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Exploring Algorithmic Limits of Matrix Rank
Minimization under Affine Constraints

Bo Xin and David Wipf

Abstract—Many applications require recovering a matrix of
minimal rank within an affine constraint set, with matrix com -
pletion a notable special case. Because the problem is NP+tan
general, it is common to replace the matrix rank with the nuckar
norm, which acts as a convenient convex surrogate. While ejant
theoretical conditions elucidate when this replacement itikely to
be successful, they are highly restrictive and convex algithms
fail when the ambient rank is too high or when the constraint
set is poorly structured. Non-convex alternatives fare soewhat
better when carefully tuned; however, convergence to lochl
optimal solutions remains a continuing source of failure. Ajainst
this backdrop we derive a deceptively simple and parametefree
probabilistic PCA-like algorithm that is capable, over a wide
battery of empirical tests, of successful recovery even athe
theoretical limit where the number of measurements equal tk
degrees of freedom in the unknown low-rank matrix. Somewhat
surprisingly, this is possible even when the affine constrat
set is highly ill-conditioned. While proving general recoery
guarantees remains evasive for non-convex algorithms, Bagian-
inspired or otherwise, we nonetheless show conditions whelny
the underlying cost function has a unique stationary point bcated
at the global optimum; no existing cost function we are awareof
satisfies this same property. We conclude with a simple comper
vision application involving image rectification and a starmdard
collaborative filtering benchmark.

Index Terms—rank minimization, affine constraints, matrix
completion, matrix recovery, empirical Bayes.

I. INTRODUCTION

Recently there has been a surge of interest in findi
minimum rank matrices subject to some problem—speciﬁ)
constraints often characterized as an affine [set [1], [}, [

[4], [Bl, [6]. Mathematically this involves solving

rank[X] s.t.b=A(X), 1)

min

the rank penalty itself is non-smooth. Consequently, a [apu
alternative is to instead compute

n}}n > fleilX])  stb=AX), (3)
3
whereo;[X] denotes the-th singular value ofX and f is
usually a concave, non-decreasing function (or nearly Iso).
the special case wherg(z) = I[z # 0] (i.e., an indicator
function) we retrieve the matrix rank; however, smoother
surrogates such a§(z) =logz or f(z) = 27 with ¢ < 1 are
generally preferred for optimization purposes. Wii¢n) = z,
(@) reduces to convex nuclear norm minimization. A variety
of celebrated theoretical results have quantified speaificiic
tions, heavily dependent on the singular values of matiices
the nullspace of4, where the minimum nuclear norm solution
is guaranteed to coincide with that of minimal rank [Z], [3],
[6]. However, these guarantees typically only apply to ahjig
restrictive set of rank minimization problems, and in a ficat
setting non-convex algorithms can succeed in a much broader
range of conditions[2]15],16].

In Sectior[ 1) we will summarize state-of-the-art non-caave
rank minimization algorithms that operate under affine con-
straints and point out some of their shortcomings. This will
be followed in Sectiof 1]l by the derivation of an alternativ
approach using Bayesian modeling techniques adapted from
probabilistic PCA[[7]. Sectiofi IV will then describe conrec
II'i ns with nuclear norm minimization, convergence issaes,
operties of global and local solutions. The latter inelsid
pecial cases whereby any stationary point of the intriosst
unction is guaranteed to have optimal rank, illustrating a
underlying smoothing mechanism which leads to success over
competing methods. We next discuss algorithmic enhance-
ments in Sectiop V that further improve recovery perforneanc

where X € R"*™ is the unknown matrixb € R? represents " practice. Sectiof VI contains a wide variety of numerical

a vector of observations and : R™"*™

to collaborative filtering is the matrix completion problem

II}%II rank[X] S.t. Xij = (XO)ija (2,]) S Q, (2)

_ R” denotes a linear coOMparisons that highlight the efficacy of this algorithnhjhe

mapping. An important special case BF (1) commonly app”e_%ectiorﬂl] presents a computer vision application inviogyi

image rectification and a standard collaborative filteringdh-
mark. Technical proofs and algorithm update rule detais ar
contained in the Appendix.

Before proceeding, we highlight several main contribution

where X, is a low-rank matrix we would like to recover,as follows:

but we are only able to observe elements from the (3et
[1], [2]. Unfortunately however, both this special case and
the general probleni](1) are well-known to be NP-hard, and
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o Bayesian inspiration can take uncountably many dif-
ferent forms and parameterizations, but the devil is in
the details and existing methods offer little opportunity
for both theoretical inquiry and substantial performance
gains solving [(l). In this regard, we apply carefully-
tailored modifications to a veteran probabilistic PCA
model leading to systematic analytical and empirical
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insights and advantages. Model justification is ultimatelyecause now we are more likely to be within a reasonably
based on such meticulous technical considerations ratigeod basin of attraction, spurious local minima are morédyeas
than merely the presumed qualitative legitimacy of argvoided. The downside of this procedure is that it requires a
underlying prior distributions. pre-defined heuristic for reducing®, and this schedule may

o Non-convex algorithms have demonstrated some irbe problem specific. Moreover, there is no guarantee that a
provement in estimation accuracy over the celebratgibbal solution will ever be found.
convex nuclear norm; however, this typically requires In a related vein[[5] derives a family dterative reweighted
the inclusion of one or more additional tuning paramauclear norm(IRNN) algorithms that can be applied to virtu-
eters to incrementally inject additional objective fuoati ally any concave non-decreasing functifneven whenf is
curvature and avoid bad local solutions. In contrast, feron-smooth, unlike IRLS. For effective performance howeve
solving () our non-convex Bayesian-inspired algorithrthe authors suggest a continuation strategy similar to IRLS
requires no such parameters at all, and noisy relaxatiddsreover, additional tuning parameters are required ftiedi
necessitate only a single, standard trade-off parametait classes of functionsand it remains unclear which choices
balancing data-fit and minimal rafik. are optimal. While the reported results are substantiadlyel

o Over a wide battery of controlled experiments withthan when using the convex nuclear norm, in our experiments
ground-truth data, our approach outperforms all existinRLSO seems to perform slightly better, possibly because th
algorithms that we are aware of, Bayesian, non-convex,@uadratic least squares inner loop is less aggressive in the
otherwise. This includes direct head-to-head comparisangial stages of optimization than weighted nuclear norm
using the exact experimental designs and code prepareithimization, leading to a better overall trajectory. Retiess,
by original authors with carefully tuned parameters. lall of these affine rank minimization algorithms fail wellfbee
fact, even whenA is ill-conditioned we are consistently the theoretical recovery limit is reached, when the numiber o
able to solve[{ll) right up to the theoretical limit of anyobservationg equals the number of degrees of freedom in the
possible algorithm, which has never been demonstratiedv-rank matrix we wish to recover. Specifically, for arx m,
previously. rank r matrix, the number of degrees of freedom is given by

r(m + n) — r?, hencep = r(m + n) — r? is the best-case
[l. RELATED WORK boundary. In practice i is ill-conditioned or degenerate the

. achievable limit may be more modest.
Here we focus on a few of the latest and most effective . : .
A third approach relies on replacing the convex nuclear

rank minimization algorithms, all deve_loped within thetlasnorm with a truncated non-convex surrogate [2]. While some
few years and evaluated favorably against the state-eéithe

competitive results for image impainting via matrix com-
pletion are shown, in practice the proposed algorithm has
A. General Non-Convex Methods many parameters to be tuned via cross-validation. Moreover

In the non-convex regime, effective optimization stragsgi '€C€nt comparisons contained i [5] show that defaultragsti
attempt to at least locally minimiz&](3), often exceeding trPerform relatively poorly.
performance of the convex nuclear norm. For example, [6] Finally, a somewhat different class of non-convex algo-
derives a family ofiterative reweighted least squargiRLS) fithms can be derived using a straightforward applicatién o
algorithms applied tof (z) = (22 + 7)%/? with ¢,y > 0 as alternatm% minimization[[8]. The pa5|c idea is to assume
tuning parameters. A related penalty also considergdiy = X = UV" for some low-rank matrice§/ and V' and then

log(2%++), which maintains an intimate connection with rango!ve . .
given that oin, [b—AUV")|F (5)

)

— T gL ~ _
log 2 = %l_ﬁ% ¢ (:*—1) and ;1_1)% 2 =1I[z#0l, (4 \yia coordinate decent. The downside of this approach isithat

. . . requires thall and V' be parameterized with the correct rank.
yvhereI is a standard |2nd|cator function. Congequently, when n contrast, our emphasis here is on algorithms that reeuare
is small, 3, log(o:[X]* + ) behaves much like a scaled "’_‘nﬁnrior knowledge whatsoever regarding the true rank.
translated version of the rank, albeit with nonzero gratdie
away from zero.

