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I. INTRODUCTION

Csiszdr and Tusnddy [1] present an alternative framework
to that of Dempster, Laird and Rubin (DLR) [2] for de-
scribing the EM algorithm. Instead of describing an EM it-
eration as maximization of the EM auxiliary function, they
describe it as a forward projection under the I-divergence
from a model family to a desired family consisting of distri-
butions satisfying the linear constraint that their marginal
agrees with the training data, followed by a projection back
to the model family.

The GEM algorithm of DLR corresponds to replacing
this backward projection (the M step) by a map that de-
creases the divergence rather than minimizes it. We inves-
tigate the properties of algorithms in which the forward
projection (the E step) is also replaced by a more general
map. We also investigate the use of generalizations of the
divergence when carrying out the E and M steps. We here
summarize our investigation of such generalizations of the
EM algorithm, and their convergence properties [3].

II. CONVERGENCE UNDER EXTENDED E STEPS

Wu [4] uses the convergence result of Zangwill [5] to show
convergence of the (G)EM algorithm to stationary points
in likelihood. Unlike Wu, who used this result on sequences
of parameter values, we use it on sequences of pairs consist-
ing of a desired distribution and a model parameter. This
requires the compactness of the space of such pairs, which
derives from the linear constraints that define the desired
family and the compactness of the parameter family. We
show that extended E and M steps which are closed and
decrease the divergence between the desired distribution
and the model whenever possible give algorithms which
converge to EM fixed points.

To our knowledge there are no convergence results on
such extensions that do not satisfy the GEM condition.
For example, the AECM algorithms that are extensively
studied by Meng and Van Dyk [6] are GEM procedures.
Our results hold for procedures which are not GEM, such
as those of Neal and Hinton [7]. They show that their
extended auxiliary function is increasing, and that a sta-
tionary point of this function is also a stationary point of
the likelihood, but they do not show that their extensions
of EM necessarily converge to such points. In fact, there
are cases where convergence to such points is not obtained.
Our result mentioned above gives conditions under which
such convergence is obtained.

Although these algorithms converge to EM fixed points,
they may have different rates of convergence and their fixed
points may have different basins of attraction. Two such
algorithms are moment interpolation [8] and incremental

EM [7]. The former slows down convergence, which has
been found in some applications to provide a guard against
overtraining [8, 9]), while the latter speeds up convergence,
is not monotonic in likelihood, has different basins of at-
traction, but converges to the ML estimate.

III. CONVERGENCE UNDER EXTENDED
DIVERGENCES

We show that the convergence results obtained hold un-
der extensions of the divergence such as the f-divergences
and the Bregman distances. The EM variants obtained
under the f-divergences are shown to converge to the same
interior points as the standard EM algorithm. However
convergence behavior and the behavior on the boundary
of the model family may differ. These results hold for the
o-EM algorithm of Matsuyama [10], since the a-divergence
is an f-divergence. Under the Bregman distances, conver-
gence to local maxima in likelihood is lost. However, for
the class of Bregman distances discussed in [11], the con-
vergence points lie close to the local maxima in likelihood
though the convergence behavior is very different.
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