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ABSTRACTFun
tional languages are parti
ularly well-suited to the im-plementation of interpreters for domain-spe
i�
 embeddedlanguages (DSELs). We des
ribe an implemented te
hniquefor produ
ing optimizing 
ompilers for DSELs, based onKamin's idea of DSELs for program generation. The te
h-nique uses a data type of syntax for basi
 types, a set ofsmart 
onstru
tors that perform rewriting over those types,some 
ode motion transformations, and a ba
k-end 
odegenerator. Domain-spe
i�
 optimization results from 
hainsof rewrites on basi
 types. New DSELs are de�ned dire
tlyin terms of the basi
 synta
ti
 types, plus host languagefun
tions and tuples. This de�nition style makes 
ompilerseasy to write and, in fa
t, almost identi
al to the simplestembedded interpreters. We illustrate this te
hnique with alanguage for the 
omputationally intensive domain of imagesynthesis and manipulation.
1. INTRODUCTIONThe \embedded" approa
h has proved an ex
ellent te
h-nique for spe
ifying and prototyping domain-spe
i�
 lan-guages (DSLs) [11℄. The essential idea is to augment a\host" programming language with a domain-spe
i�
 library.Modern fun
tional host languages are 
exible enough thatthe resulting 
ombination has more the feel of a new lan-guage than a library. Most of the work required to design,implement and do
ument a language is inherited from thehost language. Often, performan
e is either relatively unim-portant, or is adequate be
ause the domain primitives en-
apsulate large blo
ks of work. When speed is of the essen
e,however, the embedded approa
h is problemati
. It tends toyield ineÆ
ient interpretive implementations. Worse, theseinterpreters tend to perform redundant 
omputation.We have implemented a language for image synthesis andmanipulation, a 
omputationally demanding problem do-main. A straightforward embedded implementation wouldnot perform well enough, but we did not want to in
ur theexpense of introdu
ing an entirely new language. Our solu-

tion is to embed an optimizing 
ompiler rather than an inter-preter. Embedding a 
ompiler requires some te
hniques notnormally needed in embedded language implementations,and we report on these te
hniques here. Pleasantly, we havebeen able to retain a simple programming interfa
e, almostuna�e
ted by the 
ompiled nature of the implementation.The generated 
ode runs very fast, and there is still mu
hroom for improvement.Our 
ompiler 
onsists of a relatively small set of domain def-initions, on top of a larger domain-independent framework.The framework may be adapted for 
ompiling other DSLs,and handles (a) optimization of expressions over numbersand Booleans, (b) 
ode motion, and (
) 
ode generation.A new DSL is spe
i�ed and implemented by de�ning thekey domain types and operations in terms of the primitivetypes provided by the framework and host language. More-over, these de�nitions are almost identi
al to what one wouldwrite for a very simple interpretive DSL implementation.Although a user of our embedded language writes in Has-kell, we do not have to parse, type-
he
k, or 
ompile Has-kell programs. Instead, the user runs his/her Haskell pro-gram to produ
e an optimized program in a simple targetlanguage that is �rst-order, 
all-by-value, and mostly fun
-tional. Generated target language programs are then givento a simple 
ompiler (also implemented in Haskell) for 
odemotion and ba
k-end 
ode generation. In this way, the hostlanguage (Haskell here) a
ts as a powerful ma
ro, or pro-gram generator language. Unlike most ma
ro languages,however, Haskell is stati
ally typed and higher order, and ismore expressive and 
onvenient than the underlying targetlanguage.The 
ontributions of this paper are as follows:� We present a general te
hnique for implementing em-bedded optimizing 
ompilers, extending Kamin's ap-proa
h [13℄ with algebrai
 manipulation.� We identify a key problem with the approa
h, eÆ
ienthandling of sharing, and present te
hniques to solve it(bottom-up optimization and CSE).� We illustrate the appli
ation of our te
hnique to a de-manding problem domain, namely image synthesis andmanipulation.� We identify a number of desirable features for simpli-fying experimentation with global optimizations (su
h



as 
ode motion).While this paper mainly dis
usses embedded language 
om-pilation, a 
ompanion paper goes into more detail for theimage synthesis language [7℄. That paper 
ontains manymore visual examples, as does [5℄.
2. LANGUAGE EMBEDDINGThe embedding approa
h to DSL 
onstru
tion goes ba
k atleast to Landin's famous \next 700" paper [15℄. The es-sential idea is to use a single existing \host" programminglanguage that provides useful generi
 infrastru
ture (gram-mar, s
oping, typing, fun
tion- and data-abstra
tion, et
),and augment it with a domain-spe
i�
 vo
abulary 
onsistingof one or more data types and fun
tions over those types.Thus the design, implementation, and do
umentation workrequired for a new \language" is kept to a minimum, whilethe result has plenty of room to grow into. These meritsand some drawba
ks are dis
ussed, e.g., in [6, 11℄.One parti
ularly elegant realization of the embedding idea isthe use of a modern fun
tional programming language su
has ML or Haskell as the host. In this setting, the domain-spe
i�
 portions 
an sometimes be implemented as a simpledenotational semanti
s, as suggested in [14, Se
tion 3℄.For example, 
onsider the problem domain of image syn-thesis and manipulation. A simple semanti
s for images isfun
tion from 
ontinuous 2D spa
e to 
olors. The repre-sentation of 
olors in
ludes blue, green, red, and opa
ity(\alpha") 
omponents:type Image = Point ! Colortype Point = (Float ;Float)type Color = (Float ;Float ;Float ;Float)It is easy to implement operations like image overlay (withpartial opa
ity), assuming a 
orresponding fun
tion, 
Over ,on 
olor values:a `over ` b = � p ! a p `
Over ` b pAnother useful type is spatial transformation, whi
h may bede�ned simply as a mapping from 2D spa
e to itself:type Transform = Point ! PointThis model makes it easy to de�ne some familiar transfor-mations:translate (dx ; dy) = � (x ; y) ! (x + dx ; y + dy)s
ale (sx ; sy) = � (x ; y) ! (sx � x ; sy � y)rotate ang =� (x ; y) ! (x � 
 � y � s; y � 
 + x � s)where
 = 
os angs = sin angWhile these de�nitions 
an be dire
tly exe
uted as Haskellprograms, performan
e is not good enough for pra
ti
al use.Our �rst attempt to 
ope with this problem was to use theGlasgow Haskell 
ompiler's fa
ility for stating transforma-tions as rewrite rules in sour
e 
ode [18℄. Unfortunately,

