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1 Introduction

Virtually all known algorithms to sample from a high dimensional convex body
K (i.e., to generate a uniformly distributed random point in K) work by defining
a Markov chain whose states are the points of K (or a sufficiently dense subset
of it), and whose stationary distribution is uniform. Running the chain long
enough produces an approximately uniformly distributed random point. The
most thoroughly analyzed versions are the lattice walk [4, 7], the ball walk
[12, 10, 9] and the hit-and-run walk [21, 22, 5, 13].

For what distributions is the random walk method efficient? These sampling
algorithms can be extended to any other (reasonable) distribution in R™, but
the methods for estimating their mixing time all depend on convexity proper-
ties. A natural class generalizing uniform distributions on convex sets is the
class of logconcave distributions. For our purposes, it suffices to define these as
probability distributions on the Borel sets of R™ which have a density function
f and the logarithm of f is concave. Such density functions play an important
role in stochastic optimization [19] and other applications [8]. We assume that
the function is given by an oracle, i.e., by a subroutine that returns the value
of the function at any point . We measure the complexity of the algorithm by
the number of oracle calls.

The analyses of the lattice walk and ball walk have been extended to log-
concave distributions [1, 6], but these analyses need explicit assumptions on the
Lipschitz constant of the distribution. In this paper, we avoid such assumptions
by considering a smoother version of the function in the analysis. The smoother
version is bounded by the original, continues to be logconcave, and has almost
the same integral, i.e. it is almost equal at most points.

Our main result is that after appropriate preprocessing (bringing the distri-
bution into isotropic position), the ball walk (with a Metropolis filter) can be
used to generate a sample using O*(n?) oracle calls. We get a better bound of
O*(n?) if we consider a warm start. This means that we start the walk not from
a given point but from a random point that is already quite well distributed in
the sense that its density function is at most a constant factor larger than the
target density f. While this sounds quite restrictive, it is often the case (for ex-
ample, when generating many sample points, or using a “bootstrapping” scheme
as in [10]) that this bound gives the actual cost of the algorithm per random
point. We also give an O*(n®) algorithm for bringing an arbitrary logconcave
distribution to isotropic position. Our amortized bound for sampling logcon-
cave functions matches the best-known bound for the special case of sampling
uniformly from a convex set.

Our analysis uses various geometric properties of logconcave functions; some
of these are new while others are well-known or folklore, but since a reference
is not readily available, we prove them in section 3.

A sequel to this paper [15] analyzes the hit-and-run random walk.

MA 02139. Supported by NSF Career award CCR-9875024.



2 Results

2.1 Preliminaries.

A function f: R™ — R is logconcave if it satisfies

flaz+ (1= a)y) > f(x)* f(y)'

for every z,y € R™ and 0 < o < 1. This is equivalent to saying that the support
K of f is convex and log f is concave on K.

An integrable function f : R" — Ry is a density function, if [, f(x)dx = 1.
Every non-negative integrable function f gives rise to a probability measure on
the measurable subsets of R™ defined by

w(9)= [ e [ [ fta)as.
S R?L
The centroid of a density function f:R™ — R, is the point
zf = f(@)x dx;

Rn

the covariance matriz of the function f is the matrix
Vi = f(x)za® da
R’n

(we assume that these integrals exist).
For any logconcave function f: R — R", we denote by My its maximum
value. We denote by
Li(t) = {a € R": f(2) > 1)

its level sets, and by

_ [ fl=), if f(z) >,
fulz) = {0, if f(z) < t,

its restriction to the level set. It is easy to see that f; is logconcave. In My and
Ly we omit the subscript if f is understood.

A density function f : R®™ — R, is isotropic, if its centroid is 0, and its
covariance matrix is the identity matrix. This latter condition can be expressed
in terms of the coordinate functions as

/ .’ElSL'Jf(Qi) dr = (Sij

for all 1 <4,j < n. This condition is equivalent to saying that for every vector
v e R?,

| @ 02w de = op.



In terms of the associated random variable X, this means that
E(X)=0 and E(XXT)=1.

We say that f is near-isotropic up to a factor of C, if (1/C) < [(uTz)* drs(x) <
C for every unit vector u. We extend the notions of “isotropic” and “non-
isotropic” to non-negative integrable functions f, in which case we mean that
the density function f/ fRn f is isotropic or near-isotropic.

Given any density function f with finite second moment [o, ||| f(z) dz,
there is an affine transformation of the space bringing it to isotropic position,
and this transformation is unique up to an orthogonal transformation of the
space.

For two points u,v € R™, we denote by d(u,v) their euclidean distance. For
two probability distributions o, 7 on the same underlying o-algebra, let

div(0,7) = sgp(U(A) —71(4))
be their total variation distance.

2.2 The random walk.

Let f be a logconcave distribution in R™.
The ball walk (with a Metropolis filter) to sample from f is defined as follows:

e Pick a uniformly distributed random point ¥ in the ball of radius r centered
at the current point.

e Move to y with probability min(1, f(y)/f(z)); stay at the current point
with the remaining probability.

In connection with the second step, we have to discuss how the function is
given: we assume that it is given by an oracle. This means that for any x € R™,
the oracle returns the value f(x). (We ignore here the issue that if the value
of the function is irrational, the oracle only returns an approximation of f.) It
would be enough to have an oracle which returns the value C - f(x) for some
unknown constant C' > 0 (this situation occurs in many sampling problems e.g.
in statistical mechanics and simulated annealing).

