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Abstract

Markov random fields with higher order potentials have
emerged as a powerful model for several problems in com-
puter vision. In order to facilitate their use, we propose
a new representation for higher order potentials as upper
and lower envelopes of linear functions. Our representa-
tion concisely models several commonly used higher order
potentials, thereby providing a unified framework for min-
imizing the corresponding Gibbs energy functions. We ex-
ploit this framework by converting lower envelope poten-
tials to standard pairwise functions with the addition of a
small number of auxiliary variables. This allows us to min-
imize energy functions with lower envelope potentials using
conventional algorithms such as BP, TRW and a-expansion.
Furthermore, we show how the minimization of energy func-
tions with upper envelope potentials leads to a difficult min-
max problem. We address this difficulty by proposing a new
message passing algorithm that solves a linear program-
ming relaxation of the problem. Although this is primarily
a theoretical paper, we demonstrate the efficacy of our ap-
proach on the binary (fg/bg) segmentation problem.

1. Introduction

Markov random fields (MRF) provide a powerful frame-
work for concisely representing the Gibbs energy of a set
of random variables, which makes them immensely useful
in computer vision. Specifically, they express the energy of
a labeling (a particular assignment of values to the random
variables) as a sum of potentials, each of which depends
on a subset (more precisely, a clique) of random variables.
Typically, the degree of the potential (that is, the size of the
corresponding clique) is restricted to one (unary potential)
or two (pairwise potential), which corresponds to a pairwise
energy function. Such an energy function can be efficiently
minimized using one of many accurate algorithms that have
been proposed in the literature. However, despite substan-
tial work from several communities, solutions to computer
vision problems based on pairwise energy functions have
met with limited success so far. This observation has led re-
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searchers to question the richness of these classical energy
functions, which in turn has motivated the development of
more sophisticated models. Along these lines, many have
turned to the use of higher order potentials that give rise to
more expressive MRFs, thereby allowing us to capture the
natural image statistics.

The last few years have seen a large number of higher
order potentials being proposed for different vision prob-
lems [10, 18, 23, 25, 34, 36]. Although such potentials pro-
vide us with the required modeling power, they also present
a difficult energy minimization scenario (since the num-
ber of possible labelings of a potential is exponential in its
degree). In order to address this difficulty, we show that
(somewhat surprisingly) many higher order potentials used
in computer vision have a special structure that allows us
to represent them compactly. In order to fully exploit this
structure, we propose a novel representation based on up-
per and lower envelopes of linear functions defined over the
space of possible labelings for a clique of random variables.

Our representation provides a unified framework for the
problem of energy minimization with higher order poten-
tials. Specifically, as shown in previous work [26], lower
envelope higher order potentials can be transformed to an
equivalent sum of pairwise potentials with the addition of
(typically, a small number of) auxiliary variables. Once re-
formulated in this manner, we can employ standard algo-
rithms for pairwise energy functions to obtain the desired
result. In contrast, converting the new upper envelope po-
tentials to a pairwise form leads to a difficult min-max prob-
lem. To tackle this difficulty, we propose a new linear pro-
gramming (LP) relaxation for minimizing energy functions
with upper envelope higher order potentials. Our relaxation
is a natural extension of the standard LP relaxation for pair-
wise energy functions [5]. Furthermore, we present an effi-
cient algorithm for solving the relaxation.

2. Related Work

As earlier approaches in computer vision and related ar-
eas restricted themselves to pairwise MRFS, it is not sur-
prising that most of the work on energy minimization fo-
cused on pairwise energy functions. These approaches can
broadly be classified into two categories: message pass-
ing and move making. Message passing algorithms attempt



to minimize approximations of the free energy associated
with the MRF [8, 13, 15, 20, 29, 32, 37]. Move mak-
ing approaches refer to iterative algorithms that move from
one labeling to the other while ensuring that the energy of
the labeling never increases. The move space (that is, the
search space for the new labeling) is restricted to a sub-
space of the original search space that can be explored effi-
ciently [4, 6, 16, 17]. Many of the above approaches (both
message passing [13, 15, 32] and move making [4, 16, 17])
have been shown to be closely related to the standard LP re-
laxation for the pairwise energy minimization problem [5].