we found that the intera
tion of su
h rewrite rules with thegeneral optimizer is in
redibly hard to predi
t: in parti
u-lar, we often wish to inline fun
tion de�nitions that wouldnormally not have been inlined. Furthermore, there are anumber of transformations (if-
oating, 
ertain array opti-mizations) that are not easy to state as rewrite rules. Wetherefore abandoned use of the Haskell 
ompiler, and de-
ided to build a dedi
ated 
ompiler instead. We will dis
ussthis de
ision further in Se
tion 11.
3. EMBEDDING A COMPILERIn spite of our 
hoi
e to implement a dedi
ated 
ompiler, wewould like to retain most of the bene�ts of the embeddedapproa
h. We resolve this dilemma by applying Kamin'sidea of DSELs for program generation [13℄. That is, repla
ethe values in our representations by program fragments thatrepresent these values. While Kamin used strings to repre-sent program fragments, algebrai
 data types greatly fa
ili-tate our goal of 
ompile-time optimization. For instan
e, anexpression type for Float would 
ontain literals, arithmeti
operators, and other primitive fun
tions that return Float .data FloatE =LitFloat Floatj AddF FloatE FloatE jMulF FloatE FloatE j : : :j Sin FloatE j Sqrt FloatE j : : :We 
an de�ne expression types IntE and BoolE similarly.What about tuples and fun
tions? Following Kamin, wesimply adopt the host language's tuple and fun
tions, ratherthan 
reating new synta
ti
 representations for them. Sin
eoptimization requires inspe
tion, representing fun
tions asfun
tions poses a problem. The solution we use is to extendthe base types to support \variables". Then to inspe
t afun
tion, apply it to a new variable (or tuple of variables asneeded), and look at the result.data FloatE = : : : jVarFloat String | named variableThese observations lead to a hybrid representation. OurImage type will still be represented as a fun
tion, but oversynta
ti
 points, rather than a
tual ones. Moreover, thesesynta
ti
 points are represented not as expressions over num-ber pairs, but rather as pairs of expressions over numbers.Similarly for 
olors. Thus:type ImageE = PointE ! ColorEtype TransformE = PointE ! PointEtype PointE = (FloatE ;FloatE)type ColorE = (FloatE ;FloatE ;FloatE ;FloatE)The de�nitions of operations over these types 
an often bemade identi
al to the ones for the non-expression represen-tation, thanks to overloading. For instan
e translate , s
ale,and rotate have pre
isely the de�nitions given in Se
tion 2above. The meaning of these de�nitions, however, is quitedi�erent. The arithmeti
 operators and the fun
tions 
os ,sin as well as several others have been overloaded. Theover fun
tion is also de�ned exa
tly as before. Only thetypes BoolE , IntE , and FloatE of expressions over the usual\s
alar" value types Bool , Int , and Float , are representedas expressions, using 
onstru
tors for their primitive opera-tions. Assuming that these base types are adequate, a DSL



is just as easy to de�ne and extend as with a simple, non-optimizing embedded interpreter. Otherwise new synta
ti
types and/or primitive operators may be added.As an example of how the hybrid te
hnique works in pra
-ti
e, 
onsider rotating by an angle of �=2. Using the de�ni-tion of rotate plus a bit of simpli�
ation on number expres-sions (FloatE ), the 
ompiler simpli�es rotate (�=2) (x ; y) to(�y ; x ).Admittedly, the pi
ture might not always be this rosy. Forinstan
e, some properties of high-level types require 
leveror indu
tive proofs. Formulating these properties as high-level rules would eliminate the need for a generi
 
ompilerto redis
over them. So far this has not been a problem forour image manipulation language, but we expe
t that formore substantial appli
ations, it may be ne
essary to layerthe 
ompilation into a number of distin
t abstra
t levels.
4. INLINING AND THE SHARING

PROBLEMThe style of embedding des
ribed above has the e�e
t of in-lining (and �-redu
ing) all de�nitions before simpli�
ation.This inlining is bene�
ial in that it 
reates many opportu-nities for rewriting. A resulting problem, however, is thatun
ontrolled inlining often 
auses a great deal of 
ode repli-
ation. To appre
iate this problem, 
onsider the followingexample spatial transform. It rotates ea
h point about theorigin, through an angle proportional to the point's distan
efrom the origin. The parameter r is the distan
e at whi
han entire revolution (2� radians) is made.swirling :: FloatE ! TransformEswirling r = � p ! rotate (distO p � (2 � = r)) pdistO :: PointE ! FloatEdistO (x ; y) = sqrt (x � x + y � y)Evaluating swirling r (x ; y) yields an expression with mu
hredundan
y.( x � 
os (sqrt (x � x + y � y) � 2 � = r)� y � sin (sqrt (x � x + y � y) � 2 � = r); y � 
os (sqrt (x � x + y � y) � 2 � = r)+ x � sin (sqrt (x � x + y � y) � 2 � = r) )The problem here is that rotate uses its argument four times(twi
e via ea
h of 
os and sin) in 
onstru
ting its results.Thus expressions passed to rotate get repli
ated in the out-put. In our experien
e with Pan, the trees resulting from in-lining and simpli�
ation tend to be enormous, 
ompared totheir underlying representation as graphs. If swirling r were
omposed with s
ale (u; v) before being applied to (x ; y),the two multipli
ations due to s
ale would ea
h be appeartwi
e in the argument to sqrt , and hen
e eight times in the�nal result.In an interpretive implementation, we would have to take
are not to evaluate shared expressions redundantly. Mem-oization is a reasonable way to avoid su
h redundan
e. Fora 
ompiler, memoization is not adequate, be
ause it mustprodu
e an external representation that 
aptures the shar-ing. What we really want is to generate lo
al de�nitionswhen helpful. To produ
e these lo
al de�nitions, our 
om-piler performs 
ommon subexpression elimination (CSE), as

