
Chapter 1

Recurrent Neural Networks and Related

Models

Abstract A recurrent neural network (RNN) is a class of neural network
models where many connections among its neurons form a directed cycle.
This gives rise to the structure of internal states or memory in the RNN,
endowing it with the dynamic temporal behavior not exhibited by the DNN
discussed in earlier chapters. In this chapter, we �rst present the state-space
formulation of the basic RNN as a nonlinear dynamical system, where the
recurrent matrix governing the system dynamics is largely unstructured. For
such basic RNNs, we describe two algorithms for learning their parameters
in some detail: 1) the most popular algorithm of backpropagation through
time (BPTT); and 2) a more rigorous, primal-dual optimization technique,
where constraints on the RNN's recurrent matrix are imposed to guarantee
stability during RNN learning. Going beyond basic RNNs, we further study
an advanced version of the RNN, which exploits the structure called long
short term memory (LSTM), and analyze its strengths over the basic RNN
both in terms of model construction and of practical applications includ-
ing some latest speech recognition results. Finally, we analyze the RNN as
a bottom-up, discriminative, dynamic system model against the top-down,
generative counterpart of dynamic system as discussed in Chapter ??. The
analysis and discussion lead to potentially more e�ective and advanced RNN-
like architectures and learning paradigm where the strengths of discriminative
and generative modeling are integrated while their respective weaknesses are
overcome.

1.1 Introduction

As discussed in previous chapters, for many years and until the recent rise
of deep learning technology as we reviewed in the several preceding chap-
ters, automatic speech recognition (ASR) technology had been dominated
by a �shallow� architecture - hidden Markov models (HMMs) with each
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state characterized by a Gaussian mixture model (GMM), which we cov-
ered in some detail in Chapters ?? and ??. While signi�cant technological
successes had been achieved using complex and carefully engineered variants
of GMM-HMMs and acoustic features suitable for them, researchers had for
long anticipated that the next generation of ASR would require solutions to
many new technical challenges under diversi�ed deployment environments
and that overcoming these challenges would likely require deep architectures
that can at least functionally emulate the human speech recognition system
known to have dynamic and hierarchical structure in both speech production
and speech perception [37, 29, 18, 96]. An attempt to incorporate a prim-
itive level of understanding of this deep speech structure, initiated at the
2009 NIPS Workshop on Deep Learning for Speech Recognition and Related
Applications [24], has helped create an impetus in the ASR community to
pursue a deep representation learning approach based on the deep neural
network (DNN) architecture, which was pioneered by the machine learning
community only a few years earlier [54, 53] but rapidly evolved into the
new state of the art in speech recognition with industry-wide adoption; e.g.,
[24, 77, 110, 12, 94, 103, 13, 62, 52, 87, 23, 49, 26, 88, 89, 86, 102, 93]

In the mean time, however, it has been realized by many that the DNN-
HMM approach has not modeled speech dynamics properly. This relates to
the same type of limitations as we analyzed in Chapter ?? on the topic of
HMM where several variants of the HMM were discussed aiming to overcome
such limitations. The deep and temporally recurrent neural network (RNN),
which is the focus of this chapter, has been developed in the past few years
by deep learning and ASR researchers to overcome the dynamic-modeling
challenge; e.g., [45, 68, 48, 47, 101, 10, 21, 90, 91, 80, 46, 98]. In the RNN, the
internal representation of dynamic speech features is discriminatively formed
by feeding the low-level acoustic features into the hidden layer together with
the recurrent hidden features from the past history. In contrast, there is no
internal representation of speech dynamics in the DNN-HMM. The RNN is
a class of neural network models where connections among many of its units
form a directed cycle, hence the term recurrent. Such a cycle or recurrence is
associated with the time-delay operation. The use of time-delayed recurrence
over the temporal dimension gives rise to the memory structure, expressed
as internal states, in the RNN, permitting it to exhibit the type of dynamic
temporal behavior not exhibited by the DNN and DNN-HMM discussed in
previous chapters.

Even without stacking RNNs one on top of another as carried out in [48,
47, 90, 91] or feeding DNN features into RNNs as explored in [10, 21], an
RNN itself is a deep model since temporal unfolding of the RNN creates
as many layers in the network as the length of the input speech utterance.
Recent progress on speech recognition has seen excellent speech recognition
accuracy achieved by RNNs, including the long-short-term-memory (LSTM)
version of the RNN which started in as early as 1997 by neural network
researchers [55, 41, 42, 47, 46, 105]. One focus of this chapter is to present
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the background and mathematical formulation of the RNN (Section 1.2), as
well as the learning methods including the most popular Backpropagation
Through Time (BPTT) technique (Section 1.3).

The use of RNNs or related neural predictive models for speech recognition
dates back to late 1980's and early 1990's; e.g., [104, 84, 22], which achieved
relatively low recognition accuracy. Since deep learning became popular in
recent years, much more research has been devoted to the RNN, including
the applications to both speech [48, 47, 90, 91] and languages [73, 74, 72, 71,
70, 75, 69, 11], and its stacked versions, also called deep RNNs [48, 47, 90,
79, 50]. Most work on RNNs made use of the method of BPTT to train their
parameters, and empirical tricks need to be exploited (e.g., truncate gradients
when they become too large [72, 71]) in order to make the training e�ective.
It is not until recently that careful analysis was made to fully understand the
source of di�culties in learning RNNs and somewhat more principled, but still
rather heuristic, solutions were developed. For example, in [6, 80, 3] strategies
of gradient norm clipping was proposed to deal with the gradient exploding
problem during BPTT training. There are other solutions o�ered to improve
learning methods for the RNN; e.g., [58, 10]. The method described in [10] is
based on more principled optimization techniques than most other methods,
and will be reviewed in Section 1.4. Further, the LSTM version of the RNN
has recently been shown to perform extremely well in both small and large
scale ASR, and its structure is well motivated. We will devote Section 1.5 to
this topic.

It is important to note that before the recent rise of deep learning for
speech modeling and recognition, a number of earlier attempts had been
made, which we brie�y discussed in Section 7 of Chapter ?? on HMM vari-
ants, to develop computational architectures that are �deeper� than the con-
ventional GMM-HMM architecture. One prominent class of such models are
hidden dynamic models where the internal representation of dynamic speech
features is generated probabilistically from the higher levels in the overall
deep speech model hierarchy [30, 15, 82, 9, 64, 99, 17, 109, 35, 107]. Despite
separate developments of the RNNs and of the hidden dynamic or trajectory
models, they share a very similar motivation - representing aspects of dy-
namic structure in human speech. Nevertheless, a number of di�erent ways
in which these two types of deep dynamic models are constructed endow them
with distinct pros and cons. Careful analysis of the contrast between these
two model types and of the similarity to each other will help provide insights
into the strategies for developing new types of deep dynamic models with
the hidden representations of speech features superior to both existing RNNs
and hidden dynamic models. We will devote Section 1.6 of this chapter to a
contrastive analysis between (discriminative) RNNs and (generative) hidden
dynamic models. In this multi-faceted analysis, we will focus mainly on the
most prominent contrasts between the two types of dynamic models in terms
of the opposing top-down versus bottom-up information �ow, and in terms of
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the opposing local versus distributed representations adopted by the latent
vectors in these two types of models.

