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Abstract

In this paper we present a fast new fully dynamic algorithm
for the st-mincut/max-flow problem. We show how this algo-
rithm can be used to efficiently compute MAP estimates for
dynamically changing MRF models of labelling problems in
computer vision, such as image segmentation. Specifically,
given the solution of the max-flow problem on a graph, we
show how to efficiently compute the maximum flow in a mod-
ified version of the graph. Our experiments showed that the
time taken by our algorithm is roughly proportional to the
number of edges whose weights were different in the two
graphs. We test the performance of our algorithm on one par-
ticular problem: the object-background segmentation prob-
lem for video and compare it with the best known st-mincut
algorithm. The results show that the dynamic graph cut algo-
rithm is much faster than its static counterpart and enables
real time image segmentation. It should be noted that our
method is generic and can be used to yield similar improve-
ments in many other cases that involve dynamic change in
the graph.

1. Introduction

Graph cuts are being increasingly used in computer vision
as an energy minimization technique. One of the primary
reasons behind this growing popularity is the availability of
numerous algorithms with excellent algorithmic complex-
ity for solving the st-mincut problem [1]. Greig et al. [11]
showed that the exact maximum a-posteriori (MAP) solu-
tion of a two label pairwise Markov Random Field (MRF)
can be obtained in polynomial time by finding the st-mincut
on the equivalent graph. This result has been extended by
[12] for MRFs with multiple labels and convex priors. This
equivalence between the st-mincut problem and MAP-MRF
estimation makes graph cuts extremely important, especially
considering the fact that the probability distributions of inter-
acting labels of many problems such as image segmentation,
stereo, image restoration can be modelled using MRFs. It
has also been shown that a strong local optima of a MRF
under the generalized Potts, and linear clique potential mod-
els can be obtained using graph cuts [5]. These are excellent
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Figure 1: Dynamic image segmentation using Graph Cuts. The images
in the first column are two consecutive frames of a video sequence and their
respective segmentations, with the first image showing the user segmentation
seeds (which are used as soft constraints on the segmentation). In column 2,
we observe the n-edge flows obtained corresponding to the MAP solution
of the MRFs representing the two problems. It can be clearly seen that the
flows corresponding to the segmentations are similar. The flows from the first
segmentation were used for finding the segmentation for the second frame.
The time taken for this procedure was much less compared to that taken for
finding the flows from scratch.

results considering that the size of the state-space for the la-
belling problem is exponential in the number of nodes (sites)
and the problem in general is NP-hard.

Given the solution to a MRF, the question arises as to
whether this solution can help in solving another similar
MREF with slightly different energy terms. For instance, this
is the case when image segmentation is performed on the
frames of a video where the data (image) in the problem
changes from one time instance to the next. The MAP so-
lution of the MRF representing the problem at the previous
time instant should intuitively be a good initialization for the
energy minimization procedure. If the change in the MRF
is relatively small from one time instant to the next, such
an initialization should substantially speed up the inference
process since the time taken to find a new solution should be
proportional to the change in the energy function. Within this
paper we show that for the st-mincut/max-flow problem, this
corresponds to the use of flows obtained in the solution of the
previous problem instance in finding the solution to the next
problem instance as seen in figure 1.



Such an algorithm for the max-flow problem would be-
long to a broad category of algorithms which are referred to
as dynamic. These algorithms solve a problem by dynami-
cally updating the solution of the previous problem instance.
Their goal is to be more efficient than a re-computation of
the problem solution after every change from scratch. Given
a directed weighted graph, a fully dynamic algorithm should
allow for unrestricted modification of the graph.

Graph Cuts in Computer vision We chose to incorpo-
rate dynamic information in graph cuts (over other inference
algorithms like belief propagation) because of the fact that
graph cuts provide exact global optimal solutions for certain
energy functions. They have been used to obtain excellent
results for a number of problems in computer vision and a
thorough analysis of their applicability has been performed
by researchers. Kolmogorov and Zabih [14] defined the set of
energy functions which could be minimized using graph cuts
by providing certain conditions which should be satisfied by
all such functions. Boykov et al. [6] proposed algorithms
based on graph cuts which could efficiently find approximate
solutions to many different energy functions. A number of
papers have also addressed the theoretical properties of graph
constructions used in vision. These properties influence the
efficiency of algorithms which solve the st-mincut problem.
Boykov et al. [4] proposed a specialized algorithm for find-
ing st-mincuts, which has been experimentally shown to be
faster on graphs typically used in vision applications, com-
pared to other algorithms for the problem.

