3 
overs an approa
h for ranking patterns in orderto predi
t human move 
hoi
es in re
ords of games between expert players. Next, in Chapter 4, Iapply probability theory to solve lo
al ta
ti
al Go problems and to learn how to solve future, unseen,problems more e�
iently. In Chapter 5 I fo
us on predi
ting the �nal point-wise territory out
omeof games given a mid-game position using a simple 
onditional Markov random �eld model. Re
entlythere has been su

ess with applying Monte Carlo planning te
hniques to 
omputer Go (Gelly et al.,2006). Chapter 6 presents some initial �ndings into alternative approa
hes to the algorithms 
urrentlyused for this task. Finally, in Chapter 7 we present some 
on
lusions and ideas for future work.
1GoGoD is available at http://www.gogod.
o.uk.2BiGo is available at http://bigo.baduk.org. 23



Chapter 2Representing Un
ertainty
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������������������������������������������	Figure 2.1: fusekiIn this thesis I present a number of appli
ations of probability theory to represent and manage the un-
ertainty that results from the 
omplexity of the Go game tree. This 
hapter introdu
es the te
hniqueof probabilisti
 modelling and a number of mathemati
al results are derived whi
h will be invokedthroughout the rest of the thesis.In general, a probabilisti
 model is a probability distribution over the values of a set of vari-ables, X = fx1; x2; � � � ; xng. These variables may represent observable features of the real world orthey may be unobservable `latent' variables. An assignment of a value to ea
h of these variables,fx1 = a; x2 = b; ::; xn = 
g ; represents a hypothesis about a plausible assignment of their values. Theprobability distribution, p(x1; x2; x3; :::); returns, for ea
h possible hypothesis, a probability represent-ing our degree of belief that this hypothesis is true.
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f1 = p(
)f2 = p(rj
)

Figure 2.2: Clouds and rain model. Left: Bayesian network. Right: Fa
tor graph.2.1 Graphi
al ModelsGraphi
al models represent relations between variables using graphs. They were independently de-veloped in several �elds and have been adopted for various appli
ations su
h as expert systems, datamining, 
ontrol tasks and error 
orre
ting 
odes. For a 
omprehensive treatment of the methods asthey are used in ma
hine learning I refer the reader to Pearl (1988), Ma
Kay (2003) and Bishop (2006).2.1.1 Bayesian NetworksClouds and Rain ExampleAs a �rst example, imagine we are interested in modeling the joint plausibility of two variables, 
:whether it is 
loudy and r: whether it is raining. We 
hoose to model the joint distribution as theprodu
t of two terms: a prior belief about whether it is likely to be 
loudy and a 
onditional probabilityof rain given that it is 
loudy: p(
; r) = p(
)p(rj
)If we observe that it is raining we 
an infer a posterior distribution over the probability of 
louds byBayes' rule: p(
jr = TRUE) = p(
)p(r = TRUEj
)P
 p(
)p(r = TRUEj
) (2.1)The dependen
ies between the variables 
an be depi
ted graphi
ally by drawing a `Bayesian network'(Pearl, 1988) (Figure 2.2 Left).Sprinkler ExampleA more 
omplex model extends the above to give the joint distribution of 
louds (
), rain (r), wetgrass (w), a sprinkler running (s) and there being lots of tra�
 on the roads (t). Here we assume thatthe joint distribution is given byp(
; r; t; w; s) = p(
)p(rj
)p(s)p(wjr; s)p(tjr): (2.2)The Bayesian network for this model is given by Figure 2.3 (left). By de
omposing the joint distributioninto a produ
t of fa
tors, ea
h only operating on a subset of the variables, we are making `
onditionalindependen
e' assumptions. For example, take the three variables t; r; and 
. If we observe r then 
and t be
ome independent or in other words, p(tjr; 
) = p(tjr):25




rt w s 
rt w s
f1 = p(
)f2 = p(rj
)f4 = p(tjr)

f3 = p(s)
f5 = p(wjr; s)

Figure 2.3: Sprinkler example. Left: Bayesian network. Right: Fa
tor graph.If we observe that the the grass is wet (w = TRUE) we 
an 
al
ulate a posterior marginal proba-bility of 
louds by: p(
jw = TRUE) = p(
; w = TRUE)P
 p(
; w = TRUE) (2.3)= p(
; w = TRUE)Z (2.4)= 1Z Xs Xr Xt p(
; r; t; s; w = TRUE) (2.5)The 
ost of this summation s
ales exponentially with the number of unobserved variables in the model.However, we 
an take advantage of the distributive law to give:p(
jw = TRUE) = 1Z Xs Xr Xt p(
)p(rj
)p(s)p(w = TRUEjr; s)p(tjr) (2.6)= 1Z p(
)Xr p(rj
)Xs p(s)p(w = TRUEjr; s)Xt p(tjr) (2.7)= 1Z p(
)Xr p(rj
) �m1(r) �m2(r) (2.8)where m1(r) =Xs p(s)p(w = TRUEjr; s) (2.9)and m2(r) =Xt p(tjr): (2.10)This 
al
ulation is 
alled `variable elimination' and its 
omputational 
ost depends on the order inwhi
h variables are summed out or `eliminated'. Noti
e how the inferen
e problem de
omposes into asequen
e of smaller sums and produ
ts.
26



2.1.2 Fa
tor GraphsA fa
tor graph fV ;F ; Eg represents a fa
torised fun
tion as a bipartite graph with fa
tor nodes f 2 Fand variable nodes v 2 V (represented by squares and 
ir
les respe
tively) (Ks
his
hang et al., 2001).Ea
h fa
tor node in the graph 
orresponds to a fa
tor in the fun
tion and ea
h variable node to avariable. The edges e 2 E in the graph indi
ate whi
h variables ea
h fa
tor is a fun
tion of. In generala fa
tor graph 
an be used to represent a distribution of the formp(V) = 1Z Yf2F f(Vf);where Vf is the set of variables that fa
tor f depends on. The distribution is the produ
t of all thefa
tors renormalised (by the fa
tor 1Z ). A Bayesian network 
an be represented as a fa
tor graph whereea
h fa
tor 
orresponds to one of the 
onditional probabilities or prior probabilities in the Bayesiannetwork and in that 
ase the renormalisation fa
tor Z is equal to 1 (see Figures 2.2 and 2.3). However,not all fa
tor graphs have a Bayesian network equivalent. Fa
tor graphs are a generalisation of manyother earlier methods, for example `Tanner Graphs' for the de
oding of error 
orre
ting 
odes (Tanner,1981) as well as Markov Random Fields.2.2 Message Passing On Fa
tor Graphs2.2.1 The Sum Produ
t AlgorithmEquation (2.8) shows how marginalisation 
an be simpli�ed as a sequen
e of less 
ostly sums andprodu
ts due to the 
onditional independen
e assumptions made when 
onstru
ting the model. In afa
tor graph with no 
y
les ea
h variable, v; separates the graph into a set of subgraphs, one for ea
hfa
tor, f 2 Fv, 
onne
ted to the variable in question, v (Ma
Kay, 2003). Sin
e no variable o

ursin more than one of these sub-graphs the marginal p(v) 
an be 
al
ulated as the produ
t of separatesmaller summations: one for ea
h f 2 Fv: This idea leads to a message passing implementationof variable elimination 
alled the sum produ
t algorithm (Ks
his
hang et al., 2001) for 
al
ulatingmarginal distributions of variables in a model. This algorithm is a generalisation of Belief Propagation(BP) by Pearl (1988) as well as algorithms for de
oding error 
orre
ting 
odes (Tanner, 1981). SeeKs
his
hang et al. (2001) for a more detailed dis
ussion of the origins of the algorithm and how itrelates to other methods.Messages are propagated about the graph a

ording to the following pair of equations:mf!v(v) = XVfnv f(Vf ) � Yvi2Vfnvmvi!f (v) (2.11)mv!f (v) = Yfi2Fvnfmfi!v(v) (2.12)and the marginal distribution of a variable v 2 V is 
al
ulated byp (v) = Qf2Fv mf!v (v)Z (2.13)where Fv is the set of fa
tors 
onne
ted to variable v, mf!v(v) is a message from fa
tor f to variablev and mv!f (v) is a message from variable v to fa
tor f and Z is a normalisation 
onstant. For an27
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mf2!
mr!f2mf7!rFigure 2.4: Left: Sprinkler fa
tor graph. The grass is observed to be wet by in
luding the fa
torf6(w) = I(w = TRUE). Messages are propagated in order to 
al
ulate the posterior marginal, p(
jw =TRUE); as shown. Right: The top part of the sprinkler model. The fa
tor f7 
orresponds to theeviden
e propagated from the lower part of the full model, summarised in the message mf7!r =mf4!r(r) �mf5!r(r). If r is observed (for example to be true by setting f7 = I(r = TRUE)) then 
be
omes independent of the other variables and then we have the rain model of Figure 2.2.a
y
li
 graph there is an update s
hedule su
h that ea
h message needs to be 
al
ulated only on
e inorder to determine the marginal distributions of all the variables exa
tly. On a tree this means that�rstly the messages are 
al
ulated in a sweep from the leaves to the root of the tree and in a se
ondsweep the messages from the root to the leaves are 
al
ulated.ObservationsEmpiri
al eviden
e in the form of observations of variable values or 
onstraints 
an be taken intoa

ount by in
luding observation fa
tors of the formfo(Vfo) = I(Q(Vfo))where I(Q(Vfo)) is the indi
ator fun
tion whi
h returns 1 if logi
al proposition, Q(Vfo); is true and 0otherwise. For simple observations of the value of a variable, v, we let fo(v) = I(v = a) where a isthe observed value of v: Another type of observation used in this thesis is an inequality 
onstraint, for28



example fo(v) = I(v > b):Sprinkler ExampleFor the sprinkler example the messages are shown in Figure 2.4 (left). The grass is observed to be wetand this is indi
ated by the fa
tor f6(w) = I(w = TRUE): Message 
al
ulations pro
eed starting withthe observation: mf6!w(w) = f6(w) = I(w = TRUE);(from equation 2.11). Next we 
al
ulate,mf3!s(s) = f3(s) = p(s);the prior on s (also from 2.11), now using (2.12) we 
al
ulate,mw!f5(w) = mf6!w(w) = I(w = TRUE);and ms!f5(s) = mf3!s(s) = p(s):At this point we have all the messages needed to 
al
ulate the message from the fa
tor f5 to thevariable r (using 2.11):mf5!r(r) = Xw Xs f5(w; r; s) �ms!f5(s) �mw!f5(w)= Xw Xs p(wjr; s) � p(s) � I(w = TRUE)= Xs p(w = TRUEjr; s) � p(s):Now from (2.11) and (2.12) : mf4!r(r) =Xt p(tjr):Noti
e that this message equals unity and will have no e�e
t on the �nal result. Continuing, we use(2.12) to 
al
ulatemr!f2(r) = mf5!r(r) �mf4!r(r) =Xs p(w = TRUEjr; s) � p(s) �Xt p(tjr):So the bottom half of the model e�e
tively 
an be repla
ed by a single fa
tor f7(r) = mf5!r(r) �mf4!r(r) (See Figure 2.4 Right). Now, equation 2.11 gives us,mf2!
(
) =Xr f2(r; 
) �mr!f2(r) =Xr p(rj
) �Xs p(w = TRUEjr; s) � p(s) �Xt p(tjr):We also have that mf1!
(
) = f
(
) = p(
);
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the prior on 
louds, 
; so the marginal posterior is given by equation (2.13):p(
jw = TRUE) = 1Z �mf1!
(
) �mf2!
(
)= 1Z � p(
) �Xr p(rj
) �Xs p(w = TRUEjr; s) � p(s) �Xt p(tjr):Noti
e how we re
over the result of Equation (2.8).CostThe 
omputational 
ost is exponential in the number of variables in the largest fa
tor, not the numberof variables in the model so in prin
iple models of arbitrary size are possible as long as the individualfa
tors remain simple and there are no 
y
les in the 
orresponding fa
tor graph.SeparationFigure 2.4 (right) shows the top part of the sprinkler model with the bottom half of the model repla
edby a single fa
tor node, f7(r) = mf4!r(r) �mf5!r(r): The variable, r; separates the other variables inthe graph be
ause of 
onditional independen
e: if r is observed by setting f7(r) = I(r = TRUE) then
 be
omes independent of the other variables and the model redu
es to the simple rain/
louds modelof �gure 2.2. In this 
ase the posterior p(
jr = TRUE) is given byp(
jr = TRUE) = 1Zmf2!
(
) �mf1!
(
)= 1Z Xr I(r = TRUE) � p(rj
) � p(
)= p(r = TRUEj
) � p(
)P
 p(r = TRUEj
) � p(
) ;whi
h is Bayes' rule (
ompare with equation 2.1).The fa
tor graph methodology in 
onjun
tion with the sum-produ
t algorithms gives us a uni�edmethod for performing inferen
e on a 
omposite model with several 
onditionally independent sub-
omponents. Beliefs propagated from other 
omponents are summarised as messages depi
ted as fa
tornodes on the re
ipient model. Being able to 
onstru
t 
omposite models of this type is a key advantageof using probabilities to represent un
ertainty.In this thesis we will often follow the following pro
ess for performing inferen
e on probabilisti
models:1. Write down the Bayesian network 
orresponding to the model.2. Write down the 
orresponding fa
tor graph, in
luding any observation or 
onstraint fa
tors.3. Cal
ulate any desired marginal distributions by message passing using (2.11), (2.12) and (2.13).2.2.2 Loopy Belief PropagationIf the fa
tor graph 
ontains 
y
les then the separation property 
annot apply for the variables in ea
h
y
le. This means that there is no s
hedule by whi
h the lo
al messages 
an be all updated using the30



sum-produ
t algorithm in su
h a way that we 
an obtain the 
orre
t marginal distributions when thes
hedule terminates. However, the algorithm 
an still be run, with the messages repeatedly passedaround ea
h 
y
le. This pro
ess is 
alled loopy belief propagation (Ma
Kay, 2003) and was originallysuggested by Pearl (1988). If the message densities 
onverge to a �xed point then this is a stationarypoint of the Kiku
hi free energy (Yedidia et al., 2002) and the marginal distributions 
al
ulated usingthe resulting messages 
an be used as approximations to the true distributions. This issue will bere-visited in Chapter 5.2.3 Parametri
 Message PassingIt is often useful to represent the messages in parametri
 form and in this se
tion we dis
uss two simplerepresentations. The Bernoulli distribution is used to represent binary messages and the Gaussiandistribution is used to represent 
ontinuous messages.2.3.1 Bernoulli Message PassingIn the example above all the variables we have 
onsidered are Boolean. If we represent these as binaryvariables then all the messages take on the form of a Bernoulli distribution:Ber(x; q) = qx � (1� q)1�x; x 2 f0; 1g ; q 2 [0; 1℄ ; (2.14)the distribution over the value of a binary variable, x. A 
onditional binary distribution, p(yjx), 
anbe represented as: p(yjx) = �ay(1� a)1�y�x � �by(1� b)1�y�1�xwhere a = p(y = 1jx = 1)and b = p(y = 1jx = 0):Beta-Bernoulli ModelLet the prior on the parameter q be a Beta distribution:p(q) = Beta(q;�; �) / q��1 � (1� q)��1:Now the predi
tive distribution for x isp(x = 1) = Z Ber(x = 1; q)Beta(q;�; �)dq= R q � Beta(q;�; �)dqZ(�; �)= ��+ � ; (2.15)the mean of the Beta distribution.We also have that the posterior distribution over the parameter q, given an observation of thevalue of x is also a Beta distribution. This property is 
alled 
onjuga
y. The Beta distribution is the31




onjugate prior on the parameter of the Bernoulli distribution:p(qjx = X) = p(x = X jq)p(q)p(x = X)= Ber(X ; q) � Beta(q;�; �)Z(�; �)= qX � (1� q)1�X � q� � (1� q)�Z(�; �)= Beta(q;�+X; � + 1�X): (2.16)This useful property means that after making an observation of x = X1 we 
an use the posteriorp(qjx = X1) as the prior for the next observation without making inferen
e more 
omplex at the nextstage.2.3.2 Gaussian Message PassingA parti
ularly useful representation for messages in models with 
ontinuous variables is the Gaussianfun
tion: mf!x(x) = N (x;�;�2) = 1p2��2 exp�� 12�2 (x� �)2� : (2.17)This has a number of useful properties: �rstly, the distribution over the value of a linear 
ombinationof Gaussian distributed random variables is a Gaussian, se
ondly the Gaussian distribution is the
onjugate prior for the mean of a Gaussian likelihood and thirdly the produ
t of Gaussian fun
tionsyields a Gaussian fun
tion. It is important to realise that the messages are not ne
essarily Gaussianprobability distributions sin
e the varian
e of a message may be negative, in whi
h 
ase the fun
tion
annot be normalised. When multiplying the messages together to generate marginal distributionsa

ording to (2.13) the resulting normalised density will be a Gaussian probability distribution withpositive varian
e. A number of exa
t relationships hold if we assume that all messages are representedas Gaussian densities as follows.Variable to Fa
tor MessagesFigure 2.5 (top) shows a node, x; 
onne
ted to 3 fa
tors of the formfi(x) = N (x;�i;�2i ):The node to fa
tor messages are 
al
ulated bymx!f1(x) = Yi6=1mfi!x(x)= Yi6=1N (x;�i; �2i )= N (x;�0; �02) (2.18)where the update equations for multiplying Gaussian densities are:�02 = 1Pi6=1 ��2i ;32



x f1 = N �x;�1; �21�f2 = N �x;�2; �22�f3 = N �x;�3; �23�
mx!f1 mx!f1(x) = N �x;�0; �02��02 = 1Pi6=1 ��2i�0 = �02Xi6=1 �i�2i

y xfn = N �y;x; �2� N �x;�; �2�mfn!y mfn!y(y) = N �y;�; �2 + �2�

y x1...xnf = I(y =Pi aixi)
N �x;�1; �21�N �x;�n; �2n�mf!y mf!x1 mf!y(y) = N  y;Xi ai�i;Xi a2i�2i!

Figure 2.5: Useful Gaussian message passing update equations. Top: Node 
onne
ted to a set ofGaussian Fa
tors. Middle: Gaussian Noise Fa
tor Bottom: Linear Proje
tion Fa
tor
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�0 = �02Xi6=1 �i�2i :Gaussian Noise Fa
torFigure 2.5 (middle) shows a Gaussian fa
tor 
onne
ting two variables x and y of the formfn(x; y) = N �y;x; �2� :This fa
tor 
orresponds to the addition of Gaussian noise to the variable x; or alternatively fn 
an bethought of as a Gaussian model with parameter � = x for an observed variable y: The message fromthis fa
tor to the variable y is 
al
ulated asmfn!y(y) = Z fn(x; y) �mx!fn(x)dx= Z N �y;x; �2� � N �x;�; �2� dx= N �y;�; �2 + �2� : (2.19)Note that the dire
tion of the 
onditional distribution implied by fn does not matter sin
eN (y;x; �2) =N (x; y; �2).Linear Proje
tion Fa
torFigure 2.5 (bottom) shows a fa
tor, f; whi
h enfor
es the 
onstraint that the variable y must be equalto a parti
ular linear 
ombination of the xi variables:f(y; x1; � � � ; xn) = I(y =Xi ai � xi):The message from the fa
tor to the variable y is 
al
ulated as:mf!y(y) = Zx1 � � � Zxn f(y; x1; � � � ; xn)Yi mxi!f (xi)dx1 � � � dxn= Zx1 � � � Zxn I(y =Xi ai � xi)Yi N �xi; �i; �2i � dx1 � � � dxn= N  y;Xi ai�i;Xi a2i�2i! : (2.20)Simply re-arranging the fa
tor and using the above gives the messages to the other variables if aGaussian fa
tor N (y;�y; �2y) is added to the graph:mf!xi(xi) = N 0�xi; 1ai 0��y �Xj 6=i aj�j1A ; 1a2i 0��2y +Xj 6=i a2j�2j1A1A :
34



2.4 Expe
tation Propagation on Fa
tor Graphs2.4.1 Expe
tation Propagation Message PassingWe have seen that using the Gaussian density to represent messages in the sum-produ
t algorithmhas the advantage that the message updates are often simple to 
al
ulate (Se
tion 2.3.2) and themessages are easy to represent. However, for most types of fa
tors, the fa
tor-to-variable messageswill not be Gaussian (after 
al
ulating them using equation 2.11), leading to an intra
table message-passing s
heme with messages taking on 
omplex forms whi
h are di�
ult to represent, and making therequired integrals non-analyti
. To deal with this we use an approximation s
heme 
alled Expe
tationPropagation (EP) (Minka, 2001), applied as a message passing algorithm (Minka, 2005), whi
h givesus a uni�ed approximate inferen
e s
heme in whi
h we represent all messages in 
ontinuous models asGaussians. EP was �rst developed in order to improve the performan
e of Assumed-Density Filtering(ADF), whi
h will be 
overed later in this 
hapter. EP is dis
ussed in the 
ontext of ADF anddeveloped from it by Minka (2001).The equation for 
al
ulating exa
t fa
tor to variable messages for 
ontinuous variables is:mtruef!vj (vj) = ZVfnvj f(Vf ) � Yvi2Vfnvj mvi!f (vi)dVf : (2.21)We also have from (2.12) and (2.13) thatp(vk) / mtruef!vk(vk) �mvk!f (vk): (2.22)This is typi
ally non-Gaussian so we approximate it with the Gaussian p̂(vk) su
h that the Kullba
k-Leibler (KL) divergen
e is minimised:KL(pjjp̂) = Zv p(v) log p(v)p̂(v)dv:For a Gaussian p̂(v) the KL divergen
e is minimised when the �rst and se
ond moments of p̂(v) areset to the 
orresponding moments of p(v) so we havep̂(vk) = argminp̂0KL(pjjp̂0)= MM [p(vk)℄= MM �mtruef!vk (vk) �mvk!f (vk)� (2.23)= N (vk;�q ; �q):where `MM[.℄' denotes `moment mat
h'. Now the approximate Gaussian fa
tor-to-variable message
an be 
al
ulated by dividing out the variable-to-fa
tor message:m̂f!vk(vk) / p̂(vk)mvk!f (vk) (2.24)= MM hmtruef!vk (vk) �mvk!f (vk)imvk!f (vk) (2.25)= N (vk ;�q; �2q )N (vk;�vk!f ; �2vk!f ) = N �vk;�0; �02� ; (2.26)35





y

f
 = Ber (
; q)
f = I((y > 0) ^ (
 = 1))+I((y < 0) ^ (
 = 0))

fy = N �y;�; �2�
m̂f!ymf!
 mf!
(
) = Ber �
; � �0; �; �2��m̂f!y(y) = N (y;�0;�02)N (y;�;�)For �0 and �02 see equations (2.29), (2.30) and(2.31).

Figure 2.6: Fa
tor graph showing a 
oupling between a binary variable 
 and a 
ontinuous variable y:The message formulae are shown on the right.where the update equations for dividing Gaussian densities are:�02 = 1��2q � ��2vk!f ;�0 = �02 �q�2q � �vk!f�2vk!f ! :2.4.2 Coupling Binary and Continuous ModelsAn important appli
ation of the moment mat
hing method in this thesis is to 
ouple a model of a setof binary variables with a model of a set of 
ontinuous variables. In the binary model we pass messageswith the parametri
 form of a Bernoulli distribution and in the 
ontinuous model we represent themessages as Gaussian densities. In parti
ular, imagine we have a Bernoulli distributed binary variable,
, and a 
ontinuous variable y. Let us pla
e a Gaussian prior on y so p(y) = fy(y) = N (y;�; �2) . Thisprior 
ould be the result of message passing on an arbitrarily 
omplex model. We let the 
onditionaldistribution for 
 given y bep(
jy) = I((y > 0) ^ (
 = 1)) + I((y < 0) ^ (
 = 0));or in other words we enfor
e the 
onstraint that if 
 = 1 then y must be positive and if 
 = 0 theny must be negative. Also, we do not assume that 
 is observed dire
tly (although it 
an be as aspe
ial 
ase) but other observed variables are dependent on it. The eviden
e passed down from theseobservations 
an be summarised by the belief f
 = Ber(
; q): The situation is illustrated in Figure 2.6.We are interested in determining the messages from the 
oupling fa
tor f . The message to the
36



binary node, mf!
(
) is 
al
ulated from equation 2.11 asmf!
(
) = Z f(
; y) �my!f (y)dy= Z I((y > 0) ^ (
 = 1))N (y;�; �2)dy + Z I((y < 0) ^ (
 = 0))N (y;�; �2)dy= I(
 = 1) (1��(0;�; �2)) + I(
 = 0)�(0;�; �2)= Ber �
; (1��(0;�; �2))� (2.27)The exa
t message to the 
ontinuous node is 
al
ulated bymf!y(y) = X
 f(
; y) �m
!f (
)= X
 f(
; y) � q
(1� q)1�
= q � I(y > 0) + (1� q) � I(y < 0):As mentioned above we wish to represent all the messages in the 
ontinuous part of the model as Gaus-sian densities so we must approximate this exa
t message by a Gaussian using the s
heme des
ribedabove. From 2.13 we have thatp(yjq) = [qI(y > 0) + (1� q)I(y < 0)℄ � N (y;�; �2)Z(�; �; q) :We approximate this using the Gaussian distribution, p̂(y), with the same moments as the true marginalso p̂(y) = MM [p(yjq)℄= N (y;�0; �02); (2.28)where �0 = 1Z � h����� (2q�� �) +N ���� (2q� � �) + �� q:�i (2.29)�02 = 1Z � h����� ��2 + �2� (2q � 1) +N ������ (2q � 1) + ��2 + �2� (1� q)i� �02 (2.30)Z = (1� q) � �1�������+ q � ����� : (2.31)The derivation of this result is given in Se
tion A.1. The approximate Gaussian message 
an now be
al
ulated by dividing out the in
oming message using equation 2.26:m̂f!y(y) = p̂(y)my!f (y)= N (y;�0; �02)N (y;�; �2) :
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2.5 Assumed-Density FilteringNow, instead of assuming all the data is available simultaneously, we look at learning on-line fromone data point at a time. We assume that ea
h data point in a data-set, D; is independent so thelikelihood fa
torises as a produ
t of separate terms for ea
h data-point. The posterior distributionover the parameters is given by Bayes' rule:p(�jD) = 1Z p(�) Ydi2D p(dij�); (2.32)where � is the set of parameters and p(�) is the prior on the parameters. If we wish to learn on-line andupdate the parameters ea
h time we observe another data-point then the update after ea
h observationis p(�jSi+1) = 1Zi p(�jSi)p(dij�): (2.33)where Si = fd1; � � � di�1g the set of data seen up to element i�1; Si � D. If this equation is applied forea
h data-point in turn, 
al
ulating the posterior given that data-point and then using this posterioras the prior for the next point the out
ome will be the same result as applying the bat
h update 2.32.If we pla
e a Gaussian prior p(�) on the parameters and the posterior p(�jd1) is 
al
ulated usingequation 2.33 the result will not be Gaussian for most forms of p(d1j�): This means that inferen
ewill be more 
omplex for the next data point be
ause the prior will no longer be Gaussian. Howeverif at ea
h step we approximate the true posterior by an assumed parametri
 density (for example aGaussian distribution) then the inferen
e pro
edure remains the same for ea
h data-point and theposterior is simple to represent. The approximate distribution at ea
h step is 
al
ulated asq(�jSi+1) = MM � 1Z q(�jSi)p(dij�)�and this approximate posterior is used as the prior for the next data-point. This method is 
alled`Assumed-Density Filtering' (ADF) and was independently developed in the statisti
s, arti�
ial intel-ligen
e and 
ontrol �elds (Minka, 2001). Although EP was developed to improve the performan
e ofADF in the 
ase where all the data is available simultaneously ADF is still useful when we wish tolearn `online' be
ause we do not have random a

ess to the data.2.6 Monte Carlo MethodsAn alternative to performing approximate inferen
e in order to solve an otherwise intra
table infer-en
e problem is to obtain samples from the distribution (Ma
Kay, 2003). If su�
ient independentsamples fxigni=1 � p(x) are obtained we 
an determine expe
tations under the distribution p(x) bythe estimator hf(x)ip(x) = 1n nXi=1 f(xi) (2.34)whi
h gives the exa
t result as n!1. This is 
alled a Monte Carlo (MC) method and we will applythis type of te
hnique in Chapters 5 and 6. Monte Carlo methods were developed and popularised byphysi
s resear
hers (for example, (Metropolis and Ulam, 1949)) and be
ame used more 
ommonly asdigital 
omputers be
ame available for simulations. A famous early appli
ation of the methods was38



during the Manhattan Proje
t.Gibbs SamplingIn order to perform inferen
e on a graphi
al model, a standard MC approa
h is Gibbs sampling. Thealgorithm pro
eeds by drawing samples from ea
h of the variables in turn. The distribution used todraw ea
h sample is the 
onditional probability distribution over the possible states of that variable,given the states of variables it depends on (
onne
ted to it via fa
tors in the fa
tor graph):p(v = aj V n v) = Qf2Fv f(v = a;Vf n v)PvQf2Fv f(v;Vf n v) :In this way a Markov 
hain of samples is generated, ea
h one of whi
h 
an be used to 
al
ulate theexpe
tation of equation 2.34. Usually it is ne
essary to dis
ard the �rst few samples from the Markov
hain as they will be dependent on the initialisation of the variables, and hen
e not drawn from the
orre
t distribution (burn-in). Gibbs sampling is useful for models where EP or loopy BP wouldgive poor performan
e. The graphi
al models 
overed in 
hapter 5 
ontain many tight loops so Gibbssampling provided a better trade o� between speed and a

ura
y than BP methods. However, for mostof the models in this thesis, Expe
tation Propagation and message passing was su�
iently a

urateand fast. A 
ommon alternative to Gibbs sampling is to use the Metropolis-Hastings method (seeMa
Kay (2003)), although this is not applied in this thesis.2.7 Alternative MethodsThis 
hapter is intended as a referen
e for the rest of this thesis, not as a 
omplete review of ma
hinelearning te
hniques. Many alternatives to the te
hniques presented in this 
hapter exist and fora 
omprehensive treatment I suggest reading Bishop (2006) and Ma
Kay (2003). One alternativemethod whi
h is parti
ularly worth mentioning is the variational approximation whi
h 
an also beformulated as a message passing algorithm: Variational Message Passing (Winn and Bishop, 2005).Also, it is possible to 
ombine the di�erent methods to perform inferen
e in di�erent parts of a singlemodel.
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Chapter 3Pattern Ranking for MovePredi
tion1
�����������������������������������������������������
������
��
���������
����������������������
�������������������������������������������������������������������������������������������������������������������������������������������������������������
��������������������������������
��������������������
������
�����������
������������������������������������������	Figure 3.1: Taisha josekiFa
ed with a board position, what is the best move to make? That is the key question a Go playermust answer and here we fo
us dire
tly on that issue. To be pre
ise we are interested in obtaining aprobability distribution over legal moves in a parti
ular board position. On its own, this distributionwould provide us with a standalone Go player but it 
ould also be used as a sub-
omponent within aGo program. For example, it 
ould be used to prune a sear
h tree or to pre-sele
t moves before more
omputationally expensive analysis is performed. This distribution also may provide a study tool forGo. Over the last few millennia humans have learned a great deal about playing Go. This knowledge1The 
ontent of this 
hapter is built on work done in 
ollaboration with Thore Graepel and Ralf Herbri
h fromMi
rosoft Resear
h. That work was presented at the International Conferen
e of Ma
hine Learning 2006 (Stern et al.,2006). 40



has been passed down through the generations by verbal and written means as well as by the dialogueimpli
it in play between two players. Along the way many useful strategies and guiding prin
ipleshave been developed and this information is 
ontained in abundant re
ords of human games. In this
hapter we are interested in predi
ting the moves in game re
ords.An example of the type of Go knowledge whi
h has been developed over the years is the 
on
ept ofshape. A shape is a lo
al pattern of stones whi
h is 
reated by making a move. A `good' shape will usestones e�
iently in order to maximise the possibility of them establishing good 
onne
tions, makingeyes and in
reasing liberties while remaining �exible. Another aspe
t of Go play whi
h is stronglyin�uen
ed by history and is dominated by standard sequen
es is the opening or fuseki. Following thefuseki, a se
ond set of standard sequen
es are often played out, 
alled the joseki moves (Figure 3.1).A lot of the information needed to sele
t a move is 
ontained in the 
on�guration of stones lo
alto the move in question. In this 
hapter we take advantage of this lo
ality by mat
hing exa
t patternsof stones surrounding potential moves. By mat
hing a hierar
hy of nested patterns of di�erent sizes,the system provides a uni�ed representation of lo
al shapes and ta
ti
al patterns as well as standardopening plays and joseki sequen
es (de Groot, 2005; Stoutamire, 1991).3.1 Pattern Mat
hingComputer Go has similarities to 
omputer vision. Super�
ially, the goals of these �elds seem wellaligned: the task of a Go program is to take a board 
on�guration (whi
h 
an be represented as anarray of pixels) and return a label (whi
h lo
ation should a move be made). Similarly, in 
omputervision a 
ommon task is to as
ribe labels to parts of images. Therefore, S
hrauldolph et al. (1994)seemed to be on the right tra
k when evaluating Go positions with a model previously used for
hara
ter re
ognition (Le
un et al., 1989). However, images usually have the property that 
hangingthe state of a single pixel makes little di�eren
e to the meaning of the image whereas in Go 
hangingthe state of a single vertex 
an 
ompletely 
hange the value of a move. Exa
t pattern mat
hing seemsappropriate to 
apture this dis
ontinuous nature of pattern re
ognition in Go and has the additionaladvantage that it 
an be a
hieved with low 
omputational 
ost. Also, Go knowledge in referen
e booksfor players is frequently represented in terms of exa
t arrangements of stones in diagrams so this typeof representation seems appropriate for Go.Exa
t pattern mat
hing has previously been used as a representation of various types of knowledgein 
omputer Go programs su
h as 
onne
tivity between stones, group safety, territory or potentialmoves (Bouzy and Cazenave, 2001; Muller, 2002). A pattern is usually de�ned by three properties:�rstly the template, the area within whi
h points on the board are 
onsidered when testing for amat
h, se
ondly, additional 
ontext 
onstraints whi
h must be satis�ed for the pattern to mat
h su
has liberty 
ounts of 
hains on the boundary of a pattern and thirdly, the pattern information whi
his the knowledge whi
h 
an be applied if the pattern mat
hes, su
h as good move lo
ations or groupsafety information (Muller, 2002). These patterns are usually hand-
rafted (Boon, 1990; Fotland,1993). Some work has gone into automati
ally generating the patterns from sear
h trees (Cazenave,1996, 2001) though more su

