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Abstract (e.g., [18,19]); in both those cases the above-mentioned dichotomy

between the trace-based semantics and the denotational (relational)
semantics is not an issue. Our work differs from existing work on
model checking of temporal properties (in generalization of termi-
nation and total correctness) for finite models augmented with one
stack data structure (e.g., [1, 10, 16]) by the extension of its scope
to general programs.

Our TERMINATOR termination prover [7] is, in some cases, ca-
pable of proving termination of recursive programs. These arescase
when a precise relationship between the interplay between the stack
and states in the transitive closure of the programs transition rela-
. tion are not important, as we abstract this information away in pre-
Introduction vious work. TERMINATOR can, for example, prove the termination
The extension of Hoare logic for reasoning about recursive pro- of Ackermann’s function, while it fails to prove the termination of
grams is by now well-understood (see, e.g., [8]). In contrast, the Fibonacci’s function.
treatment of recursion in program analysis continues to be an ac-  Our work distinguishes itself from both existing interprocedu-
tive research topic [3,9-11, 13-15, 17, 23-27], as we continue to ral analysis and model checking by the way abstraction is intro-
search for appropriate abstract domains for analyzing the stack asduced. It is well-known that the finitary abstraction of valuations
an infinite data structure. This issue is circumvented if one switches of infinite data structures is bound to lose the termination property.
from a trace-based semantics to relational semantics (a procedurdnstead, one needs to abstract pairs of consecutive states (e.g., by
denotes a binary relation between entry and exit states). The draw-the fact that the variabbe properly decreases its value). This ‘rela-
back, however, is that one loses the direct connection to trace-basedional abstraction’ of programs interferes in intricate ways with the
properties: reachability and termination, and thus partial and total abstraction of the ‘relational semantics’ of a procedure. This is one
correctness (or, more generally and especially for concurrent pro reason why it is practically mandatory to decompose the reasoning
grams, safety and liveness). A breakthrough in this regard was ob-about recursion (which requires the abstraction of the ‘relational’
tained by the framework for interprocedural analysis in [24]. semantics) and the reasoning about termination (which requires ‘re-

The contribution of the framework [24] is a refinement of the re-  lational abstraction’). This decomposition does not seem possible
lational semantics, a refinement that accounts for traces. (Interpro-in existing approaches, including Hoare logic proof rules for the
cedural analysis is used to compute an effective abstraction of thistotal correctness of recursive programs (e.g., [22]). In cshtour
semantics, but this issue is orthogonal.) To be precise, the refine-method achieves the decoupling of termination and recursion into
ment of the relational semantics in [24] accounts for finite prefixes two consecutive tasks. The first of the two tasks (a transformation of
of traces, as opposed to infinite traces. As a consequence, it re-a recursive program into a semantically equivalent non-procedural
trieves the connection between the relational semantics and reachprogram) is only concerned about recursion, and not termination;
ability, and thus partial correctness. The framework [24] left open whereas the second is concerned only about termination, not recur-
the question of an analogous refinement of the relational semanticssion.
that accounts for full traces and thus also retrieves the connection
between the relational semantics and termination, and thus totalPartial correctness
correctness. In this paper, we do exactly that.

CFL-reachability is the essence of partial correctness for recur-
sive programs, where the qualifier CFL refers to the stack-based
call/return discipline of program executions. Accordingly CFL-
termination is the essence of total correctness for recursive pro-
grams. In this paper we present a program analysis method for
CFL-termination. Until now, we had only program analysis meth-
ods for recursion or total correctness, but not both. We use the
RHS framework [24] for interprocedural analysis to show how such
methods can be integrated into a practical method for both.

