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Abstract

We give a semantics to a polymorphic effect analysis that tracks
possibly-thrown exceptions and possible non-termination for a
higher-order language. The semantics is defined using partial
equivalence relations over a standard monadic, domain-theoretic
model of the original language and establishes the correctness of
both the analysis itself and of the contextual program transforma-
tions that it enables.

Categories and Subject Descriptors F.3.2 [Logics and Mean-
ings of Programs]: Semantics of Programming Languages—De-
notational semantics, Program analysis; F.3.1 [Logics and Mean-
ings of Programs]: Specifying and Verifying and Reasoning about
Programs—IL ogics of programs; D.3.4 [Programming Languages]:
Processors—Compilers, Optimization

General Terms Languages, Theory

Keywords Program analysis, exceptions, optimizing compilation,
effect systems, types, denotational semantics, partial equivalence
relations

1. Introduction

Proving the correctness of static analyses, and of the optimizing
transformations they enable, can be surprisingly difficult. The rela-
tional approach, interpreting non-standard/annotated types (equiv-
alently, abstract domain elements) as binary relations, has several
advantages over the standard one, using unary predicates. Firstly, it
allows even apparently very intensional program analyses, such as
ones describing the store effects of commands, to be interpreted in
an extensional semantics for the original language. This allows the
true meaning of the properties of interest (and their use in justifying
transformations) to be decoupled from particular, approximate syn-
tactic analyses for establishing those properties. Secondly, it deals
naturally with dependency-based properties, such as those relating
to secure information flow, which are not naturally expressible in
terms of unary predicates. Finally, using relations builds the no-
tion of equivalence-in-context into the interpretation, which leads
fairly directly to correctness proofs for analysis-dependent program
transformations.

In earlier work, we have given semantics to both traditional
dataflow analyses for first-order imperative programs [4] and an
analysis of read and write effects for a higher-order language with
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global store [7] in this style. In the present paper, we show how
an effect analysis [14, 22] that tracks possible divergence and
exception-throwing in an impure applied CBV A-calculus may also
be given a natural and useful relational interpretation.

Whilst the analysis considered here is not trivial, neither is it
especially novel. The contribution of the paper is in the semantic
interpretation and soundness proofs, showing that our general rela-
tional methodology for understanding types, analyses and transfor-
mations extends easily to the case of exception analysis. There are
also a number of small technical extensions to our previous work:
we deal with recursion, we include both effect polymorphism and a
form of conjunctive types and we make interesting use of the empty
value type, allowing the analysis to express ‘must throw’ and ‘must
diverge’ properties of computations as well as the more usual ‘may’
properties.

1.1 Overview

Extended type systems that approximate the possible exceptions
that may be thrown by a phrase are actually one of the most
commonly used effect analyses, since Java [10] (like Modula 3)
requires methods to be annotated with throws clauses, listing a
set of classes 7 such that any (non-fatal, ‘checked’) exception
thrown by the method is guaranteed to be a subclass of some
element of 7. A monomorphic analysis like that used in Java, in
which each method is annotated with one finite set of literal bounds
covering all possible exceptions that may be thrown, is unduly
restrictive for higher-order code, so here we will consider an effect
system with general subtyping (rather than just subeffecting) and
also effect polymorphism. Parametric polymorphism over effects is
useful for capturing generic flows of effects (e.g. the map function
has whatever effect its argument has) but one can also gain useful
accuracy by adding ad hoc effect polymorphism in the form of
conjunction on effect-annotated types, which we will do here too.

As an example of the sort of property the analysis computes,
consider the following (rather contrived) SML definition of a func-
tion £ of type (int->bool)->int->int:

fun f g x = (if g x then x else raise E1)
handle E2 => f g (x+1)

The analysis shows that the set of exceptions possibly thrown by
an application £ g x is the set of exceptions that might be thrown
by g minus E2 plus E1. Furthermore, if g is total (does not diverge)
and cannot throw E2, then f is total too. Finally, if g always either
throws E2 or diverges, then £ g x always diverges.

The analysis will be presented as inference rules defining a non-
standard refinement type system, or propositional program logic.
This declarative specification separates the definition of what the
analysis is from algorithmic details, which we will not consider
here, of how one might actually compute it efficiently. The prop-
erties of the function £ described above are formally captured by
the derivability of a judgement that the translation £* of £ into our
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Figure 1. Simple type system

intermediate language has type (though this is still not principal):

Va.(int — Tabool) — Te(int — T(o p2)uLup1int)
AVa.(int — T(q 1) g2bool) — Te(int — Toup1int)
A(int — Tg2u1 Ovoor) — Te(int — T Oint)

The type above displays most of the features of our refined system:
it is a conjunction (‘A’) of effect-polymorphic (‘Vc.”) monadic
types in which the computation type constructor (‘I") is indexed
by effects and there is an indexed empty type (‘Oint’, ‘Oboor’). The
effects are built from effect variables (‘«’), constants for exceptions
(‘E1’, ‘E2’) and divergence (‘L’) by the operations of union (‘U’)
and set difference (\.”).