The IRLSO algorithm from [[6] represents the bestB. Bayesian Methods

performing special case of the above, whgielog(o:[X]>+  From a probabilistic perspective, previous work has applie
) is minimized using a homotopy continuation schemgayesian formalisms to rank minimization problems, altjtou
merged with IRLS. Here a fixed is replaced with a de- not specifically within an affine constraint set. For example
creasing sequencgy*}, the rationale being that whey’ is  [g], 0], [L1] derive robust PCA algorithms built upon the
Iarge,the cost function is relatively smooth and devoicbaél linear summation of a rank pena]ty and an element-wise
minima. As the iteration& progressy* is reduced, and the sparsity penalty. In particulaf, [L0] applies an MCMC saimgpl
cost behaves more like the matrix rank function. Howevespproach for posterior inference, but the resulting iterst
- _ . _ are not scalable, subjectable to detailed analysis, ndlilyea
While not our emphasis here, similar to other Bayesian freonles, even

this trade-off parameter can ultimately be learned from da& if a true, adaptap.le _tO affine constraints. Inlcontr"ﬁt* [9]_appllesm_ia?_
parameter-free implementation is desired across noisslev probabilistic model but performs inference using a vaoiadi



mean-field approximation. While the special case of matrix [1l. ALTERNATIVE ALGORITHM DERIVATION
completion is considered, from an empirical standpoint its In this section we first detail our basic distributional as-

estimation accuracy 1S not com_petmve with thg S‘ate"“?’"t sumptions followed by development of the associated update
art non-convex algorithms mentioned above. Finally, V\unthorules for inference

the element-wise sparsity component intrinsic to robusd PC
(which is not our focus here), [11] simply collapses to a tagu .
PCA model with a closed-form solution, so the challengeés Basic Model

faced in solving[(lL) do not apply. Consequently, generaheffi |, contrast to the majority of existing algorithms organize

constraints really are a key differentiating factor. around practical solutions t¢](3), here we adopt an alterna-
From a motivational angle, the basic probabilistic modeive, probabilistic starting point. We first define the Gaass

with which we begin our development can be interpreted #kelihood function

a carefully re-parameterized generalization of the praissib 1

PCA model from[[7]. This will ultimately lead to a non-convex p(b|X; A N) o exp —ﬁI\A(X) -bl3|. (6

algorithm devoid of the heuristic tuning strategies meamtit

above, but nonetheless still uniformly superior in terms ofoting that in the limit as\ — 0 this will enforce the same

estimation accuracy. We emphasize that, although we emphkonstraint set as iil1). Next we define an independent, zero-

a Bayesian entry point for our algorithmic strategy, finahean Gaussian prior distribution with covarian¢@ on each

justification of the underlying model will be entirely based column of X, denotede.; for all ¢ = 1,...,m. This produces

properties of the underlying cost function that emergehera the aggregate prior oX given by

than any putative belief in the actual validity of the assdme S

prior distributions or likelihood function. This is quitnike ~— P(X; ¥, v) = [TV (2.50,0,%) o exp [-’B v w} ;

the vast majority of existing Bayesian approaches. i @)

where ¥ ¢ R"*™ is a positive semi-definite symmetric ma-
trix A v = [11,..., v is a non-negative vectar, = vec[X]|
(column-wise vectorization), an® = diag[v] ® ¥, with ®
denoting the Kronecker product. It is important to stresehe

Turning to analytical issues, a number of celebrated thieorf1at we do not necessarily believe that the unkndwactually
ical results dictate conditions whereby substitution @f tank follows such a Gaussian distribution per se. Rather, we adop
function with the convex nuclear norm ifll (1) is nonetheledd) primarily because it will lead to an objective functioiithw
guaranteed to still produce the minimal rank solution. F&tesirable properties related to solviig (1).
example, if A is a Gaussian iid measurement ensemble andMoving forward, given both likelihood and prior are Gaus-
X, € R™*" represents the optimal solution tB] (1) withSian, th_e posteriop(X |b; ¥, v, A, \) is also Gaussian, with
rankX,] = r, then with high probability as the problemMean given by arX" such that
dimensions grow large, the minimum nuclear norm feasible . . _ o\l
solution will equal X, if the number of measuremenis & = vec[X] = WA ()‘IJFA‘I’A ) b. (®)
satisfiesp > 3r(2n — r) [12].

The limitation of this type of result is two-fold. First, e
above situation the true minimum rank solution only actual

C. Analytical Considerations

Here A € RP*™™ js a matrix defining the linear operator
such thatb = Ax reproduces the feasible region [ (1).
. From this expression it is clear that,¥ represents a low-rank
requires p > r(2n B r) measurements to be rec(_)Ver"’lblEovariance matrix, then each columnXfwill be constrained
via brute force solution of {1), and the remaining dlfferencto a low-dimensional subspace resulting overall in a lonkra

of a .factor_ of .three can certa_|r_1ly be considerable in Matimate as desired. Of course for this simple strategy to be
practical situations (e.g., requiring 300 measurement®rs successful we require some way of determining a viable
more laborious than only needing 100 measurements). Sgﬁa the scaling vectar

ondly though, ar:d far Imore |Tportalntl>;, all ems?ngt_p:;llmb A common Bayesian strategy in this regard is to marginalize
recovery guarantees place extremely strong restriclionsi® - o x and then maximize the resulting likelihood function

structure of A, e.g., strong restrictions on the singular valusl- L :
g : he ith respect to? andv [13], [11], [14]. This involves solvin

decay of matrices in the nullspace df Such conditions are P | 9
unlikely to ever hold in realistic application settingsglinding /

) L LU max b X; A Np(X; ¥, v)dX, 9
the image rectification example we describe in Sedtion V1I-A Wen+ v>0 p(b| p( ) ©)
(in fact, these conditions are usually incapable of evendei
checked). In contrast, the algorithm we propose is emplyica 2Technically'¥ must be positive definite for the inverse [[d (7) to be defined.

