‘ lecture NOTES

A Geometric Perspective of Large-Margin
Training of Gaussian Models

arge-margin techniques have

been studied intensively by the

machine learning community

to balance the empirical error

rate on the training set and the
generalization ability on the test set.
However, they have been mostly devel-
oped together with generic discriminative
models such as support vector machines
(SVMs) and are often difficult to apply in
parameter estimation problems for gen-
erative models such as Gaussians and
hidden Markov models. The difficulties
lie in both the formulation of the training
criteria and the development of efficient
optimization algorithms.

In this article, we consider the basic
problem of large margin training of
Gaussian models. We take the geometric
perspective of separating patterns using
concentric ellipsoids, a concept that has
not generally been familiar to signal pro-
cessing researchers but which we will
elaborate on here. We describe the
approach of finding the maximum-ratio
separating ellipsoids (MRSEs) [1] and
derive an extension with soft margins. We
show how to formulate the soft-margin
MRSE problem as a convex optimization
problem, more specifically a semidefinite
program (SDP). In addition, we derive its
duality theory and optimality conditions
and apply this method to a vowel recogni-
tion example, which is a classical problem
in signal processing.

RELEVANCE

A considerable number of recent works on
automatic speech recognition [2]-[4]
incorporate margins into the discrimina-
tive training of Gaussian hidden Markov
models to improve their generalization
capability. All of these works use convex
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optimization techniques, more specifically
SDP, to formulate tractable training crite-
ria and develop efficient solution methods.
In particular, the method developed in [3]
measures the separation margins in terms
of Mahalanobis distances, which is closely
related to the approach of MRSE. Similar
formulations for large-margin training
using ellipsoids have also been considered
in, for example, [5]-(7].

The soft-margin MRSE problem cap-
tures the geometric essence of many large-
margin ellipsoidal classifiers mentioned
above and is a clear analogy of the classical
linear SVM. In fact, it is equivalent to SVM
using quadratic kernels with an additional
positive semidefinite constraint that
ensures the separating boundaries are
ellipsoids, which is most appropriate for
Gaussian models.

PREREQUISITES

We assume familiarity with basic signal
processing tools such as Gaussian models
and maximum-likelihood estimation.
General familiarity with convex optimiza-
tion is also required, in particular SDP and
duality theory.

BACKGROUND

Consider the problem of classifying an
unknown object into one of several
presumed classes. We assume the
observed data x € R? and its label
k €{1,...,m} are both random vari-
ables. Given the prior probability p(k)
and the conditional probability p(x|k),
the optimal classifier that minimizes
classification error rate is based on the
maximum a posterior (MAP) rule

k = arg max p(k|x)
k

=arg maxp(x, k)
k

=arg m;lxp(xlk)p(k). (1)

Lin Xiao and Li Deng

However, in practice, the probability
functions p(k) and p(x|k) are usually
unknown and need to be estimated from
available training data. To make the
estimation problem computationally
tractable, we often adopt a parametric
modeling approach where we assume the
probability functions, in particular, the
conditional probability p(x|k), belong to
a parametrized function family.

We focus on the most widely used
family for probability distributions—
Gaussian models. In this case, the condi-
tional probability density functions are
parametrized by the mean u; € R? and
the covariance matrix 3, € R¥, for
each class k € {1, ..., m}. In the MAP
decision rule (1), we replace the condi-
tional probability p(x|k) with

1
(27T)d/2|2k|1/2

X exp(— %(x = )" Z (e - Mk))-

P(x| Mgy Zg) =

Given a set of n-labeled training data
{(x;, ;) ¥, and assuming that they are
independent and identically distributed,
the maximum-likelihood (ML) estima-
tion of the model parameters is

I‘L/l\\‘/[L_i 2 Xiy
Ny o=k
1

St== 3 (=m0 — w7
Ny o=k

where n, = [{i:c;=k}|. The prior
probabilities can be estimated as
p(k) =ny/n. In practical applications,
ML estimation may not work well
because of several reasons, including:
model mismatch between data and
assumptions and between training and
testing data sets; and inadequate amount
of training data.

