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ABSTRACT

For object classification, soft assignment (SA) is capable
of improving the bag-of-visual-words (BoVW) model and
has the advantages in conceptual simplicity. However, the
performance of soft assignment is inferior to those recently
developed encoding schemes. In this paper, we propose a
novel scheme called barycentric coordinates based soft as-
signment (BCSA) for the classification of object images.
While maintaining conceptual simplicity, this scheme will be
shown to outperform most of the existing encoding schemes,
including sparse and local coding schemes. Furthermore, with
only single-scale features, it is able to achieve comparable or
even better performance to current state-of-the-art Fisher ker-
nel (FK) encoding scheme. In particular, the proposed BCSA
scheme enjoys the following properties: 1) preservation of
linear order precision for encoding which makes BCSA ro-
bust to linear transform distortions; 2) inheriting naturally
the visual word uncertainty which leads to a more expres-
sive model; 3) generating linear classifiable codes that can be
learned with significant less computational cost and storage.
Extensive experiments based on widely used Caltech-101 and
Caltech-256 datasets have been carried out to show its effec-
tiveness of the proposed BCSA scheme in both performance
and simplicity.

Index Terms— Object Classification, Barycentric Coor-
dinates, Soft Assignment

1. INTRODUCTION

Bag-of-words is a classic model in information retrieval for
the processing of text documents (web pages) [1]. It has also
been successfully applied to the field of computer vision [2],
including content based image retrieval [3], image classifi-
cation [2], and fine-grained object categorization [4]. Bag-
of-words model in computer vision treats local image fea-
tures as words, hence it is typically referred as bag-of-visual-
words (BoVW) model. BoVW enjoys its success because it
elegantly tackles the significant variability among object im-
ages. This variability is a challenging issue and is caused by
different scales, different illuminating conditions, occlusions
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Fig. 1. Barycentric coordinates and truncation. (a) Barycen-
tric coordinates are area coordinates in the context of trian-
gles. (b) Truncation of the barycentric coordinates if a point
that is outside of the polytope.

of background clutters, and variations of the pose for the ob-
jects within images.

The BoVW model [2] first collocates local image descrip-
tors extracted from image patches, then quantizes the descrip-
tors into a single vector, and finally classifies images accord-
ing to their signature vectors. The BoVW model relies on the
vector quantization (VQ) to allow a descriptor to be encoded
into only one of its neighbors. However, hard assignment in
VQ will incur large quantization errors and hence degrade the
performance of image classification. An intuitive solution to
this problem will be to design a soft assignment which al-
lows the encoding to distribute over multiple neighbors. Such
a soft assignment is expected to substantially reduce the quan-
tization errors caused by VQ and improve the classification
accuracy.

In [5], a soft assignment coding scheme called ker-
nel codebook encoding (KCB) was proposed to assign the
weights according to a kernel function that is inversely pro-
portional to the distance of descriptors. Despite of its im-
provement over BoVW, sparse and local coding schemes
[6, 7] gained popularity as they had shown better perfor-
mance.

Researches on these newly developed encoding schemes
indicate that max-pooling is able to achieve better classifi-
cation performance because it selects the largest response



rather than the averaged response. In [7], the authors have
performed a comprehensive cross evaluation of different cod-
ing and pooling schemes, and conclude that max-pooling
almost always improves average-pooling. Based on these ob-
servations, localized soft assignment (LSA) coding scheme
is proposed in [8]. This scheme employs locality and max-
pooling, and has shown to achieve comparable or even better
performance over existing sparse or local coding schemes.

In this research, we propose a novel soft assignment cod-
ing scheme based on barycentric coordinates. This barycen-
tric coordinate based soft assignment (BCSA) scheme is able
to improve LSA with a margin of more than 3% classification
accuracy, and achieve comparable as or better performance
than the current state-of-the-art Fisher kernel (FK) [9] encod-
ing scheme. Moreover, the proposed BCSA scheme is much
simpler to compute than the FK scheme, and thus is useful for
diverse scenarios when more extensive computing cannot be
afforded.

