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Abstract. We present a new method to infer upper bounds on the inner-
most runtime complexity of term rewrite systems (TRSs), which benefits
from recent advances on complexity analysis of integer transition systems
(ITSs). To this end, we develop a transformation from TRSs to a gener-
alized notion of ITSs with (possibly non-tail) recursion. To analyze their
complexity, we introduce a modular technique which allows us to use
existing tools for standard ITSs in order to infer complexity bounds for
our generalized I'TSs. The key idea of our technique is a summarization
method that allows us to analyze components of the transition system
independently. We implemented our contributions in the tool AProVE,
and our experiments show that one can now infer bounds for significantly
more TRSs than with previous state-of-the-art tools for term rewriting.

1 Introduction

There are many techniques for automatic complexity analysis of programs with in-
teger (or natural) numbers, e.g., [1,2,4,11,13,14,16-18,23,26-28,34]. On the other
hand, several techniques analyze complexity of term rewrite systems (TRSs),
e.g., [7,8,12,19, 20, 24, 29, 32, 36]. TRSs are a classical model for equational
reasoning and evaluation with user-defined data structures and recursion [9].

Although the approaches for complexity analysis of term rewriting support
modularity, they usually cannot completely remove rules from the TRS after
having analyzed them. In contrast, approaches for integer programs may regard
small program parts independently and combine the results for these parts to
obtain a result for the overall program. In this work, we show how to obtain such
a form of modularity also for complexity analysis of TRSs.

After recapitulating TRSs and their complexity in Sect. 2, in Sect. 3 we in-
troduce a transformation from TRSs into a variant of integer transition systems
(ITSs) called recursive natural transition systems (RNTSs). In contrast to stan-
dard ITSs, RNTSs allow arbitrary recursion, and the variables only range over
the natural numbers. We show that the innermost runtime complexity of the
original TRS is bounded by the complexity of the resulting RNTS, i.e., one can
now use any complexity tool for RNTSs to infer complexity bounds for TRSs.

* Supported by DFG grant GI 274/6-1 and the Air Force Research Laboratory (AFRL).
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Unfortunately, many existing techniques and tools for standard ITSs do not
support the non-tail recursive calls that can occur in RNTSs. Therefore, in Sect. 4
we develop an approach to infer complexity bounds for RNT'Ss which can use arbi-
trary complexity tools for standard ITSs as a back-end. The approach from
Sect. 4 is completely modular, as it repeatedly finds bounds for parts of the
RNTS and combines them. In this way, our technique benefits from all advances
of any ITS tools, irrespective of whether they support non-tail recursion (e.g.,
CoFloCo [16,17]) or not (e.g., KoAT [13]). As demonstrated by our implementation
in AProVE [22], our contributions allow us to derive complexity bounds for many
TRSs where state-of-the-art tools fail, cf. Sect. 5. App. A presents improvements
to increase the precision when abstracting TRSs to RNTSs. All proofs can be
found in App. B.

2 Complexity of Term Rewriting

We assume basic knowledge of term rewriting [9] and recapitulate innermost
(relative) term rewriting and its runtime complexity.

Definition 1 (Term Rewriting [8,9]). We denote the set of terms over a
finite signature X and the variables V by T(X,V). The size |t| of a term t is
defined as |x| =1 ifx €V and |f(t1,...,tx)] =1 +Zf:1|ti\. A TRS R is a set
of rules {€1 = r1,..., by = 1} with £;,r; € T(X,V), £; €V, and V(r;) C V(¢;)
for all 1 < i < n. The rewrite relation is defined as s —x t iff there is a rule
{—r eR, aposition m € Pos(s), and a substitution o such that s|r = bo and
t = s[ro),. Here, lo is called the redex of the rewrite step.

Fortwo TRSs R and S, R/S is a relative TRS, and its rewrite relation —x /s
is =5 0 =R 0 =%, l.e., it allows rewriting with S before and after each R-step.
We define the innermost rewrite relation as s i%R/S tiff s =t s —-r s’ =5t
for some terms s',s"”, where the proper subterms of the redexes of each step with
—s or =g are in normal form w.r.t. RUS. We write S5 instead of %R/g

YRYUS = froot(f) | L—r € RUS} and VS = X\ VS are the defined (resp.
constructor) symbols of R/S. A term f(t1,...,tx) is basic iff f € X7V and ty, ...,
ty € T(EZRYS V). R/S is a constructor system iff £ is basic for all{ — r € RUS.