; ; i wever, we can accommodate the semi-definite case usindplibeving
observed to Only require the theoretlca”y minimal numbé(;t)nvention. Without loss of generality assume tdat= RR' for some

o_f measurements even wh_en such nullspace ponditions RERix R. We then qualify thatp(X; ®,v) = 0 if @ ¢ spariR], and
violated in many cases. While a general theoretical guaeanb(X; ¥,v) « exp [z (R")TR'z] otherwise. Equivalently, throughout

of this sort is obviously not possible, we do nonethele§§ 7paqer for convenience (and with slight §bL{se of notptisa define
id | . h ical Its indieagfwh ' W 'z = co whenz ¢ spaiR], andz' ¥ 'z = 2 (RT)'Rz
provide several supporting theoretical results indieaavwhy otherwise. This will come in handy, for example, when inteting the bound

such performance is at least empirically obtainable. in @) below.



where H+ denotes the set of positive semi-definite and syngiven by [8) at convergence. We refer to this basic procedure
metric n x n matrices. After a—2log transformation and as BARM for Bayesian Affine Rank Minimizatiohe next
application of a standard convolution-of-Gaussians irsttgn, section will detail why it is particularly well-suited foo$/ing
solving [9) is equivalent to minimizing the cost function  problems such ag](1).

LT, v)=b"3,"b+log|Z|, (10)
where IV. PROPERTIES OFBARM

3, =APAT + A\ and ¥ = diag[v] @ ®. (11) Here we first describe a close but perhaps not intuitively-
obvious relationship between the BARM objective function
and canonical nuclear norm minimization. We then discuss
desirable properties of global and local minima before con-
cluding with a brief examination of convergence issues.

Here X, can be viewed as the covariancetofjiven ¥ and
V.

B. Update Rules

Minimizing (I0) is a non-convex optimization problem, and
we employ standard upper bounds for this purpose leadifig Connections with Nuclear Norm Minimization
to an EM-like algorithm. In particular, we compute separate g the surface, it may appear that minimizirfg](10) is
bounds, parameterized by auxiliary variables, for bothfitise completely unrelated to the convex problem
and second terms of (¥, v). While the general case can
easily be handled and may be applicable for more challenging min || X« s.t.b=A(X) (16)
problems, here for simplicity and ease of presentation we X
consider minimizingZ(¥) £ L£(¥,v = 1), meaning all
elements ofv are fixed at one (and such is the case f
all experiments reported herein, although we are curren
exploring situations where this added generality could be

especially helpful). L) =b'S7 b+ tr[¥ 17
Based onl[[14], for the first term il _(1L0) we have (®) ’ ¥}, -

that is most commonly associated with practical rank mini-
ization implementations. However, a close connection can
revealed by considering the modified objective function

which represents nothing more thanl(10), withk= 1 and with
log | %3] being replaced by f#]. Now suppose we minimize
with equality wheneverr satisfies [[B). For the second ternfL) with respect to € H™ obtaining some¥”. We then
we use go on to compute an estimate & using [8). Note that if we
L apply the bound fron[{(12) to the first term in{17), then this
’ (13) estimate forX equivalently solves

1 -
'S < TlIb— Az + 2T ® 'z (12)

log |Xp| = mlog|¥| + log ‘/\ATA + ¥

< mlog|®¥|+tr [T 'Vy] +C, . -

: 1 o
mlfyXX”b_Ang—*—mT‘I, x +tr[P], (18)

where becauskg ’/\ATA + \ifl‘ is concave with respect to Wen
@', we can upper bound it using a first-order approximatiqgith z; — vec[X] as before. If we first optimize ove®,
with a bias termC' that is independent o8 Equality is it is easily demonstrated that the optimal valuedbfequals
obtained when the gradient satisfies (XX T)1/2. Plugging this value into[{18), simplifying, and
m B 1 then applying the definition of the nuclear norm, we arrive at
Vo= w-wAl (A\IIAT n /\I) AW, (14)
= min 2 b — Az |2 + 2 X, (19)
where A; € RP*™ is defined such thatl = [A,..., A, X A
Finally given the upper bounds frorh {12) aid](13) wikh
and V-1 fixed, we can compute the optimd@ in closed
form by optimizing the relevan¥-dependent terms via

Furthermore, in the limitA\ — 0 (applied outside of the
minimization), [I9) becomes equivalent fo(16).
Consequently, we may conclude that the central distinction

TP — argmintr [\Il_l (XXT i V\pq)} +mlog|w| between the proposed BARM cost function and nuclear norm
X minimization is an intrinsic.A-dependent penalty function
I 14571 log |X,| which is applied in covariance space. In Section
= —[xX vy } . 15) (08 |n| W _ _ . !
{ t Ve (15) V-Blwe will examine desirable properties of this non-coxive

By agnostically starting with = I and then iteratively substitution, highlighting our desire to treat the undiey

computing [(), [[I4), and (15), we can then obtain an estimd&3&RM probabilistic model as an independent cost function

for ¥, and more importantly, a corresponding estimateXor that may be subject to technical analysis independent of its
Bayesian origins. For more information regarding the dyali

3If W is not invertible, an effectively equivalent form of bounénc relationship between variance/covariance space and deeffi
nonetheless be derived. Regardless, the final update rolesod actually

depend on¥—! anyway, and hence the algorithm can progress eve as SPace, at least in the related context of compressive ggnsin
may become low rank. models, please refer to [14].



B. Global/Local Minima Analysis consequence of the marginalization procesElin (9), andnreso

. . . . cases provably so. A specialized example of this smoothin
As discussed in Sectiofi]ll one nice property of thgan bepquantif)i/ed in thepfollowing scenalraio. 9

2_;log (03[ X]) penalty employed (approximately) by IRLSO SupposeA is now block diagonal, with diagonal blocks

[6] is that it can be viewed as a smooth version of the MatrX “sich thath; — A,x.; producing the aggregate observation

rank function while still possessing the same set of minimu, oy — [b1Ta L bL]T- While somewnhat restricted, this

both global and local, over the affine constraint set, attleas, _.. ! . .
. . L o 5 Situation nonetheless includes many important specias;as
if we consider the limiting situation of", log (o[ X]* + )

\ . . including canonical matrix completion and generalizedrirat
when~y becomes small so that we may avoid the distracti 9 P 9

n - N
singularity of log0. Additionally, it possesses an attractive('gzjmplenon where elements af, = WX, are observed after

) . . . . some transformatio®, instead ofX directly.
form of scale invariance, meaning that X" is an optimal
feasible solution, a block-diagonal rescalingdfmevertheless Theorem 1. Let b = A vec[X], where A is block diagonal,
leads to an equivalent rescaling of the optimum (without theith blocks A; € RP:*™. Moreover, assumey; > 1 for
need for solving an additional optimization problem usihg t all i and that N;null[A;] = 0. Then if min x rank[X] =
new A). This is very much unlike the nuclear norm or othet in the feasible region, any minimizef®* v*} of )
non-convex surrogates that penalize the singular value¥ of (global or local) in the limit A\ — 0 is such thatz* =

. = & = L . % ;

in a scale-dependent manner. . _ _B"AT (A® AT b is feasible andrank[X*] = 1 with
In contrast, the prc_)posed algor_|thm IS bgsed onavery d|ff%rec[X*] = x*. Furthermore, no cost function in the form of

ent Gaussian statistical model with seemingly a more teﬂu%@ can satisfy the same result. In particular, there canajs/

connection with rank m_|n|m|zz_;1t|on. Encouragingly howeve_exist local and/or global minima with rank greater than one.
the proposed cost function enjoys the same global/locat min

ima properties as$", log (0;[X]? 4+ v) with v — 0. Before ~ Remarks: This result implies that, under extremely mild
presenting these results, we definewrk[A] as the smallest conditions, which do not even depend on the concentration
number of linearly dependent columns in matdx[15]. All properties ofA, the proposed cost function has no minima
proofs are deferred to the Appendix. that are not global minima. (The minor technical condition

