Chapter 1
A Computational Network !

Abstract In previous chapters we have discussed various deep learning mod-
els for automatic speech recognition (ASR). In this chapter we introduce the
computational network (CN), a unified framework for describing a wide range
of arbitrary learning machines, such as deep neural networks (DNNs), con-
volutional neural networks (CNNs), recurrent neural networks (RNNs) in-
cluding its long short term memory (LSTM) version, logistic regression, and
maximum entropy models. All these learning machines can be formulated
and illustrated as a series of computational steps. A CN is a directed graph
in which each leaf node represents an input value or a parameter and each
non-leaf node represents a matrix operation acting upon its children. We de-
scribe algorithms to carry out forward computation and gradient calculation
in the CN and introduce most popular computation node types used in a
typical CN.

1.1 Computational Network

There is a common property in the key models, such as deep neural net-
works (DNNs) [7, 24, 23, 31, 16, 13], convolutional neural networks (CNNs)
[19, 5, 17, 18, 2, 6, ?, 22, 1, 8, 21|, and recurrent neural networks (RNNs)
[14, 26, 27, 20, 25]. All these models can be described as a series of computa-
tional steps. For example, a one-hidden-layer sigmoid neural network can be
described as the computational steps listed in Algorithm 1.1. If we know how
to compute each step and in which order the steps are computed we have an
implementation of the neural network. This observation suggests that we can
unify all these models under the framework of computational network (CN),
part of which has been implemented in toolkits such as Theano [3], CNTK
[12] and RASR/NN [29]..

I This chapter has been published as part of the CNTK document [30]
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Algorithm 1.1 Computational Steps Involved in an One-Hidden-Layer Sig-
moid Neural Network
1: procedure ONEHIDDENLAYERNNCoOMPUTATION(X)

> Each column of X is an observation vector

2: T « whx

3: PO T 4+ BA) > Each column of B() is the bias b(1)
4: SM + o (PW) > o (.) is the sigmoid function applied element-wise
5 T® «wsl)

6: P? + T® 4 B®@ > Each column of B(® is the bias b(2)
7 O + softmax (P(z)) > Apply softmax column-wise to get output O
8: end procedure

A computational network is a directed graph {V,E}, where V is a set of
vertices and E is a set of directed edges. Each vertex, called computation
node, represents a computation operation. Vertices with edges toward a com-
putation node are the operands of the associated computation and sometimes
called the children of the computation node. Here the order of operands mat-
ters for some operations such as matrix multiplication. Leaf nodes do not
have children and are used to represent input values or model parameters
that are not result of some computation. a CN can be easily represented as
a set of computation nodes n and their children {n : ¢y, - ,ck, }, where K,
is the number of children of node n. For leaf nodes K, = 0. Each computa-
tion node knows how to compute the value of itself given the input operands
(children).

Figure 1.1 is the same one-hidden-layer sigmoid neural network represented
as a CN in which each node n is identified by a {nodename : operatortype}
pair and takes its ordered children as the operator’s inputs. From the figure,
we can observe that in CN there is no concept of layers. Instead, computation
node is the basic element of operations. This makes the description of the
simple model such as DNN more cumbersome which can be alleviated by
grouping computation nodes together with macros. In return, CN provides
us greater flexibility in describing arbitrary networks and allows us to build
almost all models we are interested in within the same unified framework.
For example, we can easily modify the network illustrated in Figure 1.1 to
use rectified linear unit instead of sigmoid nonlinearity. We can also build a
network that has two input nodes as shown in Figure 1.2 or a network with
shared model parameters as shown in Figure 1.3.

1.2 Forward Computation

When the model parameters (i.e., weight nodes in Figure 1.1) are known,
we can compute the value of any node given the new input values. Unlike in
the DNN case, where the computation order can be trivially determined as
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Fig. 1.1 Represent the
one-hidden-layer sigmoid
neural network with a
computational network

Fig. 1.2 A computational
network with two input
nodes (highlighted).

Fig. 1.3 A computational
network with shared model
parameters (highlighted).
Here we assume the input
X, hidden layer S, and
output layer O have the
same dimension.
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layer-by-layer computation from bottom up, in CN different network struc-
ture comes with a different computation order. When the CN is a directed
acyclic graph (DAG) the computation order can be determined with a depth-
first traverse over the DAG. Note that in a DAG there is no directed cycles
(i.e., no recurrent loop). However, there might be loops if we don’t consider
edge directions for which Figure 1.3 is an example. This is because the same
computation node may be a child of several other nodes. Algorithm 1.2. de-
termines the computation order of a DAG and takes care of this condition.
Once the order is decided, it will keep the same for all the subsequent runs
regardless of the computational environment. In other words, this algorithm
only needs to be executed once for the node that we need to compute values
by caching the computation order. Following the order determined by Algo-
rithm 1.2, the forward computation of the CN is carried out synchronously.
The computation of the next node starts only after the computation of the
previous node has finished. It is suitable for environments where single com-
puting device, such as one GPGPU or one CPU host, is used, or the CN itself
is inherently sequential, e.g., when the CN represents a DNN.

Algorithm 1.2 Synchronous forward computation of a CN. The computa-
tion order is determined by a depth-first traverse over the DAG.