For technical reasons, we also need a “guarantee” from the oracle that the
centroid z¢ of f satisfies ||z¢|| < Z and that all the eigenvalues of the covariance
matrix are between r and R, where Z, r and R are given positive numbers.

Our main theorem concerns functions that are near-isotropic (up to some
fixed constant factor ¢). In section 2.4, we discuss how to preprocess the function
in order to achieve this.

Theorem 2.1 If f is near-isotropic, then it can be approximately sampled in
time O*(n*) and in amortized time O*(n3) if more than n sample points are

needed; any logconcave function can be brought into isotropic position in time
O*(n®).



Theorem 2.1 is based on the following more explicit result about a “warm
start”.

Theorem 2.2 Let f be a logconcave density function in R™ that is near-
isotropic up to a factor of c. Let o be a starting distribution and let o™ be
the distribution of the current point after m steps of the ball walk. Assume that
there is a D > 0 such that o(S) < Drg(S) for every set S. Then for
3
m > 10" D? 2 1og 1
€ €

the total variation distance of c™ and 7y is less than €.

2.3 Isoperimetry.

As in all papers since [4], bounding the mixing time depends on a geometric
isoperimetric inequality.

We will use an extension of Theorem 5.2 from [10] to logconcave functions.
For a logconcave density function f, define

M(f) = Ef(|lz — 2¢]).

Theorem 2.3 Let f be a logconcave density function on R™. For any partition
of R™ into three measurable sets S1,S2, 93,

75 (Sh) = Tesd(S1, Sa)m (S ().

Note that for an isotropic density function in R™, M(f) < /n.

2.4 Transforming to isotropic position.

The results of section 2.2 above use the assumption that the given density func-
tion is near-isotropic. To bring the function to this position can be considered
as a preprocessing step, which only needs to be done once, and then we can
generate any number of independent samples at the cost of O*(n?) or O*(n?)
oracle calls per sample, as described earlier. But the problem of transforming
into near-isotropic position is closely intertwined with the sampling problem,
since we use sampling to transform an arbitrary logconcave density function
into near-isotropic position.

In this section we describe an algorithm to achieve near-isotropic position.
The following theorem is a consequence of a generalized Khinchine’s Inequality
(Theorem 3.17) and Rudelson’s theorem [20] and is the basis of the algorithm.

Theorem 2.4 Let f : R"™ — Ry be an isotropic logconcave function. Let

V1,02, ...,U;, be independent samples from wy with
m=100- — log* =
Ui Ui
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Then

1 m
EH— ZviviT — IH <.
mia
A corollary of this result is the following:

Corollary 2.5 Let f : R™ — Ry be a (not necessarily isotropic) logconcave
function. Let vi,va,...,vn be independent samples from w¢ (where m is defined
as above). Compute the matrices V = 25" vl and W = V=12, Then with
probability at least 1 — (n/d), we have

[V =Vl <6,

and hence the transformed function f(z) = f(Wz) is near-isotropic up to a

factor of 1/(1 —9).

The error probability of 7/d is not good enough for us; we cannot choose 7
small because the number of sample points m depends badly on 7. The following
trick reduces the error probability for a moderate cost:

Algorithm A.
e Choose n =1/100 and § = 1/10.

e Repeat the construction in Corollary 2.5 ¢ times, to get ¢ matrices
v, v,

e For each of these matrices V() count how many other matrices V) satisfy
v — vy < 2. (1)

If you find one for which this number is larger than ¢/2, return this as an
approximation of Vy. Otherwise, the procedure fails.

Theorem 2.6 With probability at least 1—(4/5)9, Algorithm A returns a matriz
V satisfying |V — V| < .3.

Proof. For each 1 < j <k, we have
P<||V(j) ~V) < .1) > 9. 2)

Hence (by Chernoff’s inequality) with probability at least 1 — (4/5)¥, more than
half of the V) satisfy (2). If both V() and V) satisfy (2), then they clearly
satisfy (1), and hence in this case algorithm cannot fail. Furthermore, if V(*)
is returned, then by pigeon hole, there is a j such that both (2) and (1) are
satisfied, and hence ||V — V| < .3 as claimed. O

Now the algorithm to bring f to near-isotropic position can be sketched as
follows. Define

M;
T P—
K79

W k‘ZO,l,



The algorithm is iterative and in the k-th phase it brings the function gr = fr,
into near-isotropic position.

Algorithm B.
e Choose p = Cnlogn and g = log(p/e).

e Bring the level set {z : f(x) > M/2} to near-isotropic position (using e.g.
the algorithm from [10]).

e For k=0,1,...,p, compute an approximation V of V,, using Algorithm
A, and apply the linear transformation V—1/2.

By Corollary 3.15, we have that after phase k, not only g is approximately
isotropic, but also gx41 is near-isotropic; in addition a random sample from gy
provides a warm start for sampling from gx41 in the next phase. So we need to
walk only O*(n3) steps to get a point from (approximately) gi11. By Lemma
3.11 together with Theorem 3.9(e), the measure of the function outside the set
{z: f(x) > M/Tcniogn} is negligible and so Cnlogn phases suffice to bring f
itself to near-isotropic position.

The above description of the algorithm suits analysis, but is not how one
implements it. We don’t transform the body, rather, we transform the euclidean
norm of the space. More precisely, we maintain a basis wuq, ..., uy,, which is
initialized as u; = e; in phase 0. The u; are fixed throughout each phase. To
generate a line through the current point, we generate n independent random
numbers X1, ..., X, from the standard Gaussian distribution, and compute the
vector Xquy + ... X,u,. The line we move on will be the line containing this
vector.

