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Abstract

Operational logical relations and bisimulations are two
particularly successful syntactic techniques for reason-
ing about program equivalence. Although both tech-
niques seem to have common intuitions, their basis is on
different mathematical principles: induction for the for-
mer, and co-induction for the latter. The intuitive un-
derstanding of the two techniques seems more common,
but their mathematical connection more ambitious, when
each is combined with step-based reasoning, such as in
the case of Appel-McAllester-Ahmed step-indexed (SI)
logical relations [5, 4] and Koutavas-Wand (KW) bisimu-
lations [12, 11].

In this paper we give an alternative formulation of a SI
logical relation in the style of Appel-McAllester-Ahmed.
We derive this from a definition that is parametric on
the indexing scheme by requiring it to satisfy the desir-
able properties of a SI logical relation. We then argue
that SI logical relations and KW bisimulations approxi-
mate the same relation each in a distinct way. Finally we
prove a somewhat surprising commutation theorem be-
tween unions and intersections that may be used as a new
proof technique.

1 Introduction

Logical relations based on operational semantics (e.g.
[15, 16]), and bisimulations (e.g. [1, 12, 17, 20]) are two
particularly successful syntactic techniques for reasoning
about program equivalence. They have been used to show

the correctness of compiler transformations [2, 21], repre-
sentation independence [15], and the adherence of various
implementations to their functional specifications.

Operational logical relations, defined by induction on
types, are an extensional interpretation of the types of a
programming language as binary relations between closed
expressions. A soundness theorem ensures that this in-
terpretation is a relation that is contained in contextual
equivalence. To show equivalence, the user of the method
simply has to show that two terms are related by the logi-
cal relation.

On the other hand, bisimulations provide a co-inductive
way of showing equivalence. This method character-
izes equivalence as the greatest fixpoint of an appropriate
functional. To show equivalence of two terms, the user of
the method has to come up with a relation that contains
these terms and satisfies certain consistency conditions
(i.e. is a bisimulation). Co-induction gives the contain-
ment of this relation in contextual equivalence.

Operational logical relation definitions become more
complicated once recursive types are added to the lan-
guage, as these definitions can no longer use induction
on the size of types [7, 8, 14]. A particular way around
this problem is to introduce a different metric, related to
the number of evaluation steps that are required for an ad-
versary to distinguish between two expressions [5, 4]; in
the jargon step-indexed (SI) logical relations.

On the bisimulation side, Koutavas and Wand have ob-
served that, once a bisimulation-based technique is “bro-
ken down” to use a similar evaluation-step metric, it be-
comes easier to use. A similar technique has been pro-
posed by Sumii and Pierce ([18], Section 7). Such tech-
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niques are particularly useful for proving a number of
complex equivalences involving higher-order functions
(e.g. see examples in [11]).

Contributions

In this paper we formulate a SI logical relation for a lan-
guage with recursive types which is parametric to the in-
dexing scheme. We then derive sufficient conditions on
the indexing scheme for the relation to satisfy the fun-
damental theorem of logical relations (the inclusion of
syntactic identity in our operational setting). We show
that these derived conditions force the indexing scheme
to be exactly the indexing scheme of Appel-McAllester-
Ahmed.

We investigate then the “microscopic” connection be-
tween the logical relation at index k and the KW bisimu-
lations at index k and prove that the logical relation relates
values not related by any KW bisimulation at index k . We
conjecture that KW bisimulations at index k are contained
within the logical relation at index k but we were unable
to prove that so far.

We then examine the “macroscopic” connection between
the two methods. We show that if two elements are related
in KW-bisimulations for every k then they are related by
the logical relation. This gives rise to a commuting prop-
erty between unions and intersections which technically
corresponds to an alternative proof technique.

2 Background

Throughout our development we will be using a simply
typed λ-calculus with recursive types. The types and
terms of the calculus are given in Figure 1. Types σ, τ
include type variables, integer type, function types, and
recursive types. Terms e include the standard constructs
of the λ-calculus, terms for introducing and eliminating
recursive types, integer literals i , and an elimination form
for integer literals that checks two integer expressions for
equality. We assume a call-by-value operational seman-
tics, and our value forms include literals, abstractions, and
(fold v) terms, where v is a value.

We write e1 −→ e2 to mean a single step of reduction,
e1 −→∗ e2 to mean zero or more steps, and e1 −→k e2 to
mean k -steps of reduction. We also write value(e) when
e is a closed value. We define e1 −→0 e2 to mean that
e1 = e2. The only interesting rule for reduction is the one
for a unfold (fold v) expression below.

