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Abstract—Optimization techniques have been used for many
years in the formulation and solution of computational problems
arising in speech and language processing. Such techniques are
found in the Baum-Welch, extended Baum-Welch (EBW), Rprop,
and GIS algorithms, for example. Additionally, the use of reg-
ularization terms has been seen in other applications of sparse
optimization. This paper outlines a range of problems in which
optimization formulations and algorithms play a role, giving some
additional details on certain application problems in machine
translation, speaker/language recognition, and automatic speech
recognition. Several approaches developed in the speech and
language processing communities are described in a way that
makes them more recognizable as optimization procedures. Our
survey is not exhaustive and is complemented by other papers in
this volume.

Index Terms— Natural language processing, optimization
methods, speech processing.

I. INTRODUCTION

A LGORITHMS for processing speech and language data
as a form of machine learning have made extensive use of

optimization techniques over many years [1], [2], [3], [4], [5],
[6], [7], [8], [9], [10], [11], [12], [13], [14]. In common with
other applications of machine learning, mathematical formula-
tions of the learning problem in speech and language processing
depend on models constructed from statistical principles, loss
functions that quantify misfit between observed data and pre-
dictions, parameters for the models, “priors” for these param-
eters, regularization functions that quantify the complexity of
the parameters (and deviation from priors), and large sets of
data. The data in these speech and language processing appli-
cations often consist of labeled instances of phonemes, words,
phrases, or sentences of text; or samples of speech from a partic-
ular speaker. The overall objective function for a data set is thus
“partially separable,” consisting of a sum of distinct terms, all
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depending on the parameters of the model, but each pertaining
to just a single item of data, which may be a full paragraph,
sentence, word, segment of speech, or frame of speech. Specif-
ically, our objective function often has the general form

where denotes the parameters, denotes the overall objec-
tive, denotes the partial objective corresponding to a single
item of data, and denotes the constraint set. This separa-
bility property places speech and language processing formula-
tions into the same framework as many other machine learning
applications.
Construction of models and loss functions for these applica-

tions often make use of classification functions (such as hinge-
loss or logistic functions [15]), support-vector-machine formu-
lations [16], and Bayesian statistics [17]–[19]. In some applica-
tions, the optimization formulations that result from these tech-
niques are convex, a feature that allows for strong convergence
guarantees to be made for the algorithms applied to these for-
mulations in some relatively simple speech and language pro-
cessing problems [20], [21]. However, many optimization prob-
lems in speech and language processing are nonconvex in na-
ture, due to the complexity of the models (e.g., having latent
variables) in use and to the fact that loss functions are designed
to measure actual recognition errors [10], [22].
The purpose of this paper is to review a number of key ap-

plication areas from the speech and language processing liter-
ature, focusing in particular on the way in which the impor-
tant data processing problems in these areas are formulated and
solved. We mean to explain the formulations and algorithms
in a common optimization framework, identifying clearly the
variables, objectives, and constraints. We also explore the rela-
tionship between the algorithms derived in the application com-
munities and the model-based framework that is the basis of
many important optimization algorithms. By placing past work
in these areas more firmly in the context of optimization, and
thus more easily comprehensible to those outside the commu-
nities in which this work was originally performed, we hope to
make it easier to identify possible enhancements to the algo-
rithms, and thus to stimulate new research at the intersection of
optimization and speech/language processing.

A. Outline of the Paper

In Section II we provide the background material on opti-
mization, via a general statement of the convex optimization
problem—maximization of a concave function over a convex
set—with smooth objective functions. We derive a model-based
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framework for iterative methods that make use of gradient in-
formation. Most algorithms discussed later in the paper make
use of such a framework.
The material following this background section can be

divided into two parts. First, we discuss several key prob-
lems in speech and language processing, focusing on their
formulation as optimization problems. Section III discusses
the general problem of constructing utility-based objectives,
while Section IV discusses machine translation and Section V
discusses speaker and language recognition, two important
areas of speech and language processing where optimization
methods have played important roles. Second, we discuss key
algorithmic approaches that have been developed in the appli-
cations communities, and relate them both to the applications
described earlier and to the model-based optimization frame-
work described in Section II. The extended Baum-Welch and
line-search -function approaches are derived in Section VI,
while Section VII discusses lower-bounding methods (which
includes the class of methods known as GIS), while Section VIII
discusses the Rprop method. We cover these selected methods
in detail because they either have found successful uses in
speech and language processing applications or are equipped
with strong theoretical properties which serve well for unified
treatment of a range of optimization methods popular in the
applications.