Overview of Dynamic Graph Cuts Dynamic algorithms
are not new to computer vision. They have been extensively
used in computational geometry for problems such as range
searching, intersections, point location, convex hull, proxim-
ity and many others. For more on dynamic algorithms used
in computational geometry, the reader is referred to [7].

A number of algorithms have been proposed for the dy-
namic generalized mincut problem. Thorup [16] proposed a
method which had a O(]E|2) update time and took O(log n)
time per edge to list the cut edges. However, the dynamic
st-mincut problem has remained relatively ignored until re-
cently when Cohen and Tamassia [8] showed how dynamic
expression trees can be used for maintaining st-mincuts in
series-parallel diagraphs!' with O(log m) time for update op-
erations.

Boykov and Jolly [3] were the first to use a partially dy-
namic st-mincut algorithm in a vision application by propos-
ing a technique with which they could update capacities of
certain graph edges, and recompute the st-mincut dynami-
cally. They used this method for performing interactive im-
age segmentation, where the user could improve segmenta-
tion results by giving additional segmentation cues (seeds) in
an online fashion. However, their scheme was restrictive and

!'Series-Parallel digraphs are planar, acyclic and connected.

did not allow for changing the graph completely. We will ex-
plain this restriction in the context of dynamic MRF:s later in
the paper.

Organization of the Paper In this paper, we present a new
fully dynamic algorithm for the st-mincut problem which al-
lows for arbitrary changes in the graph. We show how this
algorithm can be used to dynamically perform MAP infer-
ence in a MRF. Such an inference procedure is extremely
fast and can be used in a number of problems.

Section 2 provides an overview of the st-mincut/maxflow
problem. In section 3, we discuss MRFs and show how they
are used to model labelling problems like image segmenta-
tion and stereo, and how MAP estimates for MRFs can be
found using graph cuts. In section 4, we show how MAP
solutions for dynamically changing MRFs can be efficiently
computed by updating data structures used for solving the
max-flow problem. Specifically, we describe how we trans-
form the residual graph to reflect the changes in the original
graph, and discuss issues related to the computational com-
plexity of the dynamic algorithm. In section 5, we describe
how the process of recomputing the st-mincut/max-flow can
be further optimized by using recycled search trees. In sec-
tion 6, we use the dynamic algorithm to perform image seg-
mentation on video sequences, and compare its performance
with that of the st-mincut algorithm described in [4].

2. Preliminaries

In this section we provide a general overview of the st-
mincut/maxflow problem, and give the notation used in the
paper. A directed weighted graph G(V, E,C') with non-
negative edge weights, is defined by a set of nodes V, a set
of directed edges F, and an edge cost function C defined as:
C:(i,j) — Rt Y(i,j) € E. (1)
Further, n and m denote the number of nodes |V| and the
number of edges |F| in the graph respectively. Graphs used
in the st-mincut problem have certain special nodes called
the terminal nodes, namely the source s, and the sink ¢. The
edges in the graph can be divided into two disjoint categories,
t-edges which connect a node to a terminal node, and n-edges
which connect nodes other than the terminal nodes with each
other. We make the following assumptions in our notation:
(i,7) € E = (j,i) € E,and (s,i) € E A (i,t) € E forall
1 € V. These assumptions are non-restrictive as edges with
zero edge weights are allowed in our formulation. Thus we
can conform to our notation without changing the problem.

Definition 1 A cut is a partition of the node set V into two
parts S and S = V — S, and is defined by the set of edges
(i,j) such that i € S and j € S. The cost of the cut (S,S) is
given as Cs,§ = Zz‘es,je§ cij. An st-cut is a cut satisfying

the properties s € Sandt € S.