1.2 State-Space Formulation of the Basic Recurrent

Neural Network

An RNN is fundamentally di�erent from the feed-forward DNN in that the
RNN operates not only based on inputs, as for the DNN, but also on internal-
states. The internal states encode the past information in the temporal se-
quence that has already been processed by the RNN. In this sense, the RNN
is a dynamic system, more general than the DNN which performs static
input-output transformation. The use of the state space in the RNN enables
its representation and learning of sequentially extended dependencies over a
long time span, at least in principle.

Let us now formulate the simple one-hidden-layer RNN in terms of the
(noise-free) nonlinear state space model commonly used in signal processing.
This formulation allows us to later compare the RNN with the same state
space formulation of nonlinear dynamic systems used as generative models
for speech acoustics. The contrast between the discriminative RNN and the
use of the same mathematical model in the generative model will be made
to shed light onto why one approach works better than another and how a
combination of the two would be desirable.

At each time point t, letxt be the K × 1 vector of inputs, ht be the N × 1
vector of hidden state values, and yt be the L × 1 vector of outputs, the
simple one-hidden-layer RNN can be described as

ht = f(Wxhxt +Whhht−1) (1.1)

yt = g(Whyht), (1.2)

where Why is the L×N matrix of weights connecting the N hidden units to
the L outputs, Wxh is the N ×K matrix of weights connecting the K inputs
to the N hidden units, and Whh is the N ×N matrix of weights connecting
the N hidden units from time t − 1 to time t, ut = Wxhxt + Whhht−1 is
the N × 1 vector of hidden layer potentials, vt = Whyht is the L× 1 vector
of output layer potentials, f(ut) is the hidden layer activation function, and
g(vt) is the output layer activation function. Typical hidden layer activation
functions are Sigmoid, tanh, and recti�ed linear units while the typical output
layer activation functions are linear and softmax functions. Eqs. (1.1) and
(1.2) are often called the observation and state equations, respectively.

Note that, outputs from previous time frames can also be used to update
the state vector, in which case the state equation becomes
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ht = f(Wxhxt +Whhht−1 +Wyhyt−1), (1.3)

where Wyh denotes the weight matrix connecting from output layer to the
hidden layer. For simplicity and without loss of generality, we only consider
the case without output feedback in this chapter.

1.3 The Backpropagation-Through-Time Learning

Algorithm

The standard BPTT method, which was well explained in the tutorial mate-
rial [58, 7] and in the original paper [85], for learning the weight matrices of
an RNN unfolds the network in time and propagates error signals backwards
through time. It is an extension of the classic backpropagation algorithm for
feedforward networks, where the stacked hidden layers for the same train-
ing frame, t, are replaced by the T same single hidden layers across time,
t = 1, 2, . . . , T .

Referring to Eqs. (1.1) and (1.2), we denote ht(j) the jth hidden unit
where j = 1, 2, . . . , N , why(i, j) as the weight connecting the jth hidden unit
to the i− th output unit for i = 1, 2, . . . , L and j = 1, 2, . . . , N .

1.3.1 Objective Function for Minimization

As for the classic backpropagation, we begin by de�ning the cost function (or
training criterion). In this section, we use the sum-square error

E = c

T∑
t=1

‖lt − yt‖2 = c

T∑
t=1

L∑
j=1

(lt(j)− yt(j))2 (1.4)

between the actual output, yt, and the target vector, lt, over all time frames
as the cost function, where lt(j) and yt(j) are the jth units in the target and
output vectors, respectively, and c = 0.5 is a conveniently chosen scale factor.

We seek to minimize this cost with respect to the weights using the gradient
descent algorithm. For a speci�c weight, w, in the RNN, the update rule for
gradient descent is

wnew = w − γ ∂E
∂w

, (1.5)

where γ is the learning rate. To compute the gradient, we de�ne the error
terms
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δyt (j) = −
∂E

∂vt(j)
, δht (j) = −

∂E

∂ut(j)
(1.6)

as the gradient of the cost with respect to the unit's input potential. The
error terms and gradients can be recursively computed as we will explain
next.

1.3.2 Recursive Computation of Error Terms

In the error propagation part of the BPTT algorithm, all RNN weights are
duplicated spatially for an arbitrary number of time steps. That is, they
are tied over time. Therefore the standard backpropagation algorithm for
feedforward neural networks needs to be modi�ed by incorporating this tying
constraint.

At the �nal time frame t = T , we can calculate the error terms at the
output as

δyT (j) = −
∂E

∂yT (j)

∂yT (j)

∂vT (j)
= (lT (j)− yT (j))g

′
(vT (j)) for j = 1, 2, . . . , L

or δyT = (lT − yT )� g
′
(vT ), (1.7)

and that at the hidden layer as

δhT (j) = −

(
L∑
i=1

∂E

∂vT (i)

∂vT (i)

∂hT (j)

∂hT (j)

∂uT (j)

)
=

L∑
i=1

δyT (i)why(i, j)f
′
(uT (j)) for j = 1, 2, . . . , N

or δhT = WT
hyδ

y
T � f

′
(uT ) (1.8)

where � is the element-wise multiplication operator.
For all other time frames, t = T −1, T −2, . . . , 1, we can compute the error

terms as

δyt (j) = (lt(j)− yt(j))g
′
(vt(j)) for j = 1, 2, . . . , L

or δyt = (lt − yt)� g
′
(vt) (1.9)

for the output units and
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δht (j) = −

[
N∑
i=1

∂E

∂ut+1(i)

∂ut+1(i)

∂ht(j)
+

L∑
i=1

∂E

∂vt(i)

∂vt(i)

∂ht(j)

]
∂ht(j)

∂ut(j)

=

[
N∑
i=1

δht+1(i)whh(i, j) +

L∑
i=1

δyt (i)why(i, j)

]
f

′
(ut(j)) for j = 1, 2, . . . , N

or δht =
[
WT

hhδ
h
t+1 +WT

hyδ
y
t

]
� f

′
(ut) (1.10)

for the hidden units, recursively, where the error termδyt is propagated back
from the output layer at time frame t, and δht+1 is propagated back from the
hidden layer at time frame t+ 1.

1.3.3 Update of RNN Weights

Given all the error terms and gradients computed above, we can easily update
the weights. For the output weight matrices we have

wnewhy (i, j) = why(i, j)− γ
T∑
t=1

∂E

∂vt(i)

∂vt(i)

∂why(i, j)
= why(i, j)− γ

T∑
t=1

δyt (i)ht(j)

or Wnew
hy = Why + γ

T∑
t=1

δtyh
T
t . (1.11)

For the input weight matrices we get

wnewxh (i, j) = wxh(i, j)− γ
T∑
t=1

∂E

∂ut(i)

∂ut(i)

∂wxh(i, j)
= wxh(i, j)− γ

T∑
t=1

δht (i)xt(j)

or Wnew
xh = Wxh + γ

T∑
t=1

δthx
T
t . (1.12)

For the recurrent weight matrices we have

wnewhh (i, j) = whh(i, j)− γ
T∑
t=1

∂E

∂ut(i)

∂ut(i)

∂whh(i, j)
= whh(i, j)− γ

T∑
t=1

δht (i)ht−1(j)

or Wnew
hh = Whh + γ

T∑
t=1

δthh
T
t−1. (1.13)

Note that di�erent from the BP algorithm used in the DNN system, here
the gradients are summed over all the time frames since the same weight ma-
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trices are used across time. Algorithm 1.1 summarizes the BPTT algorithm
for the single-hidden-layer RNN described above.