II. OPTIMIZATION BACKGROUND

Here we outline a general formulation for the smooth con-
strained optimization problem, together with a model-based al-
gorithmic framework for solving it, and discuss alternative ap-
proaches based on line search. This material provides a founda-
tion for later sections, and we refer back to it frequently. The
formulation is as follows:

(1)

where
• is the variable or parameter, which is generally a collec-
tion of real numbers, real vectors, and symmetric positive
semidefinite matrices;

• is a continuous function mapping to the real num-
bers , where is an open set of the variables of the form
;

• is a closed constraint set for the parameters , with
.

We assume that the sets and are convex, as is true in the
formulations discussed in this paper. The constraint sets can
incorporate bounds on the real and vector variables, and posi-
tive semidefiniteness constraints on the symmetric matrices in
the formulation, or bounds on their eigenvalues. Another com-
monly occurring constraint set is the unit simplex:

(2)

which arises when the parameters represent probabilities in a
distribution over a discrete number of possible values. When
is the full space (that is, when we do not impose constraints

on ), we say that the problem (1) is unconstrained.

We do not consider discrete-valued variables in this paper.
Such variables appear in formulations of some important
speech processing problems, but there are also many interesting
and fundamental formulations that require only continuous
variables, so we restrict ourselves to this more tractable class
of applications.
Iterative algorithms for (1) frequently take the approach of

forming a simplified, approximation to the function around
the current iterate . Denoting this model by , we can
then obtain the new iterate by solving

(3)

and then searching along the line from to to find a new
point with an improved value of . We can thus generate
a sequence of iterates by choosing and then
solving (3), with . Specifically, we set

(4)

where is a line search parameter, usually restricted to the
interval (0,1]. The line search may not be necessary in some
circumstances, for example, when is an underestimate
of the function . In such situations we can set and

.
Usually, we require the approximate model function to

match the function value and gradient of the true objective
at the current iterate , that is,

(5)

For practicality, we require the subproblem (3) to be signifi-
cantly easier to solve than the original problem (1)—otherwise
there would be no point in using the approximation in place
of the true objective .
Specific choices of the model function include the concave

quadratic

(6)

where is some constant; and

(7)

in which is a second-order Taylor-series approximation to
around the current point . When used in conjunction with (4),
the model (6) leads to the steepest-descent algorithm (with line
search), while (7) leads to the line-search Newton method. An-
other variant is to replace the Hessian matrix in (7) by
a symmetric negative-definite approximation , which is con-
structed using information gathered at previous iterates. This
approach yields the class of quasi-Newton methods, which in-
cludes L-BFGS. Reference [23] describes algorithms for contin-
uous optimization, while [24] focuses on convex optimization.
The model-based approach is by no means the only possible

way to construct useful methods for optimization of nonlinear
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functions. It is often more useful to think of the search direction
in (4) being defined directly, rather than being derived

from the solution of a model problem. A class of methods that
could be termed “momentummethods” defines the search direc-
tion to be a linear combination of the previous search step and
the latest gradient, that is,

(8)

for some scalars and . In unconstrained optimization, the
conjugate gradient [23, Chapter 5] and heavy-ball [25] methods
are algorithms of this type. Such methods require only function
and gradient information about the function , but have supe-
rior convergence rates to the steepest descent method. Another
approach is to use an approximation to the steepest descent
direction , and define

(9)

In unconstrained optimization, this choice of will yield a
direction of ascent for provided that

(10)

In other words, for all sufficiently small choices of in (4), we
will identify a new iterate such that .

III. UTILITY-DRIVEN OBJECTIVES

Objective functions in our application space share many
common features. Here we discuss a general framework that
encompasses a variety of such applications in speech and
language processing, giving references to earlier survey works
that contain additional details.
In [10], a general parameter learning criterion was presented

for speech recognition which unifies the commonly used dis-
criminative training criteria, including maximum mutual infor-
mation (MMI), minimum classification error (MCE), and min-
imum phone/word error (MPE/MWE). Using to denote the
number of sentences in a training set, and and ,

to denote the speech-feature sequence and the recog-
nition-symbol sequence of th utterance, respectively, we con-
sider the following unified objective for discriminative training:

(11)

Here, is the set of parameters in the model while
denotes the a posteriori prob-

abilities for recognition symbols , given utterances and
model parameters . The function is
a classification quality measure that is independent of . By

taking different forms of , we recover a number of familiar
discriminative training criteria:
• maximum mutual information (MMI): (a
product of 0-1 loss functions);

• minimum classification error (MCE): (a
sum of 0-1 loss fucntions);

• minimum phone/word error (MPE/MWE):
, where represents the

raw phone/word accuracy count of given the transcrip-
tion reference .