The soundness of the analysis alone could be expressed by inter-
preting refined types as subsets of (unary relations on) their under-
lying, non-refined versions. But we are also interested in proving
the correctness of transformations, i.e. in equalities. At higher or-
der, equality at a subtype is not simply the restriction of equality at a
supertype to the set of values in the subtype, so we need to augment
subsets with equivalence relations defining the subtype-specific no-
tion of equality. A subset equipped with an equivalence relation is
just a symmetric and transitive relation, also known as a partial
equivalence relation (PER). Thus we will interpret refined types as
PERs on the interpretations of their underlying simple types. That
a term V has a particular refined type X will be interpreted by the
denotation of V' being related to itself by (i.e. in the diagonal of)
the interpretation of X.

Program transformations are formalized by rules for deriving
typed equations in context. For example, we will be able to derive

FEr =
:Vou(int — T (g 1)< p2bool) — T¢(int — Toupiint)

where £’ is
fun f’ g x = if g x then x else raise E1l

which expresses that one may remove the handler from the def-
inition of £ (and guarantee termination) in contexts in which the
argument g is guaranteed not to diverge or throw E2. More inter-
esting transformations involve commuting computations and lifting
provably pure computations out of lambda abstractions. Such equa-
tional judgements are interpreted by the denotations of two differ-
ent terms being related by the PER interpreting a refined type.

2. Basic Language with Exceptions

We consider a strict functional programming language with a
countable set of exceptions E and a monadic type system. Ex-
ceptions are raised by raise E and caught by try z < M in P
unless H. Intuitively, this expression evaluates M, binds the re-
sult to x and evaluates P. If the evaluation of M raises an exception
then the appropriate handler in H (if any) is invoked. The reason
for using explicitly monadic types, and the non-standard construct
for exception handling [6], is that they simplify both the equational
properties of the language and the presentation of the effect system.
A more conventional ML-like language can be translated into this
one by a variant of Moggi’s CBV translation [16], and this extends
to the more usual style of presenting effect systems, in which all
expressions have both a type and an effect, and function arrows are
annotated with a ‘latent’ effect [23].
Formally, the syntax of our language is as follows:

E € E
A,B := unit|int|bool|exn|AXxB|A—TB
I' o= z1:A1,...,2n: An
V u= z|()|n|b|E]|(Vi,V2)|rec f(z:A) <=M
M,N == ViVa|mV |Vi+Va|if V then M else N |
valV | raise V |tryz < M in N unless H
H = —|E=MH

Occasionally we find it convenient to treat the handlers as a map

and write dom(H) for the set of exceptions handled by H and

H(E) for the handler of exception E. We abbreviate E=-M, — as

E=-M.In the case of E=-M, H we assume that £ ¢ dom(H).
We use some syntactic sugar defined as follows:

letz < MinP 2 tryx <= M in P unless —
A AM 2 recf(z:A)eM  f¢FV(M)
0 2 (rec f(z :unit) < fx)()

The type system is defined in Fig. 1. There are two forms of typ-
ing judgement: I" - V': A for valuesand I - M : T A for computa-
tions. An extract from the operational semantics is shown in Fig. 2.
The judgement M |} V' means that the closed term M evaluates to
the value V/, whilst M T E means that M raises the exception E.

Lemmal. If- M : TAand M |} V thentV : A. O
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Figure 2. Natural operational semantics (extract)

We give a denotational semantics of the language in the category
of w-cpos (predomains). The semantics of types is as follows:

[unit] =1 [int] = Z [bool] =B [exn] = E
[Ax Bl =([A] x[B]) [A—TB]=([A] = [TB])
[TA] = ([Al +E).
where D = E is the predomain of continuous functions from D to
E.Wedefine |-] : D = D, to be the constructor of the lift monad
where D, = {|d] |d€ D} U{L}and |d| C |e]ifd C e and
Vz.L C z. The computation type constructor is the usual lifted

exceptions monad (separated sum). The semantics of contexts is
given by

[x1: A1, ,zn: An] = [A1] x -+ X [4Ax]
The semantics of judgements for values, computations and handlers
[THV:A] [T] — [A]
[T M:TA] [T] — [TA4]
[CH H:TA] [T] — E — [TA]

is defined by structural induction on the simple type system. The
following extract shows the more interesting cases:
Computations:

[THvalV :TA]p = [inl[['FV : A]p|
[+ raise V: TA]p= |inr[I'F V : exn]p]
[I'Ftryxz < M in Punless H : TB]p =
[T,z: A P: TB]plz—v] if[THM:TA]p= |inlv]
[T+ H : TB]pE if [ F M : TA]p = [inr E|
1 if[CFM:TAJp=L
Handlers:
[T'F —:TA]JpE = |inr E|
[CFM:TAlp itE =E

I'E=M, H:TA]pE =
[0 E=M, Io {[[F#H:TA}]pE’ else

Definition 1 (Typed Contexts). We define computation contexts as
‘terms with a hole’ in the usual way and write

Cl]: (TFA)= (I"+TB)
tomeanthat if TV : AthenT' = C[V]: TB.

