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Caract�erisation de l'incertitude de la matricefondamentaleR�esum�e : Ce papier propose une analyse de l'incertitude li�ee �a la matrice fondamentale.L'id�ee de base est de calculer la matrice fondamentale et son incertitude en même temps.Nous montrons deux m�ethodes di��erentes.La premi�ere est une m�ethode statistique. Elle ne donne donc de r�esultats pr�ecis qu'auprix de l'analyse d'un grand nombre de r�ealisations, ce qui en fait une m�ethode coûteuse entemps.La seconde est une m�ethode analytique. Elle est tr�es peu coûteuse en temps mais ap-proximative. Nous montrons dans ce papier, �a partir d'images synth�etiques comme d'imagesr�eelles, qu'elle donne cependant des r�esultats su�samment proches de ceux de la m�ethodestatistique pour être utilis�ee dans la pratique.Mots-cl�e : G�eom�etrie �epipolaire, Matrice fondamentale, Incertitude, Matrice de covariance
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2 Gabriella CSURKA Cyril ZELLER Zhengyou ZHANG Olivier FAUGERAS1 IntroductionThe study of the fundamental matrix is very recent in computer vision. It was introducedin [FLM92] as a generalisation of the essential matrix described in [LH81] to uncalibratedimages. The importance of the fundamental matrix becomes evident in the case of two theuncalibrated cameras. In this case the fundamental matrix is the key concept, as it containsall the geometrical information relating two di�erent images. It determines and is determinedby the positions of the two epipoles and the epipolar transformation mapping an epipolarline of the �rst image to its corresponding epipolar line in the second image. It can becomputed from a certain number of point correspondences obtained from the pair of imagesusing some correlation based algorithms, independently of any other knowledge about theworld.In the �rst part of this paper we describe some methods to compute the fundamentalmatrix from a pair of images assuming that some image point correspondences are known.The methods are not detailed more than necessary because they have been already presentedin the literature ( [Luo92, HGC92, Ols92, Har95]).In the second part two di�erent methods are presented to compute the covariance matrixof the fundamental matrix. The stability of the fundamental matrix has already been stud-ied by Q.-T.Luong ([Luo92], [LF94]), but the corresponding covariance matrix was notaccurately estimated, in particular the variances were too much overestimated to be used infurther computations.We shall show in the last part of this report that using the two methods we propose weobtain a much better estimation of the uncertainty of the fundamental matrix.2 The fundamental matrixThe camera model used is the classical pinhole model. If the object space is considered tobe the 3-dimensional Euclidean space R3 embedded in the usual way in the 3-dimensionalprojective space P3 and the image space the 2-dimensional Euclidean space R2 embeddedin the usual way in the 2-dimensional projective space P2, the camera is then described as alinear projective application from P3 to P2 (see [Fau93]). If we denote by ~P the 3�4-matrixrepresenting this application, we have:�m = � P p �| {z }~P M (1)where p denotes the last column of ~P,M = [X;Y;Z; 1]T represents an object pointM ,m =[x; y; 1]T , its projection m onto the image and � a nonzero scalar. We assume rank(P) = 3.If we have two cameras, represented by ~P and ~P0, by eliminating M from equation (1),we obtain the relation between the projections of M onto the �rst and second image:�0m0 = �Hm+ e0 (2)INRIA
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Figure 1: The epipolar geometry.where H = P0P�1 and e0 = p0 �Hp. Equation (2) means that m0 lies on the line calledthe epipolar line of m, going through the point represented by e0, the epipole, and the pointrepresented by Hm. This line is represented by the vector Fm such that:F = [e0]�H (3)where [e0]� is a 3 � 3 matrix representing the cross-product with the vector e0 ([e0]�x =e0 � x).F is the fundamental matrix which describes this correspondence between an image pointin the �rst image and its epipolar line in the second (see also [Luo92]). It is of rank 2 because[e0]� is an antisymmetric matrix which leads to det(F) = 0. Its eigenvector associated tothe zero eigenvalue is the epipole of the �rst image represented by:e =H�1p0 � pGeometrically (see �gure 1), we see that, as M lies, by de�nition, on the line (Cm),its projection m0 necessarily lies on the image of (Cm) by the second camera, that is theepipolar line. Moreover, all the epipolar lines go through a same point, the epipole, which isthe image of C by the second camera.Then pairs (m;m0) of corresponding points satisfy:m0TFm = 0 (4)3 Computing the fundamental matrixAssuming that some image point correspondences, represented by (m0i;mi), have been found,as described in ([Luo92, ZDFL94]), for example, the fundamental matrix F is computed,RR n�2560