More detection-based alternatives to error rate are discussed
in Section V.
From this point of view, the MMI, MCE, andMPE/MWE cri-

teria can all be viewed as model-based expectations of a classifi-
cation quality measure defined on the entire training corpus. For
MMI, this measure is a 0-1 loss of the structure of the training
corpus. For MCE, it is a sum of 0-1 losses, defined at each sen-
tence, while MPE is defined at the level of phones. These have
all been well studied by speech recognition researchers [26],
[27], and the same general training criterion has been extended
to large scale discriminative training of translation models for
statistical machine translation, to be discussed in Section IV. It
can be extended further to a set of speech-centric information
processing tasks; see [22].
In order to avoid overfitting and to improve on generalization,

a prior on the model parameters can be added to the training
criterion defined in Equation (11) (cf. I-smoothing for Gaussian
models [5] or - and -regularization for log-linear models
[28]). Further, we can extend the training criterion defined
in (11) by replacing posterior
with the equation shown at the bottom of the page, where

is another (possibly scaled) cost function.
This effectively adds a boosting [29] or margin [30] term,
which allows for margin-based training within the framework
of utility-driven objectives.

IV. MACHINE TRANSLATION

A. Background

Machine Translation (MT) is the process of converting text in
one language (source) to another language (target). The history
of machine translation can be traced back to the 1950s [31]. In
the early 1990s, Brown et al. [32] of IBM conducted the pio-
neering work in statistical modeling approaches, establishing a
range of IBM models, known prosaically as “Model 1” through
“Model 5.” Since that time, important progress has been made
in a wide span of MT component technologies, including word
alignment, phrase-based MT methods [33], hierarchical phrase-
based methods, syntax-based methods, discriminative training
methods [34], [35], model adaptationmethods, and system com-
bination methods. Modern statistical MT commonly makes use
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of a log-linear model. Using the standard MT terminology, the
optimal translation given the input sentence is obtained via
the decoding process according to

where the posterior probability above of the output sentence
given the text is computed through a log-linear model:

where is the normalization
denominator which ensures that the probabilities sum to one.
Feature functions (also known as component models)
are constructed from and , and the are known as feature
weights.
In a conventional MT system, there are a handful of features,

including language and translation models. The parameter set
of an MT system includes the feature weights and all the param-
eters in the componentmodels. In training, the choice of features
is usually made by referring to a small hold-out development
set. In this paper, we focus on optimization of the parameters of
the component models. The remainder of this section focuses
on phrase and lexicon translation models.
Phrase-based SMT consists of three steps: segmentation of

source sentences into a sequence of phrases [36]; translation
of each source phrase to a target phrase; and reordering of
target phrases into target sentences [33], [37]. Elements of a
phrase-based system include the language model, reordering
model, word and phrase counts, and phrase and lexicon transla-
tion models. The language model here is the same as that used
in speech recognition, while the reordering model described
in [33] is a simple penalty proportional to the jump distance.
After segmentation of the input sentence into phrases, the
source-to-target forward phrase translation feature is scored by
assuming independence among individual phrases in the input
sentence. The target-to-source (backward) phrase translation
model is defined similarly.
The lexicon translation model defines the translation rela-

tionship between source and target at the word level. Assuming
that the input sentence is segmented into phrases, the
source-to-target forward phrase translation component model
can be written as follows:

-

where and are the th phrase in and , respectively.
Conventionally, phrase translation probabilities are computed
as relative frequencies of phrases over the training dataset, that
is,

where is the joint count of and , while is the
marginal counts of . The target-to-source (backward) phrase
translation model is defined similarly.

One popular lexicon translation model is based on the IBM
Model 1 [32], in which the source-to-target forward lexicon
translation feature is hand-engineered using independence as-
sumption and given by

-

where is the th word of the th target phrase ,
is the th word in the th source phrase , and
is the probability of translating word to word . The
target-to-source (backward) lexicon translation model is defined
similarly.

B. Using EBW to Optimize Translation Models

The Extended Baum-Welch (EBW) algorithm for optimiza-
tion, which will be covered in detail in Section VI, has been ap-
plied successfully to training translation models for statistical
MT [38]. A utility function is defined as the expected BLEU
score over the entire training set, where BLEU (BiLingual Eval-
uation Understudy) [39] is the most popular automatic, inexpen-
sive metric for evaluating the quality of text that has been ma-
chine-translated from one natural language to another.
We write the BLEU-score-based utility function for machine

translation over the entire training set as follows:

where is the number of sentences in the training set, is the
reference translation of the th source sentence, and

denotes the list of translation hypotheses for . We
further denote by the set of model parameters to be
optimized, including all the phrase translation probabilities and
the lexical translation probabilities in the translation models. All
translation models are discrete probability distributions, and are
thus subject to simplex-type constraints of the form
for all , and , for all , (see (2)). Note that the

function has the form of our general objective for
discriminative training defined in (11), where the classification
quality measured is defined to be the BLEU criterion.
To prevent overfitting to the training set, a regularization

scheme based on KL-divergence is applied, which is computed
as the sum of KL divergence over the entire parameter space:

where denotes the set of prior model parameters. The objec-
tive function to be optimized thus becomes

