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This paper proposes a new family of Hidden Markov Models named
Maximum Mutual Information Hidden Markov Models (MMIHMMs).
MMIHMMs have the same graphical structure as HMMs. However,
the cost function being optimized is not the joint likelihood of the ob-
servations and the hidden states. It consists of the weighted linear
combination of the mutual information between the hidden states
and the observations and the likelihood of the observations and the
states. We present both theoretical and practical motivations for
having such a cost function. Next, we derive the parameter esti-
mation (learning) equations for both the discrete and continuous
observation cases. Finally we illustrate the superiority of our ap-
proach in different classification tasks by comparing the classification
performance of our proposed Maximum Mutual Information HMMs
(MMIHMMs) with standard Maximum Likelihood HMMs (HMMs),
in the case of synthetic and real, discrete and continuous, supervised
and unsupervised data. We believe that MMIHMMSs are a power-
ful tool to solve many of the problems associated with HMMs when
used for classification and/or clustering.
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1 Introduction

It has been claimed [16] that a fundamental problem in formalizing our intu-
itive ideas about information is to provide a quantitative notion of ‘meaningful’
or ‘relevant’ information. These issues were missing in the original formula-
tion of information theory, where the attention was focused on the problem
of transmitting information rather than evaluating its value to the recipient.
Information theory has therefore traditionally been seen as a theory of commu-
nication. However, in recent years there has been growing interest of applying
information theoretic principles in machine learning and statistics. It has been
argued that information theory provides a natural quantitative approach to the
question of 'relevant’ information.

There are many situations when we would like to compress or summarize
dynamic time data (for example speech or video). One possible approach to
solving that problem is having an additional ’hidden’ variable that determines
what is relevant. In the case of speech, for example, it could be the transcription
of the signal, if we are interested in the speech recognition problem, or it might
be the speaker’s identity if speaker identification is our goal. The formal un-
derlying structure of such problems would consist of extracting the information
from one variable that is relevant for the prediction of another variable.

In this paper we formalize the idea of using information theory in the frame-
work of Hidden Markov Models (HMMs). In the case of HMMs, we will enforce
the hidden state variables to capture relevant information about the observa-
tions. At the same time, we would like our models to explain the generative
process of the data as accurately as possible. Therefore, we propose a cost
function that combines both the information theoretic (MI) and the maximum
likelihood (ML) criteria.

The paper is organized as follows: First, in Section 2 we review the most rel-
evant previous work. Next, Section 3 motivates and describes the proposed cost
function to be optimized. The learning algorithm that estimates the parame-
ters of the model (in the discrete and continuous, supervised and unsupervised
cases) while optimizing such function is presented in Section 4. Experimental
results are presented in Section 6. Finally we summarize our work and discuss
future directions of research in Section 7.

2 Previous Work

In this work we introduce a new formulation for Hidden Markov Models. Numer-
ous variations of the standard formulation of Hidden Markov Models have been
proposed in the past, such as Parametrized-HMM (PHMM) [17], Entropic-HMM
[4], Variable-length HMM (VHMM) [7], Coupled-HMM (CHMM) [5, 13], Input-
Output-HMM (IOHMM) [2], Factorial- HMM [10] and Hidden-Markov Decision
Trees (HMDT) [12], to name a few. Each of these models attempts to solve
some of the deficiencies of standard HMMs given the particular problem or set
of problems at hand. Given that most of them aim at modeling the data and
learning the parameters using ML, in many cases their main differences lie in
the conditional independence assumptions made while modeling the data, i.e.



in their graphical structure. Conversely, the graphical structure of the model
presented in this paper remains the same as that of a standard HMM, but the
optimization function is different. Even though we develop here the learning
equations for HMMs, the framework that we present could easily be extended
to any graphical model.