At the end of phase k, we have generated m independent random points
V1,...,Up from the distribution fr,.,. We compute the matrix W =

(% Z:ll viviT)l/Z and update the vectors u; by letting u; = We;.
Each sample (after the first) takes O*(n?) oracle calls and hence each phase
takes O*(n%) calls. The overall complexity of the algorithm is O*(n®) oracle

calls.

3 The geometry of logconcave functions.

In this section we state geometric properties of logconcave functions that are
used in the analysis of our algorithm. Most of these facts are well-known or even
folklore, but references are not easy to pin down. Since the constants involved
are needed to formalize our algorithm (not only to analyze it), we found that
we have to include this section containing the proofs with explicit constants.

We start with some definitions. The marginals of a function f : R™ — R,
are defined by

G(xl,...,xk):/ kf(xl,...,xn)dxk+1...dxn.
R~k



The first marginal

g(t):/ flt,za, ... xn)deg .. . day,
T2 xT

seedbn

will be used most often. It is easy to check that if f is in isotropic position,
then so are its marginals. The distribution function of f is defined by

F(tl,...,tn):/ flx,. .. zp)dxy .. dxy,.
z1<t1,...,2n <tp

Clearly, the product and the minimum of logconcave functions is logconcave.
The sum of logconcave functions is not logconcave in general; but the following
fundamental properties of logconcave functions, proved by Dinghas [3], Leindler
[16] and Prékopa [17, 18], can make up for this in many cases.

Theorem 3.1 All marginals as well as the distribution function of a logcon-
cave function are logconcave. The convolution of two logconcave functions is
logconcave.

3.1 One-dimensional functions

Let g : Ry — Ry be an integrable function such that g(x) tends to 0 faster than
any polynomial as x — co. Define its moments, as usual, by

My(n) = /0Oo t"g(t) dt.

Lemma 3.2 (a) The sequence (My(n): n=0,1,...) is logconvex.
(b) If g is monotone decreasing, then the sequence defined by

, [ nMy(n—1)), ifn>0,
Mg(n) = {g(O), ifn=0

1s also logconvex.
(c) If g is logconcave, then the sequence Mg(n)/n! is logconcave.
(d) If g is logconcave, then

Q(O)Mg(l) < Mg(0)2~

(i.e., we could append g(0) at the beginning of the sequence in (¢) and maintain
logconcavity).

Proof. (a) We have for every real
o
0< / (t+ 2)*t"g(t) dt = 2> My(n) + 22 My(n + 1) + My(n + 2).
0
Hence the discriminant of the quadratic polynomial on the right hand side must

be non-positive:
My(n+1)° = My (n)M,(n +2) <0,



which is just the logconvexity of the sequence.

(b) We may assume (by approximating) that g is differentiable. Then —¢’
is nonnegative, which by (a) implies that the sequence M_, (n) is logconvex.
Integrating by parts,

M_g(n) = — /ooo t"g'(t)dt = =[t"g(1)]5" + /OOO nt"~g(t) dt = nMy(n — 1)

forn > 1, and

This proves (b).
(c) Let h(t) = Be~"* be an exponential function (8,7 > 0) such that

Mp(n) = My(n) and Mp(n+2) = My(n+2)

(it is easy to see that such an exponential function exists). Then we have

/OOO t"(h(t) — g(t)) dt = 0, /OOO t"*2(h(t) — g(t)) dt = 0.

From this it follows that the graph of A must intersect the graph of g at least
twice. By the logconcavity of g, the graphs intersect at exactly two points a < b.
Furthermore, h < g in the interval [a,b] and h > ¢ outside this interval. So the
quadratic polynomial (¢t —a)(t —b) has the same sign pattern as h — g, and hence

/Ooo(t — a)(t — Bt (h(t) — g(t)) dt > 0.

Expanding and rearranging, we get

/0 T2 (1) =g (1)) di-ab /0 T (1) —g(t)) dt > (atd) /0 T () —g (1)) dt.

The left hand side is 0 by the definition of h, so the right hand side is nonpositive,
which implies that

My(n+1) = / t" () dt < / t"Tlg(t)dt = My(n +1).
0 0

In other words, this shows that it is enough to verify the inequality for expo-

nential functions. But for these functions, the inequality holds trivially.
(d) The proof is similar and is left to the reader. O

Lemma 3.3 Let X be a random point drawn from a one-dimensional logconcave
distribution. Then

P(X > EX) > +.
(&



Proof. We may assume without loss of generality that EX = 0. It will be con-
venient to assume that |X| < K; the general case then follows by approximating
a general logconcave distribution by such distributions.

Let G(z) = P(X < z). Then G is logconcave, monotone increasing, and we
have G(z) = 0 for x < —K and G(z) = 1 for x > K. The assumption that z is
the centroid implies that .

/ zG'(z) dx = 0,
-K
which by partial integration means that

/I; G(z)dx = K.

We want to prove that G(0) > 1/e.

The function In G is concave, so it lies below its tangent at 0; this means that
G(z) < G(0)e**, where ¢ = G'(0)/G(0) > 0. We may choose K large enough so
that 1/¢ < K. Then

G(0)e® if z <1/e,
G(x)g{l ifx>1/c,
and so
K
K = / G(z), dz
-K
1/c K
< G(0)e*™ dx+/ ldz
—o0 1/c
1
— @ + K — -,
c c
which implies that G(0) > 1/e as claimed. O

Lemma 3.4 Let g : R — Ry be an isotropic logconcave density function.

(a) For all z, g(z) < 1.