1: procedure DECIDEFORWARDCOMPUTATIONORDER(r00t, visited, order)
> Enumerate nodes in the DAG in the depth-first order.
> visited is initialized as an empty set. order is initialized as an empty queue

2: if root ¢ visited then > the same node may be a child of several nodes.
3: visited <— visited U root

4: for each c € root.children do

5: call DEcIDEFORWARDCOMPUTATIONORDER(c, visited, order)

6: order < order 4 root > Add root to the end of order
7 end for

8: end if

9:

end procedure

The forward computation can also be carried out asynchronously with
which the order of the computation is determined dynamically. This can be
helpful when the CN has many parallel branches and there are more than
one computing device to compute these branches in parallel. Algorithm 1.3
describes an example algorithm that carries out the forward computation of a
CN asynchronously. In this algorithm, all the nodes whose children have not
been computed stay in the waiting set and those whose children are computed
stay in the ready set. At the beginning, all non-leaf descendents of root are
in the waiting set and all leaf descendents are in the ready set. The scheduler
picks a node from the ready set based on some policy, removes it from the
ready set, and dispatches it for computation. Popular policies include first
come first serve, shortest task first, and least data movement. When the
computation of the node finishes, the system calls the SIGNALCOMPLETE
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method to signal all its parent nodes that are still waiting. If all the children
of a node have been computed, the node is moved from the waiting set to
the ready set. Although not explicitly indicated in the Algorithm 1.3, the
SIGNALCOMPLETE procedure is called under concurrent threads and should
be guarded for thread safety. This algorithm can be exploited to carry out
computation on any DAG instead of just CN.

Algorithm 1.3 Asynchronous forward computation of a CN. A node is
moved to the ready set when all its children have been computed. A scheduler
monitors the ready set and decides where to compute each node in the set.

1: procedure SiaNaLCOMPLETE(node, waiting, ready)
> Called when the computation of the node is finished. Needs to be thread safe.
> waiting is initialized to include all non-leaf descendents of root.
> ready is initialized to include all leaf descendents of root.

2: for each p € node.parents A p € waiting do
3: p.numFinishedChildren + +
4: if p.numFinishedChildren == p.numChildren then
> all children have been computed
5: waiting < waiting — node
6: ready < ready U node
7 end if
8: end for
9: end procedure
10: procedure ScHEDULECOMPUTATION(ready)
> Called by the job scheduler when a new node is ready or computation resource
is available.
11: pick node € ready according to some policy
12: ready < ready — node
13: dispatch node for computation.

14: end procedure

In many cases, we may need to compute the value for one node and later for
another node given the same input values. To avoid duplicate computation of
shared branches, we can add a time stamp to each node and only recompute
the value of the node if at least one of the children has newer value. This can
be easily implemented by updating the time stamp whenever a new value is
provided or computed, and by excluding nodes whose children is older from
the actual computation.

In both Algorithms 1.2 and 1.3 each computation node needs to know
how to compute its value when the operands are known. The computation
can be as simple as matrix summation or element-wise application of sigmoid
function or as complex as whatever it may be. We will describes the evaluation
functions for popular computation node types in Section 1.4.
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1.3 Model Training

To train a CN, we need to define a training criterion J. Popular criteria in-
clude cross-entropy (CE) for classification and mean square error (MSE) for
regression as have been discussed in Chapter ?7. Since the training criterion
is also a result of some computation, it can be represented as a computation
node and inserted into the CN. Figure 1.4 illustrates a CN that represents
an one-hidden-layer sigmoid neural network augmented with a CE training
criterion node. If the training criterion contains regularization terms the reg-
ularization terms can also be implemented as computation nodes and the
final training criterion node is a weighted sum of the main criterion and the
regularization term.

| J: CrossEntropy |
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The model parameters in a CN can be optimized over a training set
S ={(x",y™) |0 < m < M} using the minibatch based backpropagation (BP)
algorithm similar to that described in Algorithm ??. More specifically, we im-
prove the model parameter W at each step ¢ + 1 as

Wt+1 < Wt — 5AWt, (].].)
where
1 My
AW, = — J(W;x™,y™ 1.2
t Mb ;th ( XY ) ’ ( )

and M, is the minibatch size. The key here is the computation of Vy, J (W;x™,y™)
which we will simplify as V{y. Since a CN can have arbitrary structure, we
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cannot use the exact same BP algorithm described in Algorithm ?? to com-
pute V%V.

A naive solution to compute V%V is illustrated in Figure 1.5, in which W)
and W) are model parameters. In this solution, each edge is associated with
a partial derivative, and

aJ av gv®) 8] gv® gv@

J —
Ve = 590 gve ow® T gve v awiD (1.3)
aJ avl) gv@
J —
Ve = VD gV oW @ (14)

This solution comes with two major drawbacks. First, each derivative
can have very high dimension. If V. € RM*N2 and W € RNsXN4 then
g—‘yv € R(N1xN2)x(N3xN1) This means a large amount of memory is needed

to keep the derivatives. Second, there are many duplicated computations. For
aJ _av®H
> oV 9V (2)

J
once for Viy (-

example is computed twice in this example, once for V%V(D and

aJ ar
ave ave
Yy ] V& |
avae ave
v v

Fig. 1.5 The naive gra-
dient computation in CN.
WO and W®) are model v Ve v
parameters and each edge B 2w O WO
is associated with a partial [ w2 [ wi
derivative.

Fortunately, there is a much simpler and more efficient approach to com-
pute the gradient as illustrated in Figure 1.6. In this approach, each node
n keeps two values: the evaluation (forward computation) result V, and
the gradient V; . Note that the training criterion J is always a scalar, If
V,, € RNXN2 then VJ € RM >Nz This requires significantly less memory
than that required in the naive solution illustrated in Figure 1.5. This ap-
proach also allows for factorizing out the common prefix terms and making

computation linear in the number of nodes in the graph. For example, %
is computed only once and used twice when computing % and % with

this approach. This is analogous to common subexpression elimination in a
conventional expression graph, only here the common subexpressions are the
parents of the nodes, rather than the children.
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Automatic differentiation has been an active research area for decades and
many techniques have been proposed (see [10] for a good summary). A simple
recursive algorithm for deciding the gradient computation order is shown in
Algorithm 1.4 to which a similar recursive algorithm for scalar functions has
been provided in [4] and [11]. This algorithm assumes that each node has a
ComputePartialGradient(child) function which computes the gradient of the
training criterion with regard to the node’s child child and is called in the
order that is decided by the algorithm. Before the algorithm is computed,
the gradient V? at each node n is set to 0, the queue order is set to empty,
and parentsLeft is set to the number of parents of each node. This function
is then called on a criterion node that evaluates to a scalar. Similar to the
forward computation, an asynchronous algorithm can be derived. Once the
gradient is known, the minibatch based stochastic gradient descend (SGD)
algorithm discussed in Chapter ?? and other training algorithms that depend
on gradient only can be used to train the model.

