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Laurent Massoulié and Milan Vojnović
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Abstract—Motivated by the study of peer-to-peer file swa-
rming systems à la BitTorrent, we introduce a probabilistic
model of coupon replication systems. These systems con-
sist of users, aiming to complete a collection of distinct
coupons. Users are characterised by their current collection
of coupons, and leave the system once they complete their
coupon collection. The system evolution is then specified
by describing how users of distinct types meet, and which
coupons get replicated upon such encounters.
For open systems, with exogenous user arrivals, we derive
necessary and sufficient stability conditions in a layered sce-
nario, where encounters are between users holding the same
number of coupons. We also consider a system where en-
counters are between users chosen uniformly at random from
the whole population. We show that performance, captured
by sojourn time, is asymptotically optimal in both systems
as the number of coupon types becomes large.
We also consider closed systems with no exogenous user ar-
rivals. In a special scenario where users have only one miss-
ing coupon, we evaluate the size of the population ultimately
remaining in the system, as the initial number of users, N ,
goes to infinity. We show that this decreases geometrically
with the number of coupons, K. In particular, when the
ratio K/ log(N) is above a critical threshold, we prove that
this number of left-overs is of order log(log(N)).
These results suggest that performance of file swarming sys-
tems does not depend critically on either altruistic user be-
havior, or on load balancing strategies such as rarest first.

1. INTRODUCTION
According to the file swarming paradigm, dissemination of
a large file to a large population of interested users pro-
ceeds as follows. The file is chopped into smaller sub-files,
or chunks; interested users not only download such chunks
in order to retrieve the desired file, but also upload them
when requested, thereby being both clients and servers of
the whole system. The latter feature, which is character-
istic of peer-to-peer systems, has the consequence that the
service capacity of the system scales with the demand it is
facing. File swarming is implemented in peer-to-peer file
sharing networks such as eDonkey or KaZaA (see e.g. [1],
[2]), and is the core functionality of BitTorrent [5], a popular
file download system.

Empirical studies of BitTorrent [15, 11] indicate that the
download of a given file can be broken up into three distinct
phases, which may last several days. The so-called flash
crowd phase typically takes place shortly after the file has
been made available. It is characterized by a sudden burst
of user arrivals. The second phase is a steady state mode,
where the rate of arrival of new users matches the rate of
departures, and the number of active users fluctuates around
some equilibrium value. Finally, the life of a file download
is concluded by an end phase, where the arrival rate of new
users gradually decreases.

The work of Yang and de Veciana [17] suggests that Bit-
Torrent is efficient, in that its service capacity adapts to
increases in demand, thereby providing fast downloads in-
dependently of the rate of demand. However, it is not com-
pletely understood which aspects of the system are critical
to maintain this property. For instance, most BitTorrent
users remain in the system for some time after having re-

trieved the desired file, then acting purely as servers; would
performance deteriorate significantly in the absence of such
cooperation? Another feature of BitTorrent is its imple-
mentation of the rarest first policy : that is, users download
rare chunks preferentially. The rationale for this policy is
that it balances the number of replicas of each chunk avail-
able within the system, and thus prevents starvation of some
chunk types. It is not known however whether the system
would perform well if one implemented simpler strategies
instead.

Our aim in the present paper is to develop detailed models
of file swarming systems, allowing to investigate these is-
sues by analytical means. To this end, we introduce coupon
replication systems. These stochastic models feature popu-
lations of users, each of which aims to complete a collection
of coupons. With file swarming systems in mind, coupons
should be interpreted as file chunks. We distinguish between
open and closed systems, according to whether there are ex-
ogenous user arrivals or not. Open systems are appropriate
to analyze the steady state mode in file downloads. Closed
systems are appropriate to study the transient behavior of
file swarming during flash crowds.

In both closed and open systems, each user contacts a ran-
domly selected target user periodically. It then replicates
a coupon from the collection of the target user to increase
its own collection, if the collection of the target user is not
fully contained in its own collection. Many distinct policies
for random target selection, and choice of which coupon to
replicate can be envisaged within this framework.

We focus mainly on two distinct systems, namely layered
and flat systems. In layered systems, users choose their
target user uniformly at random from the subpopulation of
users having a collection of the same size—in number of
chunks—as they have. Thus, partitioning users into layers,
each layer corresponding to a collection size, in these systems
user interactions are only within users of the same layer.

In flat systems, users select their targets uniformly at ran-
dom from the total population present in the system. In
both flat and layered systems, users choose which coupon to
replicate uniformly at random from the set of coupons that
their selected target has and that they don’t have. This
might be thought of as a blind selection policy, in contrast
to the rarest first policy. We also assume that users leave
the system as soon as they have completed their collection,
i.e. they do not display the kind of altruism observed in
actual BitTorrent users.

These systems are motivated as follows. In typical file swarm-
ing systems a user is provided upon joining with a fixed list
of other users to sample its targets from. If this list contains
users that recently joined, assuming users enlarge their col-
lections at a similar rate, then interactions are largely among
users holding the same number of coupons. This makes the
layered system plausible. If the lists are instead drawn at
random from the total user population, that is no preference
is given to recently joined users, this corresponds more to
the flat system.

We analyze such systems in a large population asymptotic



regime. This is achieved for open systems by letting the
exogenous user arrival rates increase to infinity; for closed
systems, we simply let the initial population size increase
to infinity. Taking such limits makes the analysis more
tractable; in addition, there are practical reasons to focus
on this limit regime, as empirical studies of BitTorrent [15,
11], show that popular downloads (e.g., Linux binaries) can
involve hundreds of thousands of simultaneous users. The
same studies also indicate that huge files can be chopped in
several thousands of chunks, which provides motivation for
looking at asymptotics in the number of chunks as well.

Our main findings for open systems are the following. In the
layered case, we provide necessary and sufficient stability
conditions, together with an explicit characterization of the
system equilibrium points. These conditions are phrased in
terms of the exogenous user arrival rates. For flat systems,
we treat only systems where exogenous arrival rates satisfy
a natural symmetry condition. Under this condition, we
establish boundedness of the dynamics, and derive analytical
upper bounds valid for any equilibrium point. These bounds
show that the performance in flat systems, as measured by
response time, approaches that of layered systems when the
total number of coupons is large. For both systems, the
performance is asymptotically optimal in this many coupons
limit. These results imply that performance of file swarming
systems such as BitTorrent is not critically dependent on
either altruism of users, or on the implementation of refined
balancing policies such as rarest first. Our treatment of
open systems is similar in spirit to the work of Yang and
de Veciana [17] and Qiu and Srikant [7], with the difference
that they ignore the fine structure of coupon collections.

For closed systems, we focus on a special case, where all
users have only one missing coupon. They thus all belong
to the last layer, which implies that both the layered and
flat system display exactly the same behavior. Under this
specific condition, we analyze the size of the population ul-
timately remaining in the system, in the limit where the
initial population size, N , goes to infinity. We show that
the size of this ultimate population decreases geometrically
with the total number of coupons, K. In particular, when
the ratio K/ log(N) is above a critical threshold, we prove
that this number of left-overs is of order O(log(log(N))).
This number of left-overs may be interpreted as the number
of users who will eventually have to query a central server
in order to complete their collection, at the end of a flash
crowd phase initiated by a burst of N clients. This result
thus provides additional support to the claim, made in [17],
that BitTorrent copes well with flash crowds. Related work
on the performance of schemes for disseminating K items
to a fixed population of N users can be found in Mundinger
and Weber [16], where they propose an optimal centralized
scheme, achieving this dissemination in O(K +log(N)) time
steps, and in Deb and Médard [6], where they propose a de-
centralized scheme using random network coding techniques.

The paper is organized as follows. The general model consid-
ered in this paper is defined in Section 2. Section 3 contains
the analysis of layered open systems. Flat open systems are
considered in Section 4, and closed systems in Section 5.
Concluding remarks are given in Section 6.

