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Introduction

For signals defined on an irregular domain embedded in Euclidean space, consider modeling them as Gaussian Processes.
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Many signals are defined on 
irregular domains embedded 

in Euclidean space.  Often, 
they are modeled with GSP.  

But should they be? Transportation networks Biological networks 3D point clouds
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sets

Signal 𝑥(𝑣) defined on discrete domain 𝒱

Undirected graph 𝒢 = 𝒱, ℰ , ℰ = 𝑣𝑖 , 𝑣𝑗
Weights 𝑊 = 𝑤𝑖𝑗 , 𝑤𝑖𝑗 > 0 if 𝑣𝑖 , 𝑣𝑗 ∈ ℰ else 0

Diagonal 𝐷 = 𝑑𝑖𝑗 , 𝑑𝑖𝑖 = 𝑤𝑖𝑖 + σ𝑗𝑤𝑖𝑗

Laplacian 𝐿 = 𝐷 −𝑊 = 𝜒Λ𝜒𝑇

Graph Fourier Transform (GFT) of 𝑥: ෝ𝒙 = 𝜒𝑇𝒙

Vector 𝒙 = 𝑥 𝑣1 , … , 𝑥 𝑣𝑛
𝑇

is a GMRF wrt 𝒢 with mean 𝝁

and precision 𝑄 = [𝑞𝑖𝑗] iff 𝑞𝑖𝑗 ≠ 0 ⇔ 𝑣𝑖 , 𝑣𝑗 ∈ ℰ ∀𝑖 ≠ 𝑗 and

𝑝 𝒙 = 2𝜋 −
𝑛
2 𝑅 −

1
2exp −

1

2
𝒙 − 𝝁 𝑇𝑅−1 𝒙 − 𝝁

where covariance matrix 𝑅 = 𝑄−1.
If 𝑤𝑖𝑗 = −𝑞𝑖𝑗 ∀𝑖 ≠ 𝑗 and 𝑤𝑖𝑖 = σ𝑗 𝑞𝑖𝑗 ∀𝑖,

then 𝐿 = 𝑄 = 𝑅−1.  Thus 𝑅 = 𝐿−1 = 𝜒Λ−1𝜒𝑇.

Graph Signal 
Processing 

Framework

Modeling 
signal as 
GMRF(𝐿)

−𝜇) 𝑥 𝒗 + 𝒅 − 𝜇 is a random process s.t. any sample 

vector 𝒙 = 𝑥 𝑣1 , … , 𝑥 𝑣𝑛
𝑇

has density

𝑝 𝒙 = 2𝜋 −
𝑛
2 𝑅 −

1
2exp −

1

2
𝒙 − 𝝁 𝑇𝑅−1 𝒙 − 𝝁

where 𝝁 = 𝜇,… , 𝜇 𝑇 and 𝑅 = 𝑟𝑖𝑗 , 𝑟𝑖𝑗 = 𝑅𝑥𝑥(𝒗𝑖 − 𝒗𝑗).

Gaussian 
Process 

Definition

Model mean-removed signal 𝑥 𝒗1 , … , 𝑥 𝒗𝑛 as samples of 
a GP with mean 0 and covariance function 𝑅𝑥𝑥 𝒅 either

• Modeled, e.g., as 𝑅𝑥𝑥 𝒅 = 𝜎𝑥
2𝜌− 𝒅 or

• Estimated, e.g., as 𝑅𝑥𝑥 𝒅 =
1

|Φ𝒅|
σ 𝒖,𝒗 ∈Φ𝒅

𝑥 𝒖 𝑥(𝒗)

Modeling 
signal as 

GP(𝑅)

KLT is GFT

“GPT” is KLT

Data set GFT GPT

Man 14.9 18.9

Andrew 13.2 17.6

Ricardo 9.8 16.4

Phil 17.9 24.8

Sarah 20.0 28.3

Average 15.1 21.2

GMRF model

Weather data

Man

Andrew Phil

Ricardo Sarah 6 dB 
difference

Blue: 𝑤𝑖𝑗 = 1

Green: 𝑤𝑖𝑗 = 1/ 2

Red: 𝑤𝑖𝑗 = 1/ 3
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Stationary Gaussian Process (GP) 𝑥 𝒗 , 𝒗 ∈ ℝ𝑁, with 
mean 𝜇 and covariance function 𝑅𝑥𝑥 𝒅 = 𝐸(𝑥 𝒗 −