4 Gabriella CSURKA Cyril ZELLER Zhengyou ZHANG Olivier FAUGERASup to a nonzero scalar factor, as the unique solution of the system of equations, derived fromequation (3): m0Ti Fmi = 0 (5)This system can be solved as soon as seven such correspondences are available: only eightcoe�cients of F need to be computed, since F is de�ned up to a nonzero scalar factor, whileequation (5) supplies one scalar equation per correspondence and det(F) = 0, the eighth. Ifthere are more correspondences available, which are not exact, as it is the case in practice,the goal of the computation is to �nd the matrix which approximates best the solution ofthis system according to a given criterion. A more detailed study is to be found in ([Luo92]).3.1 The linear criterionDenoting by Fij the coe�cient of F located at line i and column j, xi; yi and x0i; y0i the imagecoordinates of mi and m0i respectively, equation (5) is rewritten:uT f = 0 with (6)u = [xix0i; yix0i; x0i; xiy0i; yiy0i; y0i; xi; yi; 1]f = [F11; F12; F13; F21; F22; F23; F31; F32; F33]The scalar equation (6) is linear homogeneous in f . Thus, eight correspondences allowto determine F, up to a nonzero scalar factor. This approach, known as the eight pointsalgorithm, was introduced by Longuet-Higgins ([LH81]).If more than eight correspondences are available, say n, the use of equation (6) as acriterion leads to a linear least squares problem, that is the minimization of:nXi=1((m0i)TFmi)2 (7)which is solved the usual way: the solution is the eigenvector of:UUT where U = � ui �i=1;:::;nassociated with the smallest eigenvalue.The advantage of the linear criterion is that it leads to a non-iterative computationmethod and its disadvantage, is that it is quite sensitive to noise, even with a large set ofdata points. This is due to the fact, on the one hand, that the constraint det(F) = 0 is notnecessarily satis�ed and, on the other hand, that the criterion is not normalized.3.2 The nonlinear criterion3.2.1 A parameterization of the fundamental matrixDe�nition. As underlined above, the use of the linear criterion does not take into accountthe rank constraint on the fundamental matrix. One way to do this is to parameterize theINRIA



Characterizing the Uncertainty of the Fundamental Matrix 5problem such that we are only searching for the right matrix among the 3 � 3-matrices ofrank 2.Denoting the columns of F by the vectors c1, c2 and c3, we have :Rank(F) = 2()(9j0 2 [1; 3]) (9�1; �2 2 R); cj0 + �1cj1 + �2cj2 = 0 (8)(9=� 2 R); cj1 + �cj2 = 0 (9)Condition (9), as a non-existency condition, cannot be expressed by a parametrization:we shall only keep condition (8) and so extend the parametrized set to all the 3�3-matricesof rank strictly less than 3. A parametrization of F is then given by (cj1 ; cj2 ; �1; �2). Thisparametrization implies to divide the parametrized set among three maps, corresponding toj0 = 1, j0 = 2 and j0 = 3. Indeed, the matrices of rank 2 having, for example, the followingforms : � c1 c2 �c2 � and � c1 03 c3 � and � c1 c2 03 �have no parametrization if we take j0 = 1.Obviously, the 3-vector whose coordinates are �1, �2, in this order, and 1 at the jth0 ,position is the eigenvector of F, thus the epipole in the case of the fundamental matrix.Using such a parametrization implies to directly compute the epipole which is often theuseful quantity, instead of the matrix itself.To make the problem symmetrical and since the epipole in the other image is also worthbeing computed, the same decomposition as for the columns is used for the rows, whichdivides the parametrized set into 9 maps, corresponding to the choice of a column and arow as linear combinations of the two columns and two rows left. A parametrization of thematrix is then formed by the two coordinates x and y of the �rst epipole, the two coordinatesx0 and y0 of the second epipole and the four elements a, b, c and d left by ci1 , ci2 , lj1 andlj2 , which in turn parametrize the epipolar transformation mapping an epipolar line of the�rst image to its corresponding epipolar line in the second image. In that way, the matrixis written, for example, for i0 = 3 and j0 = 3:F = 24 a b �ax � byc d �cx� dyax0 + cy0 bx0 + dy0 �(ax+ by)x0 � (cx+ dy)y0 35 (10)At last, to take into account the fact that the fundamental matrix is de�ned only up to ascale factor, the matrix is normalized by dividing the four elements de�ning the epipolartransformation by the biggest in absolute value.Choosing the best map. Giving a matrix F and the epipoles, or an approximation ofit, we must be able to choose, among the di�erent maps of the parametrization, the mostsuitable for F. Denoting by fi0j0 the vector of the elements of F once decomposed like inRR n�2560