Definition 2 (Contextual Equivalence). If 'V : A and
THV' : AthenwewriteI' -V =~ V' : A to mean

VC[]: (T + A) = (= F Tunit).C[V] 4 () < C[V']4()
and similarly for computations.

Theorem 1 (Computational Adequacy).
IfTFV :AandT F V' : Athen

[CFV:Al=[TFV' :A] = THVAV :A

and similarly for computations. O

3. Refined Type System

We now present a extended type system that refines the simple
types of the base language by annotating each computation type
constructor with an effect. The effect specifies which exceptions
may be raised and whether the computation may diverge. The
refined system also annotates the type of (first-class) exception
values themselves and includes an empty type, intersection types
and universal quantification over effects.

The syntax of effects, , and extended types, X, is as follows,
where « ranges over effect variables, f is the empty set of effects,
t is the top effect (the set of all possible exceptions plus divergence)
and ¢ is the annotation on exception values:

X, Y == unit|int|bool |exn,|X XY |
X —->TY |04| XAY |Va.X

p C E
E ¢ E
€ al L|E|f|t|eiNex|erDes
A = a1,...,0n
O = x1:X1,...,2n: X,

Efs 2 PEU{L})

Effect annotations are built from primitive effect constants and ef-
fect variables (‘a’) by intersection (‘1) and symmetric difference
(‘@’) operations. In the absence of effect polymorphism one can
define annotations simply to be sets of primitive effects, but the
presence of effect variables requires us to make annotations more
syntactic, and axiomatize effect equations more explicitly.

3.1 Effect Annotations

The rules defining well-formed effects and effect equations in con-
text are given in Figure 3. The equational rules are a standard pre-
sentation of the theory of Boolean rings [15]. In fact the primitives
from which effects will be built in the inference system are union
(‘U’) and set difference (‘\.”), rather than N and . In an earlier ver-
sion of this work we gave a direct axiomatization of entailment in
terms of U and ~., but the axioms were a little complex.' We instead
take the equivalent, slightly more well behaved basis, comprising N
and @ as primitive, and define U and \ using the following macros:

g1 Ueg (61@62)@(61 062)

N
= e1®(e1Ne2)

€1\ €2

Write €1 [e2/a] for €1 with occurrences of « substituted by &2,
which satisfies the obvious well-formedness property:

Lemma2. If Aot ey and A& e then A+ e1[e2/al. O

' Nielson, Nielson and Hankin [17] treat ‘~.’ as a meta-level operation
on annotations that use only U, which loses precision in the interests of
simplicity.
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Figure 3. Well-formed effects and effect equations

The meaning of an effect context is an n-tuple of semantic
effects:

[et, ..., an] = Effs”
The semantics of effects in context
[AFe] € [A] — Effs

is defined inductively as follows:

[AFEn = {E}
[AFLl]n = {l}
[Arfln = 0
[Atln = Eu{l}
[at,...,anFajn = min

[AFeineln = [Akalnn[Atke]n
[A}_El@&‘gﬂn = [[A"&ﬂ]?]@ [[Al_EQ]]T]

Lemma3. If Abe; =exthen [AFe]n=[AF ex]n. O

3.2 Refined Types

The rules defining well-formed extended types are given in Fig-
ure 4. The judgement A - X < A means that in the effect context
A, the extended type X refines the simple type A. Note that our
intersection types are really just intersections over the effect anno-
tations since both sides of the ‘A’ refine the same simple type. We
sometimes write A - X if A = X < A for some A.

Lemmad. If A X <Aand A+ X < Bthen A = B. O

We write X [ /] for X with unbound occurrences of « in effect
annotations substituted by €.

