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Abstract

A social planner wants to optimize the choice of a social alternative vis-a-vis the players’
private information. We introduce a generic mechanism, [[ Moshe: the sentence is unclear ]
this is (almost) the only context such that almost optimal choice is guaranteed in [[ Moshe: say
strictly? ]] dominant strategies. In addition, this mechanism does not hinge on monetary trans-
fers. We demonstrate the mechanism in two specific contexts — location problems and pricing
of digital goods. The design of this mechanism involves a lottery between two mechanisms
— With high probability we actuate a mechanism that makes players [[ Moshe: information-
ally small may be unclear ]] informationally small while being approximately optimal. The
informational smallness ensures players cannot profit much by misreporting their true type.
With the complementary probability we actuate a *punishment’ mechanism [[ Moshe: I'm not
sure that the term punishment is not misleading; people may think about something much less
sophisticated ]] that provides strong incentives for being truthful.
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1 Introduction

Mechanism design (see Mas-Colell, Whinston and Green [9]) deals with the implementation of
desired outcomes in a multi-agent system. The outcome of a mechanism may be a price for a good,
an allocation of goods to the agents, the location of a facility to serve the agents, etc. The quality of
the outcome is measured by some social welfare function that the social planner typically intends
to maximize. This function can be the sum of the agents’ valuations for an outcome in a public
good setting, the revenue of a seller in an auction setting, the social inequality in a market setting
and more.

The holy grail of the mechanism design challenge is to design mechanisms which exhibit dom-
inant strategies for the players, and furthermore, once players play their dominant strategies the
outcome of the mechanism coincides with maximizing the social welfare function. Without loss
of generality we can replace this with the challenge of designing truthful optimal mechanisms,
namely where being truthful is dominant, and truthfulness leads to optimality.

As it turns out, such powerful mechanisms do not exist in general. The famous Gibbard-
Satterthwaite theorem (Gibbard [7] and Satterthwaite [18]) tells us that for non-restricted settings
any non-trivial truthful mechanism is dictatorial. However, if we restrict attention to the social wel-
fare function that is simply the sum of the agents’ valuations, then this problem can be overcome
by introducing monetary payments. Indeed, in such cases the celebrated Vickrey-Clarke-Groves
mechanisms, discovered by Vickrey [23] and generalized by Clarke [3] and Groves [8], guarantees
[[ Moshe: guarantee? ]] that being truthful is a dominant strategy and the outcome is efficient.
Unfortunately, Roberts [16] showed that a similar mechanism cannot be obtained for other social
welfare functions. This cul-de-sac induced researchers to look into truthful and approximately
efficient mechanisms and this topic became the main subject matter of the work on algorithmic
mechanism design, initiated in a paper by Nisan and Ronen [12]. [[ Moshe: In fact, in AGT the
reason is computational complexity; most work deal with sum of valuations ]] It turns out that
compromising efficiency can lead to positive results. In fact, such positive results have been re-
cently provided for social welfare functions other than the sum of agents’ valuations and in settings
where no money is involved (e.g., Procaccia and Tennenholtz [15]).

The mechanism design literature has characterized functions that are truthfully implemented
without payments, and studied domains in which non-dictatorial functions can be implemented
(some examples are Moulin [11] and Shummer and Vohra [20, 21]). However, no general tech-
niques are known for designing mechanisms that are approximately optimal. [[ Moshe: Do people
in econ grasp approximation? should we add some explanation? ]] Consider the facility location
problem, as an example, where the social planner needs to locate some facilities, based on agents’
report of their location. This problem has won [[ Moshe: won? received? ]] extensive attention
recently, yet small changes in the model result in different techniques which seem tightly tailored
to the specific model assumptions (see Alon et al. [1], Procaccia and Tennenholtz [15] and Wang
et al. [14]). Furthermore, the approximation accuracy in many of these models leaves much to be
desired.



1.1 Our Contribution

We introduce an abstract mechanism design model, and we provide a generic mechanism that
is truthful. Furthermore, if the function being implemented is insensitive [[ Moshe: Insensitive at
this point may be confusing since the reader can believe we speak about equilibrium ]] to unilateral
changes then the mechanism is almost optimal as the size of the population, n, grows. The accuracy
rate obtained by our mechanism for bounded function [[ Moshe: functions? ]] is of the order of of

O(4/ 1“7”) The resulting mechanism does not resort to utility transfer and money.

Our construction combines two very different random mechanisms:

e With high probability we deploy a mechanism that chooses social alternatives with a proba-
bility that is proportional to (the exponent of) the outcome of the social welfare function, as-
suming players are truthful. This mechanism exhibits two important properties. First, agents
have small influence on the outcome of the mechanism and consequently have little influence
on their own utility. As aresult all strategies, including truthfulness, are e-dominant. Second,
under the assumption that players are truthful, alternatives which are nearly optimal are most
likely to be chosen. The concrete construction we use follows the Exponential Mechanism
presented by McSherry and Talwar [10].

e With vanishing probability we deploy a punishment mechanism, which is designed to pro-
vide strong incentives to players to be truthful and punishes them otherwise. [[ Moshe:
Again, punishment might be interpreted as something trivial ]]. The disadvantage of this
component is that it provides a poor approximation to the optimal outcome.

The combined mechanism turns out to be truthful in dominant strategies, and provides an excellent
approximation of the optimal outcome.

Our technique is developed for an abstract setting where both the agents’ type space as well
as the set of social alternatives are discrete. In more concrete settings, however, our techniques
extend to continuous models. In particular, whenever the set of types and alternatives permits a
discrete and ’dense’ subset. We demonstrate our results and the aforementioned extension in two
specific settings: (1) Location problems, where [[ Moshe: the? a? ]] society needs to decide
on the location of K facilities. In this setting we focus on minimizing the social cost which is
the sum of agents’ distances from the nearest facility. (2) The digital goods pricing model, where
a monopolist needs to determine the price for a digital good (goods with zero marginal cost for
production) in order to maximize revenue.