ess has been a
hieved by extra
ting patterns from re
ords of expertgames (Bouzy and Chaslot, 2005; Stoutamire, 1991; de Groot, 2005).Following Stoutamire (1991) and de Groot (2005) we de�ne a pattern as the exa
t arrangement ofstones within a sub-region of the board (the template) surrounding the (empty) lo
ation of a potentialmove. We de�ne in advan
e a nested sequen
e of symmetri
al, roughly 
ir
ular templates of in
reasing41
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Figure 3.2: Left: S
reen shot of the pattern system showing a board 
on�guration from an expertgame. The area of the bla
k squares indi
ates for ea
h vertex the probability of being the next bla
kexpert move under the model. In the top left 
orner pattern template T11 is shown 
entred aboutthe lower 2-4 (b,d) point of that 
orner. Right: The sequen
e of nested pattern templates Ti withi 2 f1; : : : ; 14g. Template T14 is a 39�39 square whi
h 
overs the full board for every possible movelo
ation so it extends beyond the plot as indi
ated by �+�. These pattern templates are similar to thepattern templates as used by de Groot (2005).size so a large pattern 
an be used if a large lo
al 
ontext has been seen previously but a small pattern
an be used where ne
essary. Restri
ting ourselves to exa
t pattern mat
hing within �xed, symmetri
altemplates means that the mat
hing pro
ess is extremely e�
ient. This e�
ien
y allows us to harnessa good proportion of the vast amount of available game re
ords (we use over a hundred thousandre
ords of games between professional players). In addition, the low 
omputational 
ost opens up a setof appli
ations that would otherwise be impossible, su
h as pruning sear
h trees and guiding MonteCarlo planning algorithms. The patterns are generated by harvesting them automati
ally from gamere
ords as des
ribed in Se
tion 3.1.4. Given the move sele
tion 
hoi
es present in the game re
ords we
an learn values for the patterns in a separate distin
t training pro
ess (see Se
tion 3.2). As a resultof this pro
edure the patterns 
an be used to predi
t the moves in game re
ords.3.1.1 RepresentationIn order to in
lude the edge of the board in the representation we de�ne an extended set of boardverti
es N̂ := n~v + ~Æ : ~v 2 N ; ~Æ 2 Do where D = f�(N � 1); � � � ; (N � 1)g2 is a set of ve
tors rep-resenting o�set lo
ations ~Æ from a move lo
ation ~v. We also de�ne an extended set of board statesas Ĉ = fb; w; e; og (bla
k, white, empty, o�-board) generated by the fun
tion 
̂ : N̂ ! Ĉ . A patterntemplate, T � D, is a subset of the set of o�set ve
tors whi
h de�nes the region of the board relativeto a parti
ular move lo
ation, ~v; whi
h is 
onsidered when determining if a pattern is present. Ea
hpattern, � : T ! Ĉ, � 2 �; represents a parti
ular 
olouring of the verti
es of a template. For apattern � to mat
h at lo
ation ~v, it must hold that 
̂(~v + ~Æ) = �(~Æ) for all ~Æ 2 T .We denote the template of size i as Ti: T1 is the smallest template (just the vertex where the moveis made) and T14 is the largest template (a (2N + 1) � (2N + 1) square whi
h 
overs the full boardfor every possible move lo
ation). The pattern templates are illustrated in Figure 3.2 and have the42



following properties:� The templates are a nested sequen
e of in
reasing size so for two templates T and T 0 we havethat T � T 0or T 0 � T and also that i < j ) Ti � Tj .� The templates are rotation-symmetri
 and mirror-symmetri
.The meaning of a pattern of Go stones does not 
hange if it is rotated or mirrored. In addition, ifwe are to use patterns to represent moves, the meaning of the pattern does not 
hange if we reversethe 
olour of the move and the 
olour of all the stones in the pattern. Therefore we wish the patternmat
her to be invariant to these transformations. To a
hieve this goal we de�ne an invariant pattern,~�, as the set of patterns ~� � � whi
h are equivalent under the 8-fold symmetry of the square andreversal of all the stone 
olours: For the 
olour reversal property to hold we set �(~0) = b for patterns
orresponding to bla
k moves and �(~0) = w for patterns 
orresponding to white moves. An invariantpattern, ~�, mat
hes for a move in a position if one of its 
onstituent non-invariant patterns � 2 ~�mat
hes for that move in the same position.3.1.2 Lo
al FeaturesIn order to extend the predi
tive power of the smaller patterns we 
an in
orporate additional 
on-straints whi
h must be satis�ed for a pattern to mat
h. Guided by van der Werf et al. (2002) wesele
ted the following features whi
h provide us with 8 binary features in total:� Liberties of new 
hain (2 bits) The number of liberties of the 
hain of stones produ
ed bymaking the move. Values are f1; 2; 3; > 3g :� Liberties of opponent (2 bits) The number of liberties of the 
losest opponent 
hain aftermaking the move. Values are f1; 2; 3; > 3g :� Ko (1 bit) Is there an a
tive Ko?� Es
apes atari (1 bit) Does this move bring a 
hain out of atari, either by 
onne
tion, extensionor by 
apturing an opponent 
hain?� Distan
e to edge (2 bits) Distan
e of move to the board edge. Values are f< 3; 4; 5; > 5g.We de�ne an index over the set of features as F = f1; � � � ; 8g : The fun
tion f : F ! fTRUE;FALSEgmaps ea
h feature to its logi
al value. For the larger patterns these features are already seen in thearrangement of stones within the template region so the larger patterns are less likely to be altered bythe addition of these features.3.1.3 Pattern Mat
hing and StoringThe patterns are not represented expli
itly but instead we de�ne a hash fun
tion for patterns and storethe pattern information in a hash table. This saves memory and de
reases the 
omputational 
ost ofpattern mat
hing. The hash fun
tion is a variant of Zobrist hashing (Zobrist, 1990). We generate foursets of 64-bit random numbers, ha : D ! �0; � � � ; 264 � 1	 ; a 2 Ĉ; so there are four numbers for ea
h43



possible o�set ve
tor from the pattern 
enter. The hash-key k� of a pattern � is 
al
ulated by theXOR (�) of the 
orresponding random numbers:k� :=M~Æ2T h�(~Æ)(~Æ):Both adding and removing a stone of 
olour a 2 fb:wg at position ~Æ 
orrespond to the same operationknew  kold � ha(~Æ) � he(~Æ): Due to the asso
iativity and 
ommutativity of the XOR operation thehash-key 
an be 
al
ulated in
rementally as stones are added or removed from a pattern and the orderin whi
h stones are added does not matter.As mentioned in Se
tion 3.1.1 we wish to mat
h patterns whi
h are invariant to the 8-fold symmetryof the square and to 
olour reversal so we a
tually store the invariant patterns ~�: In order to 
al
ulatethe hash-key for an invariant pattern, ~�; we 
al
ulate the hash-key for every symmetry variant of thepattern and then 
hoose the minimum of those keys, that is, k~� := min�2~� k�:We also generate a random number for ea
h of the features (see Se
tion 3.1.2), l : F ! �0; � � � ; 264 � 1	 :The hash key for the feature 
on�guration is given by the XOR of the keys for the a
tive (TRUE)features: kf =Mi2F l(i)I(f(i)) :Therefore, the hash-key of the 
omplete pattern, in
luding feature 
onstraints, is generated by:k~�;f := k~� � kf :3.1.4 HarvestingThe hash-table of patterns is �lled by automati
ally harvesting invariant patterns (for all the templatesizes) 
orresponding to the moves played in a database of Go game re
ords. A game has about 250moves on average and there are 14 di�erent pattern sizes so a database of 180,000 game re
ords yieldsroughly 180; 000�14�250= 600; 000; 000 potential patterns. In order to redu
e storage and to ensurethat we store only signi�
ant patterns we retain only the patterns whi
h appear in the game re
ordsmore than b times where b = 2 for the full database and b = 1 if we use only a subset of the database.Testing for this 
ondition is potentially di�
ult as storing 600 million 64-bit hash keys in memory isimpossible. In order to get around this di�
ulty we use a spe
tral Bloom �lter (Cohen and Matias,2003) to 
ount the number of times ea
h pattern has been seen as we play through the game re
ords.A spe
tral Bloom �lter is a generalisation of the Bloom �lter (Bloom, 1970) and gives an approx-imate test for the minimum number of times ea
h element of a set has been seen previously withminimal memory footprint. The spe
tral Bloom �lter 
ontains of a array of m integers, ea
h entry ofwhi
h is indexed by a key, k 2 f1; � � � ;mg : Let the value of ea
h of the entries in the array be givenby the fun
tion B : k ! f0;Z+g (initialised to zero for an empty Bloom �lter). For ea
h item to beadded to the Bloom �lter we generate a set of hash keys, K, and to insert the item we in
rement ea
hof the 
orresponding entries in the array, that is, B(k) := B(k) + 1;8k 2 K: To test the number oftimes an item has been previously inserted we 
al
ulatet = mink2KB(k):If we use t > b as a su

ess 
riterion (that is we wish to test if an item has been inserted more than44



b times) then the false positive rate is the same as that for the standard Bloom �lter and 
an beestimated as (1� exp(� jKjnm ))jKj (Cohen and Matias, 2003). We 
hoose jKj = 4; and m = 232 whi
hgives us an error rate of 3% for n = 600� 106 insertions. In pra
ti
e, the false-positive rate seems farlower than this, possibly be
ause the �gure n = 600 million is an over-estimate. The false negative rateis zero so although we may end up with some unne
essary, rarely seen patterns in the hash-table wewill not eliminate any important, frequently seen patterns. The hash-keys are generated as des
ribedin Se
tion 3.1.3.3.2 Move Ranking Models3.2.1 Bayesian Ranking ModelThe model for ranking the patterns is based on a model for ranking players after observing a sequen
eof game out
omes (Herbri
h et al., 2007). Ea
h position in a game re
ord 
ontains a set of availablelegal moves, only one of whi
h was 
hosen by the player whose turn it was to move. We assume thatea
h move in the set of legal moves, ~v 2 L(
); in a position, 
; has some `urgen
y value', u(~v; 
), whi
his de�ned su
h that a player will always 
hoose the move with the highest urgen
y value. If we denotethe ve
tor of move urgen
ies by u, the probability distribution over move lo
ations for a position, 
;is given by P (~vj
;u) := P  ~v = argmax~v02L(
) fu(~v0; 
)g! : (3.1)We model ea
h move's urgen
y, u(~v; 
), as a Gaussian distribution with an underlying latent meanvalue, y(~v; 
), and �xed varian
e, �2, that is, p(ujy; �2) = N (u; y; �2). We use y to denote the ve
torof the underlying move mean values. We pla
e a separate Gaussian prior on ea
h move's underlyingvalue, p(y(~v; 
)) = N (y(~v; 
);�~v;
; �2~v;
). If the parameters of this Gaussian prior model are sharedbetween moves with the same 
hara
teristi
s in di�erent positions then it is possible to generalise andhen
e to learn to predi
t moves in future, unseen positions, from positions in the training data. Thesimplest way we do this is to make the value of a move depend on the largest mat
hing pattern in thehash table. We denote the largest mat
hing pattern for a move at lo
ation ~v in position 
 as �(~v; 
)so, y(~v; 
) := y(�(~v; 
)). This is the method we use for the �rst experiments. The noise term withvarian
e �2 takes into a

ount variability due to the prior model on y(~v; 
) not taking into a

ount allaspe
ts of the board position (be
ause the largest pattern will usually not be the full board pattern)as well as the fa
t that di�erent Go players have di�erent playing styles so may prefer di�erent movesin the same 
ontext.Inferen
eEquation 3.1 shows that if a move is played it must have higher urgen
y than every other availablemove. This means that observing a move being played in a position is equivalent to observing theset of 
onstraints enfor
ed by the fa
t that the urgen
y of the played move must be higher than theurgen
ies of ea
h of the other legal moves. Figure 3.3 shows the fa
tor graph 
orresponding to thissituation, in
luding the observed 
onstraints. Ea
h element of u is denoted ui and ea
h element of yis denoted yi where i is an index over the available legal moves in a position.The goal of learning is to infer a posterior distribution over the move values, y: For a singleboard position and 
hosen move the posterior, p(yj~v; 
), 
an be 
al
ulated by message passing a
-45



y1 y2 yn
u1 u2 un

d12 d1n

s1 = N (y1;�1; �21) s2 = N (y2;�2; �22) s3 = N (yn;�n; �2n)
l1 = N (u1; y1; �2) l2 = N (u2; y2; �2) ln = N (un; yn; �2)

r12 = I(d12 = u1 � u2) r1n = I(d1n = u1 � un)
o12 = I(d12 > 0) o1n = I(d1n > 0)

� � �
� � �ml1!u1 ml2!u2 mln!un

Figure 3.3: Fa
tor graph 
orresponding to the joint distribution of u and y for a single Go position.The move with index 1 is 
hosen. This is equivalent to observing the set of 
onstraints su
h that move1 has a higher urgen
y, u1; than the other available moves.
ording to the sum produ
t algorithm (see Se
tion 2.2.1). The messages from the fa
tors, o1i (thesign 
onstraints), to the di�eren
e variables, r1i; are non-Gaussian step fun
tions (equal to the fa
torso1i themselves). These are approximated by Gaussian densities using the EP s
heme des
ribed inSe
tion 2.4 and the message update is given by equation 2.28 for the spe
ial 
ase where q = 1. Allthe other fa
tor-to-variable messages on the graph are exa
tly Gaussian (assuming Gaussian inputmessages) and the update equations are given in Figure 2.5. Sin
e the messages from the fa
tors o1iare approximations whi
h depend on the upward messages into the fa
tors, whi
h in turn depend on(approximate) messages from the other o1j fa
tors, we must iterate the message passing in the partof the graph above the ui variables until 
onvergen
e before passing the messages down to the yivariables. To summarize, we �rst 
al
ulate the upward (exa
t) messagesmli!ui using equation (2.19).Next we iterate messages passing in the top part of the graph. Then we 
al
ulate the messages mui!liand the messages mli!yi so we 
an �nally update the posterior from equation 2.13 asp(yij~v; 
) = 1Zmsi!yi �mli!yi :This posterior is obviously only an approximation to the true posterior be
ause the message moli!r1iis only approximately Gaussian. For the next move/position pair in the dataset we use this posterioras the prior on the latent move values, yi; and perform the same message passing pro
edure for thenext position. Therefore we are performing online learning a
ross the set of game positions usingAssumed Density Filtering (ADF) (Se
tion 2.5).3.2.2 Independent Bernoulli ModelAs a simpler alternative model, we assume that ea
h move has a 
ertain independent probabilityof being played, regardless whether another move is already played in that position. Therefore the46



p1 p2 pnx1 x2 xn
Beta(p1;�1; �1) Beta(p2;�2; �2) Beta(pn;�n; �n)

Ber(x1; p1) Ber(x2; p2) Ber(xn; pn)
I(x1 = 1) I(x2 = 0) I(xn = 0)

� � �� � �
Figure 3.4: Independent Bernoulli Model.probability of the lo
ation of a move being ~v in position 
 isp(~vj
;p) = p~v;
 � Y~v02L(
)n~v(1� p~v0;
):where p is a ve
tor of probabilities, p~v;
. Again, the simplest way to map a move to a probability(the element of p) is by the largest pattern whi
h mat
hes for the move, that is, p~v;
 = p�(~v;
): Thisis the method we adopt for our experiments. The un
ertainty on the probability p~v;
 is modeled by a
onjugate Beta prior p(p~v;
) = Beta(p~v;
;�~v;
; �~v;
) (see Se
tion 2.3.1) so the marginal probability ofa move is p(~vj
;�;�) = Z p(~vj
;p) Y~v02L(
)Beta(p~v0;
;�~v0;
; �~v0;
)dp (3.2)= �~v;
�~v;
 + �~v;
 � Y~v02L(
)n~v�1� �~v0;
�~v0;
 + �~v0;
� (3.3)If we map to the parameters via the largest pattern mat
h then �~v;
 is equal to the number of timesthe 
orresponding pattern mat
hed in the training data for moves played by the human players and�~v;
 
orresponds to the number of times the 
orresponding pattern mat
hed for moves whi
h wereavailable to be played in the training games but were not 
hosen. Thus learning in this model involvessimple 
ounting. For 
omparison the fa
tor graph for this model for the same example situation as weused for the ranking model is shown in Figure 3.4.This model does not produ
e a normalised distribution over the moves in a position and validsamples from this distribution may 
ontain zero or indeed multiple moves per position. This means thatthe probability of the expert moves in the test data as 
al
ulated using equation (3.2) is lower for thismodel (as we will see in Se
tion 3.2.3) than for the full ranking model. The move predi
tion probability
ould be improved by re-normalising the probabilities produ
ed by equation 3.2 per position.3.2.3 ExperimentsIn order to evaluate the pattern representation and 
ompare the ranking models we 
arried out thefollowing set of experiments. 47
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Figure 3.5: Relative frequen
y of the di�erent pattern sizes mat
hing as a fun
tion of game phase.Ea
h game phase is 30 moves. These patterns were harvested from 181,000 Go games with the Bloom�lter 
ut-o� set to b = 2:
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HarvestingPatterns were harvested from a training set of 181,000 Go games between professional Go players. Weretained all patterns seen 3 or more times so the Bloom �lter 
ut-o� was set to b = 2. This gives atable of 12 million patterns. Figure 3.5 shows the relative frequen
y of the di�erent pattern sizes beingmat
hed at ea
h phase of the game. In this plot (and in the following results where the term is used)ea
h game `phase' is 30 moves. Large patterns mat
h at the beginning of the game when the boardis mostly empty and play is pro
eeding a

ording to standard lines of play (the fuseki and joseki)whereas later in the game only smaller patterns mat
h.Pattern RankingNext, values were learned for ea
h pattern using the models des
ribed above. Ea
h move was repre-sented by the largest pattern found in the hash table mat
hing at the move lo
ation, that is, parameterswere shared between moves with the same largest mat
hing pattern. Sin
e we harvest only patternsseen su�
ient times in the training games as des
ribed in Se
tion 3.1.4, using the biggest mat
hingpattern to represent a move is equivalent to the `ba
king o�' s
heme well known to the language mod-elling 
ommunity (Katz, 1997). In su
h a s
heme smaller and smaller 
ontexts are 
onsidered untilthe 
ontext is su�
iently small that it has been seen a signi�
ant number of times in training so we
an use its value with 
on�den
e.For the full ranking model the prior parameters were set to � = 0 and � = 1 for all of the patterns.For the independent Bernoulli model the prior parameters were set to � = � = 1 (
orresponding totwo initial pseudo-observations of the pattern appearing, one in whi
h it was played and one in whi
hit was not played.)For the testing we ranked all the moves played in 1352 separate expert games by mat
hing thelargest pattern for every possible move and ranking the moves a

ording to the � values in the 
aseof the full ranking model and the mean probabilities, ��+� , in the 
ase of the independent Bernoullimodel. Figure 3.6 (top) shows that the full ranking model ranks 34% of all expert moves �rst, 66% inthe top 5, 76% in the top 10 and 86% in the top 20. The graph illustrates that we have signi�
antlyimproved on the performan
e of van der Werf et al. (2002) who used a neural network model, taking anumber of hand 
rafted features as the input. Expert human players will often disagree about whi
his the best move on the board so a possible dire
tion for future work would be to evaluate humanperforman
e at this task sin
e this result would yield a useful ben
hmark for our models.Three Ranking S
enariosFigure 3.6 also shows that the two move ranking models appear to perform similarly. This is perhapssurprising as the full ranking model should be able infer a ranking from more limited observationsthan the independent model. Considering three hypotheti
al s
enarios whi
h might o

ur in trainingas presented in Figure 3.9 provides a possible explanation of the similar performan
e of the two models.Assume we wish to infer a global ranking of four patterns from limited observations of pattern pairswhere the true values are ordered su
h that A > B > C > D. Ea
h fa
tor in the �gure represents anobservation of the ordering of a pair of patterns.The �rst graph shows a situation where we observe three preferen
e pairs in a linked 
hain:A > B, B > C, and then C > D: The full ranking model 
ould infer a global ranking from49
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e of the two ranking models on 1352 unseen expert games.The error bars indi
ate +=� one standard deviation. Top: Cumulative distribution of the ranks themodels assign to the moves played by expert players. For 
omparison the 
orresponding 
urve fromvan der Werf et al. (2002) is in
luded whi
h was obtained on games from the same 
olle
tion. Middle:Mean rank error for ea
h pattern size. Rank error is expert move ranknumber available moves . Bottom: Mean rank errorfor di�erent phases of the game (ea
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tive probability for ea
h pattern size. Bottom: Mean predi
tiveprobability for di�erent phases of the game (ea
h phase is 30 moves).51



1 2 3 4 5 6 7 8 9 10 11

10
−2

10
−1

10
0

phase of the game

ra
nk

 e
rr

or

1 2 3 4 5 6 7 8 9 10 11 12 13 14

10
−2

10
−1

10
0

pattern size

ra
nk

 e
rr

or
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e of the full ranking model on 1352 unseen games.Lower and upper sides of box: quartiles; horizontal line a
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A B
CD

A > BB > CC > D
A B

CD A > D B > DC > D
A B

CD
A > B B > CC > DA > D B > DA > C

Figure 3.9: Ea
h fa
tor graph represents a set of observations of the ordering of pairs of variables. Theglobal preferen
e order of these variables is A > B > C > D and the goal of a ranking algorithm is toinfer this order from the observations.these observations. In 
ontrast, the independent Bernoulli model 
ould only learn the probabilitiesfA;B;C;Dg = � 11 ; 12 ; 12 ; 01	 where ea
h fra
tion is (times played)/(times seen).In the se
ond graph we observe three preferen
e pairs: A > D; B > D; and C > D. Neitherranking model 
an learn a global ranking from these three observations. This set of observations istypi
al of what is observed during a fuseki or joseki sequen
e in Go. During su
h a sequen
e thepatterns in areas of the board not involved in the joseki will remain un
hanged as no new stones willbe pla
ed in these areas of the board (
orresponding to the pattern D in the example). However asea
h move in the joseki sequen
e is added to the board the pattern for that move disappears and bythe pla
ement of the new stone the next pattern in the sequen
e is 
reated. The joseki move-patterns
orrespond to A; B; and C in the example. Despite the fa
t that a global ordering of the josekipatterns 
annot be inferred (as they are unlikely to 
o-o

ur in a single position in the training games)the system 
an learn the joseki sequen
e by merely learning that all joseki patterns have high value -the ordering of the moves follows automati
ally from the rules of the game.The third graph shows a situation in whi
h we observe a preferen
e ordering for all pairs ofpatterns. In that 
ase both of the ranking models 
an learn a global ranking of the patterns with theindependent Bernoulli model learning fA;B;C;Dg = � 33 ; 23 ; 13 ; 03	. This s
enario is typi
al of an endgame situation in Go where many 
ompeting move-patterns 
o-o

ur on the board.So in summary it is only the �rst situation (the 
hain of preferen
e pairs) where the full rankingmodel 
an learn a better ordering of moves than the independent model. However, this situation doesnot 
orrespond (at least not in any obvious way) to a real s
enario likely to be seen in Go games sothis might explain the similar performan
e of the two models in terms of move ordering.Despite this similarity in performan
e, the full ranking model has the advantage that it provides anormalised probability distribution over moves in a given position whereas the independent model doesnot be
ause it la
ks the 
onstraint that only exa
tly one move-pattern is played in a given position asshown by the two fa
tor graphs (Figures 3.3 and 3.4). Sin
e the full ranking model 
on
entrates itsprobability mass on only the possible set of out
omes, we would expe
t the model eviden
e, p(~vj
), tobe greater, whi
h indeed is the 
ase. Figure 3.7 
ompares the probability of the expert moves in thetest set a

ording to the two ranking models. The full ranking model outperforms the independentmodel at every stage of the game and for all pattern sizes. It is worth noting, however, that the moveprobabilities produ
ed by the Bernoulli model 
ould be renormalised for ea
h position whi
h wouldimprove the performan
e of this model in terms of move probability. Both models appear to perform53
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Figure 3.10: Cumulative distribution of the ranks the models assign to the moves played by expertplayers. A separate plot is shown for ea
h phase of the game. For 
omparison the 
orresponding 
urvefrom van der Werf et al. (2002) is in
luded whi
h was obtained on games from the same 
olle
tion.best at the start of the game and at the end of the game. The in
rease in performan
e at the end ofthe game 
ould be explained by the fa
t that at the end-game play starts to be
ome dominated bystandard plays, 
hara
terised by standard patterns, and hen
e be
omes more predi
table. The �gurealso demonstrates that larger patterns yield better performan
e.Be
ause the full ranking model gives a normalised probability distribution over moves and hen
epredi
ts the a
tual expert moves with a higher probability, I did not 
onsider the independent Bernoullimodel further. Another reason for this 
hoi
e is aestheti
: the full ranking model seems the `
orre
t'model for learning the underlying values of moves, based on an observed partial ranking and seems amore prin
ipled approa
h than the bernoulli 
ounting model. After all, it is a ranking we observe, soa ranking model seems appropriate. Also, learning a ranking of moves is exa
tly what is needed if weare to use the system to prune the huge Go game tree, whi
h is ultimately what we are interested in.Game PhaseThe ranking performan
e at di�erent stages of the game is 
ompared in Figures 3.8 (top) and 3.6(bottom). The system performs extremely well at the early stages of the game where moves more
ommonly 
orrespond to standard plays. Figure 3.8 (bottom), Figure 3.6 (middle) and Figure 3.5provide an explanation for this: the system is more likely to mat
h larger patterns with greaterdis
riminative power earlier in the game. For the �rst 30 moves the system frequently mat
hes fullboard patterns (size 14) whi
h 
orrespond to the standard fuseki opening moves and for the next 30moves large patterns are still often mat
hed (size 12 and 13) whi
h 
orrespond to the standard joseki
orner plays. The 
ombination of mat
hing large patterns and the systemati
 assignment of their54



values means that the system reliably predi
ts entire joseki sequen
es. Later in the game only smaller,less dis
riminative, patterns are mat
hed so the move predi
tion performan
e de
reases. However,the fa
t that the system gradually automati
ally ba
ks o� to smaller patterns as the game progressesmeans that the performan
e degradation is gra
eful.Figure 3.10 shows the 
umulative density fun
tion of the rank of the expert move a

ording to thefull ranking model for di�erent stages of the game, again showing that performan
e is mu
h strongerat the start of the game. However, performan
e never falls below that of the neural network model ofvan der Werf et al. (2002).E�e
t of Training Set SizeFigures 3.11 and 3.12 show the e�e
t of 
hanging the number of training games on performan
e. Thereis a large performan
e di�eren
e, presumably be
ause larger patterns are found more frequently if theset of patterns is larger. This suggests that better results might be obtained if an even larger trainingset was used. There is a great deal more data available from the online Go servers than we have madeuse of so far.Example Self-Play GameI also tested the ability of the system to play Go and an example game of the system against itself isshown in Figures 3.13 and 3.14. Ea
h move is sele
ted by mat
hing the largest pattern in the patterntable for ea
h available legal move and then sele
ting the move with the largest mean pattern value.The system appears to play along standard fuseki and joseki lines during the early part of the game(up to move 32).The system takes about 10ms to generate ea
h move on a standard 2GHz PC. This speed 
an bein
reased to the order of 1ms by restri
ting the size of the largest pattern (as in the next 
hapter).Games Against Human OpponentsMove predi
tion and a
tual game play are quite di�erent 
hallenges. It seems likely that a model
ould perform extremely well at the task of move predi
tion (in terms of fra
tion of moves 
orre
tlypredi
ted) while being an extremely poor Go player. Imagine, for example, the 
ase where every 10thmove of a perfe
t expert move predi
tor was repla
ed by a random move: su
h a move predi
tor wouldpredi
t 90% of expert moves perfe
tly but it would probably be a poor Go player be
ause the randommoves would leave urgent threats un-answered. Interestingly, we have (albeit rather limited) eviden
ethat the pattern system des
ribed in this 
hapter 
an a
tually provide a reasonable (and fun) opponentfor both weak and strong Go players.Several human players played against the pattern system. Go players are rated a

ording to astandard system of kyu and dan values where kyu ratings (lower is better) are for student players(like the 
oloured belts in martial arts) and the dan ratings (higher is better) are for serious players(like the bla
k belt). A Go player with a strong rating of 2 dan estimated the pattern system shouldbe rated about 8 kyu (a weak but not beginner rank, 
omparable to the Go program GnuGo). Thesystem was able to play ea
h move in about 10ms on a standard 2GHz PC so if the thinking time ofthe human player was restri
ted the 
omputer would have a 
onsiderable advantage. This speed alsomeans that the 
omputer 
ould, in prin
iple, play hundreds of human opponents in parallel.55
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Figure 3.11: Comparing the performan
e of the full ranking model for di�erent sizes of training datasets. Top: Cumulative distribution of the ranks the models assign to the moves played by expertplayers. Middle: Mean rank error for ea
h pattern size. Rank error is expert move ranknumber available moves . Bottom:Mean rank error for di�erent phases of the game (ea
h phase is 30 moves).56
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A game between this opponent and the pattern system is shown in Figures 3.15 and 3.16. Thepattern system played as bla
k with 9 handi
ap stones. The handi
ap stones should 
ompensate fora di�eren
e of 9 levels between the players. A few things are worth pointing out. Firstly, the patternsystem does not simply respond passively to the threats made by the opponent but makes moves intofresh areas of the board when no other more urgent move-patterns are available (knowing when totake the initiative in this way is important and is known as tenuki by Japanese Go players). See moves28 and 56 for examples. The system responds 
orre
tly to urgent threats as long as the ne
essaryinformation is 
ontained in the pattern or features present. See move 86 for example. The patternsystem 
ru
ially does not respond to white move 179 whi
h leads to it losing the large bla
k group inthe bottom right of the board (as 
ommented by the opponent). This is be
ause the move does notseem lo
ally urgent if you do not take into a

ount the wider 
ontext whi
h shows that the group isrunning out of eye spa
e so will likely to be 
aptured if no a
tion is taken. After bla
k loses this groupwe enter the end-game. Sin
e the pattern system 
annot re
ognise the fa
t that the groups in thebottom left and bottom right are dead it 
ontinues to waste moves trying in vain to save these groups.In the end, white (the human) wins by 52 points. The human player wrote that the pattern system`su

essfully 
ut o� a 
ouple of my groups'. He also mentioned its weaknesses su
h as it `played indead groups. Failed to handle some of the situations between the borders of [the two player's℄ groupsearly enough. It did this quite well in the end game, but did not re
ognise earlier [...℄ that these 
oulda�e
t the lives of groups'. When asked about how 
onsistently the pattern system seemed to playthey responded that `it makes some advan
ed moves in many phases but missed fairly obvious (to ahuman) things like when its group in the [bottom right℄ 
orner was in danger'.Another player with a rating of 1 kyu (strong amateur level) judged that the pattern system hada strength of 9 kyu and 
ommented that `the opening was pretty good (although a bit passive for mytaste). The AI has a good sense of shape.' When asked to 
omment on negative aspe
ts of the patternsystem's playing style the same player said that `when the ta
ti
s get tri
ky, the AI makes silly moves(and probably due to its relian
e on stronger players, whenever I relied on a ladder the AI wouldassume that it worked for me, even when that was not the 
ase). In addition, the AI does not seemto have a good sense of whi
h area is most urgent.' In response to a question about the 
onsisten
yof play the player responded that `The play was generally reasonably good, but o