6 Gabriella CSURKA Cyril ZELLER Zhengyou ZHANG Olivier FAUGERASequation (10), i0 and j0 are chosen in order to maximize the rank of the 9 � 8 jacobianmatrix: J = dfi0j0dp where p = [x; y; x0; y0; a; b; c; d]T (11)This is done by maximizing the norm of the vector whose coordinates are the determinantsof the nine 8� 8-submatrices of J. An easy calculation shows that this norm is equal to:(ad� bc)2px2 + y2 + 1px02 + y02 + 13.2.2 The criterionUsing the parametrization above makes the equation (5) no longer linear in F and thus leadsto a nonlinear least squares problem: the minimization of (7) must proceed iteratively.As the linearity is lost anyway, we can tackle the problem of the normalization of thecriterion underlined above. This is done by minimizing the sum of the squares of the distanceof m to the epipolar line of m0 and the distance of m0 to the epipolar line of m:nXi=1 C2i (12)where C2i = � 1[Fmi]2x + [Fmi]2y + 1[FTm0i]2x + [FTm0i]2y� (m0Ti Fmi)2so that multiplying F by a nonzero scalar does not change the value of the sum.The minimization is performedby a classical Levenberg-Marquardtmethod (see [PFTV88]).During the process of minimization, the parametrization of F is susceptible of change: theparametrization chosen for the matrix at the beginning of the process is not necessarily themost suitable for the �nal matrix.3.3 The outliers rejection methodAn outliers rejection method is used to eliminate some possible outliers among the corre-spondences. The technique exploited is the least median squares, which is described in detailin [ZDFL94].4 The covariance matrixIn order to quantify the uncertainty related to the estimation of the fundamental matrix bythe method described in section 3.2.2, we modelize the fundamental matrix as a randomvector f of R7 whose mean is the exact value we are looking for. Each estimation is thenassimilated to a realization of f and the uncertainty is given by the covariance matrix of f .INRIA



Characterizing the Uncertainty of the Fundamental Matrix 7We recall, in this section, the usual techniques used to estimate the covariance matrix ofa random vector y of Rp and to graphically represent the uncertainty from the covariancematrix.4.1 Computing the covariance matrixThe covariance of y is de�ned by the positive symmetric matrix�y = E[(y �E[y])(y� E[y])T ] (13)where E[y] denotes the mean of the random vector y.4.1.1 The statistical methodThe statistical method consists in using the well-known law of the large numbers to approx-imate the mean: if we have a large enough number N of realizations yi of a random vectory, then E[y] can be approximated by the discrete meanEN [yi] = 1N NXi=1 yiand �y is then approximated byEN [(yi �EN [yi])(yi � EN [yi])T ] (14)4.1.2 The analytical methodThe general case. We now take into account the fact that y is computed from anotherrandom vector x of Rm using a C1 function ':y = '(x)Writing the �rst order Taylor expansion of ' in the neighborhood of E[x] yields to:'(x) = '(E[x]) +D'(E[x]) � (x�E[x]) + "(kx�E[x]k2) (15)where the function t ! "(t) from R into Rp is such that limt!0 "(t) = 0. By consideringnow that any realization of x is su�ciently close to E[x], we can approximate ' by the �rstorder terms of equation (15) which yields:E[y] ' '(E[x])'(x)� '(E[x]) ' D'(E[x]) � (x�E[x])We have thenE[('(x)� '(E[x]))('(x)� '(E[x]))T ] ' E[D'(E[x])(x�E[x])(x� E[x])TD'(E[x])T ]= D'(E[x])E[(x�E[x])(x� E[x])T ]D'(E[x])TRR n�2560



8 Gabriella CSURKA Cyril ZELLER Zhengyou ZHANG Olivier FAUGERASwhich gives us a �rst order approximation of the covariance matrix of y in function of thecovariance matrix of x: �y = D'(E[x])�xD'(E[x])T (16)The case of an implicit function. In some cases, ' is implicit and we have to make useof the well-known implicit functions theorem to obtain the following result (see chapter 6 of[Fau93]).Proposition 1 Let a criterion function C : Rm � Rp ! R be a function of class C1,x0 2 Rm be the measurement vector and y0 2 Rp be a local minimum of C(x0; z). If theHessian H of C with respect to z is invertible at (x; z) = (x0;y0) then there exists an openset U 0 of Rm containing x0 and an open set U 00 of Rpcontaining y0 and a C1 mapping' : Rm ! Rp such that for (x;y) in U 0 � U 00 the two relations "y is a local minimum ofC(x; z) with respect to z" and y = '(x) are equivalent. Furthermore, we have the followingequation: D'(x) = �H�1@�@x (17)where � = (@C@z )TH = @�@zTaking x0 = E[x] and y0 = E[y], equation (16) then becomes�y =H�1 @�@x �x @�@x TH�T (18)The case of a sum of squares of implicit functions. If C is of the form:nXi=1 C2iwe have: � = 2Xi Ci @Ci@z TH = @�@z = 2Xi @Ci@z T @Ci@z to the �rst order@�@x = 2Xi @Ci@z T @Ci@x to the �rst order INRIA