2. MODEL DESCRIPTION
Consider a collection of K distinct coupons, indexed by k ∈
{1, . . . , K}. Denote by C the family of strict subsets c of
{1, . . . , K}. Let Xc(t) denote the number of users holding
the sub-collection c, for any c ∈ C, present in the system at
time t. A user holding sub-collection c is also called a type
c-user. The system dynamics are then specified as follows.

For each c, exogenous arrivals of type c-users take place at
the instants of a Poisson process with rate λc. Of particular
interest is the case where λc = 0 for all c that are not sin-
gletons. The non-zero arrival rates then correspond to sets
{k}, for some k ∈ {1, . . . , K}. We interchangeably denote
the corresponding arrival rate λ{k} or λk. In the context
of file swarming systems, this reflects the situation where
users initially obtain one coupon from a central server, be-
fore entering the system, this being coupon k with proba-
bility λk/

∑K
i=1 λi.

Given the system state X(t) := {Xc(t)}c∈C , and c ∈ C, each
type c-user initiates an encounter at rate 1, and the encoun-
tered user is of type s ∈ C with probability pcs(X(t)), where
for each c and X, the family (pcs(X))s∈C is a probability
distribution on C. As an example, for the layered systems
we shall consider, we assume that each user, when initiating
an encounter, selects the target user uniformly from the set
of users holding the same number of coupons. The corre-
sponding probability distribution then reads

playered
cs (X) =

{

0 if |c| 6= |s|,
Xs

∑

s′:|s′|=|c| Xs′
if |c| = |s|. (1)

In contrast, in flat systems, users are assumed to sample
uniformly from the total population of users when selecting
a target user. The corresponding probability distribution
then reads

pflat
cs (X) =

Xs
∑

s′∈C Xs′
, s ∈ C. (2)

Given that a type c-user initiates an encounter with a type s-
user, the following then takes place. Provided some coupons
of the target user are of interest to the user initiating the
encounter, that is if s \ c is not empty, then the target user
selects a coupon uniformly at random from s\c, say coupon
i, and replicates it at the initiator, whose type then becomes
c∪{i}. In case c∪{i} = {1, . . . , K}, this user has completed
its collection, and leaves the system. If s\c = ∅, then nothing
happens.

Under these assumptions, it is easily verified that {X(t)}t≥0

is a Markov process taking its values in
� C

+. Denoting by ec

the unit vector of
� C

+ whose c-coordinate equals 1, and with
all other coordinates equal to zero, the non-zero transition
rates of the Markov process are, for all c ∈ C, all i /∈ c,

X → X + ec with rate λc,
X → X − ec + ec∪i with rate Xc

∑

s:i∈s pcs(X) 1
|s\c| .

In the sequel we will be interested in analyzing these systems
under a large population asymptotic regime. We define this
regime as follows. For any integer N > 0, we consider an
associated Markov process, with the same parameters as
above, except that the arrival rates scale linearly with N ,
i.e. in the N -th system we take λN

c = Nλc, and the initial



X1

X2

X3

X4

X12

X13

X14

X23

X24

X34

X124

X134

X234

X123λ1

λ2

λ3

λ4

exogenous
arrivals

Layer 1 Layer 3

Layer 2

departures

Figure 1: The layer structure illustrated for K = 4
coupons.

condition XN (0) is also dependent on N . We assume that

it is such that N−1XN (0) converges to x(0) ∈ � |C|
+ .

We note that for both flat and layered systems, the probabil-
ity pcs(X) is invariant by joint rescaling of the coordinates
Xc by a common factor. This implies that in both cases,
the Markov process XN has non-zero transition rates of the
form

qN (X, X + v) = Nqv

(

N−1X
)

,

for fixed functions qv(·) of the jump vector v, and of the
rescaled state N−1X. This is precisely the definition of den-
sity dependent jump Markov processes, given in Kurtz [13],
p. 51 Eq. 8.5. Under technical assumptions1 which are triv-
ially verified in our present setting, then by Theorem 8.1, p.
52 in [13], we obtain that the rescaled process N−1XN (t)
converges almost surely, uniformly on all finite intervals [0, T ],
to the solution of the system of differential equations

d
dt

xc(t) = λc +
∑

i∈c xc\i

∑

s:i∈s pc\i,s(x) 1
|s\c|+1

−xc

∑

s:|s\c|6=∅ pcs(x),
(3)

with initial condition x(0). It will be convenient to rewrite
this equation as

d

dt
xc(t) = βc(x) − µc(x), (4)

where

βc(x) = λc +
∑

i∈c xc\i

∑

s:i∈s pc\i,s(x) 1
|s\c|+1

,

µc(x) = xc

∑

s:|s\c|6=∅ pcs(x).
(5)

We shall refer to βc(x) as the arrival rate of type c-users, and
µc(x) as the departure rate of type c-users. This is precisely
the system of differential equations (3) we study in the next
two sections, for layered and flat systems respectively.

3. OPEN SYSTEMS: THE LAYERED CASE
We let Ck denote the set of those c ∈ C with cardinality k,
k = 1, . . . , K−1. We shall say that {xc}c∈Ck

constitutes the
state of the k-th layer of the system (see Figure 1). The fol-
lowing property of layered systems, i.e. with psc = playered

sc ,
will allow us to analyze their stability by decomposing them
in subsystems. For any c ∈ Ck, k = 1, . . . , K − 1, the arrival

1Namely, boundedness, and Lipschitz continuity of the as-
sociated functions qv(·).

rate βc(x) of type c-users depends only on the state of the
k − 1-th layer, and the departure rate µc(x) of type c-users
depends only on the state of the k-th layer. Thus the dy-
namics of the first k layers do not rely on the state variables
of the subsequent layers, and can be studied in isolation.

In order to study the limiting behavior of the whole system
for large t we can thus proceed by induction, and study the
asymptotic behavior of each of the subsystems consisting of
the first k layers, for k = 1, . . . , K−1. Provided the k−1-th
subsystem reaches an equilibrium point as t → ∞, then the
limiting behavior of the k-th subsystem is characterized by
the dynamics of the k-th layer, which is similar to those of
the first layer.

In the remainder of this section we first study single layers in
isolation, then consider the global system, and finally look
at the corresponding response times.

3.1 Single layer: stability analysis
Without loss of generality, we consider the first layer, with
arrival rates βc = λc, for some fixed (λ1, λ2, . . . , λK) such
that 0 ≤ λK ≤ λK−1 ≤ · · · ≤ λ1 < ∞. The differential
system of interest can be rewritten as:

d

dt
xi(t) = λi − xi(t)

(

1 − xi(t)

s(t)

)

, i = 1, 2, . . . , K, (6)

where s(t) :=
∑K

k=1 xk(t) and by convention 0/0 := 1. We

say a point x0 ∈ R
K
+ is a rest point if dx(t)/dt|x(t)=x0 = 0.

It is easily seen that for K = 2, there exists a rest point if
and only if λ1 = λ2, in which case there is an infinity of rest
points, given by (x1, x2) ∈ R

2
+ such that 1/x1+1/x2 = 1/λ1.

Also, one can establish that, for K > 2, if λ3 = · · · = λK =
0, then there exist rest points if and only if λ1 = λ2, in
which case they are again given by (x1, x2, 0, . . . , 0) such
that 1/x1 + 1/x2 = 1/λ1. Thus in the sequel we focus on
the case where K > 2 and λ3 > 0. Existence and uniqueness
of rest points is settled by the following result, the proof of
which is given in Appendix A.1.