A Funit < unit

Al int < int A F bool < bool

AFX <A
Ao X <A

At exn, < exn AFO0a< A

AFX<9A AFY<aB AFX<A AFT.Y<TB
AFX XY <AXB AFX ->T.Y<A—TB

ArFe AFX<A AFX<JA AFY <A

AFT.X <TA AFXAY <A
AlakF X <A
AFVa XA
AFOT
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Figure 4. Well-formed types

Definition 3. Substitution on extended types
unitle/q] £ unit int[e/q] 2 int
exn,e/q] = exn,
Xe/a] x Y]e/a]

Xle/o] = ToYe/a]

boolle/a] 2 bool
(X x Y)[e/a]
(X — T Y)[e/a]
(T X)[e/a] & Terje /o X[/ 0] 04ls/a] = 04
(X AY)[e/a] 2 X[e/a] A Y[e/a]
(Vo.X)[e/a] & Va.X
(VB.X)[e/a] £ VB.X|e/a] where o # 3

Lemma 5. If A,at X <Aand A€ then A+ Xe/a] < A
O

2

>

> >

We define a subtyping relation on extended types in Figure 5.
The judgement A - X <Y < A means that in the effect context
A, the type X is a subtype of Y and they both refine the simple
type A. Wewrite A - X <Y if A+ X <Y < A for some A.

The hypothesis e Ne’ = ¢ in the rule for subtyping computation
types is just the encoding in terms of our equational laws for
Boolean rings of the subeffect condition ¢ < &’.

The semantics of each extended type is given by a relation
on the semantics of the simple type that it refines, defined in
Figure 6, where I is the diagonal relation {(d,d) | d € D}, and
if R1 € Dy x D1 and R2 C Dy x D5 then

Ri1 X Ry C (D1 x D3) x (D1 x D3)
2 {((dr, d2), (i, b)) | (di,d}) € Ra, (do, db) € Ro}
and
Ri1 = Ry C (D1 = D) x (D1 = D5)
S{(f,f)|V(d,d) € Ry, (fd, f'd) € Ra}.

Notice that the semantics in Figure 6 is just a familiar-looking
logical relation [19]. We are essentially giving a Church-style inter-
pretation of the basic type system and a Curry-style interpretation
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Figure 5. Subtyping extended types

of their refinements, but the fact that we are using standard seman-
tic machinery makes it straightforward to get the ‘right’ shape for
the definitions and theorems, even though the consequences of the
definitions at higher types can be surprisingly subtle.

The interpretations of extended types are admissible PERs:

Lemma 6 (Admissibility).

(i) If Le[Atenandn € [A] then (L, L) € [A+ T-X]n
(ii) For all chains vo C v1 C ... and vy C vy C ... in [A], for
alln € [A]and i > 0,

(vi,v) E[AFX< Aln = (|_| Vi, |_| vi) € [AFX< Aln

i>0 >0

and similarly for computations. O

Lemma 7. Forany ©, X and ¢ and n € [A], all of [A + O],
[A F Xn and [A & T X]n are partial equivalence relations.

Proof. By induction on extended types. The base cases are trivial,
since the identity relation on a set is a PER as is the empty relation.
For function, product and computation types we can use the facts
that PERs are closed under =, X and +. O

One should think of [A + X <1 A]n as picking out a subset of
[A] together with a coarser notion of equality. The following sanity
check shows that the semantics of the refined type carrying no in-
formation coincides with the unrefined semantics, in the sense that
the interpretation of the refined type with a top effect everywhere is
just equality on the interpretation of its erasure. If we write G(A)
for the obvious map from simple types to refined types with the top
effect everywhere then:

Lemma 8. Forall A, andn € [A], [AF G(A) < Aln = Ijay.
O

The subtype relation is sound in the semantics of refined types:
Lemma9. If AF X <Y < Aandn € [A] then
[AFX<AlnC[AFY < Aln

and similarly for computations. O

4. Effect Analysis

The actual effect analysis is shown in Figure 7, where the notation
™. used in the rule for try stands for the natural map from finite
sets of exceptions to effects:

{E,...,E.}7 2 EjU---UE,.

The inference rules defining the analysis are not entirely stan-
dard, as rather than present single-subject judgements of the form
A ;O F V : X (and similarly for computations), we use equational
judgements of the form A; OV =V’ : X from the start and
define the more conventional unary judgement A;O FV : X as
a mere abbreviation for A;© F V =V : X. This is because we
will need the more general congruence rules for equality to perform
transformations in context anyway, and their soundness strictly sub-
sumes the usual ‘fundamental theorem’ showing the soundness of
the more conventional unary judgements. Furthermore, this presen-
tation allows the addition of further sound equational rules to also
add new extended typing judgements — extended types are purely
descriptive (‘extrinsic’, in Reynolds’s terminology [20]), unlike the
prescriptive (‘intrinsic’) basic type system.

