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Abstract

In a computational process, certain entities (for example sets or arrays)
and operations on them may be automatically available, for example by be-
ing provided by the programming language. We define background classes
to formalize this idea, and we study some of their basic properties. The
present notion of background class is more general than the one we intro-
duced in an earlier paper, and it thereby corrects one of the examples in that
paper. The greater generality requires a non-trivial notion of equivalence of
background classes, which we explain and use. Roughly speaking, a back-
ground class assigns to each set (of atoms) a structure (for example of sets
or arrays or combinations of these and similar entities), and it assigns to
each embedding of one set of atoms into another a standard embedding be-
tween the associated background structures. We discuss several, frequently
useful, properties that background classes may have, for example that each
element of a background structure depends (in some sense) on only finitely
many atoms, or that there are explicit operations by which all elements of
background structures can be produced from atoms.
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1 Introduction

Background structures were introduced in [2] to serve two purposes. One, which
was of primary importance to us in writing the present paper, is to describe the
world in which an algorithm operates. The other, which provided some of our
motivation for [2], is to facilitate dealing with new elements imported into the
underlying structures of computations. We describe these two purposes in turn.

Programming languages provide certain sorts of constructions automatically,
while others have to be programmed separately. For example, C provides arrays
(of elements of any given type) automatically, but a programmer who wants to use
multisets will have to represent them somehow and code any needed operations
on them. A C compiler “knows” about arrays but not about multisets. In AsmL
[1], sets and multisets are automatically available, as are maps and sequences.
Arrays, however, are not first-class citizens of AsmL. On the abstraction level of
AsmL they can be represented by sequences or maps. (An implementation can
make arrays available, possibly in a limited way.)

We refer to the automatically available notions as the background of a pro-
gramming language. This would include not only the entities, like sets, but also
operations on them. Different programming languages could provide sets but with
different pre-defined operations; these would constitute different backgrounds.

Here are some other examples: A database system’s background would in-
clude numbers and operations like average and median. Metafinite structures [3]
usually also involve a background of numbers. Even such a low-level computing
system as the Turing machine has a background containing the tape cells and the
operations of moving to the left and right.

Remark1. Algorithms also have backgrounds, consisting of whatever is presup-
posed by the algorithm, i.e., whatever would have to be supplied by an operating
system or by a programming language in order to actually run the algorithm. In
general, if one lowers the level of abstraction of an algorithm, by making more of
the implementation explicit, then one decreases the required background.

This notion of background occurs also in situations other than programming
languages. A mathematical text, for example, presupposes that certain notions are
already known to the reader; these can be considered the background of the text.
Even in everyday life, conversations usually depend on some shared background
information. The computational situation, however, differs from these others in
that it requires the background to be completely explicit. In the case of program-
ming languages, it must be built into the compiler. In mathematics, one is usually
content with the knowledge that the background could, if necessary, be made ex-
plicit, for example by formalizing proofs in a set-theoretic foundational system.
And in everyday life, the background is usually even less precisely delimited.



A secondary purpose of backgrounds was to solve (in [2]) a problem in the
description of computations whose states are first-order structures. In the theory
of abstract state machines [5], it is convenient and customary to assume that the
underlying set of a structure does not change as the algorithm proceeds. To recon-
cile this assumption with the frequent need to introduce a new vertex into a graph,
to create a new object of a given class, or to append a new cell to a finite Tur-
ing machine tape, one assumes that the structures contain infinitely many reserve
elements. These are not involved in the computation but can be imported, i.e.,
removed from the reserve and allowed to participate in the computation, when the
need arises. Intuitively, the reserve is an entirely unstructured part of the base set.
But this point of view causes difficulties if the algorithm also uses, for example,
sets or arrays of elements. Whenever an elementa is imported from the reserve,
it would be necessary to import many additional elements to serve as sets, arrays,
etc., involvinga, and it would be necessary to define the relevant relations and
operations on these elements. It is more reasonable to assume that these sets,
arrays, etc., were already present, even whilea was still in the reserve. But of
course, such an assumption must be made precise — what exactly is attached to
the reserve elements? Furthermore, these additional entities should not represent
additional internal structure on the reserve; for example, they should not allow a
definition of a linear ordering of the reserve elements.

These considerations were a large part of the motivation for [2]. Background
classes were introduced there to formalize the idea of things that can be built on
top of a set (e.g., the reserve) without thereby introducing any additional structure
on the set itself. The starting set here is usually called a set of atoms, and a
background structure is built over a set of atoms.

The purpose of the present paper is to extend and generalize the theory of
background structures developed in the first part of [2]. The generalization also
serves to correct an error in one of the examples in [2].

After a review of preliminary information in Section2, we describe in Sec-
tion 3 the error in one of the examples of [2, Section 5.1] and we describe our
approach to correcting it. This approach is formalized in Section4 where we de-
fine background classes by means of axioms. Then, in Section5 we discuss the
natural notion of equivalence of background classes and show that a background
class can be described, up to equivalence, by a relatively limited amount of infor-
mation. In the next two sections, we discuss two additional properties enjoyed by
some but not all background classes. One property (Section6) is that each element
of a background structure arises from finitely many atoms. The other (Section7)
is that each element has a smallest source from which it arises. (In [2], this “small-
est source” requirement was included in the definition of background class; here
we drop the requirement, but the property in question remains an interesting one.)
In Section8, we list several ways in which the elements of a background struc-



ture could be said to be constructed out of the atoms, and we give examples to
show how these interpretations of “constructed” differ. We also briefly discuss the
prospects for making a background class more constructive by adding additional
operations to serve as constructors.

2 Preliminaries

We adopt the following conventions from [2] about vocabularies and structures.
A vocabularyΥ is a collection of function symbols of prescribed arities; some

of these symbols may be marked asrelational. Every vocabulary contains the
logic symbols: binary =; nullary true, false, andundef; unaryBoole; and
the usual propositional connectives. All of these exceptundef are relational. In
addition, every vocabulary contains the unary relational symbolAtomic. The
logical symbols andAtomic are called theobligatory symbols, because every
vocabulary must contain them.

An Υ-structureX consists of a nonemptybase set, usually denoted by the
same symbolX, with interpretations of all the function symbols ofΥ as functions.
The interpretation of a symbolf is officially written f X, but we often omit the
superscript. It is required that the interpretation oftrue be different from those
of false andundef, that the interpretations of relational symbols take values in
{true, false}, thatBoole maptrue andfalse to true and everything else to
false, that equality have its standard interpretation, and that the propositional
connectives have their standard interpretations (with valuefalse if any argument
is nottrue or false).

In any structure, the elements that satisfyAtomic (i.e., that are mapped to
true by the interpretation ofAtomic) are called theatomsof the structure. For
consistency with [2], we use the notation Atoms(X) as a synonym forAtomicX,
the set of atoms of the structureX. The interpretations in any structure of the
nullary obligatory symbolstrue, false, andundef are called theobligatory
elementsof the structure.

It is occasionally convenient to work in the foundational framework of a set
theory that allows atoms (also called urelements). The intuitive picture of such
a framework is a universe containing atoms (which are not sets), sets of atoms,
sets of (atoms and sets of atoms), etc. That is, one begins with atoms and then
repeatedly forms all sets of previously formed things (atoms and sets).

In such a framework, it is helpful to think ofΥ-structures in which the predi-
cateAtomic applies to exactly those elements that are atoms in the foundational
framework. Then the foundational and the structure-based meanings of “atom”
coincide. But it is important to remember that not all structures have “standard
atoms” in this sense. We shall usually be dealing with classes of structures closed



under isomorphism; in such a situation, we may describe the class by telling which
structures with standard atoms it contains, and it is then to be understood that it
also contains the isomorphic copies of these structures.

Analogous comments apply when a vocabulary contains symbols for other no-
tions used in foundations, such as the notion of set. For such a vocabulary, we may
specify a class of structures by describing structures in which the interpretation of
“set” (or similar notions) coincides with the meaning given by the foundational
system, but we must remember that isomorphic copies of the structures are also
included.

When we work with structures whose interpretations of “atom”, “set”, “mem-
ber”, or other such notions disagree with those of the foundational system, we
intend these words to be understood in the sense of the structure unless we explic-
itly indicate the contrary.

3 The Problem and Two Solutions

In Section 5 of [2], we gave several examples of background classes, the first of
which was a set background that contained, for each setU, the structure of hered-
itarily finite sets over the set of atomsU. The only non-obligatory symbol in the
vocabulary was the symbol∈ for membership. (This example was accompanied
by variations with a larger vocabulary, but the main version, with only∈, is the
one that caused a problem.)

Tatiana Yavorskaya pointed out that this example is not really a background
class because it does not satisfy the requirement BC2 of the definition of back-
ground class [2, Definition 4.1]. That requirement says that, given two background
structuresX andY, and given an embedding of setsζ : Atoms(X) → Atoms(Y),
there is a unique extension ofζ to an embeddingX → Y. In the example under
consideration, the uniqueness part of this requirement fails. Consider, for ex-
ample, the structuresX andY of hereditarily finite sets over{1,2} and {1,2,3},
respectively, and the embeddingζ : {1,2} → {1,2,3} sending each of 1 and 2 to
itself, i.e., the inclusion map. There is an obvious extension ofζ to an embedding
X→ Y, namely a bigger inclusion map — send every set inX to itself considered
as an element ofY. But there are also other extensions that make use of the addi-
tional atom 3. For example, one could define an embeddingη to send the empty
set∅ to {3} and then map all other sets in the natural way,η(s) = {η(x) : x ∈ s}.
Or one could throw in 3 at every opportunity, definingη(s) = {η(x) : x ∈ s} ∪ {3}.
There are many more such possibilities. (The two variations suggested at the
end of this example in [2] avoid the problem because the extraneous embeddings
would not preserve the additional basic functions.)