Alternatively, the gradients can be computed by following the reverse order
of the forward computation and calling each node’s parents’ ComputePartial Gradient(child)
function and passing itself as the child argument. This approach, however,
requires additional book keeping, e.g., keeping pointers to a node’s parents
which can introduce additional overhead when manipulating the network ar-
chitecture.

In many cases, not all the gradients need to be computed. For example,
the gradient with regard to the input value is never needed. When adapting
the model, some of the model parameters don’t need to be updated and thus
it is unnecessary to compute the gradients with regard to these parameters.
We can reduce the gradient computation by keeping a needGradient flag
for each node. Once the flags of leaf nodes (either input values or model
parameters) are known, the flags of the non-leaf nodes can be determined
using Algorithm 1.5, which is essentially a depth-first traversal over the DAG.
Since both Algorithms 1.2 and 1.5 are essentially depth-first traversal over
the DAG and both only need to be executed once they may be combined in
one function.
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Algorithm 1.4 Reverse automatic gradient computation algorithm. At the
top level node must be a training criterion node that evaluates to a scalar.

1: procedure DECIDEGRADIENTCOMPUTATIONORDER(node, parentsLeft, order)
> Decide the order to compute the gradient at all descendents of node.
> parentsLeft is initialized to the number of parents of each node.
> order is initialized to an empty queue.

2: if IsNotLeaf(node) then

3: parentsLe ftinode] — —

4: if parentsLeft[node] == 0 A node ¢ order then > All parents have been
computed.

5: order < order + node > Add node to the end of order

6: for each c € node.children do

7 call DECIDEGRADIENTCOMPUTATIONORDER(c, parentsLeft, order)

8: end for

9: end if

10: end if

11: end procedure

Algorithm 1.5 Update the needGradient flag recursively.

1: procedure UprpaTENEEDGRADIENTFLAG(r00t, visited)
> Enumerate nodes in the DAG in the depth-first order.
> visited is initialized as an empty set.
if root ¢ visited then > The same node may be a child of several nodes and
revisited.
3 visited <— visited U root
4 for each c € root.children do
5: call UPDATENEEDGRADIENTFLAG(c, visited, order)
6: if IsNotLeaf(node) then
7.
8

»

if node. AnyChildNeedGradient() then
node.needGradient < true

9: else

10: node.needGradient < false
11: end if

12: end if

13: end for

14: end if

15: end procedure

Since every instantiation of CN is task dependent and different, it is critical
to have a way to check and verify the gradients computed automatically. A
simple technique to estimate the gradient numerically is:

aJ N J (wij +€) — J (wij —€)
3w,;j - 2¢ ’

(1.5)

where w;; is the (4, j)-th element of a model parameter W, ¢ is a small con-
stant typically set to 10™%, and J (w;; + €) and J (w;; — €) are the objective
function values evaluated with all other parameters fixed and w;; changed to
w;; + € and w;; — €, respectively. In most cases the numerically estimated gra-
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dient and the gradient computed from the automatic gradient computation
agree to at least 4 significant digits if double precision computation is used.
Note that this technique works well with a large range of € values except ex-
tremely small values such as 1072% which would lead to numerical round-off
errors.

1.4 Typical Computation Nodes

For the above forward computation and gradient calculation algorithms to
work we have assumed that each type of computation node implements a
function FEvaluate to evaluate the value of the node given the values of its
child nodes, and the function ComputePartialGradient(child) to compute
the gradient of the training criterion with regard to the child node child
given the node value V,, (for simplicity we will remove the subscript in the
following discussion) and the gradient V;! of the node n and values of all its
child nodes.

In this section we introduce the most widely used computation node types
and the related Evaluate and Compute PartialGradient(child) functions. In
the following discussion we assume A is a scalar, X and Y are matrices of the
first and second operand, respectively, d is a column vector that represents
the diagonal of a square matrix, V is the value of current node, V; (or V¥,),
V¥, and V¥, are the gradient of the current node and child nodes (operands)
X and Y, respectively, e is the element-wise product, @ is the element-wise
division, o is the inner product of vectors applied on matrices column-wise,
® is inner product applied to each row, ¢ (.) is the Kronecker delta, 1,, , is
an m X n matrix with all 1’s, X¢ is element-wise power, and vec (X) is the
vector formed by concatenating columns of X. We treat each minibatch of
input as a matrix in which each column is a sample. In all the derivations of
the gradients we use the identity

aJ 0J Oumn

- B 7 1.6
8Z'ij oy 6Umn (91'2']' ( )

where vy, is the (m, n)-th element of the matrix V, and z;; is the (4, j)-th
element of matrix X.

1.4.1 Computation Node Types with No Operand

The values of a computation node that has no operand are given instead of
computed. As a result both Evaluate and ComputePartialGradient(child)
functions for these computation node types are empty.
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e Parameter: Used to represent model parameters that need to be saved as
part of the model.

o InputValue: used to represent features, labels, or control parameters that
are provided by users at run time.

1.4.2 Computation Node Types with One Operand

In these computation node types, Fvaluate = V (X) and Compute Partial Gradient(X) =
Vi
e Negate: reverse the sign of each element in the operand X.
V(X)«+ -X (1.7)
V& « V& -V (1.8)

The gradient can be derived by observing

OUmn, _ m=iAn=yj (1.9)
ascij 0 else
and
oJ 0J Ovupmn aJ
- = = — . 1.1
(‘3331374 Zn 8vmn 830” 8’Uij ( 0)

e Sigmoid: apply the sigmoid function element-wise to the operand X.