Tishby’s et al. work on the Information Bottleneck [16] method and its ex-
tensions has been one of the sources of inspiration for our work. The Informa-
tion Bottleneck method is an unsupervised non-parametric data organization
technique. Given a joint distribution P(A, B), the method constructs, using
information theoretic principles, a new variable T' that extracts partitions, or
clusters, over the values of A that are informative about B. In particular,
consider two random variables X and @ with their assumed joint distribution
P(X,Q), where X is the variable that we are trying to compress with respect
to the ’relevant’ variable (). They propose the introduction a soft partitioning
of X through an auxiliary variable T', and the probabilistic mapping P(T|X),
such that the mutual information I(T'; X) is minimized (maximum compres-
sion) while the probabilistic mapping P(T|X), the relevant information I(T; Q)
is maximized.

Our work is also related to the recently popular debate of conditional versus
joint density estimation [?]. The ’conditional’ approach (i.e. the maximiza-
tion of the conditional likelihood of the variables of interest instead of the full
likelihood) is closely related to the use of discriminative approaches in learning
theory. Jebara nicely summarizes in [11] the advantages and disadvantages asso-
ciated with joint and conditional density estimation. Standard HMMs perform
joint density estimation of the hidden state and observation random variables.
However, in situations where the resources are limited (complexity, data, struc-
tures), the system has to handle very high dimensional spaces or when the goal is
to classify or cluster with the learned models, a conditional approach is probably
superior to the full joint density approach. One can think of these two meth-
ods (conditional vs joint) as two extremes with our work providing a tradeoff
between the two. Sections 3 and 5 analyze the properties of our approach and
relate it to the purely probabilistic model more formally.

Finally we would like to point out how our work is different to the Maximum
Mutual Information Estimation (MMIE) approach that is so popular in the
speech recognition community. In particular, Bahl et al. [1] introduced the
concept of Maximum Mutual Information Estimation (MMIE) for estimating
the parameters of an HMM in the context of speech recognition, where typically
a different HMM is learned for each possible class (e.g. one HMM for each
word in the vocabulary). New waveforms are classified by computing their
likelihood based on each of the models. The model with the highest likelihood is
selected as the winner. However, in our approach, we learn a single HMM whose
hidden states correspond to different classes. The algorithm in [1] attempts
to maximize the mutual information between the choice of the HMM and the
observation sequence to improve the discrimination across different models. In
contrast, our algorithm aims at maximizing the mutual information between
the observations and the hidden states, so as to minimize the classification error
when the hidden states are used as the classification output.



3 Mutual Information, Bayes Optimal Error, En-
tropy and Conditional Probability

In the ’generative approach’ to machine learning, the goal is to learn a prob-
ability distribution that defines the process that generated the data. Such an
approach is particularly good in modeling the general form of the data and
can give some useful insights into the nature of the original problem. Recently,
there has been an increasing focus on connecting the performance of these gener-
ative models to their classification accuracy when they are used for classification
tasks. In particular, Garg and Roth develop an extensive analysis in [9] of the
relationship between the Bayes optimal error of a classification task using a
probability distribution and the entropy between the random variables of inter-
est. Consider the family of probability distributions over two random variables
(X, Q) denoted by P(X,Q). The classification task is to predict @ after ob-
serving X. The relationship between the conditional entropy H(X|Q) and the
Bayes optimal error, € is given by

%Hb(Qe) < H(X|Q) < Hy(e) + log % 1)

with Hy(p) = —(1 — p)log(1 — p) — plogp.
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Figure 1: Bayes optimal error versus conditional entropy

Figure 1 illustrates this relationship between the conditional entropy and
the Bayes optimal error. In Figure 1 the only realizable —and at the same time
observable— distributions are those within the black region. One can conclude
from Figure 1 that, if the data is generated according to a distribution that
has high conditional entropy, the Bayes optimal error of any classifier for this
data will be high. Even though this relationship is between the true model and



the Bayes optimal error, it also applies to a model that has been estimated
from data, —assuming a consistent estimator has been used, such as Maximum
Likelihood, and the model structure is the true one. As a result, when the
learned distribution has high conditional entropy, it might not necessarily do
well on classification. Therefore, if the final goal is classification, the graph in
Figure 1 suggests that low entropy models should be preferred over high entropy
ones. The cost function proposed in Eqn 2 favors low conditional entropy models
to high entropy ones.