) . regarding nullspace intersections merely ensures thhtrfagk
Lemma 1. Define r as the smallest rank of any f_ea_s'blecomponents cannot simultaneously “hide” in the nullspafce o
solution to b = Avec[X], where A € RP*™ satisfies g ary measurement matrid;; the actuald operator may still
spark[A] = p + 1. Then ifr < p/m, any global mini- " pe Wigpy jil-conditioned.) Thus any algorithm with provab
mizer {¥", v} of (I0) ;n the limit A — 0 is such that convergence to some local minimizer is guaranteed to obtain
zt = 0 AT A\il*AT) b is feasible andrank[X*] = r a globally optimal solutiof.

with vec[X*] = z*. Interestingly, such a guarantee is not possible with angroth
N . penalty function of the standard forn, f(o;[X]), which is

Lemma 2. Additionally, let A = AD, where D = he typical recipe for rank minimization algorithms, corve

diag[as I, .. ., oy, I'] is @ block-diagonal matrix with invertible ot Additionally, if a unique rank-one solution exists [),(

blocksI' € R™*" of unit norm scaled with coefficients > 0. then the unique minimizing solution tb{10) will produceshi
Then iff {¥*,»*} is a minimizer (global or local) to[(10) in x via (@). Crucially, this will occur even when the minimal
the limit A — 0, then{I'~" ", diag[e] "'} is @ minimizer number of measuremens=n + m — 1 are available, unlike
when A replacesA. The corresponding estimates &f are  gny other algorithm we are aware of that is blind to the true
likewise in one-to-one correspondence. underlying ranl And importantly, the underlying intuition
that local minima are smoothed away nonetheless carrias ove

Remarks: The assumption = rank[X*] < p/m in Lemma ke )
to situations where the rank is greater than one.

[ is completely unrestrictive, especially given that a umig
minimal-rank solution is only theoretically possible lapy
algorithm if p > (n 4 m)r — r?, which is much more C. Visualization of BARM Local Minima Smoothing
restrictive thanp > rm. Hence the bound we require is
\évezlilrs b;svseuma:icr)iqwirlleiéors;t?;fqi:zngsrs;ngy\\l/vv?t)r/{ tl\l/(eer\:w:ﬁ tr1‘heorem 1, it helps to visualize rank penalty functions re-
spark a ption ?tricted to the feasible region. While the BARM algorithm
infinitesimal (continuous) random component. Conseqy,entI | L o L .
: fvolves minimizing [(ID), its implicit penalty function oX

we are essentially always guaranteed that BARM possesses t : . .

. . . can nonetheless be numerically obtained across the feasibl
same global optimum as the rank function. Regarding Lemma

: region in a given subspace of interest; for other penalties s
[2, no surrogate rank penalty of the forln. f(o;[X]) can J g pace , penalies
. . 1 . as the nuclear norm this is of course trivial. Practicallysit
achieve this result except fgi(z) = log z, or inconsequential , .
L . . convenient to explore a 1D feasible subspace generated by
limiting translations and rescalings of tHeg such as the
indicator fu_nCt'onI_[Z # 0] (which is related to the log via 4note aiso that with minimal additional effort, it can be shothat no
arguments in Sectidnlll). suboptimal stationary points of any kind, including saduthénts, are possible.
While these results are certainly a useful starting pOITE, t 51t is import_ant to emphasize that th_e difficulty of estimgtithe optimal
| ad ¢ f adonti the BARM t f fi is th It%w-rank solution is based on the ratio of the d.o.f. X to the number
real advantage or adopting the cost tunction 1S thg observationsp. Consequently, estimatind even with » small can be

locally minimizing solutions are exceedingly rare, laggas a challenging whem is also small, meaning is highly overcomplete.

To further explore the smoothing effect and complement



X* + nV, where X* is the true minimum rank solution, IRLSO requires a carefully-chosen, decreasing sequéntg
V < null[A], andn is a scalar. We may then plot variouswith v* > 0 both to prove convergencand to avoid local
penalty function values ag is varied, tracing the corre- minimum (and without this factor the algorithm performsyer
sponding 1D feasible subspace. We cho®se= X! — X*, poorly in practice), for BARM a small, fixed factor only
where X! is a feasible solution with minimum nuclear normneed be included as a technical necessity for proving formal
however, random selections from rjd] also show similar convergence; in practice (and in our experiments) it can be
characteristics. fixed to zero.

Figure[1 provides a simple example of this proceds.
is generated randomly with all zeros and a single randomly

placed '1’ in each row leading to a canonical matrix com- ) o . .
pletion problem.X* € R®*5 is randomly generated as Despite the promising theoretical attributes of BARM from

X* = uv’, whereu and v are iid AV'(0,1) vectors, and the previous section, there remains one important artifits
so X* is rank one. Finallyp = 10 elements are observed,probabilistic origins not found in more conventional exigt
and thereforeA has10 rows and5 x 5 = 25 columns.n rank minimization algorithms. In particular, other alghbms
is varied from—5 to 5 and the values of the nuclear norm/€ly upon a symmetric penalty function t?at is independent
>, log (0:[X]? + ), and the implicit BARM cost function of whether we are wo_rklng ywthX or X . All methods
are displayed. that reduce to[{3) fall into this category, e.g., nuclearnmor
From the figure we observe that the minimum of the nucleBHinimization, IRNN, or IRLSO. In contrast, our method relie
norm is not produced when the rank is smallest, which occl?8 defining a distribution with respect to the columnsXf
when = 0; hence the convex cost function fails for thi<consequently the underlying cost fTunctlo_n is not identical
problem. Likewise, the", log (0;(X]? + ) penalty used by when derived with respect t& or X', a dn‘fergnce which
IRLSO displays an incorrect global minimum when the tuninyill depend onA. While globally optimal solutions should
parametery is large. In contrast, when is small, while the nonetheless be the same, the convergence trajectory could
global minimum may now be correct, spurious local ditchélisepe”dl on this distinction leading to different Iocgl miaim
have appeared in the cost functfbitherefore, any success ofin certain circumstances. Although either construgumﬂteto
the IRLSO algorithm depends heavily on a carefully balancé@V-rank solutions, we may nonetheless expect improvement
decaying sequence of values, with the hope that initial if we can somehow symmetrize the algorithm formulation.
iterations can steer the trajectory towards a desirablinbas T0 accomplish this, we consider a Gaussian prioraos:
of attraction where local minima are less problematic. On&c[X] with a covariance formed using a block-wise averaging
advantage of BARM then is that it is parameter free in thi@f covariances defined over rows and columns, dended
respect and yet still retains the correct global minimurterof and ¥ respectively. The overall covariance is then given by
without additional spurious local minima. the Kronecker sum

U=1/2(T, 0I+I7T,). (20)

V. SYMMETRIZATION IMPROVEMENTS

D. Convergence L . . .
The estimation process proceeds in a similar fashion agdefo

Previous results of Section JV are limited to exploring,t with modifications and alternate upper-bounds thatmeco
aspects of the underlying BARM cost function. Regardingodate for this merger. For reported experimental reshits t
the BARM algorithm itself, by construction the updates 9€symmetric version of BARM is used, with complete update

erated by [(B), [(14), and_(IL5) are guaranteed to reduce (gfes Jisted in the Appendix and computational complexity
leave unchanged(¥) at each iteration. However, this is N0teygiuated in Sectiol VIIE.

technically sufficient to guarantee convergence to a statio
point of the cost function unless, for example, the addélon
conditions of Zangwill's Global Convergence Theorem are
satisfied[[16]. However, provided we add a small regulaiorat  This section compares BARM with existing state-of-the-art
factor v tr[® '], with v > 0 to the BARM objective, then it affine rank minimization algorithms. For BARM, in all noise-
can be shown that any cluster point of the resulting sequeicdess cases we simply used= 1070 (effectively zero, the
iterations{ ¥"} must be a stationary point. Moreover, becausexact value is not important), and hence no tuning parameter
the sequence is bounded, there will always exist at least cire required. Likewise, nuclear norm minimization [1], [}
cluster point, and therefore the algorithm is guaranteedltto quires no tuning parameters beyond implementation-degend
least converge to a set of parameters val@esuch that for control parameters frequently used to enhance convergence
any ¥* € S, L(T*) +~tr[(¥*) '] is a stationary point.  speed (however the global minimum is unaltered given that

Finally, we should mention that this extrafactor is akin the problem is convex). For the IRLSO algorithm, we used
to the homotopy continuation regularizer used by the IRLSfur own implementation as the algorithm is straightforward
algorithm [6] as discussed in Sectién Il. However, whereasd no code was available for the case of gendrabe based

the required decreasing, sequence on suggestions fram [6].