Although there has been work on applying message pass-
ing algorithms for minimizing certain classes of higher or-
der energy functions [23, 30], the general problem has
been relatively ignored. Traditional methods for minimiz-
ing higher order functions involve converting them to a pair-
wise form by addition of auxiliary variables, followed by
minimization using one of the standard algorithms for pair-
wise functions (such as those mentioned above) [3]. How-
ever, such an approach suffers from the problem of combi-
natorial explosion. Specifically, a naive transformation can
result in an exponential number of auxiliary variables (in
the size of the corresponding clique) even for higher order
potentials with special structure.

In order to avoid the undesirable scenario presented by
the naive transformation, researchers have now started fo-
cusing on higher order potentials that afford efficient algo-
rithms [10, 11, 31, 34, 36, 35]. Most of the efforts in this
direction have been towards identifying useful families of
higher order potentials and designing algorithms specific to
them. While this approach has led to improved results, its
long term impact on the field is limited by the restrictions
placed on form of the potentials. To address this issue, some
recent works [9, 14, 26] have attempted to characterize the
higher order potentials that are amenable to optimization.
Although these works have been able to exploit the sparsity
of potentials, unlike our framework, they do not provide a
convenient parameterization of tractable potentials.

3. Preliminaries

Markov Random Fields Consider a set of scene ele-
ments (such as pixels or voxels) V = {1,2,--- n} and
a set of random variables X = {X;,7 € V} correspond-
ing to them. Each random variable X; can take a label z;
from the label set £ = {1,---, h}. For example, in scene
segmentation the labels can represent semantic classes such
as building, tree or person. Clearly, in the above scenario
the total number of labelings x (a particular assignment of
labels to all the random variables) is A™. In order to dis-
tinguish one labeling from the other quantitatively, an MRF
defined over X specifies a Gibbs energy function of the form

E(x;D) =) te(xc), (1)

ceC

where D is the observed data (such as RGB values of image
pixels). The term 1..(x.) denotes the value of the clique po-
tential corresponding to the labeling x. C x for the clique
¢, and C is the set of all cliques. As noted before, the degree
of the potential ¥.(-) is the size of the corresponding clique
¢ (denoted by |c|). For the well-studied special case of pair-
wise MRFs, the energy only consists of potentials of degree
one or two, that is,

E(x;D) = tix)+ Y biylziz), @

% (i,7)€€

where & represents the set of neighboring random variables
(that is, cliques of size two).

Energy Minimization Given an MRF, the problem of en-
ergy minimization consists of finding the labeling x that has
the lowest energy. Formally, energy minimization involves
solving the following problem:

x* = argmin F(x; D). 3)

As the Gibbs energy is related to the posterior probability
of the labeling, that is,

Pr(x|D) x exp (—E(x; D)), 4)

energy minimization is also sometimes referred to as max-
imum a posteriori estimation. In what follows, we often
consider the minimization of a single higher order potential
instead of the entire energy function. However, all our re-
sults can be trivially extended to energy functions since they
only involve the summation of a finite number of potentials.

4. Envelopes of Linear Functions

We will now explain our envelope representation that
will be used to transform the problem of minimizing higher
order potential functions to problems over pairwise func-
tions. We define higher order potentials as lower or upper
envelopes of linear functions. Each linear function is of the
following form:

Fixe) = pt 4+ > wiéi(a), 5)

i€c acl

where the function d;(a) returns 1 if variable X; takes label
a (that is, x; = a) and returns O for all other labels. The
weights w! and the constant term p? are the parameters of
the function f7(-). Given the above definition, our higher
order function representation can be written as

Ye(xe) = ®q€qu(XC)» (6)

where ® € {max, min}. While ‘min’ results in a lower
envelope of the linear function, ‘max’ results in the upper
envelope (see figure 1). As will be seen later, the choice
of ‘min’ or ‘max’ has a big impact on the difficulty of the
corresponding energy minimization problem.
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Figure 1. Lower and upper envelopes of linear functions and their
relationship to convex and concave functions. The figure shows
two linear functions f* : {0,1}" — Rand f* : {0,1}" — R.
The weights for f' are: p' = 0, wly = 0 and wh > 0 while
those for % are: > = 0, wh = 0 and w? < 0. It can be easily
seen that lower envelope results in a concave function whereas the
upper envelope results in a convex function.