A Hidden Markov Model (HMM) is a probability distribution over a set of
random variables, some of which are referred to as the hidden states (as they are
normally not observed and they are discrete) and others are referred to as the
observations (continuous or discrete). Traditionally, the parameters of Hidden
Markov Models are estimated by maximizing the joint likelihood of the hidden
states @ and the observations X, P(X, Q). Conventional Maximum Likelihood
(ML) techniques would be optimal in the case of very large datasets (so that the
estimate of the parameters is correct) if the true distribution of the data was
in fact an HMM. However none of the previous conditions is normally true in
practice. The HMM assumption might be in many occasions highly unrealistic
and the available data for training is normally very limited, leading to important
problems associated with the ML criterion (such as overfitting). Moreover, ML
estimated models are often used for clustering or classification. In these cases,
the evaluation function is different to the optimization function, which suggests
the need of an optimization function that correctly models the problem at hand.
The cost function defined in Eqn 2 is designed to tackle some of these problems
associated to ML estimation.

When formulating our optimization functional, we exploit the relationship
between the conditional entropy of the data and the Bayes optimal error previ-
ously described. In the case of Hidden Markov Models (HMMs), the X variable
corresponds to the observations and the () variable to the hidden states. We
would like to maximize the joint probability distribution P(Q, X) while forcing
the @ variable to contain maximum information about the X variable (i.e. to
maximize their mutual information or minimize the conditional entropy). In
consequence, we propose to maximize both the joint likelihood and the mutual
information between the hidden variables and the observations. This leads to
the following cost function

F=01-a)I(Q,X)+ alog P(Xohs, Qobs) (2)

where a € [0, 1], provides a way of deciding the appropriate weighting between
the Maximum Likelihood (ML) (when a = 1) and Maximum Mutual Informa-
tion (MMI) (when « = 0) criteria, and I(Q, X) refers to the mutual information
between the states and the observations. However, very often one does not ob-
serve the state sequence!. In such a scenario, the cost function reduces to

F=(1-a)l(Q,X)+alog P(Xo,) (3)

In fact, mutual information is closely related to conditional likelihood. Learn-
ing the parameters is equivalent to learning the conditional dependencies be-

1We will refer to this case as the unsupervised case while referring to the former as the
supervised case.



tween the variables (edges in the graphical model). This relationship is made
explicit in the following theorem by Bilmes et al.:

Theorem 1 Mutual Information and Likelihood [3] Given three random
variables X, Q® and Q°, where 1(X,Q%) > I(X,Q"), the conditional likelihood
of X given Q® is higher than that of X given Q°, for a sample size large enough.

The theorem also holds true for conditional mutual information, such as
I(X, Z|Q), or for a particular value of ¢, I(X, Z|Q = q)

Therefore, given a graphical model in general (and an HMM in particular)
whose parameters have been learned by maximizing the joint likelihood P(X, Q),
if we were to add some edges according to mutual information the resulting
dynamic graphical model would yield higher conditional likelihood score than
before the modification [3]. In an HMM we are maximizing the joint likelihood of
the hidden states and the observations, P(X, Q). At the same time, it would be
desirable to make sure that the states () are good predictors of the observations
X. According to theorem 1, maximizing the mutual information between states
and observations increases the conditional likelihood of the observations given
the states P(X|Q). This justifies, to some extent, why the cost function defined
in Eqn 2 combines the two desirable properties of maximizing the conditional
and joint likelihood of the states and the observations.

4 MMIHMDMs

We develop in this section the learning algorithms for discrete and continuous,
supervised and unsupervised MMIHMMSs. For the sake of clarity and simplicity,
we will start with the supervised case, where the ’hidden’ states are actually
observed in the training data.