®Technically speaking, these are not provably local miniimeeswe are |RLSQ code is available from the original authors for matrix
only considering a 1D subspace of the feasible region. Hewémnonetheless . . . .
illustrates the strong potential for troublesome localimay especially in high completlon, however, the results obtained with this code ar
dimensional practical problems. not better than those obtained with our version.

V1. EXPERIMENTAL VALIDATION
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Fig. 1. Plots of different surrogates for matrix rank in a 1D feasitlibspace. Here the convex nuclear norm does not retainttezicglobal
minimum. In contrast, although the non-convgx; log (ai [X]? + W) penalty exhibits the correct minimum whenis sufficiently small, it

also contains spurious minima. Only BARM smoothes awayllomaimum while simultaneously retaining the correct glbbpatima.

1 — - - a M TABLE |
. MATRIX COMPLETION RESULTS OFBARM WITH IRLSOON THE THREE
' —VSBL HARDEST PROBLEMS FROM6]. PUBLISHED RESULTS IN[[6] INCLUDED
0.8 © |=~Nuclear norm | FOR COMPARISON
|-~ IRNN_best
0.6 . |-=-IRLS0O | Problem IRLSO IHT FPCA Opts | BARM
e : —~BARM FR n=m) r FoS FoS FoS FoS | FoS
s} : o 0.78 500 20 | 0.9 0 0 0 1
L . |---Theoretical limit 0.8 40 9 |1 0 0.5 0 1
0.4f : 1 0.87 100 14 | 05 0 0 0 1
0.2- ]
' A. Matrix Completion
q5 20 o5 30 . 35 40 _ 45 .We begin with the matrix completion problem froE_l (2). For
Rank this purpose we reproduce the exact same experiment from
[5], where a rankr matrix is generated aX, = M Mg,
Fig. 2. Matrix completion comparisons (avg of 10 trials) with M, € R and My € R™™ (n = m = 150) as iid

N(0,1) random matrices. 50% of all entries are then hidden
uniformly at random. Theelative error (REL) is defined by

For the IRNN algorithm of [[5], we did not have acces§ X, — X || /| X for each trial. Thefrequency of success
to code for generald, nor specific details of how various(FoS) score, which measures the percentage of trials where t
parameters should be set in the general case. Note also H@Et is below 103, is then computed and averaged across
IRNN has multiple parameters to tune even in noiselegsals asr is varied. Results are shown in Figure 2 where
problems unlike BARM. Therefore we report results directlBARM is the only algorithm capable of reaching the theoret-
from [5] where available. Additionally, we emphasize thatal recovery limit, beyond whicly = 0.5 x 1502 = 11250
both [8] and [6] show superior results to a number of othés surpassed by the number of degrees of freedotX i in
algorithms; we do not generally compare with these othetisis case2 x 150 x 44 — 44> = 11264. Note that FoS values
given that they are likely no longer state-of-the-art and/ mavere reported in[[5] over a wide range of non-convex IRNN
clutter the presentation. algorithms. The green curve represents the best performing

As stated previously, our focus here is on algorithms theandidate from this pool as tuned by the original authors.
do not require knowledge of the true rank of the optimdhterestingly, although VSBL is based on a probabilistiaielo
solution, and hence we do not include comparisons wits is BARM, the underlying parameterization, cost fungtion
[8]. Regardless, we have nonetheless conducted numeraad update rules are entirely different and do not benefih fro
experiments with this algorithm, and even when the correaty strong theoretical underpinnings. Hence performanes d
rank is provided, results are far inferior to BARM. Howevemot always match recent state-of-the-art algorithms.
we do show limited empirical results with the variational Besides BARM, the IRLSO algorithm also displayed better
sparse Bayesian algorithm (VSBL) froml [9] because of itserformance than the other methods. This motivated us to
Bayesian origins, although the underlying parameteomnais reproduce some of the matrix completion experiments from
decidedly different from BARM. But these results are lirdite [6] which presumably were designed to showcase difficult
to matrix completion as VSBL does not presently handkegimes where IRLSO is superior. For this purpo3g; is
general affine constraints. Results from VSBL were obtainednveniently generated in the same way as above; however,
using publicly available code from the authors. values ofn, m, r, and the percentage of missing entries are
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Fig. 3. Comparisons with general affine constraints (avg of 10dyial

varied while evaluating reconstructions using FoS. WHaE [ the theoretical limit corresponding to problem size. Again
tests a variety of combinations of these values to explone observe that BARM is consistently able to work up to
varying degrees of problem difficulty, here we only reprogluche limit, even when thedA operator is no longer an ideal
the most challenging cases to see if BARM is still abl&aussian. In general, we have explored a wide range of
to produce superior reconstruction accuracy. In this respempirical conditions too lengthly to report here, and it idyo
problem difficulty is measured by thaegrees of freedom ratio very rarely, and always near the theoretical boundary, her
(FR) given by FR= r(n +m — r)/p as defined in[[6]. We BARM occasionally may not succeed. We explore such failure
also only include experiments where algorithms are blind tases in the next section.

the true rank ofX,!1 Results are shown in Tablé I, where
we have also displayed the published results both IRLSO a&d
three additional algorithms that were previously evalddte
[6], namely, IHT [L7], FPCAI[1B] and Optspade [19]. From the Thus fa_r we have not s_hown any cases _where BARM
table we observe that, in the most difficult problem consider @ctually fails. Of course solving(1) for generdlis NP-hard

in [6], IRLSO achieved only a 0.5 FoS score (meaning failui@P recovery failures certainly must exist in some circumsta

50% of the time) while BARM still achieves a perfect 1.0. When using a polynomial-time algorithm such as BARM.
Although we certainly cannot explore every possible sdenar

B. GeneralA it behooves us to probe more carefully for conditions under
' which such errors may occur. One way to accomplish this is to

Next we F:onS|der th? more chaIIepgmg problem In\’Ol\”ngush the problem difficulty even further towards the thaoakt
arbitrary affine constraints using the implementations we hlimit by reducing the number of measurementas follows.

available for nuclear norm minimization, IRLSO, and BARM. 'y} the number of observations fixed at= 1000 and a
The desired low-rankX, is generated in the same way a
above. We then consider two types of linear mappings Whet

A'ls gpengj?}Qed aii (i) an iV (0,1), p x n? mgztrlx, and o varied from 1 to the recovery limit & 11 for the 50 x 50
(i) > iyt Puv;, wherew; € R? andw; € R™ are iid caqe, — 5 for the 100 100 case). However, it is still possible
N(0,1) vectors. The latter is meant to explore less-than-idegl 1,2 1e the problem even more challenging by fixinat the
conditions where the linear operator displays correlatiand limit and then reducing until it exactly equals the degrees

may be somewhat ill-conditioned. Figure 3 displays agd®0a freedom2n2 — r2. With {n = 50,r = 11} this occurs at
results whenX, is 50 x 50 and 100 x 100, including the = ¢-q o {n =100, = 5) this occurs ap = 975.