(b) 9(0) > 5.
Proof. (a) Let the maximum of g be attained at a point z, and suppose that
g(z) > 1. Fori=0,1,2, let

oo

M= [ (z—2)g(z)dz,

Clearly



So

M+ Ny = (Mo+ No)?+ (My — Ny)?
= (Mo — M)* + (No — N1)* + 2(MoNo — My Ny) + 2(MoM; + NoNy)
> 2(MoM; + NoNy),

since by Lemma 3.2(d), we have M; < Mg/g(2) < My, and similarly N; <
N§/g(z) < No.
On the other hand, by Lemma 3.2(c) and (d), we have

My < 2M3? /My < 2M; My/g(2) < 2M; My, Ny < 2N N,

and so
M2 -+ NQ < 2(MOM1 + N(]Nl),

a contradiction proving (a).
(b) We may assume that g(z) is monotone decreasing for > 0. Let gg be
the restriction of g to the nonnegative semiline. By Lemma 3.2(b),

My, (0) < 9(0)2/3 (3My, (2))1/3-

Here trivially My, (2) < My(2) = 1, while Lemma 3.3 implies that Mg, (0) >
(1/e)My4(0) = 1/e. Substituting these bounds, we get

1
0) >\ — >
g( )7 3637

ool —

Lemma 3.4(a) is tight, as shown by the function

g(x) = e 177 ifz > -1,

0, if x < —1.
Part (b) is not tight; most probably the right constant is 1/(2 - v/3), attained
by the uniform distribution on the interval [—+/3, v/3].

Lemma 3.5 Let X be a random point drawn from a logconcave density function
g:R—R,.
(a) For every ¢ >0,
P(g(X) <) < —.
g
(b) For every 0 < ¢ < g(0),

P(ming(2X), g(-2X) <¢) >

10



Proof. (a) We may assume that the maximum of ¢ is assumed at 0. Let ¢ > 0
be defined by g(q) = ¢, and let h(t) = g(0)e~ " be an exponential function such
that h(q) = g(q). Clearly such a v exists, and h(0) = g(0), v > 0. By the
logconcavity of the function, the graph of h is below the graph of g between 0
and ¢, and above outside. Hence

S g(t)dt B S n(t) dt
[ g(), dt = 7 h(t), dt

/ooh(t)dt: 9(0),/00 netyat = 49 _
0 q

y

Here

and so we get that

Here ¢(0) = My, furthermore
/ gt)dt =P(X >q) =P(9(X) <¢,X >0),
q

and -
/ g(t)dt = P(X > 0),
0

so we get that
c

<
Pg(X)<e, X >0) < i,

P(X > 0).

Similarly,

P(g(X) < e, X <0) < MigP(X <0).

Adding up these two inequalities, the assertion follows.

(b) We may assume that P(X < 0) > 1/2. Let ¢ > 0 be defined by g(q) = ¢.
If P(X < ¢/2) > 1/4 then the conclusion is obvious, so suppose that P(X >
q/2) < 1/4. Similarly, we can assume that P(—¢/2 < X < 0) > 1.

Let h(t) = Be~ 7" be an exponential function such that

0 0
/ h(t)dt = / g(t) dt = a,
—q/2 —q/2

/q ; h(t) dt = /q ; g(t)dt = b.

It is easy to see that such § and «y exist, and that 3, > 0. From the definition
of h we have

and

é( vq/2_1) = a,

v
é(e—vqﬂ_e—vq - b
0

11



Dividing these equations with each other, we obtain

a

el =—.

b
By the logconcavity of the function, the graph of h must intersect the graph
of g in a point in the interval [—¢/2,0] as well as in a point in the interval
[¢/2,q]; it is below the graph of g between these two points and above outside.
In particular, we get

¢ = 9(a) < h(g) = e = 7,
and
g(0) > h(0) = 3,
SO ¢ ¢
b2 050 7 a9(0)

We conclude with a useful lemma about the exponential function.

Lemma 3.6 Let g be an exponential function restricted to an interval, i.e.,

| per®, ifa<zx<b,
9(w) = {0, otherwise.

such that

/ (2% = Dg(a) da < 0. (3)

— 00

Then, .
x)dx 1—e B! x)dx. 4
[ sz )| ot (@)

Proof. Clearly we may assume that v >0, a < —1, b > 1, and either a < —R
or b > R. Further elementary considerations show that we can assume that
equality holds in (3). Then from v > 0 it follows that |a| > b, so a < —R. If
b > 1, then we can decrease a and increase b so that (3) is maintained, and (4)
will still fail if it failed to begin with. So we may assume that either b = 1 or
a = —00.
If b =1, then we can write (4) as
¥ —e VR

—(R+1
—>1—¢ ( +,
e’ —ele

which is easily seen to hold if v > 1, so suppose that v < 1. But then (3) does

not hold unless with equality unless a = —o0.
So assume that @ = —oo. In this case, (4) can be simplified to
Y(R+b) >R+ 1. (5)
Equality in (3) implies that b = (1 4+ /72 —1)/v. So v > 1, which implies (5).
U

12



3.2 Higher dimensional functions

Now consider a logconcave density function f: R™ — R, where we assume that
n > 5 to exclude some trivial complications.
Lemma 3.3 extends to any dimension without difficulty:

Lemma 3.7 Let f : R™ — Ry be a logconcave density function, and let H be
any halfspace containing its centroid z. Then

/H f(z) d >

Proof. We may assume without loss of generality H is orthogonal to the first
axis. Then the assertion follows by applying Lemma 3.3 to the first marginal of
I O

D | =

Lemma 3.8 Let L be a level set of an isotropic logconcave density function f
on R™. If L does not contain a ball of radius t, then [, f(z)dz < et.