E-FOLD
unfold (fold v) −→ v

The semantics of the if e1 = e2 then e3 else e4 ex-
pression is straightforward. Once e1 and e2 are reduced
to some integer literals i1 and i2 (first e1 and then e2), the
expression returns either e3 if i1 = i2 and e4 otherwise.
We omit the rules for reasons of space. Notice that the
language does not include recursive functions, by we can
recover recursion via recursive types, so expressions may
well diverge.

The static semantics of the language is also standard (see
for example TAPL [13], Chapter 20). The interesting
rules concerning recursive types are given below.

Γ ` e : τ{µa.τ/a}
T-FOLD

Γ ` fold e : µa.τ

Γ ` e : µa.τ
T-UNFOLD

Γ ` unfold e : τ{µa.τ/a}

For this language it is not hard to show type soundness
(which we omit here), via subject reduction and progress.
Proposition 2.1 (Subject reduction). If Γ ` e : τ and
e −→ e ′ then Γ ` e ′ : τ .
Proposition 2.2 (Progress). If ` e :τ then either value(e)
or there exists an e ′ such that e −→ e ′.

In the rest of this document we will be working with typed
binary relations on terms.
Definition 2.3 (Term relations). A relation r is a term
relation, and we write r ∈ Rel, if and only if for all
(e1, e2, τ) ∈ r it is ` e1,2 : τ .
Definition 2.4 (Value relations). A term relation r is a
value relation, and we write r ∈ VRel, if and only if for
all (e1, e2, τ) ∈ r , it is value(e1,2).
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σ, τ ::= a | int | τ → τ | µa.τ
e ::= x | λx :τ.e | e e | fold e | unfold e | i | if e1 = e2 then e3 else e4

u, v ,w ::= i | λx :τ.e | fold u

Figure 1: Syntax

2.1 The Koutavas-Wand method

The Koutavas-Wand bisimulation method [11, 12]
amounts to transforming the requirement for a co-
inductive proof of equivalence to use an inductive argu-
ment, based on the steps of evaluation. We outline and
explain below the main ideas and definitions.
Definition 2.5 (Contextual closure). Let r ∈ VRel. We
define the contextual closure of r , written r cxt, as follows:

r cxt = {(e{v/x}, e{v ′/x}, σ) |
x :τ ` e : σ ∧ (v , v ′, τ) ∈ r}

Hence, the contextual closure of a relation contains all
those contexts in which we have plugged in related values.

The Koutavas-Wand method uses then a standard evalua-
tion closure functional that yields a relation consisting of
pairs of terms such that if the first converges, the second
converges and the resulting values are related in the ar-
gument relation. Notice that the evaluation closure func-
tional that we consider here is not symmetric, in order to
compare with the standard definition of SI logical rela-
tions.
Definition 2.6 (Evaluation closure functional). We let
F ∈ VRel→ VRel be defined as in Figure 2.

Subsequently adequate relations are defined to be those
satisfying r cxt ⊆ F (r cxt). The union of all adequate rela-
tions (adequacy) can be shown to be itself adequate, and
prove that adequacy coincides with contextual approxi-
mation.
Definition 2.7. [Adequacy] (-) =

⋃
r cxt⊆F(r cxt) r

Proposition 2.8. (-)cxt ⊆ F ((-)cxt)
Proposition 2.9 (Soundness and completeness). Contex-
tual approximation coincides with (-).

The above proposition gives a co-inductive argument to
establish contextual approximation. In order to show that
v1 approximates v2 , it suffices to find a relation r for
which (v1, v2, τ) ∈ r and r cxt ⊆ F (r cxt).

To transform such a requirement into an inductive one,
Koutavas and Wand introduce a step-indexed evaluation
closure functional.
Definition 2.10 (Step-indexed evaluation closure func-
tional). For any k ∈ IN , we let Fk ∈ VRel → VRel
be defined as in Figure 2.

Fk is similar to F , except that it allows reduction only up
to k steps. It follows easily that

⋂
k∈ω Fk (r) = F (r).

Consequently:
Proposition 2.11. (-) =

⋃
∀k ,r cxt⊆Fk (r cxt) r

Thus, in order to show that r cxt ⊆ F (r cxt), it suffices
to show that r cxt ⊆ Fk (r cxt) for every k . But this obli-
gation can be shown by induction on k . The proof can
now use inductive hypotheses for smaller k , which makes
the method more useful than direct attempts to prove
r cxt ⊆ F (r cxt).

2.2 Step-indexed logical relations

On the other hand, logical relations are typically defined
by induction on the structure of types, and relate terms in
an extensional way. For example two values of function
type are related if and only if for all related arguments,
the results are related. A soundness theorem establishes
the fact that the logical relation is contained in contextual
equivalence.