In recent years, large-margin-based
discriminative training has become a
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promising alternative for parame-
ter estimation of generative mod-
els. Intuitively, a classifier with a
larger margin (distance between
the well-classified examples and
the decision boundary) can better
tolerate classification errors,
which may arise due to insuffi-
cient training data, deficiency of
the classifier, or mismatches
between the training and test sets.
It can be shown [8] that the test-
set error rate is bounded by the
sum of the empirical error rate on
the training set and a generaliza-
tion score associated with the
margin. Minimizing this com-
bined bound can lead to better
performance on the test set than
minimizing the empirical train-
ing-set error rate only.

For Gaussian models, the log-likeli-
hood function is defined as

L0 2p) = log(p (] sy 20 (K))

1
== E(xi — )" )

1
- 5 10g|2k| + Tk

where 7, is a constant depending on the
prior probability p(k). If we define the
margin as the difference between the log-
likelihoods of different model parameters,
then the large-margin discriminative
training problem can be stated as

maximize §
subject to

‘C(xi‘:u’clrzq) - ﬁ(xi“'l“ky Ek) =5,
Vk?ﬁc,-,l':l,...,n
=0, k=1,...,m. (2)

Here the optimization variables are the
model parameters (uy;, 3;) for k=1,
..., m, and the scalar s, which is a lower
bound on all the margins. The constraints
3 = 0 state that all the covariance matri-
ces must be positive semidefinite.

The large-margin training prob-
lem (2) is not convex, and in general is
computationally very hard to solve.
Several convex relaxations have been
developed for this problem and its exten-
sions for Gaussian hidden Markov mod-
els. In [2], the covariance matrices 3

[FIG1] MRSEs for separating six patterns.

are fixed and an SDP relaxation is devel-
oped for optimizing the means u;. In
[4], an SDP relaxation is developed for
simultaneous optimization of the mean
and variances, assuming the covariance
matrices are diagonal. In [3], the term
—(1/2)log|3,| in the log-likelihood
function is ignored and an SDP relax-
ation is formulated by measuring the
margins in terms of Mahalanobis dis-
tances. The MRSE problem discussed in
this article has close connection with
the last approach, and we take a new
look at the problem providing a geomet-
ric perspective.

PROBLEM STATEMENT

The idea of separating multiclass pat-
terns using ellipsoids is quite natural.
For each class k&, we would like to find
an ellipsoid that encloses all labeled
points x; with ¢; =k, while leaving all
other points outside. In this context, the
concept of separating margin is well
served by the ratio between two concen-
tric ellipsoids with the same shape, with
all correctly labeled points enclosed in
the inner ellipsoid and all other points
excluded outside of the outer ellipsoid;
see Figure 1 for an illustration.

An ellipsoid in RY can be parametrized
by its center u and a symmetric, positive
semidefinite matrix P that determines its
shape and size

Efp, P)={x €R!|(x —p)"
X Plx —w) =1}

The ellipsoid is degenerate if P is
singular. A scaled concentric ellip-
soid with the same shape can be
obtained by dividing the matrix P
with a scalar p > 0. The scaled
ellipsoid £,(u, P/p) has an equiva-
lent representation

Eu, Plp) ={x € Rd| (x— )"
X P(x — p) = p}.

Note that \/;) is the ratio
between the lengths of the corre-
sponding semimajor axes of the two
concentric ellipsoids.

For a Gaussian random variable
with mean w and covariance
matrix 3, the ellipsoids
E,(u, > Yp) give confidence level
sets with different probabilities, depend-
ing on the scaling p. For example, p = d
gives about 50% probability that a ran-
dom sample is inside the ellipsoid
Elp, >7Yd), and p=d+2Vd gives
about 90% probability.

Suppose we are given the labeled train-
ing set {(x,c;)}-;. For each class
k€ {1,..., m}, the associated MRSEs
problem [1] is to find the ellipsoids
E gy Py) and €y, Pi/py) such that py
is maximized while satisfying the
constraints

X € Eflpp, Pr), Vit =k,
x; & Ef s Pl pi), Vic; # k.
In other words, the MRSE problem is

maximize py
subject to  (or; — wy) P, — y) = 1,

Vl G = k

(x; = ) "Pe(x: = ) = pis
Vi:c;#k

P, >0, 3)

where the optimization variables are w;,
Py, and p;. The MRSE problem (3) is
always feasible. The patterns of class & are
separable from all others using ellipsoids if
and only if the optimal p, > 1.

