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Abstract—We present a novel algorithm to solve the non- improvements in performance must take advantage of better

negative single-source shortest path problem on road netwks |ocality and parallelism. Both are hard to achieve based on
and other graphs with low highway dimension. After a quick Dijkstra’s algorithm [4], [5].

preprocessing phase, we can compute all distances from a giv . .
source in the graph with essentially a linear sweep over all Motivated by web-based map services and autonomous

vertices. Because this sweep is independent of the sourcee w Navigation systems, the problem of finding shortest paths in
are able to reorder vertices in advance to exploit locality. road networks has received a great deal of attention rggentl
Moreover, our algorithm takes advantage of features of moden  see e.qg. [6], [7] for overviews. However, most research $edu
CPU architectures, such as SSE and multi-core. Compared 10 o5 gccelerating point-to-point queries, in which both arseu
Dijkstra’s algorithm, our method needs fewer operations, las .. )
better locality, and is better able to exploit parallelism & multi- ¢ a”‘?' a target a_re known. Up to now, ho"Yevefv Dijkstra’s
core and instruction levels. We gain additional speedup wire algorlthm was still the fastest known solution to the NSSP
implementing our algorithm on a GPU, where our algorithm is  problem.

up to three orders of magnitude faster than Dijkstra’s algorithm We present a new algorithm for the NSSP problem that
on a high-end CPU. This makes applications based on all-p@r ks well for certain classes of graphs, including road

shortest-paths practical for continental-sized road netwrks. .
Several algorithms, such as computing the graph diameter,act networks. We call itparallel hardware-accelerated shortest

arc flags, or centrality measures (exact reaches or betweeass), Path trees (PHAST)Building on previous work on point-to-

can be greatly accelerated by our method. point algorithms, PHAST usesontraction hierarchieg8] to
Keywords-shortest paths; GPU; route planning: high perfor- essentially reduce the NSSP problem to a traversal of a shal-
mance computing low, acyclic graph. This allows us to take advantage of moder
computer architectures and get a significant improvement in
|. INTRODUCTION performance_

In recent years, performance gains in computer systemsThe PHAST algorithm requires a preprocessing phase,
have come mainly from increased parallelism. As a resuithose cost needs a moderate number of shortest path compu-
exploiting the full potential of a modern computer has beeontations to be amortized. Moreover, PHAST only works well
more difficult. Applications must not only work on multipleon certain classes of graphs, namely those with high-
cores, but also access memory efficiently, taking into accoway dimensior{9]. Fortunately, however, road networks are
issues such as data locality. Parallel algorithms are oftamong them. Several important practical applicationsirequ
unavailable or involve a compromise, performing more operaultiple shortest path computations on road networks, such
tions than the best sequential algorithm for the same pmebleas preprocessing for route planning (see, e.g., [10], [12],

In this paper we introduce a compromise-free algorithm f¢t3], [14]) or the computation of certain centrality measr
the single-source shortest path problem on road networks. Qke betweenness [15], [16]. For these applications, PHAST
algorithm performs fewer operations than existing oneslevhis extremely efficient. On continental-sized road netwpiks
taking advantage of locality, multi-core and instructiemel purely sequential version of our algorithm is two orders of
parallelism. magnitude faster than the best previous solution. Morgover

The single-source shortest path probléma classical op- PHAST scales well on multi-core machines. On a standard
timization problem. Given a graply = (V, A), a length 4-core workstation, one can compute all-pairs shortestspat
¢(a) assigned to each are¢ € A, and a source vertex, in a few days instead of several months.
the goal is to find shortest paths fromto all other vertices  Another development in modern computers is the avail-
in the graph. Algorithms for this problem have been studieability of very powerful, highly-parallel, and relativelgheap
since the 1950's. Theon-negative single-source shortest patlyraphics processing units (GPUs). They have a large nunfiber o
problem (NSSP), in which/(a) > 0, is a special case specialized processors and a highly optimized memory syste
that comes up in several important applications. It can Bdthough aimed primarily at computer graphics applicasion
solved more efficiently than the general case with DijkstraGPUs have increasingly been used to accelerate general-
algorithm [1], [2]. When implemented with the appropriatpurpose computations [17]. In this paper, we propose an
priority queues [3], its running time is within a factor offée  efficient GPU implementation of PHAST. Note that this is
of breadth-first search (BFS), a simple linear-time traalersnontrivial, since GPUs are mostly geared towards compartati
of the graph. This indicates that any significant practicain regular data objects, unlike actual road networks., Stilt