des
ribed in Se
tion 8.
5. STATIC TYPINGShould there be one expression data type per value type(Int , Float , Bool , et
) as suggested above, or one for allvalue types? Separate expression types make the implemen-tation more stati
ally typed, and thus prevent many bugsin implementation and use.Unfortunately, they also lead to redundan
e for variables,binding, and polymorphi
ally and overloaded expression op-erators (e.g., if-then-else and addition, respe
tively), as wellas polymorphi
 
ompiler-internal operations on terms (e.g.,substitution and CSE).Alternatively, one 
ould use a single all-en
ompassing ex-pression data type of \dynami
ally typed expressions":dataDExp =LitInt Int j LitFloat Float j LitBool Boolj Var Id Type j Let Id Type DExp j If DExp DExp DExpj Add DExp DExp jMul DExp DExp j : : :j Sin DExp j Sqrt DExp j : : :j Or DExp DExp jAnd DExp DExp jNot DExp j : : :The DExp representation removes redundan
e from repre-sentation and supporting 
ode, but loses type safety. To
ombine advantages of both approa
hes, we augment the dy-nami
ally typed representation with the te
hnique of \phan-tom types" [16℄. The idea is to de�ne a type 
onstru
torwhose parameter is not used, and then to arti�
ally restri
ttypes of some fun
tions to appli
ations of the type 
onstru
-tor. For 
onvenien
e, de�ne abbreviations for the three sup-ported types as well:data Exp � = E DExptype BoolE = Exp Booltype IntE = Exp Inttype FloatE = Exp FloatFor stati
 typing, it is vital that Exp � be a new type, ratherthan just a type synonym of DExp.It is unfortunate that the 
hoi
e of a single DExp type meansthat one 
annot simply add another module 
ontaining anew primitive type and its 
onstru
tors and rewrite rules.For now we are willing to a

ept this limitation, but futurework may suggest further improvements.Stati
ally typed fun
tions are 
onveniently de�ned via thefollowing fun
tionals:typ1 :: (DExp ! DExp) ! (Exp a ! Exp b)typ2 :: (DExp ! DExp ! DExp)!(Exp a ! Exp b ! Exp 
)typ1 f (E e1) = E (f e1)typ2 f (E e1) (E e2) = E (f e1 e2)and so on for typ3, typ4, et
. The type-safe friendly names+, �, et
., 
ome from appli
ations of these stati
 typingfun
tionals in type 
lass instan
es:instan
e Num IntE



where(+) = typ2 Add(�) = typ2 Mulnegate = typ1 NegatefromInteger = E : LitInt : fromIntegerType 
onstraints inherited from the Num 
lass ensure thatthe newly de�ned fun
tions be applied only to Int expres-sions and result in Int expressions. For instan
e, here(+) :: IntE ! IntE ! IntESimilarly, other de�nitions provide a 
onvenient and type-safe primitive vo
abulary for Exp Float . Unfortunately, theBool type is wired into the signatures of operations like �and jj. Pan therefore provides alternative names ending ina distinguished 
hara
ter, whi
h is \E" for alphanumeri
names (e.g., \notE") and \�" for non-alphanumeri
 names(e.g., \<�").
6. ALGEBRAIC OPTIMIZATION AND

SMART CONSTRUCTORSAn early Pan implementation was based on the Mag pro-gram transformation system [4℄. Generation in this imple-mentation was mu
h too slow, mainly be
ause Mag redun-dantly rewrote shared subterms. To avoid this problem,we now do all optimization bottom-up, as part of the 
on-stru
tion of expressions. Then the host language's evaluate-on
e operational semanti
s prevents redundant optimiza-tion. Non-optimized expressions are never 
onstru
ted. Themain drawba
k is that optimization is 
ontext-free. (An op-timization 
an, however, delve arbitrarily far into an argu-ment term.)Optimization is pa
kaged up in \smart 
onstru
tors", ea
hof whi
h a

omplishes the following:� 
onstant-folding;� if-
oating;� 
onstru
tor-spe
i�
 rewrites su
h as identities and 
an-
ellation rules;� data type 
onstru
tor appli
ation when no optimiza-tions apply; and� stati
ally-typed en
apsulation.As an example, Figure 1 shows a smart 
onstru
tor for 
on-jun
tion over expressions. In fa
t, be
ause all smart 
on-stru
tors perform 
onstant folding and if-
oating, the realde�nition is more fa
tored, but it does the same work.Be
ause if-then-else is not overloadable, Pan uses ifE forsynta
ti
 
onditionals, based on an underlying dynami
allytyped ifD.ifD :: DExp ! DExp ! DExp ! DExp