asionally the AIwould ignore a signi�
ant threat from one of my moves.'I believe that the pi
ture that emerges from these (rather subje
tive) 
omments is that the systemperforms poorly at reading life and death (not surprising as lo
al patterns 
an hardly be expe
ted tobe able to dis
riminate between live and dead groups) and performs poorly at predi
ting the resultsof lo
al ta
ti
al battles (also not surprising as it seems likely that a sear
h module is ne
essary tomake good assessments of su
h situations as we will see in the next 
hapter). Also, the system hasno representation of overall strategy and no attempt is made to globally evaluate board positions orpredi
t the �nal territory out
ome of the game whi
h may explain the 
omment from a strong Goplayer that `the AI does not seem to have a good sense of whi
h area is most urgent'. However, thepattern system as Go player does make good `shape' and plays a strong opening. Also, a

ording to itshuman opponents, the pattern system makes a number of `advan
ed' moves whi
h 
hallenge strong Goplayers. I believe that if the mistakes due to in
orre
t assessment of life and death 
ould be eliminatedthen the playing strength 
ould be improved.
60
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3.3 Hierar
hi
al Gaussian Pattern ModelA 
omparison 
an be made between the pattern system for Go move generation and language modellingin general. The patterns are used to predi
t Go moves based on a lo
al 
ontext. An n-gram languagemodel predi
ts future words (or letters) based on the previous n� 1 words (letters). A simple methodof dealing with data sparsity in language models is ba
king-o� (Katz, 1997) where n is sele
ted so only
ontexts that have been seen a su�
ient number of times in training are used to make predi
tions.This means larger, more dis
riminative, 
ontexts are used where available but a smaller 
ontext isused where ne
essary. The pattern system also makes use of this prin
iple be
ause only patterns seenmore than a 
ertain number of times in the training data are stored.These similarities might suggest that we 
an learn from te
hniques used in language modelling.However, it should be realized that Bayesian language models (Ma
Kay and Peto, 1994) de�ne agenerative model for text whereas the pattern system, on the other hand, does not ne
essarily leadto a generative model for Go positions. Instead, the patterns are used to asso
iate a value with aparti
ular vertex in a position. The role of the pattern system in 
onjun
tion with a probabilisti
model is to provide a prior on this vertex-value whose de�nition depends on the appli
ation. Ingeneral, it 
ould be related to the urgen
y of a move as in the move predi
tion task, the probabilityof a move leading to a 
ertain goal being a
hieved (see the next 
hapter) or perhaps a
t as the prioron the �nal territorial ownership of the point in question at the end of the game as in Sanner et al.(2007).The patterns form a hierar
hy. The single vertex (size 1) `grandmother' pattern is at the top. Theset of all patterns mat
hing the next template up (size 2) form the next level of the hierar
hy and soon. Full board positions (
entered on the point in question) form the bottom level. The pattern thatmat
hes in the same board position as another pattern but only within a template one size smalleris 
alled the `parent' of the other pattern. The hierar
hi
al stru
ture of the population of patternssuggests that their values should be modelled hierar
hi
ally.Intuitively, the in�uen
e a pattern exerts on the vertex-value of the 
enter vertex of the mat
hshould depend on the size of the pattern and the number of times it was seen in the training data.The eviden
e provided by a larger pattern should dominate over the eviden
e from a smaller pattern ifthey both mat
h at the same lo
ation and they were both seen the same number of times in training.This is be
ause a larger pattern 
ontains all the information of a smaller pattern mat
hing at the samelo
ation as well as additional information. However more a

urate beliefs 
an be formed about patternsseen more frequently in training and smaller patterns are more 
ommon than large patterns. Thereforethe smaller patterns should be allowed to in�uen
e the value of the larger patterns in 
ases where thelarger patterns have been seen infrequently. These desiderata motivate a hierar
hi
al model. Notethat Bayesian hierar
hi
al language models appear to re
over the desired `smoothing' automati
ally(Ma
Kay and Peto, 1994).We now outline our hierar
hi
al model for pattern values. Let ea
h pattern have a latent value.The distribution over this value forms the prior distribution over the possible values of the 
hildren ofthis pattern. The prior distribution of the single vertex pattern is de�ned to be Gaussian. Ea
h latentpattern value is de�ned to be distributed as a Gaussian 
entered on the value of its parent pattern.We also say that the value of a vertex in a board position is distributed normally about the latentvalue of the largest pattern. In this way we de�ne a generative model of a vertex-value in a given Goposition. The values of the patterns are never observed dire
tly but an observation 
an be made of the63
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Figure 3.17: Hierar
hi
al Gaussian pattern model. In this example the number of pattern sizes, n = 3.There are 11 patterns in total in the hierar
hy and 11 observations. A realisti
 implementation 
ontainsmillions of patterns and billions of observations.value only in the 
ontext of a parti
ular full board position. The 
onjuga
y properties of the Gaussiandistribution lead to e�
ient inferen
e.3.3.1 Model DetailsThe set of all observed point-values is denoted Y : Also let the set of values of all possible patterns ofall sizes be X : Ea
h member of X shall be denoted xij where xij is the value of the jth pattern ofsize i: The index of the smallest pattern size is 1 and the value of the smallest (single vertex) patterndenoted x1. The largest pattern size is n and only the values of the largest patterns are ever observeddire
tly (patterns are always observed in the 
ontext of a whole board position). An observed value,yjk 2 Y is the kth observation of the jth full board position.The joint distribution p(Y ;X ) is de�ned to be:p(Y ;X ) = p(X ) � p(YjX )= p(x1) nYi=2Yk Yj p(xij jx(i�1)k) �Yq Ym p(yqmjxnq)where p(xij jx(i�1)k) = N (xij ;x(i�1)k; �2i�1)p(yrsjxnl) = N (yrs;xnl; �2)p(x1) = N (x1;�1; �21)An example Bayesian network 
orresponding to this model for n = 3 is shown in Figure 3.17. Thevarian
e parameters, �2i , 
orrespond to the variability of the latent value of patterns of sizes i + 1about the value of the size i pattern that also mat
hes. One would expe
t this value to be larger forsmall patterns due to the fa
t that smaller patterns 
ontain less information for dis
rimination. Itmight also be expe
ted that the varian
e �2i depends on the di�eren
e between the sizes of templatesi and i + 1. The predi
tive distribution over the value, y; of a vertex in a position where the index64



of the largest (size n) pattern mat
hing at that lo
ation is j is found by integrating out all the othervariables and observation beliefs:p(y) = ZYny ZX p(yjxnj) � p(Y n yjX )p(X )dXdY :This integration 
an be a

omplished by message passing.3.3.2 Inferen
eEa
h node in the graphi
al model (Figure 3.17) 
orresponds to the latent value of a pattern in thehash table. Exa
t inferen
e on this a
y
li
 graph is a

omplished using the sum-produ
t algorithm forGaussian densities (Se
tion 2.3.2). E�
ient inferen
e is possible due to the fa
t that messages passingtowards the root of the tree (whi
h we 
all the `ba
kward messages') do not depend on the messagesfrom the root of the tree (the `forward messages').The pattern system returns the sequen
e of nested patterns at a parti
ular vertex on the boardand we denote their values by x = fx1; x2; � � � ; xn�1; xng (smallest ... largest). For the followingdis
ussion we drop the per template pattern index and just index ea
h pattern in the sequen
e by itssize. The sta
k of mat
hing patterns, x, 
orresponds to a single path from the root of the tree (Figure3.17) to one of the leaves. Figure 3.18 shows a fragment of this path and its 
orresponding fa
torgraph representation. Ea
h 
onditional probability distribution is given by a fa
tor gi:

xi�1
xi
xi+1 p(xi+1jxi)= N (xi+1;xi; �2i )

p(xijxi�1)= N (xi;xi�1; �2i�1)
... xi�1

xi
xi+1gi = N (xi+1;xi; �2i )

gi�1 = N (xi;xi�1; �2i�1)
N (xi�1; �; �)

N (xi+1; �; �)

N (xi�1; �; �)
N (xi; �; �)

N (xi+1; �; �) mb;i+1
(mb;i+1; �i)mf;i mb;i
(mf;i�1; �i�1)mf;i�1
Figure 3.18: Fragment of hierar
hi
al model with messages labelled.65



The forward message from pattern value node xi is denoted mf;i. The ba
kward message frompattern value node xi is denoted mb;i. Let 
 denote 
onvolution with a Gaussian density (the additionof Gaussian noise). For example, if the message mb;i+1 = mxi+1!gi = N (xi+1;�m; �2m) then equation2.19 yields: mgi!xi = N (xi; �m; �2m + �2i )= 
(mxi+1!gi(xi+1); �i):The forward messages 
an be stated in terms only of other messages up and down this fa
tor graphfragment via the marginal update equation (2.13) to give:mf;i = mxi!gi(xi) = p(xi)mgi!xi = 
(mf;i�1; �i�1) �mb;i
(mb;i+1; �i) : (3.4)Similarly the ba
kward messages are found by:mb;i = 
(mb;i+1; �i) �mf;i
(mf;i�1; �i�1) : (3.5)As a spe
ial 
ase of (3.4) the forward messages from the root node are 
al
ulated via:mf;1 = p(x1)
(mb;2; �1) : (3.6)Ea
h pattern stores one Gaussian density: p(x1) for the single vertex pattern and the ba
kwardmessages,mb;i, for every other pattern. To determine p(yi), the predi
tive probability distribution overthe point-value in a board position, the forward messages must be updated for the sta
k of observedpatterns at this point. This is a
hieved by using equation 3.4 for ea
h pattern (starting at the rootand working up). Note that sin
e the ba
kward messages are 
a
hed and up to date, this 
al
ulationrequires a single sweep forward from root to the leaf in question (linear in the number of templatesizes). The learning update is a
hieved by propagating the ba
kward messages a

ording to (3.5),
a
hing the new ba
kward message for ea
h pattern and updating the marginal probability of the root(also linear in the number of template sizes).When harvesting new patterns, the Gaussian density stored for ea
h pattern (apart from thezero sized pattern) is set to be uniform (� = 1); whi
h means that the ba
kward messages areuniform, 
orresponding to no prior observations. The Gaussian density for the single vertex pattern(
orresponding to p(x1)) is set to N (0; 100):3.3.3 Move Predi
tion ExperimentsThe performan
e of the hierar
hi
al model was evaluated for the task of move predi
tion. For thisappli
ation we do not observe the numeri
al value, y, of a move dire
tly. Rather, we let this valuebe the move value as in the model of Se
tion 3.2.1 so y = u(~v; 
) and the distribution over moves isgiven by equation 3.1. In other words we use the hierar
hi
al model to provide the Gaussian prioron a move value and the observations are in the form of 
onstraints on the ordering of the values ofmoves based on the de
isions made by the human players. Inferen
e is a
hieved by message passingon the 
omposite fa
tor graph of the two models. Clearly the full 
omposite graph may 
ontain loopsbe
ause the smaller patterns may mat
h for multiple available moves but we ignore this issue, mu
h66
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Figure 3.19: Empiri
ally estimated �i values.as we impli
itly ignored it previously by using ADF. All 14 pattern templates were used so n = 14(see Figure 3.2).Empiri
al Determination of Varian
e ParametersThe varian
e parameters, �2i ; must be determined. The full Bayesian approa
h would be to pla
e aprior on them and marginalize them out. For the experiments here we simply estimated the valuesusing �2i = Pk[(�i+1;k � �i;pa(k))2℄Pk 1where �i+1;k is the mean value of pattern k of size i + 1 and �i;pa(k)is the mean value of its parentpattern as learned using the ranking model when mat
hing only the maximum sized pattern (as inSe
tion 3.2.3). The resulting values are shown in Figure 3.19. Note also that the magnitude of�i depends on the relative di�eren
e in size between su

essive nested templates (�gure 3.2). Theexpe
tation is taken over patterns harvested and trained on the GoGoD training set (training onlythe biggest pattern to mat
h for ea
h move as in the experiments in Se
tion 3.2.3). It should also bepointed out that the training set used to tune these parameters does not interse
t any test set usedhere. These �i settings were used for the experiments in this se
tion but in pra
ti
e it was found thatthe performan
e depended little on this setting (very similar results are a
hieved if �i is set to 1).ResultsFigures 3.20 and 3.21 
ompare the performan
e of the pattern system using the hierar
hi
al model asthe prior on the move value against the results obtained when only the maximum sized pattern is used(as in the previous experiments). The system was trained on 18,000 expert games and tested on 1352games. Figure 3.20 shows that the move predi
tion performan
e of the hierar
hi
al model is better atevery stage of the game and for every pattern size, although the in
rease is rather modest, espe
iallyat the start of the game. Figure 3.21 
ompares the probability of the expert moves a

ording to thetwo models. This shows that the hierar
hi
al model is a better probabilisti
 model throughout most67
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Figure 3.20: The performan
e of the hierar
hi
al model is 
ompared with the performan
e of themodel using only the largest mat
hing pattern. The models were trained on 18,000 games and testedon 1352 test games. Top: Cumulative distribution of the ranks the models assign to the moves playedby expert players. Middle: Mean rank error for ea
h pattern size. Rank error is expert move ranknumber available moves .Bottom: Mean rank error for di�erent phases of the game (ea
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Figure 3.22: Box plots showing test performan
e of the hierar
hi
al model on 1352 unseen games.The models were trained on 18,000 games. Lower and upper sides of box: quartiles; horizontal linea
ross middle: median; width: number of data points; whiskers (dashed lines): extent of data within3 � IQR; dots: data points outside 3 � IQR. Top: Box plot of the rank error for di�erent phasesof the game, ea
h phase 
orresponding to an interval of 30 moves. Rank error is expert move ranknumber available moves .Bottom: Box plot of the rank error for di�erent pattern sizes.
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Figure 3.23: The performan
e of the hierar
hi
al model is 
ompared with the performan
e of the modelusing just the largest mat
hing pattern. Here both models are trained on only 684 games. The testset here was 211 unseen games (a subset of the other test set). Top: Cumulative distribution of theranks the models assign to the moves played by expert players. Middle: Mean rank error for ea
hpattern size. Rank error is expert move ranknumber available moves . Bottom: Mean rank error for di�erent phases of thegame (ea
h phase is 30 moves). 71
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Figure 3.24: The probability of the moves in unseen games a

ording to the hierar
hi
al model is
ompared with the probability of the moves a

ording to the model using just the largest mat
hingpattern. Both models are trained on only 684 games. The test set here 
ontained 211 games (a subsetof the other test set). Top: S
atter Plot. Ea
h 
olour 
orresponds to a di�erent maximum patternsize (for the model using only the largest mat
hing pattern). Middle: Mean predi
tive probability forea
h pattern size. Bottom: Mean predi
tive probability for di�erent phases of the game (ea
h phaseis 30 moves). 72
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Figure 3.25: Fa
tor graph fragment showing that the move value is modelled as the sum of the valuesof a set of features. The fa
tor at the top 
orresponds to beliefs propagated from the ranking model.Note that the full 
omposite graph of the ranking model 
ontains 
y
les if the same feature is presentin more than one of the legal moves in a position (as is often the 
ase). This issue is ignored for theexperiments here.of the game ex
ept during the �rst 30 moves. The model is worse at the start of the game be
ausethe available moves 
orrespond to large patterns and the model predi
tive probability is worse for thelarger patterns as shown by Figure 3.21 (middle).Figures 3.23 and 3.24 make the same 
omparisons for the 
ase the system is trained on 684 gamesonly and show that the in
rease in performan
e yielded by using the hierar
hi
al model is slightlylarger. This may be be
ause large patterns are less frequently mat
hed as the pattern table is smallerso smaller gains are a
hieved by smoothing over 
ontexts of di�erent sizes by the hierar
hi
al model.3.4 Linear Feature ModelSin
e the initial publi
ation of this large s
ale appli
ation of patterns for move predi
tion in Go (Sternet al., 2006) the work was followed up by Coulom (2007). Instead of the full Bayesian ranking modeldes
ribed in Se
tion 3.2.1 he used a generalisation of the Elo ranking system used internationally torank 
hess players (also known as the Bradley-Terry model). His approa
h allowed him to avoid theexponential number of parameters (2jF j�#patterns) required by the addition of the pattern featuresdes
ribed in se
tion 3.1.2. He a
hieved strong move predi
tion performan
e, probably be
ause he wasable to use a mu
h larger set of features. This se
tion demonstrates that by using perhaps the simplestpossible approa
h (a linear model) we 
an use a large number of features. We assume that the valueof a move is the sum of the values of a number of features in the same manner as Coulom (2007) butusing the full ranking model of Se
tion 3.2.1.3.4.1 Model Des
riptionThe value of a move, u; is modeled as the sum of the values of a set of binary features. The set offeatures is given by F = f1 � � �ng and the fun
tion f : F ! fTRUE;FALSEg maps ea
h feature to73



its logi
al state. The fun
tion s : F ! R returns the value of ea
h feature in a parti
ular position,s(i) := si. The distribution over the value, u; of a move is given by:p(ujs1; s2; � � � ; sn) = I u =Xi2F s(i)I(f(i))! :The value of the feature in a parti
ular position, si, is taken to vary about the underlying value ofthe feature, ti; with Gaussian noise having varian
e �2 so p(sijti; �) = N (si; ti; �2) The prior on theunderlying value of ea
h feature is taken to be Gaussian, p(ti) = N (ti;�i; �2i ): This yields a Gaussianpredi
tive distribution on the value of a move,p(uj�;�; �) = N  u;Xi2F �iI(f(i));Xi2F(�2i + �2)I(f(i))! :This is used as the prior on u(~v; 
), the move value as in the ranking model of Se
tion 3.2.1, that is,the probability of a move in a position is given by equation 3.1. Figure 3.25 shows the relevant fa
torgraph fragment. The learning pro
edure is the same as before ex
ept now messages are propagatedto ea
h feature variable, ti; and the mean and varian
e of ea
h feature are stored. The messageupdates required for inferen
e in this part of the graph are given by equations 2.20 and 2.19. Thefull 
omposite fa
tor graph produ
ed by 
ombining the ranking model with the linear feature model islikely to 
ontain multiple 
y
les due to a parti
ular feature being TRUE for multiple moves. For theexperiments in this se
tion we ignore this issue and the update messages are just propagated to thefeature variables for ea
h move in a position separately.3.4.2 FeaturesFor a pattern table 
ontainingm patterns, the �rstm features in F indi
ate whi
h pattern is the largestto mat
h for the move (only one of m will be TRUE). The other features are explained in Table 3.1and are similar to those used by Coulom (2007). The Monte Carlo territory feature is 
al
ulated byplaying 64 random games from the 
urrent position. The feature state is determined by the numberof times that the empty vertex where the potential move is to be played is owned at the end of therandom game by the player to move. Sin
e the simple linear model 
annot dete
t the importan
eof a 
onjun
tion of features we 
ompensate for this la
k of representational power by in
luding somefeatures whi
h are in fa
t a 
ombination of features of the position, su
h as `atari when ko is present'to 
hara
terise a ko threat.3.4.3 ResultsFigures 3.26 and 3.27 show that (trained on 18,000 games) the linear feature model produ
es betterresults than our previous method of in
luding features, both in terms of predi
tive probability andmove ranking performan
e. This is presumably be
ause far more features are in
luded. Only at thestart of the game does the in
lusion of the extra features make no improvement be
ause all of theinformation needed to predi
t a move is already present in the patterns be
ause they are su�
ientlylarge.Figure 3.26 (top) also in
ludes the 
orresponding 
umulative density fun
tion 
urve from Coulom(2007). We perform slightly better at the start of the 
urve (we predi
t the expert move 
orre
tly74



Feature Category State �i DetailsCapture 1 2.11 Capture.2 �0:18 Capture but stone in ladder anyway.Es
ape Atari 1 1.85 Es
ape atari.2 0.42 Es
ape atari but still in ladder.Atari 1 0.87 Atari in ladder.2 1.55 Atari when ko present.3 1.03 Other Atari.Liberties of New Chain 1 �0:75 1 liberty means self-atari.2 -0:063 0.184 0.19> 4 0.22Distan
e to Edge 0 �0:161 0.452 0.483 0.224 0.045 0.02Monte Carlo Territory 1 �1:56 0�72 �0:67 8�153 0.13 16�234 0.38 24�315 0.29 32�396 �0:23 40�477 �1:24 48�558 �2:61 56�63Liberties of Closest Opponent 1 �0:17 Liberties of 
losest opponent 
hain2 0.38 (if distan
e less than 6.)3 0.06Distan
e To Previous Move 1 2.122 1.463 1.10...16 -0.14� 17 -0.19Distan
e to Move Before Previous 1 1.132 0.833 0.61...16 0.24� 17 0.25Table 3.1: Features used by the linear model. There are 9 feature 
ategories whi
h 
an ea
h takeon a number of states. This leads to 63 binary features in addition to the largest mat
hing patternwhi
h together are used to 
hara
terise a move. The table also shows the mean, �i; of the posteriordistribution over the value, t(i); of ea
h feature after training.75
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Figure 3.26: Comparing the performan
e of 3 methods of feature in
lusion: no features (besidesthe patterns), binary pattern features as in Se
tion 3.1.2 and the linear feature model. The modelswere trained on 18,000 games. Top: Cumulative distribution of the ranks the models assign to themoves played by expert players. Middle: Mean rank error for ea
h pattern size. Rank error isexpert move ranknumber available moves . Bottom: Mean rank error for di�erent phases of the game (ea
h phase is 30moves). 76
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Figure 3.27: Comparing the probability of the expert moves in unseen expert games for 3 methods offeature in
lusion: no features (besides the patterns), binary pattern features as in Se
tion 3.1.2 andthe linear feature model. The models were trained on 18,000 games. Top: S
atter Plot 
omparing thepredi
tive probability of the linear feature model with the pattern features. Ea
h 
olour 
orrespondsto a di�erent maximum pattern size. Middle: Mean predi
tive probability for ea
h pattern size.Bottom: Mean predi
tive probability for di�erent phases of the game (ea
h phase is 30 moves).77
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Figure 3.28: Box plots showing test performan
e of the linear feature model on 1352 unseen games.The models were trained on 18,000 games. Lower and upper sides of box: quartiles; horizontal linea
ross middle: median; width: number of data points; whiskers (dashed lines): extent of data within3 � IQR; dots: data points outside 3 � IQR. Top: Box plot of the rank error for di�erent phasesof the game, ea
h phase 
orresponding to an interval of 30 moves. Rank error is expert move ranknumber available moves .Bottom: Box plot of the rank error for di�erent pattern sizes.
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37% of the time) and slightly worse at the tail of the 
urve. The linear feature model is trainedon 18,000 games yet we obtain similar performan
e as the previous experiment where the systemwas trained on 181,000 games and used only the 8 pattern features (Figure 3.6). Perhaps the movepredi
tion performan
e of the linear model 
ould be in
reased further by training on more data. The
omputational 
ost is now somewhat higher than before be
ause of 
omputationally expensive featuressu
h as the ladder features and the Monte Carlo feature. The system 
an predi
t moves at a rate ofabout 10 positions per se
ond on a standard 2GHz PC.Feature ValuesIt is interesting to examine the values learned for the features during training (Table 3.1). The orderingof the values of the di�erent features is similar to that found by Coulom (2007). Ataris and 
apturesare frequently played when they are available (as long as the stones would not be 
aptured in a ladderanyway). Ko threats are also learned.The value of a move seems to strongly depend on the predi
ted territory at the point in question(the Monte Carlo feature). It seems that moves tend not to be made into areas that are either bla
kor white territory but are more likely to be made into regions of the board where ownership has notyet been de
ided. This 
orresponds with standard Go-playing wisdom. Interestingly, moves into one'sown sure territory are penalised even more than moves into the opponent's sure territory. Possiblythis is be
ause a move into one's own territory is almost 
ertainly a waste whereas a move into theopponent's territory 
ould represent a threat, whi
h 
osts nothing if it requires a response from theopponent.As van der Werf et al. (2002) dis
overed, the distan
e of a move to the previous move is a valuablefeature for the task of move predi
tion and we �nd that here too. Players presumably don't play movesmerely be
ause they are 
lose to the previous move, but be
ause they are good moves! Logi
ally, ifyou're playing an optimal opponent, the optimal move in a given position has no dependen
e on theprevious move. If experts were optimal and we were to produ
e a model that 
aptured all importantaspe
ts of the board 
on�guration then presumably the value of the move would be fully explainedaway by this model and the distan
e to the previous move would be
ome an unimportant feature.3.5 Dis
ussionIn the introdu
tion we referred to a distin
tion between stati
 and dynami
 approa
hes to positionevaluation. Pattern mat
hing falls into the 
ategory of stati
 evaluation methods. By restri
ting thesystem to mat
hing only exa
t, lo
al, symmetri
al, non-overlapping templates we a
hieve surprisinglya

urate move predi
tion performan
e at little 
omputational 
ost. There are many possible extensionswhi
h might improve the performan
e of the model. For example we 
ould use templates with variableshape whi
h 
ould take into a

ount the stru
ture inherent in the arrangement of the stones on theboard (perhaps using a 
ommon fate type representation (Graepel et al., 2001)).A strength of the pattern system is that it is fast enough to work within the inner loop of alarger Go playing system. This suggests that these 
omputationally expensive extensions may not beworthwhile. I think the most worthwhile dire
tion forward would be to move towards using a moredynami
 approa
h to position evaluation whi
h uses the pattern system to in
orporate stati
 knowledgein su
h a way as to exploit the speed of the pattern system. This is be
ause although it is possiblefor a pure stati
 method to be a

urate in prin
iple (a very large look up table would do), I believe79



that stati
 evaluation alone seems an ine�
ient means of evaluating a move. A dynami
 evaluation
an adapt and learn about the position at hand by exploring the lo
al part of the state spa
e, ratherthan having to know in advan
e how to play in every possible position, as a stati
 method must. There
ent su

ess of Monte Carlo planning for Go adds weight to this argument.The pattern system as it stands 
an predi
t expert moves at a rate of hundreds per se
ond butby restri
ting the size of the maximum pattern mat
hed and by redu
ing the set of other featuresbeing 
he
ked the speed 
an be in
reased to a rate of thousands of moves per se
ond. In that 
asethe speed of the pattern mat
her is su�
ient that it 
an be used to guide sear
h and this appli
ationis investigated in the next 
hapter. Another appli
ation of the pattern mat
hing system is to guideadaptive Monte Carlo planning (as dis
ussed in Chapter 6).
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Chapter 4Learning To Solve Game Trees1
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�����������
������������������������������������������	Figure 4.1: A battle emerges in the top right of the board.In this 
hapter, we 
onsider the task of proving whether goals 
an be a
hieved by a player in anadversarial game. The task is to prove that a player (the `atta
ker') 
an a
hieve the goal, whateverthe a
tions of the opponent (the `defender'). Su
h problems are solved by sear
hing the state spa
e(the game tree) (Pearl, 1984; Russell and Norvig, 1995). We saw in Se
tion 1.3 that it is intra
table touse minimax sear
h to sele
t moves in the game of Go be
ause the evaluation fun
tion is too 
omplex.However, sear
h 
an be applied to sub-problems in Go su
h as the task of determining whether aparti
ular stone on the board 
an be 
aptured. The evaluation fun
tion for that task is trivial: return`TRUE' if the stone is 
aptured and `FALSE' otherwise. Therefore, the ideas developed in this 
hapterare applied to the task of solving 
apture problems in Go. A system that 
an solve 
apture problemsis an important sub-
omponent of most Go programs and the results returned by this system 
ouldbe useful for position evaluation or for building a stru
tured board representation.1The 
ontent of this 
hapter builds on work 
arried out in 
ollaboration with Thore Graepel and Ralf Herbri
h andpresented at the International Conferen
e of Ma
hine Learning 2007 (Stern et al., 2007).81



We assume every node in a game tree has an underlying `Delphi
' value: the Boolean value thatwould be returned by an ora
le with perfe
t knowledge (Palay, 1985). This value is TRUE for a nodeif the goal 
an be provably a
hieved in the 
orresponding position and FALSE if the goal 
annot bea
hieved. After fully exploring the tree we 
an determine by logi
al dedu
tion the value of the rootnode. In this 
ase the tree is `solved' and sear
h terminates. During a sear
h the values of some nodesare not yet determined and we 
an quantify the un
ertainty about these values using probabilities.We assign a probability of 1 to every TRUE node and probability 0 to every FALSE node. All othernodes have some probability between 0 and 1 whi
h represents a degree of belief about whether thenode is TRUE (see Se
tion 4.3). The �nal out
ome of sear
h does not depend on these probabilities.Rather, they are used to guide sear
h to �nd the solution more rapidly.By pla
ing prior distributions on the values of the leaf nodes of the game tree we 
an in
orporateknowledge into sear
h. These distributions are surrogates for the unexplored parts of the tree. Assear
hes are performed, nodes be
ome proved as TRUE or FALSE and these proofs 
an be used toupdate the surrogate distributions so future sear
hes are more e�
ient. As more is learned and thesurrogate distributions be
ome more a

urate we are essentially 
ompressing the game tree.Many individual nodes must be solved in order to solve a game tree and ea
h node represents asear
h problem in its own right so a problem de
omposes re
ursively into a number of simpler buildingblo
ks. This means that a 
omplex problem potentially provides a ri
h sour
e of information aboutproblem solving in general. Learning a distribution over plausible values of these building blo
ks isanalogous to the pro
ess of 
hunking des
ribed in the psy
hology literature (Miller, 1956). Humanshort-term memory 
an only hold a limited number of dis
rete units (so-
alled 
hunks) so the moreinformation ea
h 
hunk holds, the more information 
an be 
ontained in short-term memory. There issome eviden
e that the `better' 
hunks we form, the better we are at solving problems (Simon, 1974).A Go position in 
onjun
tion with the rules of the game 
ontains all the information ne
essary forperfe
t play but if we have limited 
omputational resour
es we must take 
are to extra
t only relevantinformation. The game tree gives the stru
ture required to extra
t this knowledge and the more welearn from experien
e about the plausible values of subtrees in the game tree the more e�
iently we
an sear
h in the future.This type of supervised learning is unusual be
ause it is the agent itself generating the observations(a
tive learning). The sear
h algorithm in 
onjun
tion with the probabilisti
 model used to guide sear
hgives a generative model of game trees. Sin
e the sear
h algorithm uses observations made in previoussear
hes to learn how to guide the next sear
h (and hen
e learn to sear
h more e�
iently) one mightbe 
on
erned that we are introdu
ing a systemati
 bias into the observations. However, as long aswe make our inferen
es based entirely on our generative model (the sear
h algorithm in 
onjun
tionwith the model) and on whi
h nodes are observed to be TRUE or FALSE we re
eive the prote
tionof the likelihood prin
iple (Ma
Kay, 2003): Given a generative model of data whi
h depends on someparameters, inferen
e about these parameters depends only on the likelihood of the observed data,not on other data whi
h 
ould have been observed but was not. Therefore a systemati
 bias 
annotbe introdu
ed by this type of a
tive learning. Another way of thinking about it is that in learning amodel of x given an input y; it is allowed to look at the value of y for a datum and 
hoose whetherto in
lude the datum in the data set - the inferen
e about p(xjy) will not be biased (Ma
Kay, 1992).The 
riti
al thing is that that exa
tly the same sear
h algorithm is used in training as in testing. Ifthis was not the 
ase then we would be using a di�erent generative model in testing and this way wewould indeed potentially introdu
e a bias. 82
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�����������The Nose TesujiFigure 4.2: Example tesuji 
apture problems (Davies, 1975). The goal is to 
apture the stones markedwith a triangle.4.1 Go Tesuji ProblemsWe apply the ideas developed in this 
hapter to the task of solving tesuji 
apture problems where thegoal in ea
h 
ase is to 
apture a parti
ular stone on the board (Davies, 1975) (See Figure 4.2 for twoexamples). The Japanese word tesuji means the best play in a 
ertain lo
al Go position. Tesuji movesoften have names su
h as the `net', the `
ranes nest' and the `throw in'. Tesuji problems are used fortea
hing a player these standard plays.4.2 Sear
h in GamesLet the set of all possible positions in a game be S: Ea
h position n 2 S has a set of legal movesavailable, L(n), ea
h of whi
h generates a su

essor position. Two players, atta
ker and defender,take it in turns to move. A problem is de�ned by its goal, g : S ! fTRUE, FALSE, UNKNOWNg.We are 
on
erned with proving whether, starting in a parti
ular position, n; the atta
ker 
an rea
h astate in whi
h the goal is TRUE taking into a

ount all possible a
tions of the defender. The (Boolean)result of this proof is the Delphi
 value of the node and is denoted d(n) where d : S ! fTRUE;FALSEg.Starting at a root position r 2 S we develop it by generating ea
h legal su

essor position (its
hildren). In this way we begin to generate a sear
h tree, T := fS; Eg, whi
h represents possible(dire
ted) paths through state spa
e. Ea
h edge e 2 E 
orresponds to a transition between states (amove). We sti
k to the 
onventional term `tree' here although this is slightly misleading be
ause thepossible paths through state spa
e a
tually 
orrespond to a dire
ted a
y
li
 graph be
ause the samestate 
an be rea
hed via multiple paths. We refer to the set of legal su

essor positions of a node nas 
h(n), the 
hildren of node n. The parent of node 
 is denoted pa(
). On
e a position is developedit is 
alled an internal node otherwise it is a leaf node. Leaf nodes, l, where g(l) is TRUE or FALSEare 
alled terminal nodes. We iterate the pro
ess of developing non-terminal leaf positions to expandthe sear
h tree.4.2.1 Minimax Sear
hGame trees of this type are usually solved by minimax sear
h. The tree is fully expanded to a �xednumber of moves in the future (depth-�rst sear
h) and the following fun
tion is applied re
ursively to
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the nodes in the tree (Russell and Norvig, 1995):minmax(n) = 8>>>>>><>>>>>>: max
2
h(n)minmax(
) if atta
ker to move and n internalmin
2
h(n)minmax(
) if defender to move and n internal1 if g(n) = TRUE�1 if g(n) = FALSEu(n) if n is a leaf node and g(n) = UNKNOWNwhi
h returns 1 if the goal 
an be a
hieved. This is known as a ba
k-up routine as information is `ba
kedup' the tree towards the root. The evaluation fun
tion, u(n) 2 [0; 1℄; is a game spe
i�
 heuristi
. Inpra
ti
e the alpha-beta pruning algorithm is usually used to ensure only nodes whi
h 
an a
tually
hange the 
hoi
e of move are developed (Knuth and Moore, 1975). The e�e
tiveness of alpha-betapruning depends on the ordering of the moves generated. With a perfe
t move ordering the 
ost isO(pt) where t is the number of nodes in the full minimax tree.4.2.2 Best-First Sear
hUsing depth as the 
riterion for terminating sear
h may result in a great deal of wasted 
omputationale�ort by not 
on
entrating on important lines of play. In this work we fo
us on best-�rst sear
h. Atea
h step in a best-�rst sear
h the most promising node (a

ording to some 
riterion) is developed.In pra
ti
e, depth-�rst sear
h has proved mu
h more su

essful in game playing appli
ations be
ause
hoosing whi
h node to expand is di�
ult. Both depth-�rst and best-�rst methods su�er from thehorizon e�e
t : important lines of play may be terminated before they are played out leading to a poorestimation of the value of the root (Berliner, 1979).4.2.3 AND / OR TreesThe values of previously explored paths through state spa
e are represented as an AND/OR tree(Nilsson, 1971) whi
h is a graphi
al representation of a logi
al fun
tion of a set of variables (theleaves of the tree). Ea
h node n 2 S in the AND/OR tree is labeled with a logi
al value v(n) 2fTRUE, FALSE, UNKNOWNg. If v(n) is TRUE or FALSE then node n is `solved' and v(n) = d(n).An AND/OR tree has two types of nodes: OR nodes and AND nodes. For a given tree with valuesassigned to the leaf nodes we determine the values of the internal nodes by:AND node: v(n) = ^
2
h(n) v(
)OR node: v(n) = _
2
h(n) v(
).The AND operator (^) is de�ned su
h that if any 
hild of a node is FALSE then the node is FALSE,otherwise if any 
hild is UNKNOWN then the node is UNKNOWN, otherwise it is TRUE. The ORoperator (_) is de�ned su
h that if any 
hild of a node is TRUE then the node is TRUE, otherwiseif any 
hild is UNKNOWN the node is UNKNOWN, otherwise it is FALSE; see Figure 4.3 for anexample tree.Ea
h AND node 
orresponds to a position in whi
h it is the defender's turn to move (be
auseevery defender response must be 
onsidered to prove that the goal 
an be a
hieved). Ea
h OR node84