The ‘diagonal’ judgements of the form A;©@+V =V : X
(and similarly for computations) that are derivable constitute a
fairly unsurprising effect analysis.”> For example, the rule for
raise V says that it is a computation that may raise any exception
that V' might be and never returns a value. The try construct has
the possible effects of the scrutinee M, with handled exceptions
subtracted, unioned with the possible effects of the continuations.
There are many possible variations in the details of the presenta-
tion; we could, for example, let the handlers and the success contin-
uation each have different effects and union them all explicitly, or
only included the effects of handlers covering exceptions appearing
in the effect of the scrutinee. In the presence of subtyping and the

2 Although we are not really concerned with algorithms in this paper, one
of the referees did wonder about decidability. It seems intuitively clear that
one could recast the diagonal fragment of the rules in Figure 7 as an abstract
interpretation in which the abstract domain associated with each simple type
is the set of refinements of that type quotiented by < N >, ordered by <.
Since the set of equivalence classes at each type is clearly finite (and < is
decidable), we have little doubt that the analysis is decidable.
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Figure 6. Semantics of extended types

equational rules we present later (e.g. allowing dead handlers to be
removed), most sound variants are derivable.

The treatment of possible divergence in the rule for recursive
functions constitutes possibly the weakest termination tester there
is, but it does at least allow the ‘L’ to appear in the right place in
the types of curried recursive functions, and gives the right non-
divergent type to lambda abstractions encoded as trivial recursive
functions.

The following shows that the refined type system does not type
any more terms than the original one:

Lemmal0. fAFO T, AFX<9Aand A;OFV : X then
T+ V : A and similarly for computations. O

Similarly the following shows that we have not ruled out any
typable terms from the original system:

Lemma 11. If TV : A then —;G(I') -V : G(A) and simi-
larly for computations. O

5. Equivalences

We will now present the remaining equivalences of our system and
then prove them sound in the semantics. Figure 8 shows (3 and n
laws for products, function spaces, booleans and the computation
type constructor. Figure 9 shows other equivalences that do not
explicitly depend on particular effects.

More interesting equivalences are those that depend on particu-
lar effect annotations. These are shown in Figure 10.

The Dead Computation transformation allows the removal of a
computation whose value is not used and which does not have any
side-effects (including divergence).

The Must Raise transformation allows the replacement of any
computation which always raises a particular exception F with
raise F.

The Diverging Computation transformation allows the re-
placement of any computation which always diverges with €2 (and
hence with any other always divergent computation).

The Commuting Computations transformation allows the or-
der of two value-independent computations to be swapped provided
that either at least one of them has no side-effects, or they both at

most allow the possibility of diverging or they both at most raise
the same exception (which must be known).

The Pure Lambda Hoist transformation allows a computation
to be hoisted out of a lambda abstraction provided that it is pure
and does not depend on the function’s arguments.

The Dead Handler Elimination transformation allows the re-
moval of a handler for some exception from a try expression pro-
vided that the computation it guards cannot possibly raise that par-
ticular exception.

Theorem 2. All of the equations shown in Figures 7, 8, 9 and 10
are soundly modeled in the semantics:

(i) If A;OFV=V":X,ne[A]and (p,p') € [AFO <T]n
then

(ICFV:Alp, [CFV :Alp) € [AF X < Aln

(ii) FA;OFM=M":T.X,n € [A] and (p,p’) € [AFO<T]n
then

(ITF M : TAJp, [T+ M’ : TA]p') € [A+ T-X < TA]n

(i) If A;OFH=H": T.X,n € [A] and (p,p’) € [AFO<T]n
then

(IC+ H: TAJpE, [T - H: TAJY'E) € [AFT-X<TA]n

Proof. We just present some of the cases involving effects:

Identity Handler Elimination.
Letn € [A] and (p, p’) € [A + © < T']n. We have to show

(IT'+ E=raise E,H : TA|pE,[I' - H : TA]p'E)
e [A+T.X < TA]y

We assumed that each exception occurs at most once inside a
handler hence F ¢ dom(H). By definition of the semantics

[+ E=raise E,H : TAJpE =[I'+ H : TA]pE
and by assumption
(ICF H : TAJpE, [T - H : TA]Y'E) € [A F T.X < TA]y

so we are done.



AOFV =V X

A:OFV=V":X A:OFV=V":X ARV =V":X AFO AFX
A;OFV =V :X A;OFV=V":X A;Oz: XFz=2:X
AFO Al © AF©O Ak ©

A;OF () =() : unit A;OFn=mn:int A;OFb=b:bool A;OFE=FE:exn;g

A:OFVI=V/:X A;0FV=Vy:Y A0z X, f: X—>T.ouYFM=M:T.Y AFX<A
A;OF (Vi Vo) =(V{,V5): X xY AN;OF (rec f(z: A) <= M) =(rec f(z: A) = M'): X = T.Y

AFX<A AFX' <A
AOFV=V"':X AFX<X AFO' <0 A;OFV=V:X A;OFV=V":X A;0FV=V:X
A;OFV=V":X A FV=V":X A:OFV=V":XAX'

