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Abstract

Discriminative training for hidden Markov models (HMMs) has been a central theme in speech recognition research for many years.
One most popular technique is minimum classification error (MCE) training, with the objective function closely related to the empirical
error rate and with the optimization method based traditionally on gradient descent. In this paper, we provide a new look at the MCE
technique in two ways. First, we develop a non-trivial framework in which the MCE objective function is re-formulated as a rational
function for multiple sentence-level training tokens. Second, using this novel re-formulation, we develop a new optimization method
for discriminatively estimating HMM parameters based on growth transformation or extended Baum-Welch algorithm. Technical
details are given for the use of lattices as a rich representation of competing candidates for the MCE training.

© 2007 Elsevier B.V. All rights reserved.
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1. Introduction

Hidden Markov models (HMMs) have been a well
established framework for a variety of pattern recognition
applications, including, most prominently, speech recogni-
tion applications (Rabiner and Juang, 1993; Bahl et al.,
1987; Deng and O’Shaughnessy, 2003). One most attractive
feature of the HMM framework is that its parameters can
be learned automatically from the training data. In early
days of HMMs, the parameters were learned by the maxi-
mum likelihood (ML) criterion based on the EM algorithm
(e.g., Bahl et al., 1987; Rabiner and Juang, 1993). Improve-
ment of parameter learning beyond ML has been pursued
for many years (Brown, 1987; Chou, 2003; Deng et al.,
2005; Deng et al., 2005; Gopalakrishnan et al., 1991; He
and Chou, 2003; Juang and Katagiri, 1992; Juang et al.,
1997; Macherey et al., 2005; McDermott et al., in press;
Normandin, 1991; Povey and Woodland, 2002; Povey
et al., 2003; Povey, 2004; Povey et al., 2004; Rathinavalu
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and Deng, 1998; Schluter et al., 2001), based on the con-
cept of discrimination against classes, in contrast to maxi-
mizing likelihood of each individual class. The reason
behind discriminative training is that complete knowledge
of speech data distributions is lacking and training data
is always limited. It is not until recently that discriminative
training has shown uniform success in speech recognition
over virtually all tasks, including especially large tasks
(e.g., Woodland and Povey, 2000; Povey, 2004).

Among several types of discriminative training for
HMMs, one prominent type is minimum classification
error (MCE) training (Chou, 2003; Juang and Katagiri,
1992; Juang et al., 1997; He and Chou, 2003; Macherey
et al., 2005; McDermott et al., in press; Roux and McDer-
mott, 2005; Rathinavalu and Deng, 1998). The essence of
MCE is to define the objective function for optimization
that is closely related to the empirical classification errors.
This is more desirable than other types of discriminative
training that are less closely related to the classification
errors. The conventional MCE has been based on the
sequential gradient-descent based technique, named gener-
alized probabilistic descent (GPD), which optimizes the
objective function as a highly complex function of the
HMM parameters.
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Another significant advance in discriminative training is
the development and application of a special type of opti-
mization technique, called growth transformation (GT)
or extended Baum-Welch (EBW) algorithm when it is used
for HMM parameter estimation. GT is an iterative optimi-
zation scheme where if the parameter set A is subject to a
transformation A = T(A’), then the objective function
“grows” in its value O(A)> O(A’) unless A= A'". In
(Gopalakrishnan et al., 1991), GT/EBW was developed
for rational functions such as the mutual information as
the optimization criterion. Maximization of mutual infor-
mation (MMI) as a form of discriminative criterion for
the discrete HMM was described in (Gopalakrishnan
et al., 1991). This has been extended to the continuous-den-
sity HMM in (Normandin, 1991; Gunawardana and
Byrne, 2001). The significance of GT/EBW lies in its effec-
tiveness and closed-form parameter updating for large-
scale optimization problems with difficult objective func-
tions. Compared with the gradient based techniques which
often require special and delicate care for tuning the
parameter-dependent learning rate, GT/EBW avoids such
requirements and with the closed-form updating formula
it is generally faster in reaching algorithm convergence.

Mutual information is naturally in the form of a rational
function and MMI is obviously suited to GT/EBW optimi-
zation. However, as a discriminative criterion, it is only
indirectly related to classification errors. On the other
hand, MCE as a discriminative criterion is closely related
to classification errors, but it is not naturally in the form
of a rational function when there are multiple utterance
tokens in the training data. Hence, it has been a tradition
to use the gradient-descent techniques (GPD) for optimiz-
ing the MCE criterion (Chou, 2003; Juang et al., 1997,
McDermott et al., in press; Rathinavalu and Deng,
1998). In this paper, we break this long-held tradition
and take a fresh look at the MCE. This new analysis and
formulation of the MCE covers two main issues. First we
re-examine the MCE criterion. Second the results of the
re-examination permit the use of the new GT/EBW optimi-
zation technique for optimizing the MCE criterion with
respect to the HMM parameters.