One possible solution to the problem is simply to give up. Drop the set-



background from the list of examples. If some version of a set-background is
needed, equip it with not only∈ but enough additional structure to block un-
wanted embeddings. Perhaps even insist that all background structures be explic-
itly atom-generated, as defined in [2]; that is, no background structure can have a
proper substructure (background or not) that contains all the atoms. This assump-
tion clearly implies the uniqueness part of requirement BC2, since, if we had two
embeddingsη, η′ : X → Y extendingζ then{x ∈ X : η(x) = η′(x)} would be a
substructure ofX containing all the atoms.

In fact, for some purposes it is useful for a background class to have even
stronger properties than being explicitly atom-generated. For example, if each
background structure is obtained as an Herbrand universe of terms built from the
atoms and (the interpretations of) certain function symbols, then these terms can
provide a convenient representation of background entities, both for reasoning
about computation and for internal use within the computation. We discuss such
properties of background classes in Section8.

On the other hand, this solution may force us to an undesirably low level of
abstraction. Specifically, it requires us to choose the additional functions to add
in order to generate all the background elements or at least to block the unwanted
embeddings. There are algorithms whose natural formulation uses sets but does
not rely on any particular additional functions to generate them. An example is
given by a familiar algorithm for deciding whether two vertices of a graph, say
s and t, are in the same component: Initialize a variable setV to {s} and then
repeatedly adjoin toV all neighbors of vertices already inV, checking whethert
has enteredV by the timeV stops growing. As indicated in [2], there are several
reasonable options to generate a set-background structure from its atoms. No one
of these, however, is naturally called for by the algorithm just described. Fur-
thermore, intuitively, set theory should have just the one primitive concept∈, and
enlarging the vocabulary represents a departure from the basic intuition of the set-
background. The enlarged vocabulary might be viewed as providing a particular
implementation of the original, more abstract notion of background.

We therefore present in this paper a different solution of the problem, a solu-
tion that allows us to retain the simple vocabulary of just∈ for the set-background.
Of course, this approach must, in view of Yavorskaya’s observation, alter the def-
inition of background class.

The main idea of the alteration is to specify, along with the structures in the
background class, certain embeddings between them, which we call the standard
embeddings. Thus, in the example above of the set-background structuresX and
Y over the sets{1,2} and{1,2,3}, the inclusion map ofX into Y would be a stan-
dard embedding but the other embeddings, using the new atom 3, would not be
standard. (The idea of specifying the desired embeddings along with the desired
structures was suggested by the theory of abstract elementary classes. Such a class



consists of a class of structures together with a specified notion of so-called strong
substructures, intended to play the role of elementary substructures in traditional
model theory. For an introduction to abstract elementary classes, see [4].)

It should be pointed out that, although this difficulty affected only one ex-
ample in [2], there are many other, similar situations where the same difficulty
would arise. Notice first that the difficulty did not depend at all on having sets of
higher rank, i.e., sets with other sets as elements. Even with only sets of atoms,
Yavorskaya’s observation would still apply. Another very similar example is a
background of multisets and numbers, with a “multiplicity of membership” func-
tion (taking an elementx and a multisety to the multiplicity of x in y) along with
arithmetic operations on numbers. Another has words formed from atoms, with
a relation “contiguous subword”. In these examples, as in the set example above,
the standard embeddings would be those that simply don’t use the new elements
(the 3 in the preceding discussion), but there are non-standard embeddings that in-
sert 3 into the images of multisets or words. An example with a slightly different
flavor has words and the relation “not-necessarily-contiguous subword”. Again,
an embedding can introduce extraneous atoms into words, but some care is needed
in order to preserve this more general subword relation. An approach that works
is to insert a particular new atom between every two consecutive atoms in a word.
(One can also insert the new atom at the beginning or end or both, but if one
refrains from doing so then these embeddings also preserve the “first letter” and
“last letter” relations.) Thus, our modification of the axioms from [2] addresses a
problem more extensive than the one example that motivated it.

Although the introduction of standard embeddings is the only essential change
here from the framework in [2], we take this opportunity to reorganize the axioms
somewhat. In [2], we included, in the definition of background class, the re-
quirement that, for each elementx of a background structure, there is a smallest
background substructure containingx. On the other hand, we did not include in
the definition a requirement that every element of a background structure “come
from” a finite number of atoms; we called background structures with this addi-
tional property “finitary”. We now believe that these conventions misrepresent the
relative importance of these two requirements. Accordingly, we shall introduce a
basic set of axioms, incorporating neither of these two requirements but only the
bare minimum of what seems to be needed for a sensible notion of background.
These basic axioms correspond to BC0, BC1, and BC2 of [2], modified to take
standard embeddings into account. All additional properties will be dealt with
separately.



4 Basic Axioms and Their Consequences

In this section, we introduce the basic axioms for background classes, present
some examples, discuss the relationship with the axioms in [2], and deduce some
immediate consequences of the axioms.

Definition 2. A background classconsists of

• a vocabularyΥ that contains all the obligatory symbols,

• a classB of Υ-structures, called thebackgroundstructures, and

• a class of embeddings (i.e., structure-preserving one-to-one functions) be-
tween background structures, called thestandard embeddings,

subject to the following axioms.

1. The identity embedding from any background structure to itself is standard.

2. The compositeζ ◦ η of two standard embeddings is standard.

3. Every structure isomorphic to a background structure is also a background
structure.

4. Every set is Atoms(X) for some background structureX.

5. If X andY are background structures, then every embedding (of sets) Atoms(X)→
Atoms(Y) has a unique extension to a standard embeddingX→ Y.

Definition 3. In the situation of Axiom 5, ifζ : Atoms(X) → Atoms(Y) is an
embedding, we writêζ for the standard embeddingX→ Y that extends it. (Strictly
speaking, the notation̂ζ should also mentionX andY, but they will always be clear
from the context.)

Note that the definition of background class requires standard embeddings to
be embeddings in the usual sense — one-to-one maps of the base sets of structures,
respecting the interpretations of the function symbols ofΥ. In the special case
where a standard embedding is an isomorphism or an automorphism, we shall
speak of astandard isomorphismor standard automorphism.

Remark4. Following [2], our semantic conventions in Section2 did not specify
whether the values offalse andundef should be equal or not, thoughtrue must
be different from them. We shall occasionally use the convention thatfalse ,
undef, but everything we do under this convention can be easily modified to
work under the opposite convention. In this connection, it is worth noting that,
within any background class, all the background structures agree as to whether



false = undef or not. Indeed, whatever happens in a background structure with
the empty set of atoms will be preserved by the standard embeddings into arbitrary
background structures.

Remark5. The non-obligatory symbols of the vocabularyΥ and their interpreta-
tions in background structures play a lesser role under our current definition of
background classes than they did in [2]. They determine which maps are em-
beddings, but most of the role of embeddings in [2] is now played by the stan-
dard embeddings. These are not determined but only somewhat constrained by
the non-obligatory functions, because all standard embeddings are embeddings
but not conversely. Indeed, in a part of our analysis of background structures,
the non-obligatory functions will be relegated to the sidelines. In applications,
though, the non-obligatory functions are very important, because they determine
what operations are available to an algorithm working in a given background.

Axioms 1 and 2 imply that̂IdAtoms(X) = IdX for all background structuresX
and thatζ̂ ◦ η = ζ̂ ◦ η̂ whenever the compositions make sense. This implies the
following proposition, just as in [2, Lemma 4.4].

Proposition 6. If ζ : Atoms(X) → Atoms(Y) is a bijection, then̂ζ : X → Y is an
isomorphism.

Proof. Being a bijection,ζ has an inverse functionη and

ζ̂ ◦ η̂ = ζ̂ ◦ η = ÎdAtoms(Y) = IdY.

Similarly η̂ ◦ ζ̂ = IdX. Soζ̂ andη̂ are inverse isomorphisms. �

To avoid possible confusion, note that Axiom 1 refers only to identity maps
from a structure into itself, not to inclusion maps from a substructure into a super-
structure.

Axiom 3 requires that ifX is a background structure andi : X → Y is an
isomorphism, thenY is also a background structure, but it does not requirei to
be a standard embedding. In fact, we have the following characterization of the
background classes for which all isomorphisms between background structures
are standard.

Proposition 7. For any background class, the following are equivalent:

1. Every isomorphism between background structures is standard.

2. Whenever an automorphismi of a background structureX leaves all the
atoms ofX fixed, it leaves all the elements ofX fixed.



Proof. Assume statement (1). Then in particular, every automorphismi of any
background structureX is standard. Ifi leaves all the atoms ofX fixed, then both
it and the identity map (which is standard by Axiom 1) are standard embeddings
of X into itself, extending the same embedding of the atoms, namely the identity.
So i must be the identity map ofX, because of the uniqueness requirement in
Axiom 5.

Conversely, assume (2) and leti : X → Y be an isomorphism of background
structures. By Axiom 5, there is a standard embeddingj : X→ Y that agrees with
i on atoms. As observed above, sincei is a bijection on atoms,j is an isomorphism.
Theni−1 ◦ j is an automorphism ofX fixing all the atoms. By our assumption (2),
it is the identity automorphism, which means thati = j, and thusi is standard. �

Every background class in the sense of [2] becomes a background class in the
sense of the present definition if we call all embeddings standard. Indeed, with
this notion of standard, our Axioms 1 and 2 are trivially satisfied, and our other
three axioms become Axioms BC0, BC1, and BC2 of [2].