In the presence of recursive types we would wish to relate
two values fold v1 and fold v2 at type µa.τ if v1 and
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F (r) = {(e1, e2, τ) | · ` e1,2 : τ
∧ ∀v1, (e1 −→∗ v1) =⇒ ∃v2, (e2 −→∗ v2) ∧ ((v1, v2, τ) ∈ r)}

Fk (r) = {(e1, e2, τ) | · ` e1,2 : τ
∧ ∀j ≤ k , ∀v1, (e1 −→j v1) =⇒ ∃v2, (e2 −→∗ v2) ∧ ((v1, v2, τ) ∈ r)}

Figure 2: Evaluation closure functionals

v2 are related at type τ{µa.τ/a}. However, such a defi-
nition can no longer be given by induction on the size (or
structure) of types, as the type τ{µa.τ/a} is potentially
larger than µa.τ .

Step-indexed logical relations were invented to address
this problem. Instead of defining the logical relation by
induction on the size of types, we introduce a “step” index
and define the logical relation by induction on that index.
The intuition is now that if v1 and v2 are related at type τ
and at index k then v1 approximates v2 in program con-
texts that run for at most k steps. If two values are related
at every k then they belong in contextual approximation.

Perhaps surprisingly, we show that for the SI logical rela-
tion to satisfy certain soundness conditions, the indexing
scheme to be used in the definition can be derived. In fact,
in the next section we start with a generalized SI logical
relation and we show that in order for the definition to sat-
isfy the fundamental property of the logical relation, the
definition has to be the one of Appel-McAllester-Ahmed.

3 Generalized SI logical relation

We give the definition of the SI logical relation in Fig-
ure 3. As is common in the literature, we distinguish be-
tween value relations at index k (Vk ∈ VRel) and term
relations at index k (Ck ∈ Rel). For k = 0 we have cho-
sen to relate all values in V0. For k > 0, we have several
cases to consider, depending on the type of the related ex-
pressions. In the case of integers we only relate two equal
integer literals. For the case of function types τ1 → τ2, if
we apply the function values λx :τ1.e1 and λx :τ1.e2 to re-
lated arguments w1 and w2 at a smaller index j , the results

must be terms related in the smaller index j , given with Cj .
For recursive types, two values fold v1 and fold v2 are
related if v1 and v2 are related for all smaller indices.

The first property that we need to establish about this def-
inition is that it is a well-formed definition by induction
on the index argument. We do this by checking that sub-
calls to Vk use smaller indices. In order to do this we may
inline the use of Cj inside the definition of Vk . We hence
obtain the well-formedness condition:

Condition 3.1. For all j , n it must be g(j ,n) ≤ j .

Moreover, as expected the definition gives smaller sets as
the indices become larger.
Lemma 3.2. Vk+1 ⊆ Vk

Proof. Let (v1, v2, τ) ∈ Vk+1. If k = 0 we are triv-
ially done. If k > 0, by the definition of Vk+1 the triple
(v1, v2, τ) can be of the following shapes:

• (i , i , int). Then trivially (i , i , int) ∈ Vk .
• (λx :τ1.e1, λx :τ2.e2, τ1 → τ2). Then pick some j

with j < k . Pick (w1,w2, τ1) ∈ Vj . We need
to show that (e1{w1/x}, e2{w2/x}, τ2) ∈ Cj . But
we know that (λx :τ1.e1, λx :τ2.e2, τ1 → τ2) ∈
Vk+1. Because it is also j < k + 1 we get
(e1{w1/x}, e2{w2/x}, τ2) ∈ Cj as required.

• (fold v1, fold v2, µa.τ). Straightforward.
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Vk | k = 0 = {(v1, v2, τ) | · ` v1,2 : τ}
Vk | k > 0 = {(i , i , int)}

∪ {(λx :τ1.e1, λx :τ1.e2, τ1 → τ2) | · ` λx :τ1.e1,2 : τ1 → τ2 ∧
∀j < k ,∀w1,w2, (w1,w2, τ1) ∈ Vj =⇒ (e1{w1/x}, e2{w2/x}) ∈ Cj}

∪ {(fold v1, fold v2, µa.τ) | · ` v1,2 : µa.τ ∧
∀j < k , (v1, v2, τ{µa.τ/a}) ∈ Cj}

Ck = {(e1, e2, τ) | ` e1,2 : τ ∧
∀j ≤ k , (e1 −→j v1 =⇒ e2 −→∗ v2 ∧ (v1, v2, τ) ∈ Vg(k,j))}

Figure 3: Generalized SI logical relation

3.1 Fundamental property

We move on to show the fundamental property of the log-
ical relation. In our setting this amounts to proving that if
· ` e : τ then (e, e, τ) ∈

⋂
k Ck .To prove it, we have to

generalize the statement slightly.
Definition 3.3 (Environment-respecting substitutions).
Let γ be a substitution from variables to triples of the form
(v1, v2, τ). We write γ |=k Γ if and only if

∀(x :τ) ∈ Γ, γ(x ) = (v1, v2, τ) ∈ Vk

When γ(x ) = (v1, v2, τ) we abbreviate γ1(x ) = v1 and
γ2(x ) = v2.
Theorem 3.4 (Fundamental Theorem). If Γ ` e : τ then
for all γ |=k Γ it is (γ1e, γ2e, τ) ∈ Ck .