Algorithm 1.1 The Backpropagation Through Time Algorithm for the
Single-Hidden Layer RNN with the Sum of Squared Error Cost Function
1: procedure BPTT({xt, It} 1 ≤ t ≤ T )

. xt is the input feature sequence
. It is the label sequence
. forward computation

2: for t← 1; t ≤ T ; t← t+ 1 do
3: ut ←Wxhxt +Whhht−1

4: ht ← f(ut)

5: vt ←Whyht

6: yt ← g(vt)
7: end for

. backpropagation through time
8: δyT ← (lT − yT )� g′ (vT ) . �: element-wise multiplication
9: δhT ←WT

hyδ
y
T � f

′
(uT )

10: for t← T − 1; t ≥ 1T ; t← t− 1 do
11: δyt ← (lt − yt)� g

′
(vt)

12: δht ←
[
WT

hhδ
h
t+1 +WT

hyδ
y
t

]
� f ′

(ut) . propagate from δyt and δht+1

13: end for
. model update

14: Why ←Why + γ
∑T

t=1 δ
t
yh

T
t

15: Whh ←Whh + γ
∑T

t=1 δ
t
hh

T
t−1

16: end procedure

The computational complexity of the BPTT described above can be shown
to be O(M2) per time step where M = LN + NK + N2 is the total num-
ber of weight parameters that need to be learned. Compared to the classic
feedforward backpropagation, BPTT converges slower due to dependencies
between frames, and is more likely to converge to a poor local optimum due
to exploding and vanishing gradients [80, 98] and utterance-level (instead of
frame-level) randomization. It is far from trivial to achieve good results with-
out much experimentation and tuning. The training speed can be improved
if we truncate the past history to no more than the last p time steps.

1.4 A Primal-Dual Technique for Learning Recurrent

Neural Networks

1.4.1 Di�culties in Learning RNNs

It is well known that learning RNNs is di�cult partly because of the exploding
and vanishing gradient problems, as analyzed in [80]. A su�cient condition
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for the vanishing gradient problem to occur is

‖Whh‖ < d (1.14)

where d = 4 for sigmoidal hidden units and d = 1 for linear units. ‖Whh‖
is the L2-norm (the largest singular value) of the recurrent weight matrix
Whhof the RNN. On the other hand, a necessary condition for exploding
gradient to occur is

‖Whh‖ > d. (1.15)

Therefore, the property of recurrent matrix Whh is essential for learning
an RNN. In [80, 6], the proposed method for solving the exploding gradient
problem is to empirically clip the gradient so that the norm of the gradient
cannot exceed certain threshold. The way to avoid the vanishing gradient is
also empirical - either adding a regularization term to push up the gradient or
exploiting the information about the curvature of the objective function [68].
Here we review the study described in [10], which proposed and successfully
experimented a more rigorous and e�ective approach to learning RNNs by
directly exploiting the constraints that need to be imposed on Whh.

1.4.2 Echo-State Property and Its Su�cient Condition

We now show that conditions described in Eqns. 1.14 and 1.15 are closely
related to whether the RNN satis�es the echo-state property, which, following
[58], states that �if the network has been run for a very long time, the current
network state is uniquely determined by the history of the input and the
(teacher-forced) output.� It is also shown in [57] that this echo-state property
is equivalent to the state contracting property. For networks with no feedback
from the output, a network is state contracting if for all right-in�nite input
sequences {xt}, where t = 0, 1, 2, . . ., there exists a null sequence (εt)t≥0
such that for all starting states h0 and h′0 and for all t > 0 it holds that
‖ht − h′t‖ < εt, where ht and h′t are two hidden state vectors at time t
obtained when the network is driven by xt up to time t after having been
stated in x0 and x′0, respectively. It is further shown that a su�cient condition
for the non-existence, or a necessary condition for the existence, of echo-state
property is that the spectral radius of the recurrent matrix Whh is greater
than one when tanh nonlinear units are used in the RNN's hidden layer.

In echo-state machines, the reservoir or recurrent weight matrix Whh is
randomly generated and normalized according to the rule above and will
remain unchanged over time in the training. The input weight matrix Wxh

is �xed as well. To improve the learning, we here learn both Whh and Wxh

subject to the constraint that the RNN satis�es the echo-state property. To
this end, the following su�cient condition for the echo-state property was
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recently developed in [10], which can be more easily handled in the training
procedure than the original de�nition:

Let d =1/maxx |f ′(x)|. Then the RNN satis�es the echo-state property if

‖Whh‖∞ < d (1.16)

where ‖Whh‖∞denote the ∞-norm of matrix Whh (i.e., maximum absolute
row sum), d = 1 for tanh units, and d = 4 for sigmoid units.

An important consequence of condition 1.16 is that it naturally avoids
the exploding gradient problem. If the condition 1.16can be enforced in the
training process, there is no need to clip the gradient in a heuristic way.

1.4.3 Learning RNNs as a Constrained Optimization

Problem

Given the su�cient condition for the echo-state property, we can now formu-
late the problem of learning the RNN that preserves the echo-state property
as the following constrained optimization problem:

min
Θ

E(Θ) = E(Whh,Wxh,Why) (1.17)

subject to ‖Whh‖∞ ≤ d (1.18)

That is, we need to �nd the set of RNN parameters that best predict the
target values on average while preserving the echo-state property. Recall that
‖Whh‖∞ is de�ned as the maximum absolute row sum. Therefore, the above
RNN learning problem is equivalent to the following constrained optimization
problem:

min
Θ

E(Θ) = E(Whh,Wxh,Why) (1.19)

subjec to

N∑
j=1

|Wij | ≤ d, i = 1, . . . , N (1.20)

where Wij denotes the (i, j)-th entry of the matrix Whh. Next, we proceed
to derive the learning algorithm that can achieve this objective.
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1.4.4 A Primal-Dual Method for Learning RNNs

A brief introduction to primal-dual method

Here let us solve the constrained optimization problem above by the primal-
dual method, a popular technique in modern optimization literature; e.g., [8].
First, the Lagrangian of the problem can be written as

L(Θ,λ) = E(Whh,Wxh,Why)+

N∑
i=1

λi

 N∑
j=1

|Wij |−d

 (1.21)

where λi denotes the ith entry of the Lagrange vector λ (i.e., dual variable)
and is required to be non-negative. Let the dual function q(λ) be de�ned as
the following unconstrained optimization problem

q(λ) = min
Θ

L(Θ,λ) (1.22)

The dual function q(λ) in the above unconstrained optimization problem
is always concave, even when the original cost E(Θ) is non-convex [8]. In
addition, the dual function is always a lower bound of the original constrained
optimization problem. That is,

q(λ) ≤ E(Θ?) (1.23)

Maximizing q(λ) subject to the constraint λi ≥ 0, i = 1, . . . , N will be the
best lower bound that can be obtained from the dual function [8]. This new
problem is called the dual problem of the original optimization problem:

max
λ

q(λ) (1.24)

subjec to λi ≥ 0, i = 1, . . . , N (1.25)

which is a convex optimization problem since we are maximizing a concave
objective with linear inequality constraints. After solving λ? in Eqns. 1.24
and 1.21, we can substitute the corresponding λ? into the Lagrangian 1.21
and then solve the corresponding set of parameters Θo = {W0

hh,W
0
xh,W

0
hy}

that minimizes L(Θ,λ) for this given λ?:

Θo = argmin
Θ

L(Θ,λ?) (1.26)

Then, the obtained Θo = {W0
hh,W

0
xh,W

0
hy} will be an approximation

to an optimal solution to the original constrained optimization problem. For
convex optimization problems, this approximate solution will be the same
global optimal solution under some mild conditions [8]. This property is called
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strong duality. However, in general non-convex problems, it will not be the
exact solution. But since �nding the globally optimal solution to the original
problem of 1.24 and 1.21 is not realistic, it would be satisfactory if it can
provide a good approximation.