We use the framework of [24] and follow its notation.
Related work. The technical contribution of our work is (to the
best of our knowledge) the first practical interprocedural program
analysis for automatic termination and total correctness proofs.
Our work differs from previous work on interprocedural program
analysis by the extension of its scope from partial to total cor-
rectness. Our work differs from previous work on automatic ter-
mination proofs which was restricted to non-recursive imperative
programs (e.g., [4—7, 21]) or to programs in declarative language

Programs with procedures. We assume that a prograi is
given by a set of procedures together with a set of global vari-
ablesV. We write g to refer to a valuation of global variables, and
let G be the set of all such valuations. Each procequre P has

a set of local variable¥), that includes a program counter variable
pc, that ranges over the set of nodes in the procedure’s control-flow
graph that we describe below. We shall omit the indexing by the
procedure name when it is determined by the context and y«ite
1The framework in [24] coined the term CFL-reachability foe treach- We refer to a Valuathn of local var_lables lagnd writeL,, for the
ability via valid traces, where call and return pairs must maf@Ve use set of all _SUCh valuations. The union over all program procedures
CFL-reachability solely for the property, and not to referat specific al- Uyep Ly is denoted byl p. Let ginis andliy: be an initial valua-
gorithm computing the property.) Accordingly we use CFLrtgration for tion of global variables and an initial valuation of local variables of
the termination of traces with matching call and return pairs. some procedure, Sa.in, respectively. Without loss of generality,




we assume that the proceduyrgin iS not recursive, which can be
ensured by a straightforward modification Bf A procedurep is
represented by a control-flow graph with a set of nadligsind a set

0O = 04,0441,
computation.

.., 05 of reachable triples; i.eq; is reachable in a

of edgesE,. We assume that the sets of procedure nodes are pair-Summarization. = A summaryis a binary relation

wise disjoint, i.e., for eacp # g € P we have thatV, N N, = 0.
We write Eup for the set of all edges, i.elfup = U, p Ep. The
set of nodesV,, contains a unique start nodg and a unique exit

SUMMARY C (GxLup)x(GxLup) .
The summansUMMARY contains all pairgg,!) and(g’,!") such

nodee,,. We assume that the return value of the procedure, if any, is thatil(pc) = s, '(pc) = e,, and there exists a reachable compu-
passed to a global variable before the procedure exits. Since we usdation segmentgs, li, st1), ..., (gn, n, stn) that satisfies the fol-

ginit @andlinit to represent the starting point of the program, we have lowing property. The segment conng(:gsl) wnh_ (g’ 1", and_the

that the corresponding program counter valuates to a start node, i.e.content of the stack at the intermediate steps is an extension of the

Linit (PC) = Sppyai -

stack content at the beginning of the segment. Formally, we require

The program nodes are labeled with program statements by athat

function £. We assume that the start nogleand the exit node,
of each procedurg € P are labeled by TART (p) andEXIT (p),

respectively. We consider three kinds of statement: operations (e.g.
assignments, intra-procedural control-flow statements), procedure
calls, and returns from a procedure. The corresponding labels are

of the formOP(r), CALL(g, 7), andRETURN(g), whereq € P
is a program procedure andis a transition from a set of transi-
tions 7. We assume that for each nodéabeled withCALL (g, 7)
there exists a unique successor nedeand that the label of
is RETURN(q). For a transitionr that occurs in a node label in
a procedure, the corresponding binary transition relatipp has
domain and range sets as follows:

pr C(GxLy)x(GxLy),
pr C (GxLyp)x(Gx Ly),
Let skip,, be the skip transition such thak,, is the identity rela-

tion over the pairs of the valuations of global gntbcal variables,
ie.,

if T occurs inOP(7) ,
if 7 occurs inCALL(q, 7).

pskip, = 1((9:1),(g,1)) g€ Gandl € Ly} .

We omit the indexing if the procedure is clear from the context and

write skip.

We now consider triplegg, I, st), whereg € G, € Lup,
andst € L{p. The sequencet is called a stack. We write to
represent the empty stack, and us€ to represent a new stack
with statel on top of a staclst.

The transition relatioriR of the programP consists of pairs
of such triples. We constru® using transition relations that are
associated with the procedure nodes in the following way.