V(X —_— 1.11
(%) ¢ 1o (111)
Vi « Vi +VieVe(l-V). (1.12)
The gradient can be derived by observing
8’Umn: ’Uij(l—Uij) m=iAn=j (1 13)
Oz 0 else '
and
oJ 0J Oump oJ
- = i (1 —vi5) . 1.14
83%- oy 8vmn al’ij Gvij Yij ( v j) ( )

e Tanh: apply the tanh function element-wise to the operand X.
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Vix) e S
- 1.15
(%) ¢ s (115)
Vi « Vi +Vie(l-VeV). (1.16)
The gradient can be derived by observing
2 o o
AUnn _ l—v; m=iAn=j (1.17)
O0x;j 0 else
and
oJ 0J Oupmp aJ
- Umn (1-v2) (1.18)
8:% o 8Umn 85% avij

ReL U: apply the rectified linear operation element-wise to the operand X.

V (X) ¢+ max (0, X) (1.19)
Vi < Vg +V.ed(X>0). (1.20)

The gradient can be derived by observing

OVmn  J6(2i5>0) m=iAn=j (1.21)
or;; |0 else '
we have
oJ oJ v oJ
= LI §(x;: >0). 1.22
8xij 7;1 8vmn &rij (%Z-j ($] - ) ( )
Log: apply the log function element-wise to the operand X.
V (X) + log (X) (1.23)
1
A4 <—v-{<+v;{.§. (1.24)
The gradient can be derived by observing
1 _ _
OVmn _Jm; m=iAn=] (1.25)
0 0 else
and
aJ 0J Oupmy oJ 1
= = —_— 1.26
al‘ij 1; (%mn 8l‘ij 81)1']' Tij ( )

Ezp: apply the exponent function element-wise to the operand X.
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V (X) + exp (X) (1.27)
Vg « Vi +VieV. (1.28)

The gradient can be derived by observing

6vmn _ Vij M =1 An = j (1.29)
Oy 0 else
we have
0J 8 Omn DI
- = i 1.
0z i; o OV, 045 vy, Uij (1.30)

e Softmax: apply the softmax function column-wise to the operand X. Each
column is treated as a separate sample.

m; (X) < max z;; (1.31)
eij (X) "m0 (1.32)
57 (X) < > e (X) (1.33)
eij (X)
vi; (X) « 1.34
Vg « Vi + [VL-VioV]eV. (1.35)
The gradient can be derived by observing
6’Umn B Uij (1 — Uij) m_: ’L AN :j (1 36)
dryy —UmjVij n=yj .
0 else
we have
aJ 0J Ovmn aJ aJ
_ = = - ——Umj | Vij- 1.37
8zij mz,n (9Umn 89% <8U¢j ; a’Um]' J) J ( )
e SumElements: sum over all elements in the operand X.
v(X) > xy (1.38)
‘7j
Vg « Vi + V. (1.39)

The gradient can be derived by noting that v and V] are scalars,
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Jv
=1 1.40
. (1.40)
and
oJ aJ Ov aJ
= — = —_—. 1.41
axij ov 8:61‘]‘ ov ( )
L1Norm: take the matrix Ly norm of the operand X.
v (X) — Z |l‘”‘ (1.42)
0,J
V% + V% + Visen (X). (1.43)
The gradient can be derived by noting that v and V;! are scalars,
ov
e = sgn () (1.44)
and
oJ aJ o0 aJ
= v o_ sgn (z45) . (1.45)

oy~ dvdwy v

L2Norm: take the matrix Lo norm (Frobenius norm)of the operand X.

v(X) [ () (1.46)
4,J
1
Vi + Vx + -ViX. (1.47)
v

The gradient can be derived by noting that v and V] are scalars,

ov Tij
e~ v (1.48)
and
8J 9] dv  10J (1.49)

= — = ——Ty;.
0w Ov Oz;; v Ov J

1.4.3 Computation Node Types with Two Operands

In these computation node types, Evaluate = V (a,Y), where a can be X,
A or d, and ComputePartialGradient(b) = V{ where b can be X, Y or d.
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e Scale: scale each element of Y by A.

VANY)« Y
V{ + VY +vec (V3) o vec (Y)

n

Vi + Vi + AV,
The gradient V{ can be derived by observing

3Umn

O\ = Ymn

and

aJ 8J  Ovmm aJ
an ; Domm ON ; Do I

s

Similarly to derive the gradient V3, we note that

Omn _ JA m=iAn=j
0Yij )0 else

and get

oJ 0J vy oJ
= = )\
3%3‘ ; OUmn 33/11;’ 31}@3‘

15

(1.50)
(1.51)
(1.52)

(1.53)

(1.54)

(1.55)

(1.56)

e Times: matrix product of operands X and Y. Must satisfy X.cols =

Y .rows.

V(X,Y) « XY
V% + Vg +VaY?
VY Ve + XTIV

The gradient V3 can be derived by observing

6vmn _ {yjn m =1

0 i; 0 else
and
oJ 0J Ovmn aJ
&mj _;avmn 8:%- B - avmym'

Similarly to derive the gradient V¥, we note that

(1.57)
(1.58)
(1.59)

(1.60)

(1.61)
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OUmn _ JTmi on =3 (1.62)
0Yij 0 else '

and get
oJ aJ Ovmn oJ
oy ZL O Oyij %: OV ! ( )

o FElementTimes: element-wise product of two matrices. Must satisfy X.rows =

Y .rows and X.cols = Y .cols.

Vi (X,Y) = 24515 (1.64)
Vi < Vg +VieY (1.65)
Vi + Vi +VieX. (1.66)
The gradient Vy can be derived by observing
0 0 else
and
oJ 0J Oupy, oJ
— = = i 1.68
8x¢j Zn 8vmn 8yij 8vij Yii ( )

The gradient V¥, can be derived exactly the same way due to symmetry.

e Plus: sum of two matrices X and Y. Must satisfy X.rows = Y.rows. If
X.cols # Y.cols but one of them is a multiple of the other, the smaller
matrix needs to be expanded by repeating itself.