Characterizing the Uncertainty of the Fundamental Matrix 9Equation (18) then becomes:�y = 4H�1Xi @Ci@z T @Ci@x �x @Ci@x T @Ci@z H�T�y = 4H�1Xi @Ci@z T�Ci @Ci@z H�TConsidering that the mean of the value of Ci at the minimum is zero and under thesomewhat strong assumption that the Ci's are independent and have identical distributederrors1, we can then approximate �Ci by its sample variance:Sn� pwhere S is the value of the criterion C at the minimum. Although it has little in
uencewhen n is big, the inclusion of p in the formula above aims to correct the e�ect of a smallsample set. Indeed, for n = p, we usually always can �nd an estimate of y such that Ci = 0for all i, which makes the estimation of the variance using this formula, senseless.Equation (18) then �nally becomes�y = 2Sn � pH�1HH�T = 2Sn � pH�T (19)4.2 The hyper-ellipsoid of uncertaintyIf we de�ne the random vector � by:� = �� 12y (y �E[y])and consider that y follows a Gaussian distribution, then � follows a Gaussian distributionof mean zero and of covariance:E[��T ] = E[�� 12y (y� E[y])(y�E[y])T�� 12y ] = �� 12y �y�� 12y = IConsequently, the random variable �y de�ned by:�y = �T� = (y�E[y])T��1y (y�E[y])follows a �2 distribution of r degrees of freedom, where r is the rank of �y (see [ZF92]).Given a scalar k, we thus know the probability, equal to P�2(k; r), that �y appears between0 and k2. In other words, we have the following property:1It is under this assumption that the solution given by the least-squares technique is optimal.RR n�2560



10 Gabriella CSURKA Cyril ZELLER Zhengyou ZHANG Olivier FAUGERASProperty 1 If we consider that y follows a Gaussian distribution, the probability that ylies inside the k-hyper-ellipsoid de�ned by the equation(y� E[y])T��1y (y �E[y]) = k2where k is any scalar, is equal to P�2(k; r)where r is the rank of �y.The k-hyper-ellipsoid makes possible to graphically represent the uncertainty related to�y. For that, we usually come down to the bi- or tridimensional case by choosing two orthree coordinates of y and extracting from �y the corresponding submatrix, in order todraw an ellipse or an ellipsoid.5 ExperimentationTo compute the covariance matrix of the fundamental matrix, the two methods of section 4have been tested and compared on both synthetic and real data.In the case of statistical method, to obtain the N realizations, we added N times inde-pendent Gaussian noise of a certain level to the set of image points and computed each timethe parameter vectors fand the corresponding covariance matrix using the equation (14).Applying this to exact data means that we estimate the exact covariance matrix as best aspossible under the condition that we take N large enough. Applying this to real data makesus add noise to data that are already noisy. But, as we shall see when using synthetic data,if the level of noise is not too high, the resulting covariance matrix is still close to the onewhich is computed from the exact data. This shows us that this method is applicable in thecase of real data. The only observation is that it is very costly.To apply the analytical method, we �rst observe in the section 3.2.2 that F is computedusing a sum of squares of implicit functions of n point correspondences. Thus, referringto the section 4.1.2, we have p = 7, m = 4n and the criterion function C(m̂; f), wherem̂ = (m1;m01; � � � ;mn;m0n)T and f is the vector of the seven chosen parameters for F,is given by equation (12). The analytical method is much faster than the statistical one,but, as it is a �rst order approximation, it sometimes gives an under-estimation or an over-estimation of the covariance matrix. Nevertheless, the experimental results in the case ofsynthetic data are good enough to be accepted.To show the quality of a covariance matrix, we look into what extent the property (1) isveri�ed. For that, we compute 1500 realizations of f and calculate the ratio of the numberof realizations lying inside the k-hyper-ellipsoid to the number of realizations lying outsidethe k-hyper-ellipsoid. This ratio is then compared to P�2(k; r). Here, P�2(k; r) is taken equalto 0:75, which gives k = 0:002079 for r = 7, k = 0:31272 for r = 2 and k = 0:13862 forr = 3. We have to mention here that the realizations used to compute the above ratiosare completely di�erent from the realizations used to compute the covariance matrix of theexact data. INRIA