In this paper, we will restrict ourselves to the analysis of constructor systems.

Ezxample 2. The following rules implement the insertion sort algorithm.

isort(nil, ys) — ys (1) gt(0,y) — false (7
isort(cons(x, zs), ys) — isort(zs, ins(z, ys)) (2) gt(s(z),0) — true (8)
ins(z, n|I) — cons(z, nil) 3)  st(s(x),s(y)) — gt(z,y) (9)

ins(z, cons(y, ys)) — if(gt(z,y), x, cons(y, ys)) (4)

if (true, z, cons(y, ys)) — cons(y, ins(x, ys)) (5)

if (false, z, cons(y, ys)) — cons(z, cons(y, ys)) (6)

Relative rules are useful to model built-in operations in programming lan-
guages since applications of these rules are disregarded for the complexity of a
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TRS. For example, the translation from RAML programs [27] to term rewriting
in [8] uses relative rules to model the semantics of comparisons and similar op-
erations on RAML’s primitive data types. Thus, we decompose the rules above
into a relative TRS R/S with R = {(1),...,(6)} and S = {(7), (8), (9)}.*

In our example, we have X?VS = {isort, ins, if, gt} and XY = {cons, nil, s, 0,
true, false}. Since all left-hand sides are basic, R/S is a constructor system. An
example rewrite sequence to sort the list [2,0] is

t = isort(cons(s(s(0)), cons(0, nil)), n )—>R isort(cons(0, nil), ins(s(s(0)), nil)) f—>R
isort(cons(0, nil), cons(s(s(0)), nil)) - isort(nil, ins(0, cons(s(s(0)), nil))) —r
isort(nil, if (gt(0,s(s(0))), .. .,...)) s isort(nil,if(false,...,...))
isort(nil, cons(0, cons(s(s(0)), nil))) “+» cons(0, cons(s(s(0)), nil))

Note that ordinary TRSs are a special case of relative TRSs (where S = @).
We usually just write “TRSs” to denote “relative TRSs”. We now define the
runtime complexity of a TRS R/S. In Def. 3, w is the smallest infinite ordinal,
i.e., w > e holds for all e € N, and for any M C NU{w}, sup M is the least upper
bound of M, where sup @ = 0.

Definition 3 (Innermost Runtime Complexity [24,25,32,36]). The deri-
vation height of a term t w.r.t. a relation — is the length of the longest sequence
of —-steps starting with t, i.e., dh(t,—) = sup{e | It' € T(X,V). t =° t'}.
If t starts an infinite —-sequence, this yields dh(t,—) = w. The innermost
runtime complexity function ircgr s maps any n € N to the length of the longest
sequence of g /s-steps starting with a basic term whose size is at most n, i.e.,
ircr /s(n) = sup{dh(t, —>R/3) | t is basic, |t| < n}.

Ezample 4. The rewrite sequence fort in Ex. 2 is maximal, and thus, dh(t, —>R/5)
= 6. So the »s-step does not contribute to t’s derivation height. As |t| = 9, this
implies ircr ;s(9) > 6. We will show how our new approach proves 1rcR/3( n) €
O(n?) automatically.

3 From TRSs to Recursive Natural Transition Systems

We now reduce complexity analysis of TRSs to complexity analysis of recursive
natural transition systems (RNTSs). In contrast to term rewriting, RNTSs offer
built-in support for arithmetic, but disallow pattern matching. To analyze TRSs,
it suffices to regard RNT'Ss where all variables range over N. We use the signature
Yexp = {+,-} UN for arithmetic expressions and Xy = Xexp U {true, false, <, A}
for arithmetic formulas (“constraints”). We will also use relations like = in
constraints, but these are just syntactic sugar. To extend the rewrite relation
with semantics for these symbols, let [.] evaluate all arithmetic and Boolean

4 In this way, the complexity of gt is 0, whereas comparisons have complexity 1 with
the slightly more complicated encoding from [8]. Since this difference does not affect
the asymptotic complexity of Ex. 2, we use the simpler encoding for the sake of
readability.
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expressions in a term. So for example, [gt(1 + 2,5 + y)] = gt(3,5 + y) and
[3 > 5 A true] = false. We allow substitutions with infinite domains and call o a
natural substitution iff o(z) € N for all x € V.

