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Abstract — We consider the optimal prior-free auction design forcdling a set of indistinguishable items to a set of
buyers where the objective is to maximize seller’s reverile key design requirement is that the auction must alwalys fu
allocate all items to buyers, which prevents using the tiathl approach based on reserve prices. This is an impatass of
auctions both in theory and practice.

We study two types of auctions: generalized first-price amithful. We show a revenue upper boun(@: / log(vi/v2)) for
both classes of auctions. This resolves an open questiofirafivii, Muthukrishnan and Navad. We also give optimal &t
that match the upper bound and extend the results to the €asdtiple items.

Our results answer the basic question of how much revenuarcanction generate without reserve prices. We also found
that in our setting even by relaxing the truthfulness caadiof the auction design to a Nash implementation, one dagetia
much larger revenue.

1 Introduction

Design of prior-free auctions has been of much researchsfaod has found numerous applications in practice
for allocation of various kinds of resources including netikvresource allocation [11, 10], allocation of computing
resources [18], and sponsored search auctions [4, 22]. Biremotivation for prior-free framework is the need for
robust auctions that do not depend on the underlying digidbs of buyers’ valuations, which in many cases are
hard or impossible to obtain.

In this paper, we study the problem of maximizing revenueriargree auctions under an extra conditiamt
to use reserve pricesn the prior-free framework, most of the revenue maxingzawctions [6, 8, 14, 3] use reserve
prices, where the seller announces a fixeskerve priceand a sale occurs only at a price larger or equal to this
reserve price; otherwise, the item remains unsold. In matiyngs, buyers do not find an auction transparent if
reserve prices differ from one buyer to another or the resprices change over time. Moreover, having an item
unsold might be problematic in some settings, for examplaisplay advertisements as discussed by Mirrokni,
Muthukrishnan and Nadav [15].

Designing auctions without reserve prices has been a basgtign in economics literature. Auction with reserve
prices are considered a close analog to a monopoly with imémggpower; on the contrary, auctions without reserve
prices provide a framework to capture the power of competitn the market. This phenomenon was studied in a
classical work by Bulow and Klemperer [1], further develdpe [12]. These results are for auctions in standard
Bayesian setting where distributions of buyers’ valuatiare assumed to be a priori known.

Our paper investigates this basic question of “how muchmesecan be achieved without reserve prices?” in
prior-free settings. Consider the following classicalrapée of single item auction with two buyers: one buyer with
a much larger valuation than the other buyer;>> v». It is well known that both classical first-price and the seto
price auctions only generate a revenue.0fThe question of designing a better auction in the prioe-framework
has been considered in [14, 16, 15]. The result of Lu, TengYand4] gives an optimal truthful mechanism but
based on reserve prices. In [15], Mirrokni, Muthukrishnad &ladav proposed a first-price auction whose revenue
can be larger thaw, (but less than the revenue obtained in [14]) and leave devpem questions. The main open
guestion in this line of work, also suggested in [16], is teige an optimal prior-free auction (not necessary trudhful
thatalways allocate items to buyer$his is a general class of auctions, often called absolutéans, that prevents
using of reserve prices and overcomes the disadvantagesee prices.

The questions. Motivated by this line of research, in this paper, we studg types of auctions, generalized first-
price (a formal definition is given in Section 2) and truthialthe following setting. We consider auctions for selling
a set ofk > 1 indistinguishable items to > k buyers thatlways must allocate all items to buyerg/e consider
the case of unit-demand buyers where each buyer wants totbupst one item and allow for arbitrary buyers’
valuations, where®; is value per unit of an item for buyér We ask the following questions:

e What is the optimal prior-free first-price auction? A spécese of interest is the optimal revenue of a natural
class of quasi-proportional sharing mechanisms (formadifined in Section 2). This is a particular open



question in [15].

e A deeper question along this lines is: can we generate arlaegenue by first-price auctions with Nash
equilibrium as a solution concept than by truthful auctibnNote that in our setting, Nash outcomes can
also be implemented by truthful auctions, but in contrasthi Bayesian setting, the revenue equivalence
theorem does not hold in the prior-free framework. An exargdla quasi-proportional sharing is given in
Appendix A, showing that the revenue of generalized firgtgoauction is larger than that of the corresponding
direct truthful auction.

Our results.  The answers that we found for the questions above can be stmeohas follows:

e We establish an upper bound afiv;/log(vi/v2)), wherevs > vo > 0 are the two highest valuations, on the
revenue at Nash equilibrium. This bound holds for any gdzefirst-price auction for selling a single item
where the seller commits on always allocating the item toebsgly This result resolves an open problem in
Mirrokni et. al. [15] on the existence of a mechanism whosemeae would be competitive to the highest
buyer’s valuatiorv;.

We show that the revenue upper bound is essentially acheelabthe case of two buyers. Specifically, we
show that there exists a generalized first-price auctionatingays allocates the item to buyers whose revenue
at Nash equilibrium is at lea€ - vl/log”s(vl/vz + 1), for everye > 0 and a constar@@; > 0.

Our upper bound is essentially the same as the bound of tirmal@uctionwith reserve pricesn Lu, Teng
and Yu [14],0(v1/log(v1)), because in their paper, they use the normalizatioa 1. We note that our upper
bound depends on the second highest valuatonThis is an important fact because in auctions that fully
allocate the item, if we fix the highest valuatiopand let the second highest valuatigntend to zero, the
optimal revenue tends to zero as well. Without imposing thestraint that the seller must always allocate
items to buyers, it is easy to construct an auction whosentevenly depends on the largest valuatign

e For selling a single item to more than two buyers using gpegportional sharing, we show an eveimonger
impossibility result. We find that the revenue at equilibriof such auctions isot competitive to any function
Ra(v1,V2) such thaRy(vy, v2) tends to infinity as the highest valuatientends to infinity. Therefore, for these
auctions, the revenue is not competitive to the revenuentbatd have been obtained if the only buyers were
two buyers with highest valuations.

We also establish a number of revenue characterizationtsefen the class of Tullock auctions (formally
defined in Section 2). These results are of general intepdstd, 19] and complement those in [15]. For
example, we obtained an exact maximum revenue charadtenza Nash equilibrium for the case of two
buyers and two-sided bounds for the general case of mulipters.

e We show that there also exists a truthful auction that alwaijg allocates the item to buyers, achieving a
revenue o - v1/ Iogl+‘°'(v1 /V2+1). Therefore, asymptotically we do not gain more revenue hbyoréng the
truthfulness constraint for revenue-maximizing priaerauctions. The truthful auction is designed based on
the intuition gained by considering optimal first-price tos.

e The negative result for the quasi-proportional sharing gises insight on how to design a truthful auction
for the general case of selling a setkof 1 indistinguishable items to > k buyers. We construct a truthful
auction whose revenue is at IeﬁStz}‘zlvi/Iogl+5(vi/vk+1 + 1), for small enougke > 0 andC a positive
constant that only depends erif n > 2k. The key idea is to select a subset of buyers with highesatials
and allocate the items as if pair-wise competitions werelretveen these buyers for appropriately defined
portions of items.