Consider a Hidden Markov Model with Q as the states and X as the obser-
vations. Let F' denote the cost function to maximize,

F=01-a)I(Q,X)+ alog P(Xobs, Qobs) (4)

The mutual information term I(Q, X) can be expressed as I(Q,X) = H(X) —
H(X/Q), where H(-) refers to the entropy. Since H(X) is independent of the
choice of the model and is characteristic of the generative process, we can reduce
our cost function to

F = —(1-a)H(X/Q)+ alog P(Xos, Qobs)
= (]_ — a)F1 + CMFQ

In the following we will use the standard HMM notation for the transition
a;; and observation b;; probabilities,

aij = Plgt =i,qt+1 = j), bij = P(xs = jlg: = 1) (5)

Expanding each of the terms F} and F> separately we obtain,

Fo= —HXIQ) =YY P(X,Q)log[] P(xia)
X Q t=1
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Combining F; and F, and adding the appropriate Lagrange multipliers to
ensure that the a;; and b;; coefficients sum to 1, we obtain:
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Note that in the case of continuous observation HMMs, we can no longer use
the concept of entropy as previously defined. As a result, we will be using the
counterpart differential entropy. Because of this important distinction, we will
carry out the analysis for discrete and continuous observation HMMSs separately.

4.1 Discrete MMIHMMs

To obtain the parameters that maximize the cost function, we take the derivative
of Fy, from Eqn 6 and will equate it to zero. First solving for b;;, we obtain

b

OF7y, Njja B
a0, =(1—a)(1+logbs;) (ZP qt—z> b +v =0 (7)

where Ni’} is the number of times one observes state j when the hidden state
is 1. Eqn 7 can be expressed as

Wij
logb;; + —= » L 49 4+1=0 (8)
where
Nba
(1-a) (Ti Plar =)
9i = T%



The solution of Eqn 8 is given by

L ©
LambertW(—W;el+&)
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where LambertW(x) =y is the solution of the equation ye¥ = x.
Now we are going to solve for a;j. Let’s first look at the derivative of F}
with respect to ajm,.

N

bi; log b,] Qt =)
1

a T M
ajl 3 (10)
t=1 j=1 i=

To solve the above equation, we need to compute %jzi). This can be com-

puted using the following iteration

OP(@=1) _ | X, %ﬁaﬁ if m # i, (11)
Oaim, Z]. %ﬁaﬂ =+ P(qt,1 = l) ifm=1
with the initial conditions
OP(qy =1 i i
(q2 'L) _ { 0 1fm # Zlv (12)
Oaym m ifm=1

Taking the derivative of Fy,, with respect to a;y,, we obtain,

oF KL Ty =1)
L RN 3 3 ST T
Qim t=1 i=1 k=1
N,
+aﬂ+ﬁl
Im

where Ny, is the count of the number of occurrences of ¢;_1 = I, = m in the
data set. The update equation for a;, is obtained by equating this quantity to
zero and solving for a;,

alNy,
T N M OP(z:=i
(L —a) > i1 2im1 2ok—1 bir logbix z’:l(azm Ly Bi

where f3; is chosen so that ) a;m = 1, VL.

(13)

Aim =

4.2 Continuous MMIHMM

For the sake of clarity and without loss of generality, we will restrict our attention
to the case when the P(z|q) is a single Gaussian. Under this assumption, the
HMM is characterized by the following parameters

P(q: = jlgi—1 = 1) = a4
1 _
~(xr — pi) 27 (e — )

1
P T :Z = — X —
(z¢]qe ) 27> p( D)



where ¥; is the covariance matrix when the hidden state is ¢ and |%;| is the
determinant of the covariance matrix. Now, for the cost function given in Eqn 2
Fi and F5 can be written as

B = -HXI[Q)
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t=1 i=1
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Following the same steps as for the discrete case, we again form the Lagrange
Fp, take its derivative with respect to each of the unknown parameters and
obtain the corresponding update equations. First the means of the Gaussians

(14)

t=1,qs=1i 't
My = ———

N;

where N; is the number of times ¢; = i in the observed data. Note that this is
the standard update equation for the mean of a Gaussian, and it is the same
as for ML estimation in HMMs. This is because the conditional entropy is
independent of the mean.

Next, the update equation for a;,, is same as in Eqn 13 except for replacing
> i bir log bix by —% log(27|X;]) — % Finally, the update equation for ¥; is

T
) i g (Tt — i) (e — )"
Nio+ (1= ) Ty Plar = )

T
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a
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It is interesting to note that the update equation for ¥; in Eqn 15 is very
similar to the one obtained when using ML estimation, except for the term in the
denominator (1;')‘) ZtT:l P(q; = 1), which can be thought of as a regularization
term. Because of this positive term, the covariance X; is smaller than what it
would have been otherwise. This corresponds to lower conditional entropy, as

desired.