underlying REL scores for additional comparison. In both \ye eyamined the BARM algorithm under these conditions
casesp = 1000 observations are used, and therefore thgw, 10 additional trials using the uncorrelateti for each

corresponding measur.ement matricgsare 1000 x 2500 and problem size. Encouragingly, BARM was still 30% successful
1000 x 10000 respectively. We then vary from 1 up to with {n = 50,7 = 11}, and 40% successful withn =

Failure Case Analysis

eneral measurement matu, the previous section examined
recovery of0 x 50 and 100 x 100 matrices as the rank

“Note that IRLSO can be modified to account for the true rankuiths 100, = 5}' Howev_erv it s 'ntereStm.g to further examine the
knowledge were available. nature of these failure cases. In Figlile 4 we have averaged
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FURTHER MATRIX COMPLETION COMPARISONS OBBARM WITH IRLSO

N
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% E BY REDUCING THE NUMBER OF MEASUREMENTS IN THE HARDEST
;‘-5 Sos PROBLEM FROM[B]. RESULTS WITH BOTHFOS AND FORSMETRICS ARE
Q, %o.e REPORTED(AVG OF 10 TRIALS).
5] °
é o <>: 0.4
’ 02 Problem IRLSO BARM
o o FR n(=m) r | FoS FoRS| FoS FoRS
1 2 3 4 5 6 7 8 9 10 1 3 5 7 9 11 13 15 17 19
Singular value number Singular value number 0.9 100 14y 0 0 1 1
0.95 100 14| O 0 0.8 1
(a) 50 x 50 (b) 100 x 100 099 100 14| 0 0 0.7 1

Fig. 4. Singular value averages of failure cases. In both casetauu
of minimal rank are obtained even though # X,.

X, the whole process is representable via a madjxvhich
the singular values ofX in all the failure cases. Here we€ncodes highly structured information. Figlide 5 depicts th
notice that, although the recovery was technically classigis "€Sults using problem sizes consistent with Fidure 3; rtué t
a failure since the relative error (REL) was above the staté FORS metric has replaced the REL metric for comparison
threshold, the estimated matrices are of almost exactly tRBIPOSES.
correct minimal rank. Hence BARM has essentially uncovered Two things stand out from the analysis. First, while the
an alternative solution with minimal rank that is nonetissle other algorithms display almost identical behavior undéree
feasible by construction. We therefore speculate thatt righietric, BARM failures under the FoS criteria are mostly
at the theoretical limit, whem is maximally overcomplete converted to successes by the FORS metric by recovering a
(p x n? = 979 x 2500 or 975 x 10000 for the two problem matrix of near-optimal rank. Secondly, even with this struc
sizes), there exists multiple feasible matrices with siagu tured DCT-based sampling matrix, BARM outperforms the
value spectral cut-off points indistinguishable from tiimal ~other algorithms using either metric.
solution. Importantly, when the other algorithms we tested To summarize, we have demonstrated that BARM is capable
failed, the failure is much more dramatic and a clear spkctief recovering a low-rank matrix right up to the theoreticatit
cut-off at the correct rank is not apparent. in a variety of scenarios using different types of measuregme
This motivates a looser success criteria than FoS to accopricesses. Moreover, even in cases where it fails, it often
for the possibility of multiple (nearly) optimal solutiorikat nonetheless still produces a feasitewith rank nearly iden-
may not necessarily be close with respect to relative effiar. tical to the generative low-rank (, suggesting that multiple
this purpose we define tieequency of rank succefBoRS) as optimal solutions may be possible in challenging borderlin
the percentage of trials whereby a feasible soluffois found cases. But when true unequivocal failures do occur, suth fai
such thatr,.[X]/o,,1[X] > 10?, whereo;|.] denotes the-th ures tend to be near the theoretical boundary, and withegreat
singular value of a matrix and is the rank of the true low- likelihood when the dictionary displays significant sturet
rank X . In words, FORS measures the percentage of trigler correlations). While certainly we envision that, out of
such that roughly a rank solution is recovered, regardless ofhe infinite multitude of testing situations further sigo#it
proximity to X . pockets of BARM failure can be revealed, we nonetheless feel
Under this new criteria, all of the failure cases with respethat BARM is quite promising relative to existing algoritem
to FoS described above, for both problem sizes, become suc-
cesses; however, none of the other algorithms show improve-
ment under this criterig, indicating thgt their origingilli_ae_s D. Additional Noisy Tests
involved actual sub-optimal rank solutions. Somethingilsim
happens when we revisit the matrix completion experiments.We also briefly present results that demonstrate the ro-
For example, based on Talble | the most difficult case involvbastness of BARM to noise. For this purpose we reproduce
FR= 0.87; however, by further reducing, we can push FR the noisy experiment froni[5] designed for validating IRNN
towards 1.0 to further investigate the break-down point oflgorithms. The simulated data are generated in the exar sa
BARM. Results are shown in Tablg Il. While IRLSO (whichway as was used to produce Figlile 2, only now instead of
is the top performing algorithm if_[6] and in our experimentsbserving elements aX y directly, we observeX+0.1 x E,
besides BARM) fails 100% of the time via both metricswhere elements ofE are iid N(0,1). Although in [B] a
BARM can achieve an FoS df.7 even when FR 0.99 and heuristic strategy is introduced and tuned for adaptivettirsy
an FoRS ofl1.0 in all cases. all parameters (four in total), we simply applied BARM with
We therefore adopt a more challenging measurement strac= 10~ (so only a single parameter need be adjusted,
ture for A to better evaluate the algorithmic limits of BARMand actually a wide range ok values produces similar
performance and reveal potential failures using both &o& performance anyway). Results are shown in Fiddre 6 where
FoRS metrics. Specifically, we first applied 2dicrete cosine we compare BARM directly with the best result reported_in [5]
transform(DCT) to X, and then randomly sampledof the over the range: = 15 to » = 35. The nuclear norm solution
resulting DCT coefficients. Because both the DCT and th& also included for reference. Overall, the BARM solutisn i
sampling sub-process are linear operations on the entfiesstable and exhibits superior accuracy relative to the sther
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Fig. 5. Comparisons with structured affine constraints using bat &nd FoFS evaluation metrics (avg of 10 trials).
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Fig. 6. Test with noisy data. constraints[[], [[B], (4], [[20]. Here we briefly consider two

such examples: low-rank image rectification and collaleat
filtering for recommender systems. The former implicitly in
E. Computational Complexity volves a general sampling operatdr while the latter reduces

Finally, regarding computational complexity, for general 0 @ standard matrix completion problem.
the BARM updates can be implemented to scale linearly in the
elements ofX" and quadratically in the number of observations . |ow-rank Image Rectification
p (the special case of matrix completion is decidedly much
cheaper because of the special structure that can be edloit
In our experiments, for relatively easy problems on the oofie
10 iterations are required, while for difficult recovery plems

In [4], the transform invariant low-rank textureg§TILT)
algorithm is derived for rectifying images containing low-
rank textures that have been transformed using an unknown

near the theoretical recovery boundary this may increase %&eratorr from some group (€.g., @ homography). For a given

- served imag&”, the basic idea is to construct a first-order
a factor of 10 or so. This is somewhat expected thou . o e
. . S . aylor series approximation around the current rectifiedgen
since as we near the theoretical limif becomes highly <