Now let us return to the problem of 1.24 and 1.21. We are indeed solving
the following problem

max
λ�0

min
Θ

L(Θ,λ) (1.27)

where the notation λ � 0 denotes that each entry of the vector λ is greater
than or equal to zero. The preceding analysis shows that in order to solve
the problem, we need to �rst minimize the Lagrangian L(Θ,λ) with respect
to Θ, while in the mean time, maximize the dual variable λ subjected to the
constraint that λ � 0. Therefore, as we will proceed next, updating the RNN
parameters consists of two steps:

• primal update - minimization of L(Θ,λ∗) with respect to Θ, and
• dual update - maximization of L(Θ∗,λ) with respect to λ.

Primal-dual method applied to RNN learning: Primal update

We may directly apply the gradient descent algorithm to the primal update
rule to minimize the Lagrangian L(Θ,λ∗) with respect to Θ. However, it
is better to exploit the structure in this objective function, which consists
of two parts: E(Θ) that measures the prediction quality, and the part that
penalizes the violation of the constraint expressed in 1.25. The latter part is
a sum of many `1 regularization terms on the rows of the matrix Whh:

N∑
j=1

|Wij | = ‖wi‖1 (1.28)

where wi denotes the ith row vector of the matrix Whh. With this observa-
tion, the Lagrangian in 1.21 can be written in the equivalent form of

L(Θ,λ) = E(Whh,Wxh,Why)+

N∑
i=1

λi (‖wi‖1−d) . (1.29)

In order to minimize L(Θ,λ) with the structure above with respect to
Θ = {Whh,Wxh,Why}, we can use a technique similar to the one proposed
in [2] to derive the following iterative soft-thresholding algorithm for the
primal update of Whh:

W
{k}
hh = Sλµk

{
W
{k−1}
hh −µk

∂E(W
{k−1}
hh ,W

{k−1}
xh ,W

{k−1}
hy )

∂Whh

}
, (1.30)
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where Sλµk
(X) denote a component-wise shrinkage (soft-thresholding) oper-

ator on a matrix X, de�ned as

[Sλµk
(X)]ij =


Xij − λiµk Xij ≥ λiµk
Xij + λiµk Xij ≤ −λiµk
0 otherwise

(1.31)

The above primal update 1.30 for Whh is implemented by a standard
stochastic gradient descent followed by a shrinkage operator. On the other
hand, the primal updates for Wxh and Why will follow the standard stochas-
tic gradient descent rule since there is no constraints on them. In order to
accelerate the convergence of the algorithm, one can, for example, add mo-
mentum or use Nesterov method to replace the gradient descent steps, as was
carried out in the experiments reported in [10, 21].

Primal-dual method applied to RNN learning: Dual update

The dual update step is aimed to maximize L(Θ,λ) with respect to λ subject
to the constraint that λ � 0. To this end, we use the following rule of gradient
ascent with projection, which increases the function value of L(Θ,λ) while
enforcing the constraint:

λi,k = [λi,k−1 + µk (‖wi,k−1‖1 − d)]+ (1.32)

where [x]+ = max{0, x}. Note that λi is a regularization factor in L(Θ,λ)
that penalizes the violation of constraint for the ith row of Whh. The dual
update can be interpreted as a rule to adjust the regularization factor in an
adaptive manner. When the sum of the absolute values of the ith row of
Whh exceeds d, i.e., violating the constraint, the recursion 1.32 will increase
the regularization factor λi,k on the ith row in 1.21. On the other hand,
if the constraint for a certain i is not violated, then the dual update 1.21
will decrease the value of the corresponding λi. The projection operator [x]+
makes sure that once the regularization factor λi is decreased below zero,
it will be set to zero and the constraint for the ith row in 1.25 will not be
penalized in 1.21.



14 1 Recurrent Neural Networks

1.5 Recurrent Neural Networks Incorporating LSTM

Cells

1.5.1 Motivations and Applications

The basic RNN described so far does not have su�cient structure in modeling
sophisticated temporal dynamics, and thus in practice has been shown not
capable of looking far back into the past in many types of input sequences.
These problems were �rst carefully analyzed in the early work published in
[55], and subsequently in [41, 42, 46] One solution is to impose a memory

structure into the RNN, resulting in the so-called long short-term memory

cells in the RNN proposed �rst in the above early publications. Such LSTM
version of the RNN was shown to overcome some fundamental problems of
traditional RNNs, and be able to e�ciently learn to solve a number of pre-
viously un-learnable tasks involving recognition of temporally extended pat-
terns in noisy input sequences and of the temporal order of widely separated
events in noisy input streams. Like the basic RNNs described so far in this
chapter, the LSTM version can be shown to be an universal computing ma-
chine in the sense that given enough network units it can compute anything
a conventional computer can compute and if it has proper weight matrices.
But unlike the basic RNNs, the LSTM version is better-suited to learn from
input sequence data to classify, process and predict time series when there
are very long time lags of unknown lengths between important events.

Over the years since the early establishment of the LSTM-RNN, it has
been shown to perform very well in many useful tasks such as handwriting
recognition, phone recognition, keyword spotting, reinforcement learning for
robot localization and control (in partially observable environments), online
learning for protein structure prediction, learning music composition, and
learning of grammars, etc. An overview of these progresses has been provided
in [92]. Most recently, excellent results on large vocabulary speech recognition
by the use of the LSTM-RNN have been reported in [90, 91]. A simpler version
of the LSTM-RNN is also recently found e�ective for language identi�cation
[44], speech synthesis [39, 38], and for environment-robust speech recognition
[40, 105]. In the latter study, it was shown that the LSTM architecture can be
e�ectively used to exploit temporal context in learning the correspondences of
noise-distorted and reverberant speech features and e�ectively handle highly
non-stationary, convolutive noise involved in the task of 2013 Computational
Hearing in Multisource Environments (CHiME) Challenge (track 2).
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1.5.2 The Architecture of LSTM Cells

The basic idea behind the LSTM cell in the RNN is to use various types of
gating (i.e., element-wise multiplication) structure to control the information
�ow in the network. An LSTM-RNN is an advanced version of the RNN that
contains LSTM cells instead of, or in addition to, regular network units. An
LSTM cell can be regarded as a complex and smart network unit capable of
remembering information for a long length of time. This is accomplished by
the gating structure that determines when the input is signi�cant enough to
remember, when it should continue to remember or forget the information,
and when it should output the information.