Theorem 1. For any K > 2, and λ3 > 0, there exists a
rest point for the system of ODEs (6) if and only if (D) λ1 <
∑K

k=2 λk. When (D) holds, the rest point is unique, and is

characterized as follows. If (C)
∑K

k=2

√

1 − λi

λ1
< K − 2,

then x is the rest point given by

xi =
s

2

(

1 −
√

1 − 4λi

s

)

, i = 1, 2, . . . , K, (7)

where s ∈ [4λ1,∞) is the unique solution of

K
∑

i=1

√

1 − 4λi

s
= K − 2. (8)

If (C) fails, the rest point is given by

xi =















s
2

(

1 +
√

1 − 4λ1

s

)

i = 1

s
2

(

1 −
√

1 − 4λi

s

)

i = 2, 3, . . . , K,
(9)



where s ∈ [4λ1,∞) is the unique solution of

−
√

1 − 4λ1

s
+

K
∑

i=2

√

1 − 4λi

s
= K − 2. (10)

Remark 1. It is convenient to rewrite the conditions (C)
and (D) by using the substitution ui = 1 − λi/λ1, for i =

1, 2, . . . , K. They now read (D)
∑K

i=2 ui < K − 2 and (C)
∑K

i=2

√
ui < K − 2. By definition 0 ≤ ui ≤ 1, for all i =

1, 2, . . . , K, and hence
∑K

i=2 ui ≤ ∑K
i=2

√
ui, with equality

if and only if ui ∈ {0, 1} for all i. Thus (C) implies (D).
Also both conditions hold whenever λ1 = λ2, i.e. no single
sub-population dominates.

The symmetric case λ1 = λ2 = · · · = λK is extremal in the
following sense.

Proposition 1. Let λ1, λ2, . . . , λK > 0 be any such that
∑K

i=1 λi = λ, for a fixed λ > 0. The rest point x of (6)

satisfies
∑K

i=1 xi ≥ Kλ/(K − 1), where equality is achieved
only if λ1 = λ2 = · · · = λK = λ/K.

Proof. Case 1: x is given by (7)–(8). From (8),

K − 2 =

K
∑

i=1

√

1 − 4λi

s
≤ K

√

1 − 4
∑

K
i=1

λi

Ks
.

The last inequality follows from Jensen’s inequality, for which
equality holds only if 1 − 4λi/s = 1 − 4λ1/s, for all i =
2, 3, . . . , K, or equivalently, λ1 = λ2 = · · · = λK . The above
inequality is equivalent to s ≥ λK/(K−1). As s =

∑K
i=1 xi,

the announced result follows.

Case 2: x is given by (9)–(10). Equation (10) implies

K − 2 ≤
K
∑

i=1

√

1 − 4λi

s
.

Proof follows that of Case 1.

We next establish that (D) is a necessary and sufficient con-
dition for (6) to have a bounded solution. We say x(t) =
(x1(t), x2(t), . . . , xK(t)) is uniformly bounded if there exists
a finite D ≥ 0 such that lim supt→+∞ xi(t) ≤ D, for all
i = 1, 2, . . . , K.

Theorem 2 (Boundedness). Any solution x(t) of (6)
is uniformly bounded if (D) holds, while when (D) fails,
limt→∞ x1(t) = +∞.

The proof is given in Appendix A.2. Condition (D) admits
a natural interpretation in terms of stability of service sys-
tems. Indeed, in the system under consideration, individu-
als are both clients and servers, and they can serve clients of
all types except their own. In this light, condition (D) can
be read as: for any type i, the arrival rate of corresponding

clients, λi, is strictly less than the total arrival rate of servers
that can serve such clients, that is

∑

j 6=i λj . Thus, formally,

condition (D) is related to the classical stability condition
of single server queues, which reads ρ < 1, where the load ρ
is defined as the ratio of work arrival rate per time unit to
service rate per time unit (see Loynes [14]).

The main result of this section is the following

Theorem 3 (Global stability). Under (D), the sys-
tem of the ODEs (6) is globally asymptotically stable.

Proof. Consider V : (0, +∞)K → R defined by

V (x) =
K
∑

i=1

log(xi) − log

(

K
∑

i=1

xi

)

+
K
∑

i=1

λi

xi
. (11)

This is a Lyapunov function for the dynamics (6). Indeed,
it is continuously differentiable on (0,∞)K , and such that

d
dt

V (x(t)) =
∑K

i=1
∂

∂xi
V (x(t)) d

dt
xi(t)

=
∑K

i=1

[

λi − xi

(

1 − xi

s

)]

[

1
xi

− 1
s
− λi

x2

i

]

= −∑K
i=1

1
x2

i

[

λi − xi

(

1 − xi

s

)]2
.

Thus, the time derivative (d/dt)V (x(t)) is strictly negative,
except at the unique rest point of the dynamics (6), where it
equals zero. As we know from Theorem 2 that for any initial
condition x(0), the trajectory x(t), t ∈ R+ is contained in
a compact set, LaSalle’s invariance theorem (see e.g. Khalil
[12], p. 128, Theorem 4.4) can be applied to conclude that
for any initial condition x(0), x(t) converges to the unique
rest point identified in Theorem 1.

3.2 Global system: stability analysis
Assuming that the state of the k − 1-th layer converges to
a unique rest point, (x∗

c)c∈Ck
, we denote by λ̃c the corre-

sponding limiting arrival rate of type c-users for any c ∈ Ck,
which in view of (1) and (5) is given by

λ̃c = βc(x
∗) = λc+

∑

i∈c

x∗
c\i

∑

s∈Ck−1,i∈s

x∗
s

∑

s′∈Ck−1
x∗

s′

1

|s \ c| + 1
·

We also define the corresponding condition

(Dk) 2 max
c∈Ck

λ̃c <
∑

c∈Ck

λ̃c.

Note that, in view of the preceding subsection, provided
conditions (D1), . . . , (Dk−1) hold, the rest points of layer k−
1 exist and are unique, being characterized by the relations

λ̃c = x∗
c

(

1 − x∗
c

∑

c′∈Ck−1x∗
c′

)

, c ∈ Ck−1,

and thus the rates λ̃c, c ∈ Ck are indeed well defined. We
then have the following

Theorem 4. Assume that for all k = 1, . . . , K − 1, con-
dition (Dk) holds. Assume also that for all c ∈ C, λ̃c > 0.
Then the dynamics (3) are globally asymptotically stable.



Proof. We show by induction that the state of each layer
converges asymptotically to its unique rest point. Assuming
that this holds for layer k − 1, then the arrival rates of type
c-users, for all c ∈ Ck, converge to λ̃c. The state of layer k
thus evolves according to

d

dt
xc(t) = λ̃c + εc(t) − xc(t)

(

1 − xc(t)

sk(t)

)

, c ∈ Ck, (12)

where sk(t) :=
∑

c∈Ck
xc(t), and εc(t) → 0 as t → ∞. These

dynamics are the same as those of the single layer in isola-
tion, described by (6), except for the additional vanishing
inputs εc(t). The proof of Theorem 2 is easily adapted to
show that, under condition (Dk), any solution of (12) is
uniformly bounded, i.e. there is a constant A > 0 such that
xc(t) ≤ A for large enough t. Also, since by assumption

λ̃c > 0 for all c, there exists a positive constant a > 0 such
that, for large enough t, xc(t) ≥ a.

As in the proof of Theorem 3, introduce the function

V (xc, c ∈ Ck) =
∑

c∈Ck

λ̃c

xc
+ log(xc) − log(sk),

where sk =
∑

c∈Ck
xc. We then have that

d
dt

V (xc(t), c ∈ Ck) = −∑c∈Ck

1
x2

c

[

λ̃c − xc(1 − xc/sk)
]2

+
∑

c∈Ck
εc

[

−λ̃c

x2
c

+ 1
xc

− 1
sk

]

.

Since xc(t) ∈ [a, A] for large enough t, the second summation
in the right-hand side of this equation goes to zero as t goes
to infinity; denote it by ε(t). Let δmin := V (x∗

c , c ∈ Ck). Fix
some δ > δmin, and define

φ(δ) := inf







∑

c∈Ck

1

x2
c

[

λ̃ − xc(1 − xc/sk)
]2







where the infimum is taken over the xc, c ∈ Ck such that
xc ∈ [a, A] and V (x) ≥ δ. It thus holds that, for t large
enough, if V (xc, c ∈ Ck) ≥ δ,

d

dt
V (xc(t), c ∈ Ck) ≤ −φ(δ) + ε(t).

As φ(δ) > 0 for δ > δmin, it follows that necessarily V (x(t)) ≤
δ for t large enough. Since δ > δmin was chosen arbitrarily,
this guarantees that x(t) converges to a minimizer of V . As
(x∗

c , c ∈ Ck) is the unique such minimizer, the announced
convergence holds.