Proof. Let )
h(z) = {f(x), ifeel,

0, otherwise.

Then h is logconcave. Let z be the centroid of h. Assume that L does not
contain a ball of radius £. Then by the convexity of L, there exists u € R"™,
|u] = 1 such that

maxu

T
€L (

x—z) <t
Rotate the coordinates so that u = (1,0,...,0)7, i.e.

maxx) —z1 < t.
zeLl

The first marginal g of f is also logconcave. Further since f is in isotropic
position, so is g. Lemma 3.4 implies that g < 1. Hence

[ nwars | f(@) da
1221 z1<x1<21+¢

:/ g(z1) dzy <.
z1<z1<21+t

This bounds the probability of one “half” of L. But since h is a logconcave
function, we have by Lemma 3.3 that

/ f@)de = [ h(z)dz <et.
L Rn

13



Theorem 3.9 Let f:R™ — R, be an isotropic logconcave density function.
(a) For every v € R™ with 0 < |v] < 1/9, we have 279" £(0) < f(v) <
29n|v\f(0)
(b) f(z) <27 £(0) for every x.
(c) There is an & € R™ such that f(z) > 1/\/2er .
(d) 2™ < £(0) < 10"n™/2.
(e) f(z) < 28"n™/2 for every .

Proof. (a) We prove the lower bound; the upper bound is analogous. Sup-
pose that there is a point u with |u| = ¢ < 1/9 and f(u) < 279 f(0). Let
v = (1/(9¢))u, then by logconcavity, f(v) < 27" f(0). Let H be a hyperplane
through v supporting the convex set {x € R" : f(x) > f(v)}. We may assume
that H is the hyperplane x; = a for some 0 < a < 1/9. So f(z) < 27" f(0) for
every x with x1 = a.

Let g be the first marginal of f. Then g is also isotropic, and hence g(y) < 1
for all y, by Lemma 3.4. We also know by Lemma 3.3 that

Q|

/Ooog(y)dyz

We claim that

g(a)
9(2a) < == (6)

Indeed, using the logconcavity of f, we get for every x with 1 = a

f@? 1)
F0) = 2

f(2z) <
and hence

9(2a) = / flx)dzs...dz, < 2_”2"_1/ fx)dzy ... .dx, = @.
(z1=2a) (z1=a) 2

Inequality (6) implies, by the logconcavity of g, that g(z+a) < g(z)/2 for every
x > a. Hence

oo 2a
/ o(y)dy <2 / oly) dy < 2a,

and hence
[es) a 0o 1
/0 g(y)dy:/o g(y)dy+/ 9(y)dy < 3a < —,

a contradiction.

(b) The proof is similar to the proof of (a). Let w be an arbitrary point, and
suppose that f(w) > 2*"f(0). Let H be a hyperplane through 0 supporting the
convex set {x € R": f(x) > f(0)}. We may assume that H is the hyperplane
x1 = 0. So f(x) < f(0) for every  with 1 = 0. Let g be the first marginal

14



of f. Let H; denote the hyperplane x1 = t. We may assume that w € H, with
b>0.

Let a = b/2, let x be a point on H,, and let 2’ be the intersection point of
the line through w and x with the hyperplane Hy. Then by logconcavity,

fw)f(x) < f(z')?,
whence / / fw) 12
) 2 f(w 212 = (B ) = i),
and hence

o) = [ s@ydez2a [ fw)do=21ag(0)

and so, using Lemma 3.4(b), we get
2n
>
9la) = -
This contradicts Lemma 3.4(a).

(c) Suppose not. For a random point X from the distribution, we have
E(]X|?) = n, and hence by Markov’s inequality, P(|X|?> < 2n) > 1/2. In other

words,
/ f(z)dz >
VanB

DO =

On the other hand,
1
/ f(z)dz < 6 "vol(v2nB) = 67 "(2n)"*m, < =,
V2nB 2

which is a contradiction.

(d) The lower bound follows from parts (b) and (c). Part (a) implies that

1 f(0
(m)dxz/ f(x)dxzﬁn—f( ),

R "Elﬁl/g 9” 2”
and since this integral is 1, we get that
18™

£(0) < — < 20"n"/2,
T
(e) is immediate from (d). O

Lemma 3.10 Let f : R® — R4 be an isotropic logconcave density function.
Then for every line £ through 0,

/[ F@) dr(z) > 2.
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Proof. We may assume that ¢ is the x,-axis. Consider the marginal
oo
h(xh...,xn,l):/ f(xl,...,xn,ht)dt.
— 00

This is also an isotropic logconcave density function, so by Theorem 3.9(d) , we
have

/f(l") dhg(x) = h(0) > 27701 5 9=,
¢

The following lemma generalizes Lemma 3.5(a) to arbitrary dimension.

Lemma 3.11 Let X be a random point drawn from a distribution with a log-
concave density function f:R™ — Ry. If 3 > 2, then

P(f(X) < e D) < (e 778)"

Proof. We may assume that f is continuous, My is attained at the origin,
and M; = f(0) = 1. Let ¢ = e~#(»=1). Using polar coordinates, we have

— — OO n—1
1= - f(z)dx = /ues/o fw)t" = dt

P <= [ fwe= [ [ pewetar
f(z)<c ueS Jt: f(tu)<c
Fix a unit vector u, and let ¢ > 0 be defined by f(qu) = c. By logconcavity,

and

> ePn=Dt/a if ¢ < g,
f(tu) { S eﬁ(nfl)t/q’ if ¢ Z q.