Completeness of the representation The linear envelope
representation is general and any higher order potential
function can be written in this form. In other words, lin-
ear envelopes are complete. To see this, consider a potential
function 1, : £!¢/ — R. This can be converted to our lower
envelope representation (® = min) using h!°l linear func-
tions as follows (where h = |£|). We denote the ¢'"* label-
ing (out of a possible Al°l) of the clique as 17 = {IJi € c}.
For this labeling, we define a linear function f7(x.) using

0 if Il =a,

q _ q q __
p? =1pe(1?) and wia_{ oo otherwise.

It can be easily seen that ¢.(x.) = min, f9(x.).

Although completeness is a good property of the repre-
sentation, it comes at a high cost of defining an exponential
number of linear functions. In the next section we will show
that many useful higher order potentials can be written in
our envelope representation (6) using constant or polyno-
mial (in || and k) number of linear functions.

4.1. Lower Envelope Higher order Potentials

We now provide examples of some useful higher order
potential functions that can be represented as a lower enve-
lope of linear functions.

Region Consistency A common method to solve various
image labeling problems like object segmentation, stereo
and single view reconstruction is to formulate them using
image segments (so called superpixels [24]) obtained from
unsupervised segmentation algorithms. Researchers work-
ing with these methods have made the observation that all
pixels constituting the segments often have the same label,
that is they might belong to the same object or might have
the same depth. This observation has motivated the pro-
posal of higher order potentials that encourage label consis-
tency in sets of pixels. One such potential is the recently
proposed P™ Potts model [10], that is,

_ Ya if x; =a, Vi€ c,
ve(xe) = { Ymax Otherwise,

)

where Ymax > 7V, for all a € L. In other words, the above
potential assigns a constant penalty 7y,.x to all solutions

(b) in

Figure 2. (a) Robust P"™ model for binary variables. The linear
functions f1 and fo represents the penalty for variables not taking
the labels 0 and 1 respectively. The function fs represents the ro-
bust truncation factor. (b) The general concave form of the robust
P™ model defined using a larger number of linear functions.

that do not assign the same label to all pixels in a segment
c. This was generalized by Kohli et al. [11] to obtain the
Robust P™ model defined as

Ye(Xe) = min{iné?((\d —Na(Xe)) @ + Va); Ymax ), (8)

where || is the number of variables in clique ¢, n,(x.) de-
notes the number of variables in clique c that take the label
a in labeling x., and oy, Y4, Ymax are potential function pa-
rameters that satisfy the constraints

_ Ymax — Ya

Qg = i and v, < Ymax, Va € L. ©))

The term M is called the truncation parameter of the poten-
tial and satisfies the constraint 2M/ < |c|. They also showed
that multiple instances of this potential can be combined to
obtain any concave function over the number of segment
pixels that do not take the dominant label in a labeling. This
potential takes the form

he(Xe) = Inin{{lneig Fe((le] = na(xc))), Ymax},  (10)

where F. is a non-decreasing concave function. Recall that
a function f(z) is concave if for any two points (u, v) and A
where 0 < A < L: Af(w)+(1=N)f(v) < f(Aut+(1=N)v).

Lower Envelope Potential Representation It can be eas-
ily seen that the Robust P" model (8) can be written as a
lower envelope potential using h + 1 linear functions. The
functions f%,q € Q = {1,2,...,h + 1} are defined using

= Yo if q:.aeﬁ,
Ymax Otherwise,
q 0 if g=h+1lora=qelL,
Wi = Qg

otherwise.
The above formulation is illustrated in figure 2(a) for the
case of binary variables. The representation for the more
general concave form (10) is illustrated in figure 2(b).

Minimizing Lower Envelope Potentials The problem of
minimizing any lower envelope higher order potential func-
tion can be transformed to the minimization of a pairwise



function with the addition of an auxiliary variable z that
takes values from the index set Q [26]. The resulting prob-
lem can be written as

© © =%

and ¢zi(q,xi) = ’w(-l . (12)

where i

¢.(q) = p?,

This pairwise function can be minimized using standard
message passing algorithms such as TRW and BP. In fact
for certain classes of lower envelope functions, the result-
ing pairwise function is submodular (including the Robust
P™ model) and can be minimized in polynomial time using
st-mincut/maxflow based algorithms. We refer the reader to
[3, 10, 11] for examples.