The set background in [2, Section 5.1], which fails to satisfy the uniqueness
clause of BC2, nevertheless satisfies our new definition of background class, pro-
vided the standard embeddings are chosen to be the ones that were intended in
[2]. These are the embeddings from the hereditarily finite sets overA to the
hereditarily finite sets overB that one obtains by starting with an arbitrary em-
beddingζ : A → B and extending it to act on sets by recursively defining
ζ̂(x) = {ζ̂(y) : y ∈ x}. (The set notation here refers to sets and membership as
interpreted in the structures.) Note that these standard embeddings are exactly the
ones that preserve the additional functions used in the two alternative versions of
the set background described at the end of Section 5.1 of [2].

Axiom 4 requires the existence of a background structure with any prescribed
set of atoms. The following proposition describes the sense in which this back-
ground structure is unique.

Proposition 8. If X andX′ are background structures with the same set of atoms,
then they are isomorphic, by an isomorphism that leaves every atom fixed. Fur-
thermore, exactly one such isomorphism is standard.

Proof. By Axiom 5, the identity map of the atoms extends to a unique standard
embeddingX→ X′, and by Proposition6 this is an isomorphism. �

There are, in the general context of background classes, two reasonable but
inequivalent ways to formalize the notion of “the set of atoms involved inx” where
x is an element of a background structure. We give these two formalizations,
which we call the source and the core ofx, and we point out some immediate



consequences of the definition as well as one not so immediate consequence. Both
sources and cores will play a role in subsequent sections.1

Definition 9. Let x be an element of a background structureX, and letS ⊆
Atoms(X). ThenS is asourcefor x if x is in the image of the standard embedding
ı̂ that extends the inclusion mapi : S→ Atoms(X).

There is a harmless ambiguity in this definition, namely that we did not specify
which background structure, withS as its set of atoms, is to serve as the domain of
ı̂. It follows easily from Proposition8 and Axiom 2 that all choices here produce
the same image ofı̂, so there is no need to specify a choice.

Definition 10. Let x be an element of a background structureX, and letC ⊆
Atoms(X). ThenC is acoreof x if, for all background structuresY and all standard
embeddingsζ, η : X→ Y, if ζ andη agree onC, thenζ(x) = η(x).

The following proposition lists some immediate consequences of the defini-
tions.

Proposition 11. For any background structureX and anyx ∈ X:

1. If S is a source forx andS ⊆ T ⊆ Atoms(X), thenT is also a source forX.

2. If S is a core forx andS ⊆ T ⊆ Atoms(X), thenT is also a core forX.

3. Every source forx is also a core forx.

4. If ζ : X → Y is a standard embedding andS ⊆ Atoms(X) is a source forx
in X, thenζ[S] is a source forζ(x) in Y.

5. If ζ : X → Y is a standard embedding andC ⊆ Atoms(X) is a core forx in
X, thenζ[C] is a core forζ(x) in Y.

6. If ζ : X → Y is a standard embedding,x ∈ X and S ⊆ ζ[Atoms(X)] is a
source forζ(x), thenζ−1[S] is a source forx.

7. If ζ : X → Y is a standard embedding,x ∈ X, andC ⊆ Atoms(Y) is a core
for ζ(x) in Y, thenζ−1[C] is a core forx in X.

8. Every set of atoms is a source, and therefore also a core, for the values of
any constant symbols inΥ. In particular, the empty set is a source for such
elements, including the obligatory elementstrue, false, andundef.

1In [2], we used the word “support” for essentially what is here called “source”. It is, however,
standard in the set-theoretic literature to use “support” for essentially what is here called “core”. It
therefore seems appropriate to avoid the word “support” when, as here, both of its past meanings
are under discussion.



9. Each atoma has{a} as is smallest source and smallest core.

Proof. For assertion (1), observe that the inclusion mapi : S → Atoms(X) is the
compositei = j ◦ k of the inclusion mapsk : S → T and j : T → Atoms(X).
Thereforêı = ̂ ◦ k̂ and the image of̂ı is included in that of̂.

Assertion (2) follows immediately from the fact that any two embeddingsX→
Y that agree onT also agree on its subsetS.

For assertion (3), leti : S → Atoms(X) be the inclusion map of a sourceS
for x, sox = ı̂(s) for somes in a background structure with atomsS, and assume
ζ, η : X → Y are standard embeddings that agree onS. Thenζ ◦ i = η ◦ i and so
ζ ◦ ı̂ = η ◦ ı̂. Apply both sides of this equation tos to getζ(x) = η(x).

For assertion (4), letU andV be background structures withS andζ[S] as
their respective sets of atoms, letη : U → V be the standard embedding extending
ζ �S, and leti : S→ Atoms(X) and j : ζ[S] → Atoms(Y) be the inclusion maps.
Notice thatζ ◦ ı̂ = ̂ ◦ η. SinceS is a source forx, fix someu ∈ U with ı̂(u) = x,
and compute that

ζ(x) = ζ(ı̂(u)) = ̂(η(u)),

which is in the image of̂ as required.
For assertion (5), supposeη, θ : Y → Z are two standard embeddings that

agree onζ[C]. Thenη ◦ ζ andθ ◦ ζ agree onC. So they sendx to the same value.
That meansη(ζ(x)) = θ(ζ(x)), as required.

For assertion (6), assume the hypotheses, and leti : S → Atoms(Y) and
j : ζ−1[S] → Atoms(X) be the inclusion maps. BecauseS ⊆ ζ[Atoms(X)], we
havei = ζ ◦ j ◦ η whereη is the restriction ofζ−1 to S. Fix background structures
U andV with Atoms(U) = S and Atoms(V) = ζ−1[S]. BecauseS is a source for
ζ(x), there isu ∈ U with ı̂(u) = ζ(x). Thus,

ζ(x) = ı̂(u) = ζ( ̂(η̂(u))).

Sinceζ is one-to-one, we conclude thatx = ̂(η̂(u)). So x is in the range of̂,
which means thatζ−1[S] is a source forx.

For assertion (7), assume the hypotheses, and letη, θ : X → Z be standard
embeddings that agree onζ−1[C]. Temporarily suppose Atoms(Z) is large enough
so that Atoms(Y) − ζ[Atoms(X)] admits a one-to-one mapλ into Atoms(Z) −
η[Atoms(X)] − θ[Atoms(X)]. Then we can define a one-to-one map fromY into
Z agreeing withη ◦ ζ−1 on ζ[Atoms(X)] and withλ on the rest of Atoms(Y). Let
η′ : Y → Z be a standard embedding extending this map. Defineθ′ : Y → Z
analogously. Thenη′ andθ′ agree onC, soη′(ζ(x)) = θ′(ζ(x)). But η′ ◦ ζ = η and
θ′ ◦ ζ = θ, soη(x) = θ(x), as required.

It remains to eliminate the assumption that Atoms(Z) is large enough. If it
isn’t, then letZ′ be any background structure whose Atoms(Z′) is a large enough



superset of Atoms(Z). Let ı̂ : Z → Z′ be the standard embedding that extends the
inclusion map on the atoms. Then the preceding argument applies toı̂◦η andı̂◦θ,
so these mapx to the same element. Ası̂ is one-to-one, it follows thatη(x) = θ(x).

For assertion (8) just notice that any constant symbol has some value in a back-
ground structure over the empty set of atoms, and this value is sent, by standard
embeddings (extending the embeddings of∅ into arbitrary sets), to the values of
that constant symbol in all other background structures. So∅ is a source of each
such value, and therefore so are all sets of atoms.

For assertion (9), it is immediate from the definition that{a} is a source and
therefore a core fora. That it is the smallest follows from the fact thata can
be sent to any atom in any background structure by some standard embeddingζ.
Applying this to a background structure with at least two atoms, we see thatζ(a)
cannot be determined byζ �∅, so∅ is not a core, and therefore not a source for
a. Thus,{a} is the smallest source and the smallest core for{a}. �

The converse of part (3) of the proposition is false in general. The simplest
counterexample is the following.

Example12. Define a background class by having each background structure con-
sist of the atoms, the obligatory elements, and one other element provided there is
at least one atom, but no other element when there are no atoms. (All embeddings
are standard.) Then the one non-obligatory non-atom has the empty set as a core
but not as a source.

Other examples are easily constructed using the same idea. For example, mod-
ify the set background by omitting all the sets when there are fewer than 17 atoms.

There is an important difference between the twoζ−1 parts of Proposition11.
In part (6),S is required to be included in the range ofζ. In part (7), there is
no such requirement onC. The requirement cannot be removed from part (6).
Indeed, in Example12, if ζ : X → Y is not surjective on atoms, then lettinga be
any element of Atoms(Y) − ζ[Atoms(X)] and lettingx be the non-obligatory non-
atom ofX, we have that{a} is a source forζ(x) but ζ−1({a}) = ∅ is not a source
for x.

Proposition 13. Let X be a background structure,x an element ofX, andC1 and
C2 two cores forx. ThenC1 ∩C2 is also a core forx.

Proof. Let ζ̂, η̂ : X→ Y be two standard embeddings that agree onC1 ∩C2. (The
use of the “hat” notation serves to provide short namesζ andη for the restrictions
of the embeddings to atoms.) We shall first prove thatζ̂(x) = η̂(x) under the
assumption thatY is large enough, meaning that there are at least|Atoms(X)|
atoms in Atoms(Y) − ζ(Atoms(X)) − η(Atoms(X)), i.e., atoms ofY not used by
either of the given embeddings. Afterward, we shall eliminate this additional
assumption.



