Fast Signal Transforms for Quantum Computers
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Abstract. We present the discrete Fourier transform as a basic primi-
tive in the treatment of controlled quantum systems. Based on the com-
plexity model for quantum circuits the Fourier transform of size 2" sur-
prisingly can be realised with O(n?) elementary operations which is an
exponential speedup compared to the classical case. This is the reason
for its presence in almost all known quantum algorithms among which
Shor’s algorithm for factoring is the most prominent example.

We show how recent results in the theory of signal processing (for a
classical computer) can be applied to obtain fast quantum algorithms for
various discrete signal transforms. As an example we derive a quantum
circuit implementing the discrete cosine transform DCT1v(8) efficiently.

1 Introduction

In classical computer science Turing machines are considered a unifying model
of universal computation, but recently it has been realized, that, taking into
account physical effects predicted by quantum mechanics, there are problems on
which a putative quantum computer could outperform every classical computer
(see [24] for a comparison between classical and quantum Turing machines).
Quantum algorithms benefit from the superposition principle applied to the in-
ternal states of the quantum computer which are considered to be states of a
(finite dimensional) Hilbert space. Therefore they lead to a new theory of com-
putation and might be of central importance to physics and computer science.
Striking examples of quantum algorithms are Shor’s factoring algorithm (see
[23]) and the search algorithm of Grover [14].

We give an example for the computational power immanent in the architec-
ture of a quantum computer, namely the discrete Fourier transform which is
known to have numerous applications in signal processing. It is a major ingre-
dient for the famous algorithm of Shor [23] for finding factors of a composite
number in polynomial time.



In the following we shall introduce the complexity model useful for quantum
computing and give a justification for this model from physical reasons. After-
wards we will give quantum circuits for the Fourier transform (of size 2") on a
quantum computer which will only need O(n?) basic operations.

Finally, we show how recent results concerning the automatic generation of
fast signal transforms (see [17,9,19]) for classical computers can be used as
a starting point to find a realisation suitable for a quantum computer. As an
example a quantum algorithm for a certain cosine transform is given.

2 Quantum Gates

In this paper the state of a quantum computer is represented by a normalised
vector ¥ in a Hilbert space H,, of dimension 2", which is given the natural tensor
structure H, = C* ® ... ® C? (n factors). The restriction of the computational
space to Hilbert spaces of this particular form is motivated by the idea of a
quantum register consisting of n quantum bits. A quantum bit, also called qubit,
is a state of the form

) =al0y+B|1), |a>+18°=1, a,B€C

Thus the possible operations this computer can carry out theoretically are
the elements of the unitary group U(2"™). To study the feasibility of performing
unitary operations on n-qubit quantum systems given a family of elementary
quantum operations we introduce the following two types of gate primitives:

— Local unitary operations on the qubit 4 which are of the form
U(Z) = 1oic1 QU ® 1yn—i,

where U is an element of the unitary group U(2) of 2 x 2-matrices.
— The controlled NOT gate (also called measurement gate) CNOT) between
the qubits i (control) and j (target) which is defined by

CNOT® 00) = [00), CNOT 9 |01) ),
CNOT@ |10y = [11), CNOT ) |11) )

when restricted to the tensor component of the Hilbert space spanned by
the qubits ¢ and j.

= |01
=10

We assume that these so-called elementary quantum gates can be performed with
cost O(1). This assumption leads to a complexity model for networks built from
elementary quantum gates. The reason for treating these unitary transforms as
building blocks can be illustrated by the example of the linear ion trap (see [4]):

Local rotations correspond to a laser-ion interaction involving just one ion.
To perform the CNOT gate one can use the modes of the harmonic oscillator
coupling all ions present in the trap. The interaction between two ions could be
achieved using the center-of-mass mode, but also the higher modes could be of



potential interest. Implementing these elementary gates in the linear trap is an
active area of research.

The two types of elementary gates are the quantum computing analogue for
the basic logical gates used in classical information processing. An important
result obtained in [1] is the fact, that this family of unitary operations is uni-
versal, i.e., each unitary transform in 2/(2") can be factored into a sequence of
controlled NOTs and local unitary operations.

Theorem 1. The set G, consisting of all local gates UG and controlled NOT
gates CNOTU) | where i # j, is a generating set for the unitary group U(2").

In general only exponential upper bounds for the minimal length occurring
in factorisations have been proved (see [1]) but there are many interesting classes
of unitary matrices in U(2") affording only polylogarithmic word length, which
means, that the minimal length k is asymptotically O(p(n)) where p is a poly-
nomial.