Why this proposed BCSA scheme performs very well, es-
pecially comparing against LSA? The underlining reason is
that BCSA preserves linear order precision. By linear order
precision, we mean that, in the descriptor space, if a descrip-
tor is a linear combination of its local neighbors, then in the
encoding space, its code also has the same linear combination
of the codes of its local neighbors. This property has the po-
tential to make the encoding process more precise and more
robust to coding transform distortions. Another reason shall
be that this BCSA scheme naturally employs visual word un-
certainty. Visual word uncertainty is also called probabilistic
interpretation in LSA [8], and has been shown to be a key at-
tribute for the good performance of image classification. Al-
though both KCB and LSA enjoy visual word uncertainty,
we notice that these visual word uncertainties are “artificial”,
as the denominator normalizer is forced to apply by adding
over the numerators. While in the proposed BCSA scheme,
visual word uncertainty is “natural”, as it is a geometric prop-
erty of barycentric coordinates as area coordinates and can be
physically interpreted as the centroid of the masses. Finally,
it is also worth noting that the proposed BCSA scheme has
potential to be combined with convolutional neural networks
(CNNs) [10] to further improve its performance, as the pro-
posed BCSA algorithm steps described in Section 3.3 match
with a CNN operation unit which is typically composed of a
convolutional layer, a non-linear activation layer and a nor-
malization layer.

To summarize, the proposed BCSA scheme has the fol-
lowing advantages:

1. Preserving linear order precision encoding, resulting
from a basic property of barycentric coordinate system,
making BCSA scheme more robust to linear transform
distortions.

2. Inheriting naturally the probabilistic interpretation if
we adopt barycentric coordinates to be affine, leading
to a more expressive BCSA model.

3. Generating linear classifiable codes that can be learned
with linear classifiers rather than non-linear classifiers,
requiring only O(n) training time, O(1) testing time,
and no kernel matrix storage.

4. Achieving comparable or better performance than the
state-of-the-art Fisher kernel (FK) [9] encoding scheme
with much simpler implementation with single scale
features and compatible SPM pooling. It also has po-
tential to be combined with CNN to further improve its
performance.

2. BACKGROUND

BoVW is initially derived from the bag-of-words (BoW)
model in information retrieval. It was introduced by Sivic
and Zisserman [11] in the context of content based image
retrieval, and by Csurka et al. [2] with application in im-
age classification. The original BoVW is based on VQ for
the descriptor encoding, which is to minimize the following
function:
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where C'is the codebook of cluster centers, U is VQ encoding
of descriptors, d,, is the n-th descriptor and N is the total
number of descriptors, u,, is the VQ encoding of descriptor
d,. It is easy to see that

1 if k = argmin;||d, — c;||?

0 otherwise
3)
In order to reduce the large quantization error introduced
by hard assignment via VQ, an efficient way of using soft
assignment for descriptor encoding has been proposed in [5].
This encoding scheme is defined as

Uk = K i ’
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where dist(d,,, c) = ||d,, — cx||? is the [? distance between
the n-th descriptor d,, and k-th codeword ¢y, G is a suitable
kernel (e.g. Gaussian kernel) for soft assignment and o is the
smoothing parameter for the kernel, and K is the size of the
codebook.

Inspired by the work in [7], a localized soft-assignment
(LSA) coding scheme is proposed in [8] to remedy KCB’s
neglect of the underlying manifold structure of local features.
LSA has been shown to be able to achieve comparable or even
better accuracies comparing against sparse and local coding
schemes. This scheme is proposed as
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Besides soft assignment, several advanced descriptor en-
coding schemes have also been developed, including sparse-
coded spatial pyramid matching (ScSPM) [6], local similarity
global coding (LSGC) [12], vector of locally aggregated de-
scriptors (VLAD) [13], and Fisher kernel encoding (FK) [9].

3. BARYCENTRIC COORDINATES BASED SOFT
ASSIGNMENT

3.1. Barycentric Coordinates

Barycentric coordinates were introduced by Mobius in 1827
[14]. They describe the geometric centroid of three masses
placed at the vertices of a reference triangle. Within proper
representation of triangles, barycentric coordinates are also
called area coordinates, because the barycentric coordinates
of an interior point P of a triangle are proportional to the areas
of the sub-triangles formed by this point and the correspond-
ing vertices of the outer triangle (shown as APBC, APAC,
and AP AB respectively, in Figure 1a).

Formally, let 4 be an affine space, and p1, - - - , px be ver-
tices in .A that can form a simplex. For some point p in A, if

(ur + -+ +ug)p =wpr + - + UrpPK (6)

is satisfied and at least one of wuq,--- ,ux does not equal
to zero, then we call the coefficients (uj,--- ,ux) as the
barycentric coordinates of point p with respect to p1,--- ,px
in affine space .A. The barycentric coordinates defined above
are homogeneous, and are equivalent up to a constant. To
make the barycentric coordinates unique, we further employ
the summation-to-unity condition

S e =1, 7

then the barycentric coordinates will be affine coordinates.

The definition of barycentric coordinates requires that
p1,--- ,pK be vertices of a simplex, which means that the
vectors po—pi1, - -+ , Pk —p1 are linear independent. However,
this requirement is not always satisfied. Therefore, we need
to define generalized barycentric coordinates with respect to
convex polytopes.