BecauseY is large enough, there is an embeddingζ′ : Atoms(X)→ Atoms(Y)
that agrees withζ onC1 but maps the rest of Atoms(X) to atoms not used byζ and
η. Becauseζ′ agrees withζ on a coreC1 of x, we haveζ̂′(x) = ζ̂(x).

Obtainζ′′ from ζ′ by modifyingζ′ on C1 − C2 to agree withη there. Thisζ′′

is an embedding, i.e., it is one-to-one. Indeed, the modified values cannot clash
with the values on Atoms(X) − C1 because we arranged forζ′ to take values on
Atoms(X) − C1 that are not in the range ofη. Nor can the modified values clash
with the values onC1 ∩C2 becauseζ′, ζ, andη all agree there.

Becauseζ′′ agrees withζ′ onC2, we haveζ̂′′(x) = ζ̂′(x).
Finally, becauseζ agrees withη on C1 ∩ C2, so doesζ′′ and, as a result,ζ′′

agrees withη onC1. Therefore,

η̂(x) = ζ̂′′(x) = ζ̂′(x) = ζ̂(x),

as required. This completes the proof whenY is large enough.
It remains to handle the possibility thatY is not large enough. In this case,

let i be an embedding ofY into a setZ that is large enough, with respect to the
embeddingsi ◦ζ andi ◦η. Since these embeddings agree onC1∩C2, the preceding
argument applies and gives

ı̂ ◦ ζ̂(x) = î ◦ ζ(x) = î ◦ η(x) = ı̂ ◦ η̂(x).

Sinceı̂ is one-to-one, the desired conclusion,ζ̂(x) = η̂(x), follows. �

The analogous statement for sources fails; the intersection of two sources ofx
need not be a source forx. In Example12, the one non-obligatory non-atom has
all nonempty sets of atoms as its sources, but the intersection of two of these may
be empty and thus not a source.

Remark14. The proof of Proposition13 used the fact that, givenζ, η, andY, we
can findZ that is large enough in the appropriate sense. If Atoms(Y) is infinite,
then we can in fact find a suitable Atoms(Z) of the same cardinality asY; just
add |Atoms(Y)| new atoms and leti be the inclusion map. If Atoms(Y) is finite
then Atoms(Z) may need to be of larger cardinality than Atoms(Y), but it can still
be finite. Thus, the proposition would remain correct even if we developed the
whole theory in some contexts with limited numbers of atoms in our structures.
For example, we could limit ourselves to finite sets of atoms, or to countable ones.

Remark15. Results like Proposition13 are common in the branch of set theory
concerned with (non)-implications between various consequences of the axiom of
choice. The idea goes back at least to [6, item 88], where such a result is proved
in a more difficult context.



5 Equivalence of Background Classes

When are two background classes essentially the same? An intuitively natural
criterion is that each structure in either class is isomorphic to a structure with the
same atoms in the other class, by isomorphisms that fix the atoms and respect the
standard embeddings. Here “respect the standard embeddings” means that if we
take any standard embeddingζ : X → Y of either class and compose it with the
given isomorphismsi : X → X′ and j : Y → Y′ to background structures of the
other class, then the resultj ◦ ζ ◦ i−1 : X′ → Y′ is a standard embedding of the
other class.

This criterion can be simplified, because background classes are closed un-
der isomorphisms, and we adopt the following simplified version as the official
definition.

Definition 16. Two background classesK andK ′ areequivalentif they have the
same background structures and there is a family of automorphismsαX, one for
each background structureX, such that

• αX fixes all the atoms ofX and

• an embeddingζ : X→ Y is standard inK if and only ifαY◦ζ◦αX
−1 : X→ Y

is standard inK ′.

The terminology is honest, in the sense that equivalence as defined here is
clearly an equivalence relation.

This notion of equivalence is clearly a special case of the notion described in
the first paragraph of this section, namely the special case where the corresponding
structures in the two classes are identical.

Conversely, if two background classesK andK ′ satisfy the criterion in the
first paragraph, say with isomorphismsiX : X → X′, then we claim that they also
satisfy our official definition. For each background structureX, invoke Proposi-
tion 8 to letνX : X′ → X be the standard isomorphism in the sense ofK ′ that fixes
all the atoms. ThenαX = νX ◦ iX is an automorphism ofX, and we shall check
that these automorphisms satisfy the definition of equivalence. It is clear that they
fix all atoms, since bothνX andiX do. If ζ : X → Y is standard inK , then since
iY ◦ ζ ◦ iX−1, νY, andνX

−1 are standard inK ′, so is

νY ◦ (iY ◦ ζ ◦ iX
−1) ◦ νX

−1 = αY ◦ ζ ◦ α−1
X .

Conversely, if the isomorphism just displayed is standard inK ′, then so isiY ◦ ζ ◦
iX−1 (as it is obtained by composing with the standard isomorphismsνY

−1 andνX),
and thereforeζ is standard inK .



It will often be convenient to define a background class by associating to each
setS a specific background structure withS as its set of atoms. For example,
in the set background, we might want to say that the background structure with
S as atoms consists of (S and the obligatory elements and) the hereditarily finite
sets overS. Of course, by Axiom 3, a background class cannot contain only
these specific structures; it must also contain their isomorphic copies. But this
enlargement of the class is, in some sense, inessential. The following proposition
formalizes this observation.

Proposition 17. Let Υ be a vocabulary, and assume given, for each setS, an
Υ-structureS̃ with Atoms(S̃) = S. Also assume given, for each embedding of
setsζ : S → T, an extensioñζ : S̃ → T̃ that is an embedding ofΥ-structures.
Finally, assume that̃IdS = IdS̃ for all S and that ζ̃ ◦ η = ζ̃ ◦ η̃ whenever the
compositions here are defined. Then there is a background class for which eachS̃
is a background structure and eachζ̃ is a standard embedding. This background
class is unique up to equivalence.

Proof. We begin the definition of the desired background class by declaring the
background structures to be the structures of the formS̃ and all their isomorphic
copies. Thus we trivially satisfy Axiom 3 for background classes and the part of
the proposition that says eachS̃ is a background structure.

In order to define the standard embeddings, we must first choose, for each of
our background structuresX an isomorphismiX : X → S̃, whereS = Atoms(X),
with iX leaving all the atoms fixed. To see that such an isomorphism exists, note
first that, sinceX is a background structure, we certainly have an isomorphism
j : X � T̃ for some setT. This j restricts to a bijection between the sets of atoms,
and we writek : T → S for the inverse of this bijection. Theñk : T̃ → S̃ is an
isomorphism (for the same reason as in the proof of Proposition6) andk̃ ◦ j is an
isomorphism fromX to S̃.

WhenX = S̃, we chooseiX to be the identity map, even if other atom-fixing
isomorphisms are available.

Having choseniX for each background structureX, we define the standard
embeddings to be those embeddingsX → Y of background structures obtainable
as follows. LetS = Atoms(X) andT = Atoms(Y) and letζ : S → T be an
arbitrary embedding of sets. Then form the compositeζ̂ = i−1

Y ◦ ζ̃ ◦ iX. As the
notationζ̂ suggests, this is an embeddingX→ Y that extendsζ, becauseiX andiY
leave all atoms fixed.

Our choice ofiX to be the identity map whenX = S̃ ensures that, when both
X = S̃ andY = T̃, we haveζ̂ = ζ̃. Thus, we have satisfied the proposition’s
requirement that each̃ζ be a standard embedding.

We have already observed that Axiom 3 for background classes is satisfied by
our construction. Axiom 4 is also clear, becauseS̃ hasS as its set of atoms. For



Axiom 1, we compute that, whenS = T andζ = IdS in the definition above,

ˆIdS = i−1
X ◦ ˜Id ◦ iX = i−1

X ◦ iX = IdX,

where we have used that˜IdS = IdS̃. Similarly, for Axiom 2, we use the assumption
that ζ̃ ◦ η = ζ̃ ◦ η̃ to compute, for̂η : X→ Y andζ̂ : Y→ Z, that

ζ̂ ◦ η̂ = i−1
Z ◦ ζ̃ ◦ iY ◦ i−1

Y ◦ η̃ ◦ iX = i−1
Z ◦ ζ̃ ◦ η ◦ iX = ζ̂ ◦ η.

The existence part of Axiom 5 is clear, asζ̂ is a standard embedding extending
ζ. To prove the uniqueness, notice that every standard embeddingX → Y is, by
our definition of standard, of the form̂η for someη : Atoms(X)→ Atoms(Y). On
atoms,η̂ agrees withη. So the only waŷη can extendζ is if η = ζ, and then of
courseη̂ = ζ̂.

This completes the proof of the existence part of the proposition. We turn next
to uniqueness, so suppose that we have some alternative background class that
satisfies the conditions of the proposition; we must show that it coincides, up to
equivalence, with the background class defined above.

In the alternative background class, everyS̃ is a background structure, and so
are all its isomorphic copies, by Axiom 3. On the other hand, ifX is a background
structure in the alternative sense and ifS is its set of atoms, then by Axiom 5
the identity map ofS must extend to a standard embeddingjX : X → S̃, and by
Proposition6 this is an isomorphism. Thus, the alternative background class has
exactly the same background structures as ours.

It remains to compare our standard embeddings with those of the alternative
background class. Since Axiom 5 holds for both background classes, it suffices
to consider an arbitrary embeddingζ : S → T between the sets of atoms of two
background structuresX andY, and to compare its (unique) extensions to standard
embeddings, our̂ζ : X → Y and the corresponding extensionζ̌ : X → Y in the
other background class.

Among the standard embeddings of the alternative background class are the
jX : X → S̃ that we found above, the analogousjY : Y → T̃, the inversej−1

Y :
T̃ → Y (by the proof of Proposition6), andζ̃ : S̃→ T̃ (by the requirements in the
proposition). By Axiom 2, the compositej−1

Y ◦ ζ̃ ◦ jX : X→ Y is also standard. It
agrees withζ on atoms, becausejX and jY leave all atoms fixed. So, by Axiom 5,
we must have

ζ̌ = j−1
Y ◦ ζ̃ ◦ jX.

Notice that this formula is just like the definition ofζ̂ except that it usesj’s instead
of i’s.

For each background structureX, defineαX = i−1
X ◦ jX, and notice thatαX

is an automorphism ofX (becauseiX and jX are isomorphisms) fixing all atoms



(becauseiX and jX do). Furthermore, the formulas forζ̂ andζ̌ combine to give

ζ̂ = αY ◦ ζ̌ ◦ αX
−1.

Thus, the automorphismsαX witness the claimed equivalence of the two back-
ground classes. �

Remark18. We indicate briefly, without proofs, a category-theoretic view of back-
ground classes. This material and subsequent category-theoretic remarks can be
skipped without damage to understanding the rest of the paper.

The unary function symbolAtomic (like any unary function symbol) deter-
mines a functor from the categoryΥ-Str of Υ-structures and embeddings to the
category Set of sets and embeddings (i.e., one-to-one functions). This functor
sends eachΥ-structureX to its set Atoms(X), and it sends each embeddingζ of
Υ-structures to its restriction to the atoms.

The first two axioms for background classes say that a background class and
its standard embeddings constitute a subcategoryK of Υ-Str. Axiom 3 says thatK
is a replete subcategory ofΥ-Str. Axiom 4 says that the restriction of the functor
Atoms toK is surjective on objects, and Axiom 5 says that it is fully faithful.

Notice that this category-theoretic expression of our axioms is almost iden-
tical to that in Remark 4.12 of [2]. The differences are (1) that we no longer
require background classes to be closed under intersections (but see Section7 and
particularly Remark29 below) and (2) that the subcategoryK need not be a full
subcategory ofΥ-Str, because not all embeddings are required to be standard.

Axioms 4 and 5 together imply that Atoms is an equivalence of categories
betweenK and Set, i.e., it is fully faithful and essentially surjective on objects.
(“Essentially surjective” means that every object of Set is isomorphic to one in
the image of Atoms.) In fact, they imply slightly more, because Axiom 4 requires
genuine surjectivity on objects, not merely essential surjectivity.2 As a result, we
get slightly better properties for the inverse functorB than we would get by just
using that Atoms is an equivalence. Specifically, we getB : Set→ K such that
B◦Atoms is naturally equivalent to the identity onK and Atoms◦B is equal (not
merely naturally equivalent) to the identity on Set. Note that such a functorB is
exactly what was assumed (and denoted by tildes) in Proposition17.

AlthoughB is not uniquely determined byK , it is determined up to natural
equivalence. Furthermore, two background classesK andK ′ are equivalent if
and only if the corresponding functorsB andB′ are naturally equivalent when
considered as functors from Set toΥ-Str.

2Because of Axiom 3, it would make no difference if we assumed only essential surjectivity in
Axiom 4. But this change, though quite natural from a category-theoretic viewpoint, would have
made the non-category-theoretic formulation of the axioms slightly more complicated.



Remark19. The category-theoretic formulation suggests a generalization of the
idea of backgrounds. Instead of starting with entirely unstructured sets, like the
reserve in abstract state machines, and describing what can be built over such a set
without introducing any structure on the set itself, we could begin with some sort
of structures, for example groups, and ask what can be built over them without
introducing anyadditionalstructure.

Taking groups as a typical example, we can consider vocabulariesΥ that have,
among the obligatory symbols, the multiplication, inversion, and identity symbols
of group theory. More precisely, these symbols are intended to denote a group
structure on the atoms and to produceundef when applied to non-atoms. Let
Υ-Mod be the category ofΥ-structures whose atomic parts are groups, with em-
beddings as morphisms, so that Atoms is a functor fromΥ-Mod to the category
Grp of groups.

Then a generalized background class for groups would consist of a replete
subcategoryK of Υ-Mod such that the restriction of Atoms toK is a natural
equivalence fromK to Grp.

6 Finitary Backgrounds

In this section we describe background classes where each element of a back-
ground structure is “caused” by a finite set of atoms.

Definition 20. A background class isfinitary if every element in every background
structure has a finite source.

To show that a background class is finitary, it suffices to find finite sources for
the non-obligatory non-atom elements of background structures, because, accord-
ing to parts (7) and (8) of Proposition11, the obligatory elements and the atoms
always have finite sources.

Proposition 21. For a finitary background class, every element of a background
structure has a smallest (with respect to⊆) core, and this core is finite.

Proof. Let x be an element of a background structureX. Finitariness and part (3)
of Proposition11 immediately imply thatx has a finite core. LetC be a core ofx
with the smallest possible number of elements. IfC′ is any other core ofx, then by
Proposition13C ∩C′ is also a core ofx. Since it cannot have smaller cardinality
thanC and sinceC is finite, it follows thatC ⊆ C′. Thus,C is the smallest core of
x. �

The proposition does not apply to sources in place of cores. Although an
element of a background structure will have sources of smallest possible (finite)



size, there may be many such minimal sources for the same element, so that none
of the sources is the smallest. For instance, in Example12, the minimal sources of
the non-obligatory non-atom are all singletons of atoms; as soon as a background
structure has at least two atoms, none of these sources is smallest.

We now describe some particular finitary background classes. Later, we shall
show that any finitary background class can be viewed, as far as the elements and
obligatory functions of the background structures are concerned, as being built
from these particular examples. It is convenient to assume here that all background
structures in the background classes under consideration satisfyfalse , undef.
All our considerations would also work under the opposite convention, but if we
adopted no convention at all then the background classesK [n,G, k] introduced in
the following example would need a fourth parameter (in addition ton, G, andk)
to specify howfalse andundef are to behave.

Example22. Let n andk be natural numbers, and letG be a subgroup of the group
of all permutations of[n] = {1,2, . . . ,n}. For any setS, define[n,G, k](S) to be
the structure, for the obligatory vocabulary, that has, in addition to the obligatory
elementstrue, false, andundef, the setS of atoms, and, if|S| ≥ n + k, the
equivalence classes of one-to-one mapsx : [n] → S under the orbit equivalence
relation induced byG. That is, ifg ∈ G, thenx ◦ g is equivalent tox. We write
x/G for the equivalence class ofx. If ζ : S→ T is an embedding of sets, then its
extensionζ̃ : [n,G, k](S) → [n,G, k](T) is defined in the obvious way on atoms
and obligatory elements and byζ̃(x/G) = (ζ ◦ x)/G on the “interesting” elements.
It is trivial to check that this extension is well-defined.

It is also trivial to check that by assigning to each setS the structure[n,G, k](S)
and to each embeddingζ of sets the embedding̃ζ of the corresponding structures,
we satisfy the hypotheses of Proposition17. According to that proposition, there
is a unique (up to equivalence) background class, which we callK [n,G, k], in
which each[n,G, k](S) is a background structure and eachζ̃ is a standard embed-
ding.

For an interesting elementx/G in [n,G, k](S), wherex : [n] → S, the smallest
core is the range ofx, and the sources are all supersets of the core that have at
leastn + k elements. Sincen andk are finite,K [n,G, k] is a finitary background
class.

Our goal in the rest of this section is to show how every finitary background
class can be regarded as built up from these particular examplesK [n,G, k].

Consider any finitary background classB. We shall writeB(S) for a back-
ground structure inB with S as its set of atoms. Recall that such a structure exists
by Axiom 4 and is unique up to unique standard isomorphism by Proposition8.
The particular choice ofB(S) in this isomorphism class can be made arbitrarily;
it will not matter for any of our work. In fact, we shall work directly only with



the background structuresB(S); our results can be transferred, via the standard
isomorphisms, to all the other background structures ofB. We intend to show
that the elements ofB(S) are in one-to-one correspondence with the elements of
a pseudo-disjoint union

⋃
i∈I [ni ,Gi , ki](S) for a certain index setI , certain natural

numbersni andki, and certain subgroupsGi of the group of all permutations of
[ni]. By “pseudo-disjoint” we mean that the obligatory elements and the atoms
of the various[ni ,Gi , ki](S) are to be identified, but the rest of the structures are
disjoint. All the parameters used in the pseudo-disjoint union representation,I ,
ni, Gi, andki, depend only on the given background class, not on the particularS.
Furthermore, the correspondences between the background structuresB(S) of the
given class and the pseudo-disjoint unions (though not quite canonical — there
are some arbitrary choices involved) commute with the standard embeddings of
the background classB and the various background classesK [ni ,Gi , ki]. In this
situation, we sometimes refer to the given background class itself (and not just the
individual structures in it) as having a pseudo-disjoint union representation.

According to pseudo-disjointness,
⋃

i∈I [ni ,Gi , ki](S) contains a singletrue, a
singlefalse, a singleundef, and a single setS of atoms. Our correspondences
identify these with thetrue, false, undef, and setS of atoms inB(S). So from
now on, we tacitly ignore obligatory elements and atoms, and we concentrate on
the interesting parts of the background structures.