Our "punishment mechanism’ is based on the possibility of holding agents to their announce-
ment. We do so by considering a model where agents must take an action (hereinafter "reaction’),
once the social alternative is determined, in order to exploit it. By restricting agents’ actions to the
optimal action for the announced type we ensure that agents have an incentive to be truthful. This
modeling choice is not standard, as typically we do not assume such a reaction phase. We motivate
our modeling choice with a few examples:



Facility Location: Consider a location problem, where the social planner is faced with the chal-
lenge of locating K facilities. The vector of locations is the social alternative. The initial announce-
ments refer to agents’ locations and the reaction is the choice of facility, among the available K
(typically, the closest one). [[ Moshe: At this point it is quite vague who reacts; we may lose the
reader or fail to convince him due to that ]]

Monopolist pricing: A monopolist wants to maximize its revenue based on the demand curve of
the potential buyers. Buyers’ demand announcement is followed by a price set by the monopoly.
In return agents must choose between two reactions - buy at the proposed price or forego the
opportunity.

Exchange Economy: Consider the exchange economy — n agents arrive with their own bundle
of goods (production bundle). The social planner determines a price vector, based on the total
supply and the demand (which is private information). Then agents buy and sell according to the
price vector. In this example the initial action could be an announcement of a demand function,
whereas the 'reactions’ are the amounts an agent actually trades once a price vector is determined.

Public Good: Consider a welfare problem [[ Moshe: unclear statement ]] the central planner
offers a set of retraining programs for career changes. Based on agents’ announced preferences a
limited portfolio is offered. Once this portfolio is determined agents can enroll into one program
only (their ’reaction’). In an abstract sense this example is similar to the location problem. [[
Moshe: Seems too vague. ]]

Network Design: As a final example consider the problem of designing a communication or
transportation network, based on agents’ (privately known) needs. The ’reaction’ in this case is the
specific choice of vertices [[ Moshe: choice of vertices might be unclear ]] chosen by the agent,
once the network is built.

All these examples demonstrate the prevalence of ‘reactions’ in a typical design problem. In
an abstract sense, the choice of reactions, can be thought of as part of the joint decision (the social
planner’s choice), sometimes referred to as the ‘allocation’. We prefer to separate between the
social alternative which is an element that is common to all the agents (e.g., the network, the price,
the facility location) and the private components. The mechanism we construct typically (with high
probability) does not assign an allocation, and provides full flexibility to the players in choosing
their reaction. In particular, we provide a detailed analysis of the first two examples.

1.2 Related Work

Approximate Efficiency in Large Populations. The basic driving force underlying our con-
struction is ensuring that each agent has a vanishing influence on the outcome of the mechanism as



the population grows. In the limit, if players are non-influential, then they might as well be truthful.
This idea is not new and has been used by various authors to provide mechanisms that approximate
efficiency when the population of players is large. Some examples of work that hinge on a similar
principle for large, yet finite populations, are Swinkels [22] who studies auctions, Satterthwaite
and Williams [19] and Rustichini, Satterthwaite and Williams [17] who study double auctions, and
Al-Najjar and Smorodinsky [?] who study an exchange market. The same principle is even more
enhanced in models with a continuum of players, where each agent has no influence on the joint
outcome (e.g., Roberts and Postlewaite [?] who study an exchange economy).

Interestingly, a similar argument has also been instrumental to show inefficiency in large pop-
ulation models. Rob [?] uses lack of influence to model the ‘tragedy of the commons’ and Mailath
and Postlewaite [?] use similar arguments to demonstrate ‘free-riding, in the context of the volun-
tary supply of a public good, which eventually leads to inefficiency.

[[ Moshe: At some point we need to make a claim of what is novel in ours comparing to the
others above ]]

Differential Privacy and Influence. Consider a (possibly random) function that maps a vector
of private inputs into an arbitrary domain. The ‘influence’ of a player is a measure of how much her
input can alter the outcome. In recent years this notion has been researched in two communities:
Economics (demonstrated above) and Computer Science.

In Computer Science, the cryptography community has been formalizing a discussion on pri-
vacy. The notion of differential privacy, introduced in Dwork, McSherry, Nissim and Smith [6]
and Dwork [4], captures the ‘influence’ of a single agent on the result of a computation. More
accurately, differential privacy stipulates that the influence of any contributor to the computation is
bounded in a very strict sense: any change in the input contributed by an individual translates to at
most a near-one multiplicative factor in the probability distribution over the set of outcomes. The
scope of computations that can be computed in a differentially private manner has grown signifi-
cantly since the introduction of the concept (the reader is referred to Dwork [5] for a recent survey).
In this strand of the literature computations (equivalently mechanisms) that preserve differential
privacy are referred to as e-differentially private computations.

McSherry and Talwar [10] establish an inspiring connection between differential privacy and
mechanism design. They observe that participants (players) that contribute private information to
e-differentially private computations have limited influence on the outcome of the computation, and
hence have a limited incentive to lie, even if their utility is derived from the joint outcome. Con-
sequently, in mechanisms that are e-differentially private truth-telling is approximately dominant,
regardless of the agent utility functions. McSherry and Talwar introduce the exponential mecha-
nism as a general technique for constructing almost optimal mechanisms that are almost incentive-
compatible. [[ Moshe: Notice the use of incentive compatible vs. truthful, and also whether we
talk about strict or weak dominance, where the latter is more common ]] They demonstrate the
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power of this mechanism in the context of Unlimited Supply Auctions, Attribute Auctions, and
Constrained pricing.