Optimization of can be achieved by the classical EBW
algorithm as detailed in [22], [38], and in Section VI below.
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V. SPEAKER AND LANGUAGE RECOGNITION

In this section, we present another significant application
area in speech and language processing where optimization
plays important roles. The goal in speaker recognition is to
establish or verify the identity of a speaker using a sample of
the speaker’s voice [40], [41], [16], [42], [43], [44]. Similarly,
spoken language recognition (or, simply, language recognition)
aims to identify or confirm the language, dialect, or accent that
is spoken in a speech sample [45], [46], [47]. Both are typical
pattern recognition tasks that also make use of prior knowledge.
Speaker or language recognition is commonly formulated as a

detection problem rather than an identification problem.We take
language recognition as an example. If all possible languages
are known to the system (a situation known as a “closed set”),
language recognition could be viewed as a multi-way classifi-
cation task. However, the recognition task often involves un-
known languages—the so-called “open-set” scenario. Thus, a
hypothesis test is required to accept or reject an identification
result—a process referred to as language verification or detec-
tion in the literature [45]. In contrast to identification, one es-
sential element of a detection task is a proper calibration of the
output scores from the classifier. Score calibration is related to
the ability to properly set a threshold for the hypothesis test so
as to minimize the detection cost. This can be achieved with a
linear transformation function, the parameters of which are ob-
tained via optimization of logistic loss [48], [49], [14].
Speaker and languagedetection systemshave a common foun-

dation in statistics and optimization, so they share common tools,
utilities [50], andperformance evaluationmetrics. In this section,
wehighlight theperformancemetrics typically used fordetection
tasks and the related optimization techniques. We explain the is-
sues in formulating the so-called detection cost as the objective
function, the elements used in the construction of this function,
and the use of optimization in model training, score calibration
and fusion. Specifically, we describe the formulation of two op-
timization problems of the form (1). Sections V-A and V-B cul-
minate in an objective derived from (14), (15), and (16),
whose gradient is given in (17). Section V-C describes a score
fusion and calibration model that results in the objective (19).

A. Detection Cost Function

In a detection task, system performance is evaluated by pre-
senting the system with a set of trials, each consisting of a test
sample and a hypothesized identity. The system has to decide,
for each trial, whether to accept or reject the hypothesized iden-
tity for the given test sample, by comparing the confidence score
with a given confidence threshold . The confidence score of a
test sample is defined in terms of the discrepancy between the
target model and a reference model, as shown in Fig. 1. There
are four possible outcomes for this comparison:
• true positives (TPs) denoting true samples correctly la-
beled as positives;

• false positives (FPs) denoting negative samples incorrectly
labeled as positives;

• true negatives (TNs) denoting samples correctly labeled as
negatives;

• false negatives (FNs) denoting positive samples incor-
rectly labeled as negatives.

Fig. 1. Block diagram showing a general approach to speaker or language
recognition. Two processes are involved. The upper panel shows the training
process in which we model the extracted features to represent the intended pat-
terns. In the lower panel, we compare the extracted features with the hypothe-
sized patterns to make a classification decision at run time.

FNs and FBs represent two type of errors with error rates,
miss probability ( ) and false-alarm probability ( ), de-
fined as follows:

(12)

For , the denominator is the total number of positive (or
target) trials, while the denominator of is the total number
of negative (non-target) trials.
Depending on the application, the cost of miss detection

( ) and the cost of false alarm ( ) may vary significantly.
For instance, one might aim for a higher value of but
lower value of , to impose a higher security level on an
access control system. Taking these into consideration, we
define a detection cost function (DCF) [51] as follows:

(13)

where is the a priori probability that a trial is a target trial.
The prior does not correspond to the actual percentage of
target trial in the dataset; it is generally set to a value that is en-
visaged in the applications. Notice that the DCF in (13) could be
evaluated by pooling the scores from sufficient number of trials.
Alternatively, one might use the average DCF [52]–[54],
in which replace and by sample averages and define

(14)
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where is the number of classes, which may be larger than the
number of target classes in the open-set scenario. In (14),
the miss probabilities are computed separately for each
target class, and for each the false alarm probabilities
are computed for each target/non-target pair ( ). By using the
averaged detection cost in place of the pooled detection
cost as a performance metric, the number of target trials
does not influence the resulting detection cost.