Definition 5 (Recursive Natural Transition System). An RNTS over a
finite signature X with X N Ygn = D is a set of rules P = {{1 71 [p1], ...,
lp = 1y (o]} with €; = f(x1,...,2x) for f € X and pairwise different variables
Tl ey Tk, Ti € T(ZW Xep, V), constraints ¢; € T(Xgm, V), and weights w; €
T (Zexp, V). An RNTS P induces a rewrite relation sp on ground terms from
T(E W Lexp, @), where s p t iff there are £ = 1 [p] € P, © € Pos(s), and
a natural substitution o such that s|, = Lo, o] = true, m = [wo] € N, and
t = [s[ro]«]. We sometimes just write s —p t instead of s ~>p t. Again, let
YT ={root(l) | £ == r[p] € P} and XF = X\ X7 .

A term f(n1,...,ng) with f € X andnq,...,n; € N is nat-basic, and its size
is |f(n1,...,nk)| =14+n1 +...+ng. To consider weights for derivation heights,
we define dhw(t, —p) to be the mazimum weight of any —p-sequence starting
with t, i.e., dhw(tg, =p) =sup{d_;_;m; | IHt1,...,te € T(EW Zexp, @). Lo RUZ IS

AL te}. Then ircp maps n € N to the mazimum weight of any —p-
sequence starting with a nat-basic term whose size is at most n, i.e., ircp(n) =
sup{dhw(t, —p) | t is nat-basic, |t| < n}.

Note that the rewrite relation for RNTSs is “innermost” by construction, as
rules do not contain symbols from X below the root in left-hand sides, and they
are only applicable if all variables are instantiated by numbers.

The crucial idea of our approach is to model the behavior of a TRS by a
corresponding RNTS which results from abstracting constructor terms to their
size. Thus, we use the following transformation {-§ from TRSs to RNTSs.

Definition 6 (Abstraction {-§ from TRSs to RNTSs). For a TRS R/S,
the size abstraction {t§ of a term t € T(X,V) is defined as follows:

(z§ = = forx eV
Ut te)S = 1+t S+ ..+ kS if fe XRYS
Ut t)5 = F0S. . UtS) if f € ZRUS

We lift {-§ to rules with basic left-hand sides. For = f(ty,...,ty) witht1,... tx €
T(ZRYSV) and w € T (Xexp, V), we define

(L= rSe = fz, ..., xp) N {rS§ {/\5_1 x; =S A /\wEV(E) x> 1}

for pairwise different fresh variables 1, ...,x. For a constructor system R/S,
we define the RNTS {R/S§={l > r51 |[L=reR}U{U =15 |L—1eS}

Ezample 7. For the TRS R/S from Ex. 2, {R/S§ corresponds to the following
RNTS.
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isort(zs, ys) — ys [zs =1A...] (1)
isort(zs’, ys) |sort(xs ins(z, ys)) [z =1+x+asA..] (2"
|ns(:vy)1%2+x [ys =1A..] (3"
ins(z, ys') = if(gt(z,y), 2,95') [y =1+y+ysn..] (4)
|f(b:rys’)i>1—|—y—+—|ns(x ys) b=1Ays' =1+y+ysA...] (5)
if(b,z,ys') L 1+ a4 ys' b=1Ays'=1+y+ysA...] (6)
gt(x y) 51 [z =1A..] (7"
gt(z’,y) L1 [ =14+zAy=1A..] (8)
gt(x y)ggt( Y) [ =1+zAy =1+yAn..] (9)

In these rules, “A...” stands for the constraint that all variables have to be

instantiated with values > 1. Note that we make use of fresh variables like x
and s on the right-hand side of (2') to simulate matching of constructor terms.
Using this RNTS, the rewrite steps in Ex. 2 can be simulated as follows.

t' = isort(7, 1) % isort(3,ins(3, 1)) L isort(3, 5)
L isort(1,ins(1, 5)) —> isort(1,if(gt(1,3),1,5)) 2 isort(1,if(1,1,5))
L |sort(1,7) L7

For the nat-basic term t', we have |t'| = 1+ 7+ 1 = 9. So the above
sequence proves dhw(t',—p) > 6 and hence, ircp(9) > 6. Note that unlike
Ex. 2, here rewriting nat-basic terms is non-deterministic as, e.g., we also have
isort(7,1) % isort(2,ins(4,1)). The reason is that {-§ is a blind abstraction [10],
which abstracts several different terms to the same number.