Characterizing the Uncertainty of the Fundamental Matrix 11When confronted with real data, we do not have the mean of f and thus must use thebest approximation we have as the center of the hyper-ellipsoid. That is why we also showthe quality of the covariance matrix when the center is approximated by the discrete meanof a certain number of realizations of f .We graphically represent the covariance matrix by showing the ellipses of uncertaintycorresponding to the parametersx; y and x0; y0 (see section 3.2.1), characterizing the epipoles,and the ellipsoid of uncertainty corresponding to the parameters a; b; c; d divided by thebiggest in absolute value (see section 3.2.1), characterizing the epipolar transformation.All this is done for four levels of noise to see how the quality degrades with noise. In orderto do this, the points used to compute the fundamental matrix are considered as randomvectors following a Gaussian distribution of covariance matrix equal to�2 � 1 00 1 �The levels of noise correspond to di�erent values of �. A realization of f is obtained bycomputing the fundamental matrix from the realizations of the 2n random vectors associatedto the points.5.1 Notations� v represent a vector of some parameters of the fundamental matrix. These can be:{ e; e0 the parameters corresponding to the epipoles,{ h the parameters corresponding to the epipolar transformation{ f the vector of the seven parameters.� M a set of pairs of points (m;m0). We use this notation in the case of the exact data.� v(M), the corresponding parameters of the fundamental matrix computed from theset of points M .� (M�)i, the ith set of pairs (m�;m0�). We obtain them by adding independent Gaussiannoises of level � to the points of (m;m0) of M for i = 1; : : : ; n.� v((M�)i), the corresponding parameters of the fundamental matrix computed fromthe sets of points (M�)i, i = 1; : : : ; n.� �(M), the covariance matrix computed from the set of points M , using the statisticalmethod. We take the set of exact pairs of points M and, adding noise, we computethe covariance using equation (14) with yi = v((M�)i).� �((M�)i), the covariance matrix computed from the set of points (M�)i, using thestatistical or analytical method. In the case of the statistical method we added againindependent noise of level � to the set of points (M�)i and computed the covariancematrix of the parameters v((M�)i).RR n�2560



12 Gabriella CSURKA Cyril ZELLER Zhengyou ZHANG Olivier FAUGERAS� En[v((M�)i)] the mean of the estimated parameters v((M�)i) from n samples.� En[�((M�)i)] the mean of the corresponding n covariance matrices.We trace the k-hyper-ellipsoid corresponding to the equation:(y� v)T��1v (y � v) = k2where k veri�es P�2(k; r) = p for a given p, r beeing the dimension of the vector of parametersv. Taking N di�erent realizations we compute the number of realizations lying inside thek-hyper-ellipsoid. We study the following cases:� S0: The k-hyper-ellipsoid corresponding to the covariance matrices �(M) obtained bythe statistical method from the exact data.� S1i : The k-hyper-ellipsoid corresponding to the covariance matrices �((M�)i) obtainedby the statistical method centered at the correct value.� S1n: The k-hyper-ellipsoid corresponding to the mean of n covariancematrices �((M�)i); i =1; : : : ; n (En[�((M�)i)]) centered at the correct value.� S2n: The above k-hyper-ellipsoid centered at the the mean of the n estimated valuesEn[v((M�)i)].We have the same cases (excepted S0) for the analytical method.5.2 Synthetic dataThe above two images have been obtained as projection of 3D-points of a synthetic 3D-scene.In what follows we use this pair of images to study the two proposed methods: the statisticalmethod and the analytical method. In each case we present in a table (Tables 1 and 2) theratio of the number of realizations lying inside the k-hyper-ellipsoid to the total number ofrealizations (taking about 1500 realizations). We have done our experimentation for fourlevels of noise (� = :5; 1; 2; 3).In order to give a direct perception of the results, we provide graphical representation ofthe uncertainty in the case of epipoles and the epipolar transformation. Unfortunately, dueto the high dimensionality it is di�cult to visualize the results in the case of the 7-hyper-ellipsoid of uncertainty corresponding to the seven parameters. In each graphical represen-tation we have plotted the estimated ellipse or ellipsoid and, for comparison, also the ellipseor ellipsoid corresponding to the covariance matrix �(M) obtained by the statistical methodfrom the exact data, which is assumed to be the correct ellipse or ellipsoid.
INRIA