VXY) - X+Y

V& + V3

Vi + 11 v.rows Vi

V% + Vv cols

V% + 11V .rowsVily cols
VY + Vi

V{411 vrows Vi

Ve + Vilv.cosa

VY + 11 Vorows Va1V cols 1

Vi

Vi

(1.69)

X.rows = V.rows A X.cols = V.cols
X.rows =1 A X.cols = V.cols (1.70)
X.rows = V.rows A X.cols = 1
X.rows =1AX.cols =1

Y.rows = V.rows AN'Y.cols = V.cols
Y.rows =1AY.cols =V.cols
Y.rows = V.rows AN'Y.cols =1
Y.rows=1AY.cols =1

(1.71)

The gradient Vi can be derived by observing that when X has the same

dimension as V, we have



1.4 Typical Computation Nodes 17

OUmn _ 1 m=iAn=j (1.72)
0x;j 0 else
and
oJ oJ Ovmn oJ
= = 1.73
a(L'ij z;t 8’Umn 83%- 8vij ( )
If X.rows =1 A X.cols = V.cols we have
OUmn 1 n=j
= 1.74
Oxij {0 else ( )
and
oJ 0J Ovmn oJ
— = ]..
8331']' Zn 8’Umn 8$ij zm: 8’Umj ( 75)

We can derive Vy and V4, under other conditions similarly.

e Minus: difference of two matrices X and Y. Must satisfy X.rows =
Y .rows. If X.cols # Y .cols but one of them is a multiple of the other, the
smaller matrix needs to be expanded by repeating itself.

VXY)«X-Y (1.76)
V& + Vi X.rows = V.rows A X.cols = V.cols
V‘)]( - V;j( + 11J,v,mwsV£ X.rows =1 AN X.cols = V.cols (1.77)
Vk +Vilv.cois,1 X.rows = V.rows A X.cols = 1
V')]( + 11,V.mwser11v.cols,1 X.rows =1 A X.cols =1
vy -V Y .rows = V.rows A'Y.cols = V.cols
V{( - V?J;{ — 11jv,mw5V,J] Y.rows =1AY.cols = V.cols (1.78)
Vi — Vilvi.cols Y .rows = V.rows N'Y.cols = 1
V{, — 11,v_mw5Vﬂ1v_cols,1 Y.rows=1AY.cols =1

The derivation of the gradients is similar to that for the Plus node.

e DiagTimes: the product of a diagonal matrix (whose diagonal equals to
d) and an arbitrary matrix Y. Must satisfy d.rows = Y.rows.

vij (d,Y)  diyi; (1.79)
Vi< Vi+Viey (1.80)
V{ ¢ V4 + DiagTimes (d, VIJl) . (1.81)

The gradient V can be derived by observing
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OVmn Yin M =1
= 1.82
od; {0 else ( )
and
oJ 6vmn
1.
Z < QUpn O Z (%m (1.83)
Similarly to derive the gradient V¥, we note that
8vmn: di m=iAn=j (1.84)
0Yij 0 else
and get
oJ 0J Ovpy, _ aJ d, (1.85)

8yij - —— 8Umn 6yij 8vij

e Dropout: randomly set A percentage of values of Y to be zero and scale
the rest so that the expectation of the sum is not changed:

0 rand (0,1) < A
mg; (A) < {1 lse 1) (1.86)
I—x
Vi (A, Y) = mijys; (1.87)
v A=0
Vi « Vi + {VJ M else (1.88)

Note that A is a given value instead of part of the model. We only need
to get the gradient with regard to Y. If A = 0 then V = X which is a trivial
case. Otherwise it’s equivalent to the ElementTimes node with a randomly
set mask M.

e KhatriRaoProduct: column-wise cross product of two matrices X and Y.
Must satisfy X.cols = Y .cols. Useful for constructing tensor networks.

v;(XY) - x;0y (1.89)

V], « (V4] + [[v;{ Y (1.90)

] 'j:| X.rows,Y.rows

T
) X 1.91
} 'Ji| X.T'ows,Y.7'ows:| ’ ( )

V41, (941, + |72

where [X], . reshapes X to become an m x n matrix. The gradient Vi
can be derived by observing
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OVmn _ Jyr; n=jNi=m/Y.rows Ak =modulus(m,Y .rows) (1.92)
0z o else '
and

0J 0J Ovmn 0J
- = = i 1.93
amij ;L aU7nn axij %: avixy.rowerk,j Yks ( )

The gradient Vg can be derived similarly.

e (os: column-wise cosine distance of two matrices X and Y. Must satisfy
X.cols = Y.cols. The result is a row vector. Frequently used in natural
language processing tasks.

xy) o s (199
v (XY) — I 1.94
! [l fly 511
VL] (VL] + V] e | Y Tib (1.95)
Vsl = V%L + [Vl \ T Tl ~ e 2
VL] (VL] 4 [V e |2 Yatg (g 96)
V) = s+ Vel \ Tl ~ 1 P
The gradient Vy can be derived by observing
T
N T
8”' = TNyl ~ Pl =Y (1.97)
Tij 0 else
and
» T
Oij 4= 0vn Oy vy | Ixlllyall I Myl
_oJ Yij Tij V.5
T ouy | Isllysll xg)?] (199
J Y .5 [l

The gradient V3 can be derived similarly.

e ClassificationError: compute the total number of columns in which the
indexes of the maximum values disagree. Each column is considered as a
sample and ¢ is the Kronecker delta. Must satisfy X.cols = Y .cols.
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a; (X) + arg max &y (1.100)
b; (Y) < arg max yi; (1.101)
V6 Y) 36y (X) £ b, (Y)) (1.102)

This node type is only used to compute classification errors during the
decoding time and is not involved in the model training. For this reason,
calling ComputePartial Gradient(b) should just raise an error.

e SquareFError: compute the square of Frobenius norm of the difference X —
Y. Must satisfy X.rows = Y.rows and X.cols = Y .cols.