Mathematically, a set of LSTM cells can be described by the following
forward operations iteratively over time t = 1, 2, ..., T, following [55, 46, 90,
41, 42]:

it = σ
(
W(xi)xt +W(hi)ht−1 +W(ci)ct−1 + b(i)

)
(1.33)

ft = σ
(
W(xf)xt +W(hf)ht−1 +W(cf)ct−1 + b(f)

)
(1.34)

ct = ft • ct−1 + it • tanh
(
W(xc)xt +W(hc)ht−1 + b(c)

)
(1.35)

ot = σ
(
W(xo)xt +W(ho)ht−1 +W(co)ct + b(o)

)
(1.36)

ht = ot • tanh (ct) , (1.37)

where it, ft, ct, ot, and ht are vectors, all with the same dimensionality, which
represent �ve di�erent types of information at time t of the input gate, forget
gate, cell activation, output gate, and hidden layer, respectively. σ (.) is the
logistic sigmoid function, W's are the weight matrices connecting di�erent
gates, and b's are the corresponding bias vectors. All the weight matrices are
full except the weight matrix W(ci) is diagonal. Note functionally, the above
LSTM set, with input vector it and hidden vector ht is akin to the input and
hidden layers of the basic RNN as described by Eq. 1.1. An additional output
layer need to be provided (not included in the above set of equations) on top
of the LSTM-RNN's hidden layer. In [48], a straightforward linear mapping
from LSTM-RNN's hidden layer to the output layer was exploited. In [90],
two intermediate, linear projection layers were created to reduce the large
dimensionality of the LSTM-RNN hidden layer's vectorht. They were then
linearly combined to form the �nal output layer.
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1.5.3 Training the LSTM-RNN

All LSTM-RNN parameters can be learned in a similar way to learning the
basic RNN parameters using the BPTT as described in Section 3. That is, to
minimize LSTM's total loss on a set of training sequences, stochastic gradient
descent methods can be used to update each weight parameter where the
error derivative with respect to the weight parameter can be computed by
the BPTT. As we recall, one major di�culty associated with the BPTT for
the basic RNN is that error gradients vanish exponentially quickly with the
size of the time lag between important events, or the gradients explode equally
fast, both making the learning ine�ective unless heuristic rules are applied or
principled constrained optimization is exploited as described in Section 1.4.
With the use of LSTM cells that replaces the basic RNN's input-to-hidden
layer mapping and hidden-to-hidden layer transition, this di�culty is largely
overcome. The reason is that when error signals are back-propagated from
the output, they become trapped in the memory portion of the LSTM cell.
Therefore, meaningful error signals are continuously fed back to each of the
gates until the RNN parameters are well trained. This makes the BPTT
e�ective for training LSTM cells, which can remember information in the
input sequence for a long time when such pattern is present in the input data
and is needed to perform the required sequence-processing task.

Of course, due to the greater structural complexity of the LSTM cells than
its counterpart in the basic RNN where the two nonlinear mappings (i.e.,
input-to-hidden and hidden-to-hidden) typically have no designed structure,
gradient computation as required in the BPTT is expectedly more involved
than that for the basic RNN. We refer readers to Chapter ?? on computa-
tional networks in this book for additional discussions on this topic.

1.6 Analyzing Recurrent Neural Networks - A

Contrastive Approach

We devote this section to the important topic of analyzing the capabilities
and limitations of the RNN, which is mathematically formulated as a state-
space dynamic system model described in Section 1.2. We take a contrastive
approach to the analysis by examining the similarities to and di�erences
from the closely related state-space formulation of the hidden dynamic model
(HDM) described in Section 3.7 of Chapter ?? on the HMM variants. The
main goal of performing such a comparative analysis is to understand the
respective strengths and weaknesses of these two types of speech models de-
rived from quite distinct motivations yet sharing striking commonality in
their mathematical formulation of the models. Based on this understanding,
it is possible to construct potentially more e�ective RNN-like dynamic archi-
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tectures as well as new learning paradigms to further advance the state of
the art in acoustic modeling for ASR.

1.6.1 Direction of Information Flow: Top-Down or

Bottom-Up

The �rst aspect examined in our contrastive analysis between the basic RNN
model and the HDM is the opposing direction in which information �ows in
these two types of models. In the HDM, the speech object is modeled by a
generative process from the top linguistic symbol or label sequence to the
bottom continuous-valued acoustic observation sequence, mediated by the
intermediate latent dynamic process which is also continuous valued. That
is, this top-down generative process starts with speci�cation of the latent
linguistic sequence at the top level. Then the label sequence generates the
latent dynamic vector sequence, which in turn generates the visible acoustic
sequence at the bottom level in the model hierarchy. In contrast, in bottom-
up modeling paradigm as adopted by the RNN, information �ow starts at
the bottom level of acoustic observation, which activates the hidden layer of
the RNN modeling temporal dynamics via the recurrent matrix. Then the
output layer of the RNN computes the linguistic label or target sequence as
a numerical-vectorial sequence at the top level of the model hierarchy. Since
the top layer determines the speech-class distinction, this bottom-up pro-
cessing approach adopted by the RNN can be appropriately called (direct)
discriminative learning. See more detailed discussions on discriminative learn-
ing versus generative learning in [27]. Let us now further elaborate on the
top-down versus bottom-up comparisons as connected to generative versus
discriminative learning here.

The hidden dynamic model as a top-down generative process

To facilitate the comparison with the RNN, let us rewrite the HDM state
equation ?? and observation equation ?? both in Section 3.7.2 of Chapter
??, into the following form most compatible with the state-space formulation
of the basic RNN described in Section 1.2 of this chapter:

ht = q(ht−1;Wlt ,Λlt) + StateNoiseTerm (1.38)

xt = r(ht,Ωlt) +ObsNoiseTerm (1.39)

whereWlt is the system matrix that shapes the (articulatory-like) state dy-
namics, which can be easily structured to follow physical constraint in speech
production; e.g., [16, 15]. The parameter setΛlt include those of�phonetic tar-
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gets as correlates to the components of the phonological units (e.g., symbolic
articulatory features), which can also be interpreted as the input driving force
derived from speech production's motor control to the articulatory state dy-
namics. Both sets of parameters, Wlt and Λlt , are dependent on the label
lt at time t with segmental properties; hence the model is also called a (seg-
mental) switching dynamic system. The system matrix Wlt is analogous to
Whh in the RNN. The parameter set Ωlt , on the other hand, governs the
nonlinear mapping from the hidden (articulatory-like) states in speech pro-
duction to continuous-valued acoustic features xt, which is the output of the
HDM, on a frame-by-frame basis. In some early implementations, Ωlt took
the form of shallow neural network weights [28, 82, 9, 99, 100]. In another
implementation, Ωlt took the form of a set of matrices in a mixture of linear
experts [65, 67].