R ={((g,1,st),(g',l',1-st)) | L(I(pc)) = CALL(q,7) and
(9,0, (g, 1)) € pr}
UA{((g,1,1-st), (9,1, st)) | L(U(pc)) = EXIT(q)}
U{((g,1,st),(g", ', st)) | L(I(pc)) = OP(7) and
((9,1):(g',1")) € p- and
(U(pc), V' (pc)) € Eur}

By abuse of notation, the conditiof(g, ), (¢’,1")) € p- here
refers to the canonical extension of the relatipn namely from
L, (the set of valuations of the local variablesf a single proce-
dure) toLup (the set of valuations of the local variablesf all
procedures). If- occurs in the labeDP(7) of a node in procedure
p then the canonical extension of the relatjpnupdates only the
variables inL,. If 7 occurs inCALL(q, 7) then it updates only the
variablesL,.

A computation segment of the prograf is a consecutive
sequencer = oy, 01,... of triples(g,, st). Consecutive means
that each paifo, o) satisfies the transition relation of the program,
i.e.,(0,0") € R. A computation is an initial computation segment.
Initial means that the first triple is initial, i.eco = (Ginit, linit, €)-

g=9, h=I1, gm=9,

st1 = sty ,

st; = sth-st1, for eachl < i < n, wherest] € L3, .

Given a call node:, we defineSUMMARY (n) to be the projection
of the summarySUMMARY to the pairs that correspond to the
procedure called at the node

Figure 1 presents the computation of summaries following [24].
For now we omit practical details, such as guaranteeing the ter-
mination of the summarization procedure via an abstraction func-
tion o, which are standard and performed by the existing software
verification tools.

The algorithm in Figure 1 computes summaries (i.e., the re-
fined relational semantics of the program). More formally, a pair
of valuations(si, s2) belongs to the summaiSUMMARY if and
only if it is eventually added by the algorithm (“if and only if”
assumes a precise abstractignonly one direction holds accord-
ing to whether the abstractiom induces an over- or an under-
approximation). The set$VL, PE, PE’ used in the algorithm
are the usual data structures for a fixpoint-based transitive closure
computation. The transitive closure is restricted to pairs of valua-
tions(s1, s2) whose first component has been seeded at some point.
Seedings; is encoded by adding the pdis, s1) to PE’. A valua-
tion s; is seeded if two conditions holds. (1) It has been recognized
as reachable, which means that it occurs in the second component
of some pair added to the (restricted) transitive closure. (2) It is an
entry valuation, i.e., its program counter value is a start ngdsf
some procedurg. [Line 3] The two conditions hold for the initial
valuationsini: given by (ginit, linit). The second condition holds by
the assumption that its program counter valuates to the start node of
the procedur@main, i.€., linit(pc) = sp,...,- The first component of
every pair in the restricted transitive closure is an entry valuation;
this is an invariant of the algorithm.

The summansUMMARY is the restriction of the transitive clo-
sure relation to pairgs1, s2) whose second componefitis an exit
valuation, i.e., its program counter value is an exit neglef some
procedurep. Its first component; is an entry valuation whose pro-
gram counter value is a start nogigof the same procedure

The transitive closure computation takes a newly added pair
(s1,s2). There are three cases according to the label of the node
of S9.

[Line 23] In this case the node @&f is labelled with an opera-
tion. The outgoing transitiolsz, s3) is intraprocedural. The tran-
sitive closure computation is the classical one. It shortcuts a two
consecutive transitions by one.

In the other two cases the transitive closure computation is more
complicated. This is because either the outgoing or the incoming
transition follows a call edge (from a call node to a start node) in
the control flow graph.