TT FT T T T ? FT F ? ? T F FT TFigure 4.3: And / Or Tree with truth values of nodes labelled. The ar
s underneath some of the nodesindi
ate that they are AND nodes. The other nodes are OR nodes.
orresponds to a position in whi
h it is the atta
ker's turn to move (be
ause only one working atta
kermove must be found in ea
h position along the path to the solution). The AND / OR rules 
orrespondto the minimax ba
k-up pro
edure with a binary valued evaluation fun
tion.If the root has value TRUE or FALSE then the tree is `solved'. The value of the tree is the valueof its root. If a tree has value TRUE it is `proved', if it has value FALSE it is `disproved'. If no
hildren 
an be added to a leaf node l (be
ause no legal moves are available) and the evaluation g(l)= UNKNOWN then it has value FALSE if it is an OR node and TRUE if it is an AND node.4.2.4 Proof Number Sear
hWe 
ompare our te
hniques to Proof Number Sear
h (Allis, 1994), a state-of-the-art best-�rst sear
halgorithm for �nding solutions to problems represented as AND/OR trees. Proof Number Sear
h isrelated to Conspira
y Number sear
h (M
Allester, 1988), a best-�rst sear
h for sear
hing game treeswhen we have a 
ontinuous evaluation fun
tion.In Proof Number Sear
h, two numbers are assigned to ea
h node, n: the proof number, Nn; andthe disproof number, Dn. The proof number is de�ned as the minimum number of nodes that must bedeveloped in order to prove that node TRUE. Therefore, the proof number of an AND node is the sumof the proof numbers of its 
hildren (as all of its 
hildren must be proved to prove the node). The proofnumber of an OR node is the minimum of the proof numbers of its 
hildren as only one of the 
hildrenneeds to be proved to prove the node. The disproof number is de�ned as the minimum number ofnodes that must be developed in order to disprove the node (prove it FALSE). By symmetry, the rulesfor propagating disproof numbers are the same as the rules for proof numbers if we ex
hange OR for85



?[2,2℄?[2,2℄ F [1,0℄?[1,3℄ ? [1,2℄ T[0,1℄ ?[1,1℄ ?[1,1℄ F [1,0℄?[1,1℄ ?[1,1℄ ?[1,1℄ ?[1,1℄ ? [2,1℄ F[1,0℄ F[1,0℄?[1,1℄ ?[1,1℄Figure 4.4: And / Or Tree with proof and disproof numbers labelled as [Nn; Dn℄. The path to themost proving leaf is shown.AND and TRUE for FALSE. The ba
k-up propagation rules are:Nn =8>>>>>><>>>>>>:
P
2
h(n)N
 if internal AND node;min
2
h(n)N
 if internal OR node,0 if v(n) = TRUE;1 if v(n) = FALSE:1 if UNKNOWN leaf nodeDn =8>>>>>><>>>>>>: min
2
h(n)D
 if internal AND node;P
2
h(n)D
 if internal OR node,1 if v(n) = TRUE;0 if v(n) = FALSE:1 if UNKNOWN leaf nodeFigure 4.4 shows an AND/OR tree with proof and disproof numbers labeled. Given a sear
h tree withproof numbers and disproof numbers assigned a

ording to the above rules the next node to develop isdetermined by working down the tree from the root. At ea
h OR node the 
hild node with the lowestproof number is sele
ted and at ea
h AND node the 
hild node with the lowest disproof number issele
ted. On
e a leaf is rea
hed it is developed and then the proof numbers and disproof numbers arepropagated up to the root. This pro
ess is repeated until the tree is solved.



?0.5469
?0.5469 F 0.0?0.875 ? 0.625 T1.0 ?0.5 ?0.5 F 0.0?0.5 ?0.5 ?0.5 ?0.5 ? 0.25 F0.0 F0.0?0.5 ?0.5Figure 4.5: Sear
h tree as Bayesian network. Ea
h node is labelled with its probability of being TRUE.The estimated path of best play is also labelled - noti
e it is the same as the path followed by ProofNumber Sear
h (Figure 4.4).4.3 Sear
h and Inferen
eIn this 
hapter we use probabilities to guide sear
h. For ea
h node, n, we store the probability of itbeing TRUE: Pn := P (d(n) = TRUE) ; n 2 S. If a node has value FALSE the probability Pn = 0, if ithas value TRUE then Pn = 1. If the node is UNKNOWN then the probability represents our degreeof belief about the value of the node being TRUE. Under the assumption of independen
e betweenthe values of the 
hildren of a node inferen
e is a
hieved by simple propagation rules (Pearl, 1984; Chiand Nau, 1988) whi
h we 
all `Probability Propagation':AND : Pn = P 0� ^
2
h(n) d(
)1A = Y
2
h(n)P
 (4.1)OR : Pn = P 0� _
2
h(n) d(
)1A = P 0�: ^
2
h(n):d(
)1A= 1� Y
2
h(n)(1� P
): (4.2)In other words we treat the game tree as a Bayesian network as shown in Figure 4.5. The jointdistribution of the Delphi
 values of all nodes in the game tree is:p �fd(t)gt2S� = Yn2SnF p�d(n)j fd(
)g
2
h(n)�Yl2F p(d(l)) (4.3)87



where F is the set of leaves (the sear
h frontier). For an AND node, p(d(n)j fd(
)g
2
h(n)) = I(d(n) =V
2
h(n) d(
)) and for an OR node p(d(n)j fd(
)g
2
h(n)) = I(d(n) = W
2
h(n) d(
)). For leaf nodes, l;with g(l) = TRUE or g(l) = FALSE the priors on the leaf values, P (d(l) = TRUE) are set to 1 or0 respe
tively (the evaluation fun
tion). For UNKNOWN leaves the priors represent our prior beliefabout whether the node is TRUE or FALSE (set to 0.5 in initial experiments).4.3.1 The Sear
h Tree Fa
tor GraphA more general perspe
tive 
an be obtained by representing the AND / OR tree as a fa
tor graph asshown in Figure 4.6. Ea
h node in the AND/OR tree 
orresponds to a variable node (
ir
le) in thefa
tor graph. The subs
ript for ea
h fa
tor indi
ates the parent node of that fa
tor (the node dire
tlyabove it in the sear
h tree). AND nodes are 
onne
ted to their 
hildren via the AND fa
tor:f^;n �d(n); fd(
)g
2
h(n)� = I0�d(n) = ^
i2
h(n) d(
i)1A ;and OR nodes are 
onne
ted to their 
hildren by the OR fa
tor:f_;n �d(n); fd(
)g
2
h(n)� = I0�d(n) = _
i2
h(n) d(
i)1A :The fa
tors enfor
e the AND / OR 
onstraints. The logi
al value of ea
h node, d(n); is represented asa binary number so TRUE:=1 and FALSE:=0. Bernoulli fa
tors fl(l) = Ber(d(l); ql) are atta
hed toea
h of the leaves. For UNKNOWN leaf nodes the probability ql en
odes our prior belief about whetherthe leaf is TRUE or FALSE. If a node, l, is evaluated and found to be FALSE (that is, g(l) = FALSE)then ql = 0, if it evaluates to TRUE then ql = 1. A Bernoulli fa
tor froot = Ber(d(r); qr) 
an also beatta
hed to the root and this 
an be used to in
orporate an exogenous belief about the probability ofthe tree being eventually proved true or false. If qr is set to 0.5 then we re
over the same distributionas that represented by the Bayesian network of �gure 4.5.The messages propagated on this fa
tor graph are represented as Bernoulli distributions: mf!n(d(n)) =Ber(d(n); q(n)): The parameters of the messages to and from node n are denoted qu(n) for an upwardmessage and qd(n) for a downward message. Using (2.11) and (2.12) we 
an 
al
ulate the messagesup and down the sear
h tree fa
tor graph. The upward messages are 
al
ulated as:mf^;n!n(d(n)) = Ber (d(n); qû (n)) = Ber0�d(n); Y
2
h(n)m
!f^;n(d(
) = 1)1A (4.4)mf_;n!n(d(n)) = Ber (d(n); qu_(n))= Ber0�d(n); 1� Y
2
h(n) �1�m
!f_;n(d(
) = 1)�1A (4.5)so qû(n) = Y
2
h(n) qu(
) (4.6)qu_(n) = 1� Y
2
h(n) (1� qu(
)) (4.7)88
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f_;r = I(d(r) = d(a) _ d(b))
f^;a = I(d(a) = d(
) ^ d(d)) f^;b

f_;
 f_;d f_;hf^;m = I(d(m) = d(p) ^ d(q))fi(i) fj(j) fk(k) fl(l)fp(p) fq(q) fn(n) fo(o)fe(e) ff (f) fg(g)

Ber(d(r); qr)
Ber(d(r); qu_(r))
Ber(d(a); qd_(a))Ber(d(a); qû(a))

Ber(d(
); qd̂ (
))

Figure 4.6: Sear
h tree as a fa
tor graph. Ea
h variable node 
orresponds to a node in the sear
h tree.Every internal variable node, x, is 
onne
ted to a fa
tor: f_;x for an OR node and f^;x for an ANDnode. The fa
tors enfor
e the AND / OR 
onstraints on the logi
al values of the nodes.
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(
ompare to equations 4.1 and 4.2). The downward messages are:mf^;n!
(d(
)) = Ber �d(
); qd̂(
)� (4.8)mf_;n!
(d(
)) = Ber �d(
); qd_(
)� (4.9)where qd̂(
) = qd(n)Q
j2
h(n)n
 qu(
j) + �1� qd(n)� �1�Q
j2
h(n)n
 qu(
j)�qd(n)Q
j2
h(n)n
 qu(
j) + (1� qd(n)) �2�Q
j2
h(n)n
 qu(
j)� (4.10)and qd_(
) = qd(n)2qd(n)� (1� 2qd(n))Q
j2
h(n)n
 (1� qu(
j)) (4.11)for 
 2 
h(n). If we set qr (the root bias) to 0.5 then (4.8) and (4.9) are both equal to 0.5 and do note�e
t the marginal distributions of the variables in the graph so we do not need to 
al
ulate them. Inthis 
ase the propagation rules redu
e to (4.4) and (4.5) (
.f (4.1) and (4.2)).4.3.2 The AlgorithmWe now have a system for inferring the distribution over possible �nal values for the tree given beliefspropagated up from the leaves. A best-�rst sear
h algorithm also needs a method of sele
ting the bestnode to expand next. We adopt the following simple strategy: as in Proof Number Sear
h we start atthe top of the tree and work downwards. At ea
h OR node we sele
t the 
hild with the highest marginalprobability of being TRUE and at ea
h AND node we sele
t the 
hild with the highest probability ofbeing FALSE. When we rea
h a leaf node this node is sele
ted as the next node to expand.The method we use for node sele
tion is to simply follow the path of best play from root to leafand expand the leaf we rea
h at the end of this path. This is motivated by Russell and Wefald (1991).They ask the question: why do we sear
h? The answer is: we sear
h in order to improve the quality ofour a
tions, in other words, to `Do The Right Thing'. As noti
ed by Palay (1985), there are two waysin whi
h new observations 
an 
hange the planned sequen
e of a
tions: by redu
ing the value of the
urrent plan or by in
reasing the value other a
tions so as to make them preferable to 
urrent 
hoi
es.By following the path of best play we explore the �rst of these possibilities and try to determine iffurther exploration of the 
onsequen
es of our a
tions will 
hange our 
urrent plan by redu
ing itsvalue. We also attempted the sensitivity analysis approa
h (in the manner of Rivest (1988)) as it isstraightforward to di�erentiate the probability of the root node with respe
t to the probability of ea
hleaf, dPrdPl , for our model and use this as the 
riterion for node expansion. This method performedpoorly as it penalised depth too mu
h, leading to a breadth-�rst sear
h.Fortunately, the upward messages on a fa
tor tree (where `up' points towards the root of the tree)do not depend on any of the downward messages. Therefore inferen
e 
an be performed e�
ientlyon the �y using a dynami
 programing approa
h (see algorithms) with 
ost linear in the depth of thetree. If the parameter qr (the root bias) is equal to 0.5 (as is the 
ase for the experiments here) thenthe downward messages are all equal to 0.5 and we do not need to 
al
ulate them, thus simplifyingthe algorithm.Experiments (See Se
tion 4.5.1 and Figure 4.9) show that Probability Propagation and ProofNumber Sear
h must expand roughly the same number of nodes to solve Go problems. Figures 4.4and 4.5 show an example where Probability Propagation and Proof Number Sear
h both sele
t the90



same leaf node for expansion. Both methods avoid exploring bran
hes of the tree leading to ANDnodes with many 
hildren be
ause a proof of su
h a bran
h would involve proving more nodes in total.In this way the algorithms strive for qui
k solutions to problems. Probability Propagation di�ers fromProof Number Sear
h in that it has an a�nity for developing OR nodes with many 
hildren be
auseea
h 
hild of an OR node represents an independent additional 
han
e of �nding a proof of the parent.In other words, Probability Propagation tends to explore parts of the sear
h tree where atta
ker hasmany moves available and defender has fewer moves available. Thus Probability Propagation seemsto re
over a heuristi
 often used by programmers of traditional game tree sear
h: mobility.Algorithm 1 Sear
hwhile p(root) < 1:0 don = FindBestNode(root)Develop(n)UpdateBeliefs(n)end whileAlgorithm 2 FindBestNode(n)if n is leaf thenreturn nend iffor all 
i 2 
h(n) doif n is AND node thenCal
ulate mfn!
i via (4.8)elseCal
ulate mfn!
i via (4.9)end ifCal
ulate p(d(
i)) = 1z �mfn!
i �mf
i!
iend forif n is AND node thenreturn FindBestNode(argmin
i2
h(n)fp(d(
i))g)elsereturn FindBestNode(argmax
i2
h(n)fp(d(
i))g)end ifAlgorithm 3 Develop(n)Generate ea
h 
hild, 
 2 
h(n), a

ording to L(n)for all 
 2 
h(n) doif g(
) TRUE thenmf
(
)!
 = I(d(
) = 1)else if g(
) FALSE thenmf
(
)!
 = I(d(
) = 0)elsemf
(
)!
 = Ber(d(
); q
) (surrogate prior)end ifend for
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Algorithm 4 UpdateBeliefs(n)if n is AND node thenCal
ulate mfn!n via (4.4)elseCal
ulate mfn!n via (4.5)end ifUpdateBeliefs(pa(n))4.3.3 Log-Odds Message RepresentationTo implement the propagation rules in su
h a way as to avoid di�
ulties be
ause of limited numeri
alpre
ision we represent the probabilities as log-odds ratios, logodds(p) := L(p) := ln( p1�p ). This uses thefull �oating point range to represent L(p), with high pre
ision at both ends of the range (
orrespondingto probabilities 
lose to 1 or 0). The log-probability domain is not suitable as it has poor a

ura
y forprobabilities 
lose to 1 whi
h are readily generated by the OR rule in large problems.Sin
e the AND and OR operations are asso
iative it is possible to perform these 
al
ulationse�
iently (see Appendix B). If the probability of a node, 
; 
hanges during the UpdateBeliefs ba
k-upphase (see Algorithm 4) then the message to the parent, mfpa(
)!pa(
), is 
al
ulated by removing theold message using the ANTI-AND or ANTI-OR updates (equations B.14 and B.16) for an AND orOR node respe
tively and then adding the new message using the AND or OR in
remental updates(equations B.13 and B.15). The downward messages 
an also be in
rementally updated in a similarmanner using equations B.17 and B.18.4.3.4 Dis
ussionRelated Work on Best-First Sear
hA number of best-�rst sear
h algorithms have been suggested that take into a

ount the shape ofthe tree for move sele
tion in the 
ase where a 
ontinuous evaluation fun
tion is used. M
Allester(1988) noti
ed that there are sets of leaves that must all 
hange their value for the value of the root to
hange. The larger this set of nodes (
alled a `
onspira
y'), the more nodes will need to be expandedto make the expansion of any one of the member nodes worthwhile. Therefore it is better to expandnodes from smaller 
onspira
ies. The resulting algorithm is a pre
ursor to Proof Number Sear
h. Ase
ond method by Rivest (1988) is to use a propagation s
heme that approximates minimax by using
ontinuous operators instead of max and min. This means that a sensitivity analysis (simply takingthe derivative of the value of the root with respe
t to ea
h leaf node) 
an be used to sele
t the bestnode to expand.The �rst pra
ti
al appli
ation of probability distributions to guide best-�rst sear
h was by Palay(1985). Palay's PB* algorithm extends the B* algorithm of Berliner (1979). In B* the evaluationfun
tion is repla
ed by upper and lower bounds on the value of a state. The algorithm is 
on
ernedwith proving that one move is better than all the others by ensuring that the lower bound on thevalue of the resulting position is greater than the upper bounds on all alternatives. This 
an bea
hieved by either raising the lower bound on the value of the 
urrent best a
tion (
alled the `ProveBest' strategy) or by lowering the upper bounds on other available a
tions (
alled the `Disprove Rest'strategy). Palay's PB* algorithm assigns a probability distribution to leaf nodes in the sear
h treewhi
h is based on these bounds. The simplest 
ase would be to let the prior distribution on the value92



of a node be uniform between the upper and lower bounds on its value as used by B*. A probabilitydistribution over the value of all internal nodes is 
al
ulated by the probabilisti
 form of minimax (i.e.the value, x(n), of a MAX node is distributed a

ording to x(n) � p(max
x(
) = x(n)); 
 2 
h(n):)Russell and Wefald (1991) 
onsider the prin
ipled de
ision theoreti
 utility of node expansion andtake into a

ount the 
ost of time whi
h yields a prin
ipled 
riterion for sear
h termination. However,their approa
h had a high 
omputational 
ost and made use of an unrealisti
 assumption that thevalue of a node is Gaussian distributed. The approa
h of Baum and Smith (1997) took their workforward and instead stored for ea
h node a dis
rete distribution over possible values for that node andused a 
lever, exa
t propagation s
heme.All of the above approa
hes assume that a node has some 
ontinuous underlying value and theprobabilisti
 algorithms of Palay, Baum and Smith as well as the approa
h of Russell and Wefald allstore probability distributions over this value. We, on the other hand, assume that a node has only abinary underlying `delphi
' value: does the 
orresponding position lead to the goal being a
hieved ornot?Probability PropagationMinimax sear
h has histori
ally relied on the availability of a heuristi
 evaluation fun
tion whi
hreturns some quantitative indi
ation of how valuable a game position is and the pre
ise semanti
s ofthis value are not usually dis
ussed. The Probability Propagation rules (4.1 and 4.2) were originallyproposed by Pearl (1984) for the analysis of minimax sear
h. These rules are the 
orre
t ba
kup s
hemeunder a di�erent and somewhat stronger set of assumptions to minimax. The �rst assumption is thatwhen a move is made both players will gain 
omplete knowledge of the game out
ome. This meansthat the meaning of the evaluation of a position is well de�ned as the probability of winning underoptimal play from that position to the game end. Pearl suggests in the posts
ript to his book that`translating' the usual heuristi
 evaluation fun
tion into an estimate of the probability of winning (in[0,1℄) and then propagating these values using probability propagation might be a good alternative tominimax for ba
king up the values in a depth-�rst sear
h. Chi and Nau (1988) take up this suggestionand 
ompare the performan
e of minimax with Probability Propagation and they show that resultsdepend on the game. Here, we avoid the use of a real-valued evaluation fun
tion but in
orporateknowledge into sear
h by the assignment of prior beliefs about the binary TRUE / FALSE value ofea
h leaf. These prior models are surrogate for the as-yet unexplored part of the tree and are learnedfrom data to model the probability that the goal 
an be a
hieved from the 
orresponding position sono ad-ho
 `translation' is needed.The se
ond assumption impli
it in the Probability Propagation rules is that there is no dependen
ebetween the out
omes of the leaves. As mentioned by Frank (1994) this assumption 
an lead topathologi
al behavior with the probabilities often taking on wildly �u
tuating unrealisti
ally high andlow values as they are propagated up the tree. We also found this to be the 
ase, hen
e the needfor a representation of the probabilities in the log-odds domain to avoid numeri
al over�ow. Theindependen
e assumption seems too strong in the 
ase of `global' game tree sear
h, where the purposeof sear
h is to �nd the move whi
h will win the entire game. The notions of being `ahead' or `behind'in a game depend on the fa
t that the values of moves in a given position are 
orrelated: if we havealready found several moves leading to vi
tory in a position then we are more likely to �nd others.However, for lo
al sear
h, this may be less of an issue. If we are interested in proving whether alo
al goal 
an be a
hieved we really must 
onsider ea
h available move as representing an additional93
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Figure 4.7: The sequen
e of nested pattern templates Ti with i 2 f0; : : : ; 7g.independent 
han
e for the player to a
hieve the goal (or prevent the goal being a
hieved). At any rate,for the task of solving Go 
apture problems, Probability Propagation seems empiri
ally to performsimilarly to proof-number sear
h (see Se
tion 4.5.1).4.4 Sear
h and KnowledgeSear
h is a pro
ess of observation. Starting with some prior knowledge, en
oded in prior beliefs aboutwhether the available a
tions will lead to the goal being a
hieved, the sear
h algorithm explores thestate spa
e and updates these beliefs in the light of new eviden
e. There is a trade-o� between sear
hand knowledge: the more a

urate the prior beliefs, the less sear
h should be needed to obtain a

urateposterior beliefs and so determine the 
orre
t a
tion.Knowledge is 
ombined with the sear
h algorithm des
ribed above by the assignment of prior beliefson the values of the leaf nodes, p(d(l)) = Ber(d(l); ql). These prior distributions are surrogate for theas-yet unexplored parts of the tree. When sear
h terminates the parameters of ea
h surrogate priordistribution 
an be updated a

ording to eviden
e propagated from the sear
h tree. If L is the set of allof the nodes in all of the sear
hes then the joint likelihood is given by p(fd(l)gl2L jq) =Ql2L p(d(l)jq).The parameters q are shared a
ross all nodes and all problems so generalisation a
ross di�erent gamestates and sear
h tasks is possible. Whi
h parti
ular parameter is used for ea
h state depends ondomain knowledge and we use the pattern system des
ribed in the previous 
hapter to determine this.The AND / OR tree re
ursively breaks down a problem into a set of simpler sub-problems whi
hmust be solved �rst. A 
omplex problem provides a ri
h sour
e of knowledge about problem solvingin general be
ause of all the sub-problems it generates. Indeed, even if the sear
h algorithm werein
apable of solving a 
omplex problem in a reasonable time it 
an still learn from progress made insolving sub-problems en
ountered on the way.The sear
h algorithm we have des
ribed up to this point is domain independent and 
ould be usedfor theorem-proving tasks in unspe
i�ed appli
ations. For the rest of this 
hapter we are 
on
ernedwith Go-spe
i�
 methods for using domain knowledge to guide sear
h.4.4.1 Pattern Mat
hingWe saw in the previous 
hapter that exa
t lo
al pattern mat
hing gives a rapid and surprisinglya

urate Go move predi
tor. Now we apply this te
hnique to represent knowledge in sear
h. Herewe use only 8 pattern template sizes as shown in �gure 4.7 in order to improve the speed of patternmat
hing and it seems unlikely that larger patterns would o

ur frequently in lo
al problems. In
ontrast with the pattern de�nition in Se
tion 3.1.1, in this 
hapter ea
h pattern vertex has �vestates (atta
ker stone, defender stone, empty vertex, o�-board, goal stone) and the patterns are not94



n p(d(n)jq) = Ber(d(n); q)q p(q) = Beta(q;�; �)
fg = Ber(d(n); qm)n fb = Ber(d(n); q)q fp = Beta(q;�; �)Figure 4.8: Beta Surrogate Tree Model represented as belief network (left) and fa
tor graph (right).invariant to 
olour reversal. Nodes in the game tree (positions) are mapped to patterns via the movethat generated the node. Let the sta
k of all patterns that mat
h node n be denoted by �(n):Partial-Transposition TableEa
h pattern de�nes a many-to-one mapping from sear
h tree nodes into a look-up table via the hashkey. This table 
an be viewed as a `partial-transposition table'. A `transposition table' is a toolused in most pra
ti
al game sear
h implementations whi
h 
ontains the values of all board positionsthat previously appeared in the sear
h so if a position is en
ountered again the information alreadygathered about it 
an be exploited (Plaat et al., 1986). In this work we do not map from full boardpositions to transposition table entries but instead from patterns (partial positions) to table entries.Thus here we e�e
tively use a partial-transposition table. This partial mat
hing allows generalisationa
ross di�erent sear
h tasks but this generalisation is bought at the 
ost of un
ertainty - hen
e theentries in the partial-transposition table are probability distributions.We use two pattern tables: one for the defender moves and one for the atta
ker moves. Thismeans that ea
h pattern is either for an atta
ker move or a defender moves and learning whi
h movesare good for the defender is 
onsidered a separate problem to learning whi
h moves are good for theatta
ker.HarvestingWhen a node, n, is developed and its 
hildren 
 2 
h(n) are added to the tree, the patterns mat
hingfor the pattern templates of all sizes, T 2 T , 
entered on ea
h move, mi 2 L(n); whi
h generated ea
hnew node, 
 2 
h(n), are all harvested, that is, added to the pattern table if not already present.4.4.2 Surrogate Tree ModelsTwo di�erent models were 
onsidered for produ
ing the prior distribution over the truth value of a leafnode. The parameters of these models were mapped to Go positions via the patterns whi
h mat
hedfor the move generating the node.Beta Distribution With Ba
k-O�The prior distribution on the value of a leaf node, l; is p(d(l)) = Ber(d(l); ql). Let �̂(l) be the largestpattern (whi
h has been seen at least on
e before) that mat
hes for leaf node l. This pattern is used tomap to the parameter of the prior belief on the value of this node (ql := q�̂(l)) so the prior distribution95



is p(d(l)) = Ber(d(l); q�̂(l)). We pla
e a 
onjugate Beta prior on the parameter of this distribution:p(q�̂(l)) = Beta(q�̂(l);��̂(l); ��̂(l)): This gives the predi
tive distribution p(d(l)j��̂(l); ��̂(l)) = ��̂(l)��̂(l)+��̂(l)and the parameters ��̂(l) and ��̂(l) are pseudo-
ounts 
orresponding to the number of observed proofsand disproofs respe
tively of all nodes where �̂(l) is found to mat
h. This simple model is representedby the belief network of Figure 4.8 (left). The gray arrow at the top of the dire
ted graph represents the
onne
tion to the rest of the sear
h tree model (
orresponding to the top fa
tor, fg, of the equivalentfa
tor graph.To implement this model, ea
h entry in the pattern table 
ontains the parameters of a Betadistribution. When a pattern is �rst harvested these parameters are set to � = �0 and � = �0. Whenthe node is atta
hed to the tree and its prior distribution is assigned we determine its parameters fromthe largest mat
hing pattern whi
h has been seen at least on
e before. If no pattern is found then theprior � Beta(�0; �0) is returned.To learn means to 
al
ulate the posterior distribution over the parameter: p(qnjd(n)). If we observea value for d(n) (that is, if the node n be
omes proved or disproved) then the posterior is a Betadistribution with the pseudo-
ounts updated appropriately: that is p(qljd(l)) =Beta(ql;�0̂�(l); � 0̂�(l))with �0 = �+ 1 if d(l) = TRUE and �0 = � + 1 if d(l) = FALSE (see Se
tion 2.3.1).It is also possible to update the distribution over q after sear
h termination for all nodes in thetree, even if the 
orresponding node is still UNKNOWN after sear
h. This is be
ause beliefs 
an stillbe propagated from the sear
h tree based on the 
urrent state of a�airs when sear
h was terminated.The beta surrogate prior model 
an be represented as a fa
tor graph (�gure 4.8 right). The messageson this graph are 
al
ulated as follows:Message from prior: mfp!q(q) = Beta(q;�; �)Message up to sear
h graph: mfb!n(d(n)) = Z Ber(d(n); q)Beta(q;�; �)dq= Ber�d(n); ��+ ��Message from likelihood (sear
h tree): mfb!q(q) = Xd(n)mn!fb(d(n)) � fb(d(n); q)= Xd(n)Ber(d(n); qm) � Ber(d(n); q)= qm � q + (1� qm) � (1� q)To update we need the posterior marginal distribution p(q) whi
h is 
al
ulated using (2.13):p(q) = 1Z(�; �; qm) fqm � q + (1� qm) � (1� q)g � Beta(q;�; �)/ �qm � q�+1 � (1� q)� + (1� qm) � q� � (1� q)�+1	where Z(�; �; qm) = ��+ � � (2qm � 1) + 1� qmIf qm = 0 or qm = 1 (i.e d(n) is observed as FALSE or TRUE) then this 
orresponds to the standardposterior pseudo-
ount update for the Beta distribution (see Se
tion 2.3.1). Otherwise, p(q) 
an bevery 
losely approximated by �nding the beta distribution 
losest to p(q) in terms of KL divergen
e:96



p0(q) = Beta(q;�0; �0) (4.12)where �0; �0 = argmina;bKL(Beta(a; b)jjp(q)) (4.13)This is a
hieved by moment mat
hing and the update equations are derived and presented in Se
tionA.2. Thus we have an ADF online learning s
heme.When the learning update is applied for a move (node), the pattern payloads for the mat
hingpatterns for all of the pattern templates Ti are updated a

ording to the above s
heme, not just theparameters that were a
tually used in the sear
h (
orresponding to the biggest pattern). If only thelargest mat
hing pattern were updated it is unlikely this pattern would be seen in the future so thenew knowledge would be lost.When a new pattern is harvested the prior pseudo-
ounts are set to the same values as the parent(one size smaller) pattern. The 
hild pattern 
ontains all of the information of the bigger pattern so itmakes sense to initialise it to the same distribution. If the parameters were not initialised in this waythen harvesting new patterns on the �y 
ould worsen performan
e as the information already learnedabout a smaller pattern would be masked by the bigger pattern.Hierar
hi
al Gaussian ModelWe also applied the hierar
hi
al Gaussian pattern prior on the value of a move as des
ribed in Se
tion3.3. Under this model the value y of a move has a Gaussian distribution: p(y) = N (y;�; �2). In orderto obtain the desired distribution over the binary logi
al value, d(l); of a game tree node we use the
onditional distribution to link the two models:p(d(l)jyl) = I((yl > 0) ^ d(l)) + I((yl < 0) ^ :d(l)): (4.14)That is, we observe the 
onstraint that the value of a move generating a TRUE node is greater thanzero and the value of a move generating a FALSE node is less than zero. Inferen
e is performed asdes
ribed in se
tion 2.4.2. Again it is possible to propagate beliefs from the sear
h tree after sear
htermination whether or not the 
orresponding node was a
tually solved.4.5 ExperimentsProof-Number Sear
h and Probability Propagation were applied to the task of solving a set of Go tesuji
apture problems whi
h we know in advan
e all have a TRUE solution. The problems we used forthese experiments are available at http://t-t.dk/madlab thanks to Thomas Thomsen. A disproof
riterion was de�ned based on the liberty 
ount of the goal stone. The goal fun
tion was set asg(n) =8>>>><>>>>: TRUE if goal vertex empty (the target stone has been 
aptured);TRUE if the goal vertex 
an be 
aptured in a ladder,FALSE if liberties of goal > L;UNKNOWN otherwise97
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h problem. Bottom: Numberof nodes developed in order to solve ea
h problem.98