implementation achieves significant speedups even comipaoé Western Europe [7], with 18 million vertices and 42
to the (highly optimized) CPU implementation of PHASTmillion arcs. (More detailed experiments, including adutial
itself. On a standard workstation equipped with a high-endstances, will be presented in Section VIIIL.) If vertex IDs
consumer graphics card, we gain another order of magnituate assigned at random, the smart queue algorithm takes 8.0
over CPU-based PHAST. This reduces the computation of adleconds on an Intel Core-i7 920 clocked at 2.67 GHz, and
pairs shortest paths on a continental-sized road networkBBES takes 6.0 seconds. The performance of both algorithms
about half a day, making applications requiring such compumprove if one reorders the vertices such that neighboring
tations practical. vertices tend to have similar IDs, since this reduces thetrarm
This paper is organized as follows. Section Il reviewsf cache misses during the computation. Interestingly, as
Dijkstra’s algorithm and the point-to-point algorithm PISA observed in [22], reordering the vertices according to gfm
builds upon, contraction hierarchies [8]. Section IIl déses depth first search (DFS), as explained in detail in Sectidi VI
the basic PHAST algorithm. Section IV shows how to improvalready gives good results: Dijkstra’s algorithm takes 2.8
locality to obtain a faster single-core version of the alfpon. seconds, and BFS takes 2.0. We tested several other layouts
Section V shows how the algorithm can be parallelized iout were unable to obtain significantly better performance.
different ways, leading to even greater speedups on mailé-c Therefore, unless otherwise noted, in the remainder of this
setups. Section VI describes a typical GPU architecture apdper we use the DFS layout when reporting running times.
a GPU implementation of PHAST. Section VIl presents how ) ) )
to extend PHAST to compute the auxiliary data needed fBr Contraction Hierarchies
some applications. Section VIII reports detailed experitae ~ We now discuss theontraction hierarchie§CH) algorithm,
results. Final remarks are made in Section IX. proposed by Geisberger et al. [8] to speed up point-to-point
shortest path computations on road networks. It has two
phases. The preprocessing phase takes only the graph &s inpu
A. Dijkstra’s Algorithm and produces some auxiliary data. The query phase takes the
We now briefly review the NSSP algorithm proposed bgources and target as inputs, and uses the auxiliary data to
Dijkstra [1] and independently by Dantzig [2]. For everytesr compute the shortest path frosto ¢.
v, the algorithm maintains the lengttiv) of the shortest path  The preprocessing phase of CH picks a permutation of
from the sources to v found so far, as well as the predecessdhe vertices andshortcutsthem in this order. Theshortcut
(paren) p(v) of v on the path. Initiallyd(s) = 0, d(v) = oo  operationdeletes a vertex from the graph (temporarily) and
for all other vertices, ang(v) = null for all v. The algorithm adds arcs between its neighbors to maintain the shortest pat
maintains a priority queue afnscannedrertices with finited  information. More precisely, for any pafu, w} of neighbors
values. At each step, it removes from the queue a verteith  of v such thai(u, v)- (v, w) is the only shortest path in between
minimum d(v) value andscansit: for every arc(v,w) € A w andw in the current graph, we addshortcut (u,w) with
with d(v) +£(v,w) < d(w), it setsd(w) = d(v)+£(v,w) and £¢(u,w) = {(u,v) + ¢(v,w). The output of this routine is the
p(w) = v. The algorithm terminates when the queue becomsst A* of shortcut arcs and the position of each vertein
empty. the order (denoted byank(v)). Although any order gives a
Efficient implementations of this algorithm rely on fastorrect algorithm, query times and the size/of may vary. In
priority queues. On graphs with vertices andm arcs, an practice, the best results are obtained by on-line hecsittiat
implementation of the algorithm using binary heaps runs select the next vertex to shortcut based, among other fctor
O(mlogn) time. One can do better, e.g., usihgheaps [18] on the number of arcs added and removed from the graph in
or Fibonacci heaps [19], the latter giving &(m + nlogn) each step [8].
bound. If arc lengths are integers j...C], bucket-based The query phase of CH runs a bidirectional version of
implementations of Dijkstra’s algorithm work well. The firs Dijkstra’s algorithm on the grap&™ = (V, AUA™T), with one
such implementation, due to Dial [20], gives &jm + nC) crucial modification: both searches only lookugward arcs,
bound. There have been numerous improvements, includihgse leading to neighbors with higher rank. More precjsely
some that are very robust in practice. In particular, meltel let AT = {(v,w) € AU AT : rank(v) < rank(w)} and
buckets [21] and smart queues [3] run @(m + nlogC) At = {(v,w) € AU A* : rank(v) > rank(w)}. During
worst-case time. queries, the forward search is restricted®6 = (V, A™), and
Smart queues actually run in linear time if arc lengths hatke reverse search @+ = (V, A%). Each vertex» maintains
a uniform distribution [3]. In fact, experimental resulisosv estimatesi,(v) andd;(v) on distances frons (found by the
that, when vertex IDs are randomly permuted, an implemenfasward search) and to (found by the reverse search). These
tion of NSSP using smart queues is usually within a factor @hlues can be infinity. The algorithm keeps track of the verte
two of breadth-first search (BFS), and never more than threeminimizing u = ds(u) 4+ d:(u), and each search can stop as
even on especially-built bad examples. soon as the minimum value in its priority queue is at least as
For concreteness, throughout this paper we will illustratarge asg.
the algorithms we discuss with their performance on oneConsider the maximum-rank vertex on the shortest-
well-known benchmark instance representing the road n&twa path. As shown by Geisberger et al. [8}, minimizes

Il. BACKGROUND



ds(u) + d¢(u) and the shortest path fromto ¢ is given by appear in descending rank order. The second phase scans the
the concatenation of the« andu—t paths. Furthermore, thearcs in this order, which meam$v) is computed correctlym

forward search finds the shortest path franto « (which In this and the following few sections, our discussion will
belongs toG"), and the backward search finds the shortekicus on the computation of distance labels only, and not the
path fromu to ¢ (which belongs taG'). actual shortest path trees. Section VIl shows how to compute

This simple algorithm is surprisingly efficient on roadparent pointers and other auxiliary data in a straightfodva
networks. On the European instance, randsingueries visit manner.
fewer than 400 vertices (out of 18 million) on average and On our benchmark instance, PHAST performs a single-
take a fraction of a millisecond on a standard workstationource shortest path computation in about 2.0 secondshwhic
Preprocessing takes only about 10 minutes and adds feugethe same as BFS and lower than the 2.8 seconds needed for
shortcuts than there are original arcs. Dijkstra’s algorithm.

Note that the forward search can easily be made target-
independent by running Dijkstra’s algorithm &' from s
until the priority queue is empty. Even with this loose stimgp ~ In this section we describe how the performance of PHAST
criterion, theupward searctonly visits about 500 vertices oncan be significantly improved by taking into account the
average. Also note that the distance laliglv) of a scanned features of modern computer architectures. We focus on its
vertexv does not necessarily represent the actual distance frégcond phase (the linear sweep), since the time spent on the
s to v—it may be only an upper bound. We would have téorward CH search is negligible: less than 0.05ms on our
run a backward search fromto find the actual shortest pathbenchmarkinstance. In Section IV-A, we show how to improve
from s to v. locality when computing a single tree. Then, Section IV-B

From a theoretical point of view, CH works well in networkgliscusses how building several trees simultaneously nigt on
with low highway dimensiofi9]. Roughly speaking, these areimproves locality even further, but also enables the use of

graphs in which one can find a very small set of “importan8pecial instruction sets provided by modern CPUs. Finally,
vertices that hit all “long” shortest paths. Section IV-C explains how a careful initialization routioan

speed up the computation.

IV. IMPROVEMENTS

IIl. BASIC PHAST ALGORITHM A. Reordering Vertices

We are now ready to discuss a basic version of PHAST,To explain how one can improve locality and decrease
our new algorithm for the NSSP problem. It has two phasase number of cache misses, we first need to address data
preprocessing and (multiple) NSSP computations. The algepresentation. For best localitgi” and G* are represented
rithm is efficient only if there are sufficiently many NSSRseparately, since each phase of our algorithm works on a
computations to amortize the preprocessing cost. different graph.