To gracefully handle the case when
the patterns are not strictly separable
using ellipsoids, we use the idea of soft
margins as in SVM (see, e.g., [9]). In
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lecture NOTES  continued

other words, we introduce a slack vari-
able ¢&; for each of the pattern inclusion
or exclusion constraints, and add a
weighted penalty term to the objective
function as seen in (4) at the bottom of
the page.

Here v is a positive weighting parame-
ter. We call the problem (4) the soft-mar-
gin MRSE problem. Note that we can
always have the optimal p, > 1 by setting
a small enough v. But on the other hand,
the optimal p; may be unbounded above if
v is too small.

Both the MRSE and soft-margin MRSE
problems are nonconvex. However, they
can be transformed into convex optimiza-
tion problems, more specifically SDPs,
using a homogeneous embedding tech-
nique [1], which we describe next.

SOLUTION

HOMOGENEOUS EMBEDDING

Any ellipsoid in RY can be viewed as the
intersection of a homogeneous ellipsoid
(one centered at the origin) in RY*! and
the hyperplane

H={z€R" |z=(x,1), x €RI}.

A homogeneous ellipsoid in R“*! can be
expressed as

E4:1(0,®) ={z € RI! | Tz = 1},

where ® is a symmetric positive semidefi-
nite matrix. To find the intersection of
€,:1(0, ®) with the hyperplane H, we
partition the matrix ® as

_|P q
q)_{qT r}’ ©)

where P € R4 g € RY, and r € R. If
z = (x, 1), then we have

Zdz=1 o xPx+2¢x+r=1.

w=-Plq 5=r—q'Pq (©

then

doz=1 & (x—w)Px—p)

+o6=1.

Since P is positive semidefinite, we
always have 8 = 1. In addition, the con-
straint ¥ > 0 implies that the Schur
complement r—¢"P g =0, i.e.,
8 = 0. Therefore, 0 = 6 = 1. Whenever

P is positive definite, we have
0=6<1,and

£4:1(0, @) NH = Ey(p, PI(1 = 8)).

In this case, we call £;.,(0, ®) a homoge-
neous embedding of £,(u, P/(1 — §)).

Given a nondegenerate ellipsoid
E,(u, P) (i.e., P > 0), its homogeneous
embedding in R?"! is nonunique, and can
be parametrized as £;.,(0, ®;), for
0 =8 < 1,where

(1-5)P —(1-8)Pu

(1)5:

See Figure 2 for an illustration. The
special case 6 = 0 is called a canonical
embedding. In this case, the embedding
€100, ®,) is a degenerate ellipsoid
because the matrix @ is singular.

SDP FORMULATIONS
Now we consider the problem of separat-
ing patterns in RY using homogeneous
ellipsoids in RY*"!. Since the MRSE
approach essentially consists of solving
m separate one-versus-others classifica-
tion problems, we focus on a formulation
for binary classification. For this purpose,
we divide the n training data into two
sets {x;}71, and {y;}72,, where the x/s
are points belonging to a specific class,
and y;’s are all the other points. We have
ny +n,=n.

First, we need to embed the training

Now let data in the hyperplane H by letting
maximize pj — yzlg,-
subjectto  (x; — wo) TP, — ) = 1+ &, Viig=k
(= ) Pelxs — ) = pr— &, Vit #k
Po=0,&=0Vi=1,... 7 (4)

—(1=8)ufP (1-8)"u"Pu+8]

X
=1, i=1, ...
weli] i

Yl .
bj:|:1]:|) J=4 ..., n.

The MRSE problem using homogeneous
embedding can be stated as

maximize p

subjectto af®a; =1,i=1,...,m
bf‘I)ijp,j=1,...,n2
d=0,p=1, (7)

where the optimization variables are ® and
p. This is a convex optimization problem,
more specifically an SDP. As a result, it can
be solved globally and efficiently using
interior-point methods; see, e.g., [10].

Once the problem (7) is solved, we
can recover the parametrization in R?
using the transformations in (5) and
(6). The two concentric separating
ellipsoids are

Elp, PI(1=8)), E(m, PI(p(1 = 8)).

Moreover, the following properties of the
MRSE problem are shown in [1]:

If the patterns are separable, then
the optimal solution to (7) is always a
canonical embedding, i.e., d = 0.

