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iIng model

metry: finite graph G=(V,E ) .

lourations:

lity of a configuration oc)
the Gibbs distribution
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Phase Transition

Image courtesy of David Wilson




er dynamics for Ising

ommonly used MC samplers for

pdate replaces a s
ne ~ p conditioned on V \{u}
h version).

eversible MC with stationary measure p.



jdteof convergence to equilibrium

in the spectrum of the generator:
nallest positive eigenvalue
. heat-kernel H.

() -

o time : standard measure of convergence:
/' (total-variation) mixing time within ¢ is

verns convergenc

(&) =inf t: maxHH o, —p ., <

TV_

'wher is the heat-kernel.




ral (believed) picture for
Glauber dynamics

Gene

> model on the lattice (Z/nZ)®.
 critical inverse-temperature (3, :

' pera ut | (B >03.)
1 and ¢_. are exponential in the surface area.

al temperature: (B.=08.)

and ¢_.. are polynomial in the surface area.

emperature: (B <8.)

1. Rapid mixing: gap ' = O(1) and ¢, < log n

2. Mixing occurs abruptly (cutoff phenomenon).




VIIXing time for Ising on 2D lattices

igh temperatures:

oock ’8
ey “91
, Zegarlinski '92a, "92b,
inski '90, "92]
93]
elli, Olivieri 94a, ‘94b]
o]li, Olivieri, Schonmann "94]

5 Slow Mixing for low temperatures:

@ [Schonmann '87],
o [Chayes, Chayes, Schonmann’87],



Vlixing on the square lattice

ure: gap ! is uniformly bounded,

mix A
o0

betzky, S.:t . = 2W]ogn



-

hed by [Onsager "44] ([cf. Holley "91]).
erical experiments: 34 universal exponent of ~2.17
‘93], [Wang, Hatano, Suzuki '95], [Grassberger "95],

7 No kno

= Only geometries with proved power-law for critical Ising:

= Mean-field [Ding, Lubetzky, Peres "09] (Curie-Weiss model)
= Regular tree [Ding, Lubetzky, Peres "10] (Bethe lattice).

n sub-exponential upper bounds ...




iIng limit of critical Ising

ing of the limit developed emerged

vent of Schramm-IL.oewner evolution.
S e i

cent breakthrough results due to =
irnov describe full scaling limit
cluster interfaces as CLE,.

Air” KA

4,

= We use Russo-Seymour-Welsh type estimates for
FK-Ising with arbitrary b.c.
s [Chelkak, Smirnov ‘09]
s [Camia, Newman "09]
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Vidin result: power-law at criticality

zky, S.]: Critical slowdown verified in Z>:

sider the critical Ising model on a finite box A C Z? of
length n. There exists an absolute constant C such that

spectral-gap of the Glauber dynamics under an arbitrary
boundary condition 7 is bounded by ( gapj\)_1 <n".

e

-
\a COROLLARY:
Polynomial L' (total-variation) mixing time under

any fixed boundary condition.

11



r bounds on critical gap

upper bound for perfect simulation.

was nearly linear due to [Holley "91]).

The speétral—gap of the Glauber dynamics for critical Ising

on a finite box A C Z? of side-length n with arbitrary

boundary condition 7 satisfies (gap’) ' > en'?

i
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Main techniques

ates of the spectral gap.
ing high temperature dynamics:

with classical ingredients from MC analysis.

- = Analyze effect of an entire face of the boundary on spins
(just enough spatial mixing to push this program through...)

W\
BN \ O\
IR\ \ ¢ DR A
BN \ \\ N
AN W\ AN
\ ; W\ \

(K




Spatial-mixing result

A= 1,r x 1,r" for some integers r,r’ satisfying

> o > 0 with a fixedand let A, = 1,7 x pr,r’ for
p satisfying a < p < r’/r . Let £, nbe two BC’s on A

differ only on the bottom boundary 1, x{0}. Then

5 ((A,) €)= ml(o(A,) €)] . < exp(—6p),
Where 6 > 0 is a constant that depends only on « .

= Proof uses the RSW-estimate for critical crossing

probabilities in a wired FK-Ising rectangle.




Single site vs. Block dynamics

the analysis of Glauber dynamics:
blocks B ={B,}.

4Ly

\ - !&X)‘l < max Nx (gap;,)_1 max (gapfgi )_1

where (gapy) ' is the gap of the block-dynamics and N = #{i: B > z}
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Jpper bound via spatial-mixing

' ollowing choice of blocks:

1 .1 3
§T7T7

2 o/

. =9 I

0 blocks have a vertical

p of height r'/3.

A

a result of the spatial-mixing theorem:
For any boundary condition £ on A we have
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d via spatial-mixing
(ctd.)

mpleted by induction on the

pplication dec s the volume of the
by a factor of g at the cost of an absolute

icative constant in the gap.

Iterating 2log; 1 steps completes the proof.
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ition: spatial mixing proof

the all plus b.c with b.c with plus on
3 sides, minus on the bottom

Ising cluster adjacent to the bottom minus

- boundary converges to SLE; which
does not climb past height pr with

positive probability.
= In that case, the measures can be coupled.
= Actual setting:

= For induction we need the result for
arbitrary boundary conditions.
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Solution: reduce to FK Ising

= Ising and its FK counterpart are coupled by the
Edwards-Sokal coupling:

= Under an arbitrary boundary condition £ one can go from
Ising to FK and back with conditioned on some event A,

WW exponentially small probability...
1)



Completing the proof

= Control crossing probabilities in the FK-Ising
model conditioned on the event A L.

= Utilize the recent
RSW-type estimates
with the FKG for the
FK-model to derive
the required coupling.

= Return to Ising via the
Edwards-Sokal method
to complete the proof.
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Open problems

ecise (universal) critical

al ext

lish power-law behavior on the
1n 3 dimensions.
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