| Type-safe smart 
onstru
tor(&&�) :: BoolE ! BoolE ! BoolE(&&�) =typ2 andD| Non-type-safe smart 
onstru
torandD :: DExp ! DExp ! DExp| Constant foldingandD (LitBool a) (LitBool b) = LitBool (a && b)| If-
oatingandD (If 
 a b) e2 = ifD 
 (andD a e2) (andD b e2)andD e1 (If 
 a b) = ifD 
 (andD e1 a) (andD e1 b)| Can
ellation rulesandD e (LitBool False) = falseandD (LitBool False) e = falseandD e (LitBool True) = eandD (LitBool True) e = e| OthersandD (Not e) (Not e 0) = notE (e jj � e 0)andD e e 0 j e == e 0 = eandD e e 0 j e == notE e 0 = false| Finally, the data type 
onstru
torandD e e 0 = And e e 0Figure 1: Simpli�
ation rules for 
onjun
tionifD (LitBool True ) a b = aifD (LitBool False) a b = bifD (Not 
) a b = ifD 
 b aifD (If 
 d e) a b = ifD 
 (ifD d a b) (ifD e a b)ifD 
 a b = ifZ 
 a bThe fun
tion ifZ simpli�es redundant or impossible 
ondi-tions.The stati
ally typed ifE fun
tion is overloaded.
lass Synta
ti
 a whereifE :: BoolE ! a ! a ! ainstan
e Synta
ti
 (Exp a)where ifE = typ3 ifDOther overloadings in
lude fun
tions and tuples. In the lat-ter 
ase, 
onditions are pushed downward. Later when theresulting tuple is 
onsumed to form a single (s
alar-valued)expression, if-
oating typi
ally 
auses the redundant 
ondi-tions to 
oat, to form a 
as
ade of redundant 
onditionals,whi
h are 
oales
ed by ifZ .As an example of if-
oating, 
onsider the following example(given in familiar 
on
rete syntax, for 
larity):sin ((if x < 0 then 0 else x ) = 2)If-
oating without simpli�
ation would yieldif x < 0 then sin(0=2) else sin(a=2)Repla
ement followed by two 
onstant foldings (0=2 andsin 0) results inif x < 0 then 0 else sin(a=2)If-
oating 
auses 
ode repli
ation, sometimes a great deal ofit. CSE fa
tors out the \�rst-order" repli
ation, i.e., mul-tiple o

urren
es of expressions, as with e2 for the �rst if-
oating 
lause in Figure 1. There is also a se
ond-order repli-




ation going on, as seen above before simpli�
ation. The
ontext sin (�= 2) appears twi
e. Fortunately for this ex-ample, one instan
e of this 
ontext simpli�es to 0. In other
ases, there may be little or no simpli�
ation. We will returnto this issue in Se
tion 11.We should stress at this point that we intend the algebrai
optimizations to be re�nements: upon evaluation, the opti-mized version of an expression e should yield the same valueas e whenever evaluation of e terminates. It is possible,however, for simpli�ed version to yield a well-de�ned resultwhen e does not. This 
ould happen for example when aboolean expression e && � false would raise a division-by-zero ex
eption, while the simpli�ed version would insteadevaluate to false.
7. ADDING CONTEXTMore optimization be
omes possible when the usage 
ontextof a DSL 
omputation be
omes visible to the 
ompiler. Forinstan
e, after 
omposing an image, a user generally wantsto display it in a window. The representation of images asPointE ! ColorE suggests iteratively sampling at a �nitegrid of pixel lo
ations, 
onverting ea
h pixel 
olor to an in-teger for the display devi
e. (For a faithful presentation,images need to be antialiased, but that topi
 is beyond thes
ope of the present paper and not yet addressed in our im-plementation.) Our �rst Pan 
ompiler implementation tookthis approa
h, that is it generated ma
hine 
ode for a fun
-tion that takes a pixel lo
ation and returns a 32-bit 
oloren
oding. While this version was mu
h faster than an inter-pretive implementation, its eÆ
ien
y was not satisfa
tory.For one thing, it requires a fun
tion 
all per pixel. Moreseriously, it prevent any optimization a
ross several pixelsor rows of pixels.To address the short
omings of the �rst 
ompiler, we madevisible to the optimizer the two-dimensional iteration thatsamples and stores pixel values. In fa
t, to get more use outof 
ompilation, we de
ided to 
ompile the display of not sim-ply stati
 images, but animations, represented as fun
tionsfrom time to image. (We go even further, generating 
odefor nearly arbitrarily parameterized images, with automati
UI generation for the parameters.)The main display fun
tion, de�ned in Figure 2, 
onverts ananimation into a \display fun
tion" that is to be invokedjust on
e per frame. A display fun
tion 
onsumes a time,window size, viewing transform (zoom fa
tor and XY pan),and a pointer to an output pixel array. It is the job of theviewer to 
ome up with all these parameters and pass theminto the display fun
tion 
ode.The A
tionE type represents an a
tion that yields no value,mu
h like Haskell's type IO (). It is supported by a smallnumber of DExp 
onstru
tors and 
orresponding stati
allytyped, optimizing wrapper fun
tions. The �rst takes an ad-dress (represented as an integer) and an integer value, and itperforms the 
orresponding assignment. The se
ond is likea for-loop. It takes an upper bound, and a loop body thatis a fun
tion from the loop variable to an a
tion. The loopbody is exe
uted for every value from zero up to (but notin
luding) the upper bound.