[{-§] maps basic ground terms to nat-basic terms, e.g., [{ins(s(0), nil)§] =
fins(14+1,1)] = ins(2, 1). We now show that under certain conditions, dh(t, % s)
< dhw([{t5], —;®/s5) holds for all ground terms ¢, i.e., rewrite sequences of a TRS
R/S can be simulated in the RNTS {R/S§ resulting from its transformation. We
would like to conclude that in these cases, we also have ircg /s(n) < irc;r/s5(n).
However, irc considers arbitrary (basic) terms, but the above connection between
the derivation heights of t and [{¢§] only holds for ground terms t. For full rewrit-
ing, we clearly have dh(t, %) < dh(to, —x) for any substitution o. However,
this does not hold for innermost rewriting. For example, f(g(z)) has an infinite
innermost reduction with the TRS {f(g(z)) — f(g(z)),g(a) — a}, but f(g(a))
is innermost terminating. Nevertheless, we show in Thm. 9 that for constructor
systems R, dh(t, -»z) < dh(to, +z) holds for any ground substitution o.

However, for relative rewriting with constructor systems R and S, dh(t, Lr /8)
< dh(to, 1+ ,s) does not necessarily hold if S is not innermost terminating. To
see this, consider R = {f(z) — f(x)} and S = {g(a) — g(a)}. Now f(g(z))
has an mﬁnlte reduction w.r.t. —>R/5 since g(z) is a normal form w.r.t. RUS.
However, its instance f(g(a)) has the derivation height 0 w.r.t. 1+ /s, as g(a)
is not innermost terminating w.r.t. S and no rule of R can ever be applied. To
solve this problem, we extend the TRS S by a terminating variant N.
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Definition 8 (Terminating Variant). A TRSN is a terminating variant of S
iff B terminates and every N -normal form is also an S-normal form.

So if one can prove innermost termination of S, then one can use S as a ter-
minating variant of itself. For instance in Ex. 2, termination of S = {(7), (8), (9)}
can easily be shown automatically by standard tools like AProVE [22]. Otherwise,
one can for instance use a terminating variant {f(x1,...,zx) — t; | f € 25}
where for each f, we pick some constructor ground term t; € T(XRYS &), Now
one can prove that for innermost (relative) rewriting, the derivation height of a
term does not decrease when it is instantiated by a ground substitution.

Theorem 9 (Soundness of Instantiation and Terminating Variants).
Let R, S be constructor systems and N be a terminating variant of S. Then
dh(t, Hr,s) < dh(to, S g/ suny) holds for any term t where to is ground.

However, the restriction to ground terms ¢ still does not ensure dh(t, B /S)
< dhw([{t5], == s5)- The problem is that *+ /s can rewrite a term ¢ at position
7 also if there is a defined symbol below t|, as long as no rule can be applied to
that subterm. So for Ex. 2, we have isort(nil, if (true, 0, nil)) 55 if(true, 0, nil), but
(R/S§ cannot rewrite [{isort(nil,if (true, 0, nil))§] = isort(1,if(1,1,1)) since the if-
rules of {R/S§ may be applied only if the third argument is > 3, and the variables
in the isort-rule may be instantiated only by numbers (not by normal forms like
if(1,1,1)). This problem can be solved by requiring that R/S is completely
defined, i.e., that RUS can rewrite every basic ground term. However, this is too
restrictive as we, e.g., would like gt(true, false) to be in normal form. Fortunately,
(innermost) runtime complexity is persistent w.r.t. type introduction [6]. Thus,
we only need to ensure that every well-typed basic ground term can be rewritten.

Definition 10 (Typed TRSs (cf. e.g. [21,37])). In a many-sorted (first-
order monomorphic) signature X over the set of types Ty, every symbol f € ¥
has a type of the form 71 X ... X T, = T with 7, ..., Tk, T € Ty. Moreover, every
variable has a type from Ty, and we assume that V contains infinitely many
variables of every type in Ty. We call t € T(X,V) a well-typed term of type T
iff either t € V is a variable of type T or t = f(t1,...,tr) where f has the type
T X ... X T = T and each t; is a well-typed term of type 7;.