The organization of this paper is as follows. In Section
2, an overview of the traditional MCE is provided. Then,
in Section 3, we reformulate the MCE criterion (with multi-
ple training tokens) into a rational functional form. We
provide a rigorous proof by induction for the correctness
of the rational functional form. Given this non-trivial
reformulation, in Section 4, we present in detail a novel
GT/EBW based optimization technique for estimating
the parameters of the Gaussian HMMs. In Section 35, the
lattice-based MCE training is described, and a summary
is given in Section 6.

2. Overview of minimum classification error (MCE) training

We denote by A the parameter set of the generative
model expressed in terms of a joint statistical distribution

pa(X,8) = p4(XIS)P(S), (1)

on the observation training data sequence X and on the
corresponding label sequence S, where we assume the
parameters in the “language model” P(S) are not subject
to optimization. We use r =1 ,..., R as the index for “to-
ken” (e.g., a single sentence or utterance) in the training
data, and each token consists of a ““string” of an observa-
tion data sequence: X, = X, 1,. . ., X, 1, With the correspond-
ing label (e.g., word) sequence: S, =w, 1,...,w, n,. That is,
S, denotes correct label sequence for token r. Further, we
use s, to denote all possible label sequences for the rth to-
ken, including the correct label sequence S, and all other
incorrect label sequences.

MCE learning was originally introduced for multiple-
category classification problems where the smoothed error
rate is minimized for isolated “tokens” (Juang and Katag-
iri, 1992). It was later generalized to minimize the
smoothed ‘“‘sentence token” or string-level error rate
(Juang et al., 1997, Chou, 2003), which is known as
“embedded MCE”.

The MCE objective function is defined first based on a
set of class discriminant functions and a special type of loss
function. Then the model is estimated to minimize the
expected loss that is closely related to the recognition error
rate of the classifier.

In embedded MCE training, a set of discriminant func-
tions is first defined based on the correct string S, and the N
most confusable competing strings, s, 1, . . .,s, . Define the
top N best competing strings as

Sy = argmax,, ., s, {logp,(X,,s.)},

Spi = ALZMAX, 5, £, 5,755, 1 oeesSri | {logp,(X,,s.)} i=2

Then, the discriminant functions for the correct string
and the N competing strings take the form of
&, (Xr; A) = logpA(erSr)a

And the decision rule for the recognizer or classifier is
the one that for the observation data sequence, X,

C(X,) =s if s =argmaxg, (X,;1).

S €481 81y ey SN}

Next, a misclassification measure in MCE is defined.
For the general N-best MCE training, the following mis-
classification measure has been widely used (Juang et al.,
1997):

dr(Xm A) == lngA (X,, Sr)

1

1 '
+log {N > exp[nlogpA(Xr»Sr)]} (2)
SpoSrF£Sy

This misclassification measure function emulates the
decision rule, i.e., d(X,,A4) = 0 implies misclassification
and d(X,,A) <0 implies a correct classification. The sec-
ond term in (2) is a soft-max function, which counts the
scores of all N competitive candidates. It can be looked
as an average over the scores of competitive candidates
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weighted based on their individual significance. Moreover,
this misclassification measure can be closely approximated
by the following simpler form:

—logp,(X,,S,) + log Z
SpySr 7Sy

dF(XHA) = W(Sl’) 'pA(XHSF)a

(3)

where w(s,) is a non-negative weighting factor for compet-
itive string s,. Note that the sum of w(s,) is not necessarily
equal to one.

Finally, to define the objective function of MCE, a loss
function for a single sentence token or string X, is estab-
lished, as originally proposed in (Juang and Katagiri,
1992; Juang et al., 1997), in the following form:

1 1
[+ e s ndtf — ] 4 e dr00) @

l(d(X:, A)) =

where we assume o =1, f =0 for simplicity in exposition
without loss of generality. This loss function emulates the
zero-one recognition error count function, i.e., when
d(X,, A) is larger than zero, which implies an incorrect rec-
ognition, the loss function approaches to one, which essen-
tially becomes a recognition error count.

With the misclassification measure in the form of (3), the
loss function for the N-best version of MCE becomes:

D s, W8P A (X 7, 57)
Zs,.,s,.¢s,w(sr')pA (Xy80) + pa(X
. ZS,A,wéS,W(Sr)PA (X, s,)

a E,V,W(sr)pA (X, s0)

The last step is obtained after the assignment of
w(S,) =1 for the correct string S,.