Characterizing the Uncertainty of the Fundamental Matrix 13
Figure 2: View1 of the synthetic scene Figure 3: View2 of the synthetic sceneNow let us detail the results presented in Tables 1 and 2. Let us �rst see the caseswhere we take the mean of several results (S1n,S2n,A2n and A2n). In the case of the statisticalmethod, we have a good estimation for the epipoles if � � 2 (e and e0 in Table 1, Figures 4,6,8and 10). If we take � = 3 we overestimate the uncertainty of the epipoles (Table 1). Theuncertainty of the epipolar transformation and the fundamental matrix (h and f) are moreand more overestimated when we increase the level of noise (Table 1, Figures 16 to 19).In the case of the analytical method, the estimation of the epipoles is good enough evenin the case of � = 3 (e and e0 in Table 2, Figures 20,22,24 and 26) and the estimation ofthe epipolar transformation and the fundamental matrix is better than in the case of thestatistical method (Table 2, Figures 32 to 35). This is not unreasonable because we have notto forget that we add noise to noisy data and if we add noise of level � � 1 to data withnoise of level � � 1 the resulting points become very far from the real ones and of coursethe computed fundamental matrix too. So we conclude from here that it is not a good ideato use the statistical method if the noise level is high.The tables 1 and 2 also show the results for two randomly chosen examples (S1i1 , S2i1 ,S1i2 , S2i2 , A1i1, A2i1, A1i2 and A2i2) since, in practice, one cannot or does not want to take amean. In this case, analyzing the plotted k-hyper-ellipsoid is more signi�cant. Unfortunatelyin the case of the epipolar transformation to plot more than two ellipsoids is useless2 andfor k > 3 we have di�culty to plot even one.In the case of the epipoles, we see that the obtained ellipses are very close one to eachother if � � 2 (Figures 5,7, 9,11,12 to 14,21,23, 25,27 and 28 to 30). If � = 3, we see that,in the case of the analytical method, the orientation of the ellipses are preserved but nottheir size (Figure 31), while, in the case of the statistical method, several ellipses have a2Even two are di�cult to distinguish as we see in Figures 32.RR n�2560



14 Gabriella CSURKA Cyril ZELLER Zhengyou ZHANG Olivier FAUGERAScompletely di�erent form from the expected one. From here we can deduce that if the noiselevel is � 2 one can use both methods, otherwise it is better to use the analytical one becausethe statistical method is no more reliable.5.2.1 Statistical Methodcase ( v; �v :) v � = :5 � = 1 � = 2 � = 3S0 ( v(M); �(M) ) ee0hf .744.747.751.762 .738.743.778.766 .762.765.816.798 .773.753.902.865S1i1 ( v(M); �((M�)i1) ) ee0hf .737.742.708.716 .777.785.775.789 .774.772.960.829 .967.961.765.745S1i2 ( v(M); �((M�)i2) ) ee0hf .995.993.996.999 .771.782.936.747 .837.816.731.749 .908.947.981.936S1n ( v(M); En[�((M�)i)] ) ee0hf .756.758.772.814 .749.755.819.836 .776.775.950.911 .950.942.988.974S2n (En[v((M�)i)]; En[�((M�)i)] ) ee0hf .754.750.776.811 .748.746.821.840 .773.774.953.912 .946.948.988.978Table 1: We compute n = 50 matrixes of covariance (�((M�)i1) and �((M�)i2) are two ofthem chosen randomly) and their mean (En[v((M�)i)]). We plot the corresponding k-hyper-ellipsoids and we show N = 1500 di�erent realizations. We compute the ratio of the numberof realizations lying inside the k-hyper-ellipsoids to the total number of realizations (shownabove). Ideally, the ratio should be 0.75.
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Characterizing the Uncertainty of the Fundamental Matrix 15Ellipses for e with noise level � = 1
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0.440.430.420.410.4

0.00025

0.0002

0.00015

0.0001

5e-05

0.440.430.420.410.4

0.00025

0.0002

0.00015

0.0001

5e-05Figure 8: S0 and S1n Figure 9: S0 and S1i i = 1 : : : 50
0.440.430.420.410.4

0.00025

0.0002

0.00015

0.0001

5e-05

0.440.430.420.410.4

0.0003

0.00025

0.0002

0.00015

0.0001

5e-05Figure 10: S0 and S2n Figure 11: S0 and S2i , i = 1 : : : 50
INRIA



Characterizing the Uncertainty of the Fundamental Matrix 17Ellipses S0 and S2i , i = 1 : : : 50 for e
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18 Gabriella CSURKA Cyril ZELLER Zhengyou ZHANG Olivier FAUGERASEllipsoides S0 and S2n, for h