We shall take the opportunity to introduce a graphical notation for quantum
circuits which goes back to Feynman [12] and was propagated in [1]. In this
notation the tensor product structure of the Hilbert space is reflected by drawing
n parallel lines (so-called gquantum wires) each of which represents one tensor
component C?. So the lines represent the qubits and the least significant bit of
the quantum register is the lowest line. A box sitting just on one wire denotes
a local transform whereas the controlled NOT gate occupies two wires: one for
the control and one for the target (see figure 1).

U = . i CNOTO) = .
: : —69— J

Fig. 1. Elementary quantum gates

This means that the state of the part of the register belonging to j is flipped
if and only if the state in 7 is 1.

In the proof of theorem 1 the result is used that each unitary transform acting
on a quantum register can be decomposed into a product of matrices acting only
on two states s1 and sy of the whole register. These transforms T'(s1, s2) can for
instance be found in [22] and have the following form:
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The submatrix formed by the x-entries denotes a unitary operation in Us. Con-
sidering these matrices the difference between local operations in the sense of
quantum mechanics and classical local operations should become clear: A quan-
tum local gate acts on tensor components and influences all states of the Hilbert
space at cost of one basic operation in our complexity model. On the other hand
the transformations T'(s1,s2) act on subspaces of the Hilbert space and con-
sequently manipulate only some components of the state vector but may cost
many elementary operations. Nevertheless, the rotations T'(s1, s2) on two states
can be used to write each element U € U(2") in the form

U=D- H T(Sl,Sg),
s1,s2€{0,1}"
where the diagonal matrix D = diag(¢, ..., ¢an) takes care of occurring phase
factors. Note, however, that since the whole computational space is exponentially
large, an exponential number of T'(s1, s2) appears in this factorisation.

Moreover to realize a T'(s1, s2) gate it is necessary to use multiple controlled
gates (which are the generalisation of CNOT gates to more than one conditioned
input) and these in turn have to be broken down to gates from the set G, which
yields a quadratic overhead (see [1]).

One comment about the difference between the architecture of a classical
computer and the computational model of the quantum computer: Considered
as a transition matrix of a finite state machine (which each classical computer
can be thought of if one allows a sufficiently large configuration space) a quan-
tum computer is a Single Instruction-Multiple Data (SIMD) machine—with the
big difference to the classical model of computation that the data which is ma-
nipulated stems from an exponentially large space.

3 Fourier Transforms

In this section we recall the definition and basic properties of the discrete Fourier
transform (DFT) and give examples of its use in quantum computing.

In most standard texts on signal processing (see, e.g., [11]) the DFTy of a
periodic signal given by a function f : Zy — C (where Zy is the cyclic group



of order N) is defined as the function F' given by

F(v):= Y e™Nf(t).

teZn

If we equivalently adapt the point of view that the signal f and the Fourier
transform are vectors in CV we see that performing the DFTy is a matrix
vector multiplication of f with the unitary matrix

1 i3
DFTy := ﬁ ’ [w ]]i,j:O,...,Nfl’

where w = ¢ denotes a primitive N-th root of unity.
From an algebraic point of view the DFT y gives an isomorphism & of the
group algebra CZ

27i /N

¢:CZy — CN

onto the direct sum of the irreducible matrix representations of Zy (where mul-
tiplication is performed pointwise). This means that DFTx decomposes the
regular representation of Zy into its irreducible constituents. It is known that
this property allows the derivation of a fast convolution algorithm (see [2]) in a
canonical way and can be generalised to more general group circulants.

The view towards the DFT as a decomposition matrix for the regular rep-
resentation leads to the generalisation of Fourier transforms to arbitrary finite
groups (cf. [2]).

Very important for applications in classical signal processing is the fact that
DFTpn can be computed in O(N log N) arithmetic operations (counting addi-
tions and multiplications). This possibility to perform a Fast Fourier Transform
justifies the heavy use of the DFTy in signal processing. In the next section
we will show that the O(N log N) bound which is sharp in the arithmetic com-
plexity (see [5], chapters 4 and 5) can be improved on a quantum computer to
O(log®>N) operations.

3.1 Getting Quantum

From now on we restrict ourselves to DFTx where N = 2" is a power of 2 since
these transforms naturally fit to the tensor structure imposed by the qubits.