The liberty disproof 
ut-o�, L, was initially set to 1. If sear
h terminates with value FALSE then Lwas in
remented and the sear
h repeated. This pro
ess is repeated until the sear
h terminated withvalue TRUE. Note that we in
luded a ladder solver in the evaluation fun
tion whi
h meant the sear
halgorithm did not have to explore the ladders. This greatly improved performan
e.4.5.1 No KnowledgeFirstly the performan
es of Proof-Number Sear
h and Probability Propagation with an ignorant prior(p(d(l)) = 0:5; l 2 F) were 
ompared on a set of 190 Go 
apture problems (see Figure 4.9). In mostproblems the two algorithms perform similarly as dis
ussed in Se
tion 4.3.2. These 190 problemswere a subset of our total set of 434 problems. Of the rest of the problems either one or both ofthe algorithms failed to solve them before time out. Probability propagation 
ould solve 4 problemsthat Proof Number Sear
h 
ould not solve and Proof Number Sear
h 
ould solve 9 problems thatProbability Propagation 
ould not solve.4.5.2 Bat
h LearningIn a se
ond set of experiments we in
luded additional problems that 
ould not be solved by eitheralgorithm before time out. The problems were randomly divided into a training set (289 problems)and a test set (145 problems). The pattern table was initially empty. During learning the sear
herharvested patterns 
ontinuously into two separate tables: one for atta
ker moves and one for defendermoves. The prior distribution for ea
h new leaf node was assigned using one of the surrogate modelsdes
ribed in Se
tion 4.4.2, using the patterns to determine the parameters of the models. Learningwas 
arried out by updating the posteriors over the parameters of the surrogate models after sear
htermination by propagating beliefs to the nodes.A time-out of 120s was set for ea
h problem. The sear
her iterated over the training set re-attempting problems that previously failed until as many problems as possible were solved. The resultplots are generated by timing the solver on the test set using the parameters learned by training andseparately timing the solver for the prior settings of the parameters. Time is used for 
omparison soadditional 
ost asso
iated with pattern mat
hing and inferen
e is taken into a

ount. Problems thatare solved after learning but 
ould not be solved before learning are labeled as 
rosses on the plots.Problems that 
ould be solved before learning but not after learning are labeled as 
ir
les on the plots.The dots 
orrespond to problems that 
ould be solved both before and after learning. Problems that
ould be solved neither before or after learning are omitted.Beta PriorThe Beta model was tested (Figure 4.10) with three di�erent initial settings for the prior parameters(�0 and �0). In these experiments the surrogate models were updated after sear
h termination fornodes whi
h were found to be TRUE and FALSE only, not for nodes whi
h remained UNKNOWN.Learning improves the speed of problem solving, often by orders of magnitude. However, there are anumber of problems whi
h fail after learning but were able to be solved without learning. This is a
ause for 
on
ern: the learning a
tually seems to worsen performan
e on unseen problems in many
ases. This suggests that the Beta-Pattern model as it stands is a poor model of the value of movesin ta
ti
al sear
h trees. 99
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Solved before and after:50
Newly solved:8
Newly failed:14Figure 4.10: Time taken to solve Go problems - Probability Propagation before and after learning.Beta model. Top: Prior �0 = 1; �0 = 1 Middle: Prior �0 = 100; �0 = 100. Bottom: Prior fun
tionof pattern size (so as to redu
e learning rate of small patterns).100



Figure 4.11: Two example patterns mat
hing for a position in a sear
h tree generated by one of theproblems in the test set. The goal is to 
apture the marked 
hain. Left: The 
orre
t move, the patternparameters (learned from problems in the training set) are � = 1 and � = 39: Right: An in
orre
tmove, with � = 15 and � = 8 (leading to an in
orre
t predi
tion that this is a good move). Note thatin these 
ases important information is ignored be
ause of the small size of the pattern templates.The reason for this state of a�airs is that the patterns that mat
h are frequently small and do not
ontain enough information to 
orre
tly distinguish between good and bad moves be
ause importantstones are beyond the pattern template. As an example Figure 4.11 shows two s
reenshots of a positionfrom one of the sear
h trees (the goal is to 
apture the 
hain of three white stones marked with a red
ross). The position on the left is labeled with the pattern template 
orresponding to the largestmat
hing pattern for the 
orre
t move to solve this problem. For this pattern, � = 1 and � = 39 sothis move is ranked low and therefore not explored until the sear
her has wasted a great deal of timeon other parts of the sear
h tree. Clearly this de
ision is based on too little 
ontext whi
h does nottake into a

ount the surrounding white 
hains. The right position shows a template 
orrespondingto the largest pattern mat
hing for a wrong move. This pattern has � = 15 and � = 8 and leadsthe sear
h in this dire
tion. This pattern is also too small to make good predi
tions. Perhaps it isimportant to take a

ount of the un
ertainty due to the fa
t that our predi
tions are based on onlysmall lo
al 
ontexts if this system is to generalise well.One ad-ho
 s
heme whi
h we used to attempt to address this issue was to initialise the pseudo-
ounts of the beta distribution (�0 and �0) to higher values whi
h 
orresponds to setting the priordistribution to be strongly peaked around p(d(l) = TRUE) = 0:5: This slows down learning and makesthe probabilities returned by the model 
lose to 0.5. Sin
e we know that Probability Propagationperforms similarly to Proof Number Sear
h on ta
ti
al problems with a prior setting of p(d(l)) = 0:5this should mean that there are fewer problems whi
h fail after learning. Figure 4.10 (middle) showsthe performan
e of the model for �0 = �0 = 100: Figure 4.10 (bottom) shows the results of using thefollowing setting (where i is the pattern size):�0 = �0 = 8<:100; 000� 10�i for i � 51 otherwise.101



This has the e�e
t of pinning the small patterns to give the prior p(d(l)) = 0:5 but allowing the largepatterns to 
hange their values more. This improved the results. However, more prin
ipled modelimprovements were required - hen
e the adoption of the hierar
hi
al Gaussian prior.Hierar
hi
al Gaussian ModelThe hierar
hi
al Gaussian model performs somewhat better (Figure 4.12). The top plot 
orrespondsto an initial setting of zero previous observations (the ba
kward messages are initialised to be uniformdistributions (see Se
tion 3.3). Re
all that the hierar
hi
al Gaussian model produ
es a Gaussiandistribution over the 
ontinuous value of a node whi
h is then used to produ
e a distribution over itsbinary value by observing a sign 
onstraint (equation 4.14). The bottom plot shows the result of anexperiment where ea
h time a new leaf node was added to the game tree (and its prior assigned usingthe hierar
hi
al model) an initial soft pseudo-observation of the value of yl is added by performing asingle update as des
ribed in Se
tion 3.3 for a Gaussian belief p(yl) = N (yl; 0; 0:5). This was intendedto produ
e the same e�e
t as initialising the pseudo-
ounts of the Beta distribution and ensures thatif few observations have been made of the large patterns then p(d(l)) is 
lose to 0.5.Learning from Un
ertain NodesThe next set of results (Figure 4.13) 
ompares the e�e
t of three di�erent update s
hemes (using theBeta Model with �0 = �0 = 1):1. Learning only from nodes proved TRUE (top).2. Learning from nodes proved TRUE or FALSE (middle).3. Learning from all nodes when ea
h sear
h terminates. The approximate posterior is foundby (4.13) for the beta model. This 
orresponds to Assumed-Density Filtering (Minka, 2001)(bottom).The performan
e seems to be better the more information we extra
t from the sear
h trees duringtraining. If only proof information is extra
ted (the top plot) then the resulting system generally per-forms extremely poorly, perhaps be
ause the knowledge learned about ea
h pattern is biased towardsproof rather than disproof. If disproof information is taken into a

ount then performan
e is mu
hbetter (middle plot). The performan
e is improved slightly more by updating the surrogate mod-els based on eviden
e propagated to all nodes, even those that are not a
tually proved or disproved(bottom plot).4.5.3 Online LearningA natural appli
ation of this work is an on-line learning setting: the sear
her solves (or tries to solve)a set of problems while simultaneously learning. The experiment was set up as follows. 400 Goproblems were (roughly) ordered by their di�
ulty, with more di�
ult problems at the end and easierproblems at the start. The sear
her tried to solve ea
h problem. Again the time-out was set at twominutes. When ea
h sear
h terminated (due to a solution being found or due to time-out), beliefswere propagated to the surrogate models and the parameters were updated. The hypothesis is that102



observations made in earlier (simpler) problems should help in solving later (more di�
ult) problemsand the system should be able to `bootstrap' as learning progresses.Online learning experiments were 
arried out for the Beta model and the hierar
hi
al Gaussianmodel for the best prior settings found in the Bat
h experiments. The results are shown in Figure4.14. There is eviden
e that the sear
her 
an be
ome signi�
antly faster by learning as it solves theproblems. However there are a number of problems from the training set that 
ould not be solveddespite the shaping e�e
t of starting with simpler problems. Also, as we saw with bat
h learning,some of the problems 
ould be solved before learning but not after learning.4.6 Con
lusionsProbability Propagation explores a similar number of nodes as Proof-Number Sear
h in order tosolve Go tesuji problems. Domain knowledge 
an be used to improve the speed of sear
h by addingprior distributions on the logi
al values of the leaves of the sear
h tree. The models whi
h providethese distributions are surrogates for the unexplored parts of the tree. We performed experimentswhere exa
t pattern mat
hing (as des
ribed in the previous 
hapter) was used to determine whi
hparameters are shared between these surrogate models depending on the board position lo
al to themove 
orresponding to the leaf nodes in question. Two of the models introdu
ed in the previous
hapter were used: the Beta distribution and the hierar
hi
al Gaussian model. The hierar
hi
alGaussian model performed better as it is 
apable of properly taking into a

ount the un
ertainty inthe value of infrequently seen patterns.Unfortunately, there were a number of Go problems in the test set whi
h took longer to solvewith the learned values for the parameters than with the prior values, even with the hierar
hi
alGaussian model. This suggests that model improvements are ne
essary. Perhaps the situation 
ouldbe improved by the addition of extra pattern features, spe
i�
 to the sear
h task. A se
ond, andperhaps more serious, 
ause for 
on
ern is the assumption of independen
e between 
hild values madeby the Probability Propagation model. This leads to large, unrealisti
, values being taken on for theprobabilities of internal game tree nodes and this for
ed us to adopt a log-odds representation toprevent numeri
al over�ow. In Chapter 6 we will dis
uss models whi
h turn the problem of game treesear
h on its head. Rather than 
onsidering a dedu
tive model where we wish to infer the probabilityof the root node being TRUE or FALSE depending on eviden
e from the leafs, we instead 
onsidermodels that assume that the values of nodes are determined by an indu
tive pro
ess. That is, thedistribution over the value of a node a
ts as the prior on the values of its 
hildren. This alternativeview means that 
orrelations between the values of 
hildren of nodes 
an easily be modelled.
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Figure 4.12: Time taken to solve Go problems - Probability Propagation before and after learning.Hierar
hi
al model. Top: Uniform prior. Middle: Initial pseudo-observation � N (0; 0:5).104
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Solved before and after:40
Newly solved:5
Newly failed:24Figure 4.13: Time taken to solve Go problems - Probability Propagation before and after learning.Beta model. prior �0 = 1; �0 = 1 Top: Learning from Proved nodes only. Middle: Learningfrom Proved and Disproved nodes. Bottom: Learning from all nodes at end of sear
h in
ludingUNKNOWN internal nodes. 105
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Figure 4.14: Online learning performan
e. The numbers on the right indi
ate the subset of theproblems ea
h bar graph 
orresponds to. The problems are grouped in sets of 100 ea
h with ea
hset in
reasing in di�
ulty from the previous set. The green bar on the left indi
ates the numberof problems in that subset that 
ould be solved after learning but not before. The red bar on theright indi
ates the number of problems in that subset that 
ould not be solved, even after learning.The rest of the bars indi
ate log10 posterior timeprior time where `posterior time' is the time needed to solve theproblem with the 
urrent parameter values (learned from all the problems seen up to this point) and`prior time' is the time needed with the parameters set to their prior values. For example a valueof �2 indi
ates that the sear
her was faster by two orders of magnitude after learning. Top: Betamodel, prior pseudo-
ounts fun
tion of pattern size (Figure 4.10 (bottom) shows the performan
e ofthis model in the bat
h learning setting). Bottom: Hierar
hi
al model with initial pseudo-observation� N (0; 0:5). 106



Chapter 5Boltzmann Ma
hines forTerritory Predi
tion1
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���������������������	Figure 5.1: Board position from a game at move 80. We wish to model the probability distributionover �nal territory out
omes given a position su
h as this one.We have seen that it is possible to learn from game re
ords how to predi
t the moves of expert Goplayers. Game re
ords 
ontain another sour
e of information that we have not yet exploited: the �nalout
omes of the games. When a game is �nished, ea
h point on the board is labeled as belonging towhite or bla
k so the game 
an be s
ored. This point-wise territory out
ome yields a great deal ofinformation about ea
h of the game positions en
ountered during the game. Firstly, it tells us the lifeand death status of all stones on the board. If a stone ended up as part of the opponent's territorythen that stone must have been 
aptured by the end of the game so must be dead. If a stone ends up1This 
hapter builds on work done in 
ollaboration with Thore Graepel and David Ma
Kay and was presented at theNeural Information Pro
essing Systems 
onferen
e (Stern et al., 2004). Iain Murray provided the generalised version ofthe Swendsen-Wang algorithm. 107



as part of territory of its own 
olour then the stone must be alive (that is, not 
aptured). Se
ondly,the territory out
ome provides an observation of the strength of a 
hain of stones on the board. Goplayers use the word thi
kness to refer to the extent of the in�uen
e exerted by a group be
ause ofthe 
ombination of its strength and lo
ation. If an isolated 
hain of stones ends up part of a largeregion of territory then we 
an say that it is plausible it had a lot of thi
kness. The Japanese word ajirefers to the in�uen
e of a stone be
ause of the un
ertainty about its e�e
t in the rest of the game.If a group that appears weak and surrounded by opponent 
hains goes on to be
ome part of a regionof territory of its own 
olour then it 
an be said to have had aji. Thirdly, the �nal territory out
omepartitions the board position into a set of groups. In Se
tion 1.1.2 we de�ned a group as a set of 
hainsof stones 
onne
ted to 
ommon eyes. Using the notion of the �nal territory out
ome we 
an generalisethis 
on
ept to earlier stages of the game when the stones are not a
tually yet 
onne
ted: we de�ne agroup as the set of stones within a 
ontiguous region of a single 
olour in the �nal territory out
ome.In traditional 
omputer Go programs, the �nal territory out
ome of a game is estimated by �rstpredi
ting whi
h 
hains of stones are alive or dead and then determining how mu
h territory ea
hliving 
hain represents (Muller, 2002). The se
ond task may be a
hieved by an in�uen
e fun
tion(Zobrist, 1970) whi
h is an iterative method that �rst assigns positive values to a player's stones andnegative values to the opponent's stones and then propagates in�uen
e. At ea
h iteration the newvalue of ea
h point on the board is 
al
ulated as its 
urrent value plus the number of neighbors of thesame sign minus the number of neighbors of the opposite sign. Mathemati
al morphology has alsobeen applied to the task of estimating territory (Bouzy, 2003). These approa
hes have been improvedon by training a neural network to predi
t the �nal territory out
ome at ea
h point of board positionstaken from expert Go games (van der Werf et al., 2004). This method treats the territory out
ome ofea
h board vertex as an independent event whi
h seems simplisti
 but the system bene�ts from beingable to be automati
ally tuned from re
ords of expert games.In 
ontrast to these earlier te
hniques we wish to obtain a full probability distribution over theterritory out
ome at ea
h point on the board and we train the parameters of this distribution frompositions in game re
ords in 
onjun
tion with the true �nal territory out
omes of those games. Thisdistribution 
ontains a great deal more information than that provided by an in�uen
e fun
tion be
auseit 
aptures the 
orrelations (both positive and negative) between the out
omes at di�erent points onthe board and by properly quantifying the un
ertainty about the �nal territory out
ome we open upthe possibility of using this system as a 
omponent within a larger probabilisti
 model.5.1 Territory Predi
tionWe denote a board 
on�guration by the ve
tor 
 2 fbla
k;white;emptygN�N where ea
h element,
~v = 
(~v), 
orresponds to the 
olour of the board at a parti
ular vertex. At the end of a game thepoint wise territory out
ome is determined (as des
ribed in Se
tion 1.1.2) and this is denoted by thes
ore ve
tor s 2 f+1;�1gN�N where s~v = s(~v) so, again, ea
h element 
orresponds to a board vertex.We s
ore from the point of view of bla
k so elements of s that have the value +1 represent bla
kterritory and elements with value �1 represent white territory. Neutral territory is ignored. Here, asdis
ussed in Se
tion 1.1.2, we are using the Chinese method of s
oring where the stones of ea
h playeras well as the surrounded empty regions 
ount towards their territory. The distribution we model isp(sj
);108



that is, the distribution over �nal territory out
omes given a parti
ular board position from any stageof the game. This model would have a number of appli
ations as a 
omponent within a Go playingprogram.5.1.1 Evaluation Fun
tionWith a distribution over plausible territory out
omes given the 
urrent position we 
an produ
e anevaluation fun
tion, the simplest being derived from s
ore at the end of the game whi
h, using Chineses
oring from the point of view of bla
k, is given by Sbla
k =P~v2N s~v . One possible evaluation fun
tionwould be the expe
ted s
ore: us
ore(
) = hSbla
kip(sj
) = *X~v2N s~v+p(sj
) :Another evaluation fun
tion that is probably better (if we assume, as strong human players do, a winby 1 point is just as good as a win by 10 points) is given by the probability of winning from the 
urrentposition: uwin(
) = p  X~v2N s~v! > 0! :5.1.2 Conne
tivityAs explained in Se
tion 1.1.2 the fate of stones depends on the other stones they are 
onne
ted toand ultimately it is determined by whether a group of 
onne
ted stones 
an be
ome 
onne
ted to twoeyes. The 
onne
tivity, C(~v1; ~v2; 
), between two lo
ations on the board 
ould be estimated by the
orrelation between the territory out
omes at the points in question:C(~v1; ~v2; 
) = h(s~v1 � hs~v1i) (s~v2 � hs~v2i)irD(s~v1 � hs~v1i)2ED(s~v2 � hs~v2i)2Ewhere the expe
tations are taken under the distribution p(sj
): Determining whi
h stones are 
onne
tedwould be useful for building a stru
tured representation of the board and for solving life and deathproblems.It would also be useful to determine for whi
h pairs of verti
es the fun
tion C(~v1; ~v2; 
) takes on anegative value. The Japanese refer to this as miai meaning situations where a player has two mutuallyex
lusive options and if one player takes one option the other player will take the other.5.1.3 Group SafetyThe safety of a group of stones on the board 
an be modeled using the distribution over territoryout
omes. If we denote a group of interest by N̂ � N and let the ve
tor ŝ represent the territoryout
ome for ea
h vertex in N̂ then a model of the safety of ea
h element of this group for bla
k isgiven by the marginal distribution p(ŝj
) = Xfs~v :~v2NnN̂g p(sj
):109



s1 s2 s3
s4 s5 s6
s7 s8 s9

f12 f23f14 f25 f36
f45 f56f47 f58 f69
f78 f89Figure 5.2: Fa
tor graph for the Boltzmann territory predi
tion model for a 3 � 3 Go board. Thispi
ture does not show the 
urrent board position 
:5.2 Model5.2.1 FrameworkThe model we propose for territory predi
tion is a 
onditional Markov random �eld (La�erty et al.,2001) with the grid topology of the Go board. In other words the model fa
torises over fa
tors fijea
h of whi
h 
onne
ts two adja
ent verti
es of the board. The distribution is given byp(sj
) = 1Z(
;�) Y(i;j)2E fij(si; sj ; 
; �);where E is the set of edges in the graph 
orresponding to the Go board (as de�ned in Se
tion 1.1.2).The fa
tor graph 
orresponding to this model is shown in Figure 5.2. This model is equivalent toan Ising model where ea
h spin 
orresponds to the territory out
ome at a board vertex and whose
ouplings and biases are dependent on the board position.The stru
ture of this model is inspired by Go knowledge. In many situations, the fate of Go stonesappears to obey the Markov property along the topology of the board as assumed by the model: stoneA is 
onne
ted to stone C be
ause stone A is 
onne
ted to B whi
h is 
onne
ted to C. Edge e�e
ts arein
orporated to some degree by the fa
t that points on the edge of the board have less 
onne
tions thanthose in the 
enter. Also, if we ignore the e�e
t of the board edge, properties of Go stones are invariantwith respe
t to translation a
ross the board. We make this assumption so the same parameters � areshared by all fa
tors. If we wish to model the e�e
t of board lo
ation we 
ould make � a fun
tionof the board lo
ation. In addition this model 
annot model non-linear e�e
ts that would be takena

ount of by a model with fa
tors that 
overed larger regions of the board.110



5.2.2 Boltzmann5The simplest version of the model has fa
tors that de
ompose into `
oupling' and `bias' terms asfollows: fij(
i; 
j ; si; sj ; �) = exp(w(
i; 
j)sisj + h(
i)si + h(
j)sj):The 
oupling w(
i; 
j) between territory out
ome nodes, si and sj ; depends on the state of the boardat the two verti
es. The bias for ea
h vertex h(
i) depends only on the state of the board at the pointin question. We assume that Go positions and their territory out
omes are symmetri
 with respe
tto 
olour reversal so fij(
i; 
j ; si; sj ; �) = fij(�
i;�
j ;�si;�sj ; �) and also to dire
tion reversal sofij(
i; 
j ; si; sj ; �) = fij(
j ; 
i; sj ; si; �). If these symmetries are taken into a

ount the model has 5free parameters:� w
hains = w(bla
k; bla
k) = w(white;white);� winter�
hain = w(bla
k;white) = w(white; bla
k);� w
hain�empty = w(empty;white) = w(empty; bla
k) = w(white; empty) = w(bla
k; empty),� wempty = w(empty; empty),� hstones = h(bla
k) = �h(white);and h(empty) is set to zero by symmetry. We will refer to this model as Boltzmann5. This simplemodel is interesting be
ause all these parameters 
an be interpreted. For example we would expe
tw
hains to take on a large positive value to give us the `
ommon fate' property of 
hains, that is thestones in a 
hain are all 
aptured together or not at all.5.2.3 Boltzmann12A more general model has fa
tors of the formfij(
i; 
j ; si; sj ; �) = exp(w(
i; 
j ; si; sj)):If we take a

ount of the symmetries mentioned above we are left with 12 free parameters so thismodel is referred to as Boltzmann12.5.2.4 BoltzmannLibertiesAs stated by La�erty et al. (2001) adopting a dis
riminative approa
h (by 
onditioning on the boardposition rather than modelling it fully) allows us to relax the 
onditional independen
e assumptionsof the Markov random �eld without in
reasing the 
omplexity of inferen
e. One way this is possiblefor the task at hand is by making ea
h fa
tor a fun
tion of features whose values are determined bynon-lo
al aspe
ts of the board position. As we have seen, the number of liberties of a 
hain is a usefulheuristi
 for predi
ting whether it will live or die, so the next version of the model we will 
onsidertakes into a

ount the liberty 
ounts of the 
hains present at the two lo
ations that ea
h fa
tor links.The fa
tors are fij(si; sj ; 
; �) = exp(w(
i; 
j ; si; sj ; li; lj))111



afs1g bfs2; s4g 
fs3; s5; s7g dfs6; s8g efs9g

Sab = f12 � f14Sb
 = f23 � f25 � f45 � f47S
d = f36 � f56 � f58 � f78Sde = f69 � f89
Figure 5.3: Diagonal 
luster graph for the 3 by 3 Go board example.where li 2 f1; 2; 3;� 4g is the number of liberties of the 
hain at vertex i: Again we 
an take a

ountof the symetries of Go positions whi
h leaves this model with 78 free parameters. This model will bereferred to as BoltzmannLiberties.5.3 Inferen
eWe use inferen
e to 
al
ulate the marginal distribution over the territory out
ome at a single boardvertex, p(sij
), or a pair of verti
es, p(si; sj j
). This 
an be a
hieved by a number of methods.5.3.1 Exa
t Inferen
eThe marginal distributions over the territory out
ome at ea
h vertex, p(si), 
an be 
al
ulated byvariable elimination (see Se
tion 2.1.1). The 
ost of this operation strongly depends on the order inwhi
h variables are eliminated. For a grid the best order in whi
h to sum out the variables is diagonalby diagonal. This 
an be illustrated by redrawing the fa
tor graph for the model where we 
ombinesome of the variables together into `
lusters' (see Figure 5.3). The 
omposite fa
tors are known as`separators' be
ause they separate the variables into two sets. This `
luster graph' has no 
y
les so we
an 
ast the variable elimination task in terms of the sum-produ
t algorithm. In that 
ase the mostexpensive operation is 
al
ulating the messages from the 
entral 
luster su
h as (for our 3 by 3 Goboard example): mS
d!d(s6; s8) =Xs3 Xs5 Xs7 f36f56f58f78 �m
!S
d(s3; s5; s7):
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Fortunately, the diagonal elimination order means there is only one 
luster of size 3 
orresponding tothe 
entral diagonal and all of the other 
lusters are smaller. Therefore the expensive message needsto be 
al
ulated only twi
e (on
e for the downward pass and on
e for the upward pass). On
e themarginal distribution is 
al
ulated for ea
h 
luster, the marginal distributions for the original variables
an be 
al
ulated by summing out the other variables in the 
luster. For the full size Go board thelargest 
luster is the full diagonal 
ontaining 19 variables.An alternative method for determining the 
lusters and performing the variable elimination for agiven elimination order is provided by Cozman (2000). The algorithm pro
eeds by1. Pla
ing all fa
tors in the graph into a pool.2. For ea
h variable, vi, a

ording to the elimination order(a) Create a `bu
ket', Bi:(b) Remove all densities 
ontaining vi from the pool and pla
e them in Bi:(
) Multiply all the densities in Bi to 
reate the `
luster' Ci and store this in the bu
ket.(d) Sum out vi from Ci to 
reate the `separator' Si and add this separator to the pool ofdensities.After this pro
ess the pool will 
ontain one separator density whi
h when renormalised is the marginaldensity of the last variable to be eliminated. A reverse update pass through the bu
kets 
an then beapplied whi
h 
orre
ts the densities of ea
h 
luster so they 
an be used to query every marginal in thegraph without repeating the above 
al
ulation (Cozman, 2000). To 
al
ulate the partition fun
tionthe sum 
al
ulated by this algorithm for the elimination order s1;s2;s4;s3;s5;s7;s6;s8;s9 for our 3 by 3Go board example isZ(
; �) /Xs9 Xs8 f89Xs6 f69Xs7 f78Xs5 f56f58Xs3 f36Xs4 f45f47Xs2 f25f23Xs1 f12f14whereas the sum 
al
ulated by the sum-produ
t algorithm on the 
luster graph of �gure 5.3 is givenby Z(
; �) /Xs9 Xs8 Xs6 f89f69Xs7 Xs5 Xs3 f78f56f58f36Xs4 Xs2 f45f47f25f23Xs1 f12f14whi
h is slightly less e�
ient (if implemented naively). We used the Cozman approa
h for the experi-ments here and all the marginals for a 19 by 19 Go board 
an be 
al
ulated in 10 minutes on a 2GHz
omputer using the diagonal elimination order. This is too slow for use in a playing Go program butfast enough to use as a ben
hmark to 
ompare our other inferen
e methods to.5.3.2 Loopy Belief PropagationAn alternative to performing exa
t inferen
e is to run the sum-produ
t algorithm dire
tly on theloopy graph (Figure 5.2) with the messages being repeatedly passed around the loops in the graph.The in
oming messages to ea
h node are stored and these are updated in an asyn
hronous fashion byrepeatedly sweeping over the graph. The update is `damped' by updating the messages a

ording tomnewf!n(n = a) = (1� �) �mfullf!n(n = a) + � �moldf!n(n = a)113



where mfullf!n is the message 
al
ulated by the sum-produ
t algorithm (equations 2.12 and 2.11). Thisdamping is in
luded to prevent os
illations (Heskes, 2003) and for our experiments a setting of � = 0:5seemed to work well. The approximate marginals for all the nodes in a 19 by 19 Go board 
an be
al
ulated in about 0.5 se
onds using loopy belief propagation on a 2GHz 
omputer.5.3.3 Gibbs SamplingThe standard method for performing inferen
e on Boltzmann ma
hines is Gibbs sampling. See Ma
Kay(2003) for a tutorial. We generate a Markov 
hain of samples, ea
h one generated by 
hanging thestate of a single territory node, si; a

ording to the probabilityp(si = 1j s n si ; 
) = Qfik2Fsi fik(si = 1; sk; 
)Qfik2Fsi fik(si = 1; sk; 
) +Qfik2Fsi fik(si = 0; sk; 
) ; (5.1)where s is the state of all the territory nodes in the previous sample. At ea
h stage the next node to be�ipped is sele
ted uniformly at random. The �rst 1,000,000 su
h samples are disregarded as they areassumed to be in�uen
ed by the initial setting of the states of the variables (burn in). Expe
tationsof single variables under the distribution p(sj
) 
an then be estimated byhsiip(sj
) = 1n nXt=1 �p �sti = 1jst n sti; 
�� p �sti = �1jst n sti; 
�	where t is an index over samples and n is the total number of samples (5,000,000). Note that using the
onditional probabilities in the expe
tation 
al
ulation greatly redu
es the number of samples neededto obtain an a

urate estimate when 
ompared to just taking an average over samples.5.3.4 Swendsen-Wang Sampling2We will see that the 
oupling between territory out
ome nodes is very strong if the 
orrespondingboard lo
ations are part of the same 
hain of stones be
ause of the 
ommon fate property of 
hains.This means that the probability of 
hanging the state of a single node in a 
hain 
onditional on theother nodes a

ording to (5.1) 
an be very small so it may take a long time before the 
hain of samples
orre
tly represents the distribution p(sj
): In other words, Gibbs sampling mixes very poorly.The situation 
an be greatly improved by in
reasing the 
omplexity of the model in su
h a way asto not 
hange the marginal distribution of the nodes we are interested in while allowing mu
h moree�
ient sampling. Following Edwards and Sokal (1988) who devised this generalisation of the originalpro
ess of Swendsen and Wang (1987), we atta
h an extra binary `bond' variable, hij ; to ea
h fa
toras shown in Figure 5.4. The new fa
tors gij are su
h that if the bond hij is set then the variables siand sj must be in the same state if the 
oupling between them is positive or in the opposite state if the
oupling between them is negative. In this way the bonds have the e�e
t of grouping the variables intoferromagneti
 (positive 
oupling) and anti-ferromagneti
 (negative 
oupling) 
lusters. Let the ve
torof bond variables be h: Gibbs sampling pro
eeds by alternately sampling from p(hjs; 
) and p(sjh; 
).2Spe
ial thanks is due to Iain Murray for suggesting the generalised version of the Swendsen-Wang algorithm.
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s1 s2 s3
s4 s5 s6
s7 s8 s9

h12 h23
h14 h25 h36h45 h56
h47 h58 h69h78 h89

g12 g23g14 g25 g16
g45 g56g47 g58 g69
g78 g89Figure 5.4: Fa
tor graph for the territory predi
tion model with Swendsen-Wang bond variables, hij .The Fa
torsIn order to produ
e the 
orre
t distribution we must 
hoose the fa
tors gij su
h that if we marginaliseout the bond variables we obtain the original distribution:Xh 1Z 0(
;�) Y(i;j)2E gij(si; sj ; hij ; 
; �) = 1Z(
;�) Y(i;j)2E fij(si; sj ; 
; �): (5.2)De�ne the `
oupling', Kij = fij(1; 1) � fij(�1;�1) � fij(�1; 1) � fij(1;�1) for the original fa
torsfij(si; sj). If the 
oupling Kij > 0 then the fa
tors gij are de�ned asgij =8>>>><>>>>: [hij = `
oupled'℄ [hij = `not 
oupled'℄[si = �1℄ [si = 1℄ [si = �1℄ [si = 1℄[sj = �1℄ (1� xij)aijbij 0 xijaijbij xijAijbij[sj = 1℄ 0 (1� xij)AijBij xijaijBij xijAijBijand if the 
oupling is negative, that is, Kij < 0 thengij = 8>>>><>>>>: [hij = `
oupled'℄ [hij = `not 
oupled'℄[si = �1℄ [si = 1℄ [si = �1℄ [si = 1℄[sj = �1℄ 0 (1� yij)Cijdij yij
ijdij yijCijdij[sj = 1℄ (1� yij)
ijDij 0 yij
ijDij yijCijDij :To satisfy equation 5.2 we havegij(si; sj ; hij = `
oupled') + gij(si; sj ; hij = `not 
oupled') / fij(si; sj)115