Hence - -
SO f@uytn=tdt [ et agn=t gy

IS ftu)tn=tdt = [F efn=Dt/agn—1 gt

The integrals on the right hand side can be evaluated:

00 n
/ eﬁ(n—l)t/qtn—l dt — (n . 1)' <ﬁ(n - 1)) ’
0 q

and

00 n n—1 \f
son—tfan—1 g0 _ 1y (BORZDNT ooy AT
/q e @r=tdt = (n—1)! < . e kE:O =R

The last sum can be estimated by 2(3(n — 1))~ 1/(n — 1)! < (e8)"~!. Thus

/OO ftu)t"tdt < (el =Pp)n-1 /oo f(tu)t™ 1 dt,
q 0

16



and so

P(F(X)<c) = / . /t.m e a

1-8 p\yn—1 > n—1
(e7"B) /ues/o ftu)ttdt
= (P

IN

O

Lemma 3.12 Let X € R" be a random point from an isotropic logconcave
distribution. Then for any R > 1, P(|X| > R) < e £,

Proof. Since the distribution is isotropic, we have

[ (el = 0@y o=,

and if the assertion is false, then
/ flz)dz — e B f(x)dz > 0.
|z|>R R™

By the Localization Lemma, we have two points a,b and a vy > 0 so that

1
/ (|(1 = t)a + tb|> — 1)e* dt = 0, (7)
0
and )
eVt dt — e_R/ e dt > 0. (8)
0<t<1 0
la+tv|>R

It will be convenient to re-parametrize this segment [a,b] by considering the
closest point v of its line to the origin, and a unit vector u pointing in the
direction of b — a. Let R’ = y/R? — |v|?, then we can rewrite (7) and (8) as

ta

/ (Juf + t* = 1)e dt = 0, (9)
t1
and
to
/ et dt — e—R/ etdt >0 (10)
t) <t<tg t
|t|>R/

(with some t1,t2). Equation (9) implies that |u| < 1. Introducing the new
variable s = t/1/1 — |u|?, we get

s2
/ (82 = 1)e" ds = 0,

51
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and

S1
e ds —e P e ds >0,
s1<s<s3 50

|s|>R"
where R” = R'//1 —|ul|?, and s1, s2, k are similarly transformed. Now this
contradicts Lemma 3.6. O

The following lemma generalizes the upper bound in Theorem 4.1 of [11]:

Lemma 3.13 Let f: R™ — R be an isotropic logconcave function, and let z
be a point where it assumes its mazimum. Then |z| < n+ 1.

The characteristic function of an isotropic regular simplex shows that the
bound is essentially tight.
Proof. Write x = x 4 tu, where t € R} and |u] = 1. Let e = z/|z|. We can
write

1:/Rn(eTx)2f(x) dx_/u|_1/Ooo(eT(z+tu))2f(tu)t"1dtdu.

Fix any u, and let g(¢) = f(tu). Then the inside integral is
oo
| T a0 de = |2PA (= 1)+ 24 T )My ) + (T My 1),

By Lemma 3.2(b), we have here
(n+1)*My(n)* < n(n +2)My(n — 1)My(n + 1),
and so

n(n + 2)

2
e

Mgy(n—1)+ 2|Z|(€TU)Mg(n) + (@TU>2M9<” +1)>0

(since the discriminant of this quadratic form is nonpositive). So

z n—1)4+2(z|(e u n)+(e u n + > — =z n—1).
2My(n — 1) + 2z|(e"u) M, Tu)? M, 1>(+1)2 ?My(n — 1
n
Substituting this in the integral, we get
1

S _ 4 2

SACESIEE
which proves the lemma. O

Lemma 3.14 Let f : R™ — R be a logconcave function, let FF = max f, and
let L(t) ={x € R™: f(x) >t}. Then for0<s<t<F,

vol(L(s)) In(F/s)\"
Vol(L(D) = <1n<F/t>>

18



Proof. Fix a point z where f(z) = F. Consider any point a on the boundary
of L(s). Let b be the intersection of the line through a and z with the boundary
of L(t). Let b =wua + (1 —w)z. Since f is logconcave,

t Z Flfusu’

and so Wn(F/t)

In(F/s)’

This means that (In(F/s)/In(F/t))L(t) contains L(s), and hence
vol(L(s)) In(F/s)\"
s < (niern)

u >

as claimed. O

Lemma 3.15 Let f: R™ — R be a logconcave function, let F' = max f, and
let f; denote the restriction of f to the level set L(t) = {x € R™ : f(x) > t}.
Let 0 < s <t < F such that t"T1 < s"F, and assume that f, is isotropic. Then
fs is near-isotropic up to a factor of 6.

Proof. Lemma 3.14 implies that

[ f@ds <3 [ pi)d

Hence for every unit vector wu,

fL(s)(“Tm)gf(l") dx
’LLT:E 2 T €T =
[ @t ing @) T
Jug (@l T e 1 Jyg (70 (@) e
- fL(S) f(@)dz -3 fL(t) f(z) dx

On the other hand, Let L’ be obtained by blowing up L(t) from center z by a
factor of 1 4+ 1/n. Then L(s) C L’ by logconcavity, so

/ T ) do < [ w2 ds

/

1\" 1 1 2 1 1
= (1+7) / [uT<<1+f>x—fz>] f((l—i-f)x—fz) dz.
n L(t) n n n n
Using that f decreases along semilines starting from z, we get

/L(s) (ul'z)? f(z) da
< (2" [ (O D) )] s

19



We can expand this into three terms:

1+ 1y (u'2)? f(z) da
L)

n

n

72% (1 + l)n—H /L(t)(uTx)(uTz)f(z) dx
+% (1 + l)n /L(t)(uTz)Qf(x) dz.

n

Here the middle term is 0 since f; is isotropic, and the last term is

i(1 + l)n/ (u"2)%f(z) d

by Lemma 3.13. The first term is

l n+2 ’LLT-T 2 T - UTZ‘ 2 ) de
(1) [ s <s [ orerseas
and hence
T,.)2 _ fL(s)(uTx)Qf(x) dx fL(t)(UTl“)Qf(m) dx
/n(u z)*dmys (z) = Jo TV <3+ IRICLE

3—|—3/n(uTx)2 dry, () = 6.

g

We end this section with an important folklore theorem, generalizing Khin-
chine’s inequality to logconcave functions.