The implementation of the Fourier transform on a quantum computer ([7,
23]) starts from the well-known Cooley-Tukey decomposition (see [6,2]): after
performing a certain row permutation IT,, (usually called bit-reversal) the DFTgn
has the following block structure:

DFTyn-1 ‘ DFT,n-1
DFTyn—1 W,|—~DFTyu1 Wi
= (1, ® DFTgn-1) - T, - (DFTy @ 1gn_1)

I, DFTyn =




Here we denote by

Wwaon

T, =1logwr & W,, W, := Wan

2n71
Wan

the matrix of Twiddle factors (see [2]). Taking into account the fact that 7;, has
the tensor decomposition

1 1

we see that T, can be implemented by gates which have one control wire. These
can be factored into the elementary gates G, with constant overhead. The bit-
reversal I, is nothing but a permutation of the quantum wires and can be
implemented with cost O(n) (see [20]).

Because tensor products are free in our computation model we arrive at
an upper bound for the computation of the Fourier transform on a quantum
computer of O(n?).

3.2 An Application: Shor’s algorithm

In this section we briefly review Shor’s factorisation algorithm and show how
the Fourier transform comes into play. It is known that factoring a number N
is easy under the assumption that it is easy to determine the (multiplicative)
order of an arbitrary element in (Zy)*. For a proof of this we refer the reader
to Shor’s paper [23].

Having done this reduction the following observation is the crucial step for the
quantum algorithm: Let y be randomly chosen and ged(y, N) = 1. To determine
the multiplicative order r of y mod IV consider the function

fy(x) := y® mod N.

Clearly f,(z +r) = fy(x), i.e., f, is a periodic function with period length r.
The quantum algorithm is as follows:

Algorithm 2 Let N2 < Q < 2N? be given. This number Q will be the length
of the Fourier transform to be performed in the sequel.

1. Randomly choose y with (y,N) = 1.

2. Prepare the state |0) ® |0) on the two registers, each of which has length
[log, N1. To carry out the computation on a real physical system this is
done by ”cooling it down” to a well-defined ground-state. In case of the ion
trap this can be taken literally whereas in an NMR computer the preparation
of the |0) state is one of the major problems.



3. Application of the Fourier transform DFT¢ to the left part of the register
results in a superposition of all possible inputs

1
V@ =
4. Calculation of the function f,(x) = y” mod N yields for this superposition

(normalisation omitted):

Q-1
Z |z) ® |y” mod N).

=0

5. Measuring the right part of the register gives a certain value zg. The remain-
ing state is the superposition of all x satisfying fy(x) = zo:

Q-1
Z |z) |z0) = Z |zo + kr) |20), where y™° = z.
k=0

y*=z0

6. Performing a DFT on the left part of the register leads to

ZeQﬂimgl/r lQ> |Z()) ]
r

7. Finally a measurement of the left part of the register gives a value lo%.

Iterated application of this algorithm produces a set {lzg} from which after
a classical post-processing involving Diophantine approximation (see [23]) the
period r can be extracted.

A thorough analysis of this algorithm must take into account the overhead
for the calculation of the function f, : z = y* mod N. However, having realised
this function as a quantum network once (which can be obtained from a classical
network for this function in polynomial time) the superposition principle applies
since all inputs can be processed by one application of f,.

The réle played by the Fourier transform in this algorithm is twofold: In
step 3 it is used to generate a superposition of all inputs from the ground state
|0). But this could have also been done by any unitary transform having the
all-one vector in the first column. In step 6 the use of the DFT is much more
fundamental because it extracts the information about the period r which was
hidden in the graph of the function f,. This property of feature-extraction is
also discussed in the following section.

3.3 The Hidden Subgroup Problem

The approach to the factorisation problem sketched in the preceding section
can be boiled down to the basic principle of algorithmic pattern recognition,
namely separating preimages under a map. This principle becomes apparent in



the hidden subgroup problem which we will briefly describe in the following (see
also [3] for an introduction).

Consider a function f : G — R from a finite group G to an arbitrary domain
R. Suppose that we are given the promise that there is a subgroup H C G such
that

— f is constant on the cosets G/H: if tH = yH then f(z) = f(y).
— f separates the cosets of G/H: if tH # yH then f(z) # f(y).

Of course this can equivalently be formulated as: The map f induces a well-
defined injective map f : G/H — R of sets. The task of finding generators for H
(given generators of 7) is known as the hidden subgroup problem. It is of interest
since it allows a unified formulation of Shor’s algorithms for discrete logarithm
and factoring and the somewhat artificial problems which were proposed as first
applications for quantum computers (see [18] for more discussion). In all these
examples the Fourier transform for abelian groups is used but still the question
remains open whether the non-abelian Fourier transforms (see [2,20]) can be
used to find hidden subgroups of non-abelian groups.