Given a directed weighted graph G, the st-mincut problem is
that of finding a st-cut with the smallest cost. By the Ford-
Fulkerson theorem [10], this is equivalent to computing the
maximum flow from the source to the sink with the capacity
of each edge equal to ¢;; [1].

2.1. Formulating The Max-Flow Problem

For a network G(V, E) with a non-negative capacity c;; as-
sociated with each edge, the max-flow problem is to find the
maximum flow f from the source node s to the sink node ¢
subject to the edge capacity and mass balance constraints:

lij < fij <ciy V(i,j) € E, and ()

>

i€ N(z)\{s,t}

(f:m - fmc) = fs:c - fmt Vo € V\{Sat} (3)

where f;; is the flow from node ¢ to node j, [;; is the lower
bound on the flow f;; (which in our case is zero) and N (x)
is the neighbourhood of x2. Note here that we can initialize
the flows in the t-edges as fs, = fzr = min(csy, ¢ot). This
corresponds to pushing flow through the shortest augmenting

path (defined later) from the source to the sink. The residual
capacities of the terminal edges thus become:

= Fun = 0 if csp < Cut
sx — Lsx = Jsx — .
Csz — Cyt if Csg > Cat,
and , 0 if cop > Cut
xt — :
t Copt — Cop 1f Cop < Cyy.

We observe here that the solution of the maximum flow prob-
lem is invariant to the absolute value of the terminal edge
capacities ¢y, and cg,. It only depends on the difference of
these capacities (¢, — s, ). Adding or subtracting a constant
to these capacities changes the objective function by a con-
stant and does not effect the overall solution. This property
of the problem will be used later in the paper for updating the
residual graph when the original graph has been modified.

2.2. Augmenting Paths and Residual Graphs
Given a flow f;;, the residual capacity r;; of an edge (¢, 5) €
F is the maximum additional flow that can be sent from node
i to node j using the edges (7,7) and (j,¢). The residual
capacity r;; has two components: the unused capacity of the
edge (,): ¢ij - fi;, and the current flow f;; from node j to
1 which can be reduced to increase the flow from ¢ to j.

Definition 2 A residual graph G(f) of a weighted graph G
consists of the node set V and the edges with positive residual
capacity (with respect to the flow f).

The topology of G(f) is identical to G. G(f) differs only in
the capacity of its edges. For no flow i.e. f = {0}, G(f)is
same as (.

2N (x) consists of all nodes connected by an edge to x.

Definition 3 An augmenting path is a path from the source
to the sink along unsaturated edges of the residual graph.

Algorithms for solving the max-flow problem can be clas-
sified into two general categories: Augmenting Path and
Preflow-push algorithms. Augmenting path algorithms re-
peatedly find augmenting paths in the residual graph G(f)
and push the maximum possible flow f ' through this path
resulting in the total flow (f + f ") and the residual graph
G(f + ). Preflow-push algorithms flood the network and
create excess flow at the graph nodes. This excess flow is
then incrementally drained out by sending it from the node
toward the sink or the source.

3. Markov Random Fields

We start by describing MRFs for image segmentation and
then proceed to give some examples in vision where dynamic
MRFs occur.

Consider a set of random variables X =
{X1, Xa,...,X,} defined on the set .S, such that, each vari-
able X; can take a value x; from the set £ = {l1,lz...,1,}
of all possible values. Then X is said to be a MRF with
respect to a neighborhood system N = {V;|i € S} if and
only if it satisfies the positivity property P(x) > 0, and
Markovian property P(x;|xs_1i3) = P(xi|xn;,), Vi € S.
Here we refer to Pr(X = x) by P(x), Pr(X; = x;) by
P(x;), and the joint event (X; = x1,...,X, = Xp) as
X = x where x = {x;|i € S} is a configuration of X
corresponding to a realization of the field.