MxY)eéﬁOX—YNX—YF) (1.103)
V% + Vi + Vi (X-Y) (1.104)
VY« VE —VI(X-Y). (1.105)

Note that v is a scalar. The derivation of the gradients is trivial given

ov

v

e C(CrossEntropy: compute the sum of cross entropy computed column-wise
(over samples) where each column of X and Y is a probability distribution.
Must satisfy X.rows = Y.rows and X.cols =Y .cols.

R(Y) + log(Y) (1.108)

v (X,Y) + —vec(X) ovec (R (Y)) (1.109)
Vi < Vx — VaR(Y) (1.110)
Vi« Ve - Vi (X0Y). ( )

Note that v is a scalar. The gradient Vi can be derived by observing

ov

3:1:7;j

= —log (yi;) = —1i5 (Y) (1.112)

and

oJ 0J v o0J

Similarly to derive the gradient V¥, we note that



1.4 Typical Computation Nodes 21

v _ _y (1.114)
0Yij Yij
and get
9J _0J Ov  OJwy (1.115)

oyi; %53}@ T v Yij

o CrossEntropy WithSoftmaz: same as CrossEntropy except that Y contains
values before the softmax operation (i.e., unnormalized).

P (Y) < Softmax (Y) ( )
R (Y) « log (P (Y)) (1.117)

v (X,Y) + vec(X) ovec (R (Y)) (1.118)
Vi + Vx = VaR(Y) (1.119)

VY + V¥ +Va (P(Y) - X) (1.120)

The gradient Vy is the same as in the CrossEntropy node. To derive the
gradient V¢, we note that

ov

5y =P (Y) i (1.121)

and get

aJ 9dJ ov  9J
dyij v dyy; v (pij (Y) = wij) (1.122)

1.4.4 Computation Node Types for Computing Statistics

Sometimes we only want to get some statistics of the input values (either in-
put features or labels). For example, to normalize the input features we need
to compute the mean and standard deviation of the input feature. In speech
recognition we need to compute the frequencies (mean) of the state labels
to convert state posterior probability to the scaled likelihood as explained in
Chapter ??. Unlike other computation node types we just described, com-
putation node types for computing statistics do not require a gradient com-
putation function (i.e., this function should not be called for these types of
nodes) and often need to be precomputed before model training starts. Here
we list the most popular computation node types in this category.

e Mean: compute the mean of the operand X across the whole training set.
When the computation is finished, it needs to be marked so as to avoid
recomputation. When a minibatch of input X is fed in
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k + k+ X.cols (1.123)
1 k — X.col
v (X) A EX]'X.COZS,] + %’U (X) (1124)

Note here X.cols is the number of samples in the minibatch.

InvStdDev: compute the invert standard deviation of the operand X
element-wise across the whole training set. When the computation is fin-
ished, it needs to be marked so to avoid recomputation. In the accumula-
tion step

k < k+ X.cols (1.125)
1 - X.

v (X) EX]-X.cols,l + %v (X) (1.126)
1 - X.

w(X) « E(X°X)1+%w (X) (1.127)

When the end of the training set is reached,

v (w— (veu))'/? (1.128)
v 1low. (1.129)

PerDimMeanVarNorm: compute the normalized operand X using mean m
and invert standard deviation s for each sample. Here X is matrix whose
number of columns equals to the number of samples in the minibatch
and m and s are vectors that needs to be expanded before element-wise
product is applied.

V (X) + (X—m) es. (1.130)

1.5 Convolutional Neural Network

Convolutional neural network (CNN) [19, 5, 17, 18, 2, 6, ?, 22, 1, 8, 21]
provides shift invariance and is critical to achieve state-of-the-art performance
on image recognition. It has also been shown to improve speech recognition
accuracy over pure DNNs on some tasks [2, 1, 8, 21, 22]. To support CNN
we need to implement several new computation nodes.

Convolution: convolve element-wise products of a kernel to an image. An
example of convolution operations is shown in Figure 1.7, where the input
to the convolution node has three channels (represented by three 3 x 3
matrices) and the output has two channels (represented by two 2 x 2
matrices at top). A channel is a view of the same image. For example, an
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RGB image can be represented with three channels: R, G, B. Each channel
is of the same size.

There is a kernel for each output and input channel pair. The total number
of kernels equals to the product of the number of input channels C, and the
number of output channels C,,. In Figure 1.7 C, = 3, C, = 2 and the total
number of kernels is 6. Each kernel K, of input channel k& and output channel
¢ is a matrix. The kernel moves along the input with strides (or subsampling
rate) S, and S. at the vertical (row) and horizontal (column) direction, re-
spectively. For each output channel ¢ and input slice (4, j) (the i-th step along
the vertical direction and j-th step along the horizontal direction)

Upij (K,Y) = ZVGC (Kkg) o vec (Ykij) s (1131)
k

where Yp;; has the same size as Kp,.

This evaluation function involves many small matrix operations and can
be slow. Chellapilla et al. [5] proposed a technique to convert all these small
matrix operations to a large matrix product as shown at the bottom of Figure
1.7. With this trick all the kernel parameters are combined into a big kernel
matrix W as shown at left bottom of Figure 1.7. Note that to allow for the
output of the convolution node to be used by another convolution node, in
Figure 1.7 we have organized the conversion slightly differently from what
proposed by Chellapilla et al. [5] by transposing both the kernel matrix and
the input features matrix as well as the order of the matrices in the product.
By doing so, each sample in the output can be represented by O, xO, columns
of C, x 1 vectors which can be reshaped to become a single column, where

I—K .
r=e 1 dd
Or = (zfimo;?m» 1o Pacdeins (1.132)
Rl 41 zero padding
is the number of rows in the output image, and
I.—K, .
e 41 dd
Oc = (Isjmoc—;K 2)) nops m.g (1.133)
g, =" +1 zeropadding

is the number of rows in the output image, where I,. and I, are, respectively,
the number of rows and columns of the input image, K, and K. are, respec-
tively, the number of rows and columns in each kernel. The combined kernel
matrix is of size C, X (O, x O, x C,), and the packed input feature matrix
is of size (O, x O, x C;) x (K, x K_.).

With this conversion the related computations of the convolution node
with operands W,Y become
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X (Y) « Pack (Y)
V (W)Y) « WX
Viv < Viy + vax”
Vg «— WIv!

V4 + V% + Unpack (Vg() .

1 Computational Network

Note that this technique enables better parallelization with large matrix
operations but introduces additional cost to pack and unpack the matrices.
In most conditions, the gain outweighs the cost. By composing convolution
node with plus nodes and element-wise nonlinear functions we can add bias
and nonlinearity to the convolution operations.

Traditional
convolution

Matrix
product

Output
features
1 1 2
1 2 0
Convolution
kernels
T2, 1
0 1) 3 Input
T---3 > features

X~

kernel matrix

! NN I _

Oy | vyt 1] 3 20 15

0. 1779420001 3 | =12 241736
<! V1h110 2
AN g2 2
N | /0N 2 0 3
VO Shr2v1 3 2
vollofe 1
Vlr2 o
M2 o0
Ni2ve 13
qoj1 33
/303 2

Input features  Output features

Fig. 1.7 Example convolution operations. Top: the original convolution operations. Bot-
tom: the same operations represented as a large matrix product. Our matrix organization
is different from what proposed by Chellapilla et al. [5] to allow for stacked convolution
operations. (Modified from the figure in Chellapilla et al. [5], permitted to use by Simard)

e MazPooling: apply the maximum pooling operation to input X inside a
window with size K, x K, for each channel. The operation window moves
along the input with strides (or subsampling rate) S, and S. at the ver-
tical (row) and horizontal (column) direction, respectively. The pooling
operation does not change the number of channels and so C, = C,. For
each output channel ¢ and the (¢, j)-th input slice Xy;; of size K, x K, we
have
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veij (X) « max (Xe;5) (1.139)
[VJ] - [V)J(]z,im n + [Vr{]z,im,jn (m,n) = arg maxm » xe(iinljfm)
X1 yim jn [Vijc]u i else .

where i, =1 X S, +m, and j, =j X S, + n.

e AveragePooling: same as MazPooling except average instead of maximum
is applied to input X inside a window with size K, x K, for each channel.
The operation window moves along the input with strides (or subsampling
rate) S, and S, at the vertical (row) and horizontal (column) direction,
respectively. For each output channel ¢ and the (3, j)-th input slice Xy;; of
size K, x K, we have

1
veij (X) K <K, Z-Té,im,jn (1.141)
r ¢ m,n
1
[VDJ(]&]' = [vgi]&j + K, <K, [vﬂeiw (1.142)

where i, =i X S, +m, and j, = j X S, + n.

1.6 Recurrent Connections

In the above sections, we assumed that the CN is a DAG. However, when there
are recurrent connections in the CN, this assumption is no longer true. The
recurrent connection can be implemented using a Delay node that retrieves
the value )\ samples to the past where each column of Y is a separate sample
stored in the ascending order of time.

v (NY) =Y oy (1.143)

(V] < [Vo], + [Val jon (1.144)

When j — A < 0 some default values need to be set for Y ;_»). The gradient
can be derived by observing

(1.145)

0 else

Omn _ J1 m=iAn=j+A
8%;‘

and

oJ 0J Ovmp oJ
- = = . 1.14
8%‘]‘ EL;L OUpn 33/1‘;‘ 8Uz'j+,\ ( 6)
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An example CN that contains a delay node is shown in Figure 1.8. Different
from the CN without a directed loop, a CN with a loop cannot be computed
for a sequence of samples as a batch since the next sample’s value depends
on the the previous samples. A simple way to do forward computation and
backpropagation in a recurrent network is to unroll all samples in the sequence
over time. Once unrolled, the graph is expanded into a DAG and the forward
computation and gradient calculation algorithms we just discussed can be
directly used. This, however, means all computation nodes in the CN need to
be computed sample by sample and would significantly reduce the potential
of parallelization.

0: Softmax |
Pl Plus
‘ T: Times B Weight |
W N 1
:Weight | 1} S Sigmoid D: Delay ||
| * ‘ |
| )
1l p9:plus |<—‘ T Times *— W Weight
e wp i —— I
P2 Plus
‘ T: Times B Weight |
[ W Weight X: Input |

Fig. 1.8 An example CN with a delay node. The shaded nodes form a recurrent loop
which can be treated as a composite node.

There are two approaches to speedup the computation of a CN with di-
rected loops. In the next two subsections, we will discuss them.

1.6.1 Sample by Sample Processing Only Within Loops

The first approach identifies the loops in the CN and only apply the sample-
by-sample computation for nodes inside the loops. For the rest of the com-
putation nodes all samples in the sequence can be computed in parallel as a
single matrix operation. For example, in Figure 1.8 all the nodes included in
the loop of T®) — PG — S 5 D — T®) need to be computed sample
by sample. All the rest of the nodes can be computed in batches. A pop-
ular technique is to identify the strongly connected components (SCC) , in
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which there is a path between each pair of vertices and adding any edges or
vertices would violate this property, in the graph using algorithms such as
Tarjan’s strongly connected components algorithm [28]2. Once the loops are
identified, they can be treated as a composite node in the CN and the CN is
reduced to a DAG. All the nodes inside each loop (or composite node) can
be unrolled over time and also reduced to a DAG. For all these DAGs the
forward computation and backpropagation algorithms we discussed in the
previous sections can be applied. The detailed procedure in determining the
forward computation order in the CN with arbitrary recurrent connections is
described in Algorithm 1.6. Since the input to the delay nodes are computed
in the past time they can be considered as the leaf if we only consider one
time slice. This makes the order decision inside loops much easier.