[Line 10] In this case the node 6f is a call node. The outgoing
transition(sz, s3) follows an edge from a call node to a start node

A reachable computation segment is a finite consecutive sequencgand pushes the frame of local variables of the calling procedure



[Line 19] As in Line 14, the transitive closure computation

function SUMMARIZE ; k " .
takes three consecutive pairs, the third one being a summary and

inout r
”}F,)l.l rogram the second one corresponding to a call edge (an edge from a call
Varép g to an entry node). The only difference with Line 14 is that now

the pair(s1, s2) is the third of the three pairs. That is, the three

/- i . . .
PE, PE" : path edge relations consecutive pairs are of the forfsy, s4), variables are not changed

WL : worklist by a procedure call. This means that the local variables, afre
begin preserved by the shortcut.
1 WL =0
2 PE =0 ExaMPLE 1. Consider the following program:
3 PE" = a({((ginit, linit), (Ginits linit)) } procedure main() begin
4 SUMMARY =0 0 Z =%
5 do ) o
6 WL = WLU (PE'\ PE) b f(2);
7 PE =PE bs: exit
8  ((g1,11), (g2,12)) :=select and remove fror/L end
9 match L(I2(pc)) with
10 | CALL(q,7) —> procedure f(x) begin
11 PE" :=a(PE"U localy initially 0;
12 {((g3,1s), (g3,13)) | ((g2,12), (g3,13)) € pr} U Ly if x > 0 then
13 {((91:11), (94,12)) | ((92,12), (g3,13)) € pr and ls: yi=2;
14 existsly € Lyp S.t. le: while y > 0 do
15 ((g3,13), (94,14)) € o T
SUMMARY}) 7 z=2m 5
16 | EXIT(q) -> Ls: fix—y);
17 SUMMARY :=SUMMARY U {((g1,1), (g2,12))} Ly: y=y—1
18 PE' =a(PE' U done
19 {((g3,13), (g2,14)) | existsly € Lyp S.t. fi
20 ((93,13), (94,14)) € PE’ l10: exit;
and end
21 L(la(pc)) = CALL(q,T) . . . .
and wherex is a parametely is local tof, andz is a shared variable.
22 ((g94,14), (91,11)) € pr}) Thus, P = {f,main}, V = {z}, Vi = {Xx,y}, Vinan = {},
23 | OP(T) -> Nf == {Sfaefa£47£57~~-}1Nmain == {Smain,emaimgla-n}- Emain =
24 PE’' :=a(PE' U {(Smain,fl),(51,62)7...}, Er = {(Sf,f4),(€4,f5),...}. See Fig-
25 {((91,11), (93,13)) | ((92,12), (g3,13)) € pr and ure 2 for a complete picture.
26 (I2(pe), l3(pc)) € Eup}) The labeling mapZ would include, for exampleC(fy) =
27 d.one OP(y :=y — 1), where
2g Wwhile WL # 0
29 return SUMMARY Pltoymy—1 = {((g: D, (6,1)) | () =1(x)
end. A U(y) =1y) —1}
Figure 1. Computation of procedure summaries, following [24]. £ would also include the mapping(¢{s) = CALL(f,x :=x —y).
Our formulation take an abstraction functiaenthat overapproxi- We know, for example, that the relation
mates binary relations over the valuations of global and local vari- ;o
ables. The abstraction is applied on-the-fly to achieve a desired ef- {((g:0, (¢, 1)) | 9(z2)=1x)—1
ficiency/precision trade-off. A l(y) =
A g'(z2)=0
A U (x)=1(x)
onto the stack). Thusss satisfies the two conditions for being A Ty) =1(y)}
seeded. 5
[Line 14] The transitive closure computation does not shortcut =
two transitions(s1, s2) and(sz, s3). Instead, if the transitive clo- SUMMARY (£g)

sure computation has already produced a fajrs4) whose sec- o . . .
ond component is an exit valuation (thus, the (it s.) lies in the when we do not perform abstraction, i.e.is the identity function.
summary rela“orSUMMARY)’ then the transitive closure compu- Note that this eXample term|nates, for a somewhat subtle reason:
tation shortcuts the three consecutive transitions sz), (s2, s3) in the case we get into the loop the recursive callsite will be
and(ss, s4). The local variables is: are not changed by the pro- involked twice, but each time with a value that is less than the