Figure 16: � = :5 Figure 17: � = 1
Figure 18: � = 2 Figure 19: � = 3

INRIA



Characterizing the Uncertainty of the Fundamental Matrix 195.2.2 Analytical Methodcase ( v; �v ) v � = :5 � = 1 � = 2 � = 3S0 ( v(M); �(M) ) ee0hf .744.747.751.762 .738.743.778.766 .762.765.816.798 .773.753.902.865A1i1 ( v(M); �((M�)i1) ) ee0hf .778.784.769.760 .804.800.738.689 .719.727.862.508 .651.730.820.465A1i2 ( v(M); �((M�)i2) ) ee0hf .732.734.826.682 .756.758.809.642 .852.852.837.651 .867.878.815.545A1n ( v(M); En[�((M�)i)] ) ee0hf .732.732.747.760 .740.745.765.801 .749.745.826.820 .723.719.983.904A2n (En[v((M�)i)]; En[�((M�)i)] ) ee0hf .736.730.735.764 .732.736.758.802 .741.734.833.830 .715.711.983.908Table 2: We compute n = 50 matrixes of covariance (�((M�)i1) and �((M�)i2) are two ofthem chosen randomly) and their mean (En[v((M�)i)]). We plot the corresponding k-hyper-ellipsoids and we show N = 1500 di�erent realizations. We compute the ratio of the numberof realizations lying inside the k-hyper-ellipsoids to the total number of realizations (shownabove). Ideally, the ratio should be 0.75.
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Characterizing the Uncertainty of the Fundamental Matrix 21Ellipses for e0 vith noise level � = :5
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Characterizing the Uncertainty of the Fundamental Matrix 23Ellipsoids S0 and A2n, for h

Figure 32: � = :5. Figure 33: � = 1.
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24 Gabriella CSURKA Cyril ZELLER Zhengyou ZHANG Olivier FAUGERAS5.2.3 Real dataWe experimented with several pairs of real images. They are shown in Figures 36,37 and 38with the point correspondences that have been used.For each of them, we have �rst computed, from the point correspondences, the parametersf of the fundamental matrix and their covariance matrix �f . The fundamental matrix andits covariance matrix are then easily computable using the following equation�F = Dg(f)�fDg(f)T (20)where F = g(f) is the funtion which gives F from the parameters f . Of course the formof g depends of the chosen parametrisation, so we compute the equation (20) as a functionof this parameterization. Several epipolar lines are shown in the �gures to give an idea ofthe position of the epipoles.The tables 3, 4 and 5 show the obtained fundamental matricesF and F0. F represents thefundamental matrix obtained by using the nonlinear method without outliers rejection andF0 the fundamental matrix obtained by the outliers rejection method. For both methods wecomputed the covariance matrices using �rst the analytical method (�aF and �aF0 ) and thenthe statistical method (�sF and �sF0). Of course these are 9� 9 matrices but we decided toshow only their diagonal elements which are enough to estimate the size of the uncertaintyby comparing them to the elements of the fundamental matrix. We have to mention herethat obviously the fundamental matrix is normalized, we could not speak otherwise aboutan uncertainty.In the case of the statistical method we estimated that we have noise of level :2, in thecase of the �gure 36 where we know the points position with a subpixel precision and 1, inthe other cases. Each time we added noise to our points correspondences and computed thecovariance �((M�)i1). As we saw in the case of the synthetic data if we want to improvethis we repeat this process several times and take the mean E[�((M�)i1)].

INRIA



Characterizing the Uncertainty of the Fundamental Matrix 25

Figure 36: First pair of real images.(i,j) F �aF �sF F0 �aF0 �sF0(1,1) -9.319e-08 1.829e-16 2.905e-12 -8.973e-08 1.835e-16 1.043e-15(1,2) 6.792e-06 3.172e-13 1.169e-11 6.605e-06 3.185e-13 1.811e-12(1,3) -2.167e-03 2.013e-08 2.123e-04 -2.118e-03 2.023e-08 1.132e-07(2,1) 2.605e-07 3.299e-13 1.091e-11 4.537e-07 3.313e-13 1.891e-12(2,2) 1.275e-07 1.460e-15 4.214e-14 1.268e-07 1.463e-15 9.029e-15(2,3) -7.592e-02 2.097e-07 1.607e-05 -7.609e-02 2.110e-07 1.167e-06(3,1) -1.084e-03 2.403e-08 3.262e-04 -1.139e-03 2.414e-08 1.355e-07(3,2) 7.291e-02 2.149e-07 1.494e-05 7.308e-02 2.161e-07 1.203e-06(3,3) 9.944e-01 4.736e-09 3.473e-07 9.944e-01 4.788e-09 2.656e-08Table 3: The fundamental matrices and their covariance matrices for the �rst pair of images.
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26 Gabriella CSURKA Cyril ZELLER Zhengyou ZHANG Olivier FAUGERAS