Recently there has been much research interest in the graph isomorphism
problem (see [15]), which can also be formulated as a hidden subgroup problem.

4 Quantum Signal Transforms

As the Cooley-Tukey decomposition for the DFT shows, many interesting uni-
tary resp. orthogonal transforms in signal processing bear an inherent redun-
dancy which can be exploited to get fast algorithms. Recent research results (see
[17,9,19]) show that it is possible to generate fast signal transforms completely
automatic in many cases using a certain kind of symmetry of the corresponding
matrices. Based on [9, 19] these methods has been implemented in the GAP share
package AREP (see [13,10]). In this section we will sketch briefly these methods
and show why they might be useful for quantum computing, too. Finally, we
give a quantum implementation of a certain discrete cosine transform derived
from a decomposition generated using AREP.

4.1 Decomposition via Symmetry

We suppose a discrete signal transform to be given by a matrix. A fast algorithm
for the transform is usually given by a decomposition of this matrix into a
product of sparse matrices (sparse = many entries equal zero). As an example
consider the Cooley-Tukey decomposition in section 3.1.

The automatic generation of such a decomposition is based on representation
theory of finite groups (see, e.g., [8]) and essentially consists of two steps: First
a certain kind of symmetry is determined which captures part of the redundancy
contained in the matrix representing the signal transform, as a second step the
symmetry is used to decompose the matrix. Formally, a symmetry of a matrix M
is given by a pair (¢, ) of matrix representations of the same group G satisfying



#(g)-M = M -y(g) for all g € G. Now let Ay, Ay be decomposition matrices for
$, 1 resp. which means that ¢4¢ and ¢¢ both are a direct sum of irreducible
representations of G. Hence, the matrix D = A;l - M - Ay is block-diagonally
sparse (follows from Schur’s lemma) and we get M = A4-D -A;l. Of course, this
decomposition is useful only if Ay, Ay themselves can be obtained as products
of sparse matrices. This is in particular possible for monomial representations
of solvable groups (monomial = all matrices have exactly one non-zero entry in
each row and column) which has been shown in [17,19].

The algorithm to decompose a given matrix (discrete signal transform) M
into a product of sparse matrices now reads as follows:

1. Determine a useful (monomial) symmetry (¢,1)) of M.
2. Decompose ¢ and 9 with (factored) matrices Ay, Ay resp.
3. Compute D = A;l - M - Ay by matrix multiplication.

Application to well-known signal transforms like the Fourier transform, Haar
transform, Walsh-Hadamard transform, different cosine and sine transforms and
others have yielded useful decompositions in all cases (see [19], chap. 4).

For the reader familiar with representation theory we present one of the main
theorems involved in the algorithm above. The theorem is taken from [19], p. 60,
and allows the stepwise decomposition of a monomial representation (we use
standard notation, see e.g. [5]).

Theorem 3. Let N < G be a normal subgroup of prime index p with (cyclic)
transversal T = (t°,t",...,t®=V)) and ¢ a representation of degree d of N which
has an extension ¢ to G. Suppose that A is matriz decomposing ¢ into irre-
ducibles, i.e. ¢* = p = py © ... ® p, and that p is an extension of p to G.
Then

p—1
B=(1,®A)-D-(DFT,®1,), where D=Pp(t)’, (1)
i=0

is a decomposition matriz for ¢ T G, more precisely

p—1
61 Q)P =P Xri-p,
i=0
where \; 1 t — w;, 1=0,...,p—1, are the p 1-dimensional representations of

G arising from the factor group G/N.

Note, that in the case of G = Zy and ¢ the regular representation of G,
formula 1 coincides exactly with the Cooley-Tukey decomposition. Furthermore,
if the size of G is a 2-power (and hence p = 2), formula 1 fits very well to the
special architecture of a quantum computer. Figure 2 visualises the formula in
terms of quantum wires.

In [20] theorem 3 is applied to obtain fast generalised quantum Fourier trans-
forms for four series of 2-groups, including dihedral and quaternion groups.
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Fig. 2. Coarse quantum circuit corresponding to theorem 3

4.2 Circuit for the Discrete Cosine Transform DCTyy (8)

The discrete cosine transform is a real orthogonal transform and was invented
for approximating the eigenvectors of the autocorrelation matrix of an autore-
gressive signal with one time-step history (see [16]). The DCT comes in four
different flavours (DCT;, DCTy, DCTypr and DCTyy) which vary slightly in
their definitions (see [21], p. 10) and their use in computational applications.
Notwithstanding this, they all have been shown to be asymptotically equivalent
to the Karhunen-Loeve transform for signals coming from a first-order Markov
process. The DCTyy is also used in the image compression standard JPEG (see
21]).