Proof. By induction on the typing derivation of Γ ` e : τ .

• Case Γ ` i : int. Then (i , i , int) ∈ Vj for any j
and hence also for j = g(k , 0) as is required to show
that (i , i , int) ∈ Ck .
• Case Γ ` x : σ given that (x :σ) ∈ Γ. By assump-

tions (γ1x , γ2x , τ) ∈ Vk . To finish the case we need
to show that (γ1x , γ2x , σ) ∈ Vg(k ,0) which will be
true if g(k , 0) ≤ k , which holds by Condition 3.1.

• Case Γ ` λx :τ1.e : τ1 → τ2 given that Γ, (x :τ1) `
e : τ2. Fix j < g(k , 0) (hence also j < k ). We
know that γ |=k Γ hence also γ |=j Γ because j <
k . Fix (w1,w2, τ1) ∈ Vj . It follows that for γx =
γ, (x 7→ (w1,w2, τ1)) it is γx |=j Γ, (x :τ1). Hence,
by induction (γ1

xe, γ
2
xe, τ2) ∈ Cj . Hence we get that

((γ1e){w1/x}, (γ2e){w2/x}, τ2) ∈ Cj as required.
• Case Γ ` e1 e2 : σ2 given that Γ ` e1 : σ1 → σ2

and Γ ` e2 : σ1. By induction hypothesis we get
that:

(γ1e1, γ
2e1, σ1 → σ2) ∈ Ck (1)

(γ1e2, γ
2e2, σ1) ∈ Ck (2)

We need to show that (γ1(e1 e2), γ2(e1 e2), σ2) ∈
Ck . Fix j ≤ k . Let (γ1e1) (γ1e2) −→j z1. This
means that:

γ1e1 −→l1 λx :σ1.e ′1 (3)
γ1e2 −→l2 w1 (4)

e ′1{w1/x} −→l3 z1 (5)

such that l1 + l2 + l3 + 1 = j . Hence l1, l2, l3 < k .
Since l1 ≤ k , by (1) we get that γ2e1 −→? λx :σ1.e ′2
and moreover (λx :σ1.e ′1, λx :σ1.e ′2, σ1 → σ2) ∈
Vg(k ,l1). Similarly, by (2) we get that γ2e2 −→? w2

and (w1,w2, σ1) ∈ Vg(k ,l2). It suffices then to find
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an index n such that:

n < g(k , l1) (6)
n ≤ g(k , l2) (7)

l3 ≤ n (8)
g(n, l3) ≥ g(k , l1 + l2 + l3 + 1) (9)

The reason is because in this case it must be
that (w1,w2, σ1) ∈ Vn and it must be that
(e ′1{w1/x}, e ′2{w2/x}, σ2) ∈ Cn . Because l3 ≤ n
it must be that (z1, z2, σ2) ∈ Vg(n,l3) which is con-
tained in Vg(k ,l1+l2+l3+1) if g(n, l3) ≥ g(k , l1 + l2 +
l3 + 1) holds.
• Case Γ ` fold e : µa.τ given that Γ `

e : τ{µa.τ/a}. By induction we have that
(γ1e, γ2e, τ{µa.τ/a}) ∈ Ck . We need to show that
(fold γ1e, fold γ2e, µa.τ) ∈ Ck . Fix j ≤ k and
assume that fold γ1e −→j v1. It must be then
that γ1e −→j w1 and v1 = fold w1. By induc-
tion then γ2e −→? w2 and (w1,w2, τ{µa.τ/a}) in
Vg(k ,j ). Hence it must be that for all l < g(k , j )
it is (w1,w2, τ{µa.τ/a}) ∈ Vl , which means that
(fold w1, fold w2, µa.τ) ∈ Vg(k ,j ) and we are
done.

• Case Γ ` unfold e : τ{µa.τ/a} given
that Γ ` e : µa.τ . By induction
(γ1e, γ2e, µa.τ) ∈ Ck . We want to show that
(unfold γ1e, unfold γ2e, τ{µa.τ/a}) ∈ Ck .
Pick j ≤ k and assume that unfold γ1e −→j−1

unfold (fold w1) −→ w1. It follows that
γ2e −→? fold w2 and (w1,w2, τ{µa.τ/a}) ∈
Vg(k ,j−1). To finish the case we need to show that
(w1,w2, τ{µa.τ/a}) ∈ Vg(k ,j ) which will follow if
g is decreasing in its second argument.