Let ) be a convex polytope in affine space A with ver-

tices of p1,- -+, pK. Any set of functions uy : 2 — R, k =
1,---, K is called generalized barycentric coordinates if they
satisfy the following three properties
ug(p) > 0,Vk (non-negativity) 8
K
Z ugp(p) =1 (summation to unity) 9)
k=1
K
Z ur(p)pr =p (reproduction). (10)
k=1

Note that the non-negativity condition (8) is only applied to
point p € . If a point is outside the region of the convex
polytope €2, the generalized barycentric coordinates can be
negative.

3.2. Linear Order Precision of Generalized Barycentric
Coordinates

One particularly interesting property derived from the pro-
posed BCSA is that the generalized barycentric coordinates
are able to preserve the linear order precision: let uy : Q —
R,k =1,.---, K be the generalized barycentric coordinates
defined in a convex polytope €2, and ¢ : €2 — €) be any linear
transform, we have

K
> u(p)d(pi) = ¢(p). (11)
k=1

This is actually a direct derivation from the definition of gen-
eralized barycentric coordinates, by combining the reproduc-
tion condition and linearity

K K
o(p) = (Z w(p)pk) =S up)ép).  (12)
k=1 k=1

This property theoretically guarantees that the proposed
barycentric coordinates based soft assignment is robust to
linear transformations, which is common in various image
classification schemes.

3.3. Barycentric Coordinates based Soft Assignment
(BCSA)

The basic idea of BCSA is to assign a descriptor to several
local nearest neighbors, instead of one single neighbor, ac-
cording to the barycentric coordinates.

To be more precise, let c1,-- - ,cx be the K cluster cen-
ters of the codebook. Rather than computing the barycentric
coordinates in the affine space spanned by all ¢y, -- ,ck,
they are computed only within M -nearest neighbors of the
descriptor. If M = 1, BCSA reduces to traditional VQ. There
are two reasons to adopt the proposed approach. First, the
computation of M -nearest neighbors in BCSA is much more
efficient without tackling the whole data. Second, we assume
that the nearest neighbors of one particular descriptor can
form a simplex in most cases. Only few singular cases that
may need to be calculated by the generalized barycentric co-
ordinates.

Note that the proposed BCSA scheme is different from re-
placing the kernel in equation (4) with a linear kernel. In fact,
BCSA is defined with respect to the “volumes” of simplexes
and the encodings are positively correlated to these “volumes”
while KCB is defined with respect to the “distances” and the
encodings must be negatively correlated to the “distances.”

Let C = (ciy,+ - ,c¢iy,) € RP*M be the M nearest
neighbors of a local descriptor d € RP, where D is the de-
scriptor dimension, and let u be the barycentric coordinates
for the descriptor d. According to the definition of barycen-
tric coordinates, the three properties (8), (9) and (10) will lead
to the following formulation:

C-u=d (13)
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Fig. 2. Caltech-101 dataset results. Top: samples of object
classes achieve 100% accuracy. Bottom: samples of object
classes perform poorly on BCSA.

subject to |lul|;r = 1, Uy, > 0, Vm. (14)
We need to pad equation (14) into (13). Let
~ A 5 A
C’{C}, d{d]’ (15)

where \ is a large value (e.g. A = 10%) introduced to enforce
the summation to unity property. Then, we can get a single
equation -

C-u=d. (16)

And the original problem can now be reformulated as:
min [|C - u — d]|? a7
subject to u,,, > 0, Vm. (18)

The above formulation is a non-negative least square
problem, which can be solved by computing iteratively a set
of basic vectors and the associated dual vectors [15]. How-
ever, this computation is not efficient enough for the encoding
of large amount of descriptors. In order to resolve this prob-
lem, we apply a simple truncation technique as illustrated in
Figure 1b. The point P = (1.0, 1.5) with barycentric coor-
dinates [—0.43,0.57,0.87] is first truncated to [0, 0.57, 0.87],
and then re-normalized to [0, 0.4,0.6] with [; norm, which
represents the approximate point P’ = (0.40,1.05). An
interesting fact is that this truncation operation preserves
“linearity”, which means that points A, P’, P are co-linear in
Figure 1b.

In summary, the proposed BCSA scheme takes the fol-
lowing steps:

1. Solve min,, ||C' - u — d||> without the non-negativity

constraint.