The MAP-MREF estimation can be formulated as an en-
ergy minimization problem where the energy corresponding
to the configuration x is the negative log likelihood of the
joint posterior probability of the MRF and is defined as

E(x) = —logPr(x|D). )
3.1. MRFs for Image Segmentation

In the context of image segmentation, .S corresponds to the
set of all image pixels, IV is a neighbourhood defined on this
set’, the set £ comprises of labels representing the differ-
ent image segments, and the random variables in the set X
denote the labelling of the pixels in the image. Note that ev-
ery configuration x of the MRF defines a segmentation. The
image segmentation problem can thus be solved by finding
the least energy configuration of the MRF. The energy cor-
responding to a configuration x consists of a likelihood and
a prior term as:

Ui(x) =Y | ¢(DIxi) + Y 9(xi.x;) | +const, (5)
ics JEN;
where ¢(D|x;) is the log likelihood which imposes individ-
ual penalties for assigning label /; to pixel ¢ and is given by

o(D|x;) = —log Pr(i € Sg|Hy) ifx; =1 (6)

3For our experiments, we have used the standard 8-neighbourhood.



where Hj, is the RGB distribution for Sy, the segment de-
noted by label l,. Here, Pr(i € Sg|Hy) = Pr(I;|Hy), where
I; is the colour intensity of the pixel ¢. The prior ¥ (x;,x;)
takes the form of a Generalized Potts model:

Kij

QP(Xi,Xj):{ ) if Xi?éxjv

if X; = Xj. (7)
In MRFs used for image segmentation, a contrast term is
added which favours pixels with similar colour having the
same label [2, 3, 15]. This is incorporated in the energy
function by reducing the cost within the Potts model for two
labels being different in proportion to the difference in in-
tensities of their corresponding pixels. For instance, for the
experiments mentioned in section 6, we use the term

9 1
'y(i,j) = dexp < 92(5227.])> dist(i,j)’ ®

where ¢2(i, j) measures the difference in the RGB values
of pixels 7 and j and dist(7, j) gives the spatial distance be-
tween ¢ and j. This term cannot be included in the prior,
since the prior cannot include the data, and hence has to be
added separately[15]. The energy function of the MRF now
becomes

Ua(x) = | 6(Dlxi) + Y (6(Dlxi,x;) + (x4, %;))

€S JEN;
)
The contrast term of the energy function is defined as
(Dl %;) = { 0 if xi=x;. (19)

3.2. Dynamic Markov Random Fields

Observe that the energy of the MRF defined earlier for image
segmentation is dependent on the data (colour intensities of
pixels) and the parameters used in the energy function. This
also holds true for the MRF modelling the stereo labelling
problem, where the label to be estimated for each MRF site
(pixel) is the disparity configuration x,,. When performing
image segmentation on video sequences, the energy function
of the MRF changes with every image frame. We refer to
such a MRF as being dynamic. The stereo problem in the
context of videos can be modelled using dynamic MRFs in
a similar fashion[13]. The key contribution of this paper is
the dynamic max-flow algorithm with which a solution of
a dynamic MRF can be efficiently computed by using the
solution of its previous state as shown in figure 1.

3.3. Solving MRFs using Graph Cuts

The configuration x of the MRF having the least energy cor-
responds to the MAP solution of the MRF. The minimiza-

Terminal vertices

<« T

t-edges

Figure 2: The graph representing an MRF with two labels 1, and 1y,
and four random variables xX;, X, Xy, and x;. The cost of the t-edge cy; is
¢(D|x; = ly) and the n-edge c;; is p(D|x;,x;5) + (x4, %;).

tion of energies such as the one defined in (9) can be per-
formed by computing graph cuts [5]. Further, a global min-
ima of the energy function can be computed exactly for a
pairwise MRF with convex pairwise terms by finding the st-
mincut on an equivalent graph [11, 12]. We now describe
the equivalent graph construction for the two label case, for
the multi-label case, the reader is referred to [12]. Each ran-
dom variable X; of the MRF is represented by a vertex v;
in this graph, which is connected by n-edges to the vertices
in its neighbourhood set defined as {vg| X}, € N; }. The cost

. of the n-edge (4, j) connecting vertices v; and v; is given by

P(Dlxi, x;) + ¥ (x4, %;).