cedure call. .
. . . . ) current value ok, asy will equal 2 and thent.
[Line 16] In this case the node @f is an exit node. Since the y q

first component of every pair in the restricted transitive closure is an Equivalence wrt. Partial Correctness. We develop a procedure
entry valuation, the entry-exit pajg1, s2) belongs to the summary  for replacing procedure calls at their callsites with procedure sum-
relationSUMMARY. maries:
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procedure TRANSFORM \ / \ /

ilr1|0_ucta”er CALL(p,7) [~ OP(skip)
q.

n : call node
begin
CALL(p,T) :=L(n)
(n,n') € B, n < '
7' := fresh transition RETURN(p) T OP(7)
T =Tu{r}
o ={((g,0),(g',1)) | existsl’ € Ly, s.t. / . \4 / . \4
((9,0),(g',1)) €
pr © SUMMARY} (a) (b)

a b wnN e

6 L(n) := OP(skip,)
7 L) :=0P(r)
end.

The program transformationrARTIAL CFL replaces procedure
In essence this procedure searches for callsites in the form (a) incalls by intraprocedural operations based on summaries computed
the picture below, and replaces them with (b): by TRANSFORM



THEOREM1 (ParTIAL CFL preserves partial correctness [24]).

function PARTIAL CFL The validity of Hoare triples for partial program correctness is

"}gl_” preserved by the transformatidPARTIAL CFL. That is, a triple
beg.ir?rogram {#}P{+y} for the programP with procedures is valid under partial
1 SUMMARY := SUMMARIZE (P) correctness if and only if the tripl¢€s} PARTIAL CFL(P){¢} for
2 foreachn € N, whenL(n) = CALL(p, ) do the programPARTIAL CFL(P) without procedures is valid under
3 TRANSFORMPmain, 1) partial correctness, i.e.,
4 done
5 P = {pran} Fpar {$}P{0} it [=per {#}PARTIALCFL(P){¢)} .
6 return P
end.

The transformation ARTIAL CFL can be extended in a straight-
forward way to preserve not only Hoare triples but also the validity
In more detail, the label of each call node in the control flow of assertions within procedure bodies.
graph is transformed into the label of the (intraprocedural) skip
operation. The skip transition leads to the successor node in the
control flow graph which was originally a return node but is now Total correctness

labeled with the (intraprocedural) operatioR (). The transition  gee Figure 3 for a procedure, calledTLCFL, that produces
' is the composition of the transition in the original label of  equivilant programs by replacng each procedure call (of the proce
the call node (the “parameter passing”) and the application of the gyrep) by a non-deterministic choice between two intraprocedural
summary relation. . . transitions: the application of the summary and the (intraprocedu-
The resulting program ARTIALCFL(P) consists of a single  ra1) jump transition to the start node of the procedurformally
(non-recursive) procedure. All nodes are labeled by an intr@proc  thjs transformation has the effect of replacing every recursive call-
dural operationOP(7). Its transition relation does not use stack sjte to a procedurg with a conditional non-recursive command.
content, i.e., its computations consist of triples of the fgy7, ) For example, in the case of the code from Example 1, the recur-
where the stack is always empty. Theorem 1 (below) provides a sjye call tof would be replaced in the graph-based program repre-
logical basis of such reduction. It relies on the correctness of the gentation with a conditional transition which we might express in
summary computation algorithmusimMARIZE, and follows from program syntax ai * then z := 0; elsex := x — y; goto s i
Theorem 4.1 in [24]. See Figure 3 for pictoral description of the transformation. For
) the first of the two transitions, the transformation calls the proce-
ExamPLE 2. Recall the simple program from Example 1, whose gyre TRansFoRrM defined previously. For the second of the two
program graph is displayed in Figure 2. When given this graph, transitions, the transformation adds an edge from the call node to
PARTIAL CFL would produced the following procedure: the entry node to the control flow graph. The original label of the