The contribution of McSherry and Talwar, although inspiring, leaves much to be desired in
terms of mechanism design: (1) Truth telling is e-dominant for the exponential mechanism. On
the one hand, lower values of € imply higher compatibility with incentives. On the other hand,
lower values deteriorate the approximation results. What is the optimal choice for €? How can
these countervailing forces be reconciled? It turns out that the McSherry and Talwar model and
results do not provide a framework for analyzing this. (2) McSherry and Talwar claim that truth
telling is approximately dominant. In fact, a closer look at their work reveals that all strategies
are approximately dominant, which suggests that truth telling has no intrinsic advantage over any
other strategy in their mechanism. (3) In fact, one can demonstrate that misreporting one’s private
information can actually dominate other strategies, truth-telling included. To make things worse,
such dominant strategies may lead to inferior results for the social planner. This is demonstrated
in an example provided in appendix A in the context of monopoly pricing.

In the economic community some attempts to formalize an abstract notion of influence have
also been made. Fudenberg [[ Moshe: missing ”,”. Also it is unclear how this defers from ours;
seems too much like a “reshimat kvisa” when the context is unclear ]] Levine and Pesendorfer
[?] and Al-Najar and Smorodinsky [?] provide one such attempt to formalize influence and prove
bounds on average influence and on the number of influential players. McLean and Postlewaite
[?2, ?] introduce the notion of informational smallness, formalizing settings where one player’s

information is insignificant with respect to the aggregated information.

Facility Location. One of the concrete examples we investigate is the optimal location of facil-
ities. The facility location problem has already been tackled in the context of approximate mech-
anism design without money, and turned out to lead to interesting challenges. While the single
facility location problem exhibits preferences that are single-peaked and can be solved optimally
by selecting the median declaration, the 2-facility problem turns out to be non-trivial. Most recently
Wang et al [14] introduce a randomized 4-(multiplicative) approximation truthful mechanism for
the 2 facility location problem. The techniques introduced here provide much better approxima-
tions - in particular we provide an additive @(n‘l/ 3) approximation to the average optimal distance
between the agents and the facilities.!

Non discriminatory Pricing of Digital Goods. Another concrete setting where we demonstrate
our generic results is a pricing application, where a monopolist sets a single price for goods with
zero marginal costs (’digital goods”) in order to maximize revenues. Pricing mechanisms in this

'The notation O(-) is a convention in the computer sciences literature. [[ Moshe: Check this and I think there
should be nothing here special to CS.... ]] A function f : N — IR gives a O(n~!) approximation to the function

g: N =R if WUl o,



settings have been studies by Goldberg et al [?] and Balcan et al [2]. Balcan et al [2] demonstrate
a mechanism that is O( —)-approximately optimal (where n is the population size), compared

with our mechanism, Wthh is inferior, and provides a O( —L=)-approximation. However, the
mechanism we propose is an instance of a general theory on mechanism design and is not ad-hoc.
[[ Moshe: better statement is needed. also, if there is some aspect in which our mechanism is
better, e.g. requires less info, then this can help ]]

2 Model

Let N denote the [[ Moshe: the? a? ]] set of n agents, S denotes a finite set of social alternatives
and 7,7 = 1,...,n, is a finite type space for agent <. We denote by 1" = x[',1; the set of type
tuples and by 7" ; = x;,T;. Agenti’s type, t; € T, is her private information and is known only
to her. Let A; be the set of reactions available to ¢. Typically, once a social alternative, s € .5, is
determined agents choose a reaction a; € A;. The utility of an agent ¢ is therefore a function of her
type, the chosen social alternative and the chosen reaction. Formally, u; : T; x S x A; — [0,1].2
Atuple (T, S, A, u), where A = x| A; and u = (uy, ..., u,), is called an environment.

Consider the set argmax, . 4 u;(t;, s, a;), consisting of the optimal reactions available to 4, at
type ¢; and alternative s. We will sometimes abuse notation and denote by «a;(t;, s) an arbitrary
optimal reaction (i.e., a;(t;, s) is an arbitrary function which image is in argmax, 4, ui(t;, s, a;)).

We say that an environment is non-trivial if for any i and Vt; # ; € T, there exists some
s € S, denoted s(t;,t;), such that argmax,, ¢, u;(ti, s,a;) N argmax,, eA; ui(t;, s,a;) = (). We say
that s(t;, 1;) separates between t; and t;. Let S = {s(t;,t;)|i € N,t; #t; € T;} C S be the set of
social alternatives that separate any two types. [[ Moshe: do we need any element here to separate
between any two types, or something simpler; seems vague at this point ]]

A social planner, not knowing the vector of types, wants to maximize an arbitrary social welfare
function, F : T x S — [0,1].> We focus our attention on a class of functions for which individual
agents have a diminishing impact, as the population size grows.

Definition 1 (Sensitivity) The social welfare function F : T x S — [0, 1] is d-sensitive if Vi, t; #
ti,t_yands € S, |F((t;,t—;),s) — F((t;,t—;),s)| < 2, where n is the population size.

Two examples of 1-sensitive functions are the average utility, F' = Z “ and the Gini coef-

ficient. Note that a d-sensitive function prevents situations where any smgle agent has an over-
whelming impact on the social choice. In fact, if a social welfare function is not d-sensitive, for

2Utilities are assumed to be bounded in the unit interval. This is without loss of generality, as long as there is some
uniform bound on the utility.
3Bounding F within the unit interval is without loss of generality and can be replaced with any finite interval.
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any d, then in a large population this function is susceptible to minor faults in the system (e.g.,
noisy communication channels).* [[ Moshe: Someone might see the restriction to functions which
are not sensitive as trivial when we deal with epsilon deviations; I guess we need to explain why
something like DP is not trivial ]]

Denote by A; = 24 \ {()} the set of all subsets of A;, except for the empty set, and let
A = x;A;. [[ Moshe: Something unclear or wrong above ]]

Definition 2 (Mechanism) A (direct) mechanism is a function M : T — A(S x A).