The two labels [,; and [, are represented by the special ver-
tices, the source s and the sink ¢. They are connected to all
other vertices representing the latent variables in the MRF by
t-edges. The cost of a t-edge is given by the likelihood term
¢(D|x;) of the energy function of the MRF. An st-cut in this
graph which separates the source and the sink, defines a con-
figuration x of the MRF, and the cost of the cut is the energy
of x [5]. From this equivalence, by computing the minimum
cost cut we can find the MAP-solution of the MRF.

4. Estimating MAP solutions for Dy-
namic MRFs

We now come to the main contribution of the paper. Having
shown how any energy function defining a pairwise MRF
can be minimized exactly by solving a st-mincut/maxflow
problem, we now show how this solution can be used to ef-
ficiently solve any similar energy function. Consider two
MRFs M, and M; whose corresponding energy functions
FE, and Fj, differ by a few terms. Suppose we have found
the MAP solution of M, by solving the max-flow problem
on the graph GG, representing the energy F, and now want
to find the solution of M. Note that the graph representing
Ey ie. Gy differs from G, by a few edge costs. Instead of
recomputing the max-flow on G} from scratch, we dynam-
ically update the flows obtained while solving E, by incor-



porating the differences between G, and Gy in the residual
graph obtained from the max-flow solution of G. In this
process we are able to preserve the flow from the source to
the sink which is not affected by the differences in the edge
capacities(costs) of G, and Gp. After updating the flows and
residual edge capacities, the max-flow algorithm is restarted
on the residual graph.

Boykov and Jolly [3] in their work on interactive image
segmentation, used this technique for efficiently recomput-
ing the MAP solution when the likelihood term (6) changes
(due to addition of new hard and soft constraints by the user).
However, their technique was restrictive and could only han-
dle changes in the cost of t-edges of the graph. Our new
method can handle arbitrary changes in the graph. In our ex-
periments, we used this approach to efficiently recompute the
MAP solution for the image segmentation problem in videos.
Note that a change of image, results in changes in both the
likelihood and contrast terms of the energy function.

4.1. Updating Residual Graphs

While modifying the residual graph, certain flows may vio-
late the new edge capacity constraints. We now show how
the residual graph is transformed to make such flows consis-
tent. We address the problem of updating edge capacities for
n-edges and t-edges separately.

4.1.1 Modifying n-edge Capacities

We now discuss how we update the residual graph when
n-edge capacities are changed. The reader should note here
that this case was not addressed in [3]. We use c;j to refer
to the new edge capacity, and r;j and fi/j to represent the
updated residual capacity and flow respectively for the edge
(i,7). Observe that updating edge capacities in the residual
graph is trivial if the new edge capacity c; ; 1s greater than
or equal to the old edge capacity c¢;;*. The updated residual

capacity r - is obtained as:
rij = Tij T (¢ij — ¢ij)- (11)
Even if c;j is less than c;;, the procedure still remains trivial

if the flow f;; is less than the new edge capacity c;j. This
is due to the fact that the reduction in the edge capacity does
not affect the flow consistency of the network i.e flow f;;
satisfies the edge capacity constraint (2) for the new edge ca-
pacity. The residual capacity of the edge can still be updated
according to equation (11). The difference in this case is that
(c; ;= ¢i;) is negative and hence will result in the reduction
of the residual capacity. In both these cases, the flow through
the edge remains unchanged i.e. fl’7 = fij.

4This operation involves addition of extra capacity and thus the flow can-
not become inconsistent.

The problem ceases to remain trivial in the case when the
new edge capacity c;j is less than the flow f;;. In this case,
fi; violates the edge capacity constraint (2). To make f;;
consistent, we have to retract the excess flow (f;; - c; j) from
the edge (4,7). At this point, the reader should note that a
trivial solution for this operation would be to push back the
flow through the augmenting path it originally came through.
However such an operation would be extremely computa-
tionally expensive.