The state equation in several previous implementations of the HDM of
speech did not take nonlinear forms. Rather, the following linear form was
used (e.g., [28, 65, 67]):

ht = Whh(lt)ht−1 + [I−Whh(lt)]tlt + StateNoiseTerm (1.40)

which exhibits the target-directed property for articulatory-like dynamics.
Here, the parameters Whh are a function of the (phonetic) label lt at a par-
ticular time frame t, and tlt is a mapping from the symbolic quantity lt of
a linguistic unit to the continuous-valued target vector with the segmental
property. To make the comparisons easy with the RNN, let us keep the non-
linear form and remove both the state and observation noise, yielding the
state-space generative model of

ht = q(ht−1;Wlt , tlt) (1.41)

xt = r(ht,Ωlt) (1.42)

The recurrent neural net as a bottom-up discriminative classi�er

Likewise, to facilitate the comparison with the HDM, let us rewrite the RNN's
state and observation equations 1.1 and 1.2 into a more general form:

ht = f(ht−1;Whh,Wxh,,xt) (1.43)

yt = g(ht;Why) (1.44)

where information �ow starts from observation data xt , going to hidden
vectors ht, and then going to the predicted target label vectors yt, often
coded in a one-hot manner, in the bottom-up direction.
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This contrasts with the HDM's corresponding state and observation equa-
tions 1.41 and 1.42, which describe the information �ow from the top-level
label-indexed phonetic target vector tlt to hidden vectors ht and then to ob-
servation data xt, where we clearly see top-down information �ows, opposite
to the RNN's bottom-up information �ow.

To further examine other di�erences between the HDM and the RNN be-
yond the top-down versus bottom-up di�erence identi�ed above, we can keep
the same mathematical description of the RNN but exchange the variables
of input xt and output yt in Eqns. 1.43 and 1.44. This yields

ht = f(ht−1;Whh,Wyh,yt) (1.45)

xt = g(ht;Whx). (1.46)

After normalizing the RNN into the generative form of Eqs. 1.45 and 1.46
via input-output exchange, with the same direction of information �ow as
the HDM, we will analyze below the remaining contrasts between the RNN
and HDM with respect to the di�erent nature of the hidden-space represen-
tations (while keeping the same generative form of the models). We will then
analyze other aspects of the contrast between them including di�erent ways
of exploiting model parameters.

1.6.2 The Nature of Representations: Localist or

Distributed

Localist and distributed representations are important concepts in cognitive
science as two distinct styles of information representation. In the localist
representation, each neuron represents a single concept on a stand-alone basis.
That is, localist units have their own meaning and interpretation, not so for
the units in distributed representation. The latter pertains to an internal
representation of concepts in such a way that they are modeled as being
explained by the interactions of many hidden factors. A particular factor
learned from con�gurations of other factors can often generalize well to new
con�gurations, not so in localist representations.

Distributed representations, based on vectors consisting of many non-zero
elements or units, naturally occur in a �connectionist� neural network, where
a concept is represented by a pattern of activity across a number of many
units and where at the same time a unit typically contributes to many con-
cepts. One key advantage of such many-to-many correspondence is that they
provide robustness in representing the internal structure of the data in terms
of graceful degradation and damage resistance. Such robustness is enabled
by redundant storage of information. Another advantage is that they facil-
itate automatic generalization of concepts and relations, thus enabling rea-
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soning abilities. Further, distributed representations allow similar vectors to
be associated with similar concepts and thus allow e�cient use of represen-
tational resources. These attractive properties of distributed representations,
however, come with a set of weaknesses � non-obviousness in interpreting
the representations, di�culties with representing hierarchical structure, and
inconvenience in representing variable-length sequences. Distributed repre-
sentations are also not directly suitable for input and output to a network
and some translation with localist representations are needed.

Local representations, on the other hand, have advantages of explicitness
and ease of use; i.e., the explicit representation of the components of a task
is simple and the design of representational schemes for structured objects
is easy. But the weaknesses are many, including ine�ciency for large sets of
objects, highly redundant use of connections, and undesirable growth of units
in networks which represent complex structure.

The HDM discussed above adopts �localist� representations for the sym-
bolic linguistic units, and the RNN makes use of distributed representations.
This can be seen directly from Eq. 1.41 for the HDM and from Eq. 1.45
for the RNN. In the former, symbolic linguistic units lt as a function of
time t are coded implicitly in a stand-alone fashion. The connection of sym-
bolic linguistic units to continuous-valued vectors is made via a one-to-one
mapping, denoted by tlt in Eq. 1.41, to the hidden dynamic's asymptotic
�targets� denoted by vector t. This type of mapping is common in phonetic-
oriented phonology literature, and is called the �interface between phonology
and phonetics� in a functional computational model of speech production
[15]. Further, the HDM uses the linguistic labels that are represented in a lo-
calist manner to index separate sets of time-varying parametersWlt andΩlt ,
leading to �switching� dynamics which considerably complicates the decod-
ing computation. This kind of parameter speci�cation isolates the parameter
interactions across di�erent linguistic labels, gaining the advantage of ex-
plicit interpretation of the model but losing on direct discrimination across
linguistic labels.

In contrast, in the state equation of the RNN model shown in Eq. 1.45, the
symbolic linguistic units are directly represented as vectors of yt (one-hot or
otherwise) as a function of time t. No mapping to separate continuous-valued
�phonetic� vectors are needed. Even if the one-hot coding of yt vectors is
localist, the hidden state vector h provides a distributed representation and
thus allows the model to store a lot of information about the past in a highly
e�cient manner. Importantly, there is no longer a notion of label-speci�c
parameter sets of Wlt and Ωlt as in the HDM. The weight parameters in
the RNN are shared across all linguistic label classes. This enables direct dis-
criminative learning for the RNN. In addition, the distributed representation
used by the hidden layer of the RNN allows e�cient and redundant storage
of information, and has the capacity to automatically disentangle variation
factors embedded in the data. However, as inherent in distributed represen-
tations discussed earlier, the RNN also carries with them the di�culty of
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interpreting the parameters and hidden states, and the di�culties of model-
ing structure and of exploiting explicit knowledge of articulatory dynamics
into the model which we discuss next.

1.6.3 Interpretability: Inferring Latent Layers or

End-to-End Learning

An obvious strength of the localist representation as adopted by the HDM
for modeling deep speech structure is that the model parameters and the
latent state variables are explainable and easy to diagnose. In fact, one main
motivation of many of such models is that the knowledge of hierarchical
structure in speech production in terms of articulatory and vocal tract res-
onance dynamics can be directly (but approximately with a clear sense of
the degree of approximation) incorporated into the design of the models
[30, 15, 9, 82, 107, 25, 78]. Practical bene�ts of using interpretable, local-
ist representation of hidden state vectors include sensible ways of initializing
the parameters to be learned � e.g., with extracted formants to initialize
hidden variables composed of vocal tract resonances. Another obvious bene-
�t is the ease with which one can diagnose and analyze errors during model
implementation via examination of the inferred latent variables. Since local-
ist representations, unlike their distributed counterpart, do not superimpose
patterns for signaling the presence of di�erent linguistic labels, the hidden
state variables not only are explanatory but also unambiguous. Further, the
interpretable nature of the models allows complex causal and structured re-
lationships to be built into them, free from the di�culty of doing so that is
associated with distributed representations. In fact, several versions of the
HDM has been constructed with many layers in the hierarchical latent space,
all with clear physical embodiment in human speech production; e.g., Chap-
ter 2 in [18]. However, the complex structure makes it very di�cult to do
discriminative parameter learning. As a result, nearly all versions of HDMs
have adopted maximum-likelihood learning or data �tting approaches. For
example, the use of linear or nonlinear Kalman �ltering (E step of the EM
algorithm) for learning the parameters in the generative state-space models
has been applied to only maximum likelihood estimates [95, 99].