Gibbs Iterations Swendsen-Wang IterationsFigure 5.5: Comparing ordinary Gibbs with Swendsen Wang sampling for Boltzmann5. The plotsshow the di�eren
es between the running averages and the exa
t marginals for ea
h of the 361 nodesplotted as a fun
tion of the number of whole board samples. Note the log s
ale. Left: Gibbs. Right:Swendsen Wangwhi
h gives us aijbij / fij(�1;�1);AijBij / fij(1; 1);xijAijbij / fij(1;�1);xijaijBij / fij(�1; 1):Solving for the unknowns yieldsxij = 1yij =sfij(1;�1) � fij(�1; 1)fij(1; 1) � fij(�1;�1) ; (5.3)aijAij = 
ijCij =sfij(�1;�1) � fij(�1; 1)fij(1; 1) � fij(1;�1) ;bijBij = dijDij =sfij(�1;�1) � fij(1;�1)fij(1; 1) � fij(�1; 1) :Sampling UpdateSampling from p(hjs; 
) is straightforward as, 
onditional on s; ea
h bond is independent. We havep(hij = `
oupled'js;h n hij ; 
) = 8>>>>>><>>>>>>:1� xij if Kij > 0 and si = sj0 if Kij > 0 and si 6= sj1� yij if Kij < 0 and si 6= sj0 if Kij < 0 and si = sjso x gives the bonding probability for ea
h pair of variables whi
h, as 
an be seen from equation 5.3,depends on the strength of the 
oupling between the variables. To sample from p(sjh; 
) we note thatthere are only two possible global states for ea
h 
luster of bonded variables (all nodes the same inthe ferromagneti
, positively 
oupled, 
ase and all adja
ent nodes opposite in the anti-ferromagneti
,116



Figure 5.6: Single Swendsen-Wang sample for Botzmann5 with bonds shown as blue lines. This samplewas for an expert board position at move 90. For ea
h vertex, ~v; a white 
ir
le represents a whitestone (
~v = white), a bla
k 
ir
le represents a bla
k stone (
~v = bla
k), a bla
k square represents bla
kterritory (s~v = +1), a white square represents white territory (s~v = �1).negatively 
oupled, 
ase). We denote the ve
tor of variables involved in a 
luster by sb and the twolegal states of ea
h 
luster are given by ŝb and �sb:We �ip ea
h 
luster in turn based on the probabilityp(sb = ŝbjs n sb;h; 
) = �(ŝb)�(ŝb) + �( �sb)where � is the 
luster potential whi
h for the positively 
oupled 
ase is given by:�(sb) = Ygij(si;sj ;hij)2R [aijI(si = �1) +AijI(si = 1)℄ � [bijI(sj = �1) +BijI(sj = 1)℄ � � �� [x � I(hij = `
oupled') + (1� x) � I(hij = `not 
oupled')℄where R is the set of fa
tors involved in the 
luster. The negatively 
oupled 
ase is the same if x isrepla
ed by y.Sin
e groups of strongly 
orrelated variables (su
h as those 
orresponding to stones in the same
hain) will tend to get grouped into a single 
luster (a

ording to equation 5.3) whi
h is �ipped as asingle step during sampling the Swendsen-Wang pro
ess mixes mu
h faster for our model than �ippinga single variable at a time as in the usual Gibbs sampling update s
hedule. Figure 5.6 shows a positionfrom an expert game with a single Swendsen-Wang sample overlaid and the Swendsen-Wang bondsshown. The bonded 
lusters do tend to roughly 
orrespond to regions of 
ommon fate. Figure 5.5
ompares the empiri
al 
onvergen
e of the estimated marginals using Swendsen-Wang sampling withGibbs sampling.Using Swendsen-Wang sampling we 
an �nd a

urate marginals for every vertex of a 19 by 19 Go117



board in about 5 se
onds. A burn-in of 1000 full board samples was used.5.4 TrainingEa
h training example in the dataset, D; 
onsists of a mid-game position, 
̂, from an expert Go gameand the �nal territory out
ome of that game, ŝ. The training games are a subset of the GoGoDdatabase and the �nal territory out
omes were determined automati
ally using GnuGo3. Not all thegames in GoGoD 
ould be s
ored by GnuGo be
ause the games were in
omplete so we only used gamesthat 
ould be automati
ally s
ored for our training and test data.Bayes rule gives us the posterior distribution over the parameters given the observed territoryout
ome, assuming ea
h data point is independent:p(�jŝ; 
̂) /8<: Y(ŝ;
̂)2D p(ŝ; 
̂j�)9=; p(�):This requires us to 
al
ulate the partition fun
tion of p(s; 
j�) for all settings of the parameters � underthe distribution p(�) leading to a so 
alled `doubly intra
table' problem (Murray and Ghahramani,2004). Therefore, instead of 
al
ulating the full posterior distribution we use gradient des
ent todetermine point estimates for the parameters that maximise one of two alternative obje
tive fun
tions:maximum a posteriori (MAP) and 
ontrastive divergen
e (CD).5.4.1 Maximum PosteriorThe goal of MAP learning is to determineargmax� 0�8<: Y(ŝ;
̂)2D p(ŝ; 
̂j�)9=; p(�)1A = argmax� 0� X(ŝ;
̂)2D log (p(ŝ; 
̂j�)) + log (p(�))1A (5.4)= argmax� 0� X(ŝ;
̂)2DL (ŝ; 
̂; �) + log (p(�))1A ; (5.5)where L is the log likelihood of a data point. This is a
hieved by gradient des
ent using the derivativeof the sum of the log likelihoods for ea
h data point and the log prior. The derivative of the loglikelihood is equal todL (s; 
; �)d� = dd� log0� 1Z(
;�) Y(i;j)2E fij(si; sj ; 
; �)1A (5.6)= X(i;j)2E dd� flog fij(si; sj ; 
; �)g � dd� logZ(
; �): (5.7)3GnuGo is available at http://www.gnu.org/software/gnugo/gnugo.html
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Where the di�erential of the log partition fun
tion is given bydd� logZ(
; �) = dd� logXs Y(i;j)2E fij(si; sj ; 
; �) (5.8)= Xs dd� Q(i;j)2E fij(si; sj ; 
; �)Z(
; �) (5.9)= Xs dd� exp�P(i;j)2E log fij(si; sj ; 
; �)�Z(
; �) (5.10)= * X(i;j)2E dd� log fij(si; sj ; 
; �)+p(sj
) (5.11)so the derivative of the log-likelihood of all the data with respe
t to the parameters 
an be writtendd� 0� X(ŝ;
̂)2DL (ŝ; 
̂; �)1A = * X(i;j)2E d log fij(ŝi; ŝj ; 
̂; �)d� +D �* X(i;j)2E d log fij(si; sj ; 
̂; �)d� +p(sj
̂) :(5.12)where the expe
tation of the left hand term is simply the mean of its argument over the training dataand the expe
tation of the right hand term is 
al
ulated under the model distribution, p(sj
). This isequivalent to minimizing the KL divergen
e between the data distribution and the model distribution.To evaluate the expe
tation under the model distribution we must 
al
ulate the pointwise and adja
entpairwise marginal probabilities of territory out
omes for ea
h board position, whi
h 
an be 
al
ulatedusing one of the inferen
e methods des
ribed in the previous se
tion.The prior p(�) is set to p(�) = 1Zp(�) exp �12�X�i2� �2i! (5.13)so d(log p(�))d�i = ���i (5.14)whi
h 
orresponds to simple weight de
ay (Ma
Kay, 2003).5.4.2 Contrastive Divergen
eA standard method for Boltzmann ma
hine learning is to estimate the right hand term in equation 5.12by Gibbs sampling so the resulting gradient will be a sto
hasti
 approximation to the true gradient.A simpler alternative to attempting to �nd an a

urate estimate of the gradient of equation 5.12 is to
al
ulate insteaddd� 0� X(ŝ;
̂)2DCD(ŝ; 
̂; �)1A = * X(i;j)2E d log fij(ŝi; ŝj ; 
̂; �)d� +D �* X(i;j)2E d log fij(si; sj ; 
̂; �)d� +qt(sj
̂;ŝ) :(5.15)where the expe
tation of the se
ond term is 
al
ulated under an approximate distribution qt . Ea
hsample from qt is 
al
ulated by simply initialising all the territory variables, s; to the observed data, ŝ;and then running the Gibbs sampler for t steps (Hinton, 2002), using the �nal sample in the Markov
hain. The parameter, t, is typi
ally set to 1. By performing gradient des
ent using (5.15) we are119



attempting to minimise an obje
tive fun
tion 
alled the `
ontrastive divergen
e' whi
h intuitivelywe 
an think of as a sto
hasti
 measure of the degree to whi
h Gibbs sampling under the modeldistribution tends to 
ause the state of the model variables to diverge from the data. Training themodel by minimising 
ontrastive divergen
e with t = 1 while using Swendsen-Wang sampling toperform the Gibbs step and the adaptive meta des
ent s
heme des
ribed below to perform the 
ompleteoptimisation is roughly 1,000 times faster than �tting the model by MAP although, as we will see inthe results se
tion, the performan
e of the resulting system is slightly poorer. For the 
ontrastivedivergen
e experiments a weight de
ay setting of � = 0:001 was used.5.4.3 Gradient Des
ent MethodsIf a deterministi
 method is used to estimate the gradient (5.12) (either loopy belief propagationor exa
t variable elimination) then we used a version of the 
onjugate gradient des
ent pro
edurewhi
h only requires gradient information in order to determine the optimal parameters4. This methodperforms poorly when the gradient is sto
hasti
 so we used an alternative adaptive gradient des
ents
heme where Gibbs sampling was used to estimate the gradient for MAP or CD learning. In that
ase the parameters were updated at ea
h iteration n a

ording to�n+1i = �ni + Æni � rniwhere ri is the gradient with respe
t to parameter �i and Æi is the step size, and there is a separatestep size for ea
h parameter. The step size is adapted a

ording to ALAP (Almeida et al., 1998):Æn+1 = Æn + 
 � rni � rn�1i�nwhere � is also adapted a

ording to�n+1 = ��n + (1� �)rni � rn�1i :The meta-des
ent parameters are set to � = 0:9 and 
 = 0:01:5.5 Results5.5.1 Learned Parameters for Boltzmann5Table 5.1 gives the values of the parameters of the Boltzmann5 model after it was trained using MAPfor 290 expert game positions. Separate experiments were performed for three game stages: move 20,move 80 and move 150. As expe
ted, w
hains takes on a high value whi
h 
orresponds to a strong
orrelation between the plausible territory out
ome of two adja
ent verti
es in a 
hain of 
onne
tedstones. This is due to the 
ommon fate property of 
hains. The value of wempty is also interesting(
orresponding to the 
oupling between territory predi
tions of neighboring verti
es in empty spa
e)whi
h is 
lose to the 
riti
al 
oupling for an Ising model, 0.441. Perhaps this is be
ause an Ising model
lose to the 
riti
al temperature has 
lusters (
ontiguous spins all in the same state) of a similar size totypi
al regions of 
ontiguous Go territory. If the temperature was too high then only small 
ontiguous4Ma
opt by David Ma
Kay: http://www.inferen
e.phy.
am.a
.uk/ma
kay/
/ma
opt.html.120



parameter move 20 move 80 move 150hstones 0.271 0.265 0.235wempty 0.406 0.427 0.496w
hain�empty 0.410 0.442 0.426w
hains 1.866 2.740 2.976winter�
hain 0.490 0.521 0.429Table 5.1: Parameters learned for Boltzmann5 using maximum likelihood training (using Swendsen-Wang sampling for inferen
e).regions of territory would be possible (too small to 
ontain two eyes and live) and if the temperaturewas too low then this would mean that with high probability the board would either be all white orall bla
k territory (quite unlikely in Go). The positive value for the stone bias, hstones, simply meansthat a stone is more likely to live than to die in the expert positions. This positive stone bias will be
ountera
ted in 
ases where a 
hain is surrounded by opponent stones be
ause of the positive valueof winter�
hains whi
h is the tenden
y for a 
hain to have the same territory out
ome of a neighboring
hain � i.e one 
hain survives at the expense of another.5.5.2 Territory Predi
tion Performan
eTerritory Predi
tionsFigure 5.6 shows a single sample from the distribution over territory out
omes under the Boltzmann5model generated by the Swendsen-Wang te
hnique. The Swendsen-Wang bonds are also shown. Thissample represents a hypothesis about what the �nal territory out
ome of the game might be. The
ontiguous regions of the same 
olour within the territory predi
tion have a similar typi
al size totypi
al regions of territory in Go and the Swendsen-Wang bonds appear to 
luster together regionswhi
h we might 
onsider to have approximately 
ommon fate (due to stones be
oming 
onne
ted inthe future). All 
onne
ted 
hains of stones form single 
lusters. In general, more stones are alive thandead.Figure 5.7 shows board positions labeled with the expe
ted pointwise territory out
ome under the3 models introdu
ed in this 
hapter (Boltzmann5, Boltzmann12 and BoltzmannLiberties).Go players 
on�rm that the territory predi
tions seem plausible. The 
ommon fate of 
hains ispredi
ted 
orre
tly and 
hains that are more surrounded by opponent 
hains are more likely to bedead whereas 
hains with many liberties or with plenty of spa
e are predi
ted to be alive. Comparingthe �gure for BoltzmannLiberties with the other Boltzmann models shows that the liberty informationallows the model to 
orre
tly identify whi
h of the two 
ompeting small 
hains in the bottom right ofthe board is dead.The (non-probabilisti
) territory predi
tion from the 
ommer
ial Go program `The Many Fa
es ofGo' is also in
luded for 
omparison (Fotland, 1993). However, it is di�
ult to obje
tively evaluate theterritory predi
tion performan
e of the Boltzmann models against the one provided by this programas the `Many Fa
es of Go' predi
tion is only available graphi
ally. At any rate, I don't believe wewould bene�t mu
h by 
omparing with other Go program's territory predi
tions as none of thesepredi
tions represents ground truth and it is un
lear how a

urate they are in the �rst pla
e. Thetypes of predi
tions produ
ed by these programs will depend on how they are used to generate moves,121



Boltzmann5 Boltzmann12

BoltzmannLiberties Many Fa
es of GoFigure 5.7: Comparing territory predi
tions for a Go position from a professional game at move90. The 
ir
les represent stones. The small bla
k and white squares at ea
h vertex represent theaverage territory predi
tion at that vertex, from �1 (maximum white square) to +1 (maximum bla
ksquare). Exa
t inferen
e was used for the Boltzmann models (this takes 10 minutes per position butindistinguishable results 
an be a
hieved in 5 se
onds per position using Swensen-Wang sampling.)
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Boltzmann5 (Exa
t) Boltzmann5 (Loopy BP)Figure 5.8: Comparing territory predi
tions for a Go position using di�erent inferen
e methods froma professional game at move 90. The 
ir
les represent stones. The small bla
k and white squares atea
h vertex represent the average territory predi
tion at that vertex, from -1 (maximum white square)to +1 (maximum bla
k square).and they will be tuned for that purpose rather than to a

urately predi
t the �nal game out
ome.Also, none of these programs produ
es a probability distribution over territory out
omes, only a pointestimate. Therefore, for the rest of this 
hapter we use the predi
tive probability of ground truth (thea
tual territory out
omes of test games) to evaluate the di�erent models.Comparing Models and Inferen
e MethodsFigure 5.8 
ompares the territory predi
tion when 
al
ulated exa
tly for the Boltzmann5 model (left)with the territory predi
tion when inferen
e is performed using loopy belief propagation (right). Ingeneral loopy belief propagation tends to give marginals whi
h are polarized towards +1 or �1. This`over-
on�den
e' (la
k of un
ertainty) is a known side-e�e
t of loopy belief propagation (Weiss, 1998).The over-
on�den
e is more prominent in regions of the board where fewer stones are present (forexample see the top right of the board) and less prominent in regions where more stones are present(bottom left of the board). The parameters for the loopy BP results were trained by MAP, using loopybelief propagation for inferen
e.Figures 5.9 and 5.10 show the log predi
tive probabilities of the territory out
omes for a set ofexpert games. Sin
e the performan
e of Boltzmann5 and Boltzmann12 appeared nearly identi
al,Boltzmann12 was not 
onsidered further. Figure 5.11 shows the results of the same experiment asFigure 5.10 but where ea
h data-point used to generate the plot is the per-position mean of the logprobabilities of the territory out
omes. For all the predi
tive probability plots we see that as weprogress through a game, predi
tions unsurprisingly be
ome more a

urate but (at least when wetake the per-position means) the varian
e of the a

ura
y in
reases, possibly be
ause of the in
orre
tassessment of the life and death status of groups of stones. Swendsen-Wang performs better thanloopy belief propagation whi
h su�ers from over-
on�den
e although this di�eren
e be
omes smaller123
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Figure 5.9: Log predi
tive probability of the territory out
ome at ea
h vertex of 327 unseen Gopositions, p(sdi j
d) where d is an index over data points. The horizontal lines in the boxes show thelower quartile, median and upper quartile. The whiskers extent to the most extreme data point. 3board positions were analysed for ea
h game (move 20, 80 and 150). The Boltzmann5 (B5) and theBoltzmann12 (B12) models are 
ompared and found to have near identi
al performan
e. The horizontalline a
ross the plot is at � ln(0:5) = 0:69, the probability of the out
ome if guessing randomly.
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Figure 5.10: Log predi
tive probability of the territory out
ome at ea
h vertex of 327 unseen Gopositions, p(sdi j
d). The horizontal lines in the boxes show the lower quartile, median and upperquartile. The whiskers extent to the most extreme data point. Sampling is 
ompared with loopy beliefpropagation. 3 board positions were analysed for ea
h game (move 20, 80 and 150). The Boltzmann5(B5) and the BoltzmannLiberties (BLib) models are 
ompared. The horizontal line a
ross the plot isat � ln(0:5) = 0:69, the probability of the out
ome if guessing randomly.124
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Figure 5.11: Ea
h data-point is the per-position mean of the log predi
tive probability of the territoryout
omes at the verti
es of 327 unseen Go positions, 1N�N P~v2N p(sd~vj
d). The horizontal lines in theboxes show the lower quartile, median and upper quartile. The whiskers extent to the most extremedata point. Sampling is 
ompared with loopy belief propagation. 3 board positions were analysed forea
h game (move 20, 80 and 150). The Boltzmann5 (B5) and the BoltzmannLiberties (BLib) modelsare 
ompared. The horizontal line a
ross the plot is at � ln(0:5) = 0:69, the probability of the out
omeif guessing randomly.in the later stages of the game when there are more stones present on the board. BoltzmannLibertiesperforms slightly better than Boltzmann5 (when using Swendsen-Wang for inferen
e) a

ording toFigure 5.11 and the varian
e of the predi
tions made by BoltzmannLiberties is smaller. The di�eren
ein performan
e between the two models in
reases at the end of the game when liberty 
ounts be
omemore important for assessing group safety.Figure 5.12 
ompares the performan
e of the Boltzmann5 and BoltzmannLiberties model on move80 for parameters trained using MAP with those trained using 
ontrastive divergen
e. The Gibbsre
onstru
tion step in 
ontrastive divergen
e was performed using one full board Swendsen-Wangiteration. Minimising 
ontrastive divergen
e is about 1,000 times faster but the results appear slightlyworse with higher varian
e. Re
ent work has shown that it would probably be possible to improveperforman
e by in
reasing t as the gradient des
ent pro
eeds so that we will gradually home in on theMAP solution (Salakhutdinov et al., 2007).5.6 Move Predi
tionWe 
an obtain a probability distribution over moves by 
hoosing a Gibbs distribution with the negativeenergy repla
ed by one of the evaluations given in Se
tion 5.1.1:p(~vj; �;H) = e�u(m(~v;
);�)P~v02L(
) e�u(m(~v0;
);�) (5.16)where the fun
tion m : N � CN�N ! CN�N returns the new board position generated by applyinga move to a board position. Dire
tly applying the Boltzmann ma
hine trained to predi
t territoryin expert games to provide the evaluation fun
tion u for equation 5.16 resulted in very poor move125
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Figure 5.12: Per position mean log predi
tive probability of the territory out
omes at the verti
es of 327unseen Go positions, 1N�N P~v2N p(sd~v j
d). Boltzmann5 (B5) is 
ompared with BoltzmannLiberties(B78) for two di�erent training methods (maximum likelihood and 
ontrastive divergen
e (CD).

Figure 5.13: Stone life over
on�den
e example. This shows how the non-expert bla
k move leadingto the position on the right leads to the model predi
ting too mu
h territory resulting from this bla
kstone. The area of ea
h square is the magnitude of the expe
ted territory out
ome at that vertex(2 [�1; 1℄) and the 
olour gives the sign.
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predi
tion performan
e. Sin
e the model is trained to predi
t the �nal territory out
ome given gamepositions from expert games there is a sele
tion bias whi
h leads to poor predi
tion of the territoryout
ome given a non-expert mid-game position. To be pre
ise, the model is over-
on�dent about thesurvival of stones on the board be
ause experts tend to pla
e stones su
h that they will live (so moststones in expert games do live) but if a stone is pla
ed in a random lo
ation on the board then the
han
e of survival should be mu
h smaller. Figure 5.13 gives an example where a bla
k stone is pla
edin a lo
ation where it is likely to be 
aptured and will not produ
e any territory. Here, the model isover
on�dent about its safety be
ause it has learned that most stones live (as is the 
ase if expertspla
e them). Most of the positions generated to normalise equation 5.16 are not expert positions sothe move predi
tion performan
e is poor.5.7 Dis
ussionA simple Markov random �eld model 
an 
apture a number of the 
hara
teristi
s of plausible territoryout
omes. In samples generated by the model the typi
al size of 
ontiguous 
lusters of territory ofthe same 
olour are of a similar size to 
lusters of territory found in real games. Ea
h 
hain of stonestends to fall within the same territory 
luster as suggested by the 
ommon fate of 
hains. Also, themodels are 
apable of predi
ting the life and death of stones in simple 
ases.A number of model improvements are possible. The lo
al fa
tors 
ould be 
onditioned on largerareas of the board position, rather than just the verti
es 
orresponding to the points in the territoryout
ome these fa
tors are responsible for. Also the model 
ould be 
onditioned on more features inaddition to liberty 
ounts. These improvements 
ould be made without in
reasing the 
omplexity ofinferen
e and the e�
ient Swendsen-Wang sampling method 
ould be applied. Sanner et al. (2007)
ombined the pattern system explained in Chapter 3 with the simple Boltzmann ma
hine modelsof this 
hapter, using the patterns to determine the bias fa
tors. The slow speed of learning inBoltzmann ma
hines was not a serious problem for the models presented in this 
hapter as they havefew parameters (shared a
ross the fa
tors) so few training games are needed. When using patternsto determine the biases, far more parameters must be tuned so more training games are needed andlearning takes too long. To address this issue Sanner et al. (2007) made use of the pseudo-likelihoodtraining method and another lo
al training method (`pie
ewise' learning), both of whi
h whi
h resultedin quite poor performan
e (worse than the models presented in this 
hapter, despite having orders ofmagnitude more parameters). A possible future work dire
tion would be to use Contrastive Divergen
elearning with Swendsen-Wang used for the re
onstru
tion step to train the models presented by Sanneret al. (2007). I believe this would allow far more training data to be used in a given time so modelswith more parameters would work better.Another way the model 
ould be improved would be to in
rease the size of the fa
tors (that is,making them a fun
tion of the territory out
omes at more than two adja
ent verti
es) whi
h wouldallow the model to 
apture non-linear lo
al e�e
ts. This would make inferen
e more di�
ult. Addinghidden units would be another way of improving the representational power of the model, perhapsadding a number of layers and moving in the dire
tion of Deep Belief Networks (Hinton et al., 2006).These model improvements might allow the model to predi
t the life and death of Go stones morea

urately. However, one property of samples generated by these models would remain: there is noguarantee that they will be legal hypotheses. A `group' of 
onne
ted Go stones 
orresponds to a setof stones within a region of 
ontiguous territory of the same 
olour in the �nal game out
ome. For a127



group of stones to survive they must be 
onne
ted to at least two eyes. However, as 
an be seen inFigure 5.6, there are 
lusters of 
ontiguous regions of territory whi
h are too small to 
ontain two eyesso the 
orresponding groups of stones would have been 
aptured and be
ome part of the opponent'sterritory. As pointed out by van der Werf (2005), the �nal territory out
ome and the life and death of
hains of stones depend on ea
h other. The life and death status of stones determines whi
h stones willbelong to ea
h player and hen
e is the starting point for predi
ting the territory out
ome. However, theterritory predi
tion itself impli
itly predi
ts whi
h stones are grouped together into entities (groups)for whi
h we 
an 
ount eyes and thus predi
t life and death.It is di�
ult to write down a probabilisti
 model that 
orre
tly models life and death (in thesense that every hypothesis is legal) and that is purely stati
 in the sense it does not explore thegame state spa
e. In the next (and �nal) Chapter we 
onsider a 
lass of models that 
an predi
t the�nal out
ome of games by quite a di�erent approa
h. Rather than building 
omplex models that areable to stati
ally value a position, we generate samples from the probability distribution over �nalout
omes by sto
hasti
ally generating the sequen
e of moves from the 
urrent position to the end ofthe game. Sin
e the sequen
e of moves must be legal, every hypotheti
al �nal territory out
ome willbe legal. Even the simplest version of these so 
alled Monte Carlo planning te
hniques (Brügmann,1993) 
an predi
t the life and death of Go stones surprisingly a

urately and a

ording to Sanner etal. (2007) gives a better trade o� between 
omputational 
ost and a

ura
y than simple Boltzmannma
hine models su
h as the ones dis
ussed in this 
hapter. In the next 
hapter we apply Monte Carlote
hniques to move sele
tion.
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Chapter 6Monte Carlo Planning
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������������Æ�Æ�Æ�������	Figure 6.1: The positions displayed at the top of ea
h 
hapter are from a famous game played in 1846between Shusaku (bla
k) and Gennan Inseki (white). Gennan was 50 years old and one of the mostfamous Go players in Japan, while Shusaku was just 17 years old. The isolated bla
k stone in the
enter turned the game around and has be
ome known as the `ear-reddening move'. Many people werewat
hing this mat
h, mostly dis
iples of Gennan. A do
tor who was present re
alled the moment whenthat 
ru
ial stone was pla
ed on the board: `I don't know mu
h about the game, but when Shusakuplayed, Gennan's ears �ushed red. This is a sign he had been upset.' (Hollosi and Pahle, 2007)This 
hapter returns to the task of move predi
tion. However we now 
onsider the task of 
hoosingthe best move in a game rather than predi
ting the play of human Go players. In the previous 
hapterwe 
onsidered models whi
h 
an predi
t some aspe
ts of the �nal territory out
omes of games well.However, these models would have to be made mu
h more 
omplex in order to a

urately predi
t thelife and death of Go stones and for this reason they would not 
orre
tly s
ore a �nal board position.An alternative method to obtain samples from the probability distribution over �nal game out
omeswhi
h guarantees that ea
h sample is legal is to play the game forward from the 
urrent position 
 tothe very end using some sto
hasti
 poli
y for ea
h player. This is 
alled a `playout' or `rollout'. The�nal territory out
ome of this game, s; is a sample from p(sj
) and this distribution is determined by129



the poli
y used to play ea
h rollout. If this poli
y is determined from eviden
e gathered from previousrollouts, that is, moves are 
hosen whi
h have been seen empiri
ally to lead to more vi
tories, then thesystem may be able to `bootstrap' itself to play stronger and stronger and this is the prin
iple behindthe `Upper Con�den
e applied to Trees' (UCT) algorithm by Ko
sis and Szepesvari (2006) whi
h hasre
ently been applied to Go with a great deal of su

ess (Gelly et al., 2006). This 
hapter presentssome initial experiments whi
h evaluate a sele
tion of Bayesian alternatives to UCT on arti�
ial gametrees. I have not yet applied these ideas to Go. A possible advantage of using a Bayesian approa
h tothis problem is that it would enable the prin
ipled addition of domain knowledge by the assignmentof prior distributions on the values of moves and positions. I present some initial experiments on thee�e
t of in
luding prior knowledge in these algorithms.6.1 Monte Carlo PlanningIn general we are interested in sele
ting a
tions in Markov De
ision Problems (Sutton and Barto,1998) with large state spa
es and delayed rewards. In ea
h state, s 2 S, a number of a
tions (moves),a 2 A(s) are available. Here we are 
on
erned with deterministi
 pro
esses with a transition fun
tionm : S � A(S) ! S. We de�ne terminal states, t 2 T , T � S to be states where no a
tions areavailable, that is, A(t) = ;. We de�ne the reward fun
tion r : S ! R asr(s) = ( l(s) if s 2 T0 otherwiseso only terminal states are asso
iated with rewards. In the simplest 
ase of a game with a win/lossout
ome the terminal fun
tion l : T ! R may be de�ned asl(s) = ( 1 for win0 for loss :Alternatively the terminal fun
tion may return the game s
ore. The poli
y, �(s; a), de�nes a probabilitydistribution over a
tions in a given state, i.e, �(s; a) = p(ajs); s 2 S, a 2 A(s). Monte-Carlo planningis 
on
erned with sele
ting the best a
tion in a given state by sampling from the state spa
e whereea
h sample is one path from the starting state to the terminal state (a rollout) a

ording to a poli
y�.6.1.1 Uniform Monte-Carlo PlanningThe simplest method is to use a �xed uniform sto
hasti
 poli
y: �(s; a) = 1jA(s)j for all states andto value a state by running a number of rollouts and taking the mean of the observed rewards. Ifthe set of rewards observed in rollouts from a given state, s; is X(s) then the value of a state,V (s) = 1jX(s)jPx2X(s) x. After the algorithm is terminated (after some time) the values of thestates 
an be used for a
tion sele
tion. This te
hnique was applied by Brügmann (1993) to Go withsurprisingly good results 
onsidering the size of the state spa
e. We refer to this algorithm as UniformMonte Carlo Planning (UMC).
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6.1.2 Upper Con�den
e applied to Trees`Upper Con�den
e applied to Trees' (UCT) (Ko
sis and Szepesvari, 2006) also estimates the valueof ea
h state as the mean value of the rewards observed in rollouts from that state. However, thepoli
y is adapted a

ording to observations made in previous rollouts. For ea
h state s we storens, the number of times the state has been en
ountered so far and Rs = Px2X(s) x, the sum ofthe rewards re
eived by rollouts passing through state s. The (deterministi
) poli
y is given by�(s; a) = I(a = argmax ai2A(s) fV (m(s; ai(s)); s)g). The utility of moving to a state q is given byV (q; s) where s is the previous state. This utility is de�ned as V (q; s) = 1nqRq + 
(nq ; ns) where nsis the number of times the previous state in the Markov 
hain has been seen whi
h is equal to thenumber of times state q has been available as a 
hoi
e. The bias, 
, given by
(nq; n) =s2lnnnqwhi
h ensures that 
on�den
e bounds are satis�ed about the a

ura
y of the state value and hen
eensures adequate exploration. Essentially, ea
h de
ision is treated as a separate multi-armed banditproblem, where ea
h move is a separate arm and the a
tions are 
hosen su
h as to balan
e exploration(determining whi
h arm is a
tually best) and exploitation (reaping rewards by 
hoosing the arm
urrently believed to be the best). After ea
h rollout the values Rs and ns are updated for ea
h state,s; en
ountered along the way. By adapting the poli
y in this way the rollouts 
on
entrate on promisinglines of play and eventually the value of ea
h state will 
onverge to its minmax value. For 
ertain statespa
es (the target appli
ations of UCT) a
tion sele
tion with very low error rates may be possibleafter far fewer iterations than would be needed to perform an alpha-beta sear
h as we demonstrateempiri
ally in Se
tion 6.2.3.6.2 Syntheti
 Game TreesIn this 
hapter we test various Monte-Carlo planning algorithms by applying them to the task of movesele
tion in syntheti
 game trees. The tree is the set of possible paths through state spa
e from a givenroot state and ea
h Monte-Carlo rollout 
onsists of one path from the root to a leaf of the tree. Thedepth (D) is the number of states visited by a rollout and the bran
hing fa
tor (B) of the tree is thenumber of a
tions available in ea
h state. Here we will fo
us on adversarial game trees. We 
onstru
tsyntheti
 trees by 1) generating the tree with the desired dimensions, 2) assigning win/loss values tothe leaves (using one of the two methods des
ribed below) and 3) determining whi
h player 
an for
ea win from ea
h state by minimax. The �rst player to play is 
alled MAX and her opponent is 
alledMIN.6.2.1 Random TreesA `Random Tree' is a tree whose leaves are assigned binary win/loss status independently at randoma

ording to p(win) = �w. If this value is set to a 
riti
al value, �
, (the positive root of the equationxB + x + 1 = 0) then the probability that the �rst player 
an for
e a win from the starting position,P (w) = �w = �
 (Pearl, 1984). In general, P (w) is a fun
tion of �w and the depth of the tree, D. As131



the depth of the tree in
reases this fun
tion rapidly approa
hes a step fun
tionlimD!1P (wjD; �w) ' 8><>: �
 if �w = �
0 if �w < �
1 if �w > �
 :For a binary (B = 2) tree �
 is equal to the golden ratio (p5� 1)=2 = 0:6180339. For the experimentshere �w is set to �
 to ensure a reasonable value for P (w).6.2.2 P-Game TreesA `P-Game tree' (Ko
sis and Szepesvari, 2006) simulates a two person, zero-sum, game where theout
ome is determined by s
oring the �nal position. Go is an example of su
h a game.Only the value of the �nal board position is observed dire
tly by the players. Ea
h move in thegame tree has a value drawn from the interval [0; 1℄ for the MAX player and [�1; 0℄ for the MIN player.The value of a terminal position is simply the sum of the values of the moves along the path from theroot to the 
orresponding leaf. If this value is positive then the result is a win for MAX, otherwise itis a win for MIN. In other words we model a game as a random walk of a �xed number of steps. Thevalues of the moves and the intermediate nodes in the game tree are unknown to the game players.It is hoped that this simple model 
aptures the qualitative nature of the Go game tree and inparti
ular the smoothness in the value of states in a game tree. The notions of being `ahead' or`behind' in a game rely on smoothness in the value of nodes in the game tree. Another advantageof this model is that ea
h move is asso
iated with a value. We assume that this value is usuallyunobserved to the players of the game but in simulations a noisy observation of its value 
ould be usedto test the addition of domain knowledge.6.2.3 Experiments with Existing MC Planning Te
hniquesFigure 6.2 
ompares the performan
e of UCT, Uniform Monte Carlo, and alpha-beta sear
h on syn-theti
 game trees. For ea
h plot, g = 2000 trees are generated and the leaves are valued a

ording theRandom or PGame method (see Se
tions 6.2.1 and 6.2.2 respe
tively) using di�erent random numbersfor ea
h tree. Next, the win/loss values of the internal nodes are determined by minimax and these`delphi
' values are used to assess the performan
e of the planning algorithms tested on the trees. Ea
halgorithm is run on ea
h tree and at ea
h iteration (rollout) we re
ord whether the move from the root
urrently valued as best by the model is a
tually a win. If it is a win then this is re
orded as a su

essfor that iteration. The `mean error' rate is #su

essesg and is plotted as a fun
tion of iteration number.Alpha-beta sear
h is a depth �rst sear
h so one iteration from root to leaf is 
onsidered equivalent toone rollout.Both Monte-Carlo planning te
hniques appear to fail on Random trees (Figure 6.2 left). Firstly,
ompare the 
urves for Uniform Monte Carlo (MC) for the two tree types. On Random trees the errorrate remains 
onstant at the rate for random move sele
tion whereas for P-Game trees the error ratede
reases rapidly at �rst but then 
onverges to a �xed positive value. We know empiri
ally that thisalgorithm 
an be used to sele
t reasonable Go moves (Brügmann, 1993) so it seems likely that theP-Game model is a better model of Go game trees than the random tree model. This suggests thatsmoothness in the underlying values of nodes in the tree is important (in the sense that if one is in astrong position then there are likely to be more moves available leading to other strong positions than132