Now we are going to present a quantum circuit implementing the discrete
cosine transform (type IV) of size 8 on a quantum computer. The DCT}y of size
n is defined by

DCTrv(n) := {\/%-cos <(7 + 1/2)55 + 1/2)F> ‘ i,7€1{0,...,n—1}

Many efficient implementations for the computation of a matrix vector prod-
uct with a DCT are known (see, e.g., the monograph [21]). The decomposition
into a product of sparse matrices which we will use as a starting point for the
quantum realisation of the DCTryv(8) has been generated entirely automatic
(even in the presented WTEX-form) in [19] using AREP [10]:

DCTry =[(3,4,7,6,8,5), (wa, wis, ws, —wie, 1, —wia, ws, —wis)]
(DFTs ® 14) - diag(1,1,1,1,1,ws,wa,w?) - (1o ® DFTs & 1)
~diag(1,1,1, w4, 1,1, 1, wy4) - (14 ® DETy)
- diag(—wea, —We4, Waa, —Wea, Wi —Wai> Wi r Wid)
- (14 ® DFTs) - diag(1,1,1, ws,1,1,1, ~ws) - (1o ® DFT5 @ 1,)
Cdiag(1,1,1,1,1, ~wd, —ws, —ws) - (DFTs @ 14)

: [(2, 67 3: 47 7: 57 8) ((U47 w?ﬁ: _w’1767 ws, wg: _w§6: —W16, 1)]



A note on notation: w, = e>"*/" diag(L) is the diagonal matrix with diagonal L,
and, for a permutation ¢ and a list L, we denote by [, L] the monomial matrix
obtained by multiplication of the permutation matrix corresponding to ¢ with
diag(L) from the right.

We observe that this matrix factorisation is highly structured: The first factor
is monomial and can be implemented on the quantum computer in two steps:
First factor the permutation with methods from classical boolean circuit theory
in a product of (multiple) controlled NOTSs, then factor the diagonal matrix
which has tensor structure up to the phase factor r, = diag(1,-1,1,1,1,1,1,1):
After a multiplication with 7; the diagonal matrix takes the form

diag(wg, 1) ® diag(1, ws) ® diag(1, —wig)-

Next, in lines 2 and 3, we have a DFTg factored according to section 3.1. The
diagonal matrix in line 4 can be realised as follows. After an application of the
phase correcting matrix o = diag(—1,1,1,1,1,1,1, —1) this matrix again has a
complete tensor decomposition

diag(w64= wfzig) Y dlag(l w(§4) ® dlag(L wgi)

This matrix is followed by the inverse of a DFTg in lines 5 and 6 and finally
the monomial matrix in line 7 can be factored the same way as the first factor
above.

Pany any Pany i ..
\u> \ \\> 1
1
<> o e
pany [ i | .
A\ -1 —
>
. * 3 ..
Pany Pany Pany Pany 1 -1
- A% A% (N (N LPFTs 7
i Pany Pany " " Pan Py 1 .
\\> \\> \\ \\ -1
. any Fany Fany Fany any
\\> \\> \\> \\> \\>
i Pany Pany Pany Pany
\N \\ \N \N
) [] pany
| 1] \\

Fig. 3. Quantum circuit implementing the discrete cosine transform DCTv(8)



Altogether we obtain the quantum circuit depicted in figure 3, where w = wgy.
The operation H is the Hadamard transform

1 /1 1
-zli)
and besides the controlled NOT gates we have also used Toffoli gates (see [1])
which are doubly controlled NOT gates.

5 Conclusions and Outlook

We presented an overview of the architecture of a quantum computer including a
quantum complexity model. The discrete Fourier transform has been introduced
as an important subroutine in several quantum algorithms. It is possible to realise
the DFTy» with O(n?) elementary quantum gates which is an exponential speed-
up compared to the classical situation.

The recently developed approach for the automatic generation of fast signal
transforms has been presented as a good starting point for the realisation of
signal transforms on a quantum computer. As an example the discrete cosine
transform DCTyy of size 8 was factored into a small circuit of quantum gates.

A natural future area of research is to study other classes of signal transforms
from the leading point of sparseness in the quantum complexity model. Candi-
dates are classical signal transforms as well as generalised Fourier transforms for
many classes of supersolvable groups.
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