. entry node START (p)) is replaced by the lab&P(7,) with the
Jhe - new transitionrs. This transition is the union of all transitioasin
i the labelsCALL(p, 7) of all call nodes from which the procedupe
e can be called (those transitions perform the “parameter passing”).
Smain The two transitions follow the two outgoing edges from what
was the call node in the old program. The label of that node is
1 updated to the operation with the skip transition. Informally, this
/ update means that the two new transitions must accommodate the
! “parameter passing”.
OP(z := ) Note that the transformation does not add an edge between the
1 exit node and the return node to the control flow graph.
b ExamMPLE 3. Figure 5 shows the output of OTALCFL, when
OP(skip) applied to Example 1's program graph from Figure 2. Note
1 that TOTALCFL introduces new nodes, where commands for
£27‘

OP(SUMMARY (£3))

Any partial-correctness Hoare tripleP}main{@} valid in the
original program holds in the modified program.

parameter-passing are stored. Call-edges are then replaced with
standard control-edges. UnlikeRrIAL CFL, the set of reachable

1 procedures after an application obTALCFL remains the same—
ls though technically the bodies are no longer treated as procedures.
pv— Note that all partial-correctness or total-correctness Hoare triples
I (i.e. {P}main{Q} or [P]main[Q)]) that are valid in the original
] program remain valid in the modified program.
Cman THEOREM2 (TOTALCFL preserves total correctness).
I W

A}
A}
AY

The validity of Hoare triples for total program correctness is
preserved by the transformatiohoTALCFL. That is, a triple
{¢}P{v} for the programP with procedures is valid under total
correctness if and only if the triplgp} TOTALCFL(P){+} for the
program TOTALCFL(P) without procedures is valid under total
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Figure 4. Program transformationdTALCFL at call, return and start nodes. (a)—(b) shows additional nedasdn/, between call nodes
ny andn;, and a start node,. (c)—(d) demonstrates how a return ngdés decorated with summaries using an operation |8#(r’). We

observe that the interprocedural edges between call and start aedesplaced by intraprocedural edges. Note that interprocedigate
between exit and return nodes are removed.

function TOTALCFL

input

P : program

begin

N,
E
V,
done

© 00 N O OB~ WN P

e =
= O

N,
E

e
w N

L(n')
14 done
15 done

Pmain -~

Pmain *

Pmain  *

Pmain  *

= O0P(7)

Pmain U NP
LUE,

foreachq € P do
foreachn € N, when£(n) = CALL(p, 7) do
TRANSFORM(g,n)

n’ :=fresh node

= Nppin U {1}

SUMMARY := SUMMARIZE (P)
foreachp € P\ {pmain} dO
=N,

Pmain "

= Eppe U{(n, 1), (', 5)}

16 P = {pmain}

17 return P
end.

Figure 3. Program transformation tALCFL. Theorem 2 pro-
vides a logical characterization of the transformation.

correctness, i.e.,

Eiot {0} P{Y} iff it {¢}TOTALCFL(P){v} .