If the patterns are nonseparable,
then the optimal solution to (7) always
has p =1, and ® is degenerate such
that 6 = 1.

Figure 3 gives a geometric illustration of
the first property. The second one can be
understood from the illustration presented
in Figure 2.

-1.5
-2

/q/o) /q//»\°> /\/Q?:’ QQGD \;\6.3 iz

o2

[FIG2] Homogeneous embedding: the
one-dimensional ellipsoid 4(x — 1)2 < 1
(i.e., the interval 1/2 = x =< 3/2) can be
viewed as the intersection of a two
dimensional ellipsoid (nonunique) with
the hyperplane {(x, 1) | x € R}.

IEEE SIGNAL PROCESSING MAGAZINE [120

NOVEMBER 2010



Similarly, we can formulate the soft-
margin MRSE problem with homoge-
neous embedding as an SDP

maximize p — 7( Eiff + Eﬁj)

subjectto al®a, =1+ &,i=1,...,m
bJT(I)bjzp_'n],j:].,. 1y
®>=0,p=1

£=0i=1,...,m
anO,jZI,...,nz, (8)

where the optimization variables are @,
p, and the slack variables &; and 7. Here
v is a weighting parameter. Once the
SDP (8) is solved, we can also use the
transformations in (5) and (6) to find the
separating ellipsoids in RY. The properties
of the resulting solution will be discussed
next, via duality theory and optimality
conditions.

The same homogeneous embedding
technique is used in [3] to formulate a
large-margin training problem using
Mahalanobis’ distances as an SDP. We will
explain its connection with the soft-mar-
gin MRSE problem later.

DUALITY

The dual of a convex optimization prob-
lem always gives more insights of the
problem structure, and the MRSE prob-
lems are no exceptions. Here we only
consider the duality theory for the soft-
margin MRSE problem (8). Following
standard derivation for Lagrange duality
(see, e.g., [10, Ch. 5]), we found the dual
of (8) is

minimize Ei/\i - Ejvj +1

subjectto > A;a;af — jijjbjT =0

O=N=vy i=1...,m
OSVJ'S'Y, j=1,...,n2
2=l 9)

where the optimization variables are A;
and v;, which are the Lagrange multipliers
for the first two sets of constraints in (8),
respectively. The dual problem (9) is also
an SDP.

Weak duality always holds, i.e., the
maximum objective value of the primal

problem (8) is always no larger than the
minimum value of the dual problem (9). If
both the primal and dual problems are
feasible, weak duality gives a simple bound
on the maximum objective value of the
primal problem, denoted by p*

p*=SA —(zyj —1) =S\ = nyy.
i J i

If the primal problem is unbounded
above, then the dual problem must be
infeasible. This is the case if the parameter
v is set too small, for example, if y < 1/n,.
To see this, let ®, p, {&}72,, and {n;}}2,
be a set of feasible solutions to the primal
problem (8), and let

pl=pta mj=ntea j=1,...,n.

Then @, p', {&}71, and {n}}72, are still
feasible for arbitrary « > 0, and the objec-
tive value is

p’—v(iE&* jEn})
:p—v(IE&Jr JEn,-)

+ (1 —nyy)a.

Therefore, if v < 1/n,, then the objective
value increases unbounded above as we
increase « to infinity. To check that the
dual problem is infeasible when y < 1/n,,
we note that the constraints 0 = v; =y
imply that

Sy =nyy < nzi: 1.
el n,

But this contradicts with the last con-
straint in (9), which leads to dual infea-
sibility.

The most interesting case in practice
is when both the primal and dual prob-
lems are strictly feasible. In this case,
strong duality holds, i.e., the optimal val-
ues of the primal and dual problems are
finite and the same. Moreover, the opti-
mality conditions in this case reveal many
interesting properties of the soft-margin
MRSE problem. This is discussed next.