Temporarily fix natural numbersn andk. Consider the setM(n, k) consisting
of those elementsu ∈ B([n + k]) that have no smaller source than[n + k] and that
have smallest core[n]. The symmetric group Sym(n) of all permutations of[n]
acts onM(n, k) as follows. Given a permutationπ of [n], extend it arbitrarily to a
permutation, still calledπ, of [n + k], and let it act on anyu ∈ M(n, k) by sending
it to π̂(u). This π̂(u) does not depend on how we extendedπ to a permutation of
[n + k] because[n] is a core ofu. Furthermore,̂π(u) ∈ M(n, k); it has the right
sources and cores by parts (4) and (5) of Proposition11. It is easy to verify that
we have defined an action of Sym(n) on M(n, k). Let I (n, k) be the set of orbits of
this action. For eachi ∈ I (n, k), choose an elementui ∈ i. (The notationi for a
set may look strange here, but thesei’s will be the indices in the pseudo-disjoint
union promised in the preceding paragraph.) LetGi be the subgroup of Sym(n)
that mapsui to itself.

Now let n andk vary. DefineI to be the disjoint union over alln andk of
the setsI (n, k). For any i ∈ I , write ni and ki for the numbers such thati ∈
I (ni , ki). We now have all the ingredients involved in the pseudo-disjoint union⋃

i∈I [ni ,Gi , ki](S) that is to be in one-to-one correspondence withB(S). It remains
to exhibit the correspondenceC on the non-obligatory, non-atom elements and to
check that it commutes with standard embeddings.

Consider any non-obligatory non-atom element of[ni ,Gi , ki](S) for any i ∈ I .
It has the formx/Gi for some one-to-one mapx : [ni] → S, and |S| ≥ ni + ki,



according to the definition of[ni ,Gi , ki](S). Thus, we can extendx to an embed-
ding, which we still callx, from [ni + ki] into S. DefineC(x/Gi) to be x̂(ui). We
must check that this is well-defined. First, it does not depend on how we extended
x from its original domain[ni] to [ni + ki], because[ni] is a core forui. Second,
C(x/Gi) depends only on theGi-orbit x/Gi. To see this, we comparex with any
other elementx ◦ π of x/Gi; hereπ is an arbitrary element ofGi. We have already
extendedx to have domain[ni + ki], and we have also, in defining the action of
Sym(ni) on M(ni , ki), extendedπ to a permutation of[ni + ki]. The composition of
these extensions provides an extension ofx ◦ π to an embedding of[ni + ki] into
S. Using this in the definition ofC((x ◦ π)/Gi), we obtain

x̂ ◦ π(ui) = x̂(π̂(ui)) = x̂(ui),

becauseπ is in the subgroupGi of Sym(ni) fixing ui. Thus,C((x ◦ π)/Gi) =

C(x/Gi), as required for well-definedness ofC.
As a first step toward showing thatC is one-to-one, we consider an arbitrary

non-obligatory non-atomx/Gi in the i th component[ni ,Gi , ki](S) of our disjoint
union, and we show how knowledge of only the elementz = C(x/Gi) ∈ B(S)
suffices to recover the numbersni and ki. By definition, z = x̂(ui) and ui has
smallest core[ni]. By part (5) of Proposition11, the image3 x[ni] of this underx̂
is a core ofz, and, by part (7) of the same proposition, no proper subset ofx[ni]
can be a core ofz. Thus,ni is determined as the size of the smallest core ofz.

Furthermore, the very definition of source gives that the whole range ofx, i.e.,
x[ni +ki] is a source ofz. We claim thatzhas no source of smaller cardinality than
ni + ki. To see this, suppose, toward a contradiction, thatA ⊆ S is a source forz
and has size< ni + ki. Being a core ofz (by Proposition11, part (3)),A includes
the smallest corex[ni]. Recall that, in definingC(x/Gi), we extendedx : [ni] → S
arbitrarily to an embeddingx : [ni +ki] → S (and we showed that the choice of this
extension doesn’t affectC(x/Gi)). Taking advantage of this arbitrariness, we can
arrange thatA is a proper subset ofx[ni + ki]. But now part (6) of Proposition11
applies and tells us thatx−1[A] is a source forui. Sincex−1[A] is a proper subset of
[ni + ki], this contradicts the fact thatui ∈ M(ni , ki). This contradiction establishes
the claim thatni + ki is the smallest size of any source ofz. Thusz determines
ni + ki and therefore, since we already saw that it determinesni, it also determines
ki.

In the course of the preceding argument, we also showed thatz determines
x[ni], namely as the smallest core ofz. Any other one-to-one map ofy : [ni] → S
with y[ni] = x[ni] would be of the formx ◦ π for some permutation of[ni], so it
would be in the same orbiti ∈ I (ni , ki) asx. This shows thatzdetermines the index
i and thus also the groupGi.

3Our standard notation for images of sets, using square brackets, would givex[[n]] here, but
we use only one pair of brackets for aesthetic reasons.



Furthermore, if some othery/Gi ∈ [ni ,Gi , ki](S) is mapped byC to the same
z, then consider the permutationπ = x−1 ◦ y of [ni] (which makes sense because
x andy biject [ni] to the same subset ofS, namely the smallest core ofz). Since
x ◦ π = y, we have

x̂(π̂(ui)) = ŷ(ui) = z = x̂(ui),

and sincêx is one-to-one,̂π(ui) = ui. This means that̂π ∈ Gi and thereforex and
y = x ◦ π are in the same orbitx/Gi = y/Gi in [ni ,Gi , ki](S). This concludes the
proof thatC is one-to-one.

It remains to prove that it is surjective. For this purpose, consider an arbi-
trary z ∈ B(S). We must find somei ∈ I and somex/Gi ∈ [ni ,Gi , ki](S) with
z = C(x/Gi) = x̂(ui). The proof thatC is one-to-one gives us a good deal of
information about where to look fori and x. We know thatni must be the size
of the smallest core ofz and thatni + ki must be the smallest size of any source
of z. But we don’t yet knowi, so let us write simplyn andn + k for these two
numbers. Fix a sourceA of z of sizen + k; it includes the smallest coreB of z.
By definition of source,z is in the image of̂ where j is the inclusion map ofA
into S. Fix a bijection betweenA and[n + k] that sendsB onto[n]. This bijection
and its inverse, along with the inclusion mapj, show thatz is in the image of̂y
for some embeddingy : [n + k] → S that sends[n] onto B. Let v ∈ B[n + k] be
such that̂y(v) = z. By parts 4, 5, and 6 of Proposition11, v has smallest core[n]
and has no smaller source than[n + k]. That is,v ∈ M(n, k). Let i ∈ I (n, k) be its
orbit. Soni = n andki = k. We choseui from this orbit, so there is a permutation
π ∈ Sym(n) such thatv = π̂(ui). Then

z = ŷ(v) = ŷ(π̂(ui)) = C((y ◦ π)/Gi),

which establishes surjectivity.

Remark23. LetK be a background class andB : Set→ K an inverse for Atoms
as in Remark18. ThenK is finitary if and only ifB preserves directed colimits.

7 Smallest Sources

In [2], the definition of background class included the requirement that each ele-
ment of a background structure have a smallest source. In this section, we adapt
this requirement to our new, broader notion of background classes; that is, we
take into account the notion of standardness of embeddings. In contrast to [2],
we do not incorporate this requirement into the definition of background classes
but consider it as an additional property that a background class may or may not
possess.



Definition 24. By a least sourceof an elementx in a background structureX we
mean a sourceS ⊆ Atoms(X) for x in X that is a subset of every source forx in
X. A background structureX has least sourcesif each of its elements has a least
source. A background classhas least sourcesif each of its background structures
has least sources.

We begin by relating this notion of least sources to cores.

Proposition 25. Suppose an elementx of a background structureX has a least
sourceS and thatS is not all of Atoms(X). ThenS is also the least core ofx.

Proof. According to part 3 of Proposition11, S is a core forx. If there were
another core that is not a superset ofS, then, intersecting that core withS, we
would get, by Proposition13, a coreC that is a proper subset ofS. Choose an
elementa ∈ S−C and an elementb ∈ Atoms(X)−S. Letπ be the permutation of
Atoms(X) that interchangesa with b and fixes all the other atoms. The standard
automorphism̂π of X fixesx becauseπ fixes all elements of the coreC. By part 4
of Proposition11, π[S] is a source for̂π(x) = x. But a ∈ S − π[S], so this
contradicts the assumption thatS is the smallest source forx. �

Example26. Recall that an interesting elementx/G of a background structure
[n,G, k](S) has the range ofx as its smallest core and has as sources all supersets
of the core of size at leastn + k. Thus,x/G has a least source if and only if either
k = 0 or |S| = n + k. Since this criterion is independent of the particularx, it
is also the criterion for[n,G, k](S) to have least sources. The background class
K [n,G, k] has least sources if and only ifk = 0.

It follows easily that a finitary background class has least sources if and only if,
when it is represented by a pseudo-disjoint union of background classesK [ni ,Gi , ki]
as in the preceding section, all theki are zero.

To understand what is needed for the existence of least sources in a structure,
it is convenient to fix, for the time being, a background classB and a specific
background structureX in B. We shall consider elements ofX and their sources.
For any subsetS of Atoms(X), fix a background structureB(S) with S as its set
of atoms. (Recall that such a structure exists and is unique up to unique stan-
dard isomorphism.) The inclusion mapi : S → Atoms(X) induces a standard
embeddinĝı : B(S) → X. The image of this map, which is a submodel ofX iso-
morphic (viaı̂) to B(S), will be denoted by Smota(S). (The name is an acronym
for “submodelover theatoms” as well as being “atoms” backward.) Notice that
Atoms(Smota(S)) = S for all subsets of Atoms(X). A substructureY of X satisfies
Y = Smota(Atoms(Y)) if and only if it is the image of̂ı for some inclusion mapi.
We shall refer to such substructuresY, those of the form Smota(S), as thenatural
substructures ofX.



Remark27. It would seem reasonable to call them thestandardsubstructures ofX,
since they are obtained by means of standard embeddings. We refrain from doing
so, because that terminology could suggest that the inclusion map Smota(S)→ X
is a standard embedding, and this need not be the case. In fact, this inclusion
will be standard if and only if̂ı, which is of course a standard embedding of
B(S) into X, is also standard when considered as an isomorphism fromB(S)
to Smota(S). For an example (the simplest possible one) where these are not
standard, use the example in Subsection8.1below of a non-rigid background class
where each background structure has two non-obligatory non-atomsa andb, and
take advantage of the freedom (sincea andb are not named in the vocabulary) to
assign these labels differently inX and in a substructureY.

It follows immediately from the definitions that the elements of Smota(S) are
exactly thosex ∈ X for whichS is a source.

Notice also that Smota is monotone, i.e., forS ⊆ T ⊆ Atoms(X), we have
Smota(S) ⊆ Smota(T), because the inclusion mapi : S → Atoms(X) factors
through the inclusionj : T → Atoms(X) and sôı factors througĥ. (In view of
the connection between Smota and sources, this amounts to part (1) of Proposi-
tion 11.)

Proposition 28. The following are equivalent.

• X has least sources.

• The intersection of any family of natural substructures ofX is a natural
substructure.

• The operation Smota, from subsets of Atoms(X) to natural substructures of
X, preserves intersections.

Proof. First, let us assume (3). Then we obviously have (2), and we obtain (1) as
follows. Consider anyx ∈ X and letS0 be the intersection of all the sourcesS for
x. Sincex ∈ Smota(S) for each of these sources, (3) implies thatx ∈ Smota(S0).
That is,S0 is a source forx, and it is, because of its definition, clearly the least
source forx.

Conversely, let us assume (1) and prove (3). So letI be the intersection of
some familyF of subsets ofX; we must prove that Smota(I ) =

⋂
S∈F Smota(S).

The⊆ half of this follows from monotonicity of Smota, so it remains to prove the
⊇ half. Consider anyx ∈ ⋂

S∈F Smota(S), and, by assumption (1), letS0 be its
smallest source. EachS ∈ F is a source forx, soS0 ⊆ S. ThusS0 ⊆ I , which
means thatI is a source forx, as required.

Finally, we show that (2) implies (3). WithI andF as above, we must again
show that Smota(I ) =

⋂
S∈F Smota(S), this time using (2) rather than (1). By (2),



⋂
S∈F Smota(S) is a natural substructure, say Smota(J), and all we must show is

that J = I . But, since the operation Atoms clearly preserves intersections, we
have

J = Atoms(Smota(J)) = Atoms(
⋂

S∈F
Smota(S))

=
⋂

S∈F
Atoms(Smota(S)) =

⋂

S∈F
S = I , (1)

and the proof is complete. �

Remark29. LetK be a background class andB : Set→ K an inverse for Atoms
as in Remark18. ThenK has least sources if and only ifB preserves intersections.

8 Constructivity

We use “constructivity” as a general term for the idea that the elements of a back-
ground structure are somehow constructed from the atoms. In a very abstract
sense, such an idea is already present in Axiom 5 for background classes, ac-
cording to which a standard embedding between two background structures is
completely determined by its action on atoms. In this section, we are concerned
with stricter and more concrete notions of constructivity, notions that can be ex-
pressed with reference only to the structures, not to the standard embeddings.
(Such notions may, however, have equivalent formulations in terms of standard
embeddings.) The idea is that the functions of the vocabulary should suffice to
construct all the elements of a background structure from the atoms, or at least
should show how the atoms determine the remaining elements. We present sev-
eral such notions of constructivity, in order of increasing strength, indicating some
equivalent characterizations as well as examples showing that the strength is really
increasing.

8.1 Rigid

We call a structurerigid relative to atomsif the only automorphism that fixes all
the atoms is the identity map. Equivalently, if we expand the vocabulary by adding
names for all the atoms, then the resulting structure is rigid, meaning that it has
no non-trivial automorphisms. We call a background classrigid relative to atoms
if each of its background structures is rigid relative to atoms.

Although the definition of rigidity relative to atoms refers only to the back-
ground structures, not to the standard embeddings, Proposition7 provides an



equivalent characterization in terms of standard embeddings, namely that all iso-
morphisms between background structures are standard.

Rigidity relative to atoms is the weakest of the constructivity notions that we
shall consider, but it is not trivial. That is, not all background classes are rigid
relative to atoms. For a counterexample, consider a background class whose back-
ground structures each have, in addition to atoms and obligatory elements, exactly
two other elements, arbitrarily labeleda andb. The vocabulary, however, contains
only the obligatory symbols, not names fora andb. Define the standard embed-
dings to be those embeddings between background structures that map thea of the
domain to thea of the range (and therefore also mapb to b). This defines a back-
ground class. It is not rigid, because every background structure has a non-trivial
(and non-standard) automorphism that fixes all the atoms and obligatory elements
but interchangesa with b.

The need for a non-trivial notion of equivalence (Section5) is due to the pos-
sible lack of rigidity relative to atoms. The following proposition exhibits the
connection between the two.

Proposition 30. LetK andK ′ be two background classes, at least one of which
is rigid. ThenK andK ′ are equivalent if and only if they are equal.

Proof. Of course equality implies equivalence, so we prove the converse, assum-
ing without loss of generality thatK is rigid. As the two background classes are
equivalent, they have the same background structures; we must show that they
have the same standard embeddings. LetαX for X ∈ K be automorphisms as re-
quired by the definition of equivalence; thusζ : X → Y is standard inK if and
only if αY◦ζ◦αX

−1 is standard inK ′. By rigidity, we know that eachαX is standard.
But, as required in the definition of equivalence,αX fixes all the atoms ofX. By
Axioms 1 and 5, it follows thatαX = IdX for all X, and thereforeαY ◦ ζ ◦αX

−1 = ζ.
Thus,ζ is standard inK if and only if ζ is standard inK ′. �

8.2 All embeddings standard

A stronger notion of constructivity is obtained by requiring not only all auto-
morphisms but all embeddings between background structures to be standard. A
background class with this property satisfies the axioms for background classes in
[2] provided it has least supports.

An equivalent characterization that doesn’t mention standardness is that any
embedding between background structures is determined by its restriction to the
atoms. In other words, no two distinct embeddings between the same background
structures can agree on all atoms. That this characterization is equivalent to stan-
dardness of all embeddings follows immediately from the existence and unique-



ness of a standard embedding between background structures extending any given
embedding between the atoms.

To see that this form of constructivity is strictly stronger than rigidity relative
to atoms, it suffices to consider the example from [2] discussed in Section3 above,
where the non-obligatory non-atom elements of a background structure are the
hereditarily finite sets over the atoms. As discussed above, this class fails to sat-
isfy the axioms of [2], but it can be made to satisfy the axioms of the present paper
by a suitable, natural choice of standard embeddings. Some non-standard embed-
dings between background structures, noticed by Yavorskaya, were described in
Section3. Yet it is easy to check that the only automorphisms of these background
structures are the standard ones. Thus, this example is rigid relative to atoms but
not all embeddings are standard.

In the following subsections, we shall consider even stronger notions of con-
structivity. So we can, in these subsections, omit “standard” as all embeddings
will be standard.

8.3 Atom generated

As in [2], we call a structureX explicitly atom-generatedif the smallest (and
therefore the only) substructure containing all the atoms isX itself. Recall that,
in any structureX, the smallest substructure that includes some given subsetA
consists of all the values, inX, of terms when the variables are assigned values
in A. Equivalently, it consists of the values of closed terms after we enrich the
vocabulary by adding names for all elements ofA. In particular, a structureX is
explicitly atom-generated if all its elements can be obtained as values of terms
when the variables are assigned atoms as values.

We call a background classexplicitly atom-generatedif all its background
structures are. This property easily implies the property considered in the pre-
ceding subsection, namely that an embedding between background structures is
determined by what it does to the atoms. Indeed, if two embeddingsζ, η : X→ Y
agree on the atoms, then{x ∈ X : ζ(x) = η(x)} is (the base set of) a substructure of
X containing all the atoms, so it must be all ofX.

The converse does not hold. There are background classes in which all embed-
dings are standard but not all background structures are explicitly atom-generated.
A simple example is given by Example12. (It makes no difference for our current
purpose that the empty set of atoms is treated differently in this example; we could
equally well have one non-obligatory non-atom in all background structures, even
when there are no atoms.) The non-obligatory non-atom is not the value of any
term with atoms as values of the variables. Yet all embeddings respect it, and so
all embeddings are determined by their restrictions to atoms.

For a less trivial example, define a background class by letting the non-obligatory



non-atom elements of any background structure be in one-to-one correspondence
with the atoms, and let the vocabulary include a unary function symbolf denoting
a bijection from these elements to the atoms. Then the background structures are
not explicitly atom-generated (except when the set of atoms is empty), essentially
because the vocabulary doesn’t provide a symbol forf −1. Yet an embedding be-
tween two such background structures is determined by what it does to the atoms,
because it must preservef .

The same idea provides an even less trivial example, in which the non-obligatory
non-atoms are ordered pairs of atoms, and the vocabulary has non-obligatory sym-
bols only for the projection functions〈x, y〉 7→ x and〈x, y〉 7→ y, not for the pairing
functionx, y 7→ 〈x, y〉. Similar examples can be constructed along the same lines,
by including deconstructors but not constructors in the vocabulary.