4.2. Upper Envelope Higher order Potentials

As will be seen shortly, unlike the lower envelope case,
upper envelope potentials result in a difficult energy min-
imization problem. Nevertheless, as the examples below
illustrate, they are extremely useful for computer vision.

Size Prior In many problems we might have prior knowl-
edge about how many scene elements (pixels or voxels)
should be assigned a particular label. This knowledge can
be incorporated by using a higher order potential which as-
signs a cost to labelings that deviate from the required distri-
bution (counts) of labels. One example could be a potential
that assigns a cost proportional to the magnitude of the devi-
ation from the required label counts. Formally, the potential
can be defined as

¢(X) = Z (Ta| Zéz(a) - na) ) (13)

acl eV

where n, indicates the desired number of variables that
should be assigned the label a, while the ‘indicator’ func-
tion 0;(a) is zero for all values of x; except when z; = a.
Examples of problems where such a potential would be use-
ful include object reconstruction and segmentation, where
we can use the potential to incorporate our prior belief that
the object we are trying to reconstruct or segment is of a
particular size. In other words, we can define a potential of
the following form:

P(x) =Y x-S, (14)

i€V

where S is the desired number of voxels to be included in
the reconstruction, or pixels to be included in the segmen-
tation. A more general size potential would be ¥ (x) =
F(|> ey ri — S|) where F : R — R is general func-
tion. Similar label counting potentials have been proposed
for a number of image labeling problems in [31, 35].

The linear envelope construction for the size prior (14)
is similar to the one given for the region consistency poten-
tial. The difference is that now will be using maximization
(upper envelope) of linear functions rather than the mini-
mization (lower envelope). In this case, we need only two
linear functions f,,q € Q = {0,1} defined with param-
eters o = S —n, uy = —Sand wl, = 1if ¢ = a,
and 0 otherwise (see figure 3(b)). We note here that a recent
work [34] has proposed a specialized algorithm for handling
size priors. However, our framework offers a more general
class of amenable potentials.

Soft Not-null Set Constraints In many problems, we
need to enforce the constraint that at least one out of an
arbitrary set of scene elements takes a particular label. One
example that belongs to this class is the silhouette consis-
tency constraint that has proven useful for multi-view re-
construction [12, 28]. It uses the fact that the reconstructed
shape when re-projected on the view of the camera must
coincide with the respective silhouettes. For every ray that
intersects the silhouette, the constraint makes sure that at
least one voxel on that ray is included in the reconstruc-
tion. In more detail, this ‘OR’ ! constraint is defined as
> ice 9i(‘fg") = 1 where the c denotes the set of indices of
all voxels on the ray. See figure 3.

Several works have shown that incorporation of this con-
straint prevents the need for a ‘ballooning’ force, and leads
to significant improvements in the results [12, 28]. That
said, there is a problem with the above constraint. The sil-
houettes used as input for multi-view reconstruction are of-
ten incorrect and using such a hard constraint may lead to
wrong results. To handle noisy silhouettes, we can incorpo-
rate a soft constraint by adding the following higher order
penalty term to the objective function:

Yelxe) = { g othellrivise, ZZEC et as)

where v > 0. The penalty parameter y can be used to en-
code how confident we are about a particular ray passing
through the object, and thus enables the use of soft silhou-
ettes. It is easy to show that the above constraint is non-
submodular, and thus minimizing the resulting energy min-
imization problem is hard.

The soft silhouette penalty function (15) can be repre-
sented as a upper envelope function using only 2 functions.
These are defined as f,,¢ € Q = {0, 1} with parameters
o =0,y =, and

¢ | = if g=a=1,
Wia = { 0  otherwise. (16)

IRepresenting the label “fg’ by binary value 1 and the label ‘bg’ by
binary value 0, the constraint can be seen as enforcing that application of
the OR operator on the binary variables returns 1.
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Figure 3. (LEFT) Illustration of the ray constraint. At least one voxel on the ray should labelled as object. (RIGHT) (a) Graph for upper
envelope representation of the ray penalty. Note that the undesirable assignment of labeling all variables to 0 is penalized heavily by the
function f1. All other assignments are favored equally using the function fo. (b) Graph for upper envelope representation of size prior
with S = n/2. Note that the lowest energy corresponds to Y. x; = n/2 (that is, assigning exactly half the random variables to label 1).
Graphs (a) and (b) show the upper envelope definition for the ray penalty, and size prior for size S = n/2 respectively.