The preprocessing phase of PHAST just runs the standard/ertices have sequential IDs from 0 to— 1. We represent
CH preprocessing, which gives us a set of shortelitsand G using a standard cache-efficient representation based on a
a vertex ordering. This is enough for correctness. We dsscysair of arrays. One arragyclist, is a list of arcs sorted by tail
improvements in the next section. ID, i.e., arc(u, -) appears beforéw, -) if u < w. This ensures

A PHAST query initially setsd(v) = oo for all v # s, that the outgoing arcs from vertexare stored consecutively in
and d(s) = 0. It then executes the actual search in twmemory. Each ar¢v, w) is represented as a two-field structure
subphases. First, it performs a simple forward CH searatuntaining the ID of the head vertew) and the length of the
it runs Dijkstra’s algorithm froms in G, stopping when arc. The other arrayfirst, is indexed by vertex IDsfirst[v]
the priority queue becomes empty. This sets the distangenotes the position iarclist of the first outgoing arc froma.
labelsd(v) of all vertices visited by the search. The seconfo traverse the adjacency list, we just foll@sclist until we
subphase scans all vertices @ in descending rank order. hit first[v + 1]. We keep a sentinel gtrst[n] to avoid special
(For correctness, any reverse topological order will dm) Tcases.

scan v, we examine each incoming ara:,v) € AY; if The representation of* is identical, except for the fact

d(v) > d(u) + £(u,v), we setd(v) = d(u) + £(u,v). thatarclist represents incoming instead of outgoing arcs. This
Theorem 3.1:For all verticesv, PHAST computes correct means thatarclist is sorted by head ID, and the structure

distance labelg(v) from s. representing an arc contains the ID of its tail (not head).

Proof: We have to prove that, for every vertex d(v) Distance labels are maintained as a separate array, indexed
eventually represents the distance framto v in G (or, by vertex IDs.
equivalently, inG™). Consider one suchin particular, and let  Given this representation, a simple reordering of the vesti
w be the maximum-rank vertex on the shortest path feolm leads to improved memory locality during the second phase
v in G*. The first phase of PHAST is a forward CH query, andf PHAST, which works orG*.
is therefore guaranteed to find the shortest path and to set  To determine a good new order, we first asdigrelsto ver-
d(w) to its correct value (as shown in [8]). By constructiontices. Levels can be computed as we shortcut vertices during
G™T contains a shortest path from to v in which vertices preprocessing, as follows. Initialize all levels to zerchem



shortcutting a vertex,, we setL(v) = max{L(v), L(u) + 1} For a fixedv, all d;(v) values are consecutive in memory and
for each current neighbaor of u, i.e., for eachv such that are processed sequentially, which leads to better locality
(u,v) € AT or (v,u) € A‘. By construction, we have thefewer cache misses.
following lemma. Increasingk leads to better locality, but only up to a point:
Lemma 4.1:1f (v,w) € AY, thenL(v) > L(w). storing more distance labels tend evict other, potentisful,
This means that the second phase of PHAST can procéssa from the processor caches. Another drawback is inedeas
vertices in descending order of level: vertices on levake memory consumption, because we need to keep an array with
only visited after all vertices on levels greater thdmave been kn distance labels.
processed. This respects the topological ordefof Still, for small values ofk we can achieve significant
Within the same level, we can scan the vertices in any ordepeedups with a relatively small memory overhead. Setting
In particular, by processing vertices within a level in im@sing % = 16 reduces the average running time per tree from 171.9
order of IDs! we maintain some locality and decrease th® 96.8 milliseconds on our benchmark instance.
running time of PHAST from 2.0 to 0.7 seconds. SSE Instructions:We use 32-bit distance labels. Current
We can obtain additional speedup by actually reordering6-CPUs have special 128-bit SSE registers that can hald fo
the vertices. We assign lower IDs to vertices at higher &veB2-bit integers and allow basic operations, such as additio
within each level, we keep the DFS order. Now PHAST will band minimum, to be executed in parallel. We can use these
correct with a simple linear sweep in increasing order of IDs registers during our sweep through the vertices to compute
can access vertices, arcs, and head distance labels satiyentrees simultaneously; being a multiple of 4. For simplicity,
with perfect locality. The only non-sequential access ishew assumek = 4. When processing an ar@,v), we load all
distance labels of the arc tails (recall that, when scanming four distance labels of into an SSE register, and four copies
we must look at the distance labels of its neighbors). Kegpiaf /(u,v) into another. With a single SSE instruction, we
the DFS relative order within levels helps reduce the numbeempute the packed sum of these registers. Finally, we build
of associated cache misses. the (packed) minimum of the resulting register with the four
As most data access is now sequential, we get a substardiatance labels of, loaded into yet another SSE register. Note
speedup. With reordering, one NSSP computation is redudbét computing the minimum of integers is only supported by
from 0.7 seconds to 172 milliseconds, which is about 16wrsion 4.1 of SSE or higher.
times faster than Dijkstra’s algorithm. We note that theeomot  Fork = 16, using SSE instructions reduces the average run-
of reordering vertices to improve locality has been applidiime per tree from 96.8 to 37.1 milliseconds, for an addaion
before to hierarchical point-to-point speedup technidug$, factor of 2.6 speedup. In total, this algorithm is 76 timestda
albeit in a more ad hoc manner. than Dijkstra’s algorithm on one core.

B. Computing Multiple Trees C. Initialization

Reordering ensures that the only possible non-sequentiaP HAST (like Dijkstra’s algorithm) assumes that all distanc

accesses during the second stage of the algorithm hapf Is are set tox during initialization. This requires a
when reading distance labels of arc tails. More precisehgmw linéar sweep over all distance labels, which takes about 10
processing vertex, we must look at all incoming ards:, v). milliseconds. This is negligible for Dijkstra’s algorithrbut

The arcs themselves are arranged sequentially in memdry, [RPresents a significant time penalty for PHAST. To avoid
the IDs of their tail vertices are not sequential. this, we mark vertices visited during the CH search with a

single bit. During the linear sweep, when scanning a vertex

We can improve locality by running multiple NSSP com oe o
v, we check for this bit: If it is not set, we knov(v) = oo,

putations simultaneously. To grow trees froln sources X _
(50,51, .., 5,_1) at once, we maintait distance labels for otherwise we know that has been scanned during the upward

each vertex do,ds,...,dy_1). These are maintained as search and has a valid (though not necessarily correctgvalu
single array of Ier;gtW;n, laid out so that the: distances After scanningu we unmark the vertex for the next shortest
associated with: are consecutive in memory. path tree computation. The results we have reported so far