typeDisplayFun =FloatE ! VTrans ! VSize ! IntE ! A
tionE| view size: width & height in pixelstypeVSize = (IntE ; IntE )| view transform: pan x, pan y, zoomtypeVTrans = (FloatE ; FloatE ; FloatE )display :: (FloatE ! Image) ! DisplayFundisplay anim t (panX ; panY ; zoom) (w ; h) output =loop h (� j !loop w (� i !setInt (output + 4 � (j � w + i)) (toBGR24 (anim t (zoom � i2f (i � w `div ` 2) + panX ;zoom � i2f (j � h `div ` 2) + panY )))))Figure 2: Animation display fun
tionsetInt :: IntE ! IntE ! A
tionEloop :: IntE ! (IntE ! A
tionE) ! A
tionEA

ording to display , a generated display fun
tion will loopover Y and X, and set the appropriate member of its outputarray to a 32-bit (thus multipli
ation by four) 
olor value.Aside from 
al
ulating the destination memory address, theinner loop body samples the animation at the given time andposition. The spatial sampling point is 
omputed from theloop indi
es by pla
ing the image's origin in the 
enter of thewindow (thus the subtra
tion of half the window width orheight) and then applying the user-spe
i�ed dynami
 zoomand pan. In fa
t, the optimized 
ode is mu
h more eÆ
ient,thanks to 
ode motion te
hniques des
ribed in Se
tion 8and illustrated in Appendix A.Note that there is no expli
it loop for time in the displayfun
tion. That 
hoi
e has the advantage of simpli
ity, butthe disadvantage that we 
annot expose su

essive time val-ues (and independen
e of those time values) to the opti-mizer. Consequently, an image is re-displayed 
ompletelyfor ea
h su

essive time sample. A more sophisti
ated im-plementation of display would make time-stepping expli
it.
8. CODE MOTIONOn
e all the above optimizations have been applied, the re-sult is a dire
ted a
y
li
 graph. That graph represents arather large expression tree, as explained in Se
tion 4. Nodesin the graph with more than one parent represent expres-sions that were repli
ated during the inlining and rewritingpro
ess. We wish to take this graph, and make the sharingstru
ture expli
it using let-bindings: we 
an then apply anumber of global optimizations (in parti
ular 
ode motion)that are diÆ
ult to phrase as simple algebrai
 identities.
8.1 Converting dags to letsThe �rst problem is to make the internal graph stru
tureof a value of type DExp expli
it, whi
h we do so in twosteps. The �rst step 
onverts the expression to a graphwith a designated node, and the se
ond turns the graphba
k into an expression, introdu
ing let bindings for shared



Figure 3: A dag and the 
orresponding let-expression.subexpressions.expToDag :: DExp ! (Graph;Node)dagToLet :: (Graph;Node) ! DExpshare :: DExp ! DExpshare = dagToLet Æ expToDagUnfortunately, implementing the expToDag transformationin Haskell requires using non-de
larative pointer manipu-lation. It might be possible to apply the work of Sandsand Claessen to avoid this ugly departure from a de
larativeimplementation, or at least make it as inno
uous as possi-ble [3℄. They extend Haskell with referen
e types, and showthat many 
ompiler transformations remain valid. Referen
etypes are pre
isely what is needed to 
apture the notion ofsharing.The dagToLet fun
tion relies on extending the expressiondata type with variables and variable binding:data DExp = : : : j Var Id Type j Let Id DExp DExptype Id = Stringdata Type = Bool j Int j Float j : : :Sin
e the variable referen
es (Var ) and bindings (Let) areonly introdu
ed through dagToLet and other transforma-tions, the programmer 
annot 
reate expressions with refer-en
es to unbound variables.We require that for all e, the result of dagToLet (expToDag e)is an expression that is equivalent to e under the seman-ti
s of our embedded language. In parti
ular, the result ofthe 
onversion should have the same (or better) termina-tion behaviour. As we shall see, ful�lling that requirementis 
ompli
ated by the fa
t that Let has stri
t semanti
s.

Figure 4: A dag and an in
orre
t let-expression.Ea
h node that has more than one parent and at least one
hild represents a non-trivial shared subexpression, and 
ouldpotentially be
ome the body of a Let . The main problem isto de
ide where su
h a Let should be pla
ed. As an example,
onsider the graph in Figure 3. These and similar examplesmight lead us to believe that the appropriate pla
ement fora let-expression is at the lowest 
ommon an
estor of all o
-
urren
es of its body.Unfortunately that would be in
orre
t, as shown by the ex-ample in Figure 4. In the original expression, if both thetests A and B fail, it is not ne
essary to evaluate D . Un-der a stri
t interpretation of the let-expression, D does getevaluated, and might 
ause a runtime error. This motivatesthe following de�nition for the pla
ement of let-abstra
tions.A let-abstra
tion for a shared subexpression D is pla
ed atea
h an
estor node m su
h that� At least two 
hildren of m 
ontain D, and� if the expression rooted at m is evaluated, so is at leastone of the o

urren
es of D below it, and� no an
estor of m has the above two properties.In parti
ular, a single expression may be abstra
ted in morethan one Let , and it may also happen that a shared subex-pression is not abstra
ted at all. One 
ould 
hoose to ignorethe se
ond 
lause for shared subexpressions D that 
annotdiverge in the evaluation of m. It only pays to abstra
t su
hexpressions D if they are very large, or 
ostly to evaluate.If the expression does not 
ontain any 
onditional expres-sions, the above de�nition says that a single let-abstra
tionis pla
ed at the lowest 
ommon an
estor of its body's o

ur-ren
es.Assume there are n nodes in the original graph. There existsome ingenious algorithms for �nding the lowest 
ommon