A rewrite rule £ — r is well typed iff € and r are well-typed terms of the same
type. A TRS R/S is well typed iff all rules of RUS are well typed. (W.l.o.g.,
here one may rename the variables in every rule. Then it is not a problem if the
variable = is used with type 71 in one rule and with type T2 in another rule.)

Ezample 11. For any TRS R/S, standard algorithms can compute a type as-
signment to make R/S well typed (and to decompose the terms into as many
types as possible). For the TRS from Ex. 2 we obtain the following type assign-
ment. Note that for this type assignment the TRS is not completely defined since
if (true, 0, nil) is a well-typed basic ground term in normal form w.r.t. RUS.

isort :: List x List — List 0 :: Nat gt :: Nat x Nat — Bool
ins :: Nat x List — List s:: Nat — Nat true, false :: Bool
if :: Bool x Nat x List — List nil :: List cons :: Nat x List — List
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Definition 12 (Completely Defined). A well-typed TRS R/S over a many-
sorted signature with types Ty is completely defined iff there is at least one con-
stant for each 7 € Ty and no well-typed basic ground term in RUS-normal form.

For completely defined TRSs, the transformation from TRSs to RNTSs is sound.

Theorem 13 (Soundness of Abstraction (-§). Let R/S be a well-typed,
completely defined constructor system. Then dh(t, i—>R/3) < dhw([{t5], —im/ss)
holds for all well-typed ground terms t. Let N be a terminating variant of S such
that R/(SUN) is also well typed. If R/(SUN) is completely defined, then we
have ircg ) s(n) < ircpr /(suns(n) for all n € N.

As every TRS R/S is well typed w.r.t. some type assignment (e.g., the one

with just a single type), the only additional restriction in Thm. 13 is that the
TRS has to be completely defined. This can always be achieved by extending
S by a suitable terminating variant N of S automatically. Based on standard
algorithms to detect well-typed basic ground terms f(...) in (R U §)-normal
form [30,31], we add the rules f(z1,...,2;) — ty to N, where again for each
f, we choose some constructor ground term t; € T(XRYS ). As shown by
Thm. 9, we have dh(t, L>R/3) < dh(to, i—>R/(SuN)) for any terminating variant
N, i.e., adding such rules never decreases the derivation height. So even if R/S
is not completely defined and just R/(SUN) is completely defined, we still have
irc/s(n) <ireg/suny(n) < ireir/suays(n)-
Ezxample 14. To make the TRS of Ex. 2 completely defined, we add rules for all
defined symbols in basic ground normal forms. In this example, the only such
symbol is if. Hence, for instance we add if (b, x, zs) — nil to S. The resulting TRS
S U {if(b,z, zs) — nil} is clearly a terminating variant of S. Hence, to analyze
complexity of the insertion sort TRS, we now extend the RNTS of Ex. 7 by

lf(b,m,2s) > nil§y = if(bz,as) 51 p>1Ax>1Aas>1]  (10)

4 Analyzing the Complexity of RNTSs

Thm. 13 allows us to reduce complexity analysis of term rewriting to the analysis
of RNTSs. Our RNTSs are related to integer transition systems (ITSs), a for-
malism often used to abstract programs. The main difference is that RNTSs can
model procedure calls by nested function symbols f(...g(...)...) on the right-
hand side of rules, whereas I'TSs may allow right-hand sides like f(...) +g(...),
but no nesting of f,g € Y. So ITSs cannot pass the result of one function as a
parameter to another function. Note that in contrast to the usual definition of
ITSs, in our setting reductions can begin with any (nat-basic) terms instead of
dedicated start terms, and it suffices to regard natural instead of integer numbers.
(An extension to recursive transition systems on integers would be possible by
measuring the size of integers by their absolute value, as in [13].)

Definition 15 (ITS). An RNTS P over the signature X is an ITS iff symbols
from X occur only at parallel positions in right-hand sides of P. Here, m and '
are parallel iff 7 is not a prefix of © and 7' is not a prefix of .
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Upper runtime complexity bounds for an ITS P can, for example, be inferred
by generating ranking functions which decrease with each application of a rule
from P. Then, the ranking functions are multiplied with the weight of the rules.