Proof: (sketch) First, we prove that if the prografhdoes not ter-
minate then there is in infinite computation in the transformed pro-
gram TOTALCFL(P). Leto = 09,01,... be an infinite compu-
tation of P. We construct the corresponding infinite computation
o’ by traversingr and inspecting its triples that are labeled by call
nodes using the check described below. The outcome of the check
determines which branch to take when traversing the corresponding
node in the program @TALCFL(P).
Let (gi,li,st;) be a triple at the call node, i.ef(l) =
CALL(p, 7). We consider the suffix of that starts atr;. We check
if it contains a triple(g;, l;, st;) that corresponds to the matching
return node, i.e.st; = st; and for each triplg g, Ik, stx) be-
tween: andj the stacksty is strictly larger tharst;. In case there
is such a matching triple, we follow the branch adTaL CFL(P)
that corresponds to the ed@fepc, I;pc) that connects the call and
return nodes inP. Otherwise, we follow the other branch, which
goes to the start node pf Following this steps we construct an in-
finite computation in DTALCFL(P), as we never need to follow
the omitted interprocedural edges between exit and return nodes.
Now we prove that for every infinite computation of
ToTALCFL(P) there is a corresponding infinite computatiorfin
We apply a construction similar to the one above, but this time we
traverse the infinite computation ofoTALCFL(P). When visit-
ing a triple (g, 1, ¢) that corresponds to a call node with the la-
bel CALL(p, ) in the programP, we look one step ahead and
do the following case analysis. If the successor trigje !’ €)
is at the node that was present ih (and hence was labeled by
RETURN(p)), then we expand th&-computations by adding a
computation segment betweémn I, <) and(g’,!’, €). Such a seg-
ment exists, since the pdig, 1) and(g’,!’) appears in the summary
relation that we used to construcoTALCFL(P). Otherwise, we
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Figure 5. Control-flow graph from Example 3, which is the output afTRL CFL when applied to the program in Example 1 and Figure 2.
Note thatSUMMARY (¢2) andSUMMARY (¢s) both represent commands with the relational meaning equeliagx’ Ay’ =y Az’ = 0.

proceed to the next triple and pusbn the stack content in the Note that even the weakest possible summiarye, suffices to

computation. g prove termination in this example, as the only cyclic path through
the control flow graph does not vidit,.. In fact, the only case in

EXAMPLE 4. When developing tools based on abstraction we aim which a summary stronger thanue will be required are those in

to find methods in which the largest abstraction suffices in the com- which an outer loop is used (see the example below), or the function

mon case. In the case of recursive functions the common case is ahas multiple recursive calls within it.

function with only a single recursive call€.functions in which the

recursive callsites do not appear in loops, and multiple recursive

callsites do not occur). Consider, for example, the factorial func-

tion:

procedure fact(x) begin

by if x > 1 then
Lo y :=fact(x — 1);
ls: return y * x;
fi
ly: return 1;
end

ExAMPLE 5. Consider a slight modification to the function from
This example would result in the supergraph displayed in Figure 6 Example 1:



Sfact

2
OP(skip)
1 I lac
OP(a(x < 0)) OP(a(x > 0)) OP(x :=x—1)
€4 €2
OP(tmp := 1) OP (skip)
£2r
OP(SUMMARY (£5);y := tmp)
3

OP(tmp := x * y)

./

Efact

Figure 6. Control-flow graph of function from Example 4 after the
application of TOTALCFL. Note that the choice SUMMARY (¢2)

is not important, as even the summayue suffices to prove
termination.

procedure f(x) begin
localy initially 0;

n if x > 0 then
Us: yi=2;
lg whiley > 0 do
{7 z:=z—-1;
lg: f(x—y);
Lo: yi=y—1,
done
fi

f10: exit;

end

Note that, because of the change of the conditignal 0 to
y > 0, the procedure no longer guarantees termination. The non-

terminating executions introduced by the change have the charac-

teristic that they enteand exitinfinitely often through of recur-
sive callsites. This is because all non-terminating executions visit
through the recursive call after the third iteration of the loop. This
case is interesting because it shows why it is crucial to consider
both cases of the non-deterministic branch— the counterexample
to termination in the transformed program will necessarily have
to visit both sides of the non-deterministic conditional infinitely-
often. To see why this is true consider the program after transfor-
mation (where we are using the sound summargE x Ay =y

Sf

1

Uy
OP(skip)
é4t
OP(a(x > 0))
° 1 ’68(:
OP(x :=x — z
(5 ( )
OP(y := 2)
s
OP (skip)
eGr
OP(a(y > 0))
47
OP(z:=z—1)
2 ls
OP(y :=y — 1) OP(skip)
gSr

OP(SUMMARY (£g))

Figure 7. Control-flow graph fragment from code of Example 5,
after application of DTALCFL.

