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Abstract

We show that an important recent result of Alon and Shapira on testing hereditary
graph properties can be derived from the existence of a limit object for convergent graph
sequences.

1 Introduction

A graph property P is hereditary, if for every graph G with property P, every induced subgraph
also has property P.

A graph property P is testable, if there is another graph property P ′ such that for every
ε > 0 there is a k = k(ε) such that

(a) if changing at most εn2 edges in any way the obtained graph has property P, then at
least a 1− ε fraction of its k-node induced subgraphs have property P ′, and

(b) if changing at most εn2 edges in any way the obtained graph does not have property P,
then at least a 1− ε fraction of its k-node induced subgraphs do not have property P ′.

We can view such a property P ′ as a local test for P. We draw a random sample of size k

and see if it has property P ′; if it does, we guess that G has property P, else we guess that it
does not. If a graph has property P in a robust way so that even changing εn2 edges it remains
valid, then the test will give the correct answer with large probability. The outcome is similar if
the graph fails to have the property in a robust way. We have a grey area inbetween, where we
can guess arbitrarily. In other words, whatever we guess, we should be able to change at most
εn2 edges to make out guess right.

Alon and Shapira [1] prove the following very general result:

Theorem 1 Every hereditary graph property is testable.

They in fact prove more. Let f be a graph parameter (i.e., a real valued function defined on
simple graphs, invariant under isomorphism). Assume that the parameter is normalized so that
0 ≤ f ≤ 1. We say that this parameter is testable if for every ε > 0 there is a positive integer
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k(ε) such that if G is a graph with at least k(ε) nodes and we select a set X of k(ε) independent
uniform random nodes of G, then for the subgraph G′ induced by them

P(|f(G)− f(G′)| > ε) < ε.

For two graphs G and G′ on the same set of nodes, we denote by D1(G,G′) = |E(G)4E(G′)|
their “edit distance”, and we set d1(G,G′) = D1(G,G′)/|V (G)|2. For every graph G and graph
property P, let d1(G,P) = minG′∈P d1(G,G′). We call d1(.,P) the distance from property P.
(We assume that for every n > 0, there is a graph with n nodes with property P; this is clearly
the case for hereditary properties that hold for infinitely many graphs.)

Theorem 2 (Alon–Shapira [1]) The distance from a hereditary graph property is testable.

Alon and Shapira prove and use a strengthened form of the Szemerédi Regularity Lemma.
The goal of this note is to describe an alternate proof that uses instead the existence of a limit
of graph sequences.

2 Preliminaries

2.1 Subgraph densities

Let F and G be simple graphs. Let t(F,G) denote the probability that a random map V (F ) →
V (G) preserves adjacency; let tinj(F, G) denote the probability that a random injective map
V (F ) → V (G) preserves adjacency; and let tind(F,G) denote the probability that a random
injective map V (F ) → V (G) preserves adjacency as well as nonadjacency. It is easy to see that
t, tinj and tind are related [4]:

|tinj(F,G)− t(F, G)| ≤
(|V (F )|

2

)
1

|V (G)| ,

and
tinj(F, G) =

∑
F ′⊇F

V (F ′)=V (F )

tind(F, G).

From here we get by inclusions-exclusion that

tind(F, G) =
∑

F ′⊇F

V (F ′)=V (F )

(1−)|E(F ′)\E(F )|tinj(F, G).

2.2 2-variable functions

Let W denote the space of bounded symmetric measurable functions W : [0, 1]2 → R, and let
W0 be the set of all functions in W with range on [0, 1]. For every W ∈ W, we define

‖W‖¤ = sup
S,T

∣∣∣
∫

S×T

W (x, y) dx dy
∣∣∣,

where S and T range over all measurable subsets of [0, 1]. It is clear that ‖.‖¤ is a norm. For
W,W1,W2, · · · ∈ W0, we write Wn

¤−→ W if ‖W −Wn‖ → 0.
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We can think of W ∈ W0 as a graph on node set [0, 1], where W (x, y) is the edge density
between an infinitesimal neighborhood of x and an infinitesimal neighborhood of y. The subgraph
densities t and tind can be extended to subgraph densities in functions in W ∈ W0 as follows: if
F = (V,E) is a simple graph, then

t(F, W ) =
∫

[0,1]V

∏

ij∈E

W (xi, xj) dx,

and
tind(F,W ) =

∫

[0,1]V

∏

ij∈E

W (xi, xj)
∏
ij /∈E
i 6=j

(1−W (xi, xj)) dx.