B. Minimizing DCF of a Base System

Optimizing the detection costs is not straightforward. We
present more details about formulation of the functions
and that appear in (14). Consider the case of the lan-
guage recognition, where the indexes and indicate the target
and non-target languages, respectively. One approach [55] is
to use parametrized continuous and differentiable functions, as
follows

(15)

where is the set of training data belonging to the th language.
Assume that a base system is built upon language detectors.
The loss function is defined for the score vector
of a test segment given a set of parameters . An element in
the vector is a score from one of the language detectors,
while the set of parameters describes the target and reference
language models. In particular, the loss function is defined as

(16)

where is a positive constant that controls the learning rate,
and is a constant measuring the offset of from 0. The
function is a misclassification measure [56], defined so
that implies a misclassification and
means a correct decision. In [55], the authors consider the case
in which is the set of parameters of two Gaussian mixture
models (GMMs), for the target language , and for the
reference model of target language , both trained on score vec-
tors . With these definitions, the misclassification measure is
given by .
By substituting (15) and (16) into (14), the DCF function (14)

becomes a continuous objective function , depending on
the set of training data from all languages. The derivative
of this function, which is utilized in model-based optimization
approaches and in the generalized probabilistic descent (GPD)
algorithm described in [56], [55], is defined as follows:

(17)

C. Optimization for Score Fusion and Calibration

A state-of-the-art speaker verification system is typically
a fusion of multiple base systems that are developed using
different acoustic features and classifiers to serve as a mixture
of experts. Aside from the base systems optimization discussed
above, a related issue is score fusion, calibration and the setting
of detection threshold for the fused score. An approach now
accepted widely is to postprocess the scores via the so-called
application-independent calibration, then set the threshold in
a straightforward way based on the application parameters

, giving minimum risk decisions. In the
following, we show how the score fusion and calibration can
be accomplished jointly [48], [49], [14] for the case of speaker
recognition.
Assume that we have base systems, each producing a score

for a given test segment. A linear fusion of these scores, using
weight vector and bias , is , where is
now a vector holding the scores from the base systems. The
parameters are trained by embedding the fused
score in a sigmoid function, leading to the following logistic
regression model:

(18)

where indicates whether the test segment origi-
nates from a target speaker ( ) or from a non-target (
). Using a development dataset, we find parameters

that maximize the log-posterior using the following as
the objective function:

(19)

Here, and denote the set of score vectors belonging
to the of target and non-target trials, respectively. There is no
closed-form solution to this formulation, in general. For mini-
mizing this objective, a conjugate gradient descent optimization
technique was found to be the most efficient amongst several
other gradient-based numerical optimization techniques [15],
[57], [58].
In the above, score fusion is achieved by optimizing (19),

where the scores from base systems are combined linearly
using the optimized weights and bias . It was further re-
ported in [57], [58] that, another benefit of minimizing the cost
function (19) is that the fused score could be interpreted as
a well-behaving (i.e., properly calibrated) log-likelihood ratio.
With this, a threshold could then be set directly on the fused
score depending on the desirable costs ( , ) and priors
( ), that are specific to the applications, as follows:

(20)
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Notice that is derived according to the Bayes decision rule
[3]. When , reduces to a score calibration de-
vice. Similar techniques have been applied for language detec-
tion [59], [45].

VI. EXTENDED BAUM-WELCH AND MODEL-BASED
OPTIMIZATION

In Section IV, we introduced the Extended Baum-Welch
(EBW) technique, popular in the speech and language pro-
cessing community but little known in optimization, in the
context of machine translation applications. In this section, we
describe EBW and show how it can be viewed as a model-based
algorithm for optimization.
Historically, EBW was introduced for estimating the discrete

probability parameters of multinomial distribution functions of
HMM speech recognition problems under the Maximum Mu-
tual Information (MMI) discriminative objective function [60].
Later, in [61] and [62], EBWwas extended to estimating the pa-
rameters of GaussianMixtureModels (GMMs) of HMMs under
the MMI discriminative function for speech recognition prob-
lems. EBW’s popularity, like that of its namesake Baum-Welch
algorithm, is due to the simplicity of its recursion formula for
updating the model parameters in “Expectation-Maximization”
(EM) fashion and to its impressive numerical performance.
In [60] it was shown that the value of the objective func-