10
0

10
1

10
2

10
3

10
4

10
5

10
−4

10
−3

10
−2

10
−1

10
0

iteration

m
ea

n 
er

ro
r

 

 

UCT

MC

AB

10
0

10
1

10
2

10
3

10
4

10
5

10
−4

10
−3

10
−2

10
−1

10
0

iteration

m
ea

n 
er

ro
r

 

 

UCT

MC

AB

Figure 6.2: Comparing the performan
e of Monte Carlo planning on di�erent syntheti
 game trees(B = 2; D = 20). Alpha Beta sear
h (AB) is 
ompared to Uniform Monte Carlo (MC) and UCT.For ea
h plot 2000 trees are generated and the leaves are valued a

ording the Random or PGamemethod (see Se
tions 6.2.1 and 6.2.2 respe
tively). Then the win/loss values of the internal nodes aredetermined by minimax. Ea
h algorithm is run on ea
h tree and at ea
h iteration (rollout) we re
ordwhether the move from the root 
urrently valued as best is a
tually a win. If it is a win then this
ounts as a su

ess. The `mean error' rate is #su

esses2000 and is plotted as a fun
tion of iteration number.Left: Random Tree with �w = 0:6180339, Right: PGame Tree (see Se
tion 6.2).weak positions). This 
ontradi
ts the independen
e assumption made by the Probability Propagationmodel of Chapter 4 and might provide a partial explanation for the fairly poor performan
e of thatmodel.Now 
ompare the 
urves for UCT for the two tree types. UCT 
onverges mu
h slower thanalpha-beta for the Random tree but mu
h faster than alpha-beta for the P-Game tree. This result, in
onjun
tion with the su

ess of UCT for Go (Gelly et al., 2006), also suggests that P-Game trees area better model of Go game trees than Random trees. We use P-Game trees to test various approa
hesto Monte Carlo planning in this 
hapter.6.3 Bayesian ModelsUCT falls into a 
ategory of Monte Carlo planning te
hniques whi
h we will 
all `adaptive' be
ausethe poli
y is learned from previous rollouts. We now 
onsider a number of alternative adaptive Monte-Carlo planning te
hniques whi
h expli
itly model the distributions over the values of ea
h state, andbalan
e exploration and exploitation by taking a

ount of un
ertainty using the standard rules ofprobability.6.3.1 Independent Dynami
 Counting ModelModelFor the �rst approa
h, we model the value of ea
h game state separately (mu
h like UCT) and do notexpli
itly model the 
orrelations between states. Ea
h state is valued by the number of wins and lossesof games that en
ountered it, ignoring the path taken through state spa
e between it and the end ofthe game. We model the distribution over the binary (win/loss) value, 
, of games whi
h en
ounterthe state. This value is observed by performing rollout simulations. In other words, at the end of ea
h133



xs;0 xs;1 xs;2ys;0 ys;1 ys;2
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Figure 6.3: Bayesian Counting Model.rollout the win/loss value of the terminal state is taken as an observation of the win/loss value of allstates visited by the rollout.We let ea
h state, s, have a latent initial underlying value xs;0, on whi
h we pla
e a Gaussianprior: p(xs;0) = N (xs;0;�; �2):The purpose of learning a value of ea
h state is that we are going to adapt the poli
y used for therollouts. This means that the distribution over ea
h node's value will be non-stationary as the poli
y
hanges. We model this nonstationarity by assuming the value of ea
h state 
an drift by the additionof Gaussian noise. The distribution of the value of a state in rollout i+1 given its value in rollout i is:p(xs;i+1jxs;i) = N (xs;i+1;xs;i; �2): (6.1)At ea
h time step, i; a node has observed value, yi; whi
h is distributed as a Gaussian about itsunderlying value: p(ys;ijxs;i) = N (ys;i;xs;i; 
2):Ea
h binary win/loss observation (provided by a rollout) gives a sign 
onstraint on the node value:if the terminal position visited by the rollout is a win then we assume that ys;i must be greaterthan zero and if a loss is observed then ys;i must be less than zero. We use the boolean variable
s;i 2 fTRUE;FALSEgto indi
ate whether the rollout resulted in a win (TRUE) or loss (FALSE):p(
s;ijys;i) = I(
s;i ^ (ys;i > 0)) + I(:
s;i ^ (ys;i < 0)) (6.2)See Figure 6.3 for the 
orresponding graphi
al model. Inferen
e is performed by the sum-produ
talgorithm using the linear Gaussian framework given in Figure 2.5 and using the approximate updategiven in Figure 2.6 for the message from the sign 
onstraint observation (equation 6.2).AlgorithmMC planning using this 
ounting model pro
eeds in a similar manner as UCT. We store the meanand varian
e of the Gaussian distribution over ea
h node's underlying value. A
tions are sele
tedsto
hasti
ally by sampling from the Gaussian distribution over the value of ea
h available state andsele
ting the one with the highest sample value. That is �(s; a) = p(a = argmaxai2A(s)xm(s;ai(s));t ). In134



x0x1 x2x11 x12 x21 x22
Æ1 Æ2Æ11 Æ12 Æ21 Æ22

Figure 6.4: Indu
tive Game Tree Model. Ea
h x variable is the value of a game position and ea
hÆ variable is the value of a move. The value of a position is modeled as the sum of the value of theprevious position and the value of the move whi
h transitions to the new position.other words we assume that a player should always move to the most valuable state. Sin
e un
ertaintyexists about the value of ea
h state the poli
y is a probability distribution whi
h automati
ally balan
esexploration and exploitation if we sample a
tions sto
hasti
ally. States with low mean value but highvarian
e may still be explored until their value is determined su�
iently a

urately to be worse thanother available states, mu
h like what happens with UCT.The models for all the nodes visited by a rollout are updated when the rollout is 
ompleted. Thewin/loss value of the terminal position of the rollout represents an observation of the sign of the valueof ea
h game state visited by the rollout.6.3.2 Indu
tive Game Tree ModelModelNext we 
onsider a generative model of the value of all nodes in the game tree. The Bayesian network
orresponding to this model is given in Figure 6.4. We pla
e a Gaussian prior on the value of the rootnode: p(x0) = N (x0; 0; �20):The value of the move generating state xa has a value Æa and the value of the new position 
reated bymaking a new move is modeled as the sum of the value of the previous position and the value of themove: p(xijÆi; pa(xi)) = I(Æi+ pa(xi));where pa(x) denotes the value of the previous position to the one with value x: We pla
e a Gaussianprior on the value of ea
h move: p(Æi) = N (Æi;�i; �2i ):Therefore the value of the terminal positions at the leaves of the tree is the sum of the values of all themoves made along the way. In other words, we are modeling the sequen
e of state values en
ounteredin a game as a biased random walk, mu
h like the P-Game des
ribed in Se
tion 6.2.2 and used byKo
sis and Szepesvari (2006) to simulate game trees. As in the P-Game trees we treat a win as anobservation that the value of the terminal node must be positive and a loss as an observation of the135



terminal node being negative:p(
ljyl) = I(
l ^ (yl > 0)) + I(:
l ^ (yl < 0)):where yl is the value of the leaf node. Observation noise with varian
e 
2 is in
luded by settingp(yljxl) = N (yljxl; 
2)where xl is the (latent) value of the leaf node. Inferen
e pro
eeds as usual a

ording to the updates inFigures 2.5 and 2.6. Ea
h node stores the Gaussian message from that node towards the root of thetree and the messages are updated in the same manner for the Gaussian hierar
hi
al model of Se
tion3.3 with 
ost linear in the depth of the tree.Note that the game tree model of Chapter 4 was dedu
tive in the sense that the values of nodeshigher up in the tree are dedu
ed from the values of nodes below them. The model presented in thisse
tion is indu
tive in the sense that the values of future states are estimated from eviden
e fromprevious states.AlgorithmFor this model we again use the sto
hasti
 poli
y �(s; a) = p(a = argmaxai2A(s)xm(s;ai(s))) for Gaus-sian distributed x, the value of ea
h state a

ording to the model above. An observation of the signof the leaf of the tree is made after ea
h rollout.
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6.3.3 Dynami
 Indu
tive Game Tree Modelx0;0x1;0x3;0x7;0

x0;1x1;1x4;0x8;0

x0;2x2;0x5;0x9;0

x0;3x2;1x6;0x10;0

x0;4x2;2x6;1x11;0
Æ1;0Æ3;0Æ7;0

Æ1;1Æ4;0Æ8;0
Æ3;0Æ5;0Æ9;0

Æ2;1Æ7;0Æ10;0
Æ2;2Æ10;1Æ11;0

... ... ... ... ...

01 23 4 5 67 8 9 10 11
Figure 6.5: Dynami
 Indu
tive Game Tree Model. Ea
h verti
al 
hain of nodes 
orresponds to a rollout.The horizontal arrows linking the Æ (move value) variables indi
ates that that move is en
ountered inboth of the rollouts linked by the arrow. Left: Graphi
al Model. Right: The part of the game treethat has been explored so far by the 
orresponding set of rollouts.Lastly, we 
onsider a model of the values of the states in the sequen
e of rollouts produ
ed by theMonte Carlo planner. This model allows us to adapt the values of ea
h move as rollouts are performed.Again, the values of the states visited in ea
h rollout are assumed to follow a Gaussian random walk.The value of ea
h visit of ea
h game state seen in the sequen
e of rollouts is denoted xij where i is aunique index over states and j is the index over the observations of this state in rollouts. We pla
e aGaussian prior on the value of the root state before any rollouts are 
arried out:p(x0;0) = N (x0;0;�0; �20):The value of a move is denoted Æij for the move whi
h generates position with value xij : Again, wepla
e a Gaussian prior on the value of a move:p(Æi;0) = N (Æi;0;�i;0; �2i;0):Also, as before, we model the value of the state generated by playing a move as the sum of the valueof the previous state and the value of the move:p(xij jÆij ; pa(xij)) = I(Æij + pa(xij))where pa(x) denotes the previous state to x in the same rollout. The more rollouts are played, themore we learn about the value of ea
h move. We take the prior on the value of ea
h move to be the137



previous value of this move (the last time it was seen in a rollout) with some Gaussian noise added:p(Æi;j jÆi;j�1) = N (Æi;j ; Æi;j�1; �2):Similarly we model the sequen
e of values of the root state (as su

essive rollouts are performed) as aGaussian random walk in the same manner:p(x0j jx0(j�1)) = N (x0j ;x0(j�1); �2):The Bayesian network for this model is given in Figure 6.5. Again, inferen
e is performed using thelinear Gaussian framework. After ea
h rollout, the 
onstraint on the sign of the value of the last nodevisited by the rollout (with Gaussian noise with varian
e 
2 added) is observed as before (positivefor a win and negative for a loss). The 
y
les in the graph (Figure 6.5) are ignored be
ause we onlypass messages forward. Therefore, for ea
h game tree node we only need store the parameters of thedistribution over the value, Æi; of the latest en
ounter of the move whi
h generates the position.AlgorithmFor this model we use the sto
hasti
 poli
y �(s; a) = p(a = argmaxai2A(s)Æm(s;ai(s))) to explore thestate spa
e. After ea
h rollout we make an observation of the sign of the value of the terminal stateof the rollout and then propagate beliefs up the graph to update the values, Æi; of the moves playedduring the rollout.6.4 Results6.4.1 Comparing the Model Performan
esFigure 6.6 
ompares the di�erent models on P-Game trees using the method des
ribed in Se
tion 6.2.3.The models have a number of hyperparameters whi
h were tuned automati
ally by a simple gradient-free hill 
limbing approa
h. Ea
h parameter was taken in turn and the error after 1000 rollouts wasestimated using 2000 repeats. The same error was 
al
ulated for slightly higher and lower values ofthis parameter and then the parameter was adjusted in the dire
tion of the best result and then thenext parameter was adjusted. The values of the parameters for the models are given in Tables 6.1, 6.2and 6.3. Sin
e the error-rate is very noisy the optimisation pro
ess was troublesome and the pre
isevalues for these parameters should not be taken too seriously, however these values were found to bebetter than ones tuned by hand. Further experiments are required to determine the best method ofsetting the parameters of these models.Weak Performan
e of Tree ModelsThe results show that the tree models (both the simple and dynami
 versions) do not perform as wellas UCT. Initially the error rate de
reases at a similar rate to UCT as more rollouts are performed butUCT ends up 
onverging to the 
orre
t solution more rapidly. The tree models tend to 
onverge to a�xed non-zero error rate whi
h is lower than the error rate obtained by Uniform Monte Carlo.The reason for this state of a�airs is as follows. The tree models ea
h provide a generativemodel of the values of the terminal-nodes of the sear
h tree. Only the values of the terminal nodes138
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Figure 6.6: Comparing Monte Carlo planning models on PGame trees. The `independent model' isthe 
ounting model of Se
tion 6.3.1, the `tree model' is the model of Se
tion 6.3.2 and the `adaptivetree model' is the model of Se
tion 6.3.3. Top: B = 7; D = 7; Bottom: B = 2; D = 20
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(
orresponding to �nal game positions) are ever observed, the other node values (the x variables) arelatent (unobserved) variables. In the exploration algorithm des
ribed above these latent values areused to guide sear
h under the interpretation that they represent the underlying value of states in thegame tree (so it is good to 
hose moves whi
h lead to positions with higher latent values).In general it is true that it is good to move to positions with higher latent values be
ause thesevalues are strongly 
orrelated as we move down the tree so valuable positions do tend to lead to winsmore often than losses (hen
e the fa
t that the algorithm does 
onverge to an error rate better thanuniform Monte Carlo). However, even if we observe the value of every leaf in the sear
h tree by fullyexpanding it, the latent position values a

ording to the model do not give us the means to solve thegame and �nd the 
orre
t move in every position. To 
orre
tly predi
t the values of the internal nodesin the tree we would have to use minimax sear
h based on the predi
ted leaf values obtained fromthe generative model (although this would be both intra
table and pointless as it would require theexpansion of the entire game tree - after whi
h we 
ould just observe the values of the leaves withoutneeding a predi
tive model). Another way to think about it is to imagine that we know the a
tualunderlying value of all the nodes in the PGame tree (by summing the additive value of ea
h movefrom the root to the node in question). These values, while helpful in providing a heuristi
 to guidesear
h, would not spe
ify the 
orre
t move in ea
h position - this 
an only be a
hieved by determiningthe truth values of the leaf nodes (by the sign of the a

umulated value from the root to the leaf) andthen propagating up these logi
al values by minimax.For this reason the algorithms des
ribed above whi
h use the latent variables in the tree modelsto guide sear
h 
an never 
onverge to the 
orre
t (deterministi
) poli
y for exploring the tree. Furtherwork would be needed to �nd a tra
table method to 
orre
tly use the leaf values predi
ted by themodel with minimax sear
h without having to expand the entire sear
h tree.Strong Performan
e of Bayesian Counting ModelWith appropriate setting of the hyperparameters, the simple independent Bayesian 
ounting model(Se
tion 6.3.1) 
onverges faster than UCT for both tree shapes, more so for the wider (B = 7) tree.The optimal setting for the dynami
s varian
e, �2, seems to be zero for this model. Despite the fa
tthat this model ignores the 
orrelations between node values it performs better than the tree modelsfor the reasons dis
ussed above.6.4.2 Domain KnowledgeOne possible advantage of these models over UCT is that domain knowledge 
an be in
luded in theform of the prior distribution over the value of ea
h position in the game tree. In the 
ase of theindu
tive tree models prior knowledge 
an be in
luded as prior distributions over the additive value ofea
h move. Experiments were performed in order to simulate the addition of domain knowledge usingthe independent dynami
 
ounting model des
ribed in Se
tion 6.3.1. Re
all that when ea
h P-Gametree is 
reated (see Se
tion 6.2.2) a value for ea
h move must be generated by drawing randomlyfrom the interval [0; 1℄ for MAX moves and [�1; 0℄ for MIN moves. Domain knowledge is simulated bysetting the prior mean value of ea
h position to the additive value of the previous move. In a real gametree sear
h these values 
ould, in prin
iple, be provided by a model whi
h is trained from previousgames.It was un
lear at the outset if this knowledge of the additive value of ea
h move would help the140
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Figure 6.7: Testing the performan
e on PGame trees of the independent Bayesian 
ounting model(Se
tion 6.3.1) with prior knowledge. The `knowledge' is in
luded by setting the mean of the priorvalue of ea
h position to the value of the 
orresponding move used when generating the P-Game tree(see Se
tion 6.2.2). Top: B = 7; D = 7, Bottom: B = 2; D = 20
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Parameter Value for B = 7; D = 7 Value for B = 2; D = 20� 1.6 0.7
 1 1� 0 0Table 6.1: Hyperparameters of Independent Dynami
 Counting Model as trained by minimising errorrate after 1000 iterations.algorithm 
onverge to the 
orre
t solution faster. It seemed likely that using these values might leadto an initially better poli
y (with lower error rate than if no knowledge was used). This is be
ausethe 
orrelation in the values of nodes in the sear
h tree means that that moves whi
h add more valueare more likely to lead to win positions. However, it was un
lear if the algorithm would ultimately
onverge faster by making use of this knowledge to guide sear
h. The experiments show, that botha lower initial error rate and a faster 
onvergen
e are observed if we make use of the PGame movevalues in the manner des
ribed above. In other words, better moves tend to lead to more informativeplayouts.The varian
e, �2; was set by hand to 0.25 (this value was found to work well for both trees). Theresults of this experiment are shown in Figure 6.7. For the tree with width and depth equal to 7,setting the prior in this way leads to mu
h faster 
onvergen
e to the 
orre
t solution. For the binarytree, adding this knowledge makes less di�eren
e.This result is potentially useful for future work as it may be easier to obtain a model of the additivevalue of a move rather than a model of the absolute value of a position as the e�e
t of a move is likelyto be lo
al (as suggested by the strong results of Chapter 3)6.5 Dis
ussion and Future WorkIn this 
hapter we presented some initial �ndings of experiments into using expli
it models of thevalue of nodes in game trees to guide Monte Carlo planning algorithms. The simplest model whi
htreats ea
h node in the tree independently performed the best, and for good settings of the parameters
onverged to the 
orre
t solution more rapidly than UCT. We also showed that domain knowledge
an be in
luded su

essfully by using it to set the prior distribution over the value of game positions.Future work 
ould look to applying this algorithm to Go, inspired by the re
ent su

ess of MoGo (Gellyet al., 2006), and in parti
ular 
ombining domain knowledge with the planning algorithm. It mightalso be possible to learn from Monte Carlo rollouts themselves, in a similar manner to the method bywhi
h in Chapter 4 the model was able to learn from previous sear
h tasks how to solve future unseenproblems more e�
iently. In that Chapter the model did not perform very well, in the sense thatsome problems took more time to solve after learning than before. However, the algorithms presentedhere 
orre
tly take a

ount of un
ertainty in order to balan
e exploration and exploitation so perhapsthese models would be more robust after learning from small amounts of data.
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Parameter Value for B = 7; D = 7 Value for B = 2; D = 20Move mean value, �i (MAX to move) 0.6 1.6Move mean value, �i (MIN to move) �0:4 �1:7Move standard deviation, �i (tied a
ross all moves) 0.2 0.1Root prior, �0 0.015 0.21
 1 1Table 6.2: Hyperparameters of Indu
tive Tree Model as trained by minimising error rate after 1000iterations (
 was �xed to 1).

Parameter Value for B = 7; D = 7 Value for B = 2; D = 20Move mean value, �i (MAX to move) �0:1 1.0Move mean value, �i (MIN to move) 0.2 �0:1Move standard deviation, �i (tied a
ross all moves) 1 0.4Root prior, �0 1.7 1.1Dynami
s fa
tor, � (tied a
ross all moves) 0.02 0.01
 1 1Table 6.3: Hyperparameters of Dynami
 Indu
tive Tree Model as trained by minimising error rateafter 1000 iterations (
 was �xed to 1). All � parameters tied.
143



Chapter 7Con
lusions
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�����Æ�Æ�Æ�Æ��Æ�Æ�Æ�Æ��Æ��Æ�Æ�Æ�	Figure 7.1: Final position from the game. Shusaku (bla
k) won by 2 points.Go is a game of perfe
t information. However, 
omputers (and humans) have limited 
omputationalspeed so from the point of view of any human or 
omputer player there is un
ertainty about the future
ourse of the game due to the sheer 
omplexity of the game tree. At the start of this thesis I proposedthat probability theory might be a useful tool for representing and managing this un
ertainty. I havepresented a number of probabilisti
 models whi
h were applied to di�erent aspe
ts of Go and thisChapter summarises some of the main �ndings.7.1 Con
lusionsIn Chapter 3 I 
onsidered the task of obtaining a probability distribution over moves in a Go positionand hen
e predi
ting Go moves. A great deal of knowledge about playing the game has been passeddown over thousands of years. This knowledge is impli
it in abundant game re
ords. In order to builda model, ea
h move was represented by the exa
t pattern of stones in the lo
al area of the board144




entered on the proposed move. These patterns were automati
ally harvested from re
ords of gamesbetween expert players. Ea
h board position in a game re
ord 
ontains a set of available legal moves,only one of whi
h was 
hosen by the human player. This information was used to learn values forea
h move (pattern) using a Bayesian ranking model. The simpli
ity of this system meant that itwas su�
iently fast that hundreds of thousands of games 
ould be used for training. The system wasable to predi
t 34% of expert moves 
orre
tly and ranked the expert move within the top 10 moveson the board 76% of the time. These results were better than other published results of the timebut were subsequently improved on by Coulom (2007). Using a simple linear model in 
onjun
tionwith the pattern system I was able to obtain similar move ranking performan
e to Coulom. I alsopresented a hierar
hi
al model whi
h `smooths' over the information from patterns of di�erent sizesto take a

ount of the fa
t that small patterns are seen more frequently but 
ontain less informationthan larger patterns. This also improved performan
e over the original model.Next, in Chapter 4 I fo
used on using probabilities to guide sear
h in order to solve lo
al ta
ti
alGo problems. Su
h problems are solved by sear
hing the game tree until su�
ient information isgathered that it is possible to prove by logi
al dedu
tion whether a parti
ular goal 
an be a
hieved.Before a proof is found there is un
ertainty about the solution and probabilities are used to representthis un
ertainty and a probability distribution over the possible solutions is inferred based on eviden
epropagated up from the leaves, under the assumption of independen
e between the values of availablemoves in a position. I showed that, when used to guide sear
h, this model gives the same performan
e,on a set of Go 
apture problems, as the 
urrently popular method for solving this type of problem(Proof Number Sear
h). However, the independen
e assumption led to the values of nodes in thesear
h tree taking on extreme, unrealisti
 values, whi
h suggests that a better model would takea

ount of 
orrelations between the values of available moves. Next, I applied the pattern systemdeveloped in Chapter 3 to assign prior beliefs on the values of leaf nodes in the sear
h tree so priorknowledge 
ould be used to speed up sear
h. The resulting 
omposite system was 
apable of learningfrom previous sear
h tasks how to solve future, unseen, problems more rapidly. Unfortunately therewas also a di�
ulty: some problems took longer to solve after the model was trained than before,whi
h suggests that the pattern mat
hing system was a poor model for this task (where the data ismu
h more limited than for the task of move predi
tion). By using the hierar
hi
al model of Chapter3 I partially addressed this issue; however further model improvements are ne
essary.One sour
e of information in the re
ords of expert games whi
h was not exploited in Chapter 3was the �nal out
ome of ea
h game. In Chapter 5 I returned to the game re
ords and presented asimple model for learning to predi
t the �nal territory out
ome of games given a mid-game position.The model was a 
onditional Markov random �eld with the grid topology of the Go board whereea
h variable represented the �nal territory out
ome (bla
k or white) at a parti
ular point on theboard. The 
ouplings and biases of this Boltzmann ma
hine depended on the 
urrent arrangement ofstones on the board. Loopy belief propagation and a generalised Swendsen-Wang pro
ess were usedfor inferen
e. The Swendsen-Wang pro
ess is a Gibbs sampling algorithm whi
h repla
es the originalmodel by a more 
omplex model su
h that the marginal distributions of the variables of interest remainun
hanged. The more 
omplex model has the property that it 
an be sampled from more e�
iently.Go players 
on�rm that the territory out
omes produ
ed by this system are reasonable. A weaknessof the model as it stands is that it 
annot a

urately predi
t the life and death of stones, apart fromin simple 
ases, so 
annot s
ore �nal board positions a

urately.In the �nal Chapter I looked at a te
hnique whi
h addresses, in a uni�ed manner, some of the145



short
omings of the spe
ialised models presented in earlier 
hapters: Monte Carlo planning. Thismethod determines the value of Go positions by observing the out
omes of simulated games, playedwith some (usually sto
hasti
) poli
y, from the position in question to the end of the game. Re
ently,Go resear
hers have a
hieved su

ess with algorithms whi
h bootstrap themselves by adapting thepoli
y used for the Monte Carlo simulations based on the information gathered from previous simula-tions (Gelly et al., 2006). Existing Monte Carlo planning algorithms were tested on two types of gametrees: `random trees' where the values of the leaves of the tree are assigned at random with the sameprobability that ea
h leaf is a win or loss, and `P-Game trees' where the sequen
e of the values of po-sitions en
ountered in a game is modeled as a biased random walk. The Monte Carlo te
hniques failedon the random trees but found the best moves faster than alpha-beta sear
h on the P-Game trees.In other words, Monte Carlo planning te
hniques require some `smoothness' in the underlying valuesof nodes in the game tree in order to be su

essful (whi
h 
ontradi
ts the independen
e assumptionmade by the model of Chapter 4). Next, I suggested some Bayesian alternatives to these algorithmsand tested their performan
e empiri
ally on arti�
ial game trees. With appropriate settings for thehyperparameters, the simplest of these models (a simple dynami
 Gaussian model) a
hieved lowermove error rates in less time than the 
urrent state of the art te
hnique (UCT). Also I showed thatthis model 
an, in prin
iple, be used to 
ombine prior knowledge with sear
hing the state spa
e inorder to improve performan
e.7.2 Contributions of this Thesis to the State-of-the-Art in Com-puter GoAt the start of this thesis I pointed out that 
omputer Go resear
h has re
ently be
ome dominatedby Monte Carlo sear
h te
hniques (Se
tion 1.4). Whereas in the past the fo
us was on systems usinga great deal of stati
 knowledge, now the fo
us is on dynami
 te
hniques that adapt to the positionat hand. Current Go resear
h is interested in �nding e�
ient ways to sear
h the game tree e�
ientlyand extra
ting the relevant information from it. I believe that in order to produ
e a strong Goprogram on the full size board we need to re-introdu
e knowledge into Go programs and 
ombine thisknowledge with the e�
ient Monte Carlo sear
h approa
hes. In this thesis I presented a number ofnovel probabilisti
 models whi
h are relevant to this task.The pattern system des
ribed in Chapter 3 provides an a

urate distribution over Go moves ina position. If we are to extra
t the relevant information from the vast Go game tree given onlylimited 
omputational resour
es (as dis
ussed in Se
tion 1.5) then it is essential to be sele
tive aboutwhi
h parts of the tree are explored and the pattern model provides a way to do this. Coulom (2007)su

essfully used a pattern mat
hing system to guide the sto
hasti
 rollouts for evaluating Go positionsfor UCT. The pattern system developed in Chapter 3 
ould be applied in a similar way sin
e it providesa probability distribution over the legal moves in a position - exa
tly what is needed - and, 
ru
ially,inferen
e is fast enough to be run in the inner loop of the sear
h in this way. In addition, it is worthmentioning that the pattern system presented in this thesis is in general useful for proposing Go movesbefore performing more expensive analysis and 
urrently I am working on applying the pattern systemto prune moves at the top of the game tree in the hope of improving the performan
e of UCT on thefull size Go board. It is hoped that the strengths of the pattern system are somewhat orthogonal tothe strengths of UCT so the 
ombination might be powerful. In parti
ular, UCT is very weak at theopening on the full size board whereas the pattern system plays at expert level in the opening.146



Most Go programs (apart from the re
ent Monte Carlo programs) use ta
ti
al sear
h te
hniquesto determine whether various properties of a Go position hold (su
h as whether a parti
ular group willlive). In Chapter 4 I presented a novel sear
h algorithm whi
h uses probabilities to guide sear
h andperforms similarly to Proof Number Sear
h, a 
urrent popular method to solve this type of problem.This result has not been previously shown and may prove useful for future work in this area. While thelatest Monte Carlo programs do not 
urrently use exa
t sear
h methods, I believe that in the futurethey may have to in order to a
hieve expert level strength on the full size board.Chapter 5 presents a new approa
h to predi
ting the �nal territory out
ome of Go games. Themodel provides a probability distribution over �nal game out
omes, as is provided by Monte Carlorollouts, so the model provides an interesting 
ounterpart to the Monte Carlo planning approa
h toposition evaluation. The Boltzmann ma
hine model is a stati
 approa
h to evaluation whereas MonteCarlo rollouts provide a dynami
 evaluation fun
tion. However, both approa
hes are sto
hasti
 (as theBoltzmann ma
hine requires a Monte Carlo algorithm for inferen
e) and be
ome more a

urate if more
omputational e�ort is put in. Therefore, one might spe
ulate that models of the type presented inChapter 5 
ould be applied in pla
e of the sto
hasti
 rollouts of Monte Carlo planning and UCT usedto determine whi
h parts of the tree to develop and explore further. In other words samples from stati
Boltzmann models 
ould provide a fast sto
hasti
 evaluation fun
tion for the full size Go board whi
h
ould be 
ombined with UCT in the same manner as MC rollouts are used in 
urrent approa
hes. Also,in addition to the possible appli
ation to Monte Carlo Go, another potentially useful 
ontribution ofthis work is that even the simplest Boltzmann ma
hine model 
ould repla
e the in�uen
e fun
tionsused to estimate territory in most traditional Go programs. In that 
ase I would envisage that onewould 
ondition the territory predi
tion on the results of lo
al ta
ti
al sear
hes, su
h as the outputfrom a dedi
ated life and death module, whi
h would improve the predi
tion (by pinning the state ofsome of the territory variables and then running the Gibbs sampler).The experiments of Chapter 6 look at the Monte Carlo planning and the UCT algorithm. Animportant 
ontribution of this 
hapter is that I show that smoothness in the underlying values ofnodes in the game tree is important to allow these methods to work. This suggests that this fa
t
ould be exploited in order to design better algorithms. Next, I show that, at least for arti�
ial gametrees, it is possible to improve on the performan
e of UCT by expli
itly modelling the value of a gameposition. This algorithm a
hieves a balan
e between exploration and exploitation in quite a di�erentway to UCT: simply sampling from the distributions over ea
h moves value and 
hoosing the move
orresponding to the highest sample seems to work well. In general, this 
hapter represents a generalnew dire
tion to take resear
h into exploring game trees using UCT-like algorithms whi
h in
orporateBayesian models of the values of nodes in the game tree. Su
h models allow prior knowledge to bein
luded in a prin
ipled way.7.3 Future WorkI believe that all of the models presented in this thesis would bene�t from extensions. An obviousdire
tion for future work would be to further integrate the work presented in the di�erent 
hapters. Onepossible 
ombination is that the move predi
tion performan
e of the pattern system 
ould probablybe improved by the addition of some territory information. This 
ould be provided by the Boltzmannma
hine models of Chapter 5 or the Monte Carlo algorithms of Chapter 6. The pattern system 
ouldalso be used to improve the territory predi
tions of the Boltzmann ma
hines and a step in this dire
tion147



has already been taken by Sanner et al. (2007). Another possible 
ombination would be to integratethe output of the lo
al ta
ti
al sear
h algorithms of Chapter 4 with the territory predi
tion models:if a stone is proved to be alive or dead then its life/death status 
ould be pinned and the Boltzmannma
hine used to predi
t the territory out
ome for the rest of the board. Many other su
h model
ombinations are possible, some of whi
h have been dis
ussed in the individual 
hapters. In the lastfew paragraphs of this thesis I outline what I 
onsider to be some possible (spe
ulative) new dire
tions,above and beyond simple extensions of the work already presented.In my opinion, Monte Carlo planning te
hniques are an interesting future dire
tion for resear
h.Despite the simpli
ity of the approa
h, this method has outperformed any other 
urrent method,in
luding very 
omplex expert tuned programs, at the task of playing Go (Gelly et al., 2006). Theworld's strongest Go program uses Monte Carlo planning to sele
t moves with only very simple Goknowledge in
luded. This system e�e
tively learns how to play Go from s
rat
h with every move. If amethod 
ould be found to in
orporate domain knowledge in the Monte Carlo planning algorithm thenperhaps performan
e 
ould be improved. I took a tentative step in this dire
tion by experimentingwith Bayesian versions of Monte-Carlo planning algorithms in Chapter 6 that, in prin
iple at least,allow domain knowledge to be in
luded via the prior distributions on the values of moves and positions.Future work would involve applying these te
hniques to Go and using a model (su
h as the patternsystem) to provide a prior distribution on the value of ea
h move so domain knowledge 
ould bein
luded. Perhaps this domain knowledge would be learned from expert games or perhaps it would belearned from previous Monte Carlo rollouts.

x0x1
xt�1xt
...