In words, for any ¢, M (t) is a probability distribution over the set of social alternative and the
agents’ set of possible reactions. So a mechanism, in fact, randomly chooses a social alternative as
well as a restricted subset of reactions for each agent i. Let M(t) denote the marginal distribution
of M (t) on S and let M;(t) denote the marginal distribution on .A;. If the grand set of reactions, A;,
is always chosen by the mechanism then we say it is non-imposing. More formally, if M;(t)(A;) =
1 (the probability assigned to the grand set of reactions is one), for all 7z and ¢ € 7" then we say that
M is non-imposing. M is e-imposing if M;(t)(A;) > 1 —eforall i and ¢t € T. [[ Moshe: The
whole thing about imposition is quite cumbersome; I’m not sure what we should do; I was almost
losing it again while reading.... ]]

A strategy of an agent is a choice of announcement, given her type, and a choice of reaction
once the social alternative and her subset of reactions have been determined by the mechanism.
However, for equilibrium analysis, we can restrict attention to dominant strategies and therefore
we will assume that once a social alternative is chosen the agent will choose some reaction that
maximizes her utility from the set of allowable reactions, that is for any ¢;, s and A; C A agent
i chooses some a;(t;,s) € argmax, . 4 u;(t;, s,a;). As one agent’s utility is independent of the
choice of reactions by other agents the equilibrium analysis is independent of which such optimal
reaction is taken. Therefore, formally, a strategy for 7 can be reduced to function W : T; — T;.

Given vector of types, ¢, and a strategy tuple I/, the mechanism M induces a probability
distribution, M (W (t)) over the set of social alternatives and the available reaction sets, S x A.
The expected utility of 4, at a vector of types ¢, is Eyraw (1)) [max, ¢4 ui(ti, s, a;)].

A strategy W is dominant for the mechanism M if for any 4, t;, b_; and b; # W;(t;) the fol-
lowing holds: EM(Wi(ti):b—i)[maXaieAi wi(ts, s,a;)] > EM(bi,bfi)[ma’XaiEAi u;(t;, s,a;)]. In words,
the expected utility for « from complying with the strategy W; is greater than the utility from an-
nouncing some other type b;, no matter what other agents announce. If the strategy W;(t;) = t; is

dominant for all i then M is truthful (or incentive compatible) and M (W (t)) = M(t).

4Most examples of social welfare function studies in the literature are d-sensitive. [[ Moshe: for which d? do we
assume constant d? ]] One example of a function that is not d-sensitive is the parity function where F' = 1 if the
number of agents whose utility exceeds some threshold is odd, and F' = 0 otherwise.
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Given a vector of types, ¢, the expected value of the social welfare function, F', at the strategy
tuple W is EM(W(t))(F(t, S))

We say that the mechanism M implements the social function F' if there exists a dominant
strategy tuple, W, such that for all ¢, Eyw ) (F(t,5)) = maxgeg F(t,s). [[ Moshe: Here is
a point that the reader may lose trick, since we don’t refer to reactions; it is a bit subtle set of
definition ]] It is generally impossible to find a mechanism that implements some abstract function,
F'. However, approximate implementation, in a sense made accurate below, is possible.

Definition 3 (S-implementation) A mechanism M [-implements F, for § > 0, if there exists
some dominant strategy tuple, W, such that forany t € T, Epyrw)(F(t,s)) > mazsesF(t,s)—

8.

Our main result, stated informally, is

Main Theorem (informal statement): For any d-sensitive function /' and 1 > [ > 0 there
exists a number ny and a mechanism A which S-implements F' for populations with more than n
agents.

[[ Kobbi: in the previous theorem, truthtelling is a dominant strategy, no? ]]
[[ Rann: yes, but its not where the meat of the result lies and so I did not mention it ]]

In addition to a generic mechanism we study two specific models and cast our generic results
onto those settings. In the two models, facility location and pricing, we also provide implementa-
tion when the type sets and the set of social alternatives are large. [[ Moshe: large? infinite? ]] In
these extensions we use the following solution concept:

Definition 4 (Weak-Dominance) A strategy W; is weakly dominant for the mechanism M if for
any, t;, b_; and b; # Wi(t;) Enow, b [wi(tis 8)] > Enpp_p)[ui(ts, s)|. A strategy tuple W is
weakly dominant if W; is weakly dominant for each i.°

[[ Kobbi: don’t we get dominance in the continuous case? ]]
[[ Rann: due to the rounding we do not... or do we? let me think about it ]]
Note that we do not require a weakly dominant strategy to be strictly better than other strategies

on some realization.

Definition 5 The mechanism M weakly S-implements F), for 8 > 0, if the set of weakly dominant
strategy tuples is not empty, and for any W in that set and every t € T, Enjqwy(F(t,s)) >
maxsF(t,s) — f.

Note that a weak inequality replaces the strict inequality from the definition of dominant strategies. Also note that
weak dominance does not require a strong inequality for at least one instance.



3 A Framework of Approximate Implementation

In this section we present a general scheme for implementing arbitrary social welfare functions

. .. . . 1
in large societies. The convergence rate we demonstrate is of an order of magnitude of %

Our scheme involves a lottery between two mechanisms: (1) The Exponential mechanism, a non-
imposing mechanism that randomly selects a social alternative in exponential proportion to the
value it induces on F'; and (2) The Punishment mechanism which is imposing but ignores agents’
announcements when (randomly) selecting a social alternative.

3.1 The Exponential Mechanism

Consider the following non-imposing mechanism, which we refer to as the Exponential mecha-
nism, originally introduced by McSherry and Talwar [10]:

eneF(t,s)

[[ Kobbi: The above is for the discrete case. do we want also to have the continuous version?