Given the loss function for one sentence token r in (5),
the empirical loss function over the whole training set with
all R training tokens becomes:

A) =" 1(

r=1

lr(d,(X,-, A)) =

)

()

d (X, A)). (6)

Therefore, (6) is closely related to the empirical recogni-
tion error rate and is the objective function to minimize in
MCE. The traditional MCE methods minimize the loss
function via the technique of probabilistic gradient descent
or GPD, which we refer the readers to an excellent review
in (Chou, 2003).

3. A new look at MCE - optimization criterion

We now take a new look at MCE in terms of its optimi-
zation criterion as expressed in (6). Minimizing the overall
loss function of L(A) in (6) is to the same as maximizing the
following equivalent objective function:

o ?, vr#S W(S' )p/l (Xrasr)
O =R=L) =2 1= = )
_ pA X, ) S )
Z Z SF)PA(XHS')

Importantly, (7) is a sum of rational functions rather than
a rational function in itself, and hence it would not be
directly amenable to GT/EBW for its optimization. The dif-
ficulty of formulating a rational function and the desire of
moving away from gradient descent have been discussed in
(Povey, 2004). In this section, we directly tackle this diffi-
culty and re-formulate the MCE objective function of (7)
as a true rational function of the following specific form:

(7)

0(4) = ZSIMSRW(S] coSp)pa (X Xy sy .sR)C(sy . sR)
D WS1 SR (X1 X RSy 8R) ’
(8)
where w(s; ...sz) = [[~,w(s,)and C(s ...sz) = SF_ C(s,.),

C(s,) = o(s,,S,). Here, d(s,,S,) is the Kronecker delta func-
tion that equals one if s, = S,, and zero otherwise. Note that
w(sy,...,sg) and C(sy,...,sg) are quantities not relevant to
A.In (8), X = X},..., Xg denotes the collection of all obser-
vation data sequences in all R training tokens, and
pAX1,..., XR,S1,-..,8g)1s the joint distribution for all train-
ing data and their corresponding label sequence assign-
ments s = sq,...,S5g.

We now provide a rigorous proof that (7) and (8) are
equivalent. We use the induction method for the proof in
the following two steps.

(1) We prove the equivalence of (7) and (8) when there are
two training utterances, or R =2, as follows. Starting
from (7), we have:

w(S1)ps(X1,81) " w(S2)p4(X2,5,)
Do WP (Xiys1) - Do w(s2)pa(Xa,s2)
2 wWs1)pa(X1,51)8(s1,51)
Y wls)pa(Xa,s)

D oo W(s2)p4(X2,52)0(s2,82)

Yoo W(s2)p4(X2,52)

2 2 Ws)W(s2)p4 (X1, 51)p4 (X2, 52)[0(s1,81) 4 6(s2,52)]
B D 2, WEW(s2)p 4 (X1,51)p 4 (X2,52)
_ 2anW(s182)pa (X1, X0, 81,5)[C (9192)}

> sy W(s12)P 4 (X1, X2, 51,52)

0(A) =

©)

The last step used the common assumption that the train-

ing tokens are independent of each other. Clearly (9), is in

the same form of (8) when R = 2.

(2) After assuming the equivalence of (7) and (8) for
R = Ry, we now prove the equivalence for R = Ry +
1 as follows. Again, starting from (7) for R= Ry +
1,we have,
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ROZH p/l XraS i pA XraS ) W(SR0+1)pA(XR0+1aSR0+1)
Zb, Sy pA X,,S, ZJ, Sr pA(Xr,Sr) ZSR(,+1 W(SRo+l)p/1 (XR0+1 »SR0+1)
B ZS]‘”SROW(Sl o SRO)PAX 1 o X Ry St SR, )C (81 . . S,)
ZX]”JROW(SI o SR )PAX 1o X RyyS1---SRy)

ZSRO+] W(SR()+1 )p/l (XR()+1 »SRo+1 )5(SR0+1 7SR0+1 )

ZSROHW(SR()H N (XR0+1 7SR0+])
Z,v] SRy ZSRO ; IW(SROJrl )p/l (XR0+1 ySRy+1 )W(Sl cee

SRO)pA(Xl ...XRO,SI ---SRO)[C(SI "'sRo) +5(SR0+1,SR0+1)]

2 rsny 2asig o W SR )P AKX Ry 1 Smy 1 )W(S1 57 )P (X1 Xy -58))
ZJ‘I---SROHW(SI .. ~SR0+1)pA(X1 .. .XR0+1,S1 .. .SR0+1)C(S1 .. .SR0+1)

ZSI»--SRUJAW(S] ..

that is, (8) is valid for R = Ry + 1. This completes the
proof by induction.

The significance of the rational functional form of the
MCE criterion is that it enables the use of the GT/EBW
optimization method for discriminative training of the
HMM parameters, which we elaborate below.