Aa;0FV=V":X AFO A;OFV =V":VaX Atrce
A0V =V :Va.X A0V =V":Xe/a]

A;OFM=M :T.X

A;OFM=M :T.X AN:OFM=M:T.X A;0FM =M":T.X A;OFV=V":X1 x X,y
AOFM =M:T. X A;OFM=M":T.X AN:OFmV=mV :TeX;

A;OFVI =V/:int A;0F Vo =Vy:int AOFVI =V : X -T.Y AOFVL=V:X
A;0F (Vi + Vo) = (V/ +V5): Teint A;O0F ViV =V/Vy :T.Y

A;OFV =V":bool A;OFM=M :T.X A;06FN=N:T.X A;OFM=M:T.X AFT.X<T.X’

A; O+ (if V then M else N) = (if V' then M’ else N') : T, X A;OFM=M :T. X'
ARV =V":X A;OFV =V':exn, AFO' <O A;0FM=M :T.X
A:OFvalV =val V' : TeX A;OF raise V =raise V' : Tr 704 A:OFM=M:T.X

A;OFM=M:T.X A;0,z:XFP=P :T,Y A;0-H=H :T.Y
A;OF (tryz < M in Punless H) = (tryz < M’ in P’ unless H') : T(crdom()ue'Y

AﬁkH:HHLX‘

A:OFM=M :T.X A;@I—H:H':TEXE E
A;O0F(E=M,H)=(E=M' ,H): T.X € A;OF —=—:T.X

Figure 7. Extended type system



(3 rules:
A0z X, f: X—>T.u,YFM:T.Y A;0FV:X AFX<A A;OFVI: Xy A;0FVL: X
A;OF (rec f(z: A) <= M)V = M[V/z,rec f(x: A) <= M/f]: T.Y A;OFm (Vi, Vo) =val V; : TeX;

A;OFV X A;0,zx: XFP:T.Y A;OFV :bool A;OFM=N:T.X
A;0F (letz <valVin P) = P[V/z] : T.Y A;OF (if Vthen M else N) =M : T. X

A;OFM:T. X A;OFN:ToX AOFM:T. X A;OFN:TuX
A;OF (if truethen M else N) =M : T. X A;OF (if falsethen M else N) = N : To X

A;O,z: XHFP:T.Y A;O0FE=N:T.Y A;0+-H:T.Y
A;0OF (tryz < raise Ein Punless E=N,H) = N : T.Y

7 rules:
A;OFV: X —>T.Y AFX<A A;OFM:T. X
A;OF (rec f(z: A) <= Va)=V:X - T.Y A;OF (tryz < M inval x unless —) = M : T. X

A;OFV: X XY
A;OFvalV =letz < m Vinlety < m Vinval (z,y) : T¢(X xY)

Figure 8. (3 and 7 rules

Duplicated Computation:
A;OFM:T. X A;0z: X,y: XFP:ToY A;0FH:T.Y

tryx < M in (tryy < M in P unless H) unless H
=tryz < M in Plz/y] unless H

A;0F : T(S\’—dOIIl(H)—‘)UE/Y

Identity Handler Elimination:
A;OFH: T X
A;OF E=raise E,H=H:T.X

Single Exception Value:
A;OFV :exnip
A;O0FV =FE:exnim

Commuting Conversion 1:
A;OFV :bool A;OFM:T.X A;OFN:T.X A;0z:XFP:T,Y A;OFH:T.Y

try x < (if V then M else N) in P unless H
=if V then (try z <= M in P unless H) else (tryx < N in P unless H)

A ) OF : T(E\’_dom(H)’)Ua/Y

Commuting Conversion 2:
A;OFM:T,Y A;0,y:YFEP:T, X A;0x:XFP :T.y,Z A;OFH:T,X A;O0FH T Z

try z < (tryy < M in P unless H) in P’ unless H’

=tryy < M in (tryxz < P in P’ unless H') unless
{E=tryz < N in P’ unless H' | (E=N) € H} P T((errdom(m)Uza) s Fdom(H/) ues £
U{E=N | (E=N)€ H & E ¢ dom(H)}

A;0F

Figure 9. Effect-independent equivalences



Dead Computation:
A;OFM:TeX A;0FP:T.Y
A;OFletz <= MinP=P:T.Y

z ¢ dom(©)

Commuting Computations:

A;@l‘M1ZT51X1
A;@,l’l :Xl,l'QZXQ |—N:T53Y

Must Raise:

Diverging Computation:

A;OF M :Tg0y A;OFM:T,04

A;©OF M =raise E: Tg04

A;OF M :