1l

[[ Rann: do we need the continuous case in the sequel? I think not. If so, then no need to
complicate things ]]

The Exponential mechanism has two notable properties, as we show below. The first property
is that of e-differential privacy, which is inspired by the literature on privacy. We follow Dwork et
al. [6] and define:

Definition 6 (¢-differential privacy) A mechanism, M, provides e-differential privacy if it is non-
imposing and for any s € S, any pair of type vectors t,t € T, which differ only on a single
coordinate, M (t)(s) < e - M(t)(s).

In words, a mechanism preserves e-differential privacy if for any vector of announcements a uni-
lateral deviation changes the probabilities assigned to any social choice s € S by a (multiplicative)
factor of e, which approaches 1 as e approaches zero.’

®For non discrete sets the definition requires that %Egg; <ef VS C 8.
"The motivation underlying this definition of e-differential privacy is that if a single agent’s input to a database
changes then a query on that database would result in (distributionally) similar results. This, in return, suggests that it

is difficult to learn new information about the agent from the query, thus preserving her privacy.
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Lemma 1 (McSherry and Talwar [10]) If I is d-sensitive then Mz (t) preserves e-differential
privacy

The proof is simple, and is provided for completeness:

Proof: Let ¢ and £ be or two type vectors that differ on a single coordinate. Then for any s € S:

neF (t,s) neF (t,s)
e 2d e 2d
€ neF(t,s) neF (t,3)
M=a (t)(S) D2isese 2 < 2isese 2 €
e — — €.
£ /7 neF(t,s - ne s)— 24
Ma(t)(s) " e S
neF (t,5) ne(F(t,5)+4)
dsese 2 Ssese 2 "

QED

In addition, McSherry and Talwar [10] observe that, in the context of mechanism design, if a
mechanism provides e-differential privacy then it is almost dominant for players to be truthful in
the following sense:

Lemma 2 If M in non-imposing and provides c-differential privacy, where ¢ < 1, then for any 1i,
any b;,t; € T;and any t_; € T_,,

Enisrnluwi(tis s, ai(tin 8))] = Enige )i, s,a:(ts, s))] — 2e.

To see this note that (e — 1) < 2e whenever € < 1 and recall that u; returns values in [0, 1].

Combining Lemmas 1 and 2 we derive the first property of the Exponential mechanism:

Corollary 1 (McSherry and Talwar [10]) If F' is d-sensitive then for the mechanism M i (t)
agents can profit no more than 2e by misreporting their true type.

In fact, a closer look at the derivations above shows that agents are 2e-indifferent between any
two strategies [[ Kobbi: shall we say that this was ignored by MT? ]] [[ Rann: I think we should
not position the paper as a 'reply’ to MT but as an independent paper and therefore I think we
should not add this comment ]]. Another important property of the Exponential mechanism, due
to McSherry and Talwar [10], is that whenever agents are truthful the outcome is nearly optimal:

Lemma 3 (McSherry and Talwar [10]) Let F' : T x S — [0, 1] be an arbitrary d-sensitive so-

cial welfare function and n > %di. Then for any t, EMTEd(t) [F(t,s)] > max, F(t,s)—21n (%{f')
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Note that the lim,, o 2 1n (221

optimal for a large and truthful population. The proof is standard, and is provided to completeness:

= 0. Therefore, the exponential mechanism is almost

Proof: Let § = 2¢1n <”E|S‘> Asn > 24 we conclude that In (25) > e > 0 and, in particular,
9> 0.

_ [[ Moshe: the max below should be over the s ]] Fix a vector of types, ¢ and denote by
S={seS:F(ts) <max, F(t,s) — d}. Forany s € S the following holds:

neF(t,3) ne(maxs F(t,5)=8)
¢ [ 2d (& 2d ne
A s
M2d (t)<8) - neF(t,s) S nemaxs F(t,s) =c
Zs’es e 2d e 2d

Therefore, M2 (t)(S) = Sseg Mza(t)(5) < |S|e~2i% < |S|e~2i%. Which, in turn, implies:

E [F(t,s)] > (max F(t,s) — 8)(1 — |S|e”2a°) > max F(t,s) — 6 — | S|e 2.

_€
M2d(t) ’ s

Substituting for § we get that

E o [F(t s)]>maxF(t,s)—2—dl (

M?2d(t) ’ - s ne

nelS|\  2d
2d

ne

In addition, n > <4 which implies In (”E‘S‘> > In(e) = 1, and hence i—‘i < 2—dln <”€|S|>.

s 2d 2d
Plugging this into the previous inequality yields E, ¢ , [F(t,s)] > max, F(t,s) — 21n (nglj\>
as desired.
QED

Remark: As shown the Exponential Mechanism has two properties - ‘almost indifference’ and
‘approximate optimality’. The literature on differential privacy is rich in techniques for establishing
mechanism with such properties. Some examples are the addition of noise calibrated to global
sensitivity by Dwork et al. [6], the addition of noise calibrated to smooth sensitivity and the sample
and aggregate framework by Nissim et al. [13]. The reader is further referred to the recent survey
of Dwork [5].