This representation is illustrated in figure 3(a).

Apart from object reconstruction, not-null type con-
straints have also appeared in recent work on imposing
topological constraints such as connectivity in the object
segmentation problem [19, 21].

5. Minimizing Upper Envelope Functions

The problem of minimizing an upper envelope function
can be easily transformed to a min-max problem involving
a pairwise function. This requires the addition of an auxil-
iary variable z that takes values from the index set Q. The
resulting problem can be written as

min (%) = min max <¢z(q) +0uild, :m) , (7
¢ ¢ icV

and  ¢zi(q, zi) = wy, . (18)

where i

¢.(q) = p?,

Although the above reformulation provides us with a pair-
wise function, the min-max form of the problem implies
that we cannot use standard algorithms for solving it. To
address this issue, we extend the linear programming (LP)
relaxation for pairwise energy functions so that it handles
upper envelope potentials.

5.1. LP Relaxation for Min-Max Labeling

We now consider the energy minimization problem in its
entirety, that is the minimization of the function that con-
sists of unary, pairwise and upper envelope potentials. Us-
ing the discussion at the beginning of the section, this en-
ergy function can be written as

E(x;D) = Y wi(w)+ Y tiyle,w)) (19)

% (i,7)€€

+ quneaéc o.(q) + Z ¢.i(q, i)
z€EZ

i,(z,0)€C

Here, Z refers to the set of all auxiliary variables (which
is equal to the number of upper envelope potentials in the
energy function). With a slight abuse of notation, we denote

the set of neighboring auxiliary and random variables as C
since it defines the cliques.

In order to formulate the above problem as an inte-
ger program, we define binary variables y;(a) that indicate
whether variable X; takes a label a, that is,

1 if r; = a,
vi(a) = { 0 otherwise. (20)

Similarly, we define variables y;;(a, b) = y;(a)y; (b) for all
(a,b) € £. In addition, we also specify a slack variable ¢, to
represent the clique potential corresponding to the auxiliary
variable z. Using these variables, the integer program is
specified as

argmin > Yi(a)yi(a) + @
ieV,ael
Z Yij(a,b)y;j(a,b) + Z ts
(i,5)€€,a,beL z2EZ
s.t. t, > ¢.(q) + Z t.i(q),

i,(z,4)€C
tzz(q) Z ¢zi(% a)yi(a)a

Zyz(a) = 1)
> wijla,b) = yi(a),
b

yi(a) € {0,1},y;;(a,b) € {0,1}.

The first two constraints ensure that ¢, = max,(¢.(q) +
> #-i(q,x;)). The next two constraints imply that each
random variable takes a unique label and that y;;(a,b) =
y;(a)y;(b) respectively. The final set of constraints enforces
the variables y to be binary. These binary constraints make
the above integer program NP-hard to optimize. However,
we can obtain an approximate solution to this problem by
relaxing y to take (possibly fractional) values between 0
and 1. The resulting LP relaxation is similar to the stan-
dard relaxation for pairwise MRFs with the addition of slack
variables ¢ .



Although the above LP relaxation can be solved in poly-
nomial time using standard interior point algorithms this is
not a practical solution for the problem due to large time
and memory requirements. In this paper, taking inspiration
from previous works on energy minimization of pairwise
MRFs (that is, where the energy function contains no auxil-
iary variables), we develop an efficient iterative strategy for
solving the Lagrangian dual (hereby referred to as simply
the dual) of the above LP. We begin by providing the exact
formulation of the dual.

Dual The dual of the LP relaxation (21) is specified as

max min6;(a) +
0. ZGZV a (@)

S A (@) (g

zEZ q

Z mlbn 0;; (Cl7 b)+

(i,7)€€

)) st. 0=6". (22

Here (=) denotes reparameterization and the parameter 6>
is given by

0 (a) + Y > Nilga)¢ui(g,a),

z,(z,0)eC ¢
VieV,a €L,

ez')‘j(a’b) = 1;;(a,b), Y(i,
where A satisfies the following constraints:

> A9 =1, V. € Z, (24)

Z >\zi (qv a) -

Azi(g,a) > 0,X.(q) >0, V(z,i) €C,q € Q,a € L.

e abel, (23)

A:(q), V(zi) €CqeQ,

Next, we design an efficient diffusion algorithm for opti-
mizing the dual (22).