With some more work it can be shown that, when some con-
dition (Dk) fails, given that the conditions (D1), . . . , (Dk−1)

hold, then for c ∈ Ck such that λ̃c = supc′∈Ck
λ̃c′ , the com-

ponent xc(t) goes to infinity as t → ∞. We omit the argu-
ment for lack of space. The main application of the previous
theorem is the following

Corollary 1. When there are no exogenous inputs to
layers 2, . . . , K−1, i.e. λc = 0 for |c| ≥ 2, and the exogenous
inputs to layer 1 are symmetrical, i.e. λ1 = λ2 = · · · =
λK > 0, all solutions x(t) of (3) satisfy:

lim
t→+∞

xc(t) =
Kλ1
(

K
i

)

− 1
, c ∈ Ci, i = 1, . . . , K − 1. (13)

3.3 Sojourn times
We define the sojourn time Ti within layer i as the reciprocal
of the rate of successful encounters within layer i, evaluated
at the rest point of the differential systems (3). We expect
such sojourn times to be close to the expected sojourn time
of users within layer i in the original stochastic system, when
in equilibrium2.

In this section, we consider only the symmetrical setup of
the previous corollary. By Proposition 1, this achieves the
smallest sojourn time over all systems with given total ar-
rival rate

∑K
i=1 λi. With the above definition of sojourn

times Ti, it follows from Little’s theorem that

(λ1K)Ti =
∑

c∈Ci

x∗
c , i = 1, 2, . . . , K − 1,

and thus, in view of (13),

Ti = 1 +
1

(

K
i

)

− 1
·

It follows that 1 < Ti ≤ K/(K−1) for all i = 1, 2, . . . , K−1,

and the normalized total sojourn time
∑K−1

i=1 Ti/(K−1) also
lies in the interval [1, K/(K−1)]. Thus in the large K limit,

lim
K→+∞

∑K−1
i=1 Ti

K − 1
= 1.

As the per layer sojourn is necessarily larger than 1, this
shows that the time to complete the whole collection is
asymptotically optimal in the large K limit.

4. OPEN SYSTEMS: THE FLAT CASE
We now focus on the flat system, i.e. the differential sys-
tem (3), with encounter probabilities pcs given by (2), cor-
responding to users sampling uniformly from the total user
population to select their targets.

We confine our analysis to a particular symmetrical case
where λc depends only on the cardinality of c, i.e. there ex-
ist λ′

k, k = 1, . . . , K − 1, such that λc = λ′
|c|. We further as-

sume symmetry of the initial conditions, i.e. xc(0) = xc′(0)
whenever |c| = |c′|. The dynamics (3) then simplify as fol-
lows (proof omitted for the benefit of space):

Lemma 1. Assume λc = λ′
i and xc(0) = yi(0), for all

c ∈ Ci, i = 1, 2, . . . , K − 1. Then, xc(t) = yi(t), t ≥ 0, for
all c ⊆ Ci, where for i = 1, 2, . . . , K − 1,

d
dt

yi(t) = λ′
i + i

K−(i−1)

(

1 − si−2(t)+yi−1(t)

sK−1(t)

)

yi−1(t)

−
(

1 − si−1(t)+yi(t)

sK−1(t)

)

yi(t),

(14)

with si(t) :=
∑i

k=1

(

i+1
k

)

yk(t), y0 ≡ 0, and s0 ≡ 0.

We then have the following

2Note that convergence of expected sojourn times in the
stochastic system with arrival rates λN

c = Nλc to those
as defined above does not follow directly from the results
of Kurtz [13]. Indeed, these establish convergence of pro-
cesses over finite intervals, and not convergence of equilib-
rium quantities. Proving such convergence is beyond the
scope of the present work.



Lemma 2. Let y(t) be a solution of (14). Let y+(0) =
y(0), and for i = 1, 2, . . . , K − 1,

d

dt
y+

i (t) = λ′
i +

i

K − (i − 1)
y+

i−1(t) −
K − i

K
y+

i (t). (15)

Then, y(t) ≤ y+(t), for all t > 0.

The proof is given in Appendix A.3. An important conse-
quence of this lemma is the following

Proposition 2. The solution of (14) is uniformly bounded.
More precisely, for any initial condition y(0), for all i =
1, 2, . . . , K − 1, we have

lim sup
t→+∞

yi(t) ≤ i!

i
∑

j=1

Ki−j+1

j!(K − j)
λ′

j < ∞.

The proof is by induction over i; we omit for lack of space.

4.1 Rest points
Let y = (y1, y2, . . . , yK−1) be a rest point of (14). The flow
of users arriving to layers 1, 2, . . . , i equals the flow of users
leaving layer i, hence

i
∑

j=1

(

K

j

)

λ′
j =

(

K

i

)

(

1 − si−1 + yi

sK−1

)

yi.

We introduce the notations ỹi = yi/sK−1, s̃i = si/sK−1,

and λ̃i = λ′
i/sK−1, i = 1, 2, . . . , K − 1. The above equation

may thus be written

ỹ2
i − (1 − s̃i)ỹi +

i
∑

j=1

(

K
j

)

(

K
i

) λ̃j = 0. (16)

This entails the following

Proposition 3 (Existence). Consider (14) with λ′
2 =

λ′
3 = · · · = λ′

K−1 = 0. There exits a rest point given by

ỹi =
1

2

(

(1 − s̃i−1) −
√

(1 − s̃i−1)2 − 4
(

K
i

)

1

T

)

.

where the parameter T := sK−1/(Kλ′
1) is defined by the

relation s̃K−1 = 1.

It should be noted that T , being the ratio of the number of
users in the system to the arrival rate, can be interpreted as
the sojourn time of a user in the system.

Although we suspect that, under the assumptions of the
proposition, the identified rest point is the unique one for the
dynamics (14), and that these are globally asymptotically
stable, we have not been able to prove these properties yet.

Proof. The asserted rest point satisfies the quadratic
equation (16). Now, note that s̃K−1(T ) is an increasing

function of 1/T . Indeed, the sequence {s̃i}1≤i<K is defined
by s̃0 = 0, and for i = 1, 2, . . . , K − 1,

s̃i =
1

2

i−1
∑

j=1

(

i

j

)(

1 − s̃i−1 −
√

(1 − s̃i−1)2 − 4
(

K
i

)

1

T

)

.

For i = 1, we have s̃1 = (1 −
√

1 − 4/(KT ))/2, which is
clearly increasing with 1/T , for T ≥ 4/K. Suppose now that
s̃n is increasing with 1/T , for all 1 < n < K − 1. Combine
this with the fact that s̃n+1 is increasing with both s̃n and
1/T , hence, the result follows by induction.

4.2 Sojourn times
In the remainder of this section we place ourselves under the
symmetry assumptions of Proposition 3, and assume λ′

1 > 0
and λ′

2 = · · · = λ′
K−1 = 0. We consider the evaluation of

sojourn times, as previously defined, at some arbitrary rest
point of dynamics (14). In particular we do not rely on our
conjecture that the rest point identified in Proposition 3 is
unique.

By definition of sojourn times, and from (14), it follows:

1

Ti
= 1 −

i
∑

j=1

(

i

j

)

ỹj , i = 1, 2, . . . , K − 1. (17)

Indeed, the right-hand side is the rate of successful encoun-
ters, for an individual holding a collection of i coupons:
(

K
j

)

ỹj is the probability that the encountered individual has

a collection of j coupons and the remaining factor
(

i
j

)

/
(

K
j

)

is
the probability that the encounter’s collection of j coupons
is a subset of the instigator’s collection, given that the insti-
gator has i coupons. Thus, the sum in (17) is the probability
that the target user’s collection is a subset of the instigator’s
collection, given that the instigator has i coupons. The last
event is by definition an unsuccessful encounter.

Note now, by Little’s formula (or by direct verification from
the fixed point relations) that the sojourn time Ti is related

to the total sojourn time T =
∑K−1

j=1 Tj via

Ti = ỹi

(

K

i

)

T, i = 1, 2, . . . , K − 1.