an
estors of all repeated subexpressions in time O(n � �(n))(where � is the inverse of the A
kermann fun
tion) [10, 1℄,or even O(n) [9℄. We are 
onsidering how these algorithmsmay be adapted to solve the above problem eÆ
iently |the 
urrent implementation uses a naive algorithm whoseworst-
ase performan
e is quadrati
.Some readers may wonder how we 
an end up with sharedsubexpressions that 
annot be abstra
ted to a 
ommon Let .Does it mean that some of our algebrai
 optimizations, asdis
ussed in previous se
tions, are unsound? Certainly not.It is simply a 
onsequen
e of the fa
t that the sharing inour graph representation is synta
ti
, and has no semanti
meaning. To illustrate, 
onsider the simpli�
ation ofif 
 then a else b + if 
0 then a 0 else b0(we write if-then-else in lieu of ifD for 
larity). The if-
oating transformation dis
ussed in Se
tion 6 will result inif 
 thenif 
0then a + a 0else a + b0elseif 
0then b + a 0else b + b0This transformed expression is equivalent to the original, butwe 
annot safely share a 0 and b0 by introdu
ing Lets, eventhough a 0 and b0 are shared in the graph representation. We
an, however, safely extra
t 
0, be
ause it appears twi
e instri
t positions.
8.2 Common subexpression eliminationOn
e we have the let-representation of the expression thatresulted from rewriting, we 
an apply other optimizations.In parti
ular, we apply ordinary 
ommon subexpression elim-ination, again taking 
are not to move expressions out of thebran
hes of a 
onditional unless it is safe to do so. It mayseem super
uous to do CSE after the 
onversion from dagsto lets, but we have found that there are a fair number ofrepeated subexpressions that do not result from inlining.Our implementation of 
ommon subexpression eliminationuses the standard hashing te
hnique, implemented via anattribute grammar [12℄. By writing this transformation asan attribute grammar, we 
an apply it simultaneously withthe optimization of array expressions, dis
ussed in the nextsubse
tion.
8.3 Optimizing array expressionsOur �nal set of global transformations improve loops andarray expressions. Here we shall only dis
uss array ex-pressions, whi
h are the basis of our treatment of bitmaps.Loops (as dis
ussed in Se
tion 7) are treated in a very similarfashion.The type of expressions 
ontains two 
onstru
tors related toarrays: one named mkArray to 
onstru
t new arrays, andreadArr to read the value of an array at a given index:data DExp =

: : :jMkArray Id DExp DExp j ReadArr DExp DExpj : : :In the 
onstru
tor appli
ationMkArray x size bodyx , the �rstargument is an identi�er x , whi
h is a bound index variablethat ranges from 0 up to (but not in
luding) the integerexpression size . The bodyx argument gives the value thatshould be stored at index x in the newly 
reated array.As always, the stati
ally typed smart 
onstru
tor hides iden-ti�er introdu
tion:mkArray :: IntE ! (IntE ! Exp a) ! ArrayE aThe typed version of ReadArr ensures 
onsisten
y:readArr :: ArrayE a ! IntE ! Exp aThe semanti
s of mkArray and readArr (and their underly-ing 
onstru
tors) are as expe
ted:readArr (mkArray size f ) i = f i | if 0 � i < sizeprovided 0 � i < size .Our �rst optimization 
orresponds to the hoisting of loop-invariant 
ode in traditional 
ompilers (see e.g. [2℄). If asubexpression of the body of an array 
onstru
tion does notdepend on the index variable, it 
an be pre
omputed:1mkarray size (� i ! A[sub℄)=let x = sub inmkArray size (� i ! A[x ℄)subje
t to several side 
onditions:� The variable i does not o

ur freely in sub.� The size of the array must be greater than 0.� Every evaluation of the expression mat
hing A[sub℄ in-volves an evaluation of sub.� The expression sub is not trivially small.� The expression A[x ℄ does not 
ontain sub as a subex-pression (so we are abstra
ting all o

urren
es of sub).� The subexpression sub is not 
ontained in another subex-pression of A[sub℄ that satis�es the above 
onditions.Note the similarity to the 
onditions we employed in 
on-verting dags to lets. Again it is possible to relax the �rst tworestri
tions, namely for expressions sub that are expensiveto evaluate and yet are guaranteed to be total.Another important optimization of array expressions o
-
urs when there are two nested array 
onstru
tions, anda subexpression only depends on the inner index variable.In su
h 
ases, one might pre
ompute the subexpression forea
h value of the inner loop variable, and store the resultsof the pre
omputation in an array.1The pattern A[e℄ mat
hes an expression 
ontaining one ormore o

urren
es of a subexpression e, with A bound to an\expression with holes".



mkArray size1(� i ! A[mkArray size2 (� j ! B [sub℄)℄)=let x = mkArray size2 (� j ! sub) inmkArray size1(� i ! A[mkArray size2 (� j ! B [readArr x j ℄)℄)Again there are several side 
onditions:� The variable i does not o

ur freely in sub.� The array sizes size1 and size2 are greater than 0.� Every evaluation of B [sub℄ involves an evaluation ofsub.� The subexpression sub is not trivially small.� The expression B [y ℄ does not 
ontain sub as a subex-pression.� The subexpression sub is not 
ontained in another ex-pression that satis�es the above 
onditions.Both of the above optimizations on arrays, and 
ommonsubexpression elimination are implemented through a singleattribute grammar. Although the attribute grammar usesthe above transformations to lift subexpressions of arrays asfar as possible in one pass, it is not idempotent be
ause themovement may introdu
e new 
ommon subexpressions. Tosay that attribute grammar is not idempotent is to say thatapplying the 
orresponding fun
tion twi
e is not the sameas applying it on
e. In experiments it appears that two orthree iterations suÆ
e to rea
h a �xpoint.Nested loops are optimized in exa
tly the same way, whi
his parti
ularly useful with the display fun
tion in Figure 2.See Appendix A for an example.
9. CODE GENERATIONHaving performed 
ode motion and loop hoisting, we are ingood shape to start generating some 
ode. The output of the
ode motion pass 
ould either be interpreted or 
ompiled,but we 
hoose to 
ompile.In the spirit of embedding in a fun
tional language, the �nalDExp tree 
ould be translated to a Haskell or ML fun
tionde�nition, relying on an existing optimizing 
ompiler to do
ode generation. In the 
ase of image pro
essing and Panwe 
hose not to do this, mainly for performan
e reasons andthe wish to exploit features of our target platform (Intelx86-based systems.) However, for other DSLs, generating aHaskell/ML fun
tion might be the most sensible route.The DExp 
an be 
onverted into either a C fun
tion or na-tive (Intel x86) 
ode. Going via C is reasonably straightfor-ward, but requires a little bit of 
are in pla
es. For instan
e,we need to a

ount for the fa
t that C doesn't really haveexpression level variable binding support. Also, sin
e theMkArray 
onstru
t requires the allo
ation of an array fol-lowed by a loop that �lls it in, i.e., it maps to a sequen
e ofC statements, so it 
annot be embedded within a C expres-sion. Consequently, we must massage the DExp tree beforetranslating it to valid C 
ode.