5.2. The Diffusion Algorithm

We begin by describing the standard diffusion algo-
rithm [27, 33] for the case where the energy function has no
auxiliary variables (that is, energy minimization for pair-
wise MRFs). We then generalize the algorithm to solve
problem (22). When there are no auxiliary variables present
in the energy function, the dual of the LP relaxation can be
further simplified to

max E mln 0. (

i€V (i,5)€€

s.t. 0 =1,

(25)
where 1 is the parameter of the given random field. An
efficient algorithm for optimizing problem (25) is the fol-
lowing: (1) Choose a random variable ¢, (2) Run the AVER-
AGING procedure for ¢ (described in table 1) using the cur-
rent parameter 8, and (3) Repeat till the dual objective (25)

Z mln 0i(a,b)

a,b

e Define NV (i) = {j|(¢,7) € £} as the set of all neighbors of 4.
e Compute 3;;(a) = mlnb 0i;(a,b) for all j € N (7).
e Compute ;(a) = \N(z)\+1 (0i(a) + ZJGN(,) Bij(a)).

e Update parameter to 0’ as follows:
0i(a) = ai(a). 0i;(a,b) = 0i;(a,b) + ai(a) — Bij(a).

Table 1. The AVERAGING procedure.

cannot be increased for any choice of 7. Note that the AVER-
AGING procedure is guaranteed not to decrease the value of
the dual. Since the dual is bounded, it follows that the above
algorithm will converge. Upon convergence, we obtain the
value of the primal problem (that is, the desired labeling x)
in a similar manner to [13, 15].

Handling Auxiliary Variables For auxiliary variables,
we need to determine the value of A that increases the dual.
In order to formulate this problem, let us denote the current
value of X as \¢. Since the solution is feasible, it follows

—\¢ .
that ° = 6~ where 0° is the current value of the parame-
ter 6. For a given auxiliary variable z, we define

¢i(a) = 65 (a Z

a)) ¢-i(q,a),

Note that the value of ¢;(a) depends on A\°. However, in
order to avoid cluttered notation, we do not make this de-
pendency explicit. Now given a new A", we define a new
parameter 6" as

07 (a) = ¢i(a) = > _ (1= \(g, ) ¢=i(g, a),

q

It follows that 8™ = 5)\”. Ideally, we would like to find the
A" that solves the following problem:

max E min 0;' (a)
AT a
,(2,2)€C

st 0(q) = dia) = Y (1 - \%(g,0)) 62i(q, a),
> Mg =1
Y ALg.a) = M),

+3 M()o:(g) | (26)

a) =0,

that is, the value of A" that provides the maximum increase
in the dual (22). However, although solvable in polynomial
time, it may still be computationally expensive to optimize
the above problem for \" directly. Instead we use an effi-
cient dual decomposition strategy. Each slave problem (cor-
responding to a particular variable 7) for dual decomposition



is defined as

max mln 0" (a) + (Vm (Z];|) A2 (q)
st 07(q) = gila) = > _ (1= Ali(q,0)) ¢zi(g, a),
q
2%
ZAZZ q’ ( )7

where N(z) = {i|(z,i) € C}, and v,;(¢q) are Lagrange
multipliers of the dual decomposition which ensure that the
value of A\7(q) is the same in all problems corresponding to
variables i such that (z,7) € C. The Lagrange multipliers
for dual decomposition satisfy the following constraint:

> vailg) =0, Vg€ Q. (28)
1EN(2)

The values of v,;(q) are initialized to O (thereby satisfy-
ing the above constraints). Note that problem (27) is an
instance of the well-studied fractional packing problem for
which there exist several efficient algorithms. In this work,
we solve problem (27) using the method described in [22]
to obtain the values of A\?(¢) and A\7;(q, a) for the current
values of v,;(q). We note here that although in theory the
method of [22] requires several iterations, in practice we
found it to be very efficient. However, a speed up may be
achieved by using more recently approaches for fractional
packing such as [2]. The multipliers are then updated as
v2i(q) = vzi(q) — e >, A% (g, a), that is, using subgradi-
ent descent. Here 7, is the learning rate at iteration ¢. The
multipliers then projected to satisfy constraint (28), that is,
their average value of subtracted from them so that they sum
to 0. The new values of 1.;(q) are used to compute the new
values of A”(q) and A\”;(q,a). This procedure is repeated
until convergence. Note that the dual decomposition strat-
egy is guaranteed to provide the globally optimal solution
under fairly mild conditions [1, 7]. Furthermore, due to the
convexity of problem (26), at convergence all slave prob-
lems agree on the value of A, which implies that we can
trivially obtain the primal solution from the dual.