• Case if e1 = e2 then e3 else e4 is straightfor-
ward.

Hence, for the fundamental theorem to be true, we have
required certain conditions on g . These derived condi-
tions on g are given in Figure 4.

Under the previous conditions we have then the following
corollary:
Corollary 3.5. If · ` e : τ then for all k , (e, e, τ) ∈ Ck .

It follows that the identity is contained in
⋂

k Ck .

For example, if we take g(k ,n) = k − n , conditions C1,
C2, C3 are all satisfied by taking x = k − l − n − 1
(which is ≥ 0 by assumptions). Moreover, notice that if
we take g(k ,n) = k we can no longer satisfy C3. If we
take g(k ,n) = n we can no longer satisfy C2. In fact, the
derived conditions fully determine g , as the next theorem
shows.
Theorem 3.6. If the conditions in Figure 4 are true of g ,
then for all n ≤ k it is g(k ,n) = k − n .

Proof. We first show some intermediate results. The first
is that g(k , 0) = k . For this let us pick l1 = l2 = 0 and
l3 = k − 1. Then we get that there exists an x such that
x < g(k , 0) and x ≥ k−1. Hence k−1 ≤ x < g(k , 0) ≤
k . Which means that k − 1 < g(k , 0) ≤ k , and hence

g(k , 0) = k (10)

Moreover in that case x = k − 1, which also means that
g(k − 1, k − 1) ≥ g(k , k) and by induction g(0, 0) ≥
g(k , k). But g(0, 0) ≤ 0 and hence g(0, 0) = 0. Conse-
quently:

g(k , k) = 0 (11)

With the above in place we now show that g is strictly
decreasing in its second argument. Pick l2 = l3 = 0.
Then we require the existence of an x such that:

x ≤ g(k , 0)
x < g(k , l1)

0 ≤ x
g(x , 0) ≥ g(k , l1 + 1)

Therefore (and using (10)) x ≤ k , x < g(k , l1), x ≥
g(k , l1 + 1). It follows that

g(k , l1 + 1) ≤ x < g(k , l1)

and therefore g is strictly decreasing in its second argu-
ment.

Hence we have that g(k , 0) = k , g(k , k) = 0 and g
strictly decreasing in its second argument. Therefore, by
the pigeonhole principle it must be that g(k ,n) = k − n
for all n ≤ k .
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(C1) For well-formedness: g(k , 0) ≤ k

(C2) For the recursive types case: n1 ≤ n2 =⇒ g(k ,n2) ≤ g(k ,n1)

(C3) For the application case: l1 + l2 + l3 + 1 ≤ k =⇒
∃x , x < g(k , l1) ∧ x ≤ g(k , l2) ∧ l3 ≤ x ∧ g(x , l3) ≥ g(k , l1 + l2 + l3 + 1)

Figure 4: Derived conditions on g

In what follows we will simply be using g(k ,n) = k − n
as the definition of the SI logical relation. This algebraic
derivation coincides with the following intuition.

Assume that we have values (v1, v2, τ{µa.τ}) ∈ Vk .
The definition relates (fold v1, fold v2, µa.τ) ∈ Vk+1.
For the fundamental property to be true, it must be that
(unfold (fold v1), unfold (fold v2), τ{µa.τ}) ∈
Ck+1. Then, assuming j ≤ k + 1 and
unfold (fold v1) →j v1, it must be that
unfold (fold v2) →? v2. Furthermore the result-
ing values must be related in an appropriate Vk . Since
j = 1 the values should be related in Vk . Taking
g(k ,n) = k − n gives us exactly that.

3.2 Transitivity of logical relation

Lemma 3.7 (Transitivity). If (v1, v2, τ) ∈ Vk and
(v2, v3, τ) ∈

⋂
k Vk then (v1, v3, τ) ∈ Vk .

Proof. We proceed by induction on k . We do a case anal-
ysis on τ . The only hard case is that of function types;
i.e; τ = τ1 → τ2. In this case let us pick j < k and
(w1,w2, τ1) ∈ Vj . and let v1,2,3 = λx :τ1.e1,2,3. Assume
that e1{w1/x} −→l z1 and l ≤ j . Then v2{w2/x} −→m

z2 such that (z1, z2) ∈ Vj−l . It must then be that
v3{w2/x} −→? z3 such that (z2, z3) ∈

⋂
k Vk . It fol-

lows by induction hypothesis that (z1, z3) ∈ Vj−l as re-
quired.