In contrast, the learning algorithm of BPTT commonly used for end-to-end
training of the RNN with distributed representations for the hidden states
performs discriminative training by directly minimizing linguistic label pre-
diction errors. It is straightforward to do so in the formulation of the learning
objective because each element in the hidden state vector contributes to all
linguistic labels due to the very nature of the distributed representation. It is
very unnatural and di�cult to do so in the generative HDM based on local-
ist representations of the hidden states, where each state and the associated
model parameters typically contribute to only one particular linguistic unit,
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which is used to index the set of model parameters in most generative models
including HDMs and HMMs.

1.6.4 Parameterization: Parsimonious Conditionals or

Massive Weight Matrices

The next aspect of comparisons between the HDM and the RNN concerns
very di�erent ways to parameterize the HDM and the RNN � Character-
ization of conditional distributions using parsimonious sets of parameters
in the conditionals or representing the complex mapping using largely non-
structured massive weight matrices. Due to the interpretable latent states in
the HDM as well as the parameters associated with them, speech knowledge
can be used in the design of the model, leaving the size of free parameters to
be relatively small. For example, when vocal tract resonance vectors are used
to represent the hidden dynamics, a dimension of eight appears to be su�-
cient to capture the prominent dynamic properties responsible for generating
the observed acoustic feature sequences. Somewhat higher dimensionality,
about 13, is needed with the use of the hidden dynamic vectors associated
with the articulators' con�guration in speech production. The use of such
parsimonious parameter sets to characterize conditional distributions in the
HDM, a special of the dynamic Bayesian network, which is sometimes called
�small is good�, is also facilitated by the localist representation of hidden
state components and the related parameters that are connected or indexed
to a speci�c linguistic unit. This contrasts with the distributed representation
adopted by the RNN where both the hidden state vector elements and the
connecting weights are shared across all linguistic units, thereby demanding
many folds more model parameters.

The ability to use speech-domain knowledge to construct generative mod-
els with a parsimonious set of parameters is both a blessing and a curse.
On the one hand, such knowledge has been usefully exploited to constrain
the target-directed and smooth (i.e., non-oscillatory) hidden dynamics within
each phone segment [65, 66], to represent the analytical relationship between
the latent vocal tract resonance vector (both resonance frequencies and band-
widths) and cepstral coe�cients [1, 20, 35], and to model both anticipatory
and regressive types of coarticulation expressed in the latent space as a re-
sult of hidden dynamics [15, 34]. With the right prediction of time-varying
trajectories in the hidden space and then causally in the observed acoustic
space, powerful constraints can be placed in the model formulation to reduce
over-generation in the model space and to avoid unnecessarily large model
capacity. On the other hand, the use of speech knowledge limits the growth
of the model size as more data are made available in training. For example,
when the dimensionality of the vocal tract resonance vectors goes beyond
eight, many advantages of interpretable hidden vectors no longer hold. Since
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speech knowledge is necessarily incomplete, the constraints imposed on the
model space may be outweighed by the opportunity lost with increasingly
large amounts of training data and by the incomplete knowledge.

In contrast, the RNN usually do not use any speech knowledge to constrain
the model space due to the inherent di�culty of interpreting the ambiguous
hidden state represented in a distributed manner. As such, the RNN in princi-
ple has the freedom to use increasingly larger parameters in keeping with the
growing size of the training data. Lack of constraints may cause the model to
over-generalize. This, together with the known di�culties of the various learn-
ing algorithms for the RNN as analyzed in [5, 80], has limited the progress
of using RNNs in speech recognition for many years until recently. More re-
cent progresses of applying RNNs to speech recognition have involved various
methods of introducing constraints either in the model construction or in the
implementation of learning algorithms. For example, in the studies reported
in [48, 47, 90, 91], the RNN's hidden layers are designed with memory units
based on a very clever LSTM structure. While strongly constraining possi-
ble variations of hidden layer activities, the LSTM-RNN nevertheless allows
massive weight parameters to be used by simply increasing the total number
of the memory units as well as the complexity in the LSTM cells. Separately,
the RNN can also be constrained during the learning stage, where the size of
the gradient computed by BPTT is limited by a threshold to avoid explosion
as reported in [72, 5] or where the range of the permissible RNN parameters
are constrained to be within what the �echo-state property� would allow as
explored in[10] and we reviewed in Section 4 in this chapter.

The di�erent ways of parameterizing the HDM and the RNN also lead to
distinct styles of computation associated with both training and run-time of
the two models. In particular, the computation of the RNN is structured to
be highly regular, large matrix multiplications. This is well matched with the
capability of GPUs, which is designed for commodity high-performance su-
percomputing with hardware optimizability. This computational advantage
of the RNN and other neural network based deep learning methods, unfor-
tunately, is lacking in the HDM and in most other deep generative models.

1.6.5 Methods of Model Learning: Variational Inference

or Gradient Descent

The �nal aspect of contrastive analysis between the HDM and the RNN is
on the very di�erent methods in learning model parameters. 1

The HDM is a deep and directed generative model, also known as deep,
dynamic Bayesian network or belief network, with heavily loopy structure

1 Most of the contrasts discussed here can be generalized to the di�erences in learning
general deep generative models (i.e., those with latent variables) and in learning deep
discriminative models with neural network architectures.
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and with both discrete-valued and continuous-valued latent variables, and is
hence highly intractable in inference and learning. Many empirically moti-
vated approximate solutions have been explored both in model structure and
in learning methods; see comprehensive reviews in [18, 31] and Chapters 10
and 12 of [29]. The more principled approximate approach, called variational
inference and learning [81, 43, 59], has also been explored in learning the
HDM. In [63, 19], it was found that variational inference works surprisingly
well in inferring or estimating the intermediate, continuous-valued latent vari-
ables, i.e., vocal tract resonances or formants. But it does not do so well in
inferring or decoding the top-level, discrete-valued latent variables, i.e., the
phonetic label sequences, both in terms of decoding accuracy and computa-
tional cost. More recent developments in variational inference, especially the
exploitation of the DNN in implementing e�cient exact sampling from the
variational posterior [76, 56, 4, 61, 60], hold promise to overcome some earlier
weaknesses of HDM inference and learning.

On the other hand, rather than a wide range of inference and learning
algorithms available to deep generative models, the RNN, as with most other
neural network models, usually exploits a single, unchallenged inference and
learning algorithm of backpropagation with at most some not so drastic vari-
ants. To bridge the above completely di�erent styles of learning with strengths
derived from both, the RNN and HDM need to be re-parameterized so that
model parameterization will become similar to each other. The preceding
subsection on parameterization touched on this topic from the general com-
putational and modeling viewpoint. Recent work in machine learning also
discussed a way of transformation between Bayesian networks and neural
networks [61, 60]. The main idea is that although the posterior required in
the E-step of the variational learning is often hard to approximate well in
many intractable Bayesian network (such as the HDM), one can exploit a
powerful DNN with high capacity to drastically improve the degree of the
approximation.