The query algorithm first performs (sequentialtyjorward already include this implicit initialization.
CH searches, one for each source, and sets the appropriate V. EXPLOITING PARALLELISM
distance labels of all vertices reached. As we have seen, the _ .
second phase of PHAST processes vertices in the same ordde now consider how to use parall_ellsm to speed_ up PHAST
regardless of source, so we can procesk abiurces during the on a multi-core CPU. For computations that require shortest

same pass. We do so as follows. To process each incoming ”trlt_-:‘esf fror_n ?everal_ SOL:jr,(]ffeS' t?e obwous; approhach for
(u,v) into a vertexv, we first retrieve its length and the ID ofParal€lization 1s 1o assign different sources lo each .core

u. Then, for each treé (for 0 < i < k), we computel; () + Since the computations of the trees are independent from

¢(u,v) and updatel; (v) if the new value is an improvement.one another, we observe excellent speedups. Running on four
’ cores, without SSE, the average running time per tkee ()

1As mentioned in Section II-A, we assign IDs according to a Dffer, deprgases from171.9t0 47.1ms, a spegdup of 3.7. (Reda_” tha
which has a fair amount of locality. k indicates the number of sources per linear sweep.) Setting



to 16 (again without SSE), the running time drops from 113i8 efficient in the sense that DRAM bandwidth utilization is
to 28.5ms per tree, also a speedup of 3.7. minimized.

However, we can also parallelize a single tree computation.Unfortunately, due to the nature of PHAST, we cannot take
On our benchmark instance, the number of the vertex levelssidvantage of the much faster shared memory of the GPU. The
around 140, orders of magnitude smaller than the numberrefison is that data reusage is very low: each arc is only tboke
vertices. Moreover, low levels contain many more vertitesit at exactly once, and each distance label is written once and
upper levels. Half of all vertices are in leve] for example. read very few times (no more than twice on average). This
This allows us to process vertices of the same level in mralseverely limits the usefulness of shared memory. Stillsit i
if multiple cores are available. We partition vertices iremdl implicitly utilized by the Fermi GPU because of the on-chip
into (roughly) equal-sized blocks and assign each block tocache, which was configured to use the maximal amount of
thread (core). When all threads terminate, we start proggsson-chip shared memory (48 KB out of 64 KB).
the next level. Blocks and their assignment to threads canOn an NVIDIA GTX 580, installed on the machine used
be computed during preprocessing. Running on 4 cores, Weour previous experiments, a single tree can be computed
can reduce a single NSSP computation from 171.9 to 49t75.53 ms. This represents a speedup5af over Dijkstra’s
milliseconds on the same machine, a factor of 3.5 speedafgorithm, 31 over the sequential variant of PHAST, afd
Note that this type of parallelization is the key to our GPWver the 4-core CPU version of PHAST. Note that GPHAST
implementation of PHAST, explained in the next section. uses a single core from the CPU.

We also tested reordering vertices by degree to make each
VI. GPU IMPLEMENTATION warp work on vertices with the same degree. However, this
has a strong negative effect on the locality of the distance

Our improved implementation of PHAST is limited by thdabels of the tails of the incoming arcs. Hence, we keep the
memory bandwidth. One way to overcome this limitatioBame ordering of vertices as for our CPU implementation of
is to use a modern graphics card. The NVIDIA GTX 58PHAST.

(Fermi) we use in our tests has a higher memory bandwidthMultiple Trees: If the GPU has enough memory to hold
(192.4GB/s) than a high-end Intel Xeon CPU (32 GB/shdditional distance labels, GPHAST also benefits from com-
Although clock frequencies tend to be lower on GPUs (legfuting many trees in parallel. When computingrees at once,
than 1 GHz) than CPUs (higher than 3 GHz), the former cahe CPU first computes the CH upward trees and copies
compensate by running many threads in parallel. The NVIDI4|| % search spaces to the GPU. Again, the CPU activates a
GTX 580 has 16 independent cores, each capable of execuB®U kernel for each level. Each thread is still responsibie f
32 threads (called avarp) in parallel. It follows a Single writing exactly one distance label. We assign threads tpsvar
Instruction Multiple Threads (SIMT) model, which uses predsuch that threads within a warp work on the same vertices.
icated execution to preserve the appearance of normaldhrgais allows more threads within a warp to follow the same
execution at the expense of inefficiencies when the contrgtstruction flow, since they work on the same part of the graph
flow diverges. Moreover, barrel processing is used to hidg particular, if we set = 32, all threads of a warp work on
DRAM latency. For maximal efficiency, all threads of a warphe same vertex.

must access memory in certain, hardware-dependent ways-or k = 16, GPHAST need€.21 ms per shortest path tree.
Accessing 32 consecutive integers of an array, for exampihat is about 1280 times faster than the sequential verdion o
is efficient. Another constraint of GPU-based computatiens Dijkstra’s algorithm, 78 times faster than sequential PHAS
that communication between main and GPU memory is rathgid 8.5 times faster than computing 64 trees on the CPU in
slow. Fortunately, off-the-shelf GPUs nowadays have ehougarallel (16 sources per sweep, one sweep per core). GPHAST
on-board RAM (1.5GB in our case) to hold all the data wgan compute all-pairs shortest paths (iretrees) in roughly
need. 11 hours on a standard workstation. On the same machine,

Our GPU-based variant of PHAST, callé@PHAST sat- executions of Dijkstra’s algorithm would take about 200 slay
isfies all the constraints mentioned above. In a nutshedven if we compute 4 trees in parallel (one on each core).
GPHAST outsources the linear sweep to the GPU, while
the CPU remains responsible for computing the upward CH V!l COMPUTING AUXILIARY INFORMATION
trees. During initialization, we copy bot&* and the array = Our discussion so far has assumed that PHAST computes
of distance labels to the GPU. To compute a tree frgrwe  only distances from a root to all vertices in the graph. We
first run the CH search on the CPU and copy the search spacgv discuss how it can be extended to compute the actual
(with less than 2 KB) to the GPU. As in the single-tree pafall@hortest path trees (i.e., parent pointers) and show how3HA
version of PHAST, we then process each level in parallel. Tlean be used for several concrete applications.