tion improves at every iteration of EBW. This property was first
noted for arbitrary functions of GMMs in [63] and in [64], [65]
for rational functions. In [66], the EBW recursion formula for
GMMs was recast in a new form using the notion of “associated
functions,” along with an optimization process based on these
functions. In [67], the EBW technique was generalized beyond
associated functions to a class called “ -functions.” The rela-
tionship between these classes was explored further in [66], al-
lowing the EBW approach to be extended beyond GMMs to a
variety of probability density and distribution functions such as
exponential, Poisson, and gamma functions. In [67], this exten-
sion of EBW was named the Line Search -functions (LSAF)
optimization technique.
In this section, we show that the LSAF technique can be

placed firmly in the model-based optimization framework of
Section II, that is, algorithms that obtain each new iterate by
solving a subproblem in which the original objective is replaced
by a model function which is simpler than the true objective ,
but locally similar to it. We then show how, for the particular
case of multivariate Gaussian densities, the EBW update for-
mula is derived from the LSAF approach, and thus that EBW
can be viewed as a model-based optimization approach with line
search.

A. The Line-Search -Function Technique

Given the real-valued function on an open set , we say
that is an -function for if the following properties hold:
1. is a strictly convex or strictly concave function
of , for all ;

2. . That is, the first derivatives
of and agree at all .

Let us assume for simplicity that is strictly concave.
(The discussion can be modified easily, with some changes of
sign, when is strictly convex.) In the line-search -func-
tion (LSAF) approach, consistently with (4), we move from
the current iterate to a new iterate by first finding the
maximum of :

We then perform a line search from the current iterate toward
, choosing a parameter and setting

(21)

Often is chosen to be a value that approximately maximizes
along the search direction . If can be shown, using

an elementary argument based on Taylor series, that
provided that is sufficiently small and that is not itself

a solution.
Note that the -function defined in this way is a particular in-

stance of the model function discussed in Section II, with the
additional property of strict concavity. (This property enables
the guarantee that for all sufficiently small.)
The popular model functions that were constructed in Section II
all qualify as -functions, given appropriate assumptions on the
smoothness and concavity of the objective and on the prop-
erties of the sets and .

B. EBW as a Model-Based Method

We show here how the “continuous” version of EBW can
be expressed as an LSAF / model-based optimization method.
EBW is predicated on the objective having the particular
form of the composition of a scalar function with a vector
function , that is,

where is a vector with components , . Given
this structure, we have

For certain types of functions and , the following quantity
plays a key role in the algorithm:

We demonstrate by considering the following definition of
, which arises from the particular case of a single multivariate

Gaussian density in which the mean and covariance matrix
are unknown parameters (thus ) and ,

are samples. The intermediate variables are thus
defined by

(22)
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The EBW updates for and have the following form:

(23)

(24)

We show how the update formula for (23) can be derived from
the LSAF approach. Since

we have

We now define the -function for , restricted
to the component of , to be the following quadratic:

where the scaling factor is

It is easy to see that the maximizer of with respect
to satisfies the following condition:

By substituting for from the formula above, we have

from which, after some manipulation, and by substituting the
definition of , we obtain

We obtain the EBW update (23) by setting the line-search pa-
rameter in (21) as follows:

(25)

A similar, albeit more complicated derivation can be done for
the update (24).
Note that can be made arbitrarily small by choosing suf-

ficiently large. Thus, by applying the Taylor series argument
mentioned above, we can show that for all
sufficiently large—we are guaranteed to see ascent in .

C. EBW Discussion

We mention a few known results about EBW. The paper
[68] describes a unified objective function that includes as

special cases two established approaches in discriminative
training—Maximum Mutual Information (MMI) and Min-
imum Classification Error (MCE)—that can be optimized
using EBW updates of the form (23). In [69], it was shown
that improved recognition accuracy can be obtained by en-
suring that the update models do not stray too far from initial
models in the EBW update formula. The paper [70] shows that
EBW for an MMI objective function can be derived from a
regularization based on the Kulback-Leibler (KL) divergence
between two probability distributions. It was also observed that
an approximate Hessian has been used implicitly to determine
step size for each parameter update in (23, 24), so that the EBW
update formula is comparable with an approximated quadratic
Newton search in terms of convergence behavior (see [9], [10]
for details).
In practice there are several strategies for choosing in (23,

24), and thus the line search parameter in (25). In [4] it was
shown that different Gaussians should use different values for
. Some heuristics for choosing that are described in , [4]

and [10] produce robust convergence results for MMIE, MCE,
MPE/MWE and other discriminative training criteria. Another
way to find is to use convex lower bound for some variants
of objective functions . For example, Afify [71] derived
from a lower bound obtained via the reverse Jensen’s inequality
[72]. In Section VII, we discuss another technique for lower
bounding of .