Remark Our paper focuses on the revenue of prior-free auctionsnfest of auctions designed in this paper, the
social-welfare efficiency is lower bounded by a constant. éendetailed discussion of the social welfare of our
auctions will be available in the full version of this paper.

Related work. The most closely related work to ours are the papers by Miirdiuthukrishnan, and Nadav [15]
and Muthukrishnan [16]. These are among first papers to densiie question of designing auctions in the prior-
free framework where every item must always be fully alledatto buyers. Our paper answers some of the open
guestions posed in these works and extend to the case ophaitéms.

Another related work is that of Lu, Teng, and Yu [14] who calesed prior-free auction design where the
objective is to maximize seller's revenue but without thestoaint that every item must be always fully allocated
to buyers. They showed that for every truthful auction, heenue at equilibrium is(vy/log(v1)) wherev; is the
highest buyer’s valuation and showed that this can be arthitapproximated using a reserve price.

The generalized first-price auctions considered in thigpapcommodate as special cases those considered in
various contexts including public choice and design of est#, e.g. [21, 9, 19], and proportional allocation that
is commonly used in allocation of networking and computiegources [11, 10]. Recent and innovative “pay per
bid auctions” that have been gaining much of momentum in tmtext of online services, e.gww. swoopo . com,
see [2], can also be understood as special cases of geadrfitit-price auctions.

In a broader picture, our work belongs to the line of work otiropl auction design that has been an object
of intense recent research, e.g. [6, 17, 7, 13, 8, 14, 3jhgakitheoretical computer science approach in designing
prior-free auctions and competitive analysis of revenuaresf various benchmarks. In all these previous work, a
typical approach is to use reserve prices that are infenad & subset of buyers’ bids. Thus, with these auction
designs, an item may remain unsold.

Structure of the paper. In the next section, we give basic notations and assumpti@isve use in the rest of our
paper. In Section 3, we prove the revenue upper bound forglered first-price auctions. We present an optimal
auction for the case of two buyers in Section 4. In Section&gcensider the case of multiple buyers and show a
negative result on the competitiveness of quasi-propmatisharing. We build on the insight of this negative result t
develop an auction for the general case of multiple itemsnamitiple buyers in Section 6. Some proofs are deferred
to Appendix.

2 Notation and Assumptions

In this section we introduce basic notation and definitiamrggeneralized first-price auctions and the special case of
quasi-proportional sharing, which we use in the rest of tgep

Throughout the paper, we assume that therenareit-demand buyers, whose private valuations\are. ., vy,
and without loss of generality, unless otherwise indicateglassume that buyers are ordered in decreasing order of
their valuationsv; > ... > v, > 0. The buyers’s bid vector, the allocation vector and paynector are denoted by
W= (W1,...,Wn), X=(X1,...,%) andp = (pa,..., Pn), respectively.

The allocation vector is a function of the bid vector. For main results, we do not impose specific assumptions
on this allocation function other than some weak regulariyditions, e.g. that the allocation functiorcantinuous
and differentiable Note that in classical first-price auction, the allocationction is not differentiable, but we can
approximate this function by a differentiable functionttbasentially does not effect the mechanism.

We assume that all & x; < 1 are real numbers. This framework accommodates allocaithgr infinitely di-
visible or indivisible items. For the case of infinitely dsible itemsX determines portions of items allocated across
buyers. For the case of indivisible items, we consider aoamzed allocation for an integral assignmenkafems
to k buyers such tha; is the probability that buydris allocated an item. We consider auctions with the progbey
the seller always must allocate all items to buyers, thuseifseller sell& items, then the condition on the allocation



vector isyx = k.

A Generalized First-Price Auctiois an auction where a buyer's payment is equal to this buysid’'s Considering
X; as a probability that buyerobtains an item, there are two different versions of thisyeryt scheme:

¢ All-pay auctionswhere buyei paysp; = wi, regardless of whether she obtains the item or not. In ttge,ca
the total revenue i§; w;.

e Winner-pay auctionsvhere buyei paysw; only if the item is allocated to this buyer, henpe= w;X;. There-
fore, the total revenue in this caseSisw;x;.

A Quasi-proportional Sharinguction is a special case of the generalized first-pricé@udefined for the case of
selling a single item. For given non-decreasing functiarR, — IR, the allocation function is given by
f(w; .
X = &, 1<i<n
> fwj)
Functions of this form are commonly referred in literatusssaccess functionwith various regularity properties
established in previous work, e.g. [9, 19, 20].
Finally, Tullock auctionsare special cases of Quasi-proportional Sharing, whesg = w' for r > 0.

3 Revenue Bounds for Generalized First-Price Auctions

In this section, we prove an upper bound on the revenue foergéred first-price auction. The result resolves
the open problem in Mirrokni, Muthukrishnan and Nadav [1§]dhowing that there exist no auctions that are
competitive to highest buyer’s valuation.

In comparison with Lu, Teng and Yu [14], our result differstimvo main points. First, we analyze the solution
concept of Nash equilibrium and do not restrict to the clasghtul mechanisms. This requires a different proof
technique, as in our case, in general, buyers’ bids do noegpond to buyers’ valuations. Second, although the
revenue bound turns out to be very similar to that in [14]rehie an important difference. In [14], the bound is of
the orderv;/log(vy) while in our case it is of the ordes /log(vi/v2) wherev; > v, are valuations of two buyers
with highest valuations. The revenug/log(vi) cannot be achieved for the class of auctions that alwaysad#o
the item to buyers. For example, assuming that the highéasatian v, is fixed and the second highest valuation
tends to zero, the revenue necessarily tends to zero. Tpieha because of a lack of competition!

Theorem 1 For every generalized first-price auction (using a continsiand differentiable allocation function) that
always allocates the item to buyers, we have that for eveey ftonstant C> 0, there exists a valuation vectar
such that the revenue R at Nash equilibrium satisfies

Vi

R<C.
log(v1/v2+e—1)

where ¥ > v, > 0 are the two highest valuations.

Proof. We will consider the valuation vector with only two positiveluationsv = (v1,Vz). Let (xg,X2) and(wz, ws)
be the allocation and payment of buyers 1 and 2. Assume thatlbcation is given by = 1 — X = @(Wq,Wo),
whereq(-) is a function taking values ij0, 1]. We assume tha(-) is continuous and differentiable. We will consider
both all-pay and winner-pay auctions.

For the all-pay auction, buyer 1 maximizes the paye{f(w;,w-) —w; overw; > 0 and buyer 2 maximizes the
payoff vo(1— @(wy,W,)) — W, overw, > 0. Hence, the condition fdm,w») at Nash equilibrium is the following

VlM =1 and VZM = 1. (l)

6W1 aWZ



For the winner-pay auction, buyer 1 payoffggn:, wo)(vi —ws ) and buyer 2 payoff i$1 — @(w1,Wa) (Vo — Wo).
The condition for(wz,w») at Nash equilibrium is

6(p(wl, W2)
an

a(p(\(;vivlv;vvz)(VZ — W2) = (p(Wl,Wz) -1 (2)

We will prove the theorem by assuming that there exists ataahé > 0 such that the revenue obtained at
Nash equilibrium is at leas- W wherec is a constant, independent Af to be chosen later. We then
derive an inequality between andw;, and use this inequality together with the Nash conditidrsva to show the
contradiction.