2. Truncate the negative u components to 0: Vm u,, =
max (0, w,).

3. Re-normalize u with [; norm.

It can be seen that the proposed BCSA scheme has a sim-
ilar operation flow as a CNN [10]: the first step is actually
a least square problem, which can be considered as a fully
connected layer in a neural network; the second step is an
ReLU layer; and the third step is a local response normaliza-
tion layer. Hence, it shall have potential to be combined with
CNN to further improve its performance.
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Fig. 3. Caltech-256 dataset results. Top: samples of object
classes perform well on BCSA. Bottom: samples of object
classes perform poorly on BCSA.

3.4. Advantages of the Proposed BCSA Scheme

The proposed BCSA scheme has the following advantages.

First of all, the BCSA scheme preserves linear order preci-
sion for encoding. This was explained in detail in section 3.2,
which is a property of generalized barycentric coordinates. In
the context of local generalized barycentric coordinates sys-
tem, this property is demonstrated as local linear order preci-
sion. This actually means that if the descriptors are encoded
within the same local coordinates system, the encoding pre-
serves linear order precision.

Second, this BCSA scheme naturally inherits the uncer-
tainty of visual word ambiguity for local descriptors. Visual
word ambiguity [5] is the action of assigning the same image
descriptors to multiple visual words continuously which leads
the model to be more expressive. Uncertainty is a probabilis-
tic view of visual word ambiguity. Visual word uncertainty is
also called probabilistic interpretation in LSA [8], and it has
been shown to be a key attribute for the good performance
in image classification [8]. Although visual word uncertainty
also applies for KCB and LSA, it is considered “artificial”
as the denominator normalizer is forced by adding over the
numerators. While for the BCSA scheme, visual word uncer-
tainty is considered “natural”, as it can be interpreted both ge-
ometrically as area coordinates and physically as the centroid
of the masses.

Third, the codes generated by the proposed BCSA scheme
are highly linear classifiable. They can be learned efficiently
by linear classifiers rather than non-linear ones with signifi-
cant less computational cost and storage. In this research, we
train the classifiers with linear SVMs, which have a complex-
ity of O(n) in training and O(1) in testing. Whereas for non-
linear kernel SVMs, they have a complexity of O(n? ~ n3)in
training and O(n) in testing. Besides, the linear SVMs do not
require the storage of the kernel matrices. The size of those
kernel matrices are N x NN, where N is the number of train-
ing images, which is typically very large.

Fourth, comparing against the current state-of-the-art FK
encoding scheme, the proposed BCSA scheme is much sim-
pler to implement with single scale features and SPM pooling.
One significant drawback of FK is that the resulting signature
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Fig. 4. Caltech-101, Caltech-256 datasets with confusion matrices and accuracy scores of BCSA on them.

vector dimension is too high, typically 256 x 80 = 20480 [9].
This will lead to two potential problems: 1) In order to achieve
good performance, FK requires denser and more scales of
SIFT descriptors to be extracted from the original images.
However, SIFT descriptors are expensive to compute [16];
2) It has been shown [17] that spatial layout information is
critical for object classification systems, whereas when FK is
combined with SPM, it will result in 20480 x 21 =~ 430K
image signature vector, which demands unrealistic memory
requirement for the training process.

4. EXPERIMENTAL RESULTS

4.1. Experiments Setup

In the proposed experiments, we first convert all the images
into gray-scale ones and extract dense SIFT [16] descriptors
from 16 x 16 batches with a step size of 4. Then, the descrip-
tors are encoded by the proposed BCSA scheme to a code-
book learnt by K-means clustering, where K = 2048. The
number of neighbors M for each descriptor of BCSA coding
is set to 5. Next, the descriptor codes are pooled by SPM [6]
max-pooling and concatenated to generate the image signa-
ture vectors. Finally, the image signature vectors are classified
with one-vs-rest linear SVMs. For training and testing, in this
research, we follow the same setup as other researchers [5, 6,
12]. For both Caltech-101 dataset and Caltech-256 dataset, we
use 30 images per category for training and up to 50 images
per category for testing.

4.2. Caltech-101 Dataset

We first report our results on the Caltech-101 dataset [18].
This dataset consists of pictures of 101 different object cate-
gories, and contains 9146 medium resolution images (about
300x300). The number of images per category ranges from
31 to 800. Figure 2 shows some of the samples, and also il-
lustrates three of the most and least successful categories that
are classified by the proposed BCSA scheme. And Figure 4

(a) and (b) show the confusion matrix and accuracy scores of
the proposed BCSA scheme on the Caltech-101 dataset. Table
1 compares the performance of the proposed BCSA scheme
against several existing schemes. In this table, KCB, LSA,
ScSPM, LSGC are the algorithms proposed by the original
authors, and KSPM is a nonlinear x? kernel SPM reported in
[6]. The results in [7] that provides a comprehensive compar-
ison for VQ, SA, and sparse coding are also included. For the
FK encoding scheme, due to that the authors of [9] did not
report results on the Caltech-101 dataset, we adopt the results
from the well-known open source VLFeat library'.