Lemma 3.16 For every a < 3,
k
[Pettkar ([T et dt
e —— < L aﬁi
JDetdt [ e tdt

Proof. Routine. O

Theorem 3.17 If X is a random point from a logconcave distribution in R™,
then
E(1X9)/* < 2KE(| X)),
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Note that the Holder inequality gives an opposite relation:
E(1X %)% > E(1X]).
Proof. We can write this inequality as

k
Jon f(x)da — Jon f(2) dz
By Lemma 2.6 in [11], it suffices to prove that for any two points a,b € R™ and
c € R, we have
[ etlta+ (1 —t)b|* dt
fol ect dt

1 ot k
1_

< (2h)" Jo e |ta1—|—( t)b| dx '
Jo et dx

Let ¢ be the closest point of the segment [a,b] to the origin. We can write
any point on the segment [a,b] as ¢+ s(b—a), where « = —|c—al/|b—a|] < s <
6 =|b—c|/|b—al|. In this case,

e+ s(b—a)| = max{|c|,|s| - |b—al}, (11)

and of course
e+ s(b—a)| < |e|+|s|-|b—al.

Hence 5
/ e e 4 s(b— a)|F ds

B
< 2k—1/ ec(s—oc)|c|k ds

B
42k-1 / e~ sk |b — al ds .

Here the first term is easy to evaluate, while the second term can be estimated
using Lemma 3.16. We get that

ff = e + 5(b—a)|* ds
ff ec(s=a) (g

B e(s—a) k
e s|ds
§2k—1‘c|k+2k—l|b_a|kkk focﬁ | |
fa ec(s—a) dg

k
— 9k-1 <ff ec(S_O‘)|C| ds)

ff ec(s=a) (g
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k
ot [ Ja e lsllb — aldt
fﬁ ec(s—a) dg

[

B c(s—a) _ k
< (2h)* e lc+s(b—a)|ds
- ff ec(s—a) (g ’

where the last step uses (11). O

4 Taming the function

To simplify notation, we introduce the following parameters:

€ C?
R =20y/nlogn, C= . Vo = vol(rB) = m,r".

1000 " 5000¢/n°

4.1 Smoothing out

Next we define a ”smoothed-out” version of the given density function f and
prove its basic properties. Define

fla) = min = | fasuwn

where C' ranges over all convex subsets of the ball x + rB with vol(C) = V;/16.
The quotient

is a certain measure of the smoothness of the function f at z.

The somewhat complicated definition of the function f serves to assure its
logconcavity (Lemma 4.2). We’ll also show that this function is not much smaller
than f on the average (Lemma 4.3). The value of §(x) governs the local smooth-
ness of the function f in more natural ways than its definition (in the sequel to
this paper [15] we’ll show further evidence of this relevant to the hit-and-run
walk). We start with a simple observation that shows that we could (at the cost
of a factor of 2) replace equality in the condition on C' by inequality:

Lemma 4.1 For every conver subset D C rB with vol(D) > vol(B)/16, we

have )
F(D)/Df(m-i-u)du >

Proof. We can slice up D into convex sets D = Dy U...U D,, so that
Vo/16 < vol(D;) < V,/8. For at least one i, we have

f(@).

N | =

1 1
VOI(Di)/Dif(eru)dugVO](D)/Dj"(:zquu)du.
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Let C be any convex subset of D; of volume vol(rD)/16, then

1 2
7VO1(C)Af(x+u)du§ wol(D) /Di flx +u) du.

Since by definition
1 "
>
<G | @z f@)

this proves the lemma. O

Lemma 4.2 The function f 1s logconcave.

Proof. For a fixed convex set C C rB, the function

fc(x):/cf(x+u)du

is the convolution of the function f with the characteristic function of the convex
set —C', and so it is logconcave by Theorem 3.1. O

Lemma 4.3 We have

f(x) dr > 1 — 64r1/2pt/4,
Rn

To prove Lemma 4.3, we need a lemma from [10] (in a paraphrased form).

Lemma 4.4 Let K be a conver set containing a ball of radius t. Let X be a

uniform random point in K and let Y be a uniform random point at distance s
from X. Then
sy/n

2t

PY ¢ K) <

Proof. [of Lemma 4.3]. Consider the set {(X,T) e R" xRy : T < f(X)}, and
select a pair (X,T) randomly and uniformly from this set. Choose a uniform
random point Z on the sphere of radius r around X. We estimate the probability
that T < f(2).