VII. A LOWER BOUND FOR DISCRIMINATIVE TRAINING

In this section, we extend the discussion of the previous sec-
tion to emphasize the lower-bounding property of the function
that approximates the true objective at each iteration. This
lower-bounding property has proved of particular interest in dis-
criminative training models in speech and language processing
applications. It is the key to the derivation of the Generalized
Iterative Scaling (GIS) approach. We also discuss connections
among the various optimization techniques describe so far.
We say that (twice differentiable) is a lower bound for
if it is an -function (see Section VI-A) with the following

additional property [73, Chapter 9]:
3. with equality for .
This third property actually implies the second property of an
-function. These stronger assumptions on the nature of the ap-

proximating function result in stronger convergence properties.
In particular, we can obtain the new iterate by solving the
following subproblem:

(26)

Unlike in Section VI-A, no line search is necessary; we are guar-
anteed to have , unless is already a mini-
mizer of . Further, it can be shown that the iteration sequence
converges to a critical point of [74]. In some cases, the sub-
problem (26) can be solved analytically. In other cases—for ex-
ample, Generalized EM [73, Chapter 9.4]—numerical optimiza-
tion procedures are used to solve this subproblem.
With the EM algorithm for maximum-likelihood estimation

of Gaussian mixture models and the Baum-Welch algorithm for
maximum-likelihood estimation of HMMs, lower bounds have
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a long tradition in speech recognition [75]. The introduction
of discriminative training for HMMs [4], [76]–[78] raised the
question of whether there exist lower bounds for the discrimi-
native formulation as well. In fact, the EBW approach described
in the previous section arose in part from consideration of this
question.

A. A Lower Bound for Discriminative GMMs and HMMs

We demonstrate the derivation for multivariate Gaussian
densities with parameters , where the
prior is included. Following (22), but extending to multiple
Gaussians, we have the intermediate variables

We assume that the MMI criterion is used, that is,

(27)

with , is the characteristic function to
filter out the densities representing the truth at . The objective
is similar to the one used in Section VI, that is,

(28)

If this formulation can be reduced to a log-linear model, we
can apply existing lower bounds for such models. To this end,
we transform the parameters as follows:

where is a symmetric matrix, , and
. The log-linear parameters, , and
the Gaussian parameters, , are related as
follows:

(29)

and

(30)

These transformations do not change the value of the objective
in (27). In the latter transformation, is the normalization

constant over . The (symmetric) matrix does not affect
the objective and is used only to guarantee positive definite co-
variance matrices . See [30, Chapter 4] and [79] for further
details and extensions.
By applying the Expectation-Maximization (EM) bound [80]

to in (27) and the Generalized Iterative Scaling (GIS) bound

[81], [82] to in (27), we obtain a lower bound for the objec-
tive in the log-linear parameters, :

The remaining terms collected in only depend on the cur-
rent iterate, , but not the parameters to be optimized,

, and thus do not affect the optimum of
the lower bound. This bound holds true if all feature compo-
nents of the feature vector are nonnegative and

for all , where is called the
feature count. 1 The state occupancies and numerator/denomi-
nator statistics are defined as

(31)

This lower bound can be maximized analytically, leading to the
following update rules:

(32)

wit the new iterate . The
Gaussian parameters can be recovered by applying the transfor-
mations in (30). It is tempting to translate the update rules into
the Gaussian domain. We refrain from doing so here because
the equivalence makes it unnecessary, and because the mixing
of the different types of parameters in (30) does not allow
further insight to be gained from a simple analytical expression.
This lower bound can be extended to more sophisticated

models and training criteria, including mixture models, HMMs,
and MPE. In general, however, the convergence speed of this
approach is slow; see [30, Chapter 6] and [13], [83].

B. Comparison with Other Approaches

Like the iteration constant for EBW in (23) and (24), the
feature count defined above controls the convergence speed.
In contrast to , the value of is known and can be computed
efficiently before training.
The parameter for the line-search -function technique

(Section VI-A) is determined by a numerical line search. Alter-
natively, we can use a lower bound along the search direction

to compute an analytical value for (and thus in
EBW). The lower bound above restricted to the search direction

implies the intermediate variables

1Non-negative features are obtained by applying a suitable affine transforma-
tion. The sum constraint can be satisfied by introducing a dummy feature, which
cancels for this specific choice of feature functions.
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with , ,
, feature function

and a dummy feature function
, the feature count is chosen

such that . Optimization of the associated lower
bound yields:

After the optimization of the lower bound, we incorpo-
rate the dummy feature back into the regular feature,

. We ignore the constant term that
cancels in the objective and identify the parameter with
restricted to the line segment

These equations are for the log-linear parameters. The Gaussian
parameters can always be obtained with (30), although it does
not allow for a simple expression in the Gaussian domain.
Finally, we make the link to gradient descent. Recalling the

definitions of (28), and (27), and and
(31), we have

The update rules (32) can be linearly approximated around a
critical point by using the approximation

to obtain

Hence, the step is a diagonally scaled gradient ascent step, with
diagonal scaling matrix, with diagonal entries .