Plugging this relation into (17) yields

1

Ti
= 1 −

i
∑

j=1

(

i
j

)

(

K
j

)

Tj

T
, i = 1, 2, . . . , K − 1. (18)

This relation is the key to the following proposition, provid-
ing evaluations of the sojourn times Ti.

Proposition 4. The sojourn times are such that 1 <
T1 < T2 < · · · < TK−1 < 2. Thus the success rate of at-
tempted encounters is at least one half within each layer.
Furthermore, the total sojourn time T satisfies

T ≤ K + O(
√

K) (19)

as K → ∞. It is in this sense asymptotically optimal.

Proof. It is immediate from (18) that the sequence {Ti}
is increasing. It also follows from (18) that Ti > 1, for all



i = 1, 2, . . . , K−1. We next prove the asserted upper bound.
For i = K − 1, (18) can be rewritten as

1

TK−1
= 1 −

K−1
∑

i=1

aiti,

where ai = 1 − i/K, and ti = Ti/T . As the sequences {ai}
and {ti} are both non-decreasing, Theorem 43 in Hardy,
Littlewood and Pólya [8] guarantees the inequality in the
following derivation:

1

TK−1
> 1 − (K − 1)

(

1

K − 1

K−1
∑

i=1

ai

)(

1

K − 1

K−1
∑

i=1

ti

)

=
1

2
.

The asserted bound of 2 on the Ti’s follows.

The first part of the proposition ensures that (K−1)Tj/T ∈
[1/2, 2] for all j. This together with (18) implies the inequal-
ity in the following:

1

Ti
≥ 1 − 2

K − 1

i
∑

j=1

(

i
j

)

(

K
j

) = 1 − 2

K − 1

i
∑

j=1

(

K−j
i−j

)

(

K
i

) ,

where the equality follows by elementary manipulations. Ap-
plying the parallel summation formula (see e.g. Graham et
al. [9], p. 174), this simplifies to

1

Ti
≥ 1 − 2

K − 1

(

K
i−1

)

(

K
i

) = 1 − 2

K − 1

i

K − i + 1
.

Select k ≤ K − 1, such that K − 1 − k ∼ A
√

K for some
constant A > 0. We then have

T ≤∑k
i=1

[

1 − 2
K−1

i
K−i+1

]−1

+ 2(K − 1 − k)

≤ 2(K − 1 − k) + k {1 − 2k/[(K − 1)(K − k + 1)]}−1

= 2A
√

K +
(

K − 1 − A
√

K
)(

1 + 1

A
√

K

)

+ o
(√

K
)

= K − 1 +
(

2A + 1
A

)√
K + o

(√
K
)

.

The announced result follows.

Under the prevailing symmetry assumptions, we have com-
puted the sojourn times for both layered and flat systems,
for different values of K. For the flat system, we have used
the specific rest point identified in Proposition 3. The results
are displayed in Figure 2 and Figure 3.

Our present analysis of flat systems is not as complete as
that of layered systems. However it gives support to the be-
lief that, as layered systems, flat systems settle to an equi-
librium in the large arrival rate limit, and the sojourn times
under this equilibrium are near optimal when the collection
size K is large.

5. ULTIMATE LEFT-OVER IN A CLOSED
SYSTEM

In the present section, we consider the same stochastic sys-
tem as previously, but without exogenous user arrivals. It is
easily seen that, when the system contains users of only one
type c, no further transitions can take place. The perfor-
mance measure of interest is then the size of the population
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Figure 2: The normalized sojourn time
∑K−1

i=1 Ti/(K−
1) for the open system with flat and layered encoun-

ters.

ultimately remaining in the system, or put differently, the
left-over.

At this stage we are able to analyze only a specific type of
initial population distributions, namely with users only in
layer K − 1. Under this assumption, denoting by Xk(t) the
number of users in the system at time t who have all coupons
except for coupon k, then the Xk(t) constitute a

� K
+ -valued

Markov process, with non-zero transition rates

x → x − ei with rate xi

(

1 − xi
∑K

j=1 xj

)

, (20)

under both the flat and layered encounter mechanisms, where
x = (x1, . . . , xK) and ei denotes the i-th unit vector. In the
sequel, the initial population sizes are denoted by Xi. With-
out loss of generality we assume that X1 ≥ . . . ≥ XK .

As previously, we first let the initial condition scale to in-
finity, with K fixed, by setting Xi ∼ Nxi, where x =
(x1, . . . , xK) is fixed, and N tends to infinity. We denote

by X(N)(t) the corresponding state at time t. We are still in
the framework of density dependent Markov jump processes
of Kurtz [13], the results of which imply that for all finite
T > 0,

lim
N→∞

sup
0≤t≤T

∣

∣

∣

∣

1

N
X(N)(t) − x(t)

∣

∣

∣

∣

= 0, (21)

where convergence in the above equation is almost surely,
and x(t) denotes the solution of the system of ordinary dif-
ferential equations (ODE)

d

dt
xi(t) = −xi(t)

(

1 − xi(t)
∑

j xj(t)

)

, (22)

with initial condition x(0) = x. From this, we can establish
the following result (proof in Appendix A.4)
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Theorem 5. The ODE (22) admits the limit point

xi(+∞) =

{

x1

∏K
i=2

(

1 − xi

x1

)

if i = 1,

0 otherwise.
(23)

The result of Theorem 5, coupled with the previous almost
sure convergence result, allows one to prove the following
law of large numbers for the number of individuals left over
in the system, as N → ∞. We omit the details for lack of
space.

Theorem 6. For initial population sizes Xi = Nxi, i =

1, . . . , K, arranged in decreasing order, denoting by X
(N)
i (∞)

the final number of type i-individuals remaining in the sys-
tem, we have

lim
N→∞

1

N
X

(N)
i (∞) =

{

x1

∏K
i=2

(

1 − xi

x1

)

if i = 1,

0 otherwise,
(24)

where convergence is almost sure.

The expression in (24) captures the following interesting
phenomenon: increasing the number of populations, K, has
a dramatic impact on the remaining number of individuals
in the system, in that the latter decreases geometrically in
K. As an example, assuming x1 > x2 = · · · = xK , the right-
hand side in (24) reads x1(1 − x1/x2)

K . For fixed x1 and
x2, this expression goes to zero exponentially fast with K.
In fact, it suggests (heuristically), by writing K = α log(N),
and x1/x2 = b, that the total left-over in the system is of
order

Nx1(1 − x1/x2)
K = x1N

1+α log(1−b).

This is only a heuristic reasoning, as the above theorem
assumes K is fixed. It nevertheless suggests that some qual-
itative change in the left-over occurs when K is of order

α log(N), and when α crosses the value 1/| log(1 − b)|. The
next result provides bounds on the left-over, which capture
this intuition.

Theorem 7. Given initial conditions X1 ≥ . . . ≥ XK ,
introduce the notations X1 = N , X2+. . .+XK = β(K−1)N .
Assume that K ∼ α log(N), and that β → b ∈ (0, 1) as
N → ∞. Assume further that

α log

(

1

1 − b

)

> 1. (25)

Then

lim
N→∞

P

(

K
∑

i=1

Xi(∞) ≥ θ log(K)

)

= 0 (26)

for θ > 0 large enough.

In words, when K/ log(N) is above the critical threshold
1/| log(1 − b)|, the total left-over is of order log(log(N)).
Before stating the proof, we need some auxiliary results.

In the sequel, population 1 plays a special role, as we aim
at bounding the remainder in this population specifically.
It is convenient to modify the original transition rates, as
in (20), by multiplying them by y :=

∑K
k=1 xk/

∑K
k=2 xk.

This amounts to make a state-dependent time rescaling, and
thus does not affect the limiting state of the process. The
new transition rates are then given by

x → x − e1 with rate x11∑K
j=2

xj>0,

x → x − ei with rate xi

(

1 + x1−xi
∑

K
k=2

xk

)

, 1 < i ≤ K.