The overall diffusion algorithm for the dual (22) is as
follows:

e Choose a random variable 7 or auxiliary variable z.

e If i, then run the AVERAGING procedure for ¢ using the
current parameter 6.

e If 2, then compute A" and use it to define a new pa-
rameter 6.

e Repeat until convergence.
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Figure 4. Binary image segmentation with a size prior. (a) Original
Image. (b) Image with random noise used as input. (c) Best result
from pairwise model. (d) Result with size prior (20 pixels). The
algorithm is able to achieve the exact number of foreground pixels.
The graph shows how the solution energy and lower-bound change
in different iterations.

Note that both the dual decomposition strategy and the Av-
ERAGING procedure are guaranteed to converge thereby im-
plying that the overall algorithm will converge.

6. Experiments

We demonstrate the efficacy of our algorithm on the bi-
nary (fg/bg) segmentation problem with gray scale images.
The classical Markov Random Field model for the problem

is defined as
D ovilm) + D i), (29)

S (i,)€E

where wl(l'z) = 71;x; and 1/)2‘]‘ (.I'Z', LL‘j) = Tij(:vﬁj + ,TZ‘TJ‘)
where G = (V, £) represents an image grid with n = |V/|
pixels. The unary parameters are defined as 7; = 125 — I,
where I; is the gray scale value of pixel ¢. The pairwise
parameters 7;; encode a simple Ising model, and are set to
a constant. We extend the pairwise energy function defined
above by incorporating a size prior potential (14) that en-
courages the segmentation to contain the exact number of
pixels that were present in the ground truth.

The algorithms is applied on a noisy image that is gen-
erated by adding random noise to the original image. The
result for the classical and new problem formulation (with
size prior) are shown in figure 4 (c) and (d) respectively. The
size prior is able to ensure a segmentation with the correct
number of foreground pixels (20 pixels). The accompany-
ing graph shows how the lower bound and solution energy
change with iterations of the diffusion algorithm.

Random Synthetic Problems We also tested our algo-
rithm on randomly generated energy functions containing
a size prior potential. These functions were defined on
10 node complete graphs with parameter samples v; ~
U[—-10,10], and ¢;; ~ U[0, w]. The values of parameters of
the size prior (equation (14)) are taken from . ~ U[0,v],
while S = 5. The z —axes of the graphs shows the strength
of the size prior parameter . For each data point in the
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Figure 5. Graphs showing the results of randomly generated prob-
lems. w and v denote the strength of the pairwise and size poten-
tials respectively. (A) Error in energy |E— E,|/ Eo. (B) Difference
between lower bound and solution energy \E — Lb\/EO. (C) 1y la-
bel error in solution ), (x; # x7).

graphs we averaged the results over 50 trials. Let E and F,
denote the energies of our result x and the optimal result
x°. The results are shown in figure 5. Graph (A) shows the
error in energy |E — F,|/E,, (B) shows the difference be-
tween lower bound and solution energy as a fraction of the
optimal energy |E — Ly|/E,. (C) shows the [, label error
in solution >, (x; # x¢). It can be seen that the diffusion
algorithm is very effective, and is able to obtain solutions
close to the optimal solution of the problem.

7. Conclusions

We presented a framework that compactly encodes many
useful classes of higher order potentials [9, 10, 11, 14, 26].
Our representation makes these potentials amenable to effi-
cient inference algorithms. One of the contributions of this
work was to show how inference with size and not-null po-
tential functions can be formulated as min-max problems.
We proposed a message passing algorithm for solving this
problem, thereby allowing us to incorporate these useful
family of potentials in classical formulations. We believe
that the min-max representation of these potentials would
inspire more research in the development of new algorithms
for solving such optimization problems in both the com-
puter vision and machine learning communities.
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