However, many analysis techniques for ITSs (e.g., [1,4,13,34]) cannot handle
the RNTSs generated from standard TRSs. Thus, we now introduce a new mod-
ular approach that allows us to apply existing tools for ITSs to analyze RNTSs.
Our approach builds upon the idea of alternating between runtime and size
analysis [13]. The key insight is to summarize procedures by approximating their
runtime and the size of their result, and then to eliminate them from the program.
In this way, our analysis decomposes the “call graph” of the RNTS into “blocks”
of mutually recursive functions and exports each block of mutually recursive
functions into a separate I'TS. Thus, in each analysis step it suffices to analyze
just an ITS instead of an RNTS. We use weakly monotonic runtime and size
bounds from 7 (Xep, V) to compose them easily when analyzing nested terms.

Definition 16 (Runtime and Size Bounds). For any terms ty,...,tg, let
{z1/t1,..., 2 /tr} be the substitution o with x;0 =1t; for 1 <i <k and yo =y
fory e V\{z1,...,ar}. Thenrt: ¥ = T(Xep, V) U{w} is a runtime bound for
an RNTS P iff we have dhw(f(nq,...,nk), =p) < [rt(f){z1/n1,...,26/nk}]
for allny,...,n € N and all f € X. Similarly, sz : X — T (Zexp, V) U{w} is a
size bound for P iff n < [sz(f) {z1/n1,...,xx/nk}] for all ny,...,ni € N, all
feX, and alln € N with f(ny,...,ng) =5 n.

Ezample 17. For the RNTS {(1’),...,(9'), (10)} from Ex. 14, any function rt with
rt(isort) > [ £ |- mo 41, rt(ins) > @o, rt(if) > x5 — 1, and rt(gt) > 0 is a runtime
bound (recall that the gt-rules have weight 0). Similarly, any sz with sz(isort) >
x1 4+ x2 — 1, sz(ins) > @1 + xo + 1, sz(if) > xo + x5 + 1, sz(gt) > 1 is a size bound.

A runtime bound clearly gives rise to an upper bound on the runtime complexity.

Theorem 18 (rt and irc). Let rt be a runtime bound for an RNTS P. Then for
alln € N, we have ircp(n) < sup{[rt(f) {z1/n1,...,zx/nc}] | f € X n1,...,np €

N, Zle n; <n}. So in particular, ircp(n) € O3 e p[rt(f) {z1/n, ..., xx/n}]).

Thus, a suitable runtime bound rt for the RNTS {(1'),...,(9’), (10)} yields
irc(n) € O(n?), cf. Ex. 17. In Sect. 4.2 we present a new technique to infer
runtime and size bounds rt and sz automatically with existing complexity tools
for ITSs. As these tools usually return only runtime bounds, Sect. 4.1 shows how
they can also be used to generate size bounds.

4.1 Size Bounds as Runtime Bounds

We first present a transformation for a large class of IT'Ss that lets us obtain size
bounds from any method that can infer runtime bounds. The transformation ex-
tends each function symbol from X' by an additional accumulator argument. Then
terms that are multiplied with the result of a function are collected in the accumu-
lator. Terms that are added to the result are moved to the weight of the rule.
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Theorem 19 (ITS Size Bounds). Let P be an ITS whose rules are of the form
05 utv-r(p] or € ulp] with u,v € T(Xexp, V) and root(r) € X. Let Psize =

{f/(x17 "'7xk72) Lz% g/(t17 "'7tn7v : Z) [SD} | f(xl’ "'7$k) % uw + v g(t17 ...’tn) [Lp] € 7)}
U {f (@1, zk,2) =2 0 @] | f(@1, ) & u [p] € P}

for a fresh variable z € V. Let rt be a runtime bound for Psze. Then sz with
sz(f) = rt(f"){xr+1/1} for any f € X is a size bound for P.

Thm. 19 can be generalized to right-hand sides like f(z)+2-g(y) with f,g € X,
cf. App. B. However, it is not applicable if the results of function calls are
multiplied on right-hand sides (e.g., f(z) - g(y)) and our technique fails in such
cases.

Ezxample 20. To get a size bound for P& = {(7'),(8'), (9")}, