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ABSTRACT
Instead of traditional ways of creating road maps, an at-
tractive alternative is to create a map based on GPS traces
of regular drivers. One important aspect of this approach
is to automatically compute the number and locations of
driving lanes on a road. We introduce the idea of using a
Gaussian mixture model (GMM) to model the distribution
of GPS traces across multiple traffic lanes. The GMM nat-
urally accounts for the inherent spread in GPS data. We
present a new variation of the GMM that enforces constant
lane width and GPS variance in each lane. For fitting the
GMM, we also introduce a new regularizer that is sensitive
to the overall spread of the GPS data across the road. Our
experiments on real GPS data show that our new GMM is
better at counting lanes than a more traditional GMM, and
it gives more consistent results across our data set.

Categories and Subject Descriptors
I.5.1 [Pattern Recognition]: Models—statistical

General Terms
Algorithms
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1. INTRODUCTION
Digital road maps are growing in importance with the in-
creasing popularity of Web-based maps and in-vehicle nav-
igation systems. However, creating and maintaining these
maps is expensive—companies rely on specially equipped
vehicles with trained drivers traveling the roads to record
street details. In addition to the expense, it is difficult for a
method like this to keep up with changes in the roads due
to construction or disasters.

An alternative to driving the roads is to use aerial imagery,
represented by the early work of Tavakoli and Rosenfeld [15].

This approach is limited by the expense of taking enough
images to keep up with road changes and the fact that still
images are inadequate for determining dynamic aspects of
the road network like driving direction, traffic controls, and
turn restrictions.

Another way to infer the road network is to use GPS data
recorded from regular vehicles as they drive normally. This
is close to the approach taken by OpenStreetMap [11], which
uses user-contributed GPS traces, aerial imagery, and other
freely available data to create free digital maps that are open
for editing from registered users. Likewise, WikiMapia [4],
Google Maps [1], and TomTom’s Map ShareTM [3] let users
update maps. All of these efforts, including OpenStreetMap,
require users to make their updates manually.

There has also been work on completely automated meth-
ods aimed at building maps from GPS traces. This tech-
nique appears to have started with the work by Rogers et
al. in 1999 [13]. They used differential GPS (DGPS) traces
to find the roads’ centerline and then clustered the traces
to find traffic lanes. In 2003, Edelkamp and Schrödl pre-
sented extensive work on creating and updating road maps
with DGPS traces using a clustering technique to find the
roads and lanes within the roads [9]. Schroedl et al. built on
this work with constrained clustering that explolits domain
knowledge [14]. Brüntrup et al. [6], Worrall & Nebot [17],
and Cao & Krumm [7] also presented algorithms for cluster-
ing GPS traces into road representations.

One of the most important parts of turning GPS traces into
a road map is to infer the roads’ detailed lane structure.
This is a prerequisite for instructing a driver which lane
to use in preparation for a turn and for creating an accu-
rate rendering of the road network. Updated knowledge of
the lane structure is especially useful on roads undergoing
construction, because construction often leads to frequent,
temporary, and sometimes confusing changes in lanes. The
lane structure, especially the number of lanes, can also be
important for inferring the type of road (for example, arte-
rial vs. neighborhood road) and for estimating traffic flow
capacity.

This paper presents a new method for inferring the lane
structure of roads from GPS traces. Specifically, we fit a
Gaussian mixture model (GMM) to perpendicular cross sec-
tions of the traces across the road, based on the assumption
that GPS traces will tend to cluster near the center of each



Figure 1: We tested our lane-finding algorithm on
the GPS data from the three intersections shown
above.

lane with some spread due to GPS noise and other vagaries.
Using a GMM lets us invoke the considerable prior work
on GMM fitting along with an exploration of GMM exten-
sions customized to our particular problem. In addition, the
GMM output gives a probability distribution of lane traffic,
preserving and representing the inherent uncertainty in GPS
traces that can be propagated to higher-level inference mod-
ules.

We tested our basic technique and its variations on GPS
data collected from 55 shuttle vehicles driving around our
institution. We describe this data in Section 2, followed
by a detailed explanation of our approach in Section 3. The
experimental results are shown in Section 4, and we conclude
in Section 5 with a discussion of future extensions of this
work.

2. GPS TRACES
Our GPS data came from a fleet of 55 shuttle vehicles that
drive between the Microsoft corporate buildings in the Seat-
tle area. We equipped each shuttle with a standard GPS
logger: a RoyalTek RBT-2300 with a SiRF Star III GPS
chipset and WAAS (Wide Area Augmentation System) en-
abled. Based on our previous work with these loggers, we
estimate the standard deviation of the latitude/longitude
measurements to be about 4 meters [12]. We configured the
loggers to record a time stamped latitude/longitude mea-
surement every second. Each vehicle was recorded for an
average of 12.7 days, and in total we collected about 20 mil-
lion GPS points.

For testing our lane-finding algorithm, we concentrated on
roads around three intersections, shown in Fig. 1. We chose
intersections for two reasons. First, the lane structure at in-
tersections is often challenging with turn lanes appearing on
the approach road and disappearing on the other side of the
intersection. Second, for lane-level navigation, to correctly
identify the lane structure is especially important around
intersections since we need to infer the turn rules of each
lane.

Figure 2: The GPS traces around Intersection 1
(doubly-circled in Fig. 1) are shown above; each
line segment between two temporally adjacent GPS
points is viewed as a vector and colored according
to its direction.

(a)

(b)

Figure 3: The GPS traces around Intersection 1
(doubly-circled in Fig. 1) are shown in (a), where
each separate trip is mapped to a single color, and
(b) zooms in on the area in the gray square, which
has 4 lanes approaching the intersection and 2 lanes
departing from the intersection.



Figure 4: In order to find the lane structure, we fit
a Gaussian mixture model (GMM) to the intersec-
tions between the GPS traces and a sampling line
perpendicular to the road’s centerline.

Due to the inherent inaccuracy of GPS, it is not easy to iden-
tify the lane structure from aggregated GPS traces. This can
be seen from Fig. 2 and Fig. 3, which show the GPS traces
around Intersection 1. Satellite images show that the area
in the gray square has 6 lanes in total; however, as shown in
Fig. 3(b), the traces from these 6 lanes are certainly not sep-
arated, and thus it is extremely difficult, if not impossible,
to identify the lane structure by eye inspection. An agglom-
erative clustering method was used in [13] and [9] for find-
ing lanes, while [14] added a constrained k-means clustering
method [16]. Both methods are based on the assumption
that GPS traces from different lanes are well separated. In
our case, this assumption is seriously violated, and therefore
we are motivated to use a probabilistic method to extract
the lane structure from a mass of GPS traces such as this.
In particular, we chose to model the GPS traces in each
lane as a Gaussian distribution. The resulting mixture of
Gaussians implicitly allows for poor separation of traces in
different lanes, which is what we observed. Our algorithm
automatically finds the best number of Gaussians and their
means, which correspond to the number of lanes and the lane
centers, respectively. We believe this is the first time that
a GMM has been applied to the problem of finding lanes
from GPS traces. The next section describes how we used
the GMM, including a novel GMM formulation specifically
derived for our problem.

3. LANE MODELING USING GMMS
3.1 General Approach
We make an independent estimate of the road’s lane struc-
ture at given intervals along the road. We assume that we
have an approximate centerline of the road, perhaps derived
from the GPS data itself, as in [6], [7], [9], [13], [14], or [17].
At points with fixed intervals along the road’s centerline, we
construct sampling lines perpendicular to the centerline, as
shown in Fig. 4. For each sampling line, we find the intersec-
tion points between the sampling line and the GPS traces,
yielding a set of one-dimensional points along the sampling
line. We expect these points to cluster near the centers of
the lanes. However, these points will inevitably be spread,
due to the GPS noise, placement of the GPS receiver in the
vehicle, placement of the vehicle in the lane, and occasional
lane changes. We assume that the spread within a lane can
be modeled as a Gaussian distribution, and thus with each
lane contributing one Gaussian, we can model the distribu-

tion of the intersection points as a weighted sum of Gaussian
distributions, which is the familiar Gaussian mixture model
(GMM). For one-dimensional data x ∈ R, a GMM with k
components has the following density:

p(x) =

k∑
j=1

wj
1√

2πσ2
j

exp

(
− (x− µj)2

2σ2
j

)
. (1)

The parameters in (1) are:

• k: the number of Gaussian components, one for each
lane, giving an automatic lane count.

• w1, . . . , wk: the weight of each component, correspond-
ing to the relative traffic volume in each lane. The
weights have to be positive and normalized, that is,
wj > 0, j = 1, . . . , k, and

∑k
j=1 wj = 1.

• µ1, . . . , µk: the mean of the traces for each component,
giving the centerline of each lane. The µj ’s should be
distinct so that each one corresponds to a different
lane.

• σ2
1 , . . . , σ

2
k: the variance of the traces for each compo-

nent, giving the spread of the traces.

For each sampling line, we fit two GMMs, one for traffic in
each direction. The following subsections describe various
approaches to learn the GMM parameters from the data,
some taking advantage of inherent constraints like constant
lane widths and equivalent variances in each lane.

3.2 Learning the GMM Parameters without
Constraints

The expectation-maximization (EM) algorithm [8] is often
used to learn the parameters of a GMM with a fixed k. We
will defer how to choose k, the number of lanes, to Sec-
tion 3.4. Given a sample of n points x1, . . . , xn, the EM
algorithm seeks a maximum likelihood solution in an itera-
tive fashion. Specifically, after choosing the initial estimates

w
(0)
j , µ

(0)
j , σ

(0)
j , j = 1, . . . , k, the EM algorithm iterates be-

tween the following two steps until it converges:
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for i = 1, . . . , n and j = 1, . . . , k, where
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and compute

n
(m)
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γ
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for j = 1, . . . , k.

2. M-step: Compute the new estimates
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n
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for j = 1, . . . , k.

However, maximum likelihood estimation (MLE) in general
is an ill-posed problem for GMM due to the fact that its like-
lihood function is not bounded above [5].1 To avoid possible
singularities or degeneracies, Fraley and Raftery proposed
to replace MLE with maximum a posteriori (MAP) estima-
tion [10]. Specifically, they assumed a uniform prior on the
weights w1, . . . , wk, and used an inverse gamma prior on the
variances:

σ2
j ∼ Inv-Gamma

(
ν

2
,
ς2

2

)
, j = 1, . . . , k,

that is, each σ2
j has density

p(σ2
j | ν, ς2) =

(
ς2

2

) ν
2

Γ
(
ν
2

) (σ2
j

)− ν+2
2 exp

(
− ς2

2σ2
j

)
,

where Γ (·) is the Gamma function, and ν and ς2 are hyper-
parameters. The mean of this inverse gamma distribution is
ς2

ν−2
. For the means, they used a normal prior conditioned

on the variances:

µj |σ2
j ∼ N

(
η,
σ2
j

κ

)
, j = 1, . . . , k,

where η and κ are hyperparameters. The EM algorithm can
be easily extended to MAP estimation: one only needs to
change (2) and (3) to

µ
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j =

κη +
∑n
i=1 γ

(m)
ij xi

κ+ n
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,

and

σ
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n
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,

respectively. The results in [10] show that with proper choice
of the hyperparameters, the MAP estimation, which can be
viewed as Bayesian regularization, is more robust than MLE.

3.3 Learning the GMM Parameters with Con-
straints

The methods discussed in Section 3.2 estimate the GMM
parameters without any hard constraint; however, the un-
derlying structure of our data implies certain restrictions on
the model. First, we expect the widths of the lanes on the

1To find a meaningful estimate of the parameters, we use
the EM algorithm merely to search for a well-behaved local
maximum of the likelihood function.

same sampling line to be approximately the same. This ob-
servation can be translated into the constraint that µj ’s are
equally spaced, that is,

µj = µ+ (j − 1)∆µ, j = 1, . . . , k, (4)

where ∆µ is the change between two adjacent µj ’s, and µ
is the mean of either the leftmost or rightmost component
along the sampling line, depending on the sign of ∆µ. Sec-
ond, we expect the causes of the trace spread remain approx-
imately the same among the lanes on the same sampling line,
and therefore, we let all the Gaussian components share the
same variance, that is,

σ2
j = σ2, j = 1, . . . , k. (5)

Substitute (4) and (5) into (1), and then for the restricted
model, we obtain the following density:

p(x) =

k∑
j=1

wj
1√

2πσ2
exp

(
− (x− µ− (j − 1)∆µ)2

2σ2

)
. (6)

Intuitively, (6) is a more reasonable description of our data,
and for a fixed k, we reduce the model parameters from{
wi, µi, σ

2
i

}k
i=1

to w1, . . . , wk, µ, ∆µ, and σ2, which also
reduces the training time.

For robust estimation and for being able to incorporate prior
knowledge, we consider MAP estimation of the parameters
in (6), similar to what we presented for MAP estimation
in Section 3.2. Specifically, we assume uniform priors on
the weights w1, . . . , wk and µ,2 respectively. For the shared
variance σ2, as in [10], we use an inverse gamma prior:

σ2 ∼ Inv-Gamma

(
ν

2
,
ς2

2

)
.

For ∆µ, we use a normal prior conditioned on σ2:

∆µ |σ2 ∼ N
(
η,
σ2

κ

)
.

The derivation of the EM algorithm for learning these pa-
rameters can be found in Appendix A.

We show an example in Fig. 5 to illustrate the difference be-
tween the proposed restricted GMM and the generic GMM
discussed in Section 3.2. In this example, we fit these two
GMMs, both with k = 2, to a sample from two lanes, con-
taining 137 data points. For the generic GMM shown in
Fig. 5(a), the estimated parameters are ŵ1 = 0.7, ŵ2 = 0.3,
µ̂1 = 4.7, µ̂2 = 8.2, σ̂2

1 = 4.5, and σ̂2
2 = 0.6. For the

restricted GMM shown in Fig. 5(b), the estimated param-
eters are ŵ1 = 0.4, ŵ2 = 0.6, µ̂1 = 3.5, µ̂2 = 7.5, and
σ̂2
1 = σ̂2

2 = 2.1. The restricted GMM matches better with
our intuition about traffic lanes: the traffic is more bal-
anced and the variances are equal. Moreover, training of
the restricted GMM was much faster: the EM algorithm
terminated after 17 iterations, while for training the generic
GMM, the EM algorithm terminated after 136 iterations.

3.4 Model Selection
How to select the number of components for a GMM belongs
to the topic of model selection. For us, this corresponds to

2The uniform prior on µ is an improper prior since µ ∈ R.
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Figure 5: We trained a generic GMM and a re-
stricted GMM, both with k = 2, on a sample from
two lanes, containing 137 data points. The densi-
ties of these two GMMs and their individual com-
ponents, multiplied by the number of data points,
are shown in (a) and (b), respectively. In the back-
ground is the histogram of the sample. The param-
eters of the generic GMM were learned by MLE via
EM. The parameters of the restricted GMM were
learned by MAP via EM; for the hyperparameters,
we chose ν = 3, ς2 = 4, η = 4 and κ = 100.

automatically finding the number of lanes. Let D denote

the observed data {xi}ni=1, and let θk ,
{
wi, µi, σ

2
i

}k
i=1

. A
common practice is to estimate θk for a set of k’s and then
select the k that minimizes the following cost function:

− 1

n

n∑
i=1

log p(xi | θk) + λR(D, θk). (7)

The first term in (7) is the negative mean log-likelihood,
which assesses how well the model fits the observed data.
In the second term, R(D, θk) is a regularization term that
penalizes complex models, and λ > 0 is the regularization
parameter. By minimizing (7), we seek a trade-off between

model fitness and model complexity in order to achieve good
generalization.

Akaike information criterion (AIC) and Bayesian informa-
tion criterion (BIC) are two popular criteria for model se-
lection [5]; they both have the form (7), with λ = 1 but
different regularizers. For AIC, we have

RAIC(D, θk) =
d

n
,

where d is the number of free parameters in the model. For
the generic GMM, d = 3k − 1; for the restricted GMM,
d = k + 2, k ≥ 2. For BIC, we have

RBIC(D, θk) =
logn

2n
d,

which leads to a heavier penalty for complex models than
AIC.

We found through experimentation that AIC and BIC did
not work well for our problem. However, we observe that
the total spread of the data, which will be defined below,
often correlates with the number of lanes on that sampling
line. Based on this observation, we propose the following
regularizer for our particular problem:

RLS(D, θk) =

(
S(D)

k
− δ
)2

,

where S(D) is the total spread of the data, and δ is a con-
stant equal to the expected data spread on a single lane,
termed lane spread (LS). We calculate S(D) as follows: first,
we sort all the data points in ascending order according to
their distances from the median; then we choose the first
95% of the sorted data points, and S(D) is the difference
between the maximum and minimum of that 95%. These
two steps are designed to avoid outliers.

4. EXPERIMENTAL RESULTS
For lane modeling, we compared the generic GMM, trained
using both MLE and MAP, and the proposed restricted
GMM on GPS data from the roads around the three inter-
sections shown in Fig. 1. For each intersection, we collected
traces in a circle with radius 120 meters centered on the
intersection. We generated a sampling line every 5 meters
along the roads’ centerline,3 and each sampling line includes
two samples,4 one from traffic in each direction. The num-
ber of data points in each sample ranges from 30 to 300. As
to the hyperparameters in MAP estimation for the generic
GMM, we chose ν = 3 as recommended in [10], ς2 = 4 as
the expected value of σ2

i , η = 1
n

∑n
i=1 xi as the expected

value of µi, and κ = 0.01 for a flat prior on µi |σ2
i ; for the

restricted GMM, we chose the same ν and ς2, but let η = 4
as the expected value of ∆µ, and κ = 100 for a concentrated
prior on ∆µ |σ2.

Although we do not have true probabilistic models of GPS
traces to compare to, we evaluated the three GMM fit-
ting methods on two related tasks. The first is lane num-

3We got the centerlines from Microsoft Bing Maps [2]
through its API.
4By “sample,” we mean a set of one-dimensional data points
where the GPS traces pierce the sampling line across multi-
ple lanes.



ber identification,5 or more precisely, to identify the correct
k from the set {1, 2, . . . , 5}. We compared two regulariz-
ers, RAIC(D, θk) and RLS(D, θk), for model selection. As
a heuristic, we set the lane spread parameter δ = 5 for the
proposed regularizer RLS(D, θk). We did not fix the regular-
ization parameter λ; instead, we chose λ by cross-validation,
and it was cross-validated from the following set:

λ ∈ {0.001, 0.005, 0.01, 0.05, 0.1, 0.5, 1, 5, 10}.

We randomly selected 80% of the data for cross-validating λ
and used the remaining 20% for testing. The process was re-
peated for 20 random partitions of the data. Table 1 shows
the average error rates along with the standard deviations
over the 20 runs on all the samples and samples from Inter-
section 3 only. The total number of samples is 270, and the
number of samples from Intersection 3 only is 78.

In the second experiment, we fit GMMs to each sample with
k equal to the true number of lanes, and then calculated
over all the samples the average distance between adjacent
µj ’s and the average standard deviation of each Gaussian
component. The results are also shown in Table 1.

From Table 1, we can see that the proposed regularizer
RLS(D, θk) performs much better than RAIC(D, θk) in lane
number identification, and when RLS(D, θk) is used, the er-
ror rates of the three GMM fitting methods on all the sam-
ples are about the same with the proposed restricted GMM
slightly better than the other two. However, also shown in
Table 1 is that regardless of using MLE or MAP, the ∆µ and
σ of the generic GMM have very high variance, which fails
to reflect the underlying structure of our GPS data, whereas
the restricted GMM yields consistent estimates across com-
ponents. Moreover, when focusing on lane number identifi-
cation, the generic GMM can overfit the data. For example,
on the samples from Intersection 3 only, the generic GMM
using MLE achieves much lower error rate than the other
two, but its ∆µ still exhibits very high variance, which casts
serious doubt on the quality of the model.

In summary, our regularizer performed much better than the
standard AIC regularizer for counting the number of lanes,
and our restricted GMM produces much more consistent
results across the entire data set.

5. CONCLUSIONS AND FUTURE WORK
We have described a new approach to inferring the lane
structure of roads from GPS data. Our technique fits a mix-
ture of Gaussians to GPS traces, with one Gaussian for each
lane. We derived a new way to fit the GMM that enforces
constant lane width and constant GPS variance from lane to
lane. We also introduced a new regularization term that is
sensitive to the spread of the data across the road. Our ex-
periments on real GPS data show that our new formulation
is better at counting lanes and also gives more consistent
results across our data set.

In addition to its ability to count lanes, our probabilistic
approach naturally models the inherent noise in GPS data.
In future work, preserving the resulting uncertainty will be

5We obtained the ground truth by examining the satellite
images.

important as models like these can be extended beyond one-
dimensional slices across the road to full two-dimensional
models that extend across and along the road. We envi-
sion an approach that extracts the continuous lane structure
along the road, trading off localized uncertainty in across-
the-road lane counts with probabilistic constraints on how
lanes are added and subtracted along the road relatively in-
frequently. One possible direction to extend this work is
to build a hidden Markov model (HMM) for each road seg-
ment connecting two intersections. Such HMM will model
the sequence of observed intersection points on all the sam-
pling lines in one road segment. Each (hidden) state is the
number of lanes on the corresponding sampling line, the pro-
posed restricted GMM can be used to model the observed
intersection points given the state, and learning the transi-
tion probabilities between the states will naturally take into
account the fact that the number of lanes on adjacent sam-
pling lines is not likely to change abruptly.
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APPENDIX

A. EM FOR THE RESTRICTED GMM
For the restricted GMM with k components, the parame-
ters to be estimated are θ , (w1, . . . , wk, µ,∆µ, σ

2), and we

denote the estimate at the mth iteration by θ(m). Let

µ
(m)
j = µ(m) + (j − 1)∆µ(m), j = 1, . . . , k.

For the E-step, we first compute

γ
(m)
ij =

w
(m)
j φ(xi |µ(m)

j , σ(m))∑k
l=1 w

(m)
l φ(xi |µ(m)

l , σ(m))
,

for i = 1, . . . , n and j = 1, . . . , k, and next compute

n
(m)
j =

n∑
i=1

γ
(m)
ij ,

for j = 1, . . . , k. Then we can derive the Q-function as
follows,

Q(θ | θ(m)) =

n∑
i=1

k∑
j=1

γ
(m)
ij log (wjφ(xi |µ+ (j − 1)∆µ, σ))

=

k∑
j=1

n
(m)
j logwj −

n

2
log 2π − n

2
log σ2

− 1

2σ2

n∑
i=1

k∑
j=1

γ
(m)
ij (xi − µ− (j − 1)∆µ)2 .

For MAP estimation, the M-step solves

θ(m+1) = arg max
θ

(
Q(θ | θ(m)) + log p(θ)

)
, (8)

where p(θ) is the prior of the parameters. For the prior
proposed in Section 3.3, we have

p(θ) ∝
(
σ2)− ν+3

2 exp

(
− ς

2 + κ(∆µ− η)2

2σ2

)
,

and thus

Q(θ | θ(m)) + log p(θ)

=

k∑
j=1

n
(m)
j logwj −

n+ ν + 3

2
log σ2 − ς2 + κ(∆µ− η)2

2σ2

− 1

2σ2

n∑
i=1

k∑
j=1

γ
(m)
ij (xi − µ− (j − 1)∆µ)2 + C,

where C is a constant that does not depend on θ. To
solve (8) for the weights under the constraint

∑k
j=1 wj = 1,

we can use the Lagrange multiplier and easily get

w
(m+1)
j =

n
(m)
j

n
, j = 1, . . . , k.

To solve (8) for µ and ∆µ, we let

∂

∂µ

(
Q(θ | θ(m)) + log p(θ)

)
= 0, (9)

and

∂

∂∆µ

(
Q(θ | θ(m)) + log p(θ)

)
= 0. (10)



By combining (9) and (10), we obtain the following system
of linear equations

A

[
µ

∆µ

]
= b, (11)

where A =
[
aij
]
2×2

with

a11 = 1,

a12 = a21 =

k−1∑
j=1

w
(m+1)
j+1 j,

a22 =

k−1∑
j=1

w
(m+1)
j+1 j2 +

κ

n
,

and b =
[
b1 b2

]T
with

b1 =
1

n

n∑
i=1

xi,

b2 =
κη

n
+

1

n

n∑
i=1

k∑
j=2

γ
(m)
ij (j − 1)xi.

We note that(
k−1∑
j=1

w
(m+1)
j+1 j

)2

=

(
k−1∑
j=1

√
w

(m+1)
j+1

√
w

(m+1)
j+1 j2

)2

(a)

≤

(
k−1∑
j=1

w
(m+1)
j+1

)(
k−1∑
j=1

w
(m+1)
j+1 j2

)
(b)

≤
k−1∑
j=1

w
(m+1)
j+1 j2

(c)
<

k−1∑
j=1

w
(m+1)
j+1 j2 +

κ

n
,

where (a) follows from the Cauchy-Schwarz inequality, (b)

follows from 0 ≤
∑k−1
j=1 w

(m+1)
j+1 ≤ 1, and (c) follows from

κ > 0. Therefore, we have

detA = a11a22 − a12a21

=

k−1∑
j=1

w
(m+1)
j+1 j2 +

κ

n
−

(
k−1∑
j=1

w
(m+1)
j+1 j

)2

> 0,

which indicates that (11) has a unique solution, and the
solution gives us the new estimates

µ(m+1) =
a22b1 − a12b2

detA
,

and

∆µ(m+1) =
a11b2 − a21b1

detA
.

Last, we let

∂

∂σ2

(
Q(θ | θ(m)) + log p(θ)

)
= 0,

and get

σ(m+1) =√√√√ ς2 + κ (∆µ(m+1) − η)
2

+
∑n
i=1

∑k
j=1 γ

(m)
ij

(
xi − µ(m+1)

j

)2
n+ ν + 3

.

This ends the derivation of the EM algorithm for the pro-
posed restricted GMM.