3.2 The Punishment Mechanism

We now consider an imposing mechanism that chooses s € S randomly, while ignoring play-
ers announcements. Once s is chosen the mechanism restricts the allowable reactions for 7 to
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those that are optimal assuming she was truthful. Formally, if s is chosen according to a the
probability distribution P, let M* denote the following mechanism: ML (t)(s) = P(s) and
MY (t)(a;(t;, s))|s) = 1. Players do not influence the choice of s in MY and so they are (weakly)
better off being truthful. [[ Moshe: I hope people will feel fine with the fact we add such super-
scripts to M without too much discussion ]]

[[ Kobbi: Do we have both M* and MY, or should everything be M*? ]]
[[ Rann: MY is an instance of M for the case P = U ]]
We define the gap of the environment, v = ¢(7', S, A, u), as:

v=g(T,S, A, u) = min max (u;(t;, s, a;(t;, s)) — wi(ts, s,a;(b;, s))) .
i,t;7#b; s€S
In words, ~ is a lower bound for the loss incurred by misreporting in case of an adversarial choice
of s € 5. Recall the set of separating alternatives, S. We say the a distribution P is separating if it
assigns a positive probability to any element in S. In this case we also say that M ¥ is a separating

mechanism. In particular let p = min,_g P(s). The following is straightforward:

Lemma 4 If the environment (T, S, A, u) is non-trivial [[ Moshe: is non-trivial clear? is sep-
arating clear here or we need to re-visit? 1] and P is a separating distribution over S then
Vi # tist iy Enpe g o lwi(ts, s)] > Ene, 1 [ui(ti, s)] + py . and in particular truthfulness is a
dominant strategy for all agents.

Proof: For any pair b; # t; there exists some s = s(t;, b;) for which [[ Moshe: missing ”)” ]]
wi(ti, s,a;(ti, s)) > wits, s,a;(b;, s) + . P is separating and so P(s) > p. Therefore, for any i,
any b; # t; € T; and for any t_;, Eyr, o o lui(ti, 8)] > Enp, e p[uilts, s)] 4 Py » as claimed.

3.3 A Generic and Nearly Optimal Mechanism

Fix a non-trivial environment (7', S, A, u) with a gap -, separating set S, a d-sensitive social wel-

fare function F' and a separating punishment mechanism, M?, with p = min g P(s).

Set M(t) = (1 — q)Mza(t) + gMP(t).
2¢ \ € 7
Theorem 1 If ¢y > 5 then Mg is truthful.

Proof: Follows immediately from lemmas 2 and 4. [[ Moshe: perhaps we should put in the
numbers; we have done it in other straightforward cases ]] QED

Set the parameters of the mechanism M <(t) as follows:
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e c— \/1% In (n';|dS'|)

.q:;5_7

S 2 . "
and consider populations of size n > no, where ng = max{=* 2pd | <%z|> , ;%S“é} and in addition

ng 2pd
In(no) v

Lemma 5 Ifn > ng then

1. 2 <1
by
2. e<y

2ed
3. n> 8]

Proof: Part (1) follows from part (2), as p < 1.

Part (2): 75 > miney > 2pd which implies n > 27’ In(n), and also n > ny > 2pd In <7—d>
Moshe: Isn’t the last one inequahty? 1] Therefore n > %l In (%)%—% In(n) = < 25 >

y? > 2 Z P (7‘2361‘"> Taking the square root yields the desired result.

Part (3): [[ Moshe: Missed something in the strict inequality following ng ]] n > ng > de*d

18T
%TZSTQ = Vn> \/Led‘ g+ Inadditions n > 4TS‘|’Z > jﬁ% which implies 1 < In (7|25d|”). Combining
these two inequalities we get: /n > N \/IQB‘il s Multiplying both sides by /n implies

n> 2ed+/n 2ed
Vimdym( s

QED

Set M(t) = M((t). Our main result is:

Theorem 2 (Main Theorem) The mechanism M (t) 64/ p‘%ﬂ /In ("glf' ) -implements F, for n >
no.
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Proof: Given the choice of parameters € and ¢ then, Theorem 1 guarantees that M (t) is truthful.
Therefore, it is sufficient to show that for any type vector ¢,

n’y]S\
E. Fts >maXFtS —6
()( (t.s)) \/ n\/

Note that as F" is positive, Eyr ) [F(t,s)] > 0 and so

= EN0

By part (3) of Lemma 5 we are guaranteed that [[ Moshe: make this more explicit? ]] the condition
on the size of of the population of Lemma 3 holds and so we can apply Lemma 3 to conclude that:

EqlF(t,9)] = (1-q) (mng(t, 5 = 2y (%)) .

ne

We substltute q Wlth = and recall that max; F(t,s) < 1. In addition, part (1) of Lemma 5
asserts that < 1. Therefore

2¢  4d ne|S| 2¢ 4d]5|
EM(t)[F(t’ s)| > m?XF(t,S) - }5_7 — &ln (—Qd ) > mfo(t,s) — ]5_7 I <2d>

where the last inequality is based on the fact € < v, which is guaranteed by part (2) of Lemma 5.

Substituting € for 4/ ﬁ%i, /In (%'j') we conclude that

m|5|
Ev [ F(t > F(t,s)—2
OEAC) e °) \/an \/ \/pyn \/ 2d| S|

[[ Moshe: perhaps the fact of why |.S| disappears at he last inequality should be explained; I guess
it is just since of its size ]] and the result follows.

QED

One particular case of interests is the punishment mechanism MY, where U is the uniform
distribution over the set S. Let MY denote the mechanism from Theorem 2 for the instance P = U.

In this case p = 5] S‘ and therefore:

Corollary 2 The mechanism MU (t) 6 %1 /In (%'j')-implements F, ¥n > n,.

[[ Moshe: I would suggest to expand here; the analysis is simple, but that’s a qualitative
different case, and wish to emphasize ]]

Both the result in the main theorem and the one in the corollary exhibit convergence to zero at a

@. However, the dependence on the size of the set of alternatives, S, may be different.

We take advantage of this observation in the analysis of two applications.

rate of
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4 Facility Location

Consider a population of n agents located on the unit interval. An agent’s location is private
information and a social planner needs to locate K similar facilities in order to minimize the
average distance agents travel to the nearest facility.

4.1 The Discrete Case

We first consider the discrete case where locations are restricted to finite grid on the unit interval,
L = L(m)={0,L,2 ... 1}. Using the notation of previous sections, let T; = L, S = L*, and

let A; = L. The utility of agent i is

wilts, s,a;) = { —[ti —ai| ifa; €,

—1 otherwise.

In addition, let F(¢, s) = + >_"" , u; be the social utility function, which is 1-sensitive (i.e., d = 1).
The set of reactions A;, is the set of facility locations, and «a;(b;, s) is the facility closest to the
locations of the facility in s closest [[ Moshe: something in the statement is unclear; closest
closest... ]] to b;. Clearly, F'is 1-sensitive and |S| = mX. [[ Moshe: Aren’t there m+1 locations?

1l

First, let consider the uniform punisg=hment [[ Moshe: typo ]] mechanism M U which is based
on the uniform distribution over S for the punishment mechanism. Now consider the mechanism
Mpoc1, based on the uniform punishment mechanism, as in Corollary 2

Corollary 3 M roct 64/ m};H 1/In (%) - implements the optimal location.

Proof: Note that v = % and the proof follows immediately from Corollary 2.

[[ Moshe: Perhaps we should put the numbers; somewhat hard to check ]] QED

Now let us consider an alternative punishment mechanism. Consider the distribution P, over
S = L¥, which chooses uniformly among all the following alternatives - placing one facility in
location # and the remaining K — 1 facilities in location j%l, where j = 0,...,m — 1. Note that
for any pair of b; # t; is separated by at least one alternative in this set. For this mechanism p = %

Now consider the mechanism M ocs, based on the punishment mechanism, M

8For expositional reasons we restricting attention to the unit interval and to the average travel distance. Similar
results can be obtained for other sets in IR? and other metrics, such as distance squared.
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Corollary 4 Miocs 64/ mTQ, /In <"m§ — > -implements the optimal location.

Proof: This is an immediate consequence of Theorem 2.
QED

The rate at which the two mechanism converges to zero, as the society grows, is similar. In
addition, both mechanisms deteriorate as the grid size , m, grows. However the latter deteriorates at
a substantially slower rate. This becomes important when we leverage the discrete case to analyze
the continuous, in the next paragraph.

In fact, we can further improve our results for the facility location. To do so we revisit the
bound on the loss from being truthful for the Exponential mechanism. This bound is based on the
sensitivity of /" and in particular on the fact that | F'(t, s) — F/(({;,t_;), s)| < % (recall that d = 1).
However, a unilateral change in one of the agents’ locations, say from ¢; to t;, changes the average
travel distance by no more than “;—” Formally, |F(t,s) — F((;,t_;),s)| < %

This, in turn, yields a better bound on the loss incurred by being truthful in Exponential mech-
anism. If ¢’s location is ¢; then she can profit no more than 2¢|b; — ¢;| by reporting b; to the
Exponential mechanism:

Lemma 6 (1) For the location problem with K = 2, for any i, any b; # t; € T, and anyt_; € T,

E

(ST

(ti,Li)ui = EM% (bsst—s)

To leverage this we consider a punishment mechanism that ‘guesses’ by how much an agent
misreports her type and provides an optimal punishment level. For the sake of simplicity we pursue
this idea for the case K = 2 and restrict attention to the case where m is even.

Formally, consider the following distribution P for the Punishment mechanism: (1) Choose a
random number X € {1,2 4,... log, m} uniformly and set A = % (2) Consider the set of pairs
of facility locations of the form {s, s + A/2} and choose one such pair randomly and uniformly.

Lemma 7 (Analog of Lemma 4) Vb; # ti,t_;, Eyrg,, [witi, 8)] > Evep,e)[uwits, s)]+77

[[ Moshe: I'm confused by the ??? ]] Proof: Consider the case b; < t;. If A is satisfies (¢; —
bl)/Q < A< t;, — bl and s satisfies t; < s < t; + A/Q then U,l(tz, S, ai(ti7 S)) > uz(tu S, ai(bi7 S)) +
AJ2 > u(t;, s,a:(b;,s)) + (t; — b;) /2. In words, misreporting one’s type leads to a loss of over
(t; — b;)/2.
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The probability for choosing such A and s is Z t ,b L 2> Zti_tb?, L 2 __1

ti=bi Jogomd = 5127172 logy m t;—b; logom*

For any « other A and s misreporting is not profitable and so the expected loss from misreporting
exceeds 57—~

Using the same arguments yields the same inequality for the case ¢; < b;.
QED

As in the generic construction , let M¢(t) = (1—q)M2(t) + qMp(t). If g satisfies ¢ - Jﬁ)g br‘n >
2¢|t; — b;| then M (t) is truthful. In particular this holds for ¢ = 4¢log, m.

Set 4 = m, €= 1/%6!\/1n (%|S|) and ¢ = % and let Miocs = ]\7[; for those parame-

ters. .

Theorem 3 (analog of Theorem 2) Miocs O (, / Lfim \/ ln(nm)> -implements F for large enough

n.

The proof follows similar arguments as those in the proof of Theorem 2 and is provided in the
appendix. ??

[[ Rann: We should write explicit proofs for the claims above, which should go into an ap-
pendix. Kobbi - can work it out? ]]

[[ Moshe: The claim above should have proofs; also we should explain the aim of these; what
we hope to do better/why/when ]] The quality of the approximation, in terms of the population
size, is the same as the previous two mechanisms. However, the last mechanism is superior in
terms of the grid size. This becomes instrumental when we analyze the continuous case.

4.2 The Continuous Case

We now use the above result to construct a mechanism for the case where types are taken from
the (continuous) unit interval. Consider the mechanism M rocs for the grid with with m =
n'/3/(Inn)2/3 elements and set My oc4(t) = Mpocs(round(t)), where round(t) is the vector
of elements on the grid that closest to ¢. In words, M;oc first rounds agents’ announcements to
the closest point on the grid, and then applies the mechanism for the discrete case.

Recall that M rocs 1s truthful for for the discrete case. Consequently, if ¢ is located at ¢; and
announces a location b; and ¢; are rounded to the same element of the grid then the utility of ¢
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is similar. This shows that M roca 1s not truthful, however it has weakly dominant strategies.
In addition, the mechanism’s outcomes are the same for all weakly dominant strategies. Hence,
in order to compute how well Miocs implements F' in weakly dominant strategies it suffices to
analyze the outcome of Mioca assuming agents are truthful.

The loss of M roc4 18 bounded by that of M rocs and an additional additive factor of % which
is a result of the rounding. Hence we get that Mooy is O (w / ml% In(nm) + %)—optimal.

Substituting m for n'/3/(Inn)?/3 provides a proof for the following:

Theorem 4 M; 004 weakly-O <ln(n) ) -implements F.

nl/3

5 Pricing Digital Goods

A monopolist that produces digital goods, for which the marginal cost of production is zero, faces a
set of n indistinguishable buyers. Each buyer has a unit demand with a privately known reservation
price (her valuation). The monopolist wants to set a price in order to maximize her revenue.

The Discrete Case. We cast this problem into our framework and, as with the previous example,
begin with the discrete case. Let S = {0, %, %, ..., 1} be the set of possible valuations and prices.
Let set of reactions for i be A; = {‘Buy’, ‘Not buy’}, and so the utility function for agent i is

ti —s if a; = ‘Buy’,

Let F(t,s) = 2 - |{i : t; > s}| be the social welfare function (the monopolists’s profit) and
note it is 1-sensitive.

In this application the gap is equal % To see this consider the case b; > t; + % Ift; < s <y
then u;(t;, s, a;(t;, s)) — ui(ti, s,a;(b;,s)) =0 — (t; —s) > % Similarly, if ¢; > b; + % then for
b; < s <t uz(tz, S, ai(ti, S)) — Uz<tz, S, ai(bi, S)) = (tz — S) —0> %

Let Mgy, be a mechanism as in Corollary 2, where a Uniform Punishment mechanism is used:
Corollary 5 M, O( %2 In(n/2))-implements F.

This result can be improved to an (In(n))?/? /n'/3-implementation using a similar technique to
that presented for 2-median above.

[[ Rann: Kobbi - can you work this out in details? ]]

18



The Continuous Case. As with the previous example, we can modify the construction of My, to
the case where prices and agent valuations are taken from the interval [0, 1]. The new mechanism
My, first rounds each of its inputs b; to the largest value in L not exceeding it, and then applies
Mgq4. The loss of M, cllg is that of My, plus the effect of discretization, which adds to F' at most %
and hence we get that M}, is an ?? + --)-implementation. Setting m = (n/In n)'/* we get that
Mg, is an O ((In(r)/n)'/*)-implementation for F.

As mentioned in the intrduction, ad-hoc mechanism for pricing can achieve better results than
our generic technique. In particular, Balcan et al. [2], using sampling techniques from Machine
Learning, provide a mechanism that O(\/iﬁ)-implements the maximal revenue.
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A A Counter Example to the MT-Paradigm

The following is an example of differentially private mechanism, a-la McSherry and Talwar, in the
Digital Goods auction setting. The interesting aspect of this example is that the mechanism has a
unique type-independent dominant strategy equilibrium, where agents are not truthful, which leads
to very low revenue.

20



Example 1 (Digital Goods (simplified)) Consider a model of n agents in an auction for digital
goods, with unit demand, and assume each agent values are taken from the type set T = {0.5,1}.
We will also restrict the alternative set S to be {0.5,1}. The optimal revenue for the auctioneer
is hence OPT(t) = maxseqo5,13(s - |{i : t; > s}|). Construct the exponential mechanism with
q(b,s) = s-|{i : by > s}|. Note that Aq < 1, and hence the result is 2¢-differentially private.
McSherry and Talwar showed that if agents are truthful (i.e., b = t), then the expected revenue of
this mechanism is OPT (t) — O((logn)/e).

Let us have a closer look at the mechanism. On agents bids b, the mechanism outputs 0.5 with
probability

exp(e-0.5- [{i:b; > 0.5}|) exp(en/2)

exp(e-0.5- [{i:b; > 0.5}]) +exp(e-|{i:b; =1}|)  explen/2) +exp(e- |[{i: b; = 1}|)’

and otherwise it outputs 1. It is quite straightforward to see that each agent will strictly benefit
from bidding a price of 0.5 over bidding 1, no matter what the others bid, as that would increase
the probability that the mechanism will choose the price 0.5 over the price 1.

Thus, for all agents the unique dominant strategy is fo bid 0.5, leading to a price choice of 0.5

with high probability % ~ 1 — exp(—en/2). In the worst case, where all agents happen

to value the good at 1. The optimal revenue would be OPT (t) = n whereas if agents apply this
unique dominant strategy this mechanism will extract only (a bit over) n/2.

B Additional Proofs

Proof: Given the choice of parameters ¢ and ¢ truthfulness is established by Lemma ??.

Let OPT(t) = maxses F(t,s). We need to show that for any type vector ¢ and for large
enough n, Eyy ) (F(t,5)) > max, F(t,s) =6 /% /In (53]9]).
Note that as F' is positive, Eyy,, ¢ [F(t, s)] > 0 and so
EM(t)[F(t>S)] > (1 - Q>EM2€7(t)[F(tv S)]

Applying Theorem 3 we get:

EglF(ts)] = (1- %) (maxF(t, 5) — ;‘;—‘jm (Z—;|S|>)



Substituting € for \/%d, /In (52]S]) we get that for large enough n, In (%5|S]) < In (32]9]) .

Hence,
d ny
EM(t)[F(t78)] ZmSaXF(taS)_G ’)/_Tl In <ﬁ S|>

QED
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