As can be seen the results in Table 1, the proposed BCSA
performs much better than the KCB and KSPM schemes, re-
sulting more than 13.0% improvements on the Caltech-101
dataset. The advantages of the proposed BCSA scheme over
these two schemes are the linear classifiable codes generated
by max pooling. The proposed BCSA scheme also outper-
forms ScSPM by a margin of 4.3%. This should be bene-
fited from BCSA’s robust encoding to linear distortions, as
for sparse coding, a small perturbation could result in a to-
tally different unit being activated. One interesting observa-
tion is that the proposed BCSA scheme is able to outperform
LSA by a margin of 3.2%. Since both schemes employ local-
ity and max-pooling, we believe that this performance gain
contributes from BCSA’s robust linear order precision encod-
ing and natural probabilistic interpretation.

The table also shows that the proposed BCSA scheme us-
ing single scale SIFT features over-performs current state-
of-the-art FK encoding scheme using seven scale SIFT fea-
tures by up to 4.4% on this dataset. Note that the multi-scale
SIFT features are critical for the performance of FK. When
we adopt exactly the same setup as BCSA of single scale
SIFT descriptors, replacing only the encoding scheme with
the VLFeat implementation for FK, the result shows a much
lower 61.20% accuracy.

"http://www.vlfeat.org/applications/apps.html
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Table 1. BCSA classification accuracies on the Caltech-101
datasets.

s Datasets | Caltech-101
chemes
VQ[17] 64.6+0.80
VQ [7] 64.34+0.9
SA (KCB) [5] 64.1
SA [7] 69.0+0.8
SA [8] 72.561+0.65
LSA [8] 74.214+0.81
KSPM [6] 63.9940.88
Sparse (ScSPM) [6] 73.2+0.54
Sparse [7] 71.5+1.1
LSGC [12] 75.07
FK (muti-scale) 73.02

[ BCSA (single-scale) | 77.45+0.90

4.3. Caltech-256 Dataset

The second experiment we carry out is on the Caltech-256
dataset [19]. This dataset is an extension of Caltech-101. It
holds 30607 images which are split into 257 categories. The
number of images in each category ranges from 80 to 827
and an average image size is 300 x 300 pixels. Caltech-256
is much harder than Caltech-101 for image classification due
to its larger number of categories and more diverse poses and
lighting conditions. Figure 3 illustrates three of the most and
least successful categories that are classified by the proposed
BCSA scheme. Figure 4 (c) and (d) show the confusion matrix
and accuracy scores of the proposed BCSA scheme on the
Caltech-256 dataset. And the experimental results are shown
in Table 2.

As shown in Table 2, the proposed BCSA scheme achieves
39.28% accuracy on the Caltech-256 dataset. This accuracy
is more than 12.0% higher than the KCB scheme, more than
5.0% higher than the ScSPM scheme, and is comparable to
the FK encoding scheme. Note again that a significant advan-
tage of FK is that the features are extracted at five scales in
[9], whereas for the proposed BCSA scheme and the other
schemes in Table 2, only single scale features are used for the
encoding process.

5. CONCLUSIONS

In this paper, we have presented a novel scheme called BCSA
that assigns the descriptors to a vocabulary codebook by us-
ing the barycentric coordinates. As a soft assignment encod-
ing scheme, BCSA is able to outperform LSA by a margin
of 3.2% in classification performance. We have also demon-
strated in detail desired advantages of the proposed BCSA
scheme: this scheme is able to preserve linear order precision
during the encoding step that will benefit, inherit naturally
uncertainty of visual word ambiguity, generate linear classi-
fiable codes that can be learned with significant less compu-
tational cost and storage, and more friendly to single scale
features and SPM pooling compared against current state-of-
the-art Fisher kernel encoding scheme. Finally, extensive ex-

Table 2. BCSA classification accuracies on the Caltech-256

datasets.
sop—Datasets ‘ Caltech-256 ‘
SA (KCB) [3] 272
KSPM [6] 29514052
Sparse (ScSPM) [6] | 34.02£0.35
FK (multi-scale) 9] | 40.8:£0.10

[ BCSA (single-scale) [ 39.2840.13 ]

periments on the Caltech-101 and Caltech-256 datasets have
demonstrated that the proposed BCSA scheme is effective in
both performance and simplicity.
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