The revenue isv; + Ws for the all-pay auction andi;x; + w»X, for the winner-pay auction. It is straightforward
to see that ifw; > wy then for the case of all-pay auctiom > 1/2(w; +wsp) and for the winner-pay auction
Wy > WiX1 +WoXo. Therefore, in both cases, there exists a con§€ant0 such that

(v —wy) = @(wyp,W,) and

\41
log(v1/v2+c)
From this, we lower bounds /v; as follows. As we will see, the reason that we need the consiarthat when
v andv, are approximately equal, the value of (9g/v2) can be too small to derive a useful inequality. We now
have

if wy > w, thenw; >C-

W1 W1 V1 Vl/V2

c ' (c—vz +°> ® fogvi/va o) <Iog<vl/V2+c> +°>
_ <Iog(vl/vz+clog(v1/vz+c)) _log Iog(vl/vz+c)>
-1 log(v1/V2 +C) log(vi/V2+c) )

For sufficiently largec, the following two inequalities hold for every /v, > 1,

log(vy /v + clog(vy/v2 +C)) - 1 and loglog(vy/v2 +C) < 1

log(vy/v2 +C) - log(va/va+c) — 2
Indeed, it is easy to check that the first inequality holds/pled thatc > e— 1 and the second inequality holds for
everyc > 0.
Therefore, we obtain

W1 \%1
—1 — 1
Zlog( gt re-1) 2 7

Replacingv, on the left-hand side wittv,, we still have a valid inequality becaugg> w,, thus, we derive

W Vi
il e
c <c > 2
Consider now the all-pay auction and note
1 1
M > for everyws > ws.

ow; 22 log(cy, +e— 1)’
Integrating with respect tavg, from w, to |nf|n|ty, we have. > (00, Wo) — @(W2,Wo) > oo Which is a contradiction.
Consider now the winner-pay auction and note that we canalsimilar contradiction. From (2), we have

0w, W») :(p(wl,wz) S 1/2 >i

owq Vi—W1 — Vi1—Wp 2Vq

In the last inequality, we assumed that unger> v,, at Nash equilibrium, buyer 1 obtains at leagll This
assumption is without loss of generality because the aualways allocates the item and thus we can always
change the roles of the two buyers to ensure this conditioomFRhis point, the proof follows exactly as in the case
of all-pay auction presented above. =



Remark. We note that using a similar technique as in [14], we can disaghato( oG ) is an upper bound on
the revenue of angruthful auction that fully allocates the item to buyers. For futumév it is of interest to gain a
deeper understanding of the connection between the twaeptsic

4 Achievability for Two Buyers

4.1 Optimal Generalized First-Price Auction

We identify an auction for two buyers whose revenue is matgtie upper bound established in Theorem 1. This
gives an asymptotically optimal auction for the case of twygdrss whose revenu at Nash equilibrium satisfies
R/vi = Q(1/log*"¢(v1/v2)), for every fixede > 0. The auction is a simple all-pay auction for two buyers \efte
allocation is a function of the ratio of buyers’ bids, whicle vefer to aghe bid-ratio auction

BID-RATIO AUCTION:

Input: buyers’ bidsw; andw,
Output: allocation(xg,X2) = (@(Wy/W2),1— @(wy/W,))
where@(t) = w andf(t)=1— m
payment(wy, Wz)

Theorem 2 For the case of two buyers, there exists a generalized fifse @uction such that, for evewy> 0 there
exists G > 0 such that the revenue R at Nash equilibrium satisfies

Vi
R>C
=~ FlogtE(va/Va+ 1)

for every buyers’ valuations;\>> v» > 0. For example, such an auction is the bid-ratio auction shibaieove.

Proof. Consider the all-pay auction with two buyers with the altamarule x; = 1 —xp = @(wq,W2) = f(wy/W»)
wheref : R; — [0,1] is an increasing, continuous and differentiable functiatjsfying the conditiong (0) = 0,
f(1) =1/2 andf () =

Buyer 1 maximizes;x; —wy = vy f(wy/wo) —wy overw; > 0 and buyer 2 maximizegx; — W, = vo(1 —
f(X4)) —ws, overw, > 0. The bidsw; andw, at the Nash equilibrium satisfy the following conditions:

W2
W W A
vy f/ (—l> wy andvs, - f/ < 1> =2
W2 W2 W1
From these two equations, we derie'v, = w; /W, and denote this ratio By = w; /w». Using the equations above,
we note that at Nash equilibrium, the revenue can be written a

R=wi+W2=wWa(141t) =vy- f'(t)(1+1). €))

Our goal is to give a functiorii(-) that achieves the revenue close to the upper bound in Thehr&mthis end,

consider the following function
1

fit)y=1— .
®) log(log(t+1)+1)+1
According to (3), using this allocation, the revenue of dfpaly auction satisfies

vi\ /1 Vi Vi
=) =+1) = >
" <Vz> <Vz " ) (log(i: +1)+1)- (log(log( +1) +1) +1)2 — Celog”s(z—; +1)’

6



for a constanC; > 0. For example, it is not difficult to see that one can chd@ssuch thatCe < (log(2)/(log(2) +
1))y¢/(log(y+ 1) + 1)? for everyy > log(2) and that largest sud® is of the ordei?.

This would give us a desired auction. There is, however, sueisvith this scheme. First, we would like the
auction to be “fair” in allocating the item equally in the syratric case where buyers’ valuations are equal, i.e.
vi1 = V. This does not hold by allocating according to the functf@r), since we havd (1) = 1—1/[log(log(2) +
1)+ 1] < 1/2. This can be easily fixed by slightly modifying the functiét). There is still a problem with this
approach as in order to use this allocation rule, the seltrldvneed to know which buyer has a larger valuation
(v1). Therefore, we need to use a different allocation functiwt is symmetric. Fortunately, there is a general way
to fix this problem. Consider the following allocation rule

f(t)+1— f(1/t)
2

X1 = @(w1/W,) andx; = 1— @(wy/wW,) where@(t) = .
Notice that the allocation functiog(-) does not depend on the identity of buyers, becauset) = ¢(1/t), for
everyt € IR,
Furthermore, for the functio(-), all the desired properties are satisfiggd:+x, =1, =0if wy =0,x; =1
if wy = o0, Finally, the revenue of this new auction is still asymptally optimal: because of the symmetry we can
assume that; > v, and according to (3), the revenue is

vi\ (V1 1 /<V1> <V1 > Ce vy
K — | |=+1)>vi- - F (= )|—4+1) > ——7F5F—.
! d<V2> <V2 >_ t'2 Vo ) \ V2 -2 Iog”s(%Jrl)

Remark. In Theorem 2, we established that there exist auctions wies@nue at Nash equilibrium is essentially
tight to the upper bound in Theorem 1, asymptotically fogéavaluation ratios; /v,. For example, it can be readily
checked thaR/v; > 1/[8log(v1/v» + 1)%/2], for everyvi /v, > 1. For asymptotically small values &f /v, in
particular for the case; = v,, we haveR/v; > 1/8.

We showed that one can find an auction whose revenue at Nasitb@gu compares favorably to the upper
bound in Theorem 1, for large /v». For this, it is crucial to choose a suitable allocation fiorcand, for example,
such a function is used in BID-RATIO AUCTION.

We also note that in the auction above, the buyer with high&ration always gets more than half of the item.
Thus, the efficiency of the auction is at least 1/2.

4.2 Optimal Truthful Auction

The optimal generalized first-price auction above givesuigasight how to design a truthful auction with essentially
the same revenue guarantee. As discussed in the introdusticd see Appendix A for an example, although the
outcome of the auction BID-RATIO AUCTION can be implementsda truthful mechanism, but the revenue is
not the same as the revenue of the generalized first-pridc@autiowever, as we will see in Theorem 3, a truthful
mechanism that uses a similar allocation also gives esdlgrttie optimal revenue.

Theorem 3 For the case of two buyers, there exists a truthful auctiazhdhat for everye > 0, there exists €> 0
such that the revenue R satisfies
R>C 1
= Flogtte(vi/vo + 1)

for every buyers’ valuations;v> v» > 0. Furthermore, such an auction BRUTHFUL AUCTION showed below.




TRUTHFUL AUCTION:
Input: buyers’ bidsw; andws;
Output: allocation(x,%2) = (@(w1/W2),1— @(W1/W2))
whereq(t) = {0 T ang (1) = 1 - rIE)

P1 = WiQ(W1/Wo) — [ @t/ wy)dt
payment P2 =W2(1—<P(W1/W23)— 02(1— @(wq /t))dt.

The proof of the theorem is given in Appendix B. The key patthef proof is to guess the right lower bound for the
revenue. In our case, we use the intuition developed in thef@f Theorem 2.
In Appendix D, we also consider the optimal Tullock auctithat isx, =w{ /3 ; M

5 Non Competitiveness for morethan two Buyers

5.1 Limitation of Quasi-proportional Sharing Auctions

Recall that quasi-proportional sharing auctions, comsidlén [15] and also considered in [21], allocate the resesirc
according to the following allocation functiog = f(w;)/ ¥ ; f(w;). In general, in order for this auction to have a
pure Nash equilibrium, it suffices to restrict to concavenotone increasing functionfs-). Under this condition,
it is known that the pure Nash equilibrium can also be conpbtea simple, natural learning algorithm [5].

Quasi-proportional sharing auctions were studied in [d5}fie case of multiple buyers under premise that this
class of auctions would achieve better revenue at Nashileguih than by using traditional second-price auction.
For the case of two buyers, this is indeed the case. Howevéhjs section, we show that this conjecture is false
for the general case of > 2 buyers. We will establish that f@ny quasi-proportional sharing, there exists a set of
valuations fom > 2 buyers, for which the revenue is not competitive to a vahae depends only on the valuations
of two buyers with highest valuations.

This result provides us with insight into designing aucsidhat guarantee large revenue in cases when there is
a large difference between the valuations of buyers withdst valuations, which we consider in the next section.
There, we also extend to the case of multiple items.

Theorem 4 For every quasi-proportional sharing auction (either aliyy or winner-pay) and every,R/, V) such
that limy, . Ro(v1,V2) = o, there exists a set of i 2 buyers with valuations v> v, > ... > v, such that the
revenue at Nash equilibrium is smaller thap(R , v»).

Proof of the theorem is given in Appendix C. The proof’s malea is to use contradiction by assuming that
the revenue at Nash equilibriums(v1,Vv2)-competitive and then showing that this contradicts camlit of Nash
equilibrium.

5.2 Tullock Auctions

In the remainder of this section, we characterize the revexttiNash equilibrium for Tullock auctions for the gen-
eral case oh > 2 buyers. Recall that Tullock auctions are special casesiasieproportional sharing with the
allocation functionx = W{/ij’j, where O< r < 1. This will demonstrate cases that support the impossibil-
ity result of the previous theorem. These revenue chaiaatem results are of general interest of the class of
Tullock auctions. We show that the revenue at Nash equilibris well characterized by a norm of the vector

=,

Vi=((v2/v1)", (v3/v1)",...,(Va/V1)"). In particular, the norm of interest is theenorm

n 1/p
1¥l[p = (_;[(vi/vl)r]p> wherep=1/(1—r).
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Theorem 5 For every Tullock auction with parametér< r < 1, there exist positive constants,C,, and G such
that for n> 2 buyers with valuationsv> v, > ... > vy, the revenue wexerted from the highest bidder and total
revenue R at Nash equilibrium satisfy the following:

1. If||v||p is sufficiently large (e.g/|v||p > 2), then

o — W1 L
Ca-r9[5P < 5 < ot

and R< vy - {1 +Cg- V. Furthermore, 2 ~ r|[v|[pP, for large |[¥||p.
2. It ||V||p is sufficiently small (e.giV||p < 1/2), then
5 Wi -
Cy-r|Vf[p < v =@ r{[9]p

and R< {1 (v1 +C3-v2). Furthermore, it ~ r V||, for small|[¥]|p.

Proof of the theorem is provided in Appendix F.

Remark Fromitem 1inthe theorem, itis easily observed that for dvenueRk to be competitive te; it is necessary
that||V||p is smaller than a positive constant. This cannot hold foryevaluation vectow, for example, if every;,

i # 1, is a constant factor of the highest valuatianas the number of buyers tends to infinity|| , tends to infinity
and thus the revenuR diminishes to zero. This conforms with the general resultheorem 4 which tells that the
revenue is not competitive ®(v1,V2), in general. In particular, for the set of valuation vectonsler item 2 of the
theorem, we have that the revenue is competitives{®1,v») in Theorem 4 a® > vy -wy /vy > vy -Cqr (Vo/v1)".

6 Optimal Auctionsfor Multiple Itemsand Multiple Buyers

So far, we established an upper bound on the revetw¢ log(vi /v2)) and showed that there exists an auction that
essentially achieves this revenue for the casevofbuyersachieving the revenue 6(vi/log ¢ (v1/v»)). We also
showed that a natural auction format for multiple buyerscaiprovide the same revenue guarantee.

In our framework, we note that there is the following int¢irgg trade-off. On the one hand, the auction must
allocate all items to buyers, and thus, if the number of bsijsetoo small, there is not enough of competition to exert
revenue from buyers. On the other hand, as in the previod®sewe have seen that the revenue of natural classes
of auctions can decrease as the number of buyers increasdisis kection, we will use this insight to design an
auction for the case of multiple buyers. In our auction, wa Belect a subset of highest bidders and use the truthful
auction in Section 4 to allocate the item between pairs oElsiyThe result can be extended to the general case of
sellingk indistinguishable items to > k buyers. Again, our main constraint is that the seller hasiocate all items
to buyers, which rules out the use of reserve prices.

[llustrative example of two items. Consider the case of two items. First if there are only 2 bajyétre revenue
that can be obtained at Nash equilibrium is 0 because théautas to allocate all the items. Consider now the
case of three buyers. Similar to the single-item case, waisarthe valuation of the smallest bidder for the payment
of the two larger ones. However, this mechanism can yieldlsmaenue if the valuation of the two other bidders
are large. We use the following method: allocate freely I/8mitem to each buyer, and set up an auction between
every pair of buyers to allocate 1/3 of an item. This is iltagd in Figure 1. One can show that this auction will
yield a revenue of2 (V1/|Ogl+€(V1/V3) +vz/logl+‘°'(vz/V3)). Now, if the number of buyers is larger than three

and we use similar approach by running an auction betweeny paér of buyers for_=; fraction of the item, then

n
the resulting revenue can be arbitrarily low wheis large. Thus, when > 4 is large, if we only select 4 highest
buyers and allocate the items among them, then one can pgon@dsbound on the revenue of the mechanism. This

is the main underlying idea of the result stated in the foifmxtheorem.
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Figure 1: An illustration of multi-unit allocation fan = 3 buyers and = 2 items.

Theorem 6 Consider selling of k> 1 items to n> k unit-demand buyers and let=amin{n,2k}. There exists a
truthful auction anceg > 0 such that for everg < € < gy, there exists €> 0 such that the revenue R satisfies

n—k K Vi
R>—_.C
“n-1 ai; log""# (Vi /i1 + 1)

for every buyers’ valuationg. Such an auction iIMULTI-UNIT AUCTION described below.

MULTI-UNIT AUCTION: kitems,n buyers,n > k

Input: buyers bidswy,wo, - -+ W
Selectn = min{n, 2k} buyers with highest bids
with arbitrary tie break
Output: For each pair of selected buyers, rurRUTHFUL to allocate
B=2(1—-k/n)(n— 1) over this pair of buyers.
For each selected buyer, allocate, in additidg,2- 1.

In case of allocating a single item, the multi-unit auctiefests two buyers with highest bids and allocates the
item according to RUTHFUL for this two buyers. In the general caserof 2 buyers, if the number of items is
fewer than a half of the number of buyers, ike< n/2, then the number of selected buyers is twice the number of
itemsn = 2k. In this case, each buyer is allocated exclusively throbgtpair-wise competitions. Otherwise, all the
buyers are selected and every buyer is guaranteed an allocatk/n— 1.

Remark The mechanism above outputs an allocaffonith 0 < x < 1 andy x = k, wherex; is the probability
that buyer gets an item. It is known that such a distribution can be sadhpimong a set of at mast{0,1} valued
allocation vectors with exactlycoordinates equal to 1. Itis also known that we can compute aget of allocations
and the corresponding sampling probabilities in polynadniviae.

Proof. We first need to show that the auction always fully alloc&tigems to buyers and that each buyer is allocated
at most 1. This follows by easy calculations and is thus @uitt

To prove the revenue bound, we use Theorem 3 and observeothatcbnstanC; > 0, the revenue extracted
from buyeri, for 1 <i < [k/2], is at least

k+1 k Vi
> B=-Ce :
j=1+1 |091+8 VI/V +1) 2 |091+8(Vi/vk+1+1)
n Vi
> .
= P& log™*& (Vi /i1 + 1)

B

Vi
log™*® (Vi /Vic1+ 1)

n
N

—k
_1'CE
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wheref is given in the definition of MULTI-UNIT AUCTION. Therefore, the revenur satisfies

K2n_k Vi
R>S ——. :
- i;n_ 1 Cs|091+e(Vi/Vk+1+ 1)

where the last inequality holds if either: (&)is sufficiently small (for example, one can choase gy where

€0 = 2log(2) — 1~ 0.38) or (2)€ > 0 is arbitrarily fixed ands/vi+1 is large enough. Under either of these two
conditions, the asserted inequality holdsid$og™ ™ (vi /iy 1+ 1) > vj/log*™® (v /vi11+1), for every 1<i < j < k.

]

ck v
2 5 log" (Vi i1+ 1)

n—k
> = .
Zno1
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A Revenue Equivalence does not hold in Prior-free Framework

The revelation principle is the most basic principle in medbm design, which tells that we only need to focus on
truthful mechanism because for every incentive compdtibihechanism, there exists a truthful one yielding the
same outcome and revenue.

Unfortunately, this principle is only correct in the Bayasisetting. We will show now a simple example in
prior-free framework, where the revenue equivalence tads not true.

Consider the case of two buyers in a single item auction vatbationsv; andv,. The allocation is assumed to
be proportional sharing, i.e¢ =w; /(w1 +Ww,) fori = 1,2. It is easy to see that the Nash equilibrium of this game
satisfies: v Vv

X, = —— and the revenue B(vi,v,) = ——2.
Vi+ Vo Vi+ V2
However, for the corresponding truthful mechanism, at Naglilibrium, the buyers submit their valuatiomsand
Vo, and the allocation is

dt.

Vi . Vit
i = ——, and payment ig; = v, -—/
X VitV pay Pi iXi o 11V

Simple calculation shows that ¥ = v, = 1, the revenue of the first auction is 0.5, while the revenuthef
truthful mechanism is 2log2 1 < 0.4.

B Proof of Theorem 3

Let us consider RUTHFUL AUCTION. It is straightforward to establish that at Nash equilibribuyers truthfully
report their valuations, i.e% = V. Notice that for the revenuR at Nash equilibrium, the following inequality holds

R > plzvlcp(vl/vz)—/owcp(x/vz)dx

v f(vlz/vz) _/0"1 f(XéVZ)dervll_ f(;/z/vl) _/Ovl 1- f(2v2/x)dx
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Now, note that 1- f (va/v1) is increasing withvy /vz, and hencen 212/ _ i 1-1he/X) gy > o, Therefore, it
follows

2 2

— }V 1_# _} " 1_# adx
- 20 log*(z +e) ) 2Jo logf (X +e)

}/v1 1—dx—}7\/1 ;
2o log®(3; +e€) 2log* (L +e)

We are going to show that for evegy- 0, there exists a constadg > 0 such that for every; > v,, F(v1) > G(v1)
where

R > vy V2] / QRLLEER
0

= F(Vl).

I S
log"**( +e)
To show this, we show th&t(v2) > G(v2) andF’(v) > G/(v), for everyv > v,.
First, note thaF (v») > G(v,) is equivalent to saying that

G(v1) =Ce

/1 dx 1 S o0 1
o logf(x+e) log®(1+e) =" logl*e(1+e)
Now, by partial integration, we have

/1 ax = +8/1 X ! dx
o logf(x+e)  logt(1+e) o x+elogt¥(x+e)

_ 1 N e/l dx te (1 1 )
~ log*(1+¢) 0 |ogl+€(x—|- e) logf(1+e) /)"
Hence, the condition is

1 dx 1 1
s/ 7+e(1—7> > ——————.
o logt¥(x+e) logf(1+e) logt*¢(1+e)
Indeed, the later inequality is true fG¢ such that

1 1
e(l— logf(1+ e)) 2 e log**¥(1+e)

i.e.Ce < £log(1+e) (logf(1+e€) — 1) = §log(1+ e)log(log(1+€)) - €+ O(€?).
Second, we show th&'(v) > G'(v), for everyv > v,. To this end, note that far > v,
\'

e v
F'(v) = = - Y2
2 |ogtte (V—"2 +e) : (v—"2 +e)
and v
G(v) = L cire Z

log'+e (v—"2 + e)
HenceF'(v) > G/(v) is equivalent to saying that for every> 1,
€ t 1 (1+¢)t

2 (t+e)log*e(t+e) ZCEIog”g(H—e) ~ Ft+e)log?E(t+e)

log®*+¢ (V—"2 +e) (v—"2 +e) '

i.e.

€ e 1+¢

—>Ce-(14+-————].

2= °F ( i Iog(t+e)>
Observe that the right-hand side is at m@st(1+e), for everyt > 1, and thus, for the condition to hold it suffices
thatC; is chosen such th& < €/[2(1+¢€)]. n
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C Proof of Theorem 4

In order to contradict, let us assume that there exgs{s;,v2) > 0 and a functionf (-) that is concave, monotone
and increasing such that the revenue at Nash equilibriunt lsaatRy(v1,v2). We will separately consider the
cases of all-pay and winner-pay auctions. The main ideaeopthof is to first derive a relation that holds at Nash
equilibrium, and then come up with a valuation profile for @efhthe revenue cannot be larger thuvy, v»).

The proof for all-pay auctions is somewhat more complicated involves considering three cases with respect
to the functionf (-), than for winner-pay auctions.

All-pay auctions. The payoff of buyeti is v zjfg"(vxj) —w;. Taking the partial derivative with respect ¥ and

noting that the payoff must be non-negative, we have thafiall@ving relations hold at Nash equilibrium:

HL=X)F () = 3 Fw) iF 5 = < "

ViXi —w;j > 0.

In the following, we consider three distinct cases with egggo functionf(-) and in each use different argu-
ments to show that the auction is not competitiv&Riovs, Vo).

Case 1: f/(0) = oo (for examplef (w) =w', 0< r < 1). In this case, we will consider buyers’ valuations, 1,...,1.
Because of the symmetry, at Nash equilibrium, buyer 1 iscatkd a positive valug; and all other buyers are
allocated a positive value. Thereforex < 1/2 fori # 1. Together with the condition (4), we have

%f’(wz) <1-(1—x2) f'(Wo) = v(1—xq)f'(wy) < Vv (wy).

Therefore,
f'(wp) < 2vf(wy).

Because we assume that the auction is competiti® ¢a, v2) and because we can collect at most a revenue of
1 from every buyer except buyer 1, there exists guch that if we taker > v*, thenw; > 1. It follows, f'(w,) <
2vf/(1), and thusw, > (f')~1(2vf’(1)) > 0. The last inequality is true because of the assumpitied) = co.

Now, we have derived that, is greater than a positive constant that is independenteofitimber of buyers.
This leads to a contradiction, becausenggoes to infinity, the payoff of buyer X, — w, tends becomes negative,
which is a contradiction.

Case 2: f/(0) =c < oo, f(o) = oo (for examplef (w) = w or f(w) = log(w+ 1)). In this case, we also consider the
valuation vector of the forniv,1,1,...,1). From condition (4), we have

S () = (1—x)f'(wp) < '(0) =c.
J

The last inequality follows from the fact th&f{-) is a concave function. Thus, we haf/ev;) < ¢, and thereforeyw;
cannot go to infinity ag tends to infinity, which is a contradiction.

Case 3: f/(0) = c < o, f() < o0, without loss of generality, we can assume thap) = 1 (for examplef (w) =
w/(w+1)). In this case, we will consider the valuation vedtas, Vo, ..., Vo), for vo > 0. Then, at Nash equilibrium,
every buyer is allocated/h, and payv that satisfies

Vo(1—1/n)f'(wg) =n/2.
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From this, we obtain

n2

2(n—1)° ®)
Letw* be the value such thdtw*) = 1/16. We note thaiv* only depends ori(-), not on the number of buyers
n. We will show that if we increase the valuation of buyer 1 aeégkall other buyer’s valuations fixed g, then

at Nash equilibrium, the payment of buyers with valuatigwill be at leastw*. For now, assume that this is true.
Then, this will lead to a contradiction, because

i — f(W]_) < 1
VTS fw) T 1 (n— 1) f(w)

Therefore, as1 — o, thenx; — 0. This means that given the valuation of buyer 1, if the number of buyers
with valuationvg < vy increases, the revenue obtained from buyer 1 is at magt which tends to 0. From this
we conclude that the revenue that is extracted from buyendatebe a function that only depends wnandvyp, a
contradiction to the assumption that the auction is cortipetio Ry(vy,v2).

Vof'(wo) =

h(w) = v f’(w)

w Wo
Figure 2:w > w*
It remains only to show that at Nash equilibrium, each buyer.2n, paysw such thatv > w*. Because of the

Nash condition (4), we have
Vo(1—x) ' (w) = f(wy) + (n—1)f(w).

We havex; < 1/2 andf(w;) < 1, because of the condition on the present subclass of funsctithat we consider.)
Thus, vof’ (W) < 1+ (n— 1) f(w), which is equivalent to
vof'(w) < 2(1+ (n—1)f(w)) (6)

We will provew > w* from (5) and (6). Consider two functiotgw) := vo f’(w) andg(w) := 2(1+ (n— 1) f(w)).
(See Figure 2)vo f’(w) is decreasing, while(2+ (n— 1) f(w)) is increasing, thus in order for (6) to be satisfiad,
is at least the value where the two curves intersect. But we ha

h(w') > h(wo) = 5

and

gW') = 2(1+ (n— 1) F (W) = 2 <1+ ”1_61> < Z(n”i gin>2

Therefore, the intersection of the two curves has to be atrd [goger thanw*.
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Winner-pay auctions. We now prove that the winner-pay case is not competitiveseith
The payoff of each buyer |§% (vi —w;). Taking the partial derivative with respectug, we have the relation
at Nash equilibrium:

fowy iAW) fw)
PG 2™ " " ) ~°
which is equivalent to
F/(wi) (1= %) (vi —wi) = (wi). (7)

This is a similar condition as for the case of all-pay audio®n the left-hand side, we have a decreasing
function ofw; and on the right-hand side, we have an increasing functios.oGivenx; andv;, w; is the unique
solution of (7). It is straightforward to see thaijfdecreases, then the function on the left-hand side incseasd
as a result, the unigue solutiown also increases.

Now, if we considem buyers with valuationgv,1,...,1) and letn increases, we will show that the big, for
every buyeii = 2,... n, is at least a positive numbeg that does not depend on

Let wp be the solution of the equatidii(wp)(1—1/2)(1—wp) = f(wp). Clearly, whem increasesy,i # 1 will
be at most 12, and thusw;, > wp.

But then f(wy) fv)
W1 \Y n—00
X1 = < — 0.

¥ flwy) = f(v)+(n—1)f(wo)
Thus, the revenue satisfies

3 wixi < Y vix < v +1757 1

|

By this, we show that the winner-pay auctions are not cortipeither. =

D Optimal Tullock Auction for Two Buyers

An interesting question is whether commonly considereatation functions can achieve the upper bound in Theo-
rem 1 or there is an inefficiency gap. We answer this questiothe well-known class of Tullock auctions.

We will establish a tight upper bound on the revenue at Nasiiilegum for Tullock auctions with two buyers.
This shows that there exist Tullock auctions for which theembound in Theorem 1 is achieved, for sufficiently
largevs /v, and, moreover, this holds already for small valueg @f,. Note, however, that identifying such a Tullock
auction amounts to finding a revenue-maximizing parametesich requires a priori knowing the valuation ratio
v1/V2. Therefore, such an approachist prior free. In contrast, the lower bound in Theorem 2 wasthdisteed by a
constructive proof that allows a prior-free design of asiotipally optimal auctions. In order to state the result, we
need to introduce the following positive constavits= (1+a)%3 andc = ﬁ wherea > 0 is the unique solution
of log(1+a) = 1+ 2/a. The constants*, ¢, anda are approximately equal ta567, 0224, 3681, respectively.

Theorem 7 For every given buyers’ valuationg ¥ v, > 0, there exists a Tullock auction with parameter r for
which a unique Nash equilibrium exists and the revenue Risretfuilibrium satisfies

< r(vi/va)
otherwise

R 1— 1~ ifvy/ve <V,
Vi+Vo

__Cc
log(va/v2)

wherer (v /vs) is given byr = 1+ (va/vy)".
Furthermore, the bound is tight. For the casg/'w, < V¥, it is achieved asymptotically as r tendsrivs /v,)
from below, and otherwise, it is achieved foedog(1+ a)/log(vi/Vv2).
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Proof. For everyn > 2 we have bidsv at Nash equilibrium that satisfy the following. Every buyenaximizes

payoffvi% —w; overw; > 0. Taking the partial derivative with respectwpwe obtain the following conditions,
]

for every 1<i <n,

W W
virw{*lzj L~ =1
(55w)
Vixi—w, > 0 (8)

where the last inequality means that each buyer’s payofismegative, which indeed holds as each buyer is
guaranteed a zero payoff by selecting a zero bid.
For the case of two buyeis= 1, 2, this reads as

W wiwg
vir—+—2_ =1 andvr —2_ - =1. 9
W w2 2 W+ w2 ©)
From these equations, it follows

Wi _ W

Vi Vo

Combined with (9) we have

Vi r(vy/va)'
Wy = —wWs andw, = Vp————""——_ 10
Therefore, the revenue at Nash equilibrium is
r(vi/vo)'
R=(vi+v)—"""—. 11
M ) -
From (8), we have
i wh
vi——— > 1 andv > 1.
"W wh < WL+ W,

Combining with (10), we obtain that the last two inequaditae equivalent to saying< 1+ (vo/v1)".
For every set of two buyers with valuatioms > Vo, maximizing the revenue amounts to solving the following
problem
maximize R(r)
over r>0
subjectto r <1+ (vo/vq)".

Let us first consider the above problem without the condtr@irsolution of the problem satisfies the condition

d 1 log(va/v2) (va/va)" _
ar logR(r) = ; +log(vy/v2) —2 Tt (vi/vo) =
which is equivalent to
2
log((vi/Vo)" ) =1+ ————.
g(( l/ 2) ) (Vl/VZ)r -1

Using the notatiora = (v1/v»2)" — 1 we note thati > 0 is a unique solution of
log(1+a) =1+2/a (12)
Hence, the optimum return to scale parametewithout the constraint of the problem, is

. log(1+a)
~log(vi/va)
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The constraint of the problem< 1+ (v»/v1)" is equivalent to saying < r wherer is defined in the statement of
the theorem. Therefore, if <r, thenr* is the maximizer for our original problem, otherwises the maximizer
for our original problem.

Now, notice that logvi/v2) = —log(r — 1)/r and use this along with definition of to note thatr* <ris
equivalent tor <1+ 1/(1+a). Sincer is decreasing witlv;/v», we have that* < r is equivalent tov; /v, >
(14 a)(1+3/(2+8) :— y*_ n the following we consider the following two cases:

Case 1: vi/v» > V*. In this case the maximizer and we obtain

R(r*) (1+a)log(1+a) 1

Vi+Vvo (2+a)? log(vi/V2)

Using (12), we derivé(1+a)/(2+a)?]log(1+a) = (1+a)/[a(2+a)] := c from which the asserted result follows.

Case 2: v;/v2 < V*. In this case, the maximizer isand using (11), the asserted result follows.
This completes the proof of the theorem. =

E A Characterization Lemma for Tullock Auctions

In this section, we characterize the Nash equilibrium alflion for Tullock auctions, i.e. for the allocation fungtio

X =W /y;wj, with an arbitrary number of buyers> 2 and any O<r < 1. This characterization is of general
interest and is used for deriving revenue bounds in SectioNVE will see that the following functions play an
important role, le(x) andb(x) be functions defined of, 1] as follows:

r XI’

X
=T andb(x) = Ry — (13)

The following lemma characterizes the Nash equilibriumersaybids for every Tullock auction with parameter
O<r<1.

a(x)

Lemma 1l Consider a Tullock auction with parametek r < 1 and a set of > 2 buyers with valuations;v> v, >
--- > Vy > 0. Then, at Nash equilibrium, the buyers’ bidg,wo, ..., w, are characterized as follows.

There are two cases: Case Ajif, [l— V31— a—l((vl/vi)f)} > 1land, Case B otherwise.

Case A: ;
W = gvia‘l <(%> a(y1)> ,fori<i<n, (14)
where Y is given by
Ay = 1= Iy 5 1= \/L-a-(/wram)| ~2 (15)
CaseB: ;
Wi = gvia‘l <(§> b(y1)> fori<i<n, (16)
where Y is given by
By = 1+ I+ 3 [1-/1-a (/b)) -2 an
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Proof. The Nash equilibrium bids/, wo, . .. ,w, satisfy, for every,

eitherw; = Oor 9 < zvvr Wi>:0.
j

The last identity is equivalent to

W W o) _ 1w
TiW (1_21""5>_”’i' 9

Notice that this is a quadratic equation with respe% whose solving allows us to note that

W 1
for everyi eltherz—Wr = (1+ V1 y.) or —Wﬁ =5 (1— \/1—yi) (29)

|
where by definition

4w ,
Vi = F\:/l-l’ forevery 1<i<n. (20)
|
From (18) and the assumption > v, > - -- > vy, it follows thatwy > w, > -+ > wi,. Thereforewr/zJ . >1/2
may hold only fori = 1. Hence, it follows

w T(1xyI—y) i=1
— 21
3w {%(1— I-y) 1<i< (21)
From (20) and (21) we have fordi <n,
vivi _ 1-Vi-y viyy, 1-v1 Y
either Case A-LZL = or Case B '
iy, 1-y1-w 1yr1 1+\/1 y1

Using the definitions of functiona(x) andb(x) in (13), the last identities can be rewritten as, for every il< n,
either Case A: ;
Vv
an) = () aw) 22)
|
or Case B: )
Vv
an) = () b 23)
|
Equations (14) and (16) follow, respectively, from (22) g@8). Notice that given an equilibrium value gf,
equilibrium valuesy;, 1 < i < nare determined by (22) and (23). It remains to determineitond that determines

whether we have either Case A or Case B and determine equifitvalue ofy;, which we do in the following.
Summing (21) over we have

1i¢1—y1+§2( Vi-yi)=2 (24)

where the sign of the second element in the left-hand sidegative under Case A and is positive under Case B.
Combined with (22) we obtain thai is a solution ofA(y;) = 2 under Case A anB(y;) = 2 under Case B, where
function A(x) andB(x) are defined in the assertion of the proposition.

On the one hand, notice thatx) is an increasing function o}, 1] with values at the endpoin#&(0) = 0 and
A1) =143, (1—a((vi/v)")). Therefore, there exists a solutionAdy;) = 2 if and only ifA(1) > 2, i.e.

n

; (1—at((vi/w)")) > 1.

On the other hand3(x) is a decreasing function dy, , 1] whereb(y, ) = (v2/v1)", with values at the endpoints
B(y,) > B(1) andB(1) = A(1). Therefore, Case B hoIdsA!f( 1) <2 n
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F Proof of Theorem 5

The proof makes use of the equilibrium characterizationppéndix E. In particular, we repeatedly use the follow-
ing bounds, which are straightforwardly derived from (18},every O<r < 1,

o <a(x) < Xir, for0<x<1, (25)
1y 2 2\ 2
<—> <al(x) < (-) , forx> 0, (26)
X X
and
%xr <b(x) <X, for0<x<1. 27)

Proof of Item 1

We first show that under this item, Case A in Lemma 1 holds, i.e.

i <1— Vi a—l((vl/vi)f)> > 1. (28)

Indeed,

i <1— \/1—8.1((V1/Vi)r)> = %-n (/w2 % n <\\//_I1>1r_r - %HYH”;

Therefore, if|[V||p > 2, then Case A holds.
Under Case Ay; is given byA(y1) = 2, whereA(-) is defined in (17), which is equivalent to

1+ VIyi= 5 [y /ma (/e 29)

Upper bound for wy/vi.  From (29),

1+VITY = 3 [1- e ra)|

1

> éi ((va /) aly)

Vi B 1 N
> 2o (yl)ll_;(vl) = 9B

From this, the following relations hold

._.
1=

2t L —2.2. fyi > (1+/I-yn)2alyn) v = 1913

1

Therefore, W
1 = el
—— < 21y P, 30
S ¥llo ¢

20



L ower bound for wy/v;.  We follow similar steps as for the upper bound. First, fror)(2

n
i=

1+/1-y1 = Z[l—\/l—a_l((Vl/Vi)ra(yl))}

n

< %a‘l((vl/vi)ra%))
i=
1 L 1
< 25 (w) -k
a(y) = = \1 a(yr) =
From this, L
2 =2 < (1 T2 Fraly) < 9B
1 1
Therefore, W
1, 32 _
—=>2 1 P 31
v 22 Tl (31)
Revenue upper bound. First, we note
Wi & Vi Yi
R=YW=vi-—+Vv3-— ) —
Z I ! 1 ! Vi i;w Y1
It remains to show that for a positive constént
Wy Vi i
—§ —Z <GV
VisViyr '
From (22) and (25),
2 ' 1
>aly)=|—) ay)>(—=
> aly) (L) aw = () o
and, thus, r
LI <ﬂ> o (32)
1 Vi
Therefore,
r/(1-r)
n o n ) ) r/(l_r) z'n:Zﬂ Vi
. ﬂ ﬂ& §V1C2||z/||5p21_if Zﬂ <i> :szﬁ\/l' 1=2 v, (Vl) §C22r1r\/2'
i

v S S V1 \1 -)r/(l_r)

Sito (vi'l

Asymptotic wy/v1.  We consider asymptotically dominant terms in (28) [&8, tends to infinity. In view of the
established upper bound @n /vi, we have thay; tends to 0 and so doegy;) and thusa—* ((vy/vi)'a(y1)) tends
to zero, for every. Therefore, from (28),

215 a1<<ﬂ>ra(y )) for small ||v||
222 Vi v) o

Furthermore, using the asymptotes

1
2 2\ 1T
a(x) ~ & smallx anda‘l(x) ~ <;> , largex,

we obtain
y1 ~ 4{[¥||,P, for small||¥|]p,

which establishes the asserted asymptotic in view of thieyfae (4w, )/(rvy).
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Proof of Item 2

We first show that under item 2, Case B in Lemma 1 holds, i.e.

i <1_ \/1— al((Vl/Vi)r)> <1

Indeed,

n < \/ n 1 n Vi r 1T1r
1-yima i) < yatm < 3 2(5) | ~2iwig
iZZ | izz | iZZ Vi P

where the first inequality is elementary-1/1 — x < x, for every 0< x < 1, and the second inequality follows from

(26). Therefore, if|[V||p < 1/2, then Case B holds.
Under Case By; is given byB(y;) = 2, whereB(-) is defined in (17), which is equivalent to

1-Vivi-y [1— Ji- a—l<<v1/vi>fb<y1>>] . (33)
Upper bound for wy /v;.  From (33), we have
1-V1-y1 < _na4((€> ng

a1 /v 1 1
_ ;(—') —ot Ly,
b(y:) 7 %2 \V1 b(y1)

where the first inequality is elementary;-1/1 — x < x, for every 0< x < 1, and the second inequality follows from
(26). Using the fact & \/T—y; > 1y; and (27), we have

A
s

271y _yl =Ty,

1 r
271—1 1oL

< (1—/I-y1)-b(yn) T < 2279,

Thus,y; < 237" [V|p, i.e.
W
v <2

Lower bound for wy/v;. Lower bound follows by similar arguments. From (33),
n r
1 V1
a — 1| b
iZZ <<Vi > (Y1)>

1 "<w>%F 1 1
=5—— ||V
oo 2 \W) 2y

where we used the elementary fact /1 —x > %x, for every 0< x < 1, and (26). Using (27), it follows

1-1-y1 >

>

NI NI

1

1 - 1

N

Hencey; > 21| [v||p, i.e.

W-
=1 > 27619 .
V1
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Revenue upper bound. First, we note

From (23) and (27),

and thus,
-\ Tr 1
< 4t (i) s (34)
Therefore,
Ny N v /v \T7 4P Show () 1
Vl,zzﬂxgvl,%&@) A< # 1 cr,
i= Viyi i= V1 Y1 ||\_/||p C

where the second inequality is gy = (4/r)w; /v; and the lower-bound ow; /v; in the assertion of the theorem.

Asymptotic wi/vi. The assertion follows by considering asymptotically dcminterms in (33). We will show
that for everyi, a=1((v1/vi)"b(y1)) tends to zero agv||, tends to zero. Then,

n

Z[ \/1 at((va/vi) rbY1:| %i ((v2/vi)'b(ya)).

Now, from the definition of(-), it is easy to see that

1
g
al(x) ~ <g> , largex.
X
Using these in (33), we obtain
V)7 (1 /Toy) ~ 522 95
Noting thatb(y;) = 2y;[1+ O(y1)] and 1- /IT—y; = 2y; + O(y?), we obtain
y1~4|[Vl|p

which combined withy; = 4w /(rv1) yields the asserted asymptotic.
It remains to show tha*((v1/vi)"b(y1)) tends to 0 aglV||, tends to O, for every It is easily seen that ifV||p,
then necessarily,/v; tends to 0. It suffices to show that for everyvs /v;) b(ys) tends to infinity as» /v, tends to

0. Note r r N
() bt > () 2> 3 (Lacaol ) %(4@(@ )

which clearly converges to infinity as /v tends to zero.
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