1.6.2 Processing Multiple Utterances Sitmultaneously

The second approach to speed up the processing in the recurrent CN is to
process multiple sequences in batch. To implement this, we need to organize
sequences in a way that the frames with the same frame id from different
sequences are grouped together as shown in Figure 1.9. By organizing se-
quences in this way we can compute multiple frames from different sequences
in batch when inside a loop and compute all samples in all utterances in
one batch when outside loops. For example, in Figure 1.9 we can compute 4
frames together for each time step. If sequences have different lengths, we can
truncate them to the same length and save the final state of the sequences
that are not finished yet. The remaining frames can be grouped with other
sequences for further processing.

With the inclusion of delay nodes, we can easily construct complicated
recurrent networks and dynamic systems. For example, the long-short-term-
memory (LSTM) [14, 9] neural network that is widely used to recognize and
generate hand-written characters involves the following operations:

=0 (W(”)xt + W, W, | + b“‘)) (1.147)
f,=0 (W(:zzf)xt +WHh, |+ W, | + b(f)) (1.148
ci =f, e ¢, +i; o tanh (W(“)xt +WeOn, |+ b<0>) (1.149

o =0 (W(”")xt + Whon, , + W, + b(")) (1.150

)
)
)
h; = o; e tanh (¢;), (1.151)

2 Tarjan’s algorithm is favored over others such as Kosaraju’s algorithm [15] since it only
requires one depth-first traverse, has a complexity of O (|V| + |E|), and does not require
reversing arcs in the graph.



28

1 Computational Network

A

Igorithm 1.6 Forward computation of an arbitrary CN

1

11:

12

13:

15:
16:
17:
18:
19:
20:
21:

22

23:
24:
25:
26:
27:
28:
29:
30:
31:
32:
33:

34:
35:
36:
37:
38:
39:
40:
41:

: procedure DEeCIDEFORWARDCOMPUTATIONORDERWITHRECCURENTLOOP(G =
(V,E))
StronglyConnected ComponentsDetection(G, G) > G’ is a DAG of strongly
connected components (SCC)
Call DecideForwardComputationOrder on G’ — order for DAG
forve G,veV do
Set the order of v equal the max order of the SCC V/ > This guarantee the
forward order of SCC is correct
end for
for each SCC V in G do
Call GetLoopForwardOrder(root of V) — order for each SCC
end for
return order for DAG and order for each SCC (loop)
end procedure
: procedure GETLOOPFORWARDORDER(r00t)
Treat all the delayNode as leaf and Call DecideForwardComponentionOrder
: end procedure
procedure STRONGLYCONNECTEDCOMPONENTSDETECTION(G = (V, E), DAG)

index = 0,S = empty

for v e V do
if v.index is undefined then StrongConnectComponents(v, DAG)
end if

end for

end procedure
: procedure STRONGCONNECTCOMPONENT(v, DAG)
v.index = index,v.lowlink = index, index = index + 1
S.push(v)
for (v,w) € E do
if w.index is undefined then
StrongConnectComponent(w)

v.lowlink = min(v.lowlink, w.lowlink)
else if w € S then
v.lowlink = min(v.lowlink, w.index)
end if
end for

if v.lowlink = v.index then » If v is a root node, pop the stack and generate an
SCC
start a new strongly connected component
repeat
w = S.pop()
add w to current strongly connected component
until w ==
Save current strongly connected component to DAG
end if
end procedure
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t=1 t=2 t=3 t= =5

| | | | |
\4 \ \ \4

Fig. 1.9 Process multiple sequences in a batch. Shown in the figure is an example with
4 sequences. FEach color represents one sequence. Frames with the same frame id from
different sequences are grouped together and computed in batch.

where o (.) is the logistic sigmoid function, i, f;, o;, ¢; and h; are vectors
with same size (since there is one and only one of each in every cell) to
represent values at time ¢ of the input gate, forget gate, output gate, cell, cell
input activation, and hidden layer, respectively, W’s are the weight matrices
connecting different gates, and b’s are the corresponding bias vectors. All the
weight matrices are full except the weight matrix W (%) from the cell to gate
vectors which is diagonal. It is obvious that the whole LSTM can be described
as a CN with following node types: Times, Plus, Sigmoid, Tanh, DiagTimes,
ElementTimes and Delay. More specifically, using these computational nodes,
the LSTM can be described as:
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HY = Delay (H) (1.152)
CY = Delay (C) (1.153)
TW = Macro2W1b(W@) X, W) H@ p®) (1.154)

I = Sigmoid (Plus (T(l), DiagTimes (d(Ci), C(d)))> (1.155)

T® = Macro3W1b (W(If),X,W(hf), HD, WEHe@, b<f>) (1.156)

F = Sigmoid (T(z)) (1.157)
TG) — Macro2W1b (W(”),X,W(hc), H®, b<0)) (1.158)
T® = ElementTime (F C<d>) (1.159)
T®) = ElementTimes (I, Tanh (T(S))> (1.160)

C = Plus (T<4>, T<5>) (1.161)
TO®) = Macro3W1b (W(”), X, W) g wioc, b<°>) (1.162)

O = Sigmoid (T<6>) (1.163)

H = ElementTime (0, Tanh (C)), (1.164)

where we have defined the macro Macro2W1b (W, 1M W2 1) b) as

SW = Plus (Times (W(l),l(l)) ,Times (W(Q),I(2)>X1.165)

Macro2W1b = Plus (s“), b) (1.166)

and macro Macro3W1b (W 1M, W@ 12 W) 19 b) as

S = Macro2W1b (W<1>,1<1>,W<2>,1<2>,b) (1.167)

Macro3W1b = Plus (S(l), Times (W(3), 1(3))) (1.168)

Using CN we can easily build arbitrary network architectures to solve
different problems. For example, it will be easy to add a masking layer to
reduce noises in the input features in an otherwise conventional DNN. CN
provides the needed tool to explore new speech recognition architectures and
we believe additional advancement in the field will attribute at least partially
to CN.
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