In the 
ase of Pan, the generated 
ode is then 
ompiledby a C 
ompiler and linked into a viewer that displays thespe
i�ed image e�e
t.Going via C allows us to reuse the strengths of a C 
odegenerator, but most C 
ompilers do not generate 
ode thattargets various instru
tion set extensions of our main targetplatform, Intel x86 platforms (e.g., MMX, AMD's 3D-Now,Pentium III's Streaming SIMD Extensions.) To that end,we also have a native 
ode generator whi
h gives us ultimate
ontrol over the x86 
ode being generated, although it doesnot yet support any of these extensions.
10. RELATED WORKThere are many other examples of embedded DSLs, for mu-si
, two- and three-dimensional geometry, animation, hard-ware design, do
ument manipulation, and many other do-mains. See [11℄ for an overview and referen
es. In almost all
ases, the implementations were interpretive. Several 
har-a
teristi
s of fun
tional programming languages that lendthemselves toward the role of host language are enumeratedin [6℄.Kamin's work on embedded languages for program genera-tion is in the same spirit as our own [13℄. As in our approa
h,Kamin uses host language fun
tions and tuples to representthe embedded language's fun
tions and tuples, and he usesoverloading so that the generators look like the 
ode theyare generating. His appli
ations use a fun
tional host lan-guage (ML) and generate imperative programs. The maindi�eren
e is that Kamin did not perform optimization orCSE. Both would be diÆ
ult, given his 
hoi
e of strings torepresent programs.Leijen and Meijer's HaskellDB [16℄ provides an embeddedlanguage for database queries and an implementation that
ompiles sear
h spe
i�
ations into optimized SQL query stringsfor further pro
essing. After trying several unsu

essful de-signs, we imitated their use of an untyped algebrai
 datatype and a phantom type wrapper for type-safety.FFTW is a su

essful, portable C library for 
omputing dis-
rete Fourier transforms of varying dimensions and sizes [8℄.Its numeri
al pro
edures are generated by a spe
ial purpose
ompiler, \�tgen", written in Obje
tive Caml and are bet-ter in almost all 
ases than previously existing libraries. The
ompiler has some of the same features as our own, perform-ing some algebrai
 simpli�
ation and CSE. One small te
hni-
al di�eren
e is that, while �tgen does memoized simpli�
a-tion, our 
ompiler does bottom-up simplifying 
onstru
tion.It appears that the results are the same. Be
ause the appli-
ation domain is so spe
ialized, �tgen is more fo
used thanour 
ompiler.Todd Veldhuizen and others have been using advan
ed C++programming te
hniques to embed a simple fun
tional lan-guage into C++ types [20, 19℄. Fun
tional evaluation is doneby the C++ 
ompiler during type-
he
king and template in-stantiation. Code fragments spe
i�ed in inlined stati
 meth-ods are 
hosen and 
ombined at 
ompile-time to produ
espe
ialized, optimized low-level 
ode.
11. FUTURE WORK



More eÆ
ient and powerful rewriting. Our optimizeruses a simple approa
h to rewriting. Full AC rewritingand CSE would yield better results, though to be pra
ti-
al, rewriting must also take advantage of sharing. CSE
leans up after inlining, re
apturing what sharing still re-mains after rewriting. However, where inlining does higher-order substitution (in the 
ase of fun
tions), CSE is only�rst-order, so higher-order redundan
e remains. Ideally, in-lining, if-
oating, and CSE would all work 
ooperatively andeÆ
iently with rewriting. Inlining and if-
oating would hap-pen only where rewarded with additional rewrites.Invisible 
ompilation. The te
hniques des
ribed in thispaper turn 
ompositional spe
i�
ations into eÆ
ient imple-mentations. Image manipulation appli
ations also allow usersto manipulate images by 
omposing operations. Imaginethat su
h an appli
ation were to use abstra
t syntax treesas its internal editable representation and invisibly invokean in
remental optimizing 
ompiler in response to the user'sa
tions. Then a 
onventional point-and-
li
k user interfa
eserves as a \gestural 
on
rete syntax". The display repre-sentation would then be one or more bitmaps augmented by
ustom-generated ma
hine 
ode.Embeddable 
ompilation. By embedding our languagein Haskell, we were able to save some of the work of 
ompilerimplementation, namely lexing, parsing, type 
he
king, sup-porting generi
 s
alar types, fun
tions and tuples. However,it should be possible to eliminate still more of the work. Sup-pose that the host language's 
ompiler were extended withoptimization rules so that it 
ould work mu
h like the onedes
ribed in this paper. We tried pre
isely this approa
hwith GHC [18℄, with partial su

ess. The main obsta
lewas that the 
ompiler was too 
onservative about inliningand rewriting. It takes 
are never to slow down a program,whereas we have found that it is worth taking some ba
k-ward steps in order to end up with a fast program in theend. Be
ause we do not (yet) work with re
ursively de�nedimages, laziness in a host language appears not to be vitalin this 
ase. It might be worthwhile to try the exer
ise withan ML 
ompiler.Plug-and-play 
ode motion. Although we have foundthe attribute grammar style 
onvenient for merging all 
odemotion transformations in a single pass, the details 
an be-
ome rather tri
ky. It would be desirable, therefore, to beable to spe
ify new optimizations in the spe
i�
ation style ofSe
tion 8, making use of higher-order mat
hing to identifysubterms that satisfy 
ertain 
riteria with respe
t to bind-ing. The side 
onditions 
ould be formalised in a variantof temporal logi
, as suggested in [17℄. We are looking into
ompilation of su
h high-level des
riptions of transformationrules into attribute grammars. The result would make the
ode motion phase of the 
ompiler framework des
ribed inthis paper mu
h more amenable to experimentation.
12. CONCLUSIONSEmbedding is an easy way to design and implement DSLs,inheriting many bene�ts from a suitable host language. Mostsu
h implementations tend to be interpretive, and so are tooslow in some 
ases, su
h as intera
tive image pro
essing. Wehave shown that how to repla
e embedded interpreters withembedded 
ompilers, by using a set of syntax-manipulating