CPU starts, for each level| a kernel on the GPU, which is o

a (large) collection of threads that all execute the same coy- Building Trees

and that are scheduled by the GPU hardware. Each threa®ne can easily change PHAST to compute parent pointers
computes the distance label of exactly one vertex. With this G™. When scanning during the linear sweep phase, it
approach, the overall access to the GPU memory within a wayffices to remember the afe, v) responsible for(v). Note



that some of the parent pointers in this case will be shatcutan run GPHAST with tree reconstruction, reducing the time
(not original arcs). For many applications, pathsGit are to set flags to less than 3 minutes.
sufficient and even desirable [23]. c) Centrality Measures:PHAST can also be used to
If the actual shortest path tree @ is required, it can be compute the exageach[13] of a vertexv. The reach ob is
easily obtained with one additional pass through the atc lidefined as the maximum, over all shortest paths containing
of G. During this pass, for every original ate,v) € G, we v, of min{dist(s,v),dist(v,t)}. This notion is very useful
check whether the identity(v) = d(u) + ¢(u,v) holds; if it to accelerate the computation of point-to-point shortesh@
does, we make: the parent ofv. As long as all original arc The best known method to calculate exact reaches for all
lengths are strictly positive, this leads to a shortest b vertices within a graph requires computing all shortest
in the original graph. path trees, which we can do much faster with PHAST. Fast
In some applications, one might need to compute all dibeuristics [12] compute reach upper bounds only and arlg fair
tance labels, but the full description of a singlet path. complicated.
In such cases, a path it can be expanded into the Another frequentely used centrality measure based on-short
corresponding path iG7 in time proportional to the numberest paths isbetweennesg15], [16] which is defined as
of arcs on it [8]. cB(v) = Y spziey Ost(v)/ost, Where oy is the number
of shortest paths between two verticesand ¢, and o (v)
is the number of shortest— paths on whichv lies on.
With the tree construction procedure at hand, we c&omputing exact betweenness relies /orshortest path tree
now give practical applications of PHAST: computing exeomputations [28]. Again, replacing Dijkstra’s algorithioy
act diameters and centrality measures on continentadtsiZZHAST makes exact betweenness tractable for continent-
road networks, as well as faster preprocessing for point-tsize road networks. Moreover, it could also be helpful for
point route planning techniques. The applications regextea accelerating known approximation techniques [28], [29].
bookkeeping or additional traversals of the arc list to catap  Note that these and other applications often require tsaver
some auxiliary information. As we shall see, the modifigagio ing the resulting shortest path tree in bottom-up fashidns T
are easy and the computational overhead is relatively smaltan be easily done in a cache-efficient way by scanning
a) Diameter: The diameter of a grapfi is defined by the vertices in level order.
longest shortest path i&r. Its exact value can be computed
by building n shortest path trees. PHAST can easily do it
by making each core keep track of the maximum label f- Experimental Setup
encounters. The maximum of these values is the diameter. TaVMe implemented our CPU-based PHAST with all optimiza-
use GPHAST, we maintain an additional array of sizéo tions from Section IV in C++ and compiled it with Microsoft
keep track of the maximum value assigned to each vertex o¥ésual C++ 2010. For parallelization, we use OpenMP. CH
all n shortest path computations. In the end, we do one swefyeries use a binary heap as priority queue; we tested other
over all vertices to collect the maximum. This is somewhalata structures, but their impact on performance is ndgtgi
memory-consuming, but it keeps the memory accesses withiecause the queue size is small.
the warps efficient. As already mentioned, we run most of our evaluation on
b) Arc Flags: A well-known technique to speed up thean Intel Core-i7 920 running Windows Server 2008R2. It has
computation of point-to-point shortest paths is to wme four cores clocked at 2.67 GHz and 12 GB of DDR3-1066
flags[10], [11]. A preprocessing algorithm first computes &AM. Our standard benchmark instance is the European road
partitionC of V' into cells then attaches mbelto each ara.. network, with 18 million vertices and 42 million arcs, made
A label contains, for each cell' € C, a Boolean flagF=(a) available by PTV AG [30] for the 9th DIMACS Implementa-
which is true if there is a shortest path starting withto tion Challenge [7]. The length of each arc represents theltra
at least one vertex . During queries, a modified varianttime between its endpoints.
of Dijkstra’s algorithm only considers arcs for which thegfla PHAST builds upon contraction hierarchies. We imple-
of the target cell is set torue. This approach can easily bemented a parallelized version of the CH preprocessing rou-
made bidirectional and is very efficient, with speedups ofanotine [8]. For improved efficiency, we use a slightly diffeten
than three orders of magnitude over a bidirectional version priority function for ordering vertices. The priority of @&ktex
Dijkstra’s algorithm [10]. u is given by 2ED(u) + CN(u) + H(u) + 5L(u), where
The main drawback of this approach is its preprocessi) (u) is the difference between the number of arcs added
time. While a good partition can be computed in a fewnd removed (ifu were contracted)CN(u) is the number
minutes [24], [25], [26], [27], computing the flags require®f contracted neighborsd (u) is the total number of arcs
building a shortest path tree from each boundary vertex, i.eepresented by all shortcuts added, and.) is the levelu
each vertex with an incident arc from another cell. In a tgbicwould be assigned to. In this term, we boulf{u) such
setup, one has to compute about 40000 shortest path tréeg every incident arc of. can contribute at most 3. This
resulting in preprocessing times of abdt5 hours (on four ensures that this term is only important during the begignin
cores). Instead of running Dijkstra’s algorithm, howewse of the contraction process. For faster preprocessing, wado

B. Applications

VIIl. EXPERIMENTAL RESULTS



. TABLE |
witness searches by 5 hops up to an average degree (0f thE-rrormANCE OF VARIOUS ALGORITHMS ON THEEUROPEAN ROAD

uncontracted graph) of 5 and by 10 hops up to degree 10NETWORK. THREE GRAPH LAYOUTS ARE CONSIDEREDRANDOM, AS