A;OFM=Q:T,04

T€2X2
A;OFH:T,Y

Abei=F & AF ex=F

A;0F

Pure Lambda Hoist:

try 1 < M; in (try z2 <= M; in N unless H) unless H T v
=try 22 < M in (try ©1 < M; in N unless H) unless H ° ((e1Ue2)~"dom(H) ") Ues

or A+ E1=J_ & A+ EQIJ_
or A Feg=f

A;OFM:TeZ A;Oz:X,f: X—>T.u, Y,2: ZFP:T.Y AFX<A

A;0OF

Dead Handler Elimination:

val (rec f(z: A)<letz<= M in P
=1let z <= M inval (rec f(z : A) < P

g :Te(X — T.Y)

A;OFM T gX A;Q,z: XFP:TJY A;OFE=N:T..Y A;OFH:T.Y

A;0

Empty:

try x <= M in Punless E=N, H
=tryxz < M in Punless H

: Terdom(a) )~ EyUe’ Y

A;O,z:04FM:T.Y A;0,z:04FN:T.Y

A;O,x:04FM=N:T.Y

Figure 10. Effect-dependent equivalences

Single Exception Value.
Letn € [A] and (p, p') € [A F © < T']n. We have to show

([T+V :exn]p, [[' + E: exn]p) € [AF exnigy < exn]n
c{(E, E)}

By definition of the semantics [['+ F : exn]p’ = E and by
assumption

([T +V :exn]p, [I' FV : exn]p’) € [A+ exnip; < exn]n
hence [I' - V : exn]p = E so we are done.

Dead Computation.
Letn € [A] and (p, p') € [A F © < T']n. We have to show

([ICFletz < M in P: TB]p, [T+ P: TB]p')
e[A+T.Y < TB]y

By assumption
(IC+M:TA]p, [T+ M : TA]p) € [AF TeX <« TA]n

This means there exists (m,m’) € [AF X < A]n and that
[T+ M :TAJp = |inlm] so by definition of the semantics and
the assumption that © ¢ dom(©) we have

[THletz< MinP:TB]p=['+P:TB]p
and by assumption
(It P:TBJp,[T'+P:TBJp) € [AFT.Y < TB]n
so we are done.

Must Raise.
Letn € [A] and (p, p’) € [A F © < T']n. We have to show

(IC-M:TA]p, [T+raise E:TA]p’) € [AF Tg0a <« TA]n
€ {(|inr £, |inr E'])}

By definition of the semantics we have [I' - raise F : TA]p’ =
linr F|. By assumption

(IC+ M : TA]p, [T+ M : TA]p)) € [A+ TE04 < TAn
This means that [I' = M : TA]p = |inr E| so we are done.

Diverging Computation.
Letn € [A] and (p, p’) € [A F © <1 T']n. We have to show

(IC+M:TA]p, [T FQ:TAJp) € [A+TL04 < TA]n
€ {(L, 1)}
By assumption
(ICFM:TA]p,[TF M :TAJp) € [AF T, 04 < TA]p
hence [I' = M : TA]p = L. By definition of the semantics
[T Q:TALY = (U fi)x = L
where f; is defined by
fo
fit1

Ar' €1.Lra
Az’ € 1.(fi)(z")

so we are done.
Pure Lambda Hoist.
Letn € [A] and (p, p’) € [A F © < T']n. We have to show

([PHval (rec f(x : A) < let z <= M in P):T(A—TB)]p,
[TFlet 2 < M inval (rec f(z : A) < P):T(A—TB)]p’)
€[AF Te(X — T.Y) aT(A — TB)n
By assumption
(IC+ M : TC]p, [T+ M : TC]p') € [A - T¢Z < TC]n
€ {(linlm], [inlm’]) | (m,m) € [A+ Z < C]n}
Hence we have (m,m’) € [A+ Z < C]npand [T+ M : TC]p =
linl'm ]| so by definition of the semantics
[THval (rec f(z: A) < let z <= M in P):T(A — TB)]p
=[I'tlet z <« M inval (rec f(z: A) « P):T(A — TB)]p
By assumption

([F'Flet z <= M inval (rec f(z : A) < P):T(A—TB)]p,
[TFlet 2 < M inval (rec f(z : A) < P):T(A—TB)]p’)
€ [AF Te(X — T.Y) < T(A — TB)]n

so we are done.