base types. The result is mu
h better performan
e witha very small impa
t on the languages. Moreover, given areusable DSL 
ompiler framework su
h as we have imple-mented, an embedded DSL interpreter 
an be turned intoa 
ompiler with very small 
hanges (thanks to overloading).In our image language 
ompiler, the rewriting-based opti-mizations helped speed 
onsiderably, as of 
ourse does elim-inating the 
onsiderable overhead imposed by interpretativeimplementation.We have produ
ed many examples with our 
ompiler, as maybe seen in [5℄, but more work is needed to make the 
ompileritself fast and produ
ing even better 
ode. We hope that the
ompiler's speed 
an be improved to the point of invisibilityso that it 
an be used by non-programmers in image editors.
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swirlBoard :: FloatE ! Image ColorEswirlBoard t =swirl (100 � tan t) (
he
kerBoard 10 bla
k white)swirl :: Synta
ti
 
 ) FloatE ! Image 
 ! Image 
swirl r im = im : swirling r | Image swirling fun
tion| Unit square boolean 
he
ker board
he
ker :: Image BoolE
he
ker = � (x ; y) ! (bx
 + by
) :&: 1 == 0
he
kerBoard :: FloatE ! � ! � ! Image �
he
kerBoard sqSize 
1 
2 =ustret
h sqSize (
ond 
he
ker (
onst 
1) (
onst 
2))| Some useful Pan fun
tions:
ond :: Synta
ti
 a ) BoolE ! Exp a ! Exp a ! Exp a
ond = lift3 ifE | pointwise 
onditional| uniform image stret
hustret
h :: Synta
ti
 
 ) FloatE ! Image 
 ! Image 
ustret
h s im = im : s
ale (1=s; 1=s)Figure 6: De�nitions for Figure 5[20℄ Todd L. Veldhuizen. Expression templates. C++Report, 7(5):26{31, June 1995. http://extreme.-indiana.edu/~tveldhui/papers/pepm99.ps.Reprinted in C++ Gems, ed. Stanley Lippman.
APPENDIX
A. OPTIMIZATION EXAMPLETo illustrate the 
ompilation te
hniques des
ribed in this pa-per, Figure 5 shows snapshots of a sample animation whosespe
i�
ation and supporting de�nitions are given in Fig-ure 6. Note that Image is really a type 
onstru
tor, pa-rameterized over the \pixel" type. Visual images have typeImage ColorE , while what one might 
all \regions" havetype Image BoolE .As a building blo
k, 
he
ker is a Boolean image 
he
ker thatalternates between true and false on a one-pixel 
he
ker-board. The tri
k is to 
onvert the pixel 
oordinates from
oating point to integer (using the 
oor fun
tion) and testwhether the sum is even or odd.The 
he
kerBoard image fun
tion takes a square size s andtwo 
olors 
1 and 
2. It 
hooses between the given 
olors,depending on whether the input point, s
aled down by sfalls into a true or false square of 
he
ker .To �nish the example, swirlBoard swirls a bla
k and white
he
ker board, using the swirling fun
tion de�ned in Se
-tion 4.As a relatively simple example of 
ompilation, Figure 7shows the result of display swirlBoard after inlining de�ni-tions and performing CSE, but without optimization.Simpli�
ation involves appli
ation of a few dozen rewriterules, together with 
onstant folding, if-
oating, and 
ode



Figure 5: snapshots of swirlBoard, de�ned in Figure 6� t (panX ; panY ; zoom) (width; height) output !loop height (� j !loop width (� i !leta = 2 � = (100 � sin t = 
os t)b = negate (height `div ` 2)
 = zoom � i2f (j + b) + panYd = 
 � 
e = negate (width `div ` 2)f = zoom � i2f (i + e) + panXg = sqrt (f � f + d) � ah = sin gk = 
os gm = 1 = 10n = m � (
 � k + f � h)p = m � (f � k � 
 � h)q = if (bp
 + bn
) `mod ` 2 == 0 then0else1r = bq � 255
s = 0 <<< 8u = output + 4 � j � widthinsetInt (u + 4 � i)(((s :j: r) <<< 8 :j: r) <<< 8 :j: r)))Figure 7: Inlined, unoptimized 
ode for Figure 6motion. The result for our example is shown in Figure 8.Note how the CSE, s
alar hoisting, and array promotionhave produ
ed three phases of 
omputation. The �rst blo
kis 
al
ulated on
e per frame of the displayed animation, these
ond on
e per line, and the third on
e per pixel.

� t (panX ; panY ; zoom) (width; height) output !leta = negate (width `div ` 2)b = mkArr width (� 
 !zoom � i2f (
 + a) + panX )d = negate (height `div ` 2)e = re
ip (sin t = 
os t � 100:0)inloop height (� j !letf = j � widthg = zoom � i2f (j + d) + panYh = g � ginloop width (� i !letk = (f + i) � 4 + outputm = readArr b in = sqrt (m � m + h) � e � 6:28319p = sin nq = 
os nr = g � q + m � ps = m � q + g � negate pinif (bs � 0:1
 + br � 0:1
) :&: 1 == 0 thensetInt k 0elsesetInt k 16777215))Figure 8: Optimized version of 
ode from Figure 7