. . estimateX and solve
overcomplete, and candidate solutions become much more

difficult to differentiate. min rank[X] stX =Y+ Ji(X)5,  (21)
To show this effect empirically, we compare two separate  X.0 i

trials from Figure_B(a), the first when= 1 (relatively easy), o ) o

the second when = 11 (relatively hardﬂ In Figure[T we plot where J;(X) is the Jacobian matrix with respect X

the value of REL in both cases versus the iteration number Jf 1€ -th paran;etem describing the transformation, with
BARM. T = [r,72,...] . Optimization over the vector of first-

order differencesy = [61,02,...]" can be accomplished in
closed form by projecting both sides of the constraint to the
orthogonal complement of the span of dli(f(). Let Py

Many real-world problems from disparate fields can beepresent this projection operator. The feasible regio@ii)
formulated as the search for a low-rank matrix under affinben becomes

VIl. APPLICATION EXAMPLES

8Note thatr = 1 is only relatively easy here because the number of -
observations is sufficient for the larger= 11 case; if only the minimal PJC (X) = PJC (Y) =+ PJC Z Ji(X)5i = PJC (Y)
number of measurements are available then even 1 can be challenging i
for many algorithms. (22)
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The resulting problem then reduces exactly[b (1) when we TABLE Il

define A — F)JC and b = vec [PJC (Y)] Once X is COLLABORATIVE FILTERING ON 1M MOVIELENS DATASET. RESULTS
. . o FROM ARE IN ITALIC FOR COMPARISON PURPOSES

computed in this way, we then update eakti X') and repeat 2

until convergence.

Weak NMAE  Hard NMAE

While the original TILT algorithm substitutes the nuclear URP 04341 04444
norm for rank[X], we embedded the BARM algorithm into Attitude 0.4320 0.4375
the posted TILT source codé][4] for comparison purposes MMMF 0.4156 0.4203

. " IPCF 0.4096 0.4113

(note that we disabled an additional sparse error term ftir bo E-MMME 0.4029 0.4071
algorithms to simplify comparisons, and it is not necessary GPLVM 0.4026 0.3994
i i i - NBMC 0.3916 0.3992
Emyr\]/vay in many regwres). ElgurEﬁ 8 dﬂdbg d|sfplf;1)y resul_ts on IRLS/GM 0.3959 02998
oth two easy examples, where the number of observations BARM 03945 03898

is large, and two more difficult problems where the number
observations is small. While both algorithms succeed on
the easy cases, when the observations are constrained by a . . . . .
small image window, only BARM is successful in accuratel stn_c_t evaluation protocql that is standard n the "“‘”".’1
rectifying the images. This may be due, at least in part, éo t pecifically, the 1M MovieLens dataset, which contains 1

e ; C illion ratings in the rangg1,...,5} for 3900 movies from
fact that the implicit4 operator contains significant structurd " . : )Y
P ’ g 6040 unique users, is assessed under two test-protocsdd

that is not consistent with the required nullspace proesrti L ) . :
required for nuclear norm minimization success. generallzanom which measures the ability tc_) pr.ed|ct.other
items rated by the same user, atobng generalizationwhich
measures the ability to predict items by novel users. 5,000
users are randomly selected for the weak generalizatiah, an
Collaborative filtering, a technique used by many reconfixewise 1,000 users are extracted for the strong genataliz.
mender systems, is a popular representative applicatitiwef Each experiment is then run three times and the averaged

rank matrix completion. Typically the rows (or columns) ofesyits are reported. The performance metrimismalized
X index users, the columns (or rows) denote items, and eaaRan absolute erro(NMAE) given as

entry (Xo);; is the rating/score of userapplied to itemj.

B. Collaborative Filtering of MovieLens Data

Given that we can observe some subset of elemen¥épthe (Z- . X (Xo)u;(Xu)

task of collaborative filtering is to predict all or some okth NMAE — i,j€supp(Xo) " Jsupp(Xo)|

missing ratings. In general this would be impossible; havev (Ttmaz — Ttmin) ’

if we have access to some prior knowledge, eXje, is loW-  wherert,,,, andrt,,, are the the maximum and minimum
rank, then estimation may be feasible. ratings possible.

While our interest here is not in recommender systems onpe followed the same setup and reported results using
collaborative filtering per se, we nonetheless evaluate BARBARM in Table[I along with results from[[20] for compar-
using the 1M MovieLens datafeas this appears to repre-ison, This includes the additional algorithms URPI[21],iAtt
sent one of the most common evaluation benchmarks. \Wgje [22], MMMF [23], IPCF [24], E-MMMF [25], GPLVM
emphasize at the outset that the strict validity of any Iovm' NBMC [27], and IRLS/GM [20],[6]. From this table we
rank assumptions underlying this data is debatable, andyfserve that for the easier weak generalization problemMBAR
remains entirely unclear whether the true globally optimal js 3 close second best, while for the more challenging strong
lowest rank solution consistent with the observations,nevgeneranzation BARM is actually the best. Of course it ials
if computable, would necessarily lead to the best predictigmmediately apparent that all algorithms fall within a talely
of the unknown ratings. In fact, the reported performance ghrrow performance range of approximately five percentage
various existing rank-minimization algorithms tends toster points. Consequently, we cannot unequivocally concludé th
around almost the same value, implying that collaboratiyge attributes of BARM which make it suitable for optimally
filtering may not provide the most discriminative data typginimizing rank necessarily translate into a truly sigrifit
with which to compare. In most cases, it appears that tunigactical advantage on this collaborative filtering taskt #e

parameters and other heuristic modifications play a lamjer r\yould argue that the same holds for any matrix completion
than the underlying algorithmic distinctions fundamertal g)gorithm.

finding optimal low-rank estimates. Nonetheless, we apply
BARM for completeness and convention, adopting an addi-

tional simple mean-offset estimation term from][20] that is _ . .
particularly suitable for this problem. This paper explores a conceptually-simple, parameter-fre
In [6], IRLSO is compared with only two other algo_algorithm called BARM for matrix rank minimization under

rithms on MovielLens data, but the performance is no bett&ﬁine constraints that is capable of sucgessfgl _recovemrem
Therefore, we choose to compare directly with][20], whiclsally observed_to approach the theoret_lcal limit over aaldro
both derives an IRLS-like algorithm and shows c:omparisoﬁ?SS of experimental settings (including many not shown

with a much wider variety of alternative algorithms usingere) unlike existing algorithms, and long after any nuclea
orm recovery guarantees break down. Our strategy in this

Shttp:/mww.grouplens.org/ effort has been to adopt Bayesian machinery for inspiring a

VIII. CONCLUSION



12

(a) Nuclear norm (easy) (b) BARM (easy) (c) Nuclear norm (hard) (d) BARM (hard)

Fig. 8. Image rectification comparisons using a checkboard imagg. Original image with observed region (red box) and estimhate
transformation (green boxBottom Rectified image estimates.