First, fix X and Z, and then choose T'. Since T is uniform in the interval
[0, f(X)], the probability that T > f(Z) is

(o, it £(2) > f(X),
Pr(T > 1(2)) = {1 ~ L9 it f(2) < (0,
which we can also write as
f(2)

Po(T > f(2)) = \1— e

+



Taking the expectation also over the choice of Z,

PraT>(2) = [ P e
1 o)
Vo )xiren FX 1, o

Let C be the convex set attaining the minimum in the definition of f (X), then
it follows that

\%

Prar> 1) > g [ (1-5) o

1 (1_f<X>>
16 f(X) )

Finally, taking expectation in X (which is from the distribution 7 ), we get

1 f(x)
Przx(T'< f(2)) < 6 Jpn (1 - mf@)) dz (12)
1 .

Next, start by choosing T from its appropriate marginal distribution, and
then choose X uniformly from L(T'), and then choose Z. Let Fj be the smallest
t for which the level set L(t) = {x € R™ : f(x) > t} contains a ball of radius
¢1 (which we’ll choose later). If T' < Fy, then L(T') contains a ball of radius ¢y,
and so by Lemma 4.4, the probability that Z ¢ L(T) is at most ry/n/c;. Hence

P(T > f(Z)) < P(T > Fy) + -

C\/EP(T < Fy) =P(T > Fy)(1 — rcﬂ) n TCﬂ

Here P(T > Fy) < m7(L(Fp)) < eci by Lemma 3.8, and so

P(T > f(Z)) < ec1 — erv/n + %

The best choice of ¢; is ¢ = r1/2n1/4e_1/2, which gives
P(T > f(2)) < 2eY/271/2p1/4,

Together with (12), this proves the lemma. O

This lemma implies that the distributions 7y and 7 j are close:

Corollary 4.5 The total variation distance of m¢ and TS less than
10071/2p1/4,
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Proof. Let ¢ = 64r'/2p'/%. The density function of T is f/(1—¢), and hence
(using that f<fandc< 1/5),

dus(mp,m;) = / fz)

1—-c¢ B
< 80ri/2pl/4,

f(x)| de < {(fx)ff(x)dx: ¢
+

Using the function f , we can state and prove a bound on the smoothness of
the original function, at least in an average sense.

Lemma 4.6 Letx € R", and let U be a uniform random point in x+rB. Then
with probability at least 15/16,

fU) <2

Proof. Consider the set
S = {uex—l—rB: fw) >2J}((xx))2}.

Clearly S is convex, and so is the set S’ obtained by reflecting S in z. Further-
more, for every y € S’ we have by logconcavity

fW)f2z —y) < f(z)?,

and since f(2z —y) > 2f(x)%/f(z) by definition, we have f(y) < %f(x) By
Lemma 4.1, this can only happen on a convex set of measure less than 1/16,
which proves the lemma. O

5 Geometric distance and probabilistic dis-
tance.

For any point u, let P, be the distribution obtained on taking one ball step
from u. Here we show that if two points are close in a geometric sense, then the
distributions obtained after making one step of the random walk from them are
also close in total variation distance.

Lemma 5.1 Let u,v € R™ such that
r
d(u,v) < ——.
W) <§/m
Then for the ball walk,

1
duo(Puy Py) < 1= 2=6(u).
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Proof. Let By, B, be the balls of radius r around u and v respectively. Let
C = B, N B, and C’ be the subset of C where f(z) < f = min f(u), f(v). Then
for any point x € C’, the probability density of going from u to z or v to z is

at least
LW
vol(B(r)) f
Thus,
1 f(@)
PP < Ey Lo

Since d(u,v) < r/8y/n,

vol(C”) > ivol(C’) > évol(B(r)) > covol(B(r)).

L(f(w)
W

By Lemma 4.1,

Figure 1: The proof of Lemma 5.1.

/I RO SF@OI(C) 2 £ f (wvol(B ()
Hence, . A
1 f(u) 1 f(u) 1
dio(Py,P,) < 1— T 1- 6w = 1 - 150(u)



6 Proof of the mixing bound.

Let K = 51 U S be a partition into measurable sets with 7(S1), 77(S2) > e.
We will prove that

[ PuS2dry 2 g (n(S) = )(s(S2) — ) (14)

We can read the left hand side as follows: we select a random point X from
distribution 7 and make one step to get Y. What is the probability that X € S;
and Y € S57 It is well known that this quantity remains the same if S; and Sy
are interchanged.

For i € {1,2}, let

1

4 . p » —
Sz {.13 € S; I(Sg, 1) < 32

Sy = K\Sp\ S

6(37)’

Figure 2: The mixing proof.
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First, suppose that m;(S7) < m#(S51)/2. Then the left hand side of (14) is at

least )
1 fw) 1 1
32 uESI\S) mf(u) du = 32 T#(S1\ Sy) > 647Tf<51)'

Lemma 4.3 implies that
m#(S1) = mp(S1) —

Hence,

/S Pu(S2)dry > (51~ <)

which implies (14).
So we can assume that 7,(S7) > 77(S1)/2, and similarly 77(S5) > 7(S2)/2.
By Lemma 5.1, for any two points u; € S7, us € S5,

r

8v/n

d(u,v) > (15)

Applying Theorem 2.3 to f , we get

T(S3) > —— Ton T (ST (S3) > Ton T (rp(S1) — &) (ms(S) - ).
Therefore,
1 fw)
/Slpu(sg)dwf > 5 [ s
1
> —mp(S))
> S (mp(S)) — &) (mp(Se) — )

and (14) is proved.
By Corollary 1.5 in [14] it follows that for all m > 0, and every measurable
set S,

m mr?
o™ (S) — s (S)| < 2e+exp <_T42n2> )
which proves Theorem 2.2.

Acknowledgement. We are indebted to Keith Ball for his kind advice on the
geometric aspects of logconcave functions.
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