(27)
We now introduce an auxiliary, two dimensional Markov
process, denoted by X ′(t) := (X ′

1(t), Y
′(t)), defined by the

following transition rates:

(x′
1, y

′) → (x′
1 − 1, y′) with rate x′

11y′>0,
(x′

1, y
′) → (x′

1, y
′ − 1) with rate K−2

K−1
y′ + x′

1.
(28)

The interpretation of this process is as follows: it is meant to
represent dynamics similar to the previous ones, X ′

1 playing
the role of X1, and Y ′ playing the role of the aggregate
X2 + . . . + XK , but with transition rates chosen to be as
if the population sizes X2, . . . , XK were perfectly balanced,
and all equal. It turns out that forcing this balance property
makes it harder for type 1-individuals to leave the system, as
is captured by the following lemma, whose proof is deferred
to Appendix A.5.

Lemma 3. Consider the two Markov processes X and X ′,
with initial conditions X ′

1 = X1, and Y ′ =
∑K

k=2 Xk, and
respective transition rates (27) and (28). It is then possible
to construct the two processes on the same probability space
so that for all t ≥ 0, the following orderings hold:

X ′
1(t) ≥ X1(t), Y ′(t) ≤ Y (t) :=

K
∑

k=2

Xk(t). (29)

We may thus obtain upper bounds on X1(∞) by studying
the value of X ′

1(T ) at the time T when Y ′ reaches 0. The
next lemma provides the main results we shall need about
process X ′ = (X ′

1, Y
′). Its proof is in Appendix A.6.



Lemma 4. Consider the Markov process X ′ = (X ′
1, Y

′)
with initial conditions X ′

1(0) = N , and Y ′(0) = Y . Intro-
duce the notation

r :=
K − 2

K − 1
· (30)

Then its state at a given time t > 0 can be represented as

X ′
1(t) = U, Y ′(t) = V − W, (31)

where the random variables U, V are binomially distributed,
with respective distributions:

U ∼ Bin (N, exp(−t)) , V ∼ Bin (Y, exp(−rt)) , (32)

and the random variable W has mean given by:

E [W ] = N
e−rt − e−t

1 − r
. (33)

Furthermore, for K ≥ 3, all three random variables U , V ,
W satisfy large deviations bounds of the type

P (|Z − E(Z)| ≥ εE(Z)) ≤ 4e−cεE(Z), (34)

where cε > 0 for all ε > 0.

We are now ready to prove Theorem 7.

Proof Theorem 7. Since only one component Xi(∞) is
non zero, one has

P

(

K
∑

i=1

Xi(∞) > A

)

=
K
∑

i=1

P(Xi(∞) > A).

Let us consider the first term in this sum. In view of the
preceding lemmas, one has

P(X1(∞) ≤ A) ≥ P(U ≤ A, V − W > 0),

where the r.v. U , V , W correspond to any suitable choice
of t. Thus,

P(X1(∞) > A) ≤ P(U > A) + P(V − W ≤ 0).

Take t = log(N/θ log(K)), for some θ > 0. One then has:

E(U) = Ne−t = θ log(K),

E(V ) = β(K − 1)θ log(K)et/(K−1) ∼ βθK log(K)e1/α

E(W ) = (K − 1)θ log(K)
(

et/(K−1) − 1
)

∼ θK log(K)
(

e1/α − 1
)

.

For any ε > 0, by (34) it holds that

P(U > (1 + ε)E(U)) ≤ 2e−cεE(U) = 2K−θcε ,

P(V < (1 − ε)E(V )) ≤ 2e−cεE(V ) = o
(

K−1) ,

P(W > (1 + ε)E(W )) ≤ 4e−cεE(W ) = o
(

K−1) .

These estimations, together with assumption (25), entail
that

P(X1(∞) ≥ θ log(K)) = o
(

K−1)

for θ > 0 sufficiently large.

One can apply exactly the same method so as to obtain up-
per bounds on the probability that Xi(∞) exceeds θ log(K).
In fact, these upper bounds can be made tighter as X1(0) is
the largest component. By summing such evaluations, one
arrives at

P

(

K
∑

i=1

Xi(∞) > θ log(K)

)

= o(1)

for θ > 0 large enough. The conclusion (26) of the theorem
follows.

6. DISCUSSION
In this paper we have introduced coupon replication systems
as models of file swarming. We have analyzed their stabil-
ity properties in the presence of exogenous arrivals, for both
flat and layered encounter mechanisms, in a large popula-
tion limit. The results suggest that file swarming does stabi-
lize around a finite equilibrium point, no matter how large
the arrival rate, thereby giving additional support to the
claims of Yang and de Veciana [17]. Future work will aim
to strengthen our conclusions for flat encounters. Another
promising direction is to relax the assumption that users
always enter the system with at least one coupon, which
implicitly assumes that some centralized server has a capac-
ity of ρ/K, where ρ is the work arrival rate, and K the size
of the coupon collection. This extension fits into our frame-
work, by explicitly accounting for the number of users in the
system holding no coupon at all.

We have also analyzed the left-over in a closed system, under
the assumption that all users initially have only one missing
coupon. In doing so, we have developed explicit solutions of
the ODE (22), which is a special instance of Lotka-Volterra
system (e.g. see Hofbauer and Sigmund [10]), which may be
of independent interest. We have then used stochastic com-
parison results, combined with large deviations estimations,
to have finer bounds on the order of the left-over when K is
allowed to scale as log(N), and N denotes the largest initial
population, thereby confirming that for K/ log(N) above a
critical threshold, the left-over is small. These results pro-
vide analytical support to the belief that file swarming per-
forms well under flash crowds, even when rarest first is re-
placed by a random coupon selection strategy. More work
is needed to analyze the left-over for more general initial
conditions.
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APPENDIX
A. PROOFS
A.1 Proof of Theorem 1
Let us first establish that any rest point x of (6), if it exists, is

given either by (7) or by (9). First, considering s =
∑K

i=1 xi

as a parameter, the equation dxi/dt = 0 is quadratic in xi,
and its solution must satisfy

xi =
s

2

(

1 ±
√

1 − 4λi

s

)

, i = 1, 2, . . . , K. (35)

This also shows that necessarily, s ≥ 4λ1. Next, since xi ≥ 0
for all i, if for some m, xm > s/2, then xj < s/2, for all
j 6= m. Hence, we have either

xi =
s

2

(

1 −
√

1 − 4λi

s

)

, i = 1, 2, . . . , K, (36)

or, for some m ∈ {1, 2, . . . , K},

xm =















s
2

(

1 +
√

1 − 4λi

s

)

i = m

s
2

(

1 −
√

1 − 4λi

s

)

i 6= m.
(37)

It remains to show that in this latter case, necessarily one
must have m = 1. To this end, assume that there exists
x given by (37) for some 1 < m ≤ K. The definition s =
∑K

i=1 xi, with x given by (37) and the change of variable
u = 1/s can be rewritten as fm(u) = K − 2, where

fm(u) :=
∑

i6=m

√
1 − 4λiu −

√
1 − 4λmu, 0 ≤ u ≤ 1/(4λ1).

(38)
The function fm(·) is such that fm(0) = K −2 and f ′

m(u) <
0, for all u ∈ [0, 1/(4λ1)], hence, there exists no solution for
fm(u) = K − 2 on u ∈ (0, 1/(4λ1)] (i.e. s ∈ [4λ1,∞)), a
contradiction. It remains to show that indeed f ′

m(u) < 0 on
(u, 1/(4λ1)]. To that end, consider

f ′
m(u) = −

∑

i6=m

2λi√
1 − 4λiu

+
2λm√

1 − 4λmu
, 0 ≤ u < 1/(4λ1).

(39)
Under K > 2, for f ′

m(u) < 0 to hold, it suffices that

λ1√
1 − 4λ1u

≥ λm√
1 − 4λmu

. (40)

The function f(·) defined as, a > 0,

f(x) =
x√

1 − ax
, x ∈ [0, 1/a),

is increasing with x. Indeed, f ′(x) = (1 − ax/2)/(1 −
ax)3/2 > 0. Hence, (40) is true whenever λ1 ≥ λm, which is
true by assumption. This shows the asserted monotonicity
of f ′

m(·).