OPTIMALITY CONDITIONS

Let @*, p*, {£&}2, and {n}}}2, denote

the primal optimal solutions, and

{A*}2) and {v}}72, denote the dual
optimal solutions. In addition to be pri-
mal and dual feasible, they satisfy the
following complementary slackness
conditions:

for the separation ratio,
* *
>] = v =1,
p Zj J

* *_ 1.
Ejyj >1= p =45
fori=1,...,n,

ald*a, <1 = \¥ =0,
or A\f >0 = ald*aq; =1+ &,
and
&g>0= A=y,
or \f <y = =0

forj=1, ...,ny
bId*b, > p* = v¥ =0,
or v} >0 = b/d*b;=p* —n},
and
>0 = vi=y,
or v¥ <y = nF=0;

and finally, the matrix complemen-
tary slackness condition

Tr @*( > Naal = > vj*bjbjT) =0.
i j
(10)

The scalar complementary slackness
conditions above parallel those for the
SVM; see, e.g., [9]. In particular, the a;
’s with 0 < A* < y lie on the bound-
ary of the inner ellipsoid, and the &;’s
with 0 < »* <y lie on the boundary

[FIG3] The two homogeneous ellipsoids
drawn in solid lines separate the two
classes, and so do the two degenerate
ellipsoids (canonical embeddings)
drawn in dashed lines. They have the
same intersections with the hyperplane
‘H, but the two canonical embeddings
have the maximum separation ratio.
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of the outer ellipsoid. The a;’s with
£F > 0 (and therefore A} =7) are in-
class points that lie outside of the
inner ellipsoid, and the &;’s with
1¥ > 0 (and therefore v* = y) are out-
of-class points that lie inside of the
outer ellipsoid. All the points with
either A¥ >0 or v} >0 have the
same interpretation of “support vec-
tors” as in the SVM. All other points
can be removed without affecting the
optimal solution.

The matrix complementary condi-
tion (10) is equivalent to the balancing
equation

Z)\,»*(a,r@*a,») = Db/ d*b)).

J

Since both ®* and > A'aaf -
> v*b;b are symmetric and positive
semidefinite, (10) actually implies a stron-
ger condition

@*(E/\f‘aiaf - vabjbf) —0. (1)
i j
To ease notation, let

p* o g*
EA}'aiaiT - EVJ‘*bjbjT: |:0*T *}’
7 7 a

where
W= SN = iyl
i j
0* = IE)\I* i IEVj*yj’
w*= St St
i j

Together with the partition of ®* given
in (5), the matrix (11) means

P*\I,* + q*O*T — 0’
P*0* + a*q* = 0,
q*T\I,* + r*g*T — O,
g*10* + a*r* = 0.

Many interesting properties of the optimal
solutions follow from the above four equa-
tions.

First, note that we always have o* = 0
and P* = 0 (positive semidefinite). If
a* > 0 and P* > 0 (positive definite),
then

the center of the ellipsoids can be
expressed as

#* — _P*flq* — L*e*
(%
El’)\l—*ai - E]V]*b]
El)\l*_ Ejvjjk

W* is a rank-one matrix

1
Pr = a*M*P«*T _ a*H*G*T
and we always have canonical embedding,
because

r* = — g Tu* = g*Tpr g
= 6* — r* _ q*TP*flq* =0.

If the patterns are nonseparable and the
parameter vy is set too big, we could have
a* = 0. In this special case, the optimal
values of the primal and dual problems are
equal to one, since

p* - 7(2&* + Enf)
i j
S - Sr 1=l
i j

This also implies p* =1, £ = 0 for all 7,
and n = 0 for all j, which are the same
as the solution to (7) with 6* = 1.

ALTERNATIVE FORMULATIONS

When solving the soft-margin MRSE prob-
lem, in very rare cases, we could have
a* > 0 and P* being singular. This could
happen, e.g., if some of the boundary
points are aligned in an affine subspace. To
fix this problem, we can add a regulariza-
tion term that accounts for the volume of
the ellipsoids to the objective function.
Since log(det(P™1)) directly measures
the volume of the ellipsoid (which is infi-
nite if P is singular), we can replace the
objective of the problem (8) by

maximize p — 71( D&+ ETIJ)
i J
— y,log(det(P1)),

where y, and vy, are two positive weight-
ing parameters. Note that P is thed X d
leading diagonal block of ®. The result-
ing problem is also a convex optimiza-
tion problem, and can be solved globally
and efficiently using interior-point
method [11].