We now show how we resolve this inconsistency in con-
stanti.e. O(1) time. We set the value of the edge flow equal to
the new edge capacity i.e. f;] = cl i;- This change in the flow
value changes the residual capacities of the edges (4,7) and
(4,9) as: rzj = cj flj =0 and rﬂ =cj; + fw Further,
this change in the flow through edge (i, j) creates a surplus
s; of flow at node 7 and a deficiency d; of flow at node j,
which violate the mass balance c/onstramts(S) for node 7 and
node j where s; = d; = fij — f;; = fij — ¢;;-

Satisfying the Mass Balance Constraints The mass bal-
ance constraint for node ¢ after updating the flows becomes
>, iy f)=fu—Ffu
ye N(i)\{s,t}

12)

Keeping flow of all n-edges other than the edge (i)
the same i.e.f_,;y = fay,V(z,y) € E\(¢,j) and subtracting
equation (12) from (3), we get f;i — fi/t = fsi — fir — Si.
Setting f;,i = fq, it becomes filt = fit + s;. Similarly,
for node j, we get f;j = fsj +d;.

We now focus on the mass balance constraint of node 4
(for node j, the process will be similar). The new value
of the flow from node ¢ to the sink node ¢, f . satisfies the
mass balance constraint for node ¢ and in effect solves our
problem. However, a problem arises if this new value of
flow violates the edge capacity constraints for the edge (i, t)
ie. fi; >ci. To overcome this problem we add a con-
stant « to the capacities of both the edges (i,t) and (s, 1)
to get ¢;, and ¢, respectively where o = max{0, f;, — ¢t}
or = max{0, (fit + s;) — cit}, or & = max{0,s; — it }.
This transformation changes the objective function value by
a constant and hence, does not change the optimal solution®.
This constant can be recorded separately and ignored while
solving the problem. The residual capacities of these edges
now become
(13)

(14)

rsi = (Csi + ) = fy
T;t = (cit + @) — fz/t
On substituting « in (13,14) and simplifying, we get:

4 Tsi
Tsi =
Tsi — Tit + S;

and

ifa=0
otherwise.

S5This transformation results in the addition of flow o flowing from the
source to the sink.



f L
si=dj = (fij — c;5)
r..=10
f"r’ .
L=
I”’ H '
P = i t 13
if (fi; —cu = 0)
,
Top = Tie — 8
else |
w = 0
_J = e — Tit + &
endif
If['fBJ1 ce; = 0)
Isj = 1y —d;
else
;
r, =10
-f.f
Tie = Tit—Tsj +d;
endif

Figure 3 Pseudocode to update the residual graph when the updated edge

capacity c - is less than the flow f;;.
’ rie —s; ifa=0
and T = .
it { 0 otherwise.
Similarly, for node j, we get
- Tt if =0
Jt rjt —rs; +d; otherwise,
’ reg; —d; if3=0
and r, =4 Y Y b .
J 0 otherwise,

where = max{0, f;j -
ual graph, in the case when the updated edge capacity c; ;18
less than the flow f;; are shown in figure 3.

¢sj +- The steps to update the resid-

4.1.2 Modifying t-edge Capacities

Our method for updating terminal edges is similar to the one
used in [3]. We skip the trivial cases where the flow fs; is
less than the updated edge capacity cm, and directly address
the case where the flow is greater than the updated edge ca-
pacity and hence violates the edge capamty constraint (2)
To make the flow consistent, a constant vy fsi — g
added to both the t-edges connected to the node 1. Such a
change does not affect the solution of the st-mincut prob-
lem as explamed earlier. The residual capacities thus be-
come: 7.; — fsi +v =0 and, Tt—Cn fit +, or
csi + f I8

7"7;15 =Tit —

4.2. Complexity Analysis of Update Operations

Modifying an edge cost in the residual graph takes constant
time. Arbitrary changes in the graph like addition or deletion
of nodes and edges can be expressed in terms of modifying an
edge cost. The time complexity of all such changes is O(1)
except for deleting a node, where the update time is O(k),
where k is degree of the node to be deleted®.

The capacity of all edges incident on the node has to be made zero,
which takes O(1) time per edge.

After the residual graph has been updated to reflect the
changes in the MRF, the generic augmenting path procedure
is started to find the maximum flow. This involves repeatedly
finding augmenting paths in the residual graph and saturating
them. When no more augmenting paths can be found i.e. the
source and sink are disconnected in the residual graph, we
reach the maximum flow.