Notice that the above lemma is provably false if Fk is
replaced in the definition of Ck with a symmetric version
of Fk .

Additionally, notice that the theorem is also false if the
intersection

⋂
k Vk is replaced to Vk . Indeed:

(λx :int.3, λx :int.↗50 ;3) ∈ V30

(λx :int.↗50 ;3, λx :int.↗50 ;4) ∈ V30

(λx :int.3, λx :int.↗50 ;4) /∈ V30

4 Connections

We now turn our focus to the mathematical connections
between SI logical relations and bisimulations. In Sec-
tion 4.1 we examine whether there exists a connection
per-index, and in Section 4.2 we examine the connection
between the limits of these relations and similarity.

4.1 Microscopic connections

We examine here how that logical relation at index k (Vk )
relates to k -adequate relations. The result below is a neg-
ative one.
Lemma 4.1. For every k sufficiently large there exist
(v1, v2, τ) ∈ Vk such that (v1, v2, τ) /∈ r , for any r which
is k -adequate.

Proof. Consider↗n to be some computation that reduces
to a value in n steps and↗ to be some divergent compu-
tation. We have that

(λx :int.↗30 ;0, λx :int.↗, int→ int) ∈ V9

The reason is because if we apply the two functions to
related arguments, the first is going to take more than 9
steps to terminate.
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Moreover, there exists no 60-adequate relation that re-
lates the above terms—if there was one, by the definition
the application of the second function should converge.
Therefore,there exists no 60-adequate relation that con-
tains the following triple.

(λx :int.(↗50 ;λy :int.(↗30 ;0)),
λx :int.(↗50 ;λy :int.↗), int→ int→ int)

Nevertheless, the above triple is in V60: if we apply the
two to (i , i , int) ∈ V59 we have that:

(↗50 ;λy :int.(↗30 ;0)) −→50 λy :int.(↗30 ;0)
(↗50 ;λy :int.↗) −→50 λy :int.↗

(λx :int.↗30 ;0, λx :int.↗, int→ int) ∈ V59−50

Corollary 4.2. Vcxt
k 6⊆ Fk (Vcxt

k ).

We conjecture that the converse is true.
Conjecture 4.3. If r is k -adequate then r ⊆ Vk .

The intuition why this conjecture should be true arises
from the function case. For two functions to be related
at some k we may test with all the arguments which be-
long in Vj for j < k . Of course some of them may not
belong in r (as the previous counterexample shows). But
in that case the only way to distinguish between them
would be to run them for more than j steps Hence, we
may test with less “sound” arguments, but we then give
looser conditions on the computations that are the results
of the function applications.

4.2 Macroscopic connections

We start with a contextual-closure property of Vk .
Lemma 4.4. (Vk )cxt ⊆ Ck

Proof. Assume that (e1, e2, σ) ∈ (Vk )cxt. This means
that there exist x , τ, v1, v2 such that x :τ ` e : σ,
(v1, v2, τ) ∈ Vk , e1 = e{v1/x}, and e2 = e{v2/x}. By
the fundamental property (Theorem 3.4) it follows that
(e1, e2, σ) ∈ Ck .

We are now able to give some “macroscopic” connections
for the limit of the SI logical relation.
Lemma 4.5. (

⋂
k Vk )cxt ⊆

⋂
k Ck

Proof. We first prove that if (e1, e2, σ) ∈ (
⋂

k Vk )cxt then
(e1, e2, σ) ∈ Ck for any k . It must be the case that e1 =
e{v1/x} and e2 = e{v2/x} for some x :τ ` e : σ and
(v1, v2, τ) ∈

⋂
k Vk . Hence it must be that (v1, v2, τ) ∈

Vk as well. By Theorem 3.4 then (e1, e2, τ) ∈ Ck . It
follows that (e1, e2, σ) ∈

⋂
k Ck .

Then we can show that
⋂

k Vk is itself k -adequate.
Lemma 4.6. (

⋂
k Vk )cxt ⊆ Fk ((

⋂
k Vk )cxt)

Proof. We know that (
⋂

k Vk )cxt ⊆
⋂

k Ck by
Lemma 4.5. Assume that (e1, e2, σ) ∈

⋂
k Ck . Then, let

e1 −→j v1 with j ≤ k . This means that e2 −→∗ v2 such
that (v1, v2, σ) ∈ Vk−j . Clearly it must be the case that
for all l ≤ k − j also (v1, v2, σ) ∈ Vl so all we have to
show is that it is also the case that (v1, v2, σ) ∈ Vl for all
l > k−j . But we know that (e1, e2, σ) ∈

⋂
k Ck therefore

also (e1, e2, σ) ∈ Cl+j for the particular l . Since j ≤ l + j
it must be that (v1, v2, σ) ∈ Vl as well.