(There would be no difference between t and tinj in this setting.) Expanding the product in the
last formula, we get the identity

tind(F, W ) =
∑

F ′⊇F

V (F ′)=V (F )

(1−)|E(F ′)\E(F )|t(F, W ). (1)

This “subgraph density” parameter is continuous in the ‖.‖¤ norm [2]; more precisely, for
every simple graph F and U,W ∈ W0 we have

|t(F, U)− t(F, W )| ≤ |E(F )|‖U −W‖¤. (2)

With every graph G on n nodes we can associate a stepfunction WG ∈ W0: we consider the
adjacency matrix (aij) of G, and replace each entry aij by a square of size (1/n) × (1/n) with
the constant function aij on this square. Then it is easy to check that

t(F,G) = t(F, WG) (3)

and
|tind(F,G)− tind(F, WG)| ≤

(|V (F )|
2

)
1

|V (G)| . (4)

Let us conclude this section with a remark about the proof from the analytic point of view.
Property testing involves looking at small graphs, which by (2), is connected to the ‖.‖¤ norm.
On the other hand, the definition of d1(G,P) is in terms of the “edit distance”, which corresponds
to the L1 norm. To go from one norm to the other is the main difficulty.

2.3 Convergent graph sequences

Let (Gn) be a sequence of unweighted simple graphs. We say that this sequence is convergent,
if |V (Gn)| → ∞, and the sequence (t(F, Gn)) has a limit for every simple graph F as n → ∞.
It follows by an easy diagonalization argument that every infinite sequence of graphs for which
|V (Gn)| → ∞ has a convergent subsequence.

It was proved in [4] that every convergent graph sequence has a limit in the form of a function
W ∈ W0 such that t(F, Gn) → t(F,W ) for every simple graph F . By (1) it follows that in this
case tind(F, Gn) → tind(F, W ).
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Another characterization of the limit function is the following [2]: For an an appropriate
labeling of the nodes of the graphs,

‖W −WGn‖¤ → 0.

See [5, 2] for more on this norm and its connections with Szemerédi partitions and quasirandom
graphs.

Let f be a graph parameter. We say that f is continuous at infinity, if for every convergent
graph sequence (Gn), f(Gn) tends to a limit. It is not hard to prove [2] that

Proposition 3 A graph parameter is testable if and only if it is continuous at infinity.

3 Hereditary properties and the ‖.‖¤ norm

Lemma 4 Let W,W1,W2 · · · ∈ W0, and suppose that Wn
¤−→ W . Then for every integrable

function Z : [0, 1]2 → R, we have
∫

[0,1]2
Z(x, y)Wn(x, y) dx dy −→

∫

[0,1]2
Z(x, y)W (x, y) dx dy.

In particular, ∫

S

Wn −→
∫

S

W

for every measurable set S ⊆ [0, 1]2.

Proof. If U is the indicator function of a rectangle, this follows from the definition of the ‖.‖¤
norm. Hence the conclusion follows for stepfunctions, since they are linear combinations of a
finite number of indicator functions of rectangles. Then it follows for for all integrable functions,
since they are approximable in L1([0, 1]2) by stepfunctions. ¤

Let P be a hereditary graph property. Let H denote the set of all functions U ∈ W0 such
that for all n ∈ Z+ and almost all x1, . . . , xn ∈ [0, 1], all graphs G on [n] such that

{
ij ∈ E(G) if i 6= j and U(x, y) = 1,

ij /∈ E(G) if i 6= j and U(x, y) = 0

have property P. In other words, whenever a graph G does not have property P, then
tind(G,U) = 0. Note that if U ∈ H, then changing its value in points (x, y) with 0 < U(x, y) < 1
results in another function in H.

Lemma 5 The set H is closed in W with respect to the ‖.‖¤ norm.

Proof. Suppose that Wn
¤−→ W . Then for every F , t(F,Wn) → t(F, W ), hence tind(F, Wn) →

tind(F, W ), hence if tind(F, Wn) = 0 for every F /∈ P, then also tind(F, W ) = 0 for these graphs
F . ¤

Let
d1(W,H) = min

U∈H
‖W − U‖¤

denote the L1-distance of W from H. The following lemma is the main step in the proof.
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Lemma 6 Let P be a hereditary graph property, and let H ⊆ W denote the set of functions with
this property. Then d1(W,H) is a continuous function of W in the ‖.‖¤ norm.

It is trivial that d1(W,H) is a continuous function of W in the ‖.‖1 norm.

Proof. Suppose that Wn
¤−→ W . First we prove that

lim sup
n→∞

d1(Wn,H) ≤ d1(W,H). (5)

Let U ∈ H such that d1(W,H) = ‖W − U‖1. Let

S0 = {(x, y) ∈ [0, 1]2 : U(x, y) = 0}, S1 = {(x, y) ∈ [0, 1]2 : U(x, y) = 1}.

For almost every point (x, y) ∈ [0, 1]2 \ S0 \ S1 we must have U(x, y) = W (x, y) (else, we could
change the value and decrease ‖W − U‖1).

Consider the functions Un ∈ W0 defined by

Un(x, y) =





0, if (x, y) ∈ S0,

1, if (x, y) ∈ S1,

Wn(x, y), otherwise.

Since Un is obtained from U by changing values strictly between 0 and 1, we have Un ∈ H.
Hence, using Lemma 4, we have

d1(Wn,H) ≤ ‖Wn − Un‖1 =
∫

[0,1]2
|Wn − Un| =

∫

S0

Wn +
∫

S1

(1−Wn)

→
∫

S0

W +
∫

S1

(1−W ) =
∫

[0,1]2
|W − U | = ‖W − U‖1 = d1(W,H).

This implies (5).
To prove the converse, let Xn ∈ H be chosen so that ‖Wn − Xn‖1 = d1(Wn,H). We may

assume that Xn is convergent in the ‖.‖¤ norm, then by Lemma 5, its limit X belongs to H.
Let

S0 = {(x, y) ∈ [0, 1]2 : X(x, y) = 0}, S1 = {(x, y) ∈ [0, 1]2 : X(x, y) = 1},
and let Y ∈ W0 be defined by

Y (x, y) =





0, if (x, y) ∈ S0,

1, if (x, y) ∈ S1,

W (X, Y ), otherwise.

Then clearly Y ∈ H, and so by Lemma 4 again,

d1(Wn,H) = ‖Wn −Xn‖1 =
∫

[0,1]2
|Wn −Xn| ≥

∫

S0

Wn +
∫

S1

(1−Wn)

→
∫

S0

W +
∫

S1

(1−W ) =
∫

[0,1]2
|W − Y | = ‖W − Y ‖1 ≥ d1(W,H).

This proves that
lim inf

n→∞
d1(Wn,H) ≥ d1(W,H),

which competes the proof of the Lemma. ¤
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Lemma 7 If (Gn) is a convergent sequence of graphs with property P, and Gn
¤−→ W , then

W ∈ H.

Proof. Suppose W /∈ H, then there is a graph F /∈ P such that tind(F, W ) > 0. But we know
that

tind(F, Gn) → tind(F, W ),

and hence tind(F, Gn) > 0 if n is large enough. Since P is hereditary, this implies that Gn cannot
have property P, a contradiction. ¤

Lemma 8 For every graph G,
d1(G,P) ≤ d1(WG,H).

Proof. Let U ∈ H be such that ‖WG − U‖1 = d1(WG,H). As before, we may assume that
U is a {0, 1}-valued function. Let V (G) = [n], and let Xi be a uniform random element of the
interval Li = [ i−1

n , i
n ]. Let GX denote the graph on [n] in which i and j are adjacent if and only

if U(Xi, Xj) = 1. Then with probability 1, GX has property P. We have

E(d1(G, GX)) =
1
n2

E(|E(G)4E(GX)|) =
1
n2

n∑

i,j=1

Pr(WG(Xi, Xj) 6= U(Xi, Xj))

=
n∑

i,j=1

∫

Li×Lj

|WG(Xi, Xj)− U(Xi, Xj)| = ‖WG − U‖1 = d1(WG,H).

Hence there is a choice of X for which GX ∈ P and d1(G,GX) ≤ d1(WG,H). This proves the
lemma. ¤

4 Proof of Theorem 2

Proof. Let (Gn) be a convergent graph sequence, and let W ∈ W0 be its limit. We want to
show that d1(Gn,P) is convergent. We in fact show that

d1(Gn,P) → d1(W,H).

We know that WGn

¤−→ W , so by Lemma 6, d1(WGn ,H) → d1(W,H). So by Lemma 8, we have

d1(Gn,P) ≤ d1(WGn ,H) = d1(W,H) + o(1),

and so
lim sup

n→∞
d1(Gn,P) ≤ d1(W,H).

The converse inequality
lim inf
n→∞

d1(Gn,P) ≥ d1(W,H)

is somewhat more difficult. Suppose that the liminf is smaller, then we may assume (by keeping
only a subsequence) that

d1(Gn,P) → c < d1(W,H).
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For each Gn, let Hn be a graph on the same nodeset such that Hn has property P and
d1(Gn, Hn) = d1(Gn,P). We may assume that Hn is convergent; let U ∈ W0 be its limit.
By Lemma 7, we have U ∈ H. Clearly

d1(WGn ,WHn) = d1(Gn,Hn) = d1(Gn,P).

Hence
d1(WGn

,H) ≤ d1(WGn
, WHn

) + d1(WHn
,H) = d1(Gn,P) + d1(WHn

,H).

In this inequality, d1(WGn
,H) → d1(W,H) and d1(WHn

,H) → d1(U,H) = 0 by Lemma 6.
Hence d1(W,H) ≤ c, a contradiction. ¤
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