The maximum flow from the source to the sink is a loose
upper bound on the number of augmenting paths founds by
the augmenting path procedure. Also, the total change in
edge capacity bounds the increase in the flow V f defined as:

V<Y e
=1

’ ’
or, Vf <m cmae Where cnae = max(|c,, —ce,

— Ce,ls where e; € E

). Thus we

get a trivial O(m/cmaw) bound on the number of augmenta-
tions, where m is the number of edge capacity updates.

5. Optimizing the Algorithm

We have already seen how by dynamically updating the
residual graph, we can reduce the time taken to compute the
st-mincut. We can further improve the running time by us-
ing a technique motivated by the augmenting path based al-
gorithm proposed in [4] for solving the st-mincut/max-flow
problem. Typical augmenting path based methods start a new
breadth-first search for (source to sink) paths as soon as all
paths of a given length are exhausted. For instance, Dinic [9]
proposed an augmenting path algorithm which builds search
trees to find augmenting paths. This is a computationally
expensive operation, as it involves visiting almost all nodes
of the graph, and makes the algorithm slow if it has to be
performed too often. To counter this, Boykov et al. [4] pro-
posed an algorithm in which they re-used the search tree.
In their experiments, this new algorithm outperformed the
best-known augmenting-path and push-relabel algorithms on
graphs commonly used in computer vision.

In our dynamic max-flow algorithm, we reuse the search
tree available from the previous max-flow computation to
find the solution in the updated residual graph. This tech-
nique saves us the cost of creating a new search tree, thus
making our algorithm substantially faster. We next describe
how the algorithm in [4] works and how we recycle the
search trees and use them.

5.1. Reusing Search Trees

The algorithm maintains two non-overlapping search trees .S
and T" with roots at the source s and the sink ¢ respectively.
In tree S all edges from each parent node to its children are
non-saturated, while in tree 7' edges from children to their
parents are non-saturated. The nodes that are not in .S or T’
are called free. The nodes in the search trees S and 7" can be
either active (can grow by acquiring new children along non-
saturated edges) or passive. When an active node comes in



Figure 4: Segmentation using user constraints. The first image is the input
showing the soft constraints (as in [3]) represented by black (background)
and white (foreground) rectangles. The second image shows the segmenta-
tion obtained using the soft constraints, which contains a certain portion of
the background wrongly marked as the foreground due to similar colour in-
tensity. The third image is the segmentation result obtained by using a hard
constraint on the area along with the soft constraints.

contact with a node from the other tree, an augmenting path
is found. The algorithm has three basic stages:

Growth Stage: The search trees S and T are grown until
they touch resulting in an augmenting path. The active nodes
explore adjacent non-saturated edges and acquire new chil-
dren from the set of free nodes, which now become active.
As soon as all neighbours of a given active node are explored
the active node becomes passive.

Augmentation Stage: Flow is pushed through the path
found in the growth stage. This results in some nodes of
the trees S and 7" becoming orphans since the edges linking
them to their parents become saturated. Note that this breaks
the source and sink search trees into forests.

Adoption Stage: The search trees are then restored by find-
ing a new valid parent (of the same set, through a non-
saturated edge) for each orphan. If no qualifying parent can
be found, the node is made free.

While dynamically updating the residual graph, certain
edges of the trees S and 7" may become saturated. These
edges have to be deleted breaking the trees into forests and
making certain nodes orphans. We keep track of all the or-
phaned nodes and before recomputing the st-mincut on the
modified residual graph, restore the trees by finding a new
valid parent for every node.

6. Experimental Analysis

We now demonstrate the performance of our method using
the object-background segmentation problem. Note that al-
though we illustrate our algorithm on the video segmentation
problem for ease of demonstration, our new algorithm can
be used to efficiently find exact solutions of general dynamic
pairwise MRFs with convex priors.

6.1. Fast Image Segmentation in Videos

The object-background segmentation problem aims to cut
out the objects in an image so that they can be pasted in a
different context [3]. In our case, this process has to be per-
formed over all frames in the video sequence. The problem
is formulated as follows.

Fi gure 5: Segmentation results of the human lame walk video sequence.