We then show the connection of
⋂
Vk to -, starting off

with the following auxiliary lemma.
Lemma 4.7. If (v1, v2, τ) ∈ Vk and (v2, v3, τ) ∈ (-)
then (v1, v3) ∈ Vk .

Proof. By induction on k . For k = 0 it is trivially true.
Assume that k > 0. We proceed with a case analysis on
τ :

• Case τ = int. Trivial.
• Case τ = τ1 → τ2. Then pick j < k and

pick (w1,w2, τ1) ∈ Vj . It must be that v1 =
λx :τ1.e1 and v2 = λx :τ1.e2. It suffices to show that
(e1{w1/x}, e3{w2/x}, τ2) ∈ Cj . But we know that
(v1, v2, τ) ∈ Vk and hence v3 = λx :τ1.e3 such that
(e2{w1/x}, e3{w2/x}, τ2) ∈ Cj . Assume now that
e1{w1/x} −→l u1 such that l ≤ j . It must be that
e2{w2/x} −→? u2 such that (u1, u2, τ2) ∈ Vj−l .
We know that (v2, v3, τ) ∈ (-) and hence it is
easy to show that e3{w2/x} −→? u3 such that
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(u2, u3, τ2) ∈ (-). Hence, by induction hypothe-
sis (j − l < k ) we get that (u1, u3, τ3) ∈ Vj−l which
finishes the case.

• Case τ = µa.τ . Straightforward by induction hy-
pothesis.

Lemma 4.8. (-) =
⋂

k Vk

Proof. We show the two directions:

• (-) ⊆
⋂

k Vk . Assume that v1 - v2 : τ . Then
by the fundamental theorem (v1, v1) ∈ Vk and by
Lemma 4.7 we get that (v1, v2) ∈ Vk .
•

⋂
k Vk ⊆ (-). We know that

⋂
k Vk is k -adequate

for every k (Lemma 4.6) and hence (
⋂

k Vk )cxt ⊆
F ((

⋂
k Vk )cxt).

5 Union-intersection commutation

In what follows we use the logical relation as an interme-
diate step to establish a different formulation of the KW
bisimulation method.

We start with some auxiliary lemmas.
Lemma 5.1. Assume an infinite sequence of value re-
lations r0 . . . ri . . . such that r cxt

i ⊆ Fi(r cxt
i ). If

(v1, v2, τ) ∈
⋂

k rk and e{v1/x} −→? z1 then
e{v2/x} −→? z2 and there exists an infinite sequence
of value relations s0 . . . si . . . with scxt

i ⊆ Fi(scxt
i ) and

(z1, z2, σ) ∈
⋂

k sk .

Proof. Assume that e{v1/x} −→m z1. We know that
(v1, v2) ∈ rk for all k ≥ m . It follows, since r cxt

m ⊆
Fm(r cxt

m ) that e{v2/x} −→? z2 and (z1, z2) ∈ r cxt
k and

hence (z1, z2) ∈
⋂

k∈m...∞ r cxt
k . So it suffices to take

sk = r cxt
k |values . It remains to check what to take for

sk where k ∈ 0 . . .m . But we know that scxt
m ⊆ Fm(scxt

m )
hence also it must be the case that scxt

m ⊆ Fk (scxt
m ) for all

k ≤ m . So just take sk = sm for all k ≤ m . It follows
that (z1, z2) ∈

⋂
k sk .

Let us call such an infinite sequence rk for which it is the
case that r cxt

i ⊆ Fi(r cxt
i ) an adequate sequence.

Lemma 5.2. For all k , for all adequate sequences rk , for
all v1, v2, v3, if (v1, v2) ∈ Vk and (v2, v3) ∈

⋂
k rk then

(v1, v3) ∈ Vk .

Proof. By induction on k . We will examine the case
for function types. The rest cases are easy. Assume
that v1 = λx :τ1.e1, v2 = λx :τ1.e2, v3 = λx :τ1.e3.
Let us assume that (λx :τ1.e1, λx :τ1.e2) ∈

⋂
k rk and

that (λx :τ1.e2, λx :τ1.e3) ∈ Vk . We need to show
that (λx :τ1.e1, λx :τ1.e3) ∈ Vk . Let us pick a j <
k . Let us pick (w1,w2) ∈ Vj . We need to show
that (e1{w1/x}, e3{w2/x}) ∈ Cj . Let us assume that
e1{w1/x} −→(l≤j ) z1. It follows that e2{w2/x} −→? z2
such that (z1, z2) ∈ Vj−l . Moreover, from Lemma 5.1 it
must be the case that e3{w2/x} −→? z3 and there ex-
ists an adequate sequence sk such that (z2, z3) ∈

⋂
k sk .