To prove that (D) is necessary for the existence of rest
points, suppose there exists a rest point x and (D) is not
true. Assume first that x is given by (9). Plugging (9) into

s =
∑K

i=1 xi and making the change of variable u = 1/s,
we obtain f1(u) = K − 2, where f1(·) is defined by (38).
Now, note that f1(0) = K − 2. Also, elementary calcu-
lus shows that the function g : x → x/

√
1 − x is such that

g(x + y) ≥ g(x) + g(y) for all x, y ≥ 0, x + y ≤ 1, the in-
equality being strict unless either x or y equals zero. Since
by assumption λ1 ≥ ∑K

i=2 λi, this implies that f ′
1(u) > 0,

for u ∈ [0, 1/(4λ1)], except in the degenerate case where
λ1 = λ2, and λi = 0 for i > 2. As the latter is ruled out,
there exists no u ∈ (0, 1/(4λ1)] such that f1(u) = K − 2,
which contradicts the assumed existence of x.

Assume now that x exists and is given by (7). By the vari-

able change u = 1/s, the relation
∑K

i=1 xi = s can again be

rewritten as φ(u) = K − 2, where φ(u) =
∑K

i=1

√
1 − 4λiu.

As φ is decreasing, necessarily one must have that φ(1/4λ1) ≤
K − 2. If the inequality is strict, then (C) holds, and a for-
tiori, (D) holds. If we have equality here, then (D) holds,
except in the degenerate case λ1 = λ2, λi = 0 otherwise.

Assume that (C) holds. That is to say, φ(1/4λ1) < K − 2.
Thus there exists a fixed point satisfying (7). Moreover, it
is unique as φ is strictly decreasing.



Assume now that (C) fails, and (D) holds. Let us estab-
lish existence of a unique rest point given by (9). We again
consider f1(u) = K − 2 on u ∈ [0, 1/(4λ1)] where f1(·) is
defined by (38). Note that f1(0) = K−2 and f1(1/(4λ1)) =
∑K

i=2

√

1 − λi/λ1 ≥ K − 2. Moreover, f ′
1(0) = 2(λ1 −

∑K
i=2 λi) < 0 and limu↑1/(4λ1) f ′

1(u) = +∞. Hence, there
must exist a u ∈ (0, 1/(4λ1)] such that f1(u) = K − 2,
which establishes the existence of the rest point satisfy-
ing (9). Moreover, we can show that there exists a unique
u ∈ [0, 1/(4λ1)] such that f ′

1(u) = 0. This implies unique-
ness of such a rest point.

Finally, in order to conclude the proof, we have to establish
that rest points of type (9) do not exist when condition (C)
holds. This is easily done by examining the properties of f1

and f ′
1 on the interval [0, 1/4λ1].

A.2 Proof of Theorem 2
We first note that, as (d/dt)xi(t) ≥ λi − xi(t), after some
time t0, xi(t) ≥ λi/2. In order to establish boundedness (or
lack of it), we introduce an auxiliary 2-dimensional system
as follows. Fix m ∈ {1, 2, . . . , K} and define u = xm and v =
∑

i6=m xi. We also use the notation a := λm, b :=
∑

i6=m λi

and z :=
∑

i6=m x2
i . From (6), we have

d

dt
u(t) = a − u(t)v(t)

u(t) + v(t)
(41)

d

dt
v(t) = b − u(t)v(t) − v(t)2 + z(t)

u(t) + v(t)
. (42)

Let us first establish that x1(t) goes to infinity when (D)
does not hold, by taking m = 1. Note that

d

dt
(u(t) − v(t)) = a − b +

v(t)2 − z(t)

u(t) + v(t)
·

Since (D) is violated, a − b ≥ 0. If the inequality is strict,
as the right-hand side is larger than a − b, we see at once
that u(t) − v(t) increases linearly to infinity, and a for-
tiori x1(t) also increases linearly to infinity. If a = b, note
that v(t)2 − z(t) = 2

∑

1<i<j≤K xixj ≥ λ2λ3/2, because we

placed ourselves after time t0, so that xi ≥ λi/2 for all i.
We thus have

d

dt
(u(t) − v(t)) ≥ λ2λ3/2

u(t) + v(t)
·

Integrating, this yields

u(t)+v(t) ≥ u(t)−v(t) ≥ u(t0)−v(t0)+
λ2λ3

2

∫ t

t0

dτ

u(τ) + v(τ)
·

(43)
Provided u(t0) ≥ v(t0), this implies that u(t) + v(t) is at
least of order

√
t. Since we also have that

u(t) ≥ v(t) + u(t0) − v(t0),

necessarily u(t) must also be at least of order
√

t. However,
we can always choose t0 such that u(t0) − v(t0) ≥ 0, for
otherwise, it would follow from (41) that u(t) is bounded,
and in turn from the previous display that v(t) is bounded.
However, this cannot hold in view of (43).

Assume now that (D) holds. By the same argument as
above, we may place ourselves after some time t0 such that

for all t ≥ t0, and each i 6= m, xi(t) ≥ λi − ε, for any given
ε > 0. In particular, for a suitably chosen ε > 0, this ensures
that for all t ≥ t0, v(t) :=

∑

i6=m xi(t) ≥ b−(K−1)ε ≥ a+ε.

This is indeed feasible as, by assumption (D), b > a. It thus
holds that

d

dt
u(t) ≤ a − (a + ε)u(t)

a + ε + u(t)
≤ a(a + ε) − εu(t)

u(t) + a + ε
.

This guarantees that lim supt→∞ u(t) ≤ ε−1a(a + ε). This
argument holds for all m ∈ {1, 2, . . . , K}, and thus uniform
boundedness of the dynamical system under consideration
holds as claimed.

A.3 Proof of Lemma 2
The result follows by induction. Base step. m = 1. We have

d

dt
y1(t) = λ1 −

(

1 − y1(t)

sK−1(t)

)

y1(t).

Note that

y1(t)

sK−1(t)
=

y1(t)
∑K−1

k=1

(

K
k

)

yk(t)
<

y1(t)
(

K
1

)

y1(t)
=

1

K
.

From the last two relations, (d/dt)y1(t) < λ1−(K−1)/Ky1(t).
It follows that (15) for m = 1 is a super-solution for y1(t).

Induction step. Suppose (15) is a super-solution for the ODEs
(14) for m = 1, 2, . . . , n < K − 1. We have

sn(t) + yn+1(t)

sK−1(t)
=

∑n+1
k=1

(

n+1
k

)

yk(t)
∑K−1

k=1

(

K
k

)

yk(t)

≤
∑n+1

k=1

(

n+1
k

)

yk(t)
∑n+1

k=1

(

K
k

)

yk(t)
<

n+1
max
k=1

(

n+1
k

)

(

K
k

) =
n + 1

K
.

Combine this with (14) to write

d

dt
yn+1(t) < λn+1+

n + 1

K − (n + 1)
y+

n (t)−K − (n + 1)

K
yn+1(t).

This, together with y(0)+ = y(0), shows that yn+1(t) <
y+

n+1(t), for all t > 0. The proof is completed.

A.4 Proof of Theorem 5
The theorem follows from two lemmas that we display first.
Introduce the transform:

yi(t) := exp

(

−
∫ t

0

xi(u)du

)

, i = 1, 2, . . . , K.

The next lemma shows that a particular “constant of mo-
tion” is enjoyed by the ODE (22).

Lemma 5. For the ODE (22), for all i, j ∈ {1, 2, . . . , K},
xi(0)yj(t) − xj(0)yi(t) = xi(0) − xj(0).

Proof. From (22), we have that

xi(t) = xi(0) exp

(

−
∫ t

0

(s(u) − xi(u))du

)

, i = 1, 2, . . . , K.



Hence, for any i, j ∈ {1, 2, . . . , K},

xi(t)−xj(t) =

(

xi(0)

yi(t)
− xj(0)

yj(t)

)

exp

(

−
∫ t

0

s(u)du

)

. (44)

On the other hand, by subtracting the right- and left-hand
sides of the i-th and the j-th ODE in (22), we have that

d

dt
(xi(t) − xj(t)) = −(xi(t) − xj(t))(s(t) − xi(t) − xj(t)).