8.4 Freely atom generated

In the situation of the preceding subsection, each element of a background struc-
tureX can be named by a term of the vocabulary enriched with constant symbols
for all the atoms ofX. This does not, however, fully describe what the elements
of X are. The problem is that a single element may have many names; for a full
description of the base set ofX we would need to say under what circumstances
two names denote the same element. In this subsection, we consider one simple
and useful form in which such information could be available, namely identities
satisfied by our names, or by a suitable subfamily of them.

As in universal algebra, we use “identity” to mean a formula of the formt = t′,
wheret and t′ are terms. By aninstanceof this identity, we mean any formula
obtained by substituting other terms for the variables; it is aclosedinstance if
it contains no variables. Semantically, an identity is interpreted as universally
quantified. That is, an identity holds in a structure if and only if it is true for all
assignments of values to its variables. Thus, for example, an identity semantically
entails all its instances.

We say that anΥ-structureX is freely atom-generatedvia a subsetΓ of the
vocabularyΥ and a setΣ of identities over the vocabularyΓ if

• all elements ofX are values of closed terms in the vocabularyΓ enriched
with names for all atoms, and

• two such terms have the same value inX if and only if this equality is a
consequence of the identities inΣ.

In particular, such a structure is explicitly atom-generated (even using onlyΓ

rather than all ofΥ). In addition, Σ provides a criterion for when two names
should denote the same element. Although this criterion was formulated in terms



of the semantic notion of consequence, there is an equivalent syntactic formula-
tion. Specifically, an identity is a consequence ofΣ if it can be obtained fromΣ

by instantiation and rules of inference that embody the information that equality
is an equivalence relation and is preserved by all the functions.

We say that a background class isfreely atom-generatedvia Γ and Σ if all
its background structures are. The practical significance of this concept is that it
provides quite explicit control over the elements of background structures, at least
whenΣ is reasonably simple.

Not every explicitly atom-generated background class is freely atom-generated.
Consider, for example, the following admittedly artificial background class. The
non-obligatory non-atoms in any background structure are the exactly three-element
sets of atoms and the ordered pairs of atoms. (Strictly speaking, this describes one
representative of the relevant isomorphism class; the rest is obtained as in Propo-
sition 17.) The vocabulary has one non-obligatory symbol, a ternary function
f . Its values in any background structure areundef except in the following two
situations.

• If x, y, zare three distinct atoms, thenf (x, y, z) = {x, y, z}.

• For any atomsx andy, f (x, x, y) = 〈x, y〉.

It is clear that these background structures are explicitly atom-generated, since
f provides access to all the non-obligatory non-atoms. If we try to findΓ and
Σ to make this class freely atom-generated, then we see first thatΓ must contain
f , for without f we cannot name the sets or pairs. Next, wheneverx, y, z are
distinct atoms, thenf (x, y, z) = f (x, z, y) must be a consequence ofΣ. The only
way for this to happen is for this identity to be a consequence ofΣ even with
variables in place of the atomsx, y, z. But then it is also a consequence ofΣ that
f (x, y, x) = f (x, x, y) for any atomsx, y. Whenx , y, this givesundef = 〈x, y〉,
which isn’t true in our background structures. Thus, this background class is not
freely atom-generated; in fact, none of its background structures with three or
more atoms is freely atom-generated.

In this example, the failure of free atom-generation can be traced to what might
be viewed as a defect in the semantics of identities, namely that one must treat
all instances together, not for example just those instances where the variables
are given distinct values. More generally, one might want to impose other sorts
of conditions on the instantiations, for example that the values of variables be
atoms. The example would disappear if we could impose the identityf (x, y, z) =

f (x, z, y) and others like it subject to the condition thatx, y, z are distinct atoms.
Unfortunately, such an interpretation does not lend itself to as simple a deductive
calculus as the usual interpretation of identities does. In particular, one would



need a way of deducing non-equations, to be used in verifying the distinctness
hypotheses that could be imposed on identities.

Other variants of free atom-generation may also be desirable from the point
of view of doing (or analyzing) computations in background sructures. IfΓ is not
all of Υ, then it would be useful to have, in addition to the names and information
about equality between their values, a description, in terms of ourΓ-names, of the
functions inΥ − Γ. That is, it would be useful to have a calculus for deducing
information of the formf (t1, . . . , tk) = t0, wheref is ak-ary function symbol from
Υ − Γ and where theti are terms overΓ (possibly with free variables). We do not
pursue this additional desideratum here, since our primary interest in this section
is constructing the elements of background structures from the atoms.

8.5 Absolutely freely atom generated

Absolutely free atom-generation is the special case of free atom-generation where
the setΣ of identities is empty. In this case, two names overΓ enriched by constant
symbols for the atoms will have the same value if and only if they are syntactically
identical. A background structure can then be regarded (up to isomorphism) as
simply consisting of the names. Such a structure is often called an Herbrand
universe (with respect to the enrichedΓ).

There are natural examples of freely but not absolutely freely generated back-
ground classes. For one example, let the non-obligatory non-atom elements of
any background structure be obtained by iterating the “list of” construction, start-
ing with the atoms and obligatory elements. That is, the structure contains the
atoms, the obligatory elements, and all finite sequences of its elements. Let the
vocabulary contain a nullary functionnil (to be interpreted as the empty list), a
unary functionf (to be interpreted as sending anyx to the one-element sequence
〈x〉) and a binary operation∗, to be interpreted as concatenation. Then each back-
ground structure is freely atom-generated viaΓ = {true, false, undef, nil, f , ∗}
andΣ consisting of the associative law for∗ and the laws saying thatnil is a two-
sided identity element for∗. Absolutely free generation would require getting rid
of all these laws, so that instead of lists we would have ordered binary trees.

8.6 Constructivization

The constructivity properties of some background classes can be improved by
adding suitable new functions to the vocabulary, with suitable interpretations in
the background structures. In this section, we discuss the possibility of achiev-
ing explicit atom-generation in this manner. What makes this task, which we
call constructivization, non-trivial is that the same new function symbols must
be interpreted in all of the background structures, and the interpretations must be



preserved by the standard embeddings (so that these remain embeddings for the
enlarged vocabulary).

If a background class admits a constructivization of this sort, then it must be
finitary. Indeed, any elementx in any background structureX is the value of some
term t for some assignment of atoms as values to the (finitely many) variables in
t. Then the set of atoms assigned to the variables is a source forx.

Any finitary background class admits a constructivization, provided we allow
an infinite vocabulary. To see this, represent the background class as the pseudo-
disjoint union, indexed by a setI , of background classesK [ni ,Gi , ki] and let the
vocabulary contain, for eachi ∈ I , an(ni + ki)-ary function symbolfi, interpreted
in background structures as follows. Let(~a, ~b) be any(ni + ki)-tuple of elements
of a background structureX, with the firstni components constituting~a and the
remainingki constituting~b. If at least one component in(~a, ~b) is not an atom or if
some two components are equal, thenf X

i (~a, ~b) = undef. Otherwise, regard theni-
component vector~a as a (one-to-one) map[ni] → Atoms(X), and definef X

i (~a, ~b)
as~a/Gi ∈ [ni ,Gi , ki](Atoms(X)), or, more precisely, as the element ofX that cor-
responds to~a/Gi in the pseudo-disjoint union representation ofX. From the fact,
proved in Section6, that standard embeddings commute with this representation,
it follows that they also commute with these new functionsfi. So adding the
fi to the vocabulary does not require any changes in the notion of standard em-
bedding; we still have a background class, and thefi ensure that it is explicitly
atom-generated.

If, on the other hand, we insist that vocabularies be finite, then the preced-
ing constructivization is not available whenI is infinite. Indeed, in such a case,
we cannot arrange for all elements of background structures to be obtained by
applying functions of the structure directly to atoms. Nevertheless, in favorable
circumstances, we can achieve explicit atom-generation with finitely many func-
tions by using compositions of these functions.

A typical and useful example is given by the set background, the example of
Section 5.1 in [2] as corrected by using our new notion of background class. The
non-obligatory non-atoms of a background structure are the hereditarily finite sets
over the atoms, and the standard embeddings act on sets by acting (recursively)
on their elements. This background is finitary, since a hereditarily finite set in-
volves only finitely many atoms. But its pseudo-disjoint representation in terms
of K [n,G, k] classes involves infinitely many components. Indeed, there are in-
finitely many components just of the formK [0,Sym(0),0], one for every pure set.
(Pure sets are sets involving no atoms, like∅, {∅}, etc.) Nevertheless, this back-
ground class can be constructivized, for example by adding a constant symbol for
∅ and a binary function symbol forx ∪ {y}. Iterated application of this binary
function to atoms and∅ suffices to generate all the hereditarily finite sets.



Not all finitary background classes admit constructivization with finitely many
new functions. Here is a counterexample. Define the background structures to
consist of the obligatory elements, the atoms, and those tuples~a of atoms such
that

• all components of~a are distinct, and

• the length of~a is of the formn! for some positive integern.

There are no non-obligatory function symbols in the vocabulary. Standard embed-
dings act componentwise on tuples. This is a finitary background class with least
sources; the minimal source and core of a tuple is the set of its components. So
the cardinalities of all nonempty cores are of the formn!. Now suppose we had a
constructivization involving only finitely many functions. Letr be the largest of
their arities. Consider what happens when any one of these functions, sayf , is
applied to arguments whose least sources have sizer! or less. Sincef has arity at
mostr, there is a set of size at mostr · r! that is a source for all of the arguments
simultaneously and therefore also for the value off . Sincer · r! < (r + 1)!, the
least source of the value off has size< (r + 1)! and therefore≤ r!. That is, in any
background structure, the set of elements whose least source has size at mostr! is
closed under all of our functions. Therefore, even by composing these functions,
we can never produce, from the atoms, any of the tuples of length> r!.
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