By induction hypothesis then (z1, z3) ∈ Vj−l as re-
quired.

Lemma 5.3. If (v1, v2) ∈
⋂

k rk where rk is an adequate
sequence then (v1, v2) ∈ Vk

Proof. Follows by Lemma 5.2 and the fundamental theo-
rem.

Lemma 5.4. Assume that (v1, v2) ∈
⋂

k

⋃
r cxt⊆Fk (r cxt) r .

Then (v1, v2) ∈ Vk .

Proof. From the assumptions we get that (v1, v2) ∈⋃
r cxt⊆Fk (r cxt) r , for every k . Hence, there exists an ad-

equate sequence rk such that (v1, v2) ∈
⋂

k rk . By
Lemma 5.3 it follows that (v1, v2) ∈ Vk .

Lemma 5.5.
⋂

k

⋃
r cxt⊆Fk (r cxt) r ⊆

⋂
k Vk

Proof. Follows from Lemma 5.4.

We hence obtain the following commuting property be-
tween unions and intersections.
Theorem 5.6 (Commutation).

⋃
∀k ,r cxt⊆Fk (r cxt) r =⋂

k

⋃
r cxt⊆Fk (r cxt) r

Proof. We show the two directions independently:
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•
⋃
∀k ,r cxt⊆Fk (r cxt) r ⊆

⋂
k

⋃
r cxt⊆Fk (r cxt) r . Pick

(e1, e2, σ) ∈ r such that ∀k , r cxt ⊆ Fk (r cxt). Then
clearly it has to be the case that r ∈

⋃
r cxt⊆Fk (r cxt) r

and hence (e1, e2, σ) ∈
⋃

r cxt⊆Fk (r cxt) r . Since
k is arbitrary it must also be that (e1, e2, σ) ∈⋂

k

⋃
r cxt⊆Fk (r cxt) r .

•
⋂

k

⋃
r cxt⊆Fk (r cxt) r ⊆

⋃
∀k ,r cxt⊆Fk (r cxt) r . By

Lemma 5.5 we have that⋂
k

⋃
r cxt⊆Fk (r cxt)

r ⊆
⋂
k

Vk ≡ (-) ≡
⋃

∀k ,r cxt⊆Fk (r cxt)

r

This theorem implies in turn that, in order to show equiv-
alence of two values it suffices to find an adequate infinite
sequence of relations so that the two values belong in each
of them. In contrast, the original KW method requires the
construction of a single relation that is k -adequate for ev-
ery k . Though the new characterization is interesting, we
do not have an example where the new technique is easier
to apply than the original.

6 Related and future work

There is a large body of work that employs step-indexed
logical relations to deal with recursive types, also in the
presence of other language features as, for example, local
state [5, 4, 2, 3].

Step-indexed bisimulations, an extension to Sumii and
Pierce’s bisimulations [20, 19], have been applied to lan-
guages with higher-order features and local store [12, 9,
10, 6]. An alternative bisimulation method that builds
upon Sumii and Pierce’s bisimulations has been proposed
by Sangiorgi et al. [17], where the explicit use of indices
in the definition of the bisimulation is avoided.

The most important direction for future work is to answer
the question whether every k -adequate relation is con-
tained within the SI logical relation at index k . This will
shed more light in the microscopic connection of the two
approximations.

As future work we would like to extend the results in this
paper so that we are able to answer the following ques-
tions: given a SI logical relation proof of equivalence,
is there a straightforward construction of KW bisimula-
tions that witness the same equivalence? And conversely:
given a KW bisimulation proof, is there a straightforward
translation to a logical relation proof? The fact that the
approximations of equivalence seem to be distinct for the
two methods make us less optimistic about easy “translit-
erations” of proofs but nevertheless this seems a natural
next step for investigation.

The derived conditions on the “generalized” SI logical re-
lation are sufficient conditions for the fundamental theo-
rem to be true. We believe that they are also necessary
and that would be another interesting property to show.

Once the value relation definition of the SI logical rela-
tion is fixed (Vk ), we saw that the indexing scheme of the
computation lifting of the logical relation (Ck ) gets fixed.
However we are in quest of different definitions of the SI
logical relation altogether that will correspond better to
the KW bisimulations. One example of such a different
definition could use a more traditional presentation of SI
logical relations, that is given by interpretation of types at
a particular index: V[τ ]k . The advantage of this approach
is that the relation can now be defined by induction on
the lexicographic pair (k , size(τ)), which in the case of
functions may allow us to check against arguments that
are related in the same index as the index of the functions
themselves.

Acknowledgments Thanks to Johannes Borgström for
his help in proving Theorem 3.6.
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