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An isoperimetric inequality for the Wiener sausage
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Abstract

Let (£(s))s>0 be a standard Brownian motion in d > 1 dimensions and let (Dg)s>0
be a collection of open sets in R?. For each s, let By be a ball centered at 0 with
vol(Bs) = vol(D,). We show that E[vol(Us<;(&(s) + Dy))] > E[vol(Us<.(&(s) + Bs))],
for all £. In particular, this implies that the expected volume of the Wiener sausage
increases when a drift is added to the Brownian motion.

Keywords and phrases. Poisson point process, random walk, Brownian motion, cou-
pling, rearrangement inequality.

MSC 2010 subject classifications. Primary 26D15, 60J65, Secondary 60D05, 60G55,
60G50.

1 Introduction

Let (£(t))i>0 be a standard Brownian motion in RY. For any open set A C RY, the corre-
sponding Wiener sausage at time ¢ is Us<;(§(s) + A).

Kesten, Spitzer and Whitman(1964) (see [4, p. 252]) proved that for d > 3, if A C R is an
open set with finite volume, then the Wiener sausage satisfies

E[vol(Us<:(£(s) + 4))]
t

where Cap(A) is the Newtonian capacity of the set A.

— Cap(A) as t — oo,

Pélya and Szégo (see [10]) proved that for d > 3, among all open sets of fixed volume, the
ball has the smallest Newtonian capacity. Thus, for any open set A C R? of finite volume,

E[vol(Us<t(£(s) + A))] = (1 — o(1))E[vol(Us<+(§(s) + B))], as t — oo, (1.1)
where B is a ball with vol(B) = vol(A).

This naturally raises the question whether (IL1]) holds for fixed ¢ without the 1 —o(1) factor.
Our main result gives a positive answer in the more general setting where the set A is
allowed to vary with time.
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(a) Wiener sausage with squares (b) Wiener sausage with discs

Theorem 1.1. Let (£(s))s>0 be a standard Brownian motion in d > 1 dimensions and let
(Dg)s>0 be open sets in R For each s, let rs > 0 be such that vol(B(0,7s)) = vol(Ds).
Then for all t we have that

E [vol (Us<t (§(s) + Ds))] = E [vol (Us<tB(£(s),75))] -

Our original motivation for Theorem [[.I] came from our joint work with A. Sinclair and
A. Stauffer [8]. In [§] it was proved that in dimension 2 for any continuous function f :
R, — R?,

E[vol(Us<tB(E(s) + f(5),7))] = (1 = o(1))E[vol(Us<:B(£(s), 7))], as t — o0
and it was conjectured that for all d > 1 and for any continuous function f : R, — R?
E[vol(Us<:B(&(s) + f(s),7))] = E[vol(Us<:B(£(s), )], (1.2)
where B(z,r) stands for the open ball centered at x of radius r.

In dimension 1 this conjecture was shown in [§] to follow from the reflection principle. The-
orem ([.T]) above establishes (I.2)) without requiring f to be continuous or even measurable,
by taking Dy = B(f(s),r).

Remark 1.2. For any collection of open sets (Dj) the set Us<:(£(s) + Ds) is open, and
hence Lebesgue measurable. Its volume, namely vol(Us<¢(§(s) + D;)), is a random variable.
This is explained at the end of the proof of Theorem [T in Remark

Remark 1.3. The Wiener sausage determined by a ball, i.e. W(t) = Ug<:B({(s),r), has
been studied extensively. Spitzer [11] obtained exact asymptotics as t — oo for the expected
volume of the Wiener sausage in 2 and 3 dimensions and Donsker and Varadhan [2] obtained
exact asymptotics for the exponential moments of the volume. Kesten, Spitzer and Whitman
(see [II] and [I2]) proved laws of large numbers type results and Le Gall in [5] proved
fluctuation results corresponding to these laws of large numbers.



Remark 1.4. In [6] (see also [3, Corollary 2.1]) a result analogous to (I2)) for random walks
is proved, namely that the expected range of a lattice walk always increases when a drift is
added to the walk. The proof of that result and our proof of Theorem [I.I] do not seem to
yield each other.

Remark 1.5. A result analogous to ([.2)) was proved in [9] for the Hausdorff dimension of
the image and the graph of £ + f, where f is a continuous function. Namely, in [9] it is
proved that

dim(¢ + £)[0,1] > max{dim ][0, 1],dim f[0, 1]} a.s.

and similarly for the dimension of the graph.

To prove Theorem [[1], we establish an analogous statement for certain random walks, which
is of independent interest:

Proposition 1.6. Let e > 0 and let (2(k))k>0 be a random walk in R? with transition kernel
given by
1(llz —yll <e)

edw(d) ’ (13)

p(x,y) =

where w(d) is the volume of the unit ball in R, For any integer n and any collection of
open sets (Ug)k>0 in R? we have that

E [vol (Ug—o (2(k) + Ug))] = E [vol (Up_oB(2(k), 7%))], (1.4)
where ry, is such that vol(B(0,7x)) = vol(Uy).

In the next section we first state a rearrangement inequality in Theorem [Z1] taken from [T,
Theorem 2], and apply it to random walks on the sphere. Then we prove Proposition
In Section B, using Proposition and Donsker’s invariance principle, we give the proof of
Theorem [T11

In Section (] we collect some easy convergence lemmas.

Finally, in Section Bl we conclude with some open questions and remarks.

2 Rearrangement inequalities and proof of Proposition

Let S denote a sphere in d dimensions. We fix x* € S. For a subset A of S we define A*
to be a geodesic cap centered at z* such that pu(A*) = u(A), where p is the surface area
measure on the sphere. We call A* the symmetric rearrangement of A.

The following theorem is a special case of Burchard and Schmuckenschléger [I, Theorem 2].

Theorem 2.1 ([I]). Let Ay,..., Ay be subsets of S and let 15 : SxS — Ry be nonincreasing
functions of distance. Then we have the following inequality

/S. .. / H 1(z; € Ay) H ¢ij(l‘i, l‘j) dp(zy) ... du(zy,)

Sq<i<n 1<i<j<n

g/S/ [T 1@iean T v du)... du).

S1<i<n 1<i<j<n



Let Sp € R4 be the sphere of radius R in d + 1 dimensions centered at 0, i.e.

d+1

Sk = {(xh s 7$d+1) € Rd+1 : Z:E? = Rz} (21)
1=1

Let € > 0 and let 5 be a random walk on the sphere that starts from a uniform point on the
surface of the sphere and has transition kernel given by

1(p(z,y) <e)
n(C(z,¢€))

Again p stands for the surface area measure on the sphere, p(x,y) stands for the geodesic
distance between z and y and

(z,y) = (2.2)

C(z,e) ={z€Sr:p(x,2) < e}.
For a collection (Oy)k>0 of subsets of Sgp we define
79 =inf{k > 0:((k) € O}
Lemma 2.2. Let (O)r>0 be subsets of the sphere, Sg. Then for all n we have that
P(7® > n) <P(r° > n), (2.3)

where for each k we define Ci to be a geodesic cap centered at (0,...,0,—R) such that
1(Cr) = p(Og)-

Proof. Using the Markov property, we write P(7® > n) as

1 n n C
9 by Lo e onsinr- ieo

=

Let z* = (0,...,0, R). Since the transition kernel 1) is a nonincreasing function of distance,
applying Theorem [2.I], we obtain that this last integral is bounded from above by

/S o[ T oiromn T 1w € A5 dutwo) -+ dpan),

SR j—1 i=0

where for each i, we have that A; is a geodesic cap centered at x* with pu(A4;) = p(65).
Writing C; = Af, we have that C; is a geodesic cap centered at (0,...,0,—R) such that
w(C;) = 1(0;) and hence proving the lemma. O

The rest of this section is devoted to the proof of Proposition

Proof of Proposition[1.6. First note that if the sets (Uy) have infinite volume, then the
inequality is trivially true. We will prove the theorem under the assumption that they are
all bounded, since then by truncation we can get the result for any collection of unbounded
open sets.



Let L > 0 be sufficiently large such that
We define the projection mapping 7 : Sgp — R? via

7'('(1'1,...,1}14.1):(xl,...,xd) (2.4)

and the inverse map 7! (x1,...,24) = (21,...,Tay1) € Sg such that 24,1 < 0. Next, we
consider the ball B(0, L 4 cne) in R?, where c is a positive constant chosen in such a way so
that if we also take R big enough, then we can ensure that

C(L) = 7 Y(B(0, L + cne)) (2.5)

is a cap (centered at (0,...,0,—R)) of geodesic radius bigger than L + ne.
From Lemma we have that

P(r™ @) > n) <P(C > n), (2.6)

where for each k we define C; to be a geodesic cap centered at (0,...,0,—R) such that

p(Cr) = p(r = (Ug)).-
It is clear that B
P(r™ W) < n) = P(0) € C(L))Pe(ry(r™ ) < m),

where under P¢(z) the starting point of the random walk is uniform on C(L). Similarly for
the collection of caps C we have

P(¢ < n) =P(((0) € C(L))Pe(r) (¢ < n).
Hence, using the above equalities together with (Z.6]) we obtain that
P(Vk = 0,...,n,7(C(k)) & Up) <P(Vk=0,....n,7(C(k)) & 7(Ck)), (2.7)

where ( is a random walk started from a uniform point in C(L) and with transition kernel
given by ([Z2). Now, we will go back to R%. Let (z(k))x be a random walk that starts from
a uniform point in B(0, L + cne) and has transition kernel given by (L3). We define

TV = min{k > 0: z(k) € Uy }. (2.8)
Since z(0) is uniform on B(0, L + cne), we can write

E [vol (Uz_o(2(F) + U))]
vol(B(0, L + cne))

P(TY >n)=1-

It is easy to check that for each k the projection 7(Cy) is a ball in R? centered at 0. Let r,f
be its radius and let r; be such that vol(B(0, 7)) = vol(Ug). Then by Lemma [4.1] we have
that

rit — rp, as R — oo. (2.9)
From Lemma [£2] there exists a coupling of (7({(k)))k=0,...n With (2(k))g=0,... n, so that

P(Vk=0,...,n:7(C(k)) = 2(k)) - 1 as R — oo.



By the union bound we have that

P(Vk=0,...,n:2(k) ¢ Uy) <PNVk=0,...,n:7(((k)) ¢ Uy) + P(coupling fails), (2.10)

where
P(coupling fails) =1 - P(Vk =0,...,n:7(¢(k)) = z2(k)) — 0 as R — oo. (2.11)
Similarly,
P(\Vk=0,...,n:2(k) ¢ n(Cx)) > P(Vk =0,...,n:7(((k)) ¢ m(Cx)) — P(coupling fails).
(2.12)
Hence, (2I0) and (212]) together with (27 give that
P(T™©) > n) > P(Vk, z(k) ¢ Uy) — 2P(coupling fails).
Therefore, using that m(C;) = B(0,7§), we deduce that
I TTIECSTN R T ST —

Using ([29) and (ZII) and letting R — oo in the inequality above concludes the proof of
the lemma. O

3 Proof of Theorem [1.1]

For n € N and ¢ > 0 we define

t
Dnt:{k—Zk: ,...,2”}.
) 2n

Lemma 3.1. Let (£(s))s>0 be a standard Brownian motion in d > 1 dimensions and let
(Vi)s>0 be open sets in R:. For each s, let rs > 0 be such that vol(Vs) = vol(B(0,rs)). Then
for all n € N and t > 0 we have that

E [vol (Usep, . (€(€) + V2))] > E [vol (Ugep, B(E(L),70))] -

Proof. First note that if the sets (Vs) have infinite volume, then the inequality is trivially
true. We will prove the theorem under the assumption that they are all bounded, since then
by truncation we can get the result for any collection of unbounded open sets.

Let X, Xo,... be i.i.d. random variables with uniform distribution on B(0,1). Write S,, =
Z?:l X;. Let N € N and let 62 be the variance of X;. Then for any collection of bounded
open sets (Us) we have from Proposition [ that

SNs SNs
E [vol <U56{0,1/N7___,[t]/N} (\/c[fz—]]\f + Us>>] >E |:V01 (Use{O,l/N,..-7[t}/N} < ,—22]}\7 -1-3(0,7“5)))} )
(3.1)




where 75 is such that vol(Us) = vol(B(0,75s)).
We will drop the dependence on ¢ from D,,; to simplify the notation. Since (BI]) holds true
for any collection of bounded sets, we have that for IV large enough

SNg S[Ng
E |vol Urep,, \/2—N +V > E |vol Urep,, N + B(O,Tg) ,
g o

since in ([BJ]) we can take U, =V, for £ € D, and empty otherwise. As before, r; is such
that vol(B(0,7,)) = vol(Vp).

By Donsker’s invariance principle (see for instance [7, Theorem 5.22]), for a fixed n, we have
that

S "
( V%)@ﬂ s (€(0))gep, as N — . (3.2)

If for all ¢ € D,, we have that vol(0V;) = 0, then by (82) and Lemma 3] we deduce that

E [vol (Urep,, (£(€) + Vi)l = E [vol (Urep, (£(€) + B(0,7¢)))] -

If 3k such that vol(9V}) > 0, then for each ¢ € D,, we write V; = U324 Aj e, where (Aje);
are all the dyadic cubes that are contained in Vj.
Then for every finite K, we have that

E [vol (Urep,, (£(0) +UjZ14;6))] > E[vol (Ugep,, (£(£) + B(0,r (¢, K))))], (3-3)

where for each ¢ we have that (¢, K) satisfies vol(B(0,7(¢, K))) = Vol(UleAj7g), and hence
r(¢, K) /' ryas K — oo. Thus, letting K — oo, by monotone convergence we conclude that

E [vol (Urep,, (£(€) + Vi)l = E [vol (Urep, (£(€) + B(0,7¢)))] -

O

Proof of Theorem 1.1l Let M > 0. We will show the theorem under the assumption
that Dy C B(0, M), for all s < ¢, since then by monotone convergence we can get it for any
collection of open sets.

For each s, we define the set

Dy ={z € Dy :d(z,DS) > (t/2")'/3},
which is open, since the sets (D) were assumed to be open. For every ¢ € D,,, we define
Zy = Up<s<pytjonDsn, (3.4)

which is again open as a union of open sets. For each s we let 74 ,, be such that vol(B(0,7s,)) =
vol(Ds ). From Proposition we then get that

E [vol (Ugep,, (£(£) + Z¢))] > E [vol (Ugep, (£(£) + B(0,77,)))] (3.5)

where 7 satisfies
b

+
Tim = < sup  Ten — (t/2")1/3> )

L<s<l+t/2m

7



We now define the event

Qp = {Vh <t/2": sup [€(s) = E(u)l| < (277 - 1)h1/3}-

s,u|s—ul<h

We will now show that on €2,, we have that

Urep, (§(0) + Zp) C Us<e(§(s) + Ds).

Let y € £(0) + Zy, for some ¢ € D,. Then there exists { < s < £+ t/2" such that
d(y — &(€),DS) > (t/2")'/3. Also, since ||&(s) — ()| < (t/2™)'/3 on Q,,, we get by the
triangle inequality that

d(y — &(s), D) = d(y — £(0), DY) — ||€(s) = £(O > (¢/2")'/* = 2'/2 = 1)(¢/2")/* > 0,

and hence we deduce that y € £(s) + D;.
Therefore, from (3.5 we obtain

E [vol (Us<e(€(s) + Ds))] + E [vol (Ugen, (€(£) + Z¢)) 1(2,)] = E [vol (Uren, B(E(0),77,,)) 1(2n)] -
(3.6)
For all n we have that a.s.
vol (Ugep, B(E(0),77,,)) L(Qn) 7 vol (Us<iB(E(s), 7)) -
Indeed it is clear that €2, C Q2,41 and on €, we have that
Urep, B(§(0),771,) C Urep, 1 BEW), 77 1041)-

To prove that, let y be such that ||y —£(0)|| < r},. Weset £/ = (+¢/2" ! and ¢ = (+1/2".
Then there are two cases:

o If SUDyspr Ts,n = SUPp<sepr Tsn, then ||y — E(0)| < TZnH.
o If supycpr 7s,n < SUPp<scpr Ts i, then

ly = €@ < lly = EON + 1€(6) = €@ < 7+ (212 = 1)(t/27+)

= sup e, — (£/20)Y3 4 (/20 HBRYE 1) <
O <s<lt)2n ’

It is easy to show that on U, (), we have U, Usep, B(E(£),77,,) = Us<B(E(s), 7).
Finally by the dominated convergence theorem we get that
E [vol (Urep, (§(£) + Z¢)) 1(2;,)] = 0,

since P(€2S) — 0 as n — oo, by Lévy’s modulus of continuity theorem (see for instance [7,
Theorem 1.14]) and also

vol (Ugep,, (& + Zp)) < vol(B(0, max €(s)] + M),

since we assumed that the sets (D;) are all contained in B(0, M).
Taking the limit as n — oo in () concludes the proof. O



Remark 3.2. The proofs of Lemma B.1I] and Theorem [[.I] also give that for any collection
of open sets (D;), the volume of Us<;(£{(s) + Ds) is a random variable. Indeed, on U,$,
(which has P(U,2,,) = 1) we have that

vol(User(E(s) + Dy)) = lim vol (U, Use, (€(6) + Z0).

where Z; is as defined in (34]). If for all n and all £ € D,, we have that vol(0Z;) = 0, then
from Lemma (3] we get the measurability. Otherwise, we write Z; as a countable union of
the dyadic subcubes contained in it and then use the monotonicity property together with
Lemma again, like in the last part of the proof of Lemma B3]

4 Relating the sphere to its tangent plane

It is intuitive and standard that as R — oo the sphere Si tends to Euclidean space. This
section, that can be skipped, makes this precise in the situation we need and also establishes
a useful lemma on continuity of volumes.

As in Section [ C(x,r) stands for the geodesic cap centered at x of radius r. Also, the
projection mapping 7 is as defined in (Z4) and C(K) = 7~ %(B(0, K)), for K > 0, is a cap
centered at (0,...,0,—R), where B(0, K) is a ball in R? centered at 0 of radius K.

Lemma 4.1. Let r > 0. Then for all § > 0, there exists Ry such that for all x € B(0, K)
we have that

B(x,r —6) C w(C(x (x),7)) C B(x,r +d), for all R > Ry. (4.1)
Also for all A C 7=Y(B(0,K)) we have that
w(A) —vol(r(A)) — 0, as R — oc.
Proof. Let ¢ be a sufficiently large positive constant so that for R sufficiently large we have
for all z € B(0, K) that
7(C(r Y (z), 7)), B(x,r +6) C B0, K +¢).

Let z = (z1,...,24) € B(0,K) and y = (y1,...,9q) € 7(C(7~ 1 (x),7)).
Then 7= 1(y) € C(m!(x),r) and hence

O(n (z), 7 () < 5, (4.2)

i=v] i

where 0 = 0(7 = (z), 77 (y)) satisfies

cosf = (m (@), 7 () _ Zfill Lilfi

R? R?
We write || - || for the Euclidean distance in R?. We then have
d
|z —y|I* = Z(wl —yi)? =2R* — 2R*cos 0 — (xqy1 — Yas1)>.
i=1



But, since 77! (z), 7 (y) € Sg, we get that z441 = \/R2 — 2° 22 and yg 1 = /B2 — 3%, 42
and using the fact that € B(0, K) and y € B(0, K + ¢) we obtain that

(Ta41 — Ya+1) = 0 as R — oo,

uniformly over all z and y in B(0, K) and B(0, K + c¢) respectively. From (2] and the
monotonicity of the cos ¢ function for ¢ small, we obtain that

”
cos > cos i

and hence for all R sufficiently large we have that
|z —yll <r+4é
To prove the other inclusion, it suffices to show that
B(0,K +¢)Na(C(x(x),r)* C B0, K 4 ¢) N B(x,r — 6)°, (4.3)

since B(0, K + ¢)¢ is disjoint from 7(C(7~*(z),r)) and B(x,r — §). Finally [@3) can be
proved using similar arguments to the ones employed above.

To prove the last statement of the lemma, we write

1(A) — vol(r(A)) = /ﬂ N <m _ 1) da,

where () is the angle at the origin between 7—!(z) and (0,...,0,—R).
Using that a(z) — 0 as R — oo uniformly over all z € B(0, K) we get the desired conver-
gence. ]

Lemma 4.2. Let z be a random walk in R started from a uniform point in B(0, L + cne)
and with transition kernel given by (L3)). Let ¢ be a random walk on the sphere Sy started
from a uniform point in C(L) = 71 (B(0, L+cne)) and with transition kernel given by [2.2).
Then there exists a coupling of z and w(¢) such that for all n we have that

P(Vk=0,...,n,7(((k)) = z(k)) = 1 as R — .

Proof. Since ((0) is uniformly distributed on C(L), we have that 7(¢(0)) has density func-
tion given by
) = 1(xz € B(0,L + cne))
) =~ osa@)rC(D)
where a(z) is the angle between 7~ !(z) and (0,...,0,—R). Also z(0) has density function
given by

_ 1(x € B(0, L + cne))
@) = vol(B(0, L + cne))

From Lemma [T we get that fr(x) — f(x) as R — oo uniformly over all x, and hence the
maximal coupling will succeed with probability tending to 1 as R — co. So, for 7(¢(0)) and
2(0) we have used the maximal coupling. Given 7({(0)) and z(0), then the density function
of m(¢(1)) is given by

1(z € 7(C(¢(0),¢)))
cos(a())u(C(¢(0), €))

10

fr(x) =




and £(1) has density function given by

1(z € B(£(0),¢))
vol(B(£(0),€))
Thus if the coupling of the starting points has succeeded, then we can use the maximal

coupling to couple the first steps and continuing this way we can couple the first n steps.
Hence, we get that the probability that the coupling succeeds tends to 1 as R — oc. U

fiz) =

Lemma 4.3. Let (A;)i=1,..n be measurable sets in R? such that vol(0A;) = 0, for all i.
Then the function defined by

T = (x1,...,2y) — vol(UiL, (x; + A;))

1S continuous.

Proof. Let A° stand for the d-enlargement of the set A, i.e. A% = A4+B(0,6). If vol(9A) = 0,
then it is easy to see that

vol(A%) = vol(A) as & — 0. (4.4)
Let © = (x1,...,2,) be such that ||z|| < §. We then have that
vol(Uiy (z; + Aj)) A (UL 4;)) < vol(Uiy ((m; + A AA;)) < ZVOI((%Z' + A)AA;).
i=1

But vol((z; + A4;)AA;) = 2(vol((z; + A;) U A;) — vol(4;)) and vol((z; + A;) U 4;) < vol(A9),
and hence by ([@.4]) we get the desired convergence. O

5 Concluding Remarks and Questions

1. We recall here the detection problem as discussed in [8]. Let II = {X;} be a Poisson
point process in R? of intensity A. We now let each point X; of the Poisson process
move according to an independent standard Brownian motion (&;(s))s>0. Let u be
another particle originally placed at the origin and which is moving according to a
deterministic function f. We define the detection time of u analogously to (28] via

T({Ct =inf{s > 0:3ist. X;+&(s) € B(f(s),r)}.
Then from [8) Lemma 3.1] we have that
P(1, > ) = exp (~AE[vol (Us<iB(E(s) + F(s),1))).
In terms of the detection probabilities, Theorem [[.1] then gives that
P(Tf, > 1) < P(I§; > 1),

where Tc?et stands for the detection time when v does not move at all. This means

that the best strategy for u to stay undetected for long time is to stay put. This is an
instance of the Pascal principle, which is discussed in [3] and [6] for a similar model
in the discrete lattice.

11



2. Let (Ds) be a collection of open sets as in Theorem [[.T1 We showed that

E[vol(Us<:(§(s) + Ds))] = Elvol(Us<t(£(s) + Bs))l,

where the sets (Bs) are balls as defined in Theorem [Tl Does the stochastic domination
inequality

P(vol(Us<t(&(s) + Ds)) > a) > P(vol(Us<¢(&(s) + Bs)) > o) Va

also hold?

. We fix D an open set in R? and a measurable function f. We consider the Wiener

sausage with drift f determined by D, namely WfD(t) = Us<t(D 4+ &(s) + f(s)). Isit
true that the expected volume of W]P is minimized when f = 07

. Let f : Ry — R? be a measurable function. Consider the convex hull of Cy(t) =

(& + f)[0,t]. Is the expected volume of C¢(t) minimized when f = 07
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