1.6.6 Recognition Accuracy Comparisons

Given the analysis on and comparisons presented so far in this section be-
tween the generative HDM using localist representations and the discrimi-
native RNN using distributed representations, the respective strengths and
weaknesses associated with these two types of models are apparent. Here,
let us compile and compare the empirical performance of the HDM and the
RNN in terms of speech recognition accuracy. For calibration reasons, we
use the standard TIMIT phone recognition task for the comparison since
no other common tasks have been used to assess both types of models in
a consistent manner. It is worthwhile mentioning that both types of the
dynamic models are more di�cult to implement than other models in use
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for speech recognition such as the GMM-HMM and DNN-HMM. While the
HDM has been evaluated on the large vocabulary tasks involving Switch-
board databases [9, 82, 65, 64, 67], the RNN has been mainly evaluated on
the TIMIT task [83, 48, 47, 10, 21], and most recently a non-standard large
task [90, 91].

One particular version of the HDM, called the hidden trajectory model,
was developed and evaluated after careful design with approximations aimed
to overcome various di�culties associated with localist representations as
discussed earlier in this section [35, 32]. The main approximation involves
using the �nite impulse response �lter to replace the in�nite impulse response
�lter with recurrent structure as in the original state equation of the state
space formulation of the model. This version gives 75.2% phone recognition
accuracy as reported in [32], somewhat higher than 73.9% obtained by the
basic RNN (with very careful engineering) as reported in Table I (on page 303)
of [83] and somewhat lower than 76.1% obtained by an elaborated version of
the RNN with LSTM memory units without stacking as reported in Table I
(on page 4) of [48]. 2 This comparison shows that the top-down generative
HDM based on localist representation of the hidden state performs similarly
to the bottom-up discriminative RNN based on distributed representation of
the hidden state. This is understandable due to the pros and cons of these
di�erent types of models analyzed throughout this section.

1.7 Discussions

Deep hierarchical structure with multiple layers of hidden space in human
speech is intrinsically connected to its dynamic character manifested in all
levels of speech production and perception. The desire and an attempt to cap-
italize on a (super�cial) understanding of this deep speech structure helped
ignite the recent surge of interest in the deep learning approach to speech
recognition and related applications [24, 51, 108, 23], and a more thorough
understanding of the deep structure of speech dynamics and their representa-
tions is expected to further advance the research progress in speech modeling
and in ASR. In Chapter ?? (Section 7 on HMM variants), we surveyed a series
of deep as well as shallow generative models incorporating speech dynamics
at various levels, including notably the HDM. In this chapter, we study the
discriminative counterpart of the HDM, the RNN, both expressed mathe-
matically in the state-space formalism. With detailed examinations of and
comparisons between these two types of models, we focus on the top-down
versus bottom-up information �ows and localist versus distributed represen-
tations as their respective hallmarks and de�ning characteristics.

2 With less careful engineering, the basic RNN accepting inputs of raw speech features
could only achieve 71.8% accuracy as reported in [21]before using DNN-derived input
features.
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In the distributed representation adopted by the RNNs, we cannot inter-
pret the meaning of activity on a single unit or neuron in isolation. Rather,
the meaning of the activity on any particular unit depends on the activi-
ties of other units. Using distributed representations, multiple concepts (i.e.,
phonological/linguistic symbols) can be represented at the same time on the
same set of neuronal units by superimposing their patterns together. The
strengths of distributed representations used by the RNN include robustness,
representational and mapping e�ciency, and the embedding of symbols into
continuous-valued vector spaces which enable the use of powerful gradient-
based learning methods. The localist representation adopted by the genera-
tive HDM has very di�erent properties. It o�ers very di�erent advantages �
easy to interpret, understand, diagnose, and easy to work with.

The interpretability of the generative HDM allows the design of appropri-
ate structure in the dynamic system matrix that governs the articulatory-like
dynamic behavior, where the constraint is imposed that no oscillatory dynam-
ics occur within a regime of phone-like units.3 It is much harder to develop
and impose structural constraints in the discriminative RNN, where the hid-
den layer does not lend itself to physical interpretation. The LSTM structure
described in Section 5 is a rare and interesting exception, motivated by very
di�erent considerations from those in structuring the HDM.

Both the HDM and the RNN are characterized by the use of dynamic
recursion in the hidden space not directly observed. The temporal unfolding
of these dynamic sequence models make the related architectures deep, with
the depth being the length of the speech feature sequence to be modeled. In
the HDM, the hidden state adopts the localist representation with explicit
physical interpretation and the model parameters are indexed with respect
to each separate linguistic/phonetic class in a parsimonious manner. In the
RNN, the hidden state adopts the distributed representation where each unit
in the hidden layer contributes to all linguistic classes via the shared use of
regular and massive weight matrices.

The comprehensive comparisons between the RNN and the HDM con-
ducted in Section 6 and summarized above are aimed to shed insights into
the question of how to leverage the strengths of both types of models while
overcoming their respective weaknesses. The integration of these two distinct
types of generative and discriminative models may be done blindly as in the
case of using the generative DBN to pre-train the discriminative DNN. How-
ever, much better strategies can be pursued a future research direction, given
our su�cient understanding by now of the nature of the pros and cons associ-
ated with the two model types. As an example, one weakness associated with
the discriminative RNN is that distributed representations are not suitable
for providing direct input to the network. This di�culty has been circum-
vented in the preliminary work reported in [21] by �rst using the DNN to
extract input features, which gains the advantages of distributed representa-

3 For example, in [15], second-order dynamics with critical damping were used to incorpo-
rate such constraints.
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tions embedded in the hidden layers of the DNN. Then the DNN-extracted
features equipped with distributed representations of the data are fed into
the subsequent RNN, producing dramatic improvement of phone recognition
accuracy from 71.8% to as high as 81.2%. Other ways to overcome the dif-
�culties associated with localist representations in the generative, deep, and
dynamic model and those with distributed representations in the discrimina-
tive model counterpart are expected to also improve ASR performance. As a
further example, given the strength of the localist representation in interpret-
ing the hidden space of the model and thus in integrating domain knowledge,
we can exploit the generative model and create new features extracted from
the latent variables or even the generated visible variables that may be e�ec-
tively combined with other features based on distributed representations.

Moreover, when the highly intractable deep generative models of speech
such as the HDM are di�cult to integrate with RNN, simpler and less deep
or even shallow generative models may be exploited even though they in-
corporate speech-speci�c properties and constraints in a cruder manner. In
this case, the shallow models can be stacked layer-by-layer to form a deep
architecture, similar to stacking RBMs to form the DBN and to stacking
neural nets with one hidden layer to form a deep stack net [36, 33]. Then the
weights on di�erent layers can be relaxed to independent of each other and
the whole deep network can be trained using discriminative backpropagation
with possible constraints. In this way, the original properties of speech em-
bedded into the generative model will remain valid in the �nal deep model
after backpropagation training.

We expect more advanced deep learning architectures in the future for
more e�ective ASR to be superior to the current best RNN discussed in this
chapter in several ways � Realistic properties of speech dynamics (based
on human speech production and perception) in the continuous, latent,
articulatory-like space will be bene�cially exploited in the integrated gener-
ative and discriminative deep architectures; The learning of such integrated
architecture will have more than a simple pass of BPTT but rather several it-
erative steps of top-down followed by bottom-up, and left-to-right followed by
right-to-left; And a variety of e�ective deep generative-discriminative learning
algorithms generalizing, expanding, or integrating into the current BPTT,
along the line of [106, 97, 61, 76, 14], will be developed for the integrated
generative-discriminative model emulating the deep and dynamic process of
human speech in a functionally e�ective and computationally e�cient man-
ner.
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