Figure 37: Second pair of real images.(i,j) F �aF �sF F0 �aF0 �sF0(1,1) -1.325e-06 1.092e-14 2.713e-14 -1.324e-06 1.093e-14 9.751e-14(1,2) 1.430e-04 2.240e-11 1.246e-10 1.430e-04 2.242e-11 9.461e-10(1,3) -1.454e-02 3.302e-07 1.878e-06 -1.453e-02 3.304e-07 1.585e-05(2,1) -1.432e-04 2.309e-11 1.260e-10 -1.432e-04 2.311e-11 9.183e-10(2,2) -2.134e-06 1.526e-13 3.725e-13 -2.135e-06 1.528e-13 8.0135e-13(2,3) 7.077e-02 1.212e-06 2.708e-06 7.077e-02 1.213e-06 4.16e-06(3,1) 1.325e-02 2.892e-07 1.531e-06 1.325e-02 2.894e-07 1.288e-05(3,2) -7.081e-02 1.005e-06 2.241e-06 -7.081e-02 1.006e-06 3.533e-06(3,3) 9.948e-01 2.478e-08 5.760e-08 9.948e-01 2.479e-08 1.216e-07Table 4: The fundamental matrices and their covariance matrices for the second pair ofimages.
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Figure 38: Third pair of real images.(i,j) F �aF �sF F0 �aF0 �sF0(1,1) 6.722e-06 8.854e-14 3.318e-13 6.722e-06 8.854e-14 3.278e-13(1,2) -1.743e-05 1.578e-11 6.265e-11 -1.743e-05 1.578e-11 6.534e-11(1,3) 6.842e-02 2.308e-06 8.631e-06 6.842e-02 2.309e-06 8.041e-06(2,1) 1.837e-06 1.291e-11 5.166e-11 1.837e-05 1.291e-11 5.356e-11(2,2) -2.044e-06 3.082e-14 1.098e-13 -2.044e-06 3.082e-14 1.104e-13(2,3) -3.193e-02 1.296e-06 5.039e-06 -3.193e-02 1.296e-06 8.502e-07(3,1) -7.023e-02 2.075e-06 7.729e-06 -7.023e-02 2.075e-06 7.241e-06(3,2) 3.303e-02 1.437e-06 5.574e-06 3.303e-02 1.437e-06 5.706e-06(3,3) 9.941e-01 6.770e-08 2.524e-07 9.941e-01 6.770e-08 2.394e-07Table 5: The fundamental matrices and their covariance matrices for the third pair of images.
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28 Gabriella CSURKA Cyril ZELLER Zhengyou ZHANG Olivier FAUGERAS6 ConclusionA fundamental matrix determines completely the epipolar geometry between two images,which allows 3D projective reconstruction or 3D invariants computation. However, the pre-cision of the estimated fundamental matrix depends upon a number of factors, for example,the number of point correspondences, the con�guration of points or the precision of theextracted points. Thus a key issue is to characterize correctly the uncertainty of the funda-mental matrix in order to use it appropriately in the subsequent stages.In this paper, we have presented two methods for estimating the covariance matrix ofthe fundamental matrix. The �rst method assumes that the noise level of data points isknown, which implies that the precision of the corner detector used has to be estimated.Then, by simulation, we carry out a su�ciently large number of experiments by addingindependent noise to data points. A fundamental matrix is estimated for each experiment,and �nally the covariance matrix is estimated through classical statistical techniques. Thesecond method is more general, which only assumes that the noise in each data point isindependent and identically distributed. The covariance matrix is estimated through a �rstorder approximation. If the noise level of data points is known, the �rst method can beused, which usually yields better results than the second one. However the �rst methodis computationally very expensive and the noise level is usually not known in practice; itis thus merely of theoretical importance. In this paper, we have used synthetic data withknown level noise, and compared two methods. It appears that, if the noise level is moderate(the standard deviation is less than two pixels), the two methods yield very similar results,which implies that the �rst order approximation used in the second method is reasonable.The two methods have also been validated with real data.Future work will consist in using the covariance matrix of the fundamental matrix es-timated with the second method for projective reconstruction and computation of three-dimensional invariants.
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