Beyond that, we use no limit. Finally, our code is paralketiz GIVEN IN THE INPUT, AND DFS-BASED.
aftgr contracting a vertex, we update th_e priorities of all fime per free [ms]
neighbors simultaneously. On 4 cores, this gives a speedup  algorithm details random input DFS
of 2.5 over a sequential implementation. Dijkstra bin?ry heap 11159 5859 5180
: ; ; ; : Dia 7767 3538 2908
.W|th our m;plementatlon,dCH preprocessing (tjakez a(\jbout f|ved smart queue 2991 3556 2826
mlnurt1es (_02 our cc_)”r_es) an gen(re]ra_}_is upwakrJ anfI ovxllnv_var BES _ G060 2445 2063
grap S_Wlt 33.8 mi lon arcs each. The number of levels is PHAST  original ordering 1286 710 678
140, with half the vertices assigned to the lowest level, as reordered by level 406 179 172
shown in Figure 1. Note that the lowest 20 levels contain all reordered+ four cores 144 53 50

but 100 000 vertices, while all butl 000 vertices are assigned

to the lowest 66 levels. We stress that the priority term has

limited influence on the performance of PHAST. It works welln our setup, however, Dial's implementation [20], based on
with any function that produces a “good” contraction hieryr  single-level buckets, is comparable on a single core anésca

(leading to fast point-to-point queries), such as thoseetelsy better on multiple cores. For the remainder of this papér, al
Geisberger et al. [8]. numbers given for Dijkstra’s algorithm executions refer to

Dial's implementation with the DFS layout.
~ . . The impact of the layout on PHAST is even more signifi-
=\ — — nodesinlevelorhigher || -5t By starting from the DFS ordering and then ordering by
\ —— nodes in level | - . .

evel, the average execution time for one source improwes fr
1286 ms to 172ms, a speedup of 7.5. For all combinations
tested, PHAST is always faster than Dijkstra’s algorithrheT
speedup is about a factor of 16.5 for sequential PHAST, while
this number increases to 57 if we use four cores to scan the
vertices within one level in parallel, as explained in Sati/.

To evaluate the overhead of PHAST, we also ran a lower
bound test. To determine the memory bandwidth of the system,
we sequentially and independently read from all arrdiyst(
arclist, and the distance array) and then write a value to each
entry of the distance array. On our test machine, this takes
65.6 ms; PHAST is only 2.6 times slower than this.

T T T T T T T Note that this lower bound merely iterates through the arc
0 20 40 60 80 100 120 140 list in a single loop. In contrast, most algorithms (inclugli
level PHAST) loop through the vertices, and for each vertex loop
Fig. 1. Vertices per level through its (few) incident arcs. Although both variantsitvis
the same arcs in the same order, the second method has an
_ inner loop with a very small (but varying) number of iterats
B. Single Tree thus making it harder to be sped up by the branch predictor.

We now evaluate the performance of Dijkstra’s algorithrindeed, it takes 153 ms to traverse the graph exactly as PHAST
and PHAST when computing a single tree. We tested differethtes, but storing atl(v) the sum of the lengths of all arcs
priority queues (for Dijkstra’s algorithm) and differentagph into v. This is only 19 ms less than PHAST, which suggests
layouts (for both algorithms). We start withrandomlayout, that reducing the number of cache misses (from reading)
in which vertex IDs are assigned randomly, to see whaven further by additional reordering is unlikely to impeov
happens with poor locality. We also consider theginal the performance of PHAST significantly.
layout (as given in the input graph as downloaded); it hasesom )
spatial locality. Finally, we consider BFS layout, with IDs C- Multiple Trees
given by the order vertices are discovered during a DFS fromNext, we evaluate the performance of PHAST when com-
a random vertex. The resulting figures are given in Table |. Asiting many trees simultaneously. We vary bbtfthe number
a reference we also include the running time of a simple BF&f. trees per linear sweep) and the number of cores we use. We

We observe that both the layout and the priority quewsdso evaluate the impact of SSE instructions. The resuéis ar
have an impact on Dijkstra’s algorithm. It is four times staw given in Table II.
when using the binary heap and the random layout than wherWithout SSE, we observe almost perfect speedup when
using a bucket-based data structure and the DFS layout. Being four cores instead of one, for all values fof With
single-core applications, the smart queue implementd8bn SSE, however, we obtain smaller speedups when running on
(based on multi-level buckets) is robust and memaory-efiicie multiple cores. The more cores we use, and the highee
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TABLE Il
AVERAGE RUNNING TIMES PER TREE WHEN COMPUTING MULTIPLE TREes E- Hardware Impact

IN PARALLEL. WE CONSIDER THE IMPACT OF USINGSSEINSTRUCTIONS . .
VARYING THE NUMBER OF CORES AND INCREASING THE NUMBER OF In this section we study the performance of PHAST on

SOURCES PER SWEEFk). THE NUMBERS IN PARENTHESES REFER TO THE  different computer architectures. Although GPHAST is diea
EXECUTION TIMES WHENSSEIS ACTIVATED; FOR THE REMAINING faster than PHAST, GPU applications are still very limitadg
ENTRIES WE DID NOT USESSE. .
general-purpose servers usually do not have high-perfocea

sources/ time per tree [ms] GPUs. Table IV gives an overview of the five machines we
SWleep 171300“’ 867200“35 4 14 cores tested. It should be noted that M2-1 and M2-4 are older
2 1218 (67.6) 615 (355) 325 (24.4) machines (about 5 apd 3 years old, respective!y), Whereag M1
8 1055 (51.2) 53.5 (28.0) 28.3 (20.8) 4 (our default machine) is a recent commodity workstation.
16 96.8 (37.1) 494 (22.1) 259 (18.9) M2-6 and M4-12 are modern servers costing an order of

magnitude more than M1-4. Note that M4-12 has many more

) ) cores than M2-6, but has worse sequential performance due to
pick, the more data we have to process in one sweep. Stilliower clock rate. With the exception of M1-4, all machines

using all optimizations (SSE, multi-core) helps: the alfon  paye more than one NUMA node (local memory bank). For
is more than 9 times faster with = 16 on four cores than hege machines, access to local memory is faster than to
with & =1 on one core. _ memory assigned to a different NUMA node. M4-12 has more
For many cores and high values bf memory bandwidth NyMA nodes (eight) than CPUs (four). M4-12 and M2-6 run
becomes the main bottleneck for PHAST. This is confirmed Ry;nqows Server 2008R2, M2-4 runs Windows Server 2008,
executing our lower bound test on all four cores in parael. 504 M2-1 runs Windows Server 2003. Note that we use SSE
k =16 and four cores, it takes 12.8ms per “tree” {0 traver§gsiryctions only on M1-4 and M2-6 because the remaining

all arrays in optimal (sequential) order. This is more th&0 t ,5chines do not support SSE 4.2 (we need the minimum
thirds of the 18.8 ms needed by PHAST. This indicates th@f)erator not supported by previous versions).