Dead Handler Elimination.
Letn € [A] and (p, p') € [A F © <1 T']n. We have to show

(I + tryx <= M in P unless E=N, H : TB]p,
[T tryx < M in Punless H : TB]p’)
S IIA F T((E\rdom(H)j)\E)UE’Y < TB]]’I]

Assume
(ICFM:TA]p, [T+ M :TAJp") € [A+ TewreX < TA]n

Take the case where [I' - M : TA]p = |inl m| then by definition
of the semantics

[T+ try x < M in Punless E=N,H : TB]p
= [Iz:AF P:TB]plz — m)]
= ['kFtryz < M in Punless H : TB]p

In the case where [[" = M : TA]p = |inr E’| by the condition on
¢ we have E # E’ so by definition of the semantics
[l - E=N,H : TB]pE = [T+ H : TB]pE'
In the case where [I' = M : TA]p = L then by definition of the
semantics
[T+ try x < M in Punless E=N,H : TB]p

= 1

= ['kFtryz < M in Punless H : TB]p
By assumption

([T + tryx <= M in P unless H : TB]p,
[T+ tryx <= M in P unless H : TB]p')
S IIA H T((a\rdom(H)j)\E)UE’Y < TB]]’I]

so we are done.

Empty.
Immediate from the fact that [AF©,2:04 <, z: Ay is
empty. O

6. Examples

Equality is type-dependent. To emphasise that our notion of
equality really is type-dependent, note that if we write F for

Af:(int—Tint).let z <= f(1) inlet y < f(2) inval (z,y)
and F> for
Af:(int—Tint).let y < f(2) inlet z < f(1) inval (z,y)
then we can show
F Fy = F: (int — Tgint) — Tgr(int X int)

but not

FFi =F,: (int — Tg,ug,int) — Tgue, (int X int)
even though F1=F7 and Fo=F> at the type in the latter judgement.

Empty types. As an example of the use of empty types write F'
for

rec f(z: int) <= if x = 0 thenraise F else f(z — 1)
then we can show that
FF:int — T1UEOint
and hence for any appropriately typed P, P', H, H and N : T. X

try z < F(n) in P unless E=N, H

=tryz < F(n) in P’ unless E=N, H' ° Teur X

n:int

Effect polymorphism and conjunction. The following example
shows how the combination of effect polymorphism and conjunc-
tion allows our system to derive surprisingly accurate information:

g :unit — Tgint -
Af : (unit — Tint).try z < f() inval z unless E=g()
:Vo.(unit — Togint) — To pint

AVa.(unit — Tguqint) — Tguaint

In the refined type of the expression above, the left side of the
intersection type deals with the case when f is known not to raise
E. In this case the effect of the entire expression is just that of f.
The right side deals with the case when f may raise £ and hence
the effect of the whole expression is the effect of f (without F)
together with that of g (which is called by the handler). Notice
that in both cases we are polymorphic in the concrete effects in
question.

Derived Equivalences. As well as equivalences involving spe-
cific terms, there are of course more generic equations that may
be justified as derived or admissible rules from the primitive ones
we have presented. For example:

OFM:T.04 ©z: XFP:To,Y OFH:TJY
OF (tryxz < M in Punless H) = M : T.04

with the side condition that none of the exceptions in the effect of
M are handled by H. One can derive this by repeatedly applying
the dead handler elimination followed by the empty rule (since x
has type 04) to replace P with val z, and finally applying the n
rule for the computation type constructor.

7. Discussion

We have shown how a simple effect analysis for exceptions and
divergence, and the transformations it enables, may be given a
simple and neat semantics using partial equivalence relations over
the semantics of the original language. That the development is not
especially complex or surprising we regard as a feature not a bug:
using the right tools should make simple things simple.’

Of the three general advantages of the relational approach that
were mentioned in the introduction (‘extensionalising’ apparently
intensional properties, capturing dependency, and dealing with
equations in context), only the last is really demonstrated here,
though that alone certainly justifies formulating the semantics this
way. Exception throwing behaviour is not so inherently relational
as information flow or data abstraction, and there isn’t really a dis-
tinct notion of ‘observably’ throwing an exception, as opposed to
just ‘throwing an exception’.

Since the work of Amadio [3], Cardone [8] and Abadi and
Plotkin [2], partial equivalence relations have been used to give
semantics to many different ‘standard’ type systems. They have
also been used in modelling static analyses that are obviously con-
cerned with dependency, such as binding time analysis [11], dead-
code elimination [9] and secure information flow [1, 21]. That they
also naturally justify optimizing transformations that are predicated
on analysis results seems to have only been explicitly stated more
recently. Our use of the theory of Boolean rings in axiomatizing
subtyping on effects is inspired by Kennedy’s work [13] on typing
record operations.

Many other researchers have considered static analyses of
exception-throwing behaviour, including Yi [24] and Leroy and
Pessaux [18], and have even combined them with other analyses

3 And complex things possible, of course. Our other work on relational
reasoning about encapsulated state indicates that these techniques do indeed
scale along the complexity axis.



such as resource usage analysis [12]. Much of this previous work
has been aimed at providing improved static debugging support,
rather than optimizing compilation; as far as we are aware, this is
the first work explicitly to deal with the program transformations
that are enabled by exception analysis, except for the earlier work
by Benton and Kennedy [5], which was semantically considerably
messier than the presentation used here.
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