A related optimization technique, Rprop (“resilient back-
propagation”), is a gradient-based, batch update algorithm
that uses adaptive step sizes and will be briefly discussed
in the next section. Compared to the step sizes in (32),

(for this choice of model), Rprop uses

empirically adapted step sizes .

VIII. THE OPTIMIZATION TECHNIQUE OF RPROP

To continue the discussion on the topic of non-obvious con-
nections among a number of popular optimization techniques
used by the speech and language processing community, in this
section, we discuss the optimization technique of Rprop (“re-
silient backpropagation”).

Rprop was originally introduced for training of multilayer
feedforward networks [84], but recent reports indicate its suc-
cessful deployment in speech recognition [8], [30], [78].
Rprop only uses the sign of the partial derivatives of the

training objective for the parameter update, rather than the ac-
tual values of the gradient. Specifically, the components of
are updated as follows:

sign

where a separate step size is maintained independently
for each component , according to a simple
heuristic. If the sign of the partial derivative changed over the
last iteration, the step size is reduced by the positive factor

. If the partial derivative kept the same sign, the step
size is increased by the factor . That is, we have

if
if
otherwise

The factors and are set empirically; values that have been
found to work well in practice are and . The
parameter constraints for Gaussian mixture models such as the
normalization of the mixture weights are reimposed after each
iteration.
Note that Rprop can be viewed as a search-direction method,

of the type described at the end of Section II, where we define
the direction to be

sign

Since the components of and all have the same
sign, by definition, the condition (10) is satisfied, indicating that
is a direction of ascent for the objective .

IX. SUMMARY AND DISCUSSIONS

We have outlined a variety of optimization techniques that
are used in the processing of speech and language data. Though
far from exhaustive, our survey demonstrates the centrality of
optimization methodology and the inventive ways in which
optimization techniques have been adapted to the particular
structure of these problems and to the needs arising from the
applications.
We emphasize the importance of connecting researchers in

the two largely separate communities of optimization and of
speech and language processing. The topics selected for this
review cover both optimization theory/algorithms and related
speech/language applications with the goal of demonstrating
the role of optimization in the applications and the insight that
it provides. We have covered some optimization methods such
as EBW in detail because they have found successful uses in
machine translation and speech recognition applications and
because they are equipped with strong theoretical properties
which serve well for unified treatment of a range of optimiza-
tion methods popular in applications.
One key novelty of the paper is to show how popular tech-

niques in speech and language processing are related to general
optimization methods, an insight which has not been apparent
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to the speech and language processing community, which nev-
ertheless has exploited the techniques extensively. As one ex-
ample: Section VII described a novel view on how EBW can be
related to the lower-bound method GIS.
We have not addressed in detail the issues that arise when

the objective function to be maximized is nonconcave, as is the
case in several applications in speech processing, including deep
learning. In such cases, algorithms based on model functions
or search directions (as discussed in Section II) can generally
guarantee convergence only to stationary points of the problem,
which are not necessarily global or even local solutions. Algo-
rithms that find the global solution are not generally available, or
are extremely compute-intensive. However, good practical re-
sults can often be obtained with the local algorithms that are the
focus of this paper. A consequence of nonconvexity is that dif-
ferent algorithms may identify different local solutions. (In fact,
the same algorithm may give a different result if started from
a different point.) Other factors that may contribute to varying
results obtained with the different methods include different ter-
mination criteria, different convergence speeds (leading to pre-
mature termination for slowly convergingmethods), suboptimal
tuning of the algorithmic parameters, numerical stability, and so
on. Some issues along these lines are discussed in [8], [30].
While the optimization techniques in speech and language

processing discussed in this paper were developed in the past
with little input from specialist optimization researchers, the
situation is changing as the amount of data and the complexity
of processing tasks continue to grow. The need for more
powerful optimization approaches is leading to collabora-
tive work between the data processing community (including
speech/language processing and more general machine learning
[85]) and the optimization community on such topics as Hes-
sian-free methods [12], [86], quasi-Newton methods (including
L-BFGS), and stochastic gradient [87]. The trend of such
collaborations has already arrived in speech recognition with
the use of deep neural networks [12], [86], [88]–[92] and other
types of deep learning architectures [93]–[95], and in language
processing with the use of recurrent neural networks [96].
While this trend is too new to be surveyed in this article, we
expect new optimization challenges to arise as deep learning
and other techniques that depend heavily on optimization
technology are deployed in demanding speech and language
processing problems [97].
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