at the recursive callsites). See Figure 7. The only non-terminating
execution in the modified program is the cysle— ¢4 — £ —
by — L — Ly — Ly — Ly — Ly — Lay — L — by — lg —

by — Ly — Lag — bg — b7 — Ly — lse

ExaMPLE 6. When proving a liveness property such as “callsite
location ¢35 can only be visited infinitely-often”, the reader may
be tempted to modify the transformation at other callsites such
that only the summary is used, and not the added edge back to
the beginning of the procedure. Such an optimization would be
unsound, as this example shows:

procedure f(x) begin

l1: if x = 0then
Lo f(1);
else
L3 f(0);
fi
by return;
end

This program’s control-flow graph, afteoTaLCFL, can be found
in Figure 8. If we are only considering the possibility of infinite
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‘€3c ‘el £2c
OP(x := 0) OP (skip) OP(x := 1)
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OP(a(x # 0)) OP(a(x = 0))
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OP (skip) OP (skip)
V4 N
ggr €2r
OP(SUMMARY (£3)[= OP (SUMMARY (£5)[=
a(false)]) a(false)])
‘/
Ly
OP (skip)

€f

Figure 8. Control-flow graph of function from Example 6 after the
application of TOTALCFL.

executions througlds, for example, we might be tempted to drop
the edge fron¥s. to s¢. The reason that this would be unsound,
in this case, is that all infinite executions alternate strictly between
the two callsites. Thus the program with the edge frgmto s¢
removed guarantees termination.

EXAMPLE 7. We find the summaries are also useful when proving
non-termination. Consider the following example:

f1:  whilex > 0do

Lo f(x);

{3 x:=x+1;
od

wheref is defined as:
procedure f(x) begin

Ly if x > 0 then
Us: f(x—1);
fi
le: return;
end

This program causes termination provers suchesMINATOR [7]

to diverge, as every cyclic path is well-founded, but the program
itself does not terminate. The difficulty with this program is that the
number of unfoldings of tells us the value of, thus every valid
program path locatiod; back to¢; contains enough information
to determine the concrete valuesofThus becaus€ = x+ 1 and

x" < ¢ for some concrete valuedetermined by the length of the
cycle, we know that each cycle will be well-founded, whereas the

program clearly does not terminate. It is for this reason that tools
such as ERMINATOR diverge while examining an infinite set of
cyclic paths. Note that’ = x is a souncandcomplete summary at

{2, thus we can use the summary to prove non-termination (using
recurrence sets [12]).

Conclusion

We have presented a practical interprocedural program analysis
for automatic termination and total correctness proofs. The pri-
mary hurdle towards this goal was the dichotomy between the
trace-based semantics (for termination) and the denotational (re-
lational) semantics (for recursion). In our method, we factor out
the recursion analysis from the termination analysis. We first trans-
form the recursive program under consideration into a semantically
equivalent non-procedural program. The interprocedurahegait:

ity analysis during the first step can safely ignore the termination
task; i.e., it considers only finite prefixes of traces, as opposed to
(full infinite) traces as it would be required for termination. The
termination analysis in the second step then uses the semantics of
infinite traces of a non-procedural program.

We have implemented our new analysis method and have suc-
cessfully run the implementation to automatically verify the ter-
mination of a number of interesting programs, including the ones
in the paper. We have used transition-predicate abstraction [20] to
implement both, the relational abstraction of the program and the
abstraction of the ‘relational semantics’ of a procedure (approxi-
mating reachable computation segments for the summarization).

The immediate next question that arises from our work is how
to embed the analysis method into a counterexample-guided ab-
straction refinement loop. This raises an interesting topic of re-
search. We do not yet know an elegant way to pass back and
forth counterexamples between the termination analysis of the non-
procedural program and the interprocedural analysis of the recur-
sive program.

An orthogonal direction for future research is the interprocedu-
ral analysis of termination and liveness properties for concurrent
programs, based on existing work for summaries for concurrent
programs, e.g., [17,23].
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