4.3 Unsupervised Case

The above analysis can easily be extended to the unsupervised case, i.e. when
only Xps is given and @Q,ps is not available. In this case, we use the cost
function given in Eqn 3. The update equations for the parameters are very
similar to the ones obtained in the supervised case. The only difference is that

now we replace IV;; in Eqn 7 by 25:1 R P(q; = i|Xops), Nim is replaced
in Eqn 13 by 25:2 P(gt—1=1,qt = m|Xzps), and N; is replaced in Eqn 15 by
Zthl P(q: = i|Xsps). These quantities can be easily computed using the Baum-
Welch algorithm by means of the forward and backward variables.

5 Discussion

5.1 Convexity

From the law of large numbers, it is known that, in the limit (i.e. as the number
of samples approaches infinity), the likelihood of the data tends to the negative
of the entropy, P(X) ~ —H(X).

Therefore, in the limit, the negative of our cost function for the supervised
case can be expressed as
-F (1-a)H(X|Q) +aH(X,Q)

H(X|Q) + aH(Q) (16)

Note that H(X|Q) is a strictly concave function of P(X|Q), and H(X|Q) is a lin-
ear function of P(Q). Consequently, in the limit, the cost function from Eqn 16
is strictly convex (its negative is concave) with respect to the distributions of
interest.

In the unsupervised case and in the limit again, our cost function can be
expressed as

F = —(1-a)H(X|Q)-aH(X)
—H(X)+ (1 -a)(H(X) - H(X|Q))
—H(X)+ (1 - a)I(X,Q) = P(X) + (1 - a)I(X,Q)

The unsupervised case thus reduces to the original case with a replaced by
1 — a. Maximizing F' is, in the limit, the same as maximizing the likelihood
of the data and the mutual information between the hidden and the observed
states, as expected.

5.2 Convergence

We analyze next the convergence of the MMIHMM learning algorithm in the
supervised and unsupervised cases. In the supervised case, HMMs are directly
learned without any iteration. However, in the case of MMIHMM we do not have
a closed form solution for the parameters b;; and a;;. Moreover these parameters
are inter-dependent (i.e. in order to compute bij, we need to compute P(q; = i)
which requires the knowledge of a;;). Therefore an iterative solution is needed.



Fortunately, the convergence of the iterative algorithm is extremely fast, as it is
illustrated in Figure 2. This figure shows the cost function with respect to the
iterations for a particular case of the speaker detection problem (a) (see section
6), and for synthetically generated data in an unsupervised situation (b). From
Figure 2 it can be seen that the algorithm typically converges after only 2-3
iterations.
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Figure 2: Value of the cost function with respect to the iteration number in
(a) the speaker detection experiment; (b) a continuous unsupervised case with
synthetic data.
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6 Experimental Results

In this section we describe the set of experiments that we have carried out to
obtain quantitative measures of the performance of MMIHMMSs when compared
to HMMs in various classification tasks. We have conducted experiments with
synthetic and real, discrete and continuous, supervised and unsupervised data.

1. Synthetic Discrete Supervised Data:

We generated 10 different datasets of randomly sampled synthetic discrete
data with 4 hidden states and 5 observation values. We used 100 samples for
training and 100 for testing. The training was supervised for both HMMs and
MMIHMMs. MMIHMMs had an average improvement over the 10 datasets of
12%, when compared to HMMs of exactly the same structure. The optimal a
variables ranged from 0.05 to 0.95, depending on the dataset.The best accuracy
of HMMs and MMIHMDMs for each of the 10 datasets is depicted in Figure 3,
together with the optimal « for each of the datasets. A summary of the accuracy
of HMMs and MMIHMMs is shown in Table 1.