Instead of using the weighting param-
eter vy, we could also parametrize the
soft-margin MRSE problem (8) using the
ratio p. Given any fixed p = 1, for each
class £ € {1, ..., m}, we can solve the
problem

minimize Ej:mik
subjectto  2l®,z; =1+ my, Viic,=k
2l 2, = p—my, Viie; # k
@, > 0,
me=0,i=1,.. .7
(12)

where z; = (x;, 1), and the optimization
variables are @, and m;.. This problem is
equivalent to (8) for certain value of 7.
Note that we have switched to notations
that are explicit for multiclass problems,
even though the m problems, each for a
distinct class, can be solved separately.
Such notations are convenient for
formulating a variant that allows simul-
taneous discriminative learning of all
classes, similar to the large-margin prob-
lem (2). For this purpose, let’s fix p = 2
and consider the m versions of (12), one
for each class, altogether. The first two
sets of constraints in these SDPs imply

(D — D)z, = 1= (g, + M),
Yk #c, i=1,...,n.
(13)

For convenience, let &; = ;. + M4 and
consider the problem of minimizing
Xixém subject to all the constraints
in (13). However, we notice that the vari-
ables ®,, k=1,...,m, can be scaled
simultaneously to yield arbitrary large
margins in (13). Therefore, we need to
add a regularization term to the objective
to limit the sizes of the ®;’s. For example,
regularizing the traces of the ®;’s leads to
the formulation

minimize Ei,kfik +y EkTr [ON

subjectto 2/(Dy — . )z; = 1— &,
= 0,Vk #c,i=1,...,n

Q=0 k=1,...,m,
(14)

where vy is a weighting parameter, and
the optimization variables are @, and
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&y This is almost the same prob-

lem considered in [3], the only 1
difference is that they used the 0.9
regularization Tr P, instead of 0.8
Tr d,, where P, is the d X d 0.7
leading diagonal block of ®,. By 0.6
examining the equations (5) 0.5

0.4

and (6), we see that using Tr &,

will favor a smaller 8, thus more 0.3
likely to obtain canonical embed- 0.2
0.1

dings (6 = 0). Other regulariza-

tions, such as logdet P, are also 0

interesting to consider.

CLASSIFICATION RULES
Suppose in the training phase, we
have solved the soft-margin
MRSE problems (8) for each class
k€ {1,...,m}. Let the optimal solu-
tions be ®F, pr, k=1,...,m (the
optimal slack variables will not be used),
and assume pj > 1 for all k. They are
used in the testing or classification
phase as follows. Given a new data point
X € RY we first let 2= (x,1) € R/*!
and compute

pp=2T0kT, k=1, ..., m,

then label the data with the class

k =arg min (p; — 1)/(pF — 1).
k

For the variant (12) and all-versus-all
approach (14), the classification rule is
simply

k= arg mkin ZTdksT. (15)

As an application example, we apply
the soft-margin MRSE approach to the
vowel recognition problem described in
[12]. The data in this example has ten
dimensions and 11 possible classes.
There are 528 training samples and 462
testing samples. In the experiment, we
used the formulation (12) and classifica-
tion rule (15). Figure 4 shows both the
training error rates and the testing
error rates by varying the separation
ratio p from 1.1 to 10. The error rates
of the maximum-likelihood (ML)
approached are also plotted for refer-
ence. At p = 2, the soft-margin MRSE
approach gives training error rate 0.002

[FIG4] Error rates of soft-margin MRSE for the vowel
recognition example.

and testing error rate 0.44, which are
comparable with the best results
obtained with other approaches as listed
in Table 12.3 of [12].

CONCLUSIONS

The soft-margin MRSE problem and its
variants can be obtained in two ways:
either by relaxation, i.e., dropping the
log-determinant term in the otherwise
complete probabilistic generative models
or, by adding positive semidefinite con-
straints to generic SVM with quadratic
kernels, to capture essential character-
istics of Gaussian models. This reflects
an interesting tradeoff between model-
ing and optimization: while generic
SVMs use simple discriminative models
that allow efficient (convex) optimiza-
tion, generative models impose more
structure on the problem (i.e., adding
more constraints) and often make the
optimization intractable. A key step in
developing effective large-margin meth-
ods for discriminative training of gen-
erative models is to strike a balance
between the model complexity and com-
putational efficiency. This often requires
appropriate convex reformulation or
relaxation of the training criteria and
parameter constraints. This article
shows one concrete example of such
reformulation.

The soft-margin approach described
in this article is an alternative to the
conventional discriminative methods;
e.g., [2], [3], and [13]. The importance
of discriminative learning in speech

recognition has been elaborated
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