Ea
h Monte Carlo simulation 
ould be a 
onsidered a sample from the jointdistribution over game histories. This distribution 
an be represented by afa
tor graph as shown on the left (T. Minka, personal 
ommuni
ation) whereea
h variable xt is the state of the game at time t. The fa
tors enfor
e the rulesof the game as well as the normative 
onstraints whi
h determine whi
h statesare preferred by the players. Other approximate s
hemes, besides Monte Carlo,for performing inferen
e on this (ideal) game model 
ould be investigated asa possible dire
tion for future resear
h, perhaps starting with simpler gamesthan Go.7.4 SummaryI have presented a number of probabilisti
 models for various aspe
ts of thegame of Go. Mu
h work remains to be done before we have a strong Go playing
omputer but I believe that Bayesian ma
hine learning provides a useful set oftools for modelling un
ertainty in the game of Go.
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Appendix AMoment Mat
hing Derivations
A.1 Moments of a Fragmented Gaussian
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Figure A.1: Fragmented Gaussian, p(y), and the Gaussian with mat
hing moments, p̂(y). Here,� = � = 1 and q = 0:3:We wish to approximate the fun
tionp(y) = [qI(y > 0) + (1� q)I(y < 0)℄ � N (y;�; �2)Z(�; �; q)whi
h we term a `fragmented' Gaussian by the Gaussian, p̂(y); 
losest in terms of KL divergen
e (seeFigure A.1). This is a
hieved by setting the moments of p̂(y) equal to the moments of p(y); that is,p̂(y) = MM [p(y)℄ :The �rst moment of p(y) is given byhyip(y) = qZ � Z 10 yN �y;�; �2� dy + 1� qZ � Z 0�1 yN �y;�; �2� dy (A.1)
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and the se
ond moment by
y2�p(y) = qZ � Z 10 y2N �y;�; �2� dy + 1� qZ � Z 0�1 y2N �y;�; �2� dy: (A.2)Let I1 = R10 yN �y;�; �2� dy and I2 = R10 y2N �y;�; �2� dy: These integrals are 
al
ulated by 
onsid-ering the derivatives of 1��(0; �; �2) = R10 N �y;�; �2� dy: Starting with the �rst derivative,��� �1�� �0; �; �2�� = ��� Z 10 N �y;�; �2� dy= Z 10 ���N �y;�; �2� dy= Z 10 y � ��2 N �y;�; �2� dy= I1 � �� ��� ��2 :We also have that ��� �1�� �0; �; �2�� = 1�N ���� ;so I1 = � ������+ �N ���� (A.3)Now we 
onsider the se
ond derivative:�2��2 �1�� �0; �; �2�� = Z 10 �2��2N �y;�; �2� dy= Z 10 y2 � 2�y + �2 � �2�4 N �y;�; �2� dy= 1�4 hI2 � 2�I1 + (�2 � �2)�����i ;whi
h is also equal to, �2��2 �1�� �0; �; �2�� = ���2 � 1�N ���� ;leading to, I2 = ��2 + �2� ������+ ��N ���� : (A.4)The other integrals are derived using the same te
hnique to giveZ 0�1 yN �y;�; �2� dy = � � ����� �� �N ���� (A.5)Z 0�1 y2N �y;�; �2� dy = ��2 + �2� ������ �� ��N ���� : (A.6)
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Now using (A.1), (A.2), (A.3), (A.4) , (A.5) and (A.6) we arrive at the �rst and se
ond moments ofthe fragmented Gaussian:hyi = 1Z � h����� (2q�� �) +N ���� (2q� � �) + �� q:�i (A.7)
y2� = 1Z � h����� ��2 + �2� (2q � 1) +N ������ (2q � 1) + ��2 + �2� (1� q)i (A.8)Z = (1� q) � �1�������+ q ������ : (A.9)The mean and standard deviation of the approximating distribution, p̂(y) = N (y;�q ; �2q ), are thus,�q = hyi�2q = 
y2�� �2q :A.2 Soft Update Equations for a Beta-Bernoulli ModelWe wish to approximate the fun
tionp(q) = 1Z(�; �; qm) fqm � q + (1� qm) � (1� q)g � Beta(q;�; �)where Z(�; �; qm) = ��+ � � (2qm � 1) + 1� qmby a Beta distribution p̂(q) = Beta(q;�0; �0): We do this by �nding the Beta distribution with thesame moments as p(q); that is,̂p(q) = Beta(q;�0; �0) = MM [p(qj�; �; qm)℄ :This does not 
orrespond to the distribution 
losest in terms of K.L divergen
e (that would be true ofa Gaussian distribution) but as we will see, still results in a very 
lose approximation.A.2.1 Moment Cal
ulationsMoments of Beta DistributionThe nth moment of the Beta distribution is given by:hqniq�Beta(�;�) = �(�+ �)�(� + n)�(�)�(� + � + n)where �(x) is the Gamma fun
tion where,�(x+ 1) = x � �(x);so �(x+ 2) = x(x + 1) � �(x);�(x+ 3) = x(x + 1)(x+ 2) � �(x):151



These results allow us to derive:hqiq�Beta(�;�) = ��+ � ; (A.10)
q2�q�Beta(�;�) = �(� + 1)(� + �)(�+ � + 1) ; (A.11)
q3�q�Beta(�;�) = �(�+ 1)(�+ 2)(� + �)(�+ � + 1)(�+ � + 2) :Moments of PosteriorNow we 
an determine the moments of p(q). For the �rst moment we have:hqip(q) = 1Z Z q � fqm � q + (1� qm) � (1� q)g � Beta(q;�; �)dq= 1Z h(2qm � 1) 
q2�q�Beta(�;�) + (1� qm) hqiq�Beta(�;�)i= 1Z � �(qm� + qm + � � qm�)(�+ �)(� + � + 1) (A.12)and for the se
ond moment:
q2�p(q) = 1Z Z q2 � fqm � q + (1� qm) � (1� q)g � Beta(q;�; �)dq= 1Z h(2qm � 1) 
q3�q�Beta(�;�) + (1� qm) 
q2�q�Beta(�;�)i= 1Z � �(�+ 1)(qm�+ 2qm � qm� + �)(�+ �)(� + � + 1)(�+ � + 2) (A.13)A.2.2 Update EquationsIn order to �nd the desired approximation we must solve the moment mat
hing equations for �0 and�0: hqip̂(q)=Beta(q;�0;�0) = hqip(q)
q2�p̂(q)=Beta(q;�0;�0) = 
q2�p(q)From A.10 and A.11 we obtain the update equations:�0 = hqip(q) �hqip(q) � 
q2�p(q)�hq2ip(q) � hqi2p(q)�0 = �0 1� hqip(q)hqip(q)
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Figure A.2: The true posterior distribution p(q) for a Beta prior � Beta(� = 2; � = 3) is plotted asa blue line. The downward belief, qm; is set to 0.7. The prior is plotted in a solid red line, and theapproximate posterior as a dashed red line. Note that the approximations appears to be extremelygood.
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Appendix BAND/OR Update EquationsWe represent the Bernoulli messages in the sear
h tree fa
tor graph as log-odds ratios, logodds(q) :=L(q) := ln( q1�q ). In this appendix we derive the message 
al
ulations for the sear
h tree fa
tor graphfor the log-odds domain. This ensures numeri
al stability be
ause the log-odds representation meansthat the full range of the double pre
ision �oating point number 
an be used and good pre
ision ispossible for probabilities approa
hing 0 or 1.B.1 Odds RatiosFirst we derive the AND / OR rules in terms of odds ratios. The odds ratio of a probability, q; isgiven by o(q) = q1�q and we 
an invert this to give.q = o(q)1 + o(q) : (B.1)Now the update equations are 
al
ulated by substituting this result into the update equations ofSe
tion 4.3.1. Let q^ be the parameter of the Bernoulli message to the parent of an AND fa
tor, andq_ be the parameter of the Bernoulli message to the parent of an OR fa
tor. We denote the parameterof the Bernoulli message to or from a variable n as q(n) and for notational 
onvenien
e we will oftendrop the fun
tional dependen
e of the parameter, denoting qn := q(n)Upward MessagesANDFrom 4.4 we have qû(n) = Qi2
h(n) qui and using B.1 we obtain the AND update in terms of oddsratios as: o(qû) = Qi o(qui )Qi(1 + o(qui ))�Qi o(qui ) (B.2)for i 2 
h(n), the set of 
hildren. This is slow to 
al
ulate but using qû = qux � quy for two 
hildren, xand y, we obtain the AND in
remental update in terms of odds ratios follows from substituting B.1to give: o(qû) = o(qux) � o(quy )1 + o(qux) + o(quy ) (B.3)154



whi
h is re-arranged to give the ANTI-AND inverse update:o(qûny) = o(qux) = 1 + o(quy )o(quy )o(qû ) � 1 : (B.4)Now we 
an update the message parameter qû to the parent (after the parameter, quy ; of a single 
hild
hanges during the UpdateBeliefs phase) by �rst applying B.4 to remove the previous 
ontributionfrom that 
hild and then applying B.3 to add in the updated 
ontribution from node y.ORSimilarly we 
an translate the OR relationship qu_(n) = 1�Qi(1� qui ) for i 2 
h(n) into the log-oddsdomain as: o(qu_) =Yi (1 + o(qui ))� 1: (B.5)The OR for two 
hildren 
an be written as q_ = qx + qy � qx � qy so the OR in
remental update is:o(qu_) = o(qux) + o(quy ) + o(qux) � o(quy ) (B.6)whi
h is re-arranged to give the ANTI-OR inverse update:o(qu_ny) = o(qux) = o(qu_)� o(quy )1 + o(quy ) : (B.7)whi
h 
an be used to swap out the previous 
ontribution from a 
hild as with the AND fa
tor.Downward MessagesANDWe use equations 4.10 and B.1 to obtain the Bernoulli paramater of the downward message qd̂(
) froman AND fa
tor to a 
hild node, 
, in terms of the parameter qdn of the message from the parent node,n, and the parameters, qui ; of the upward messages from the other 
hildren in the odds domain:o(qd̂ (
)) = 1 + (o(qdn)� 1)Yi6=
� o(qui )1 + o(qui )� (B.8)Now from equation B.2 we have the relationship:Yi2
h(n)� o(qui )1 + o(qui )� = o(qun)1 + o(qun)where qun = qû(n) is the parameter of the upward message from the AND fa
tor to its parent node, n.Substituting this into B.8 leads to the in
remental update in terms of the upward message from thefa
tor, qun = qû(n): o(qd̂ (
)) = 1 + (o(qdn)� 1) � o(qun)1 + o(qun) � 1 + o(qu
 )o(qu
 )
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or alternatively this 
an be written in terms of the message to the parent node with one 
hild 
ontri-bution removed using the ANTI-AND update B.4:o(qd̂(
)) = 1 + (o(qdn)� 1) � o(qûn
(n))1 + o(qûn
(n)) (B.9)ORThe downward message from the OR fa
tor is given from 4.9 and B.1 as:o(qd_(
)) = o(qdn)1�o(qdn)Qi6=
(1+qdi ) + o(qdn) : (B.10)We also have from B.5 that Yi2
h(n)n
(o(qui ) + 1) = o(qun) + 1o(qu
 ) + 1whi
h when substituted into B.10 gives the in
remental update in terms of the upward message fromthe OR fa
tor: o(qd_(
)) = o(qdn) � (o(qun) + 1)1 + o(qu
 )� o(qdn) � o(qu
 ) + o(qdn) � o(qun) (B.11)or alternatively we use B.7 to 
an write it in terms of the message to the parent node with the
ontribution from the 
hild in question removed, qu_n
, whi
h giveso(qd_(
)) = o(qdn) � �o(qu_n
(n)) + 1�o(qdn):o(qu_n
(n)) + 1 (B.12)B.2 Log Odds RatiosNow we derive the update equations for propagating messages up and down the sear
h tree fa
torgraph while storing the values of the parameters of the Bernoulli distributions in the log-odds domain:L(o(q)) = logodds(q) = log� q1�q�.Upward MessagesANDTaking the natural logorithm of equations B.3 and B.4 gives us the in
remental update of the messagesfrom an AND fa
tor to its parent variable in the log-odds domain:L(q^) = L(qy)� log�1 + e�L(qx) + eL(qy)�L(qx)� (B.13)whi
h is applied su
h that L(py) > L(px) and the inverse AND rule:L(q^ny) = L(q^) + log�e�L(qy) + 1�� log�1� eL(q^)�L(qy)� : (B.14)
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ORSimilarly we take the natural logarithm of equations B.6 and B.7 to obtain the in
remental update forthe OR messages: L(q_) = L(qx) + log�1 + eL(qy) + eL(qy)�L(qx)� (B.15)whi
h is applied su
h that L(qy) > L(qx) and the inverse OR rule:L(q_ny) = log�eL(q_)�L(qy) � 1�� log�e�L(qy) + 1� : (B.16)Downward MessagesANDThe in
remental update for the downward messages from an AND fa
tor in the log-odds domain iswritten in terms of the message to the parent node with the 
ontribution from the 
hild we are sendingthe message down to removed, q^n
. The update is simply found by taking the natural logarithm ofequation B.9 whi
h gives:L(qd̂(
)) = L(qdn) + L(q^n
(n)) + log�1 + e�L(qdn)�L(q^n
(n))�� log�1 + eL(q^n
(n))� : (B.17)ORThe in
remental update for the downward message from an OR fa
tor is also written in terms of themessage to the parent node with the 
ontribution from the 
hild in question removed, q_n
, by takingthe natural logarithm of B.12:L(qd_(
)) = L(qdn) + L(q_n
(n)) + log�1 + e�L(q_n
(n))�� log�1 + eL(qdn)+L(q_n
(n))� : (B.18)

157



BibliographyV. L. Allis. Sear
hing For Solutions in Games and Arti�
ial Intelligen
e. PhD thesis, University ofLimburg, 1994.L.B. Almeida, T. Langlois, J. D. Amaral, and A. Plankhov. Parameter adaptation in sto
hasti
optimization. On-line Learning in Neural Networks, pages 111�134, 1998.E. B. Baum andW. D. Smith. A Bayesian approa
h to relevan
e in game playing. Arti�
ial Intelligen
e,97(1-2):195�242, 1997.T. Bayes. An essay towards solving a problem in the do
trine of 
han
es. Philosophi
al Transa
tionsof the Royal So
iety, 53:370�418, 1763.D. B. Benson. Life in the game of Go. Information S
ien
es, 10:17�29, 1976.E. Berlekamp and D. Wolfe. Mathemati
al Go: Chilling Gets the Last Point. Wellesley, 1994.H. J. Berliner. The B* tree sear
h algorithm: A best �rst proof pro
edure. Arti�
ial Intelligen
e, 12,1979.C. Bishop. Pattern Re
ognition and Ma
hine Learning. Springer, 2006.B. H. Bloom. Spa
e/time trade-o�s in hash 
oding with allowable errors. Communi
ations of theACM, 13(7):422�426, 1970.M. Boon. A pattern mat
her for Goliath. Computer Go, (13):12�23, 1990.B. Bouzy and T. Cazenave. Computer Go: An AI oriented survey. Arti�
ial Intelligen
e, 132(1):39�103, 2001.B. Bouzy and G. Chaslot. Bayesian generation and integration of K-nearest-neighbor patterns for19x19 Go. In Graham Kendall and Simon Lu
as, editors, Pro
eedings of the IEEE 2005 Symposiumon Computational Intelligen
e and Games, pages 176�181, 2005.B. Bouzy. Go patterns generated by retrograde analysis. In Pro
eedings of the Computer OlympiadWorkshop in Maastri
ht, 2001.B. Bouzy. Mathemati
al morphology applied to 
omputer Go. International Journal of PatternRe
ognition and Arti�
ial Intelligen
e, 17(2):257�268, 2003.B. Brügmann. Monte Carlo Go, 1993. ftp://ftp.
gl.u
sf.edu/pub/pett/go/ladder/m
go.ps.158



T. Cazenave. Automati
 a
quisition of ta
ti
al Go rules. In Pro
eedings of the Game ProgrammingWorkshop in Japan'96, 1996.T. Cazenave. Generation of patterns with external 
onditions for the game of Go. In H. J. van denHerik and B. Monien, editors, Advan
es of Computer Games 9, 2001.P. C. Chi and D. S Nau. Comparison of the minimax and produ
t ba
k-up rules in a variety of games.Sear
h in Arti�
ial Intelligen
e, pages 450�471, 1988.S. Cohen and Y. Matias. Spe
tral Bloom �lters. In SIGMOD '03: Pro
eedings of the 2003 ACMSIGMOD International Conferen
e on Management of Data, pages 241�252, New York, NY, USA,2003. ACM Press.R. Coulom. Computing Elo ratings of move patterns in the game of Go. In Computer Games Workshop2007, Amsterdam/ The Netherlands, 2007. http://hal.inria.fr/inria-00149859/en/.R. T. Cox. Probability, frequen
y, and reasonable expe
tation. Ameri
an Journal of Physi
s, 14, 1946.F. G. Cozman. Generalizing variable elimination in Bayesian networks. In Pro
eedings of the IB-ERAMIA/SBIA 2000 Workshops, pages 27�32, 2000.F. A. Dahl. Honte, a Go-playing program using neural nets. In Ma
hines that Learn to Play Games.Nova S
ien
e Publishers, In
, 1999. http://
iteseer.ist.psu.edu/dahl99honte.html.J. Davies. Tesuji. Kiseido Publishing Company, 1975.J. Davies. The rules of Go. In Ri
hard Bozuli
h, editor, The Go Player's Almana
. Ishi Press, 1992.F. de Groot. Moyogo studio, 2005. http://www.moyogo.
om.R. G. Edwards and A. D. Sokal. Generalisation of the Fortuin-Kasteleyn-Swendsen-Wang represen-tation and Monte Carlo algorithm. Physi
al Review Letters, 38(6), 1988.M. Enzenberger. The integration of a priori knowledge into a Go playing neural network, 1996.http://www.markus-enzenberger.de/neurogo.html.M. Enzenberger. Evaluation in Go by a neural network using soft segmentation. In 10th Advan
es inComputer Games Conferen
e, pages 97�108, 2003.J. Fairbairn. Go in an
ient 
hina., 1995. http://gobase.org/reading/history/
hina/.D. Fotland. Knowledge representation in The Many Fa
es of Go. URL:ftp://www.joy.ne.jp/wel
ome/igs/Go/
omputer/mfg.tex.Z, 1993.M. P. Frank. Advan
es in de
ision theoreti
 AI: Limited rationality and abstra
t sear
h. Master'sthesis, Massa
husetts Institute of Te
hnology, 1994.S. Gelly and D. Silver. Combining online and o�ine knowledge in u
t. In ICML '07: Pro
eedings ofthe 24th International Conferen
e on Ma
hine learning, pages 273�280, New York, NY, USA, 2007.ACM Press. 159



S. Gelly, Y. Wang, R. Munos, and O. Teytaud. Modi�
ation of UCT with patterns in Monte-Carlogo. Te
hni
al Report 6062, INRIA, Fran
e, November 2006.T. Graepel, M. Goutrie, M. Kruger, and R. Herbri
h. Learning on graphs in the game of Go. InPro
eedings of the International Conferen
e on Arti�
ial Neural Networks, ICANN 2001, 2001.R. Herbri
h, T. Minka, and T. Graepel. TrueSkill: A Bayesian skill rating system. In Advan
es inNeural Information Pro
essing Systems 19, pages 569�576, Cambridge, MA, 2007. MIT Press.T. Heskes. Stable �xed points of loopy belief propagation are minima of the Bethe free energy. In Ad-van
es in Neural Information Pro
essing Systems 15, 2003. 
iteseer.ist.psu.edu/heskes02stable.html.G. E. Hinton, S. Osindero, and Y. W. Teh. A fast learning algorithm for deep belief nets. NeuralComputation, 18, 2006.G. E. Hinton. Training produ
ts of experts by minimizing 
ontrastive divergen
e. Neural Computation,14:1771�1800, 2002.A. Hollosi and M. Pahle. Sensei's library, 2007. http://senseis.xmp.net.E. T. Jaynes. Probability Theory: The Logi
 of S
ien
e. Cambridge University Press, 2003.S. Katz. Estimation of probabilities from sparse data for the language model 
omponent of a spee
hre
ognizer. IEEE Transa
tions on A
ousti
s Spee
h and Signal Pro
essing, 35(3), 1997.D. E. Knuth and R. N. Moore. An analysis of alpha-beta pruning. Arti�
ial Intelligen
e, 6:293�326,1975.L. Ko
sis and C. Szepesvari. Bandit based Monte-Carlo planning. In Le
ture Notes in Arti�
ialIntelligen
e, volume 4212, pages 282�293. 2006.F. R. Ks
his
hang, B. Frey, and H.-A. Loeliger. Fa
tor graphs and the sum-produ
t algorithm. IEEETrans. Inform. Theory, 47(2):498�519, 2001.J. La�erty, A. M
Callum, and F. Pereira. Conditional random �elds: Probabilisti
 models for seg-menting and labeling sequen
e data. In ICML '01: Pro
eedings of the 18th International Conferen
eon Ma
hine Learning, 2001.Y. Le
un, B. Boser, J. S. Denker, D., R. E. Howard, W. Hubbard, and L. D. Ja
kel. Ba
kpropagationapplied to handwritten zip 
ode re
ognition. Neural Computation, 1(4):541�551, Winter 1989.S. Leys. The Anale
ts of Confu
ius. W. W. Norton and Company, 1997.D. J. C. Ma
Kay and L. Peto. A hierar
hi
al Diri
hlet language model. Natural Language Engineering,1(3):1�19, 1994.D. Ma
Kay. Information-based obje
tive fun
tions for a
tive data sele
tion. Neural Computation,4(4):590�604, 1992.D. J. C. Ma
Kay. Information Theory, Inferen
e and Learning Algorithms. Cambridge UniversityPress, 2003. 160



D. A. M
Allester. Conspira
y numbers for min-max sear
h. Arti�
ial Intelligen
e, 35:287�310, 1988.N. Metropolis and S. Ulam. The monte 
arlo method. Journal of the Ameri
an Statisti
al Asso
iation,44(247):335�341, 1949.G. A. Miller. The magi
al number seven, plus or minus two: Some limits on our 
apa
ity for pro
essinginformation. Psy
hologi
al Review, 63:81�97, 1956.T. P. Minka. A family of algorithms for approximate Bayesian inferen
e. PhD thesis, Massa
husettsInstitute of Te
hnology, 2001.T. P. Minka. Divergen
e measures and message passing. Te
hni
al Report MSR-TR-2005-173, Mi-
rosoft Resear
h, 2005.M. Muller. De
omposition sear
h: A 
ombinatorial games approa
h to game tree sear
h, with appli-
ation to solving Go endgames. In IJCAI-99, volume 1, pages 578�583, 1999.M. Muller. Computer Go. Arti�
ial Intelligen
e, 134:145�179, 2002.I. Murray and Z. Ghahramani. Bayesian learning in undire
ted graphi
al models: Approximate MCMCalgorithms. In Pro
eedings of the 20th Annual Conferen
e on Un
ertainty in Arti�
ial Intelligen
e(UAI), 2004.N. J. Nilsson. Problem Solving in Arti�
ial Intelligen
e. M
Graw-Hill, 1971.A. J. Palay. Sear
hing with Probabilities. Pitman Publishing Ltd, 1985.J. Pearl. Heuristi
s: Intelligent Sear
h Strategies for Computer Problem Solving. Assison-Wesley,1984.J. Pearl. Probabilisti
 Reasoning in Intelligent Systems. Kaufmann, 1988.A. Plaat, J. S
hae�er, W. Pijls, and A. de Bruin. Exploiting graph properties of game trees. InPro
eedings of the Thirteenth National Conferen
e on Arti�
ial Intelligen
e (AAAI-96), pages 234�239, Portland, OR, 1986.R. L. Rivest. Game tree sear
hing by min / max approximation. Arti�
ial Intelligen
e, 34:77�96,1988.S. J. Russell and P. Norvig. Arti�
ial Intelligen
e: A Modern Approa
h. Prenti
e Hall, 1995.S. J. Russell and E. Wefald. Do the Right Thing: Studies in Limited Rationality. The MIT Press,1991.R. R. Salakhutdinov, A. Mnih, and G. E. Hinton. Restri
ted boltzmann ma
hines for 
ollaborative�ltering. In ICML '07: Pro
eedings of the 24th International Conferen
e on Ma
hine learning, NewYork, NY, USA, 2007. ACM Press.A. Samuel. Some studies in ma
hine learning using the game of 
he
kers. IBM Journal of Resear
hand Development, 3(3):210�229, 1959. 161



S. Sanner, T. Graepel, R. Herbri
h, and T. P. Minka. Learning 
rfs with hierar
hi
al features: Anappli
ation to Go. In Pro
eedings of the Workshop on Constrained Optimization and Stru
turedOutput Spa
es, 2007.N. Sasaki, Y. Sawada, and J. Yoshimura. A neural network program of Tsume-Go. In Computersand Games: First International Conferen
e, CG'98, pages 167�, Tsukuba, Japan, 1999. SpringerBerlin/Heidelberg.J. S
hae�er and A. Plaat. Kasparov verses DEEP BLUE: The remat
h. ICCA Journal, 20(2):95�101,1997.N. N. S
hrauldolph, P. Dayan, and T. J. Sejnowski. Temporal di�eren
e learning of position evaluationin the game of go. In Advan
es in Neural Information Pro
essing Systems 6, pages 817�824, SanFransis
o, 1994. Morgan Kaufmann.D. Silver, R. Sutton, and M. Muller. Reinfor
ement learning of lo
al shape in the game of Go. In 20thInternational Joint Conferen
e on Arti�
ial Intelligen
e, pages 1053�1058, 2007.H. A. Simon. How big is a 
hunk? S
ien
e, 183:482�488, 1974.H. A. Simon. Models of Bounded Rationality, Volume 2. MIT Press, 1982.D. H. Stern, T. Graepel, and D.J.C. Ma
Kay. Modelling un
ertainty in the game of Go. In Advan
esin Neural Information Pro
essing Systems 16, pages 33�40, 2004.D. Stern, R. Herbri
h, and T. Graepel. Bayesian pattern ranking for move predi
tion in the game ofGo. In ICML '06: Pro
eedings of the 23rd International Conferen
e on Ma
hine learning, pages873�880, New York, NY, USA, 2006. ACM Press.D. Stern, R. Herbri
h, and T. Graepel. Learning to solve game trees. In ICML '07: Pro
eedings ofthe 24th International Conferen
e on Ma
hine learning, pages 839�846, New York, NY, USA, 2007.ACM Press.D. Stoutamire. Ma
hine learning applied to Go. Master's thesis, Case Western Reserve University,1991.R.S. Sutton and A.G. Barto. Reinfor
ement Learning. The MIT Press, 1998.R. H. Swendsen and J-S Wang. Nonuniversal 
riti
al dynami
s in Monte Carlo simulations. Physi
alReview Letters, 58:86�88, 1987.R. M. Tanner. A re
ursive approa
h to low 
omplexity 
odes. IEEE Transa
tions on InformationTheory, IT-27:533�547, 1981.G. Tesauro. TD-Gammon, a self-tea
hing ba
kgammon program, a
hieves master-level play. NeuralComputation, 6(2):215�219, 1994.T. Thomsen. Lambda-sear
h in game trees - with appli
ation to go. ICGA Journal, 23(4):203�217,De
ember 2000. 162



J. van der Steen. Gobase, 1994. http://www.gobase.org.E. van der Werf, J. Uiterwijk, E. Postma, and J. van den Herik. Lo
al move predi
tion in Go. In 3rdInternational Conferen
e on Computers and Games, Edmonton, 2002.E. C. D. van der Werf, J. van den Herik, and J. W. H. M. Uiterwijk. Learning to estimate potentialterritory in the game of Go. In Pro
eedings of the 4th International Conferen
e on Computers andGames, Edmonton, 2004.E. van der Werf. AI Te
hniques for the Game of Go. PhD thesis, Universiteit Maastri
ht, 2005.Y. Weiss. Belief propagation and revision in networks with loops. Te
hni
al report, AI Lab Memo,MIT, Cambridge, 1998.J. M. Winn and C. Bishop. Variational message passing. Journal of Ma
hine Learning Resear
h,6:661�694, 2005.T. Wolf. The program GoTools and its 
omputer-generated tsume Go database. In H. Matsubara,editor, Game Programming Workshop in Japan '94, pages 84�96, Tokyo, Japan, 1994. ComputerShogi Asso
iation.T. Wolf. Forward pruning and other heuristi
 sear
h te
hniques in tsume Go. Information S
ien
es,122:59�76, 2000.G. Wood. An unreasonable game. Living Dolls: a Magi
al History of the Quest for Me
hani
al Life,pages 55�104, 2002.L. Wu and P. Baldi. A s
alable ma
hine learning approa
h in Go. In Advan
es in Neural InformationPro
essing Systems 19, pages 1521�1528, Cambridge, MA, 2007. MIT Press.J. S. Yedidia, W. T. Freeman, and Y. Weiss. Understanding belief propagation and its generalisations.In G. Lakemeyer and B. Nebel, editors, Exploring Arti�
ial Intelligen
e in the New Millenium.Morgan Kaufmann, 2002.A. L. Zobrist. Feature Extra
tions and Representations for Pattern Re
ognition and the Game of Go.PhD thesis, Graduate S
hool of the University of Wis
onsin, 1970.A. Zobrist. A new hashing method with appli
ations for game playing. ICCA Journal, 13(2):69�73,1990.

163