(a) Nuclear norm (easy) (b) BARM (easy) (c) Nuclear norm (hard) (d) BARM (hard)

Fig. 9. Image rectification comparisons using a landmark phdmp Original image with observed region (red box) and estimhate
transformation (green boxBottom Rectified image estimates.

principled cost function; however, ultimate model juséfion account for the revised, symmetrized cost function disediss
is placed entirely in theoretical evaluation of desirabigbgl in Section[V.

and local minima properties, and in the empirical recovery
performance that inevitably results from these propertie
Although in general non-convex algorithms are expondmtia
more challenging to analyze, in this regard we have at leastRegarding Lemma 1, this result mirrors related ideas from
attempted to contextualize BARM in the same manner &E4] in the context of Bayesian compressive sensing. Hence,

convex optimization-based approaches such as nuclear-ndyhile @ more rigorous presentation is possible, here we de-
minimization. scribe the basic aspects of the adaptation. At any candidate

minimizer of [10) in the limitA — 0, define W such that
AUA"T = WW'. To be a minimizer, global or local,
it must be thatb € span[W]. If this were not the case,
Here we provide brief proofs of Lemmas 1 and 2 as well aken £(¥, v) would diverge to infinity as\ — 0 because
Theorem 1. We also address the augmented update rules H:falb‘lb progresses to infinity at a faster rate thiag |3, |

. Proof of Lemmas 1 and 2:

APPENDIX
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can compensate by approaching minus infinity. Intuitively, = Now suppose we have converged to any solut{@l,ﬁ}
much the same wayrgmin. £ + logz = 1, meaning the with rank[®] > 1 and associatedr = I @ . Note that
optimal z must lie in the ‘span’ of 1 else the overall objectiveince b; # 0, v; > 0 for all 4, otherwise a local minimum

will be driven to infinity. is not possible (the cost function would be driven to positiv
Consequently, the only way to minimize the cost in thifinity).

limit as A — 0 is to consider low-rank solutions within the Defineﬁ)bi = ﬁiAi‘i’A;r- Additionally we can assume that
ponstraintipsezthah € span[W], and it is equivalent to requir- , 752 ! js finite, meaning that, lies in the span of the singular
INg th_atb Z_:b 'b < C for some cqnstan@ m_d_ependent of vecto}s of Sy, . (If this were not the case, the cost would be
.)‘ (Wh'c.h P“'ma‘e'y corresponds with maintainio X) = b griven to infir;ity and we could not be at a minimizing solution
in the limit as well). anyway.) If{\il,f/} is a local minimum, thegA; = 1, A2 = 0}

. . . T _1 .
In this setting, while0 < b %, "b < C is bounded, the ) ist he a local minimum of the revised cost function
second term inC(¥, v) can be unbounded from below when

rank[®] is sufficiently small. To see this note that LOw, ) = zm: b7 (/\1531” N /\gbibz-T)—l b
P i=1
log|=p| = log (0:]ATAT] 4+ A) | (23) R
> ; (- ) +10g [MZ, + A2bib] | (26)

where o;[-] denotes thei-th singular value of a matrix.
While the maximum rank ofA® AT is obviously p, if
r 2 rank[¥] < p/m andspark[A] = p+1 (maximal spark) as
stipulated in the lemma statement, themk[ AT A '] = mr
and [23) becomes

This is becausbibiT represents a valid set of basis vectors for
updating the covariance per the construction above inuglvi
W', First consider optimization ovex;. If A\; = 1 is a local
minimum, then by taking gradients and equating to zero, we
require that

log | 2] = Z log (O’i[A‘i’AT] + /\) +(p—mr)log\. (24) Z bjﬁ];lbi _ Z rank[Sh, . 27)
=1 i=1 ' i=1

Note that the spark assumption accomplishes two ObjeCti‘ﬁEewise, taking the gradient with respect o we obtain
in this context. First, it guarantees that a high ralkcannot
m L m o 2
“3 65,0 - (biTEbilbi) .

masquerade as a low rank behind the nullspace of some 9L(A1, A2)
collection of columnsA;. Secondly, it ensures that after 9\, Melde=0 P
assuming: < p/m, thenrank[ AW A "] = mr., ' (28)

Consequently, in the limit wherg — 0 (with the limit being  The nullspace condition (a very mild assumption) ensuras th
taken outside of the minimization)_(23) effectively scaley"" rank[f},”] = k for somek > m whenrank[®] > 1. To
as (p — mr)log A, and hence the overall cost is minimizegee this, observe that to achiey&" , rank[X;,] = m when
when ¥ has minimal rank. This in turn ensures that theank[q;] > 1 requires that¥ = uu' + WW ' whereu
correspondingX’ will also have minimal rank, completing thejs a vector andW is a matrix (or vector) with columns in
proof sketch for Lemma 1. null[A;], Vi. If any suchW is not in this nullspace for some

Finally, Lemma 2 follows directly from the structure of the;, then given thap; > 1, the associated%\IlAiT will have
L(¥,v) cost function via simple reparameterizations. B rank greater than one, and the overall rank sum will exceed

m.
Consequently[(28) will always be negative. This is because
B. Proof of Theorem 1: if >°1", z; = k for any set of non-negative variabl¢s; }, the
m 2

minimal value of " | 27 occurs wher; = k/m, Vi. In our

=1 "1

case, this implies that

To begin we assume thdt; # 0, Vi, whereb; denotes
the sub-vector ob such thatb;, = A;x.;. If this were not

the case we can always collapgé by the corresponding o Te—l \2 | — )

column (which is indistinguishable from zero) and achieve Z (bi 2, bi) = Z(k/m) >k >m. (29)
an equivalent result. Given the assumptions of Theoremel, th =1 =1

BARM cost function becomes Therefore we can add a small contribution igh, to each

ﬁ)bi and reduce the underlying cost function. Hence we cannot

m —1
L(¥,v) = ij (ViAi‘I’AiT) b; +log |1 A, WA have a local minimum, except wheh is equal to someP*

i=1 (25) with rank[®*] = 1. More?ver, we may directly conclude that
If there exists a feasible rank one solutiontie= A vec[X], =" = ¥ A" (A‘I’*AT) b is feasible andrank[X™] = 1
then there also exists a set ob; = ;¥ such that with z* = vec[X"].
bib, = A; WA for all i. To see this, note thab, = Regarding the last part of the theorem, we consider only
AlcclmTZAzT Becauserank[X] = 1, it also follows that f that are concave non-decreasing functions (this is the
bib] = a;A;,XX"A], whereo; = |zx[||/|XX"|. only reasonable choice for shrinking singular values tmzer

Therefore ¥, = ;XX achieves the desired result withand the more general case naturally follows anyway with
v = . additional effort, but minimal enlightenment). Withouskof



generality we may also assume thgd) = 0 and f(1) = 1;  [4]
we can always apply an inconsequential translation and
scaling such that these conditions t’@d&mple counter 5
examples then demonstrate thAfe) must be greater than
some constant’ independent ot for all ¢ sufficiently small.

To see this, note that we can always rescale element4 of (6]
such that a solution with rank greater than one is preferred
unless this condition holds. However, such &n which [7]
effectively must display infinite gradient &{0) to guarantee (8]
a global solution is always rank one, will then always digpla
local minima for certainA. This can easily be revealed g
through simple counter-examples. |

[10]

C. Symmetrization Update Rules 1]

These iterative update rules follow from alternative upper
bounds tailored to the symmetric version of BARM. When
both ¥,. and ¥, are fixed,« is updated via the posterior 12

mean calculation
X 3
& = vec[X| [13]
_ _ _ B —1 (30)
= %(\I'r +0)AT [AI + A% (T, +¥,) AT] b. [14]

whereW¥, =¥, ® I and¥, = I ® ¥,. Likewise we update [15]
V-1 andV-. using

_ [16]
T T
Vo I_Z\I: g, AT (A\Il A +)\I) AT, (31)
-1
Ve = qu WA (A\Il AT ¢ )\I) A0, (32) 8
: , [19]
where A,; € RP*™ s defined such thatA =
[A],...,A] 1T and A,; € R?*™ is defined such that
A = [A,,...,A.,]. Finally given these values, wittk, [20]
V-1 andV,. fixed, we can compute the optimd, and 2y
¥, in closed form by optimizing the relevan,.- and ¥ .-
dependent terms via (22]
17T [23]
vt = = (XX 4V, (33)
n r
1 1o -
gort — L [XXT +Vyn]. 34) 24
m c
In practice the simple initializatiow?,, = I and¥, = I is
sufficient for obtaining good performance. [25]
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