PHAST is approaching a barrier. This observation was the

main motivation for our implementation of PHAST on a GPU, TABLE IV

whose performance we discuss next. SPECIFICATIONS OF THE MACHINES TESTEDCOLUMN |P| INDICATES THE
NUMBER OF CPUS, WHEREAS|c| REFERS TO THE TOTAL NUMBER OF

D. GPHAST PHYSICAL CORES IN THE MACHINE COLUMN | B| REFERS TO HOW MANY

. . LOCAL MEMORY BANKS THE SYSTEM HAS(NUMA NODES). THE GIVEN
To evaluate GPHAST, we implemented our algorithm from wemoRry BANDWIDTH REFERS TO THE(THEORETICAL) SPEED WITH

Section VI using CUDA SDK 3.2 and compiled it with Mi- WHICH A CORE CAN ACCESS ITS LOCAL MEMORY

crosoft Visual C++ 2008. (CUDA SDK 3.2 is not compatible cPU memory

with Microsoft Visual C++ 2010 at the time of writing.) Clock size clock bandw.
We conducted our experiments on an NVIDIA GTX 58Q(name brand type [GHZP]| |c| type [GB] [MHZ] [GB/s] |B|

installed in our benchmark machine. The GPU is clocked :}1 ﬁmg 83%2:22 2320 2‘?,8 % g BBEZ %i é%% 162-‘;5
772 MHz and has 1.5 GB Of DDR5 RAM. Table ||| reports tha\/l4-12 AMD Opteron 6168 1:90 4 48 DDR3 128 667 42._7
performance when computing up to 16 trees simultaneously41-4 Intel Core-i7 920 2.67 1 4 DDR3 12 533 256

M2-6 Intel Xeon X5680 3.33 212 DDR3 96 667 32.0

N NN

TABLE Il
PERFORMANCE ANDGPUMEMORY UTILIZATION OF GPHASTIN . .
MILLISECONDS PER TREE DEPENDING ONE, THE NUMBER OF TREES PER We tested the sequential and parallel performance of Dijk-

SWEER stra’s algorithm and PHAST on these machines. By default,
: the operating system moves threads from core to core during
trees / memory time . . . .
sweep [MB] [ms] execution, which can have a significant adverse effect on
1 395 553 memory-bound applications such as PHAST. Hence, we also
2 464 3.93 ran our experiments with each thread pinned to a specific core
4 605 3.02 . .
8 886 252 This ensures that the relevant distance arrays are alwaresist
16 1448 2.21 in the local memory banks, and results in improved locality a

all levels of memory hierarchy. For the same reason, on multi

As the table shows, the performance of GPHAST is egocket systems, we also copy the graph to each local memory
cellent. A single tree can be built in only 5.53ms. Whehank explicitly (when running in pinned mode). Table V shows
computing 16 trees in parallel, the running time per tree ibe results.
reduced to a mere 2.21ms. This is a speedup of more thamunning single-threaded, PHAST outperforms Dijkstra’s
three orders of magnitude over plain Dijkstra’s algorittdm algorithm by a factor of approximately 19, regardless of
average, we only need 123 picoseconds per distance lalie, machine. This factor increases slightly (to 21) when we
which is roughly a third of a CPU clock cycle. On four cores;ompute one tree per core. The reason for this is that cores
CH preprocessing takes 302 seconds, but this cost is amrtishare the memory controller(s) of a CPU. Because PHAST has
away after only 319 trees are computed if one uses GPHASMWwer cache misses, it benefits more than Dijkstra’s algarit
instead of Dijkstra’s algorithm (also on four cores). from the availability of multiple cores.



TABLE V TABLE VI

IMPACT OF DIFFERENT COMPUTER ARCHITECTURES ORIJKSTRA S DIJKSTRA S ALGORITHM, PHAST,AND GPHASTCOMPARISON
ALGORITHM AND PHAST. WHEN RUNNING MULTIPLE THREADS, WE COLUMN “MEMORY USED" INDICATES HOW MUCH MAIN MEMORY IS
EXAMINE THE EFFECT OF PINNING EACH THREAD TO A SPECIFIC CORER OCCUPIED DURING THE CONSTRUCTION OF THE TREEGFORGPHAST,
KEEPING IT UNPINNED(FREE). IN EACH CASE, WE SHOW THE AVERAGE WE ALSO USE1.5 GBoF GPUMEMORY).
RUNNING TIME PER TREE IN MILLISECONDS
_ per tree n trees
Dijkstra [ms] PHAST [ms] memory  time energy time  energy
single 1 tree/core  single 1 tree/core 16 trees/core algorithm device used [GB]  [ms] [J] [d:h:m] MJ]
machine thread free pinned thread free pinned free pinned Dijkstra M1-4 58 047.72 154.78 1971315 278061
M2-1 6073.5 3967.3 3499.3 3154 1844 1583 995 85.0 M2-6 8.2 288.81 9588 60:04:51 1725.93
M2-4 6497.5 1499.0 1232.2 330.5 104.0 56.6 49.0 31.4 M4-12 31.8 168.49 125.86 3502:55 2265.52
M4 29072 9516 9477 1700 481 471 lo0 1gg PHAST  ML4 58 1881 307 32206 5519
M2-6 23217 4137 2888 1349 212 145 145 7.2 M2-6 156 720 239 11213 43.03
M4-12 61.8 4.03 3.01 0:20:09 54.19
GPHAST GTX 480 2.2 2.69 1.05 0:13:27 18.88
GTX 580 2.2 2.21 0.83 0:11:03 14.92