Integrating the last ODE, we obtain

xi(t) − xj(t) = (xi(0) − xj(0))
1

yi(t)yj(t)
e−

∫

t
0

s(u)du. (45)

By equating the right-hand sides of (44) and (45), the as-
serted relation follows.

We next give a lemma that characterizes a solution of the
ODE (22). We use the notation qi := (x1(0) − xi(0))/x1(0)

and denote the geometric mean ρ = (
∏K

i=2 qi)
1

K−1 .

Lemma 6. Let x(t) = (x1(t), x2(t), . . . , xK(t)) be the so-
lution of the initial value problem (22). Let the function
y1(·) be given by y1(0) = 1 and

d

dt
y1(t) = −x1(0)y1(t)

K
∏

j=2

(qj + (1 − qj)y1(t)). (46)

Then, for all i = 1, 2, . . . , K,

xi(t) = xi(0)
∏

j 6=i

(qj + (1 − qj)y1(t)), t ≥ 0. (47)

Proof. From (44), we have

xi(t) = xi(0)
∏

j 6=i

yj(t), i = 1, 2, . . . , K. (48)

Now, in the last display, substitute yj(t) by using Lemma 5
with i = 1 therein. This yields the asserted expression for
xi(t). It remains only to show that y1 is defined as asserted.
By definition of yi, we have that (d/dt)yi(t) = −xi(t)yi(t),
i = 1, 2, . . . , K. Combining the last relation with (48) and
Lemma 5, we obtain (46).

Proof Theorem 5. We consider two cases:

Case 1: x1(0) = x2(0). We show that xi(+∞) = 0, for all
i = 1, 2, . . . , K, as asserted in the theorem. By symmetry
of the right-hand sides in (22), xi(t) > xj(t) (resp. =), for
all t ≥ 0, whenever xi(0) > xj(0) (resp. xi(0) = xj(0)). To
contradict, suppose that x1(+∞) = c > 0. We now reuse
the representation of the solution given in (48) to write

x1(t) = x1(0)

K
∏

j=3

yj(t)y1(t).

Taking the limit t → ∞ on both sides of the last relation, we
obtain that c = x1(0)

∏K
j=3 yj(+∞) · 0 = 0, a contradiction.

Case 2: x1(0) > x2(0). We first show that limt→∞ y1(t) = 0.
From (46), it follows

d

dt
y1(t) < −x1(0)y1(t)(q2 + (1 − q2)y1(t))

K−1

≤ −x1(0)y1(t)q
K−1
2 .

Now, let y+
1 (0) = y1(0) and (d/dt)y+

1 (t) = −x1(0)y+
1 (t)qK−1

2 .
We have that y1(t) ≤ y+

1 (t), for all t ≥ 0, where y+
1 (t) =

e−x1(0)qK−1

2
t. From our hypothesis x1(0) > x2(0) we have

that q2 > 0 and thus limt→∞ y+
1 (t) = 0, which shows that

we must have y1(+∞) = 0. The theorem now follows by
Lemma 6 by noting from (47) that limt→∞ xi(t) = 0 for
i > 1, and limt→∞ x1(t) = x1(0)ρK−1.

A.5 Proof of Lemma 3
The construction yielding the result amounts to build the
Markov processes from the same driving Poisson processes.
More precisely, take two independent Poisson processes on
the line, P1 and P2, with intensity λ suitably large (larger
than X2

0 + Y ′2 is enough). Each point of P1 may trigger
a type 1-transition, namely one which involves departure
of a type 1-individual: if the rate of the transition is r,
then a random variable U , uniformly distributed on [0, 1] is
generated, and the transition is enabled if U < r/λ. The
trick then is to use the same uniform random variables for
the two Markov processes. It is easily seen that type 1-jumps
will occur at the same instants in both processes until either
Y or Y ′ hits zero, but Y ′ should hit zero first if the desired
comparison holds. On the other hand, type-2 transitions
occur in the original system at rate

Y + X1 −
∑K

k=2 X2
k

Y
,

where Y =
∑K

j=2 Xj . This rate is no larger than Y (K −
2)/(K − 1) + X1. Thus, when Y ′ = Y , type-2 transitions
are more likely in the auxiliary system.

A.6 Proof of Lemma 4
The process X ′ may be constructed on [0, t] as follows. First
construct X ′

1. This may be done by associating i.i.d., expo-
nentially distributed lifetimes Ti to each of the X1 initial
individuals, the parameter of the exponential distribution
being 1, and by letting

X ′
1(s) =

X1
∑

i=1

1Ti>s.

That X ′
1(t) has the desired binomial distribution follows di-

rectly.

Then, associate i.i.d., exponentially distributed lifetimes with
parameter r to each of the initial Y individuals, namely Si.
If we could ignore the term X ′

1 in the transition rate for re-
ductions to Y ′, we would have a similar representation for
Y ′(t) as we have for X ′

1(t). Let V be exactly what we would
have in that case:

V =
Y
∑

i=1

1Si>t.

Finally, in order to account for the extra death rate X ′
1 in Y ′,

proceed as follows. Conditionally on X ′
1, and independently



of the Si’s, generate a Poisson process P with time varying
intensity X ′

1(s), whose points are t1, . . . , tm. At each time
ti, i = 1, 2, . . . , m, one of the individuals constituting Y ′ is
removed. Now, the random variable W accounts for these
removals, for which the corresponding lifetime would have
exceeded t. Conditionally on X ′

1 and the Poisson process P ,
the distribution of W is specified as:

E
[

zW
∣

∣

∣
P, X ′

1

]

=
∏

ti∈P

(

1 − e−r(t−ti) + e−r(t−ti)z
)

.

Indeed, the probability that the lifetime Si exceeds t is
e−r(t−ti). Take then expectations with respect to P . Us-
ing the formula for Laplace transforms of Poisson processes,
one gets

E
[

zW
∣

∣

∣
X ′

1

]

= exp

(

−(1 − z)

∫ t

0

e−r(t−s)X ′
1(s)ds

)

.

This is readily identified as the generating function of the
sum of N independent random variables with a conditionally
Poisson distribution, with random parameters:

Λi =

∫ t∧Ti

0

e−r(t−s)ds. (49)

Hence, the expectation of W reads:

E(W ) = NE(Λ).

One readily sees that

E(Λi) = e−t

∫ t

0

e−rsds +

∫ u

0

e−udu

∫ u

0

e−r(t−s)ds

=
e−rt − e−t

1 − r
,

which yields the expression for E(W ) in (33).

The large deviations bound (34) is a standard result for
binomial random variables; see e.g. Corollary A.1.14, p.
268 in [4] (in fact, it holds with a factor 2 rather than 4 in
front of the exponential).

In order to derive a similar result for W , we proceed in two
steps. We first obtain a large deviations bound for the sum
∑N

i=1 Λi. This is readily done by noting that the r.v. Λi

lies in the interval [0, (1− e−rt)/r]. It is an easy result that
any probability distribution restricted to this interval and
with given mean is stochastically dominated, in the sense of
convex stochastic ordering (see e.g. [3]), by that which puts
mass only at the two end points of this interval and has the
same mean; see e.g. [3]. Thus, provided the interval length
(1 − e−rt)/r is uniformly bounded, we may obtain a large

deviations result for
∑N

i=1 Λi from that available for bino-
mial distributions. The interval length is indeed uniformly
bounded for K ≥ 3 by 1/r = (K − 1)/(K − 2) ≤ 2.

The large deviations bound for W then follows by writing:

P(|W − E(W )| ≥ εE(W )) ≤
P
(

|∑N
i=1 Λi − E(W )| ≥ ε/2E(W )

)

+P (Poi((1 + ε/2)E(W )) ≥ (1 + ε)E(W ))
+P (Poi((1 − ε/2)E(W )) ≤ (1 − ε)E(W )) ,

where we have used the fact that W is conditionally Poisson,
with parameter

∑N
i=1 Λi. As Poisson random variables also

satisfy a large deviations bound of type (34), with a constant
of 2 in front of the exponent, this yields a similar result for
W , with a constant of 4 instead.