The user specifies hard and soft constraints on the seg-
mentation by providing segmentation cues or seeds. The soft
constraints are used to build colour histograms for the object
and background, which are used for calculating the likeli-
hood term ¢(D|f;) of the energy function (9) of the MRF
[3]. The hard constraints consists of strict pixel label values
which have to be maintained through all the frames of the
video. These constraints are used for specifying pixel posi-
tions which are guaranteed to have the same label (object or
background) throughout the video sequence and do not con-
tribute to the colour histograms.

We impose the hard constraints on the segmentation by
incorporating them in the likelihood term ¢(D]|f;). This is
done by imposing a very high cost for a label assignment
that violates the hard constraints. Figure 4 demonstrates the
use of constraints in the image segmentation process. The
segmentation results are shown in figure 5.

6.2. Performance Evaluation

We tested the dynamic graph cut algorithm on a number
of video sequences and compared its performance with the
dual-search tree algorithm proposed in [4], which has been
experimentally shown to be the fastest for several vision
problems including image segmentation. We refer this algo-
rithm as static since it starts afresh for each problem instance.

The video sequences used in our tests had between one
hundred to a thousand image frames. For all the video se-
quences, dynamically updating the residual graph produced a
substantial decrease in the number of augmenting paths. Fur-
ther, the dynamic algorithms (normal and optimized) were
substantially faster than the static algorithm. The exact
speed-up as expected was observed to be dependent on the
amount change in the MRF. A 5-10 time speed-up was ob-
served on high frame rate sequences. The average running
times per image frame for the static, dynamic and optimized-
dynamic algorithms for the human lame walk sequence’ of
size (368x256) were 91.4, 66.0, and 33.6 milliseconds and
for the grazing cow sequence of size (720x578) were 188.8,
151.3, and 78.0 milliseconds respectively. The time taken
by the dynamic algorithm includes the time taken to recy-
cle the search trees. The experiments were performed on a
Pentium 4 2.8 GHz machine. The graphs in figure 6 show

7Courtesy Derek Magee, University of Leeds
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Figure 6: Running time and number of augmenting paths found by the
different algorithms. Observe as the first and second frames of the video
sequence are the same, the residual graph does not need to be updated,
which results in no augmenting paths found by the dynamic algorithms when
segmenting frame 2. Further, the optimized dynamic algorithm takes no time
for computing the segmentation for the second image frame as the MRFs
corresponding to the first and second image frames are the same and thus no
modifications were needed in the residual graph and search trees. However,
the normal dynamic algorithm takes a small amount of time since it recreates
the search trees for every problem instance.

the performance of the algorithms on the first sixty frames
of the human lame walk sequence. Observe that the num-
ber of augmenting paths found is least in the case of the dy-
namic (un-optimized) algorithm, followed by the optimized
and static algorithm. The difference in the number of aug-
menting paths found in the normal and optimized versions is
due to the use of recycled search trees in the optimized algo-
rithm. To study the behaviour of the dynamic algorithm in
more detail, we conducted experiments to find how the run-
ning time of the algorithm changes as the number of changes
made to the graph are increased. The results are shown in
figure 7.

7. Conclusion

In this paper, we have presented a new fully dynamic algo-
rithm for the st-mincut problem which can be used to find ex-
act MAP solutions for dynamically changing MRFs rapidly.
It should be noted that our method is generic and finds exact
solutions for all dynamic problems which can be modelled as
pairwise MRFs with convex priors®. The results show that
our algorithm is substantially faster than the best-known st-
mincut algorithm, which recomputes the solution from the
start. We have demonstrated how this method can be used to
perform real-time image segmentation in video sequences.

8Code available on request at http://cms.brookes.ac.uk/computervision.
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Figure 7. Behaviour of the dynamic algorithm. The graph shows how the
ratios of time taken (green) and number of augmenting paths found (red)
by the dynamic algorithm compared to that of the static algorithm change
with the number of changes in the graph. For this experiment a grid graph
having 2x10° nodes was used. As expected the time taken by the dynamic
algorithm reaches that taken by the static algorithm for completely random
sequence of graphs (when all edge weights are modified).
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