Accuracy of HMM and MMIHMM on 10 Discrete Synthetic Datasets
0.9 T T T T T T

—— HMM
— MMIHMM

alpha=0.95

Accuracy
°
Y
3

alpha=0.1

alpha=0.6

1 2 3 4 5 6 7 8 9 10
Dataset

Figure 3: Accuracies and optimal value of « for MMTHMM and HMM (star-line)
on 10 different datasets of synthetic discrete data.

2. Speaker Detection:

An estimate of the person’s state is important for the reliable functioning
of any interface that relies on speech communication. In particular, detecting
when users are speaking is a central component of open mike speech-based
user interfaces, specially given their need to handle multiple people in noisy
environments. We carried out some experiments in a speaker detection task.
The speaker detection dataset was the same that appears in [8]. It consisted of
five sequences of one user playing blackjack in a simulated casino setup using
CRL’s Smart Kiosk [14]. The sequences were of varying duration from 2000
to 3000 samples, with a total of 12500 frames. The original feature space had
32 dimensions that resulted from quantizing five binary features (skin color
presence, face texture presence, mouth motion presence, audio silence presence

11



and contextual information). Only the 14 most significant dimensions were
selected out of the original 32-dimensional space.

The learning task in this case was supervised for both HMMs and MMIH-
MDMs. Three were the variables of interest: the presence/absence of a speaker,
the presence/absence of a person facing frontally, and the existence/absence
of an audio signal or not. The goal was to identify the correct state out of
four possible states: (1) no speaker, no frontal, no audio; (2) no speaker, no
frontal and audio; (3) no speaker, frontal and no audio; (4) speaker, frontal and
audio. Figure 4 illustrates the classification error for HMMs (dotted line) and
Mhttp://www.meany.org/ MIHMMs (solid line) with a varying from 0.05 to 0.95
in .1 increments. Note how in this case MMIHMMSs outperformed HMM:s for all
the values of a. The accuracies of HMMs and MMIHMMs are summarized in
table 1. The accuracy reported in [8] using a bi-modal (audio and video) DBN
was of about 80%.
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Figure 4: Error bars for the Speaker Detection data in MMIHMMs and HMMs

3. Protein Data:

Gene identification and gene discovery in new genomic sequences is certainly
an important computational question addressed by bioinformatics scientists. In
this example, we tested both HMMs and MMIHMMSs in the analysis of the
Adh region in Drosophila. More specifically, part of an annotated drosophila
sequence was used to conduct the experiments and to obtain the measure for
the algorithms’ performance (7000 data points on training and 2000 on testing).
MMIHMMs were superior tohttp://www.meany.org/ HMMs for different values
of alpha. The best results were obtained for a value of alpha of 0.5 as Table 1
reflects.

4. Real-time Emotion Data:

Finally we carried out an emotion recognition task using the emotion data
described in [6]. The data had been obtained from a database of five people that
had been instructed to display facial expressions corresponding to the following
six types of emotions: anger, disgust, fear, happiness, sadness and surprise. The

12



Table 1: Classification accuracies for HMMs and MMIHMMSs on different
datasets

DATASET HMM MIHMM
SYNTDISC 55% 66% (toptimal = -1)
SPEAKERID  64%  88%(Qoptimal = .75)
GENE 68% 84%(toptimal = .5)
EMOTION 67% 74%(optimal = -8)

data collection method is described in detail in [15]. We used the same video
database as the one used in [15]. It consisted of six sequences of each facial
expression for each of the five subjects. In the experiments reported here, we
used unsupervised training of continuous HMMs and MMIHMMs. The accuracy
results of both types of models are displayed in Table 1.

7 Summary and Future Work

We have presented a new framework for estimating the parameters of Hidden
Markov Models. We have motivated, proposed and justified a new cost function
that linearly combines the mutual information and the likelihood of the hidden
states and the observations in an HMM. We have derived the parameter esti-
mation equations in the discrete and continuous, supervised and unsupervised
cases. Finally we have shown the superiority of our approach in a classification
task when compared to standard HMMs in different synthetic and real datasets.

Future lines of research include automatically estimating the optimal «a, ex-
tending the approach to other graphical models with different structures, and
better understanding the connection between MMIHMMSs and other information
theoretic and discriminative approaches. We are also exploring how to apply
our framework to a number of applications and real-life problems.
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