The impact of pinning threads and copying the graph
to local memory banks is significant. Without pinning, no
algorithm performs well when run in parallel on a machinfsster on the GTX 580 than on the GTX 480, with slightly
with more than one NUMA node. On M4-12, which has foufower energy consumption.
CPUs (and eight NUMA nodes), we observe speedups ofA GTX 580 graphics card costs half as much as the M1-4
less than6 (the number of cores of a single NUMA nodenachine on which it is installed, and the machine supports
when using all 48 cores, confirming that non-local memomyo cards. With two cards, GPHAST would be twice as
access is inefficient. However, if the data is properly pieice fast, computing all-pairs shortest paths in roughly 5.5rkou
memory, the algorithms scale much better. On M4-12, using 812 ms per tree), at a fifth of the cost of M4-12 or M2-
cores instead of a single one makes PHAST 34 times fas@r.in fact, one could even buy some very cheap machines
Unsurprisingly, pinning is not very helpful on M1-4, whichequipped with 2 GPUs each. Since the linear sweep is by far
has a single CPU. o ~ the bottleneck of GPHAST, we can safely assume that the
Computing 16 trees per core within each sweep gives Hi-pairs shortest-paths computation scales perfectif wie
another factor of 2, independent of the machine. When usiRgmber of GPUs.
all cores, PHAST is consistently about 40 times faster than

Dijkstra’s algorithm. G. Other Inputs
Up to now, we have only tested one input, the European road

F. Comparison: Dijkstra, PHAST, and GPHAST network with travel times. Here, we evaluate the perforneanc
Next, we compare Dijkstra’s algorithm with PHAST andbf our algorithm if applied to travel distances instead af/él
GPHAST. Table VI reports the best running times (per tre¢jmes. CH preprocessing takes about 41 minutes on this,input
for all algorithms, as well as how long it would take to solvgienerating upwards and downwards graphs with 410 levels
the all-pairs shortest-paths problem. We also report howtmuand 38.8 millions arcs each. Moreover, we evaluate the road
energy these computations require (for GPU computatibiss, tnetwork of the US (generated from TIGER/Line data [31]),
includes the entire system, including the CPU). In this expealso made available for the 9th DIMACS Implementation
iment, we also include the predecessor of the NVIDIA GTXChallenge [7]. It has 24 million vertices and 58.3 milliorcsr
580, the GTX 480. Also based on the Fermi architecture, tifer travel times (distances), the CH preprocessing takes 10
GTX 480 has fewer cores (15 instead of 16) and lower clogR8) minutes, and the search graphs have 50.6 (53.7) million
rates, for both the cores (701 MHz instead of 772 MHz) argtcs and 101 (285) levels. Table VII presents the results.
the memory (1848 MHz instead of 2004 MHz). The remaining All algorithms are slower on the US graph, which has

specifications are the same for both cards. about 6 million more vertices than Europe. More interedying
On the most powerful machine we tested, M4-12, the CPU-

based variant is almost as fast as GPHAST, but the energy TABLE VI
consumption under full work load is much higher for M4-perrormaNCE OFDIIKSTRA'S ALGORITHM, PHAST,AND GPHASTON
12 (747 watts) than for M1-4 with a GPU installed (GTX OTHER INPUTS
480: 390 watts, GTX 580: 375 watts). Together with the fact Etrope Ush
that GPHAST (on either GPU) still is faster than PHAST algorithm  device  fime distance fime distance
on M4-12, the energy consumption per tree is about 2.8 to Dijkstra M1-4 947.72 609.19 1269.1 947.75
3.6 times worse for M4-12. M1-4 without a GPU (completely M2-6 288.81 177.58  380.40 280.17

. M4-12 168.49 10858 229.00 167.77
removed from the system) consumes 163 watts and is about PHAST Mid 1881 2295 2711 288l
as energy-efficient as M4-12. Interestingly, M2-6 (332 sjatt M2-6 720 827 1042 1071
does a better job than the other machines in terms of energy M4-12  4.03 5.03 6.18 6.58

per tree. Still, GPHAST on a GTX 580 is almost three times GPHAST GTX 480  2.69 4.54 4.07 5.41
more efficient than M2-6. We observe that GPHAST is 20% GTX580 221 388 341 465




switching from travel times to distances has a positivectfi@ number of NSSP computations, PHAST is a better choice. For
Dijkstra’s algorithm (there are fewalecrease-kegperations), a small number of computations (e.g., a single computation)
but makes PHAST slower (it has more arcs to scan). HowevBEAST is not competitive because of the preprocessing.
the differences are relatively small. PHAST is always mudHowever, it is not clear if on road network&-stepping is
faster than Dijkstra’s algorithm, and GPHAST yields thetbesuperior to Dijkstra’s algorithm in practice. The only spud
performance on all inputs. of A-stepping on road networks [4] has been done on a
Cray MTA-2, which has an unusual architecture and requires
H. Arc-Flags a large amount of parallelism for good performance. The
Our last set of experiments deals with the computation of agathors conclude that continent-size road networks doa h
flags (as described in Section VII). The purpose of this testfficient parallelism. It would be interesting to see how th
is to show that additional information (besides the distanc\-stepping algorithm performs on a more conventional multi-
labels) can indeed be computed efficiently. As input, weragatore system or a small cluster. Another interesting praect
use the road network of Western Europe with travel timean MTA-2 implementation of PHAST.
First, we use SCOTCH [26] to create a partition of the graph Future work includes studying the performance of PHAST
into 128 cells and 20240 boundary vertices in total. Thig$akto other networks. A possible approach would be to stop the
less than a minute. Next, we remove the so-calleshell construction of the contraction hierarchy as soon as theagee
(attached trees) of the graph, which has roughly 6 millioflegree of the remaining vertices exceeds some value. PHAST
vertices. Optimal flags for arcs within these trees can be seén has to explore more vertices during the CH upwards
easily [14], [10]. This step takes 2 seconds. We then stagarch and would only sweep over those vertices that were
the computation of the remaining arc flags. We compute fgontracted during preprocessing.
each boundary vertex two shortest path trees with GPHASTFinally, it would be interesting to study which kinds of map
(one forward, one backward) and set the corresponding flag§vices are enabled by the ability to compute full shopett
accordingly. We do this by copying' to the GPU, together trees in real time, and by the fact that preprocessing based o
with an array with 32-bit integers representing 32 flags fQ{ll-pairs shortest paths is now feasible.
each arc. Since we need to compute 128 flags per arc, we
copy this array to the main memory after computing 32 flaggcknowledgements
and reinitialize it. We do so due to memory constraints on the ) _ ) ) ) _
GPU: we setk = 8 for the same reason. Overall, with thigVe thank Diego Nehab for interesting discussions and his

approach the GPU memory is almost fully loaded. valuable input.
The last step, tree construction and setting of arc flags,
takes 158 seconds. This is 3.91ms per boundary vertex (and REFERENCES
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