4. A new look at MCE - optimization method

4.1. Introduction to the growth-transformation optimization
technique

GT/EBW technique was developed for optimization of a
rational function. Gopalakrishnan et al. (1991) proposed
the GT/EBW based MMI estimation for the discrete
HMM, and the method was extended for MMI estimation
of the continuous-density HMM (CDHMM) in (Norman-
din, 1991). Later Gunawardana and Byrne (2001) give an
alternative method for MMI estimation of CDHMM,
and its validity is proved in (Axelrod et al. (in press)). In
following sections, we will present a similar method
for optimization of the re-formulated MCE objective
function.

Let G(A) and H(A) be two real valued functions on the
parameter set A, and let the denominator function H(A) be
positive valued. Construct the objective function as the
ratio of them to form the rational function of

G(A)

o) =22

HOA) (11)

An example of this rational function is the objective
function for the MCE criterion, where

G(A) =Y wls)ps(X,5)Cls),

s

H(A) = Z W(S)pA(X7S)7

s

and

(12)

-SR0+1)[7/1(X1 .. .XR()+1,S1 ..

F(A; A" =

SRo+1 ) ’

(10)

and we use s = s1,...,5g to denote the label sequences for
all R training tokens, and use X = X,..., X, to denote
the observation data sequences for all R training tokens.

As in (Gopalakrishnan et al., 1991), for the objective
function with the form of (11), the GT-based optimization
algorithm constructs the auxiliary function of

G(A) — O(A')H(A) + D, (13)

where D is a quantity independent of the parameter set A,
and A’ denotes the parameter set obtained from the imme-
diately previous iteration of the algorithm.

The GT algorithm starts by initializing the parameter
set as, say, A’. (This is often accomplished by the ML
training using, for instance, EM or Baum-Welch algo-
rithm for HMMs.) Then, updating of the parameter set
from A’ to A proceeds by maximizing the auxiliary func-
tion F(A;A’), and the process iterates until convergence is
reached. Maximizing the auxiliary function F(A;A’) is
often easier than maximizing the original rational function
O(A). Tt is easy to prove (Gopalakrishnan et al., 1991)
that as long as D is a quantity not relevant to the param-
eter set A, an increase of F(A;A’) guarantees an increase
of O(A).

We now define another auxiliary function from the pre-
vious auxiliary function F(A;A’)= F(0) defined in (13).
This new function is:

VO:0) =3 [ 0.0 108f (10,0007 (14)

where the positive, real valued function f{x,q,6) > 0 is de-
fined by

=3 /f(x,qﬁ)d/

and where ¢ is a discrete variable (e.g., a state sequence in
an HMM).
Then we have:

(15)
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log F(0) — logF(H/)
S (x w% f(x:q,0)
—1 =1
Og ng / f(1q.0)
f 14,0 f(x7q79)
= / / d
>Z/ F<0> a0, 0)

o |2 / £, 0) log f (1, 4. 0)dy

- Z /f(Xv q, 0/) logf(Xa q, 0,)d/C‘|
g J1
1

F(0)
The inequality above is due to Jensen’s inequality (Jen-
sen, 1906) applied to the concave log function. The result
of (16) says that an increase in the auxiliary function
V(0;0') guarantees an increase in log F(0). Since logarithm
is a monotonically increasing function, this also guarantees
an increase of F(6) and hence the original objective func-
tion O(A). The technique that “transforms” the parameters
from A’ to A so as to increase or “‘grow’ the values of the
auxiliary functions and hence the value of the original
objective function is called the growth-transformation
(GT) technique (Gopalakrishnan et al., 1991). We now
apply this GT technique to the Gaussian HMM with the

MCE optimization criterion formulated in (8).

V(0;0) — v (0;0)].

(16)

4.2. Application to Gaussian HMM

Substituting (12) into (13), we obtain the auxiliary
function
F(a;4) = 3 w(s)p, (X, $)C(s)
- O(A')Z w(s)p(X,s) +D
—Z $)p4(X,5)[C(s) — O(A)] +D
= Z Z 9)Pa(X,4,5)[C(s) —=O(A)] +D (17)
where ¢ is the HMM state sequence, and s = s1,. . .,55 is the

label sequence (e.g., the word or phone sequence) for all R
training tokens (including both correct or incorrect label
sequences).

Follow the method used in (Gunawardana and Byrne,
2001), we can re-formulate F(A;A’) as follows. Let A
consist of mean and variance parameters in the HMM.
Since (g,s) is irrelevant with A, we have p(X,q,s|A) =
p(X|g, A)P(q,s), and hence

F(A; 4') = Z [Z (5)P(q,5)[C(s) — O(A)] | p4(X|q) + D

—Z/

9)lp(xlq)dy, (18)

where I'(A") = 6(y, X)Y_ ,w(s)P(g,s)[C(s) — O(A")], and
D=3 d(q) is a quantity independent of the parameter
set A. This quantity should be sufficiently large to guaran-
tee that the integrant of (15) be positive, or I'(A’)+
d(q) > 0 (note p4(x|q) in (18) is non-negative).

We now desire to construct the auxiliary function of (14)
based on the auxiliary function (18). To achieve this, we
first identify from (18) that

f(q,4) = [[(A) +d(q)lp(xlg, 1),

according to (15). Then, using (14), we have
V(A A) = Z,: // (M) +d(@)]p (1) logd[T(A') +d(@)lpa (719) bz
-3 [ sdig.igtesp. (g + &
= Z,:[Z w(s)py (X,4,8)(C(s) — O(A

+Zd /pA (xl9)1ogpa(xla)dy + K.

Nlogp(Xlq)

(19)

Ignoring optimization-independent quantity K in (19),
and dividing V(A; A’) by another optimization-indepen-
dent quantity p,(X), we obtain an equivalent auxiliary
function of

(s1X)py (q1X ,5)(C(s) — O(A')) | logp (X q)

VA~ Y [zwm

q K

3 d () /pm(xlq)logm(x\q)dx (20)

where

d'(q) = d(q)/py(X).

Note X' = X1,..., Xg, is a large aggregate of all training
data with R independent sentence tokens, and for each
token X,=x,1,...,x.7» , the observation vector x,,
depends only on the state at time ¢. This enables decompo-
sition of logp 4(X]¢) and then drastic simplification of both
terms in (20). To pursue the simplification, we define

(1)

Virs, (t) a2 (qm = i|er Sr)a (22)
as the occupation probability of state i at time ¢, given the
label sequence s, and observation sequence X,. Note (22)
can be efficiently computed by the standard forward-back-

ward algorithm (Rabiner and Juang, 1993). We also define

=2 4@

9 4r =i

rtl

(23)

Then, after a series of algebraic steps, Eq. (20) can be
simplified to:
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i) er«,r'

(24)

= l) logp/l (Xr,t|qiyt =

We now proceed to maximize (24) with respect to the
Gaussian HMM’s parameters, mean vectors and covari-
ance matrices A = {u;,2;}, i=1,2,...,1, in the following
state-conditioned Gaussian distribution:

1 1 T
WCXP —E(X—,“i) =)
|Zi]

We set CU(&A =0 and solve for A given the model
parameters A’ = {yu,2"} from the previous iteration of

the GT/EBW. For the mean and covariance, respectively,
in the Gaussian at the HMM’s state i, we set

U(A;A) oU(A; A')

; = 0.
o o 0Z;

This eventually gives the “growth transformation” for-
mulas of:

W= ZleZt]—:’lAy(l’ ’, t)‘xf + D,,Lti (25)
’ Zf:lZQlAy(i’n t)+Di
and
3= Zf:lZ[ll[Ay(ivrs 1) — ) (o — M‘)T] +DfZ; +Di(p; — H;)(H[ 5 ﬂ;)T7
SE S Ay(iy ) 4 D;
(26)
where we use the new definitions of
R T,
D, = Z d(r,t,i) (27)
r=1 t=1
Ay(iyr, 1) =Y w(s)py(s|X)(Cls) — O(A))y,,e (). (28)

s

And we leave the detailed derivations leading to (25) and
(26) to the interested readers.

4.3. Computing Ay(ir, t)

The major computational steps in the above GT re-esti-
mation formulas are the computation of Ay(i,r,t) in (28),
which involves summation over all possible label sequences
s =s1,...,5g The number of training tokens (sentence
strings), R, is usually very large. Hence, summation over
s needs to be decomposed and simplified.

Denote s =ys1,...
X X' =Xo41,0 00,

/A (A
sSr—1, 8 _SrJrla"'asR’X _Xla"'a
Xg. Then, from (28), we obtain

B9(6r0) = 30 3 5 WS 551X )

X(C(S 51,8") = O(A))9;5, (1)
—ZW(S, P (s,|X)

[Z S (5" X X IN(C(S s51,8") = O(A) | 34, (0):

Term T

(29)
Using C(s',s,,5") = C(s,) + C(s',5"), Term I in (29) can
be simplified to
Term = Z Zw(s/,su)p/l, (s, s X', X")(C(s,s,,511) — O(A"))
3wl 5 X
30 D a5 WX )
—0() 30 w6 s XX

And using

Zz

_ w(S,)py(X:,S,) + ER: w(S)py(Xi,Si)
Z w(s )pa(X,,s,) =T itr ZX,W 5P (Xi, i)
_ w(S)py (X, S,)
B Zsrw(sr)p/l’ Xy s,)
Sy (S (5,5, X, X)L, 7)
5 W5 5 7 X X
 WSpa(SIK)
O ws)p (s 1X,)
Do oW(s 8" )Py (s, s X, X")C(s,s)
S S S XT)

S )Py (X, S)
Sr pA’(Xr7sr)

we obtain:
32 3w a8 X )

ZZW / // pA g S//|X/ X//)C(/ //)

TermI=

(S )p/l’ S ‘X / // P vy
T s pas 1K) ZZW Pals A

—zzw )
S

/ l/|X/ X//)c( / //)

s s (s' s X', X"

Term I1

W(Sr)p/l’ (Sr|Xr)

x| Clsr) = 2o WP (se[X,) |

The quantity above denoted by Term II can be simpli-
fied to:
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DD 2 WS 8, 8" )Py (8,5, 8" | X X, X

Term II =

Zs,w(sr)pA’(Sr|Xr)
o)
Do WS )py (s |X5)
where we define
Q(A')=Z w(s)py (s|X)
- Z Z w(s1) ) Pa(s11X1) - pa(srlXr)

= H Z W(Sr)p/l’ (Sr|Xr)'
r=1 s
Substituting the above terms back to, we obtain:

M) = s s ) g O
w(S)pr (SHX+)
ZS,W(Sr)pA’ (s,1X7)

For the 1-best MCE where w(s) =1, Q(A’) =1, takes a
simpler form of:

ZPA’ Sy |X )

x |C(s,) —

Virs () (30)

lrt

— Py (Si‘|Xr)]Vl,m‘r (t) (31)

4.4. Considerations for setting empirical constant D;

In the GT re-estimation formulas (25) and (26), the
value of constant D; is empirically set and it determines
the stability and convergence rate of the algorithm. We
now discuss the basis for setting this constant in practice.
From (27), (23), and (21), we have

T r
D, = zdm C3 Y dig)
r=1 t=1 r=1 t=1 q.q,,=i
R T,
0y 22 2 dl (32)
p/l, r=1 t=1 q.q,,=i

According to Jensen Inequality, the theoretical basis for
setting D; is the requirement described in (18) that d(q) be
sufficiently large to ensure that d(g) > —I'(A’).

This gives

(33)

For the continuous density HMM case, however,I'(A")
is unbounded since d(y, X) is unbounded at the center point
¥ = X, and D; needs to approach to infinite. To address this
issue, follow the similar derivation as in (Axelrod et al. (in
press)), it can be proved that with a large enough but
bounded D;, the function V(A; A’) at (19) is still a valid
auxiliary function of the objective function O(A), i.e

increasing the value of V(A; A") will guarantee increase of
the value of F(A; A’), and so as to guarantee increase of
the value of the objective function O(A).

In implementation, we are more interested in the practi-
cal setting of D;, which is usually determined empirically
for fast convergence. The value of D;which we have found
practically effective for 1-best MCE is

R
D;=E- ZPA’ (S:1X7) ZPA’ (s:[X7) Z Virs, ()
r=1 Sy t

where E is a factor controlling the learning rate. The larger
the E is, the slower the learning rate becomes, and E is usu-
ally a factor between one and four for 1-best MCE.
Extending (34) to N-best MCE, we have,

S o) w(S,)p.(5,1X,)
b £ ; ZS’VW(Sr)pA/(S,‘X,) ZSFW(Sr)pA/(S,.\X,)

X Z w(s)pg(s:1X ) Z Vigrs, (1)

(34)

(35)

5. Use of Lattice for representing competitive candidates in
MCE training

In the above novel development of the MCE training
technique, N-best lists are used to represent the competing
candidates for discriminative learning. In many speech rec-
ognition tasks, in order to make the competing candidates
sufficiently rich, N in the N-best lists needs to be very large
(e.g., in the order of millions). This will create computa-
tional difficulties. To overcome such difficulties, we can
use a lattice to serve as a compressed form of a very large
N-best list, which has been shown to be successful and crit-
ical in MMI and MPE learning (Woodland and Povey,
2000; Povey, 2004). The previous work that discussed the
use of lattices for MCE training was reported in (Schluter
et al., 2001), where the misclassification measure takes
the approximate form of

d,(X,, A) = —logp}(X,,S,) +log > pi(X,,s,),

Srs S

(36)

to the misclassification measure of (2). This is a special case
of our approximate form of (3) where w(s,) =1 for all
strings including the incorrect (competing) strings
{s,:s. # S,}, and the correct string S,.

In the above special case and with o =1, our earlier
results in (30) and (35) become simplified to

Zp/ﬂ (s, [X)[C(sr) _pA’(SV‘Xr>]Vi,r,S;-(t)’

D, =E- Z Pa(SAX) D N pa(sil X, (0).
r=1 t Sr

In this section, instead of computing Ay(i,r,t) of (37)
and in (38) a brute-force manner by summing a huge num-
ber of strings of s, for the very large N-best list as repre-
sented by a lattice, we use an approximation that makes

(37)

lrt

(38)
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the computation of (37) and (38) practically feasible. This
then gives a solution for lattice-based MCE parameter esti-
mation after using the computed results of (37) and (38) in
the estimation formulas (25) and (26). This solution differs
markedly from that reported in (Schluter et al., 2001). Spe-
cifically, our solution does not require removing the correct
word string S, from the lattice. In contrast, removal of S, in
the lattice is required by the solution provided in (Schluter
et al., 2001), which is more difficult to implement in prac-
tice than our solution. In addition, our solution has the the-
oretical appeal of guaranteed algorithm convergence since
it is derived based on GT/EBW for a rational function.
The solution provided in (Schluter et al., 2001) does not
have such convergence guarantee.

To compute (37), we first use C(s,) = d(s,,S,) for MCE
to rewrite (37) as

Ay(la I", t) = Zp/l’ (Sf|XV? )C(S")Vi,r,s,-(t)

- Zp/l’ (S,.|X,)p/1/ (Sr |X")yi,r‘s, (t)

Sy

= p/l’ (SV‘XV)V[J’Sr (t) — p/l/ (S,er)
x Zs,p/l/ (S”|X")’yi,hs, (t) .

r

(39)

In (39), since the correct string S, is known, y,, ¢ (¢) can
be computed straightforwardly by the standard forward—
backward algorithm for the HMM (Rabiner and Juang,
1993). The main computation thus lies in

T = Zp/l’ (Sr |Xr)’))if“§‘,« (t) (40)
and
p/l’(SraXr)
(SHX) =~~~ 41
Py ( | ) Dy (Xr> ( )
for Ay(i,r,t) of (37), as well as for D; in (38).

To efficiently compute (40) and (41) for the lattice repre-
sentation of strings of s,, we need to make a mild approx-
imation. A lattice is a compact representation of a large list
of strings. It is an acyclic directed graph consisting of a
number of nodes and a set of directed arcs each connecting
two nodes. A typical arc is denoted as ¢, and an arc corre-
sponds to a substring (e.g., a word in a sentence). Two time
stamps, b, and e,, are associated with each arc, providing
an estimate of the segment boundaries for the substring.
For a time slice ¢ within the arc segment ¢, we have
b, <t<e,.

We will show below that (40) and (41) can both be com-
puted efficiently by a forward-backward algorithm on the

lattice after the mild assumption that HMM state
sequences are independent across arcs, that is,
Virg(t) & Vin (1) when b, <t<e, andqE€s,. (42)

This approximation says that within the segment of arc
g, its occupancy posterior probability v, (f) = p(q,, =
ilX,,s., A") given the observation sequence X, for the sen-
tence-level string s, that passes arc ¢ approximates the pos-
terior probability y; . ,(¢) for arc g alone. The justification of
approximation (42) is that the state sequence within arc
gshould be roughly independent of other arcs. This was
called “‘exact-matching” approximation in (Povey, 2004).
To see this, let s, be composed of three sub-strings: s, ¢,
s”. Then the right hand side of (42) can be analyzed to be

ylﬂns, (t : bq g t g el]) :p/l’(qr,t:hqgtéeq = i|Xr7SV)
=Py (qnt:bqgtgeq = i‘X,, S/r7 q, S:/)
~ pA/ (qr,t:bqgtéeq = i|XF1 q)

which is the left hand side of (42).

The essence of approximation (42) is to decouple the
dependency on the local arc ¢ from the entire string s,. This
enables drastic simplification of the computation in (40)
and (41), which we discuss below.

As we discussed earlier, the principal computation bur-
den in (40) is the huge number (N) of summation terms for
s, for the equivalent N-best list of a lattice. Using approx-
imation of (42), we can drastically reduce the computation
by the following simplification:

g Zsrp/l/ (S" |X")yi,r,q(t)

= 3 9,0 palsIx)

q:t€[by,eq) SriqES,

Z yi,nq(t) pA’(q‘Xr)

q:t€[by,eq)

- Z 7, (t).IM.

q:1€(bg 4] P <Xr)

(43)

The key quantities in (43) can be efficiently computed as
follows (See the derivation in Appendix I):

Pa(g,X,) = a(q)B(q);

pA’(Xr) = Z

q:q€ {ending arcs}

D

q:q€ {ending arcs}

pa(q,X,) =

where the “forward” and “backward” probabilities are de-
fined by

g)= > pe(p.q.X.q).X(q) =pu(a.X.(9).X,(q));
plpreceding g)

(46)

Ba@a)= > pre@X(@la)=pys(X(9)lq)- (47)

v(succeeding g)

In (46), X' (q) denotes the rth training token’s observa-
tion sequence preceding arc ¢, ie., during 1<t <b,.
X,(q) is the observation sequence bounded by arc ¢ with
b, <t <e, X!(q)in (47) denotes the observation sequence
succeeding arc ¢, or duringe, <t < T,.

For each arc ¢ in the lattice, a(q) and f(g) can be
computed by the following efficient forward and back-
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ward recursions, respectively (See the derivation in Appen-
dix 1I):

wg) = > palalp)pe(X.(9)lg)x(p) (48)
p(preceding q)

and

Ba@)= Y, prtlg)psX.(0)|0)B(v), (49)

v(succeeding ¢q)

where o(g) is initialized at the starting arc ¢, by
a(qy) = m(ge)p 4 (X (q0)|90), and B(g) initialized at the end-
ing arc gg by f(qr) = 1.

Using forward probability o(g), we can efficiently com-
pute (41) as follows. Since p(Xr|A,) = Zq:qe{ending arcs}a(Q)
and p/,(S,,X,) = P/,(X,|S,)p(S,), we have

p(X,|S,, A")p(S,)
a(q)”

¢:q€{ending arcs}

(50)

6. Summary and discussion

HMMs are continuing to play a central role in speech
recognition research and technology deployment, where
training techniques for the HMM parameters have been
a critical determinant for the speech recognition accuracy
and user satisfaction level. While discriminative training
for HMMs, typified by the MCE technique, has been
pursued with a relatively long history, it is not until
recently that the traditional gradient-based MCE optimi-
zation technique has been questioned (Macherey et al.,
2005; He and Chou, 2003). In this paper, we provide a
fresh look at the MCE technique not only from the per-
spective of the optimization technique, but also of the
objective function. The key technical contribution of this
paper is the establishment of a non-trivial framework in
which the MCE objective function is re-formulated as a
rational function for multiple sentence-level training
tokens. And we show that the N-best representation of
the competitive candidates in MCE training amounts to
a special weighting function in the newly formulated
MCE objective function. As a consequence of this re-for-
mulation, we most naturally derive the new optimization
method for discriminatively estimating HMM parameters
based on GT/EBW. This method has been successfully
implemented in a speech recognition system, and the
positive experimental results can be found in (He et al.,
2006).

In addition to the usual treatment of MCE training
using the N-best paradigm, in this paper, we also provide
further, more difficult technical detail for the use of lattices
as a richer representation of competing candidates. This
treatment can be considered as a technical guide for imple-
menting MCE training in large-scale speech recognition
systems. We are currently experimenting with this
approach.

Appendix I. Derivation of Eqs. (44) and (45)

Given the “forward” and “backward” probabilities
defined as (46) and (47), as well as X'(q), X,(¢) and X (q)
defined in Section 5, a derivation of (44) and (45) is pro-
vided below.

Derivation of (44):

pA’(anl‘) = Z Z

p(preceding ¢) v(succeeding g)

= > >

p(preceding ¢) v(succeeding ¢)

( ’Xlrl( )|paanr(q)7Xl‘(q))
- Z PA'([L(],X/,(Q),X,((]))

p(preceding q)

x D

v(succeeding ¢)

Py (p7q7 U,X’r(q),X,(q),X’r’(q))

o (p0.X,(9),X.(q)) Py

P (0:X)(q)lg) = 2(q)B(q)-

Derivation of (45):

py(X)) = Z

q:g<{ending arcs}

- ¥

q:q<{ending arcs}

= > ag.

q:g<{ending arcs}

Pa(q,X:)

(4, X(q), X, (q))

Appendix II. Derivation of (48) and (49) for the forward—
backward computation

Given the “forward” and “backward” probabilities
defined as (46) and (47), as well as X'(q), X,(¢) and X" (q)
defined in Section 5, a derivation of (48) and (49) is pro-
vided here.

Forward computation for o(g):

a(q) = ( Zd:n )pA/ (pa:X1(q),X(q))
—:Zd:: ;pAf (.4 X.(p), X, (P), X (q))
_ Z X)X (D) Py (P X1 (P). X (P))
= Z 2(@lD)py (X (@)a)py (0. X, (p). X, ()
= Z (4P (X (9)lg)2(p).

cedin;

Backward computation for f(¢):

Bla)= >, pe.X/(9lq)

v(succeeding q)

D

v(succeeding g)

= 2

v(succeeding g)

Pa(0,X,(v), X7 (v)lg)

P (v, X (0)|g)py (X (v)lg, 0, X, (v))
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- ¥

v(succeeding g)

>

v(succeeding q)

Pa(0lg)py (X, (0)lg, v)py (X7 (v)[0)

Pa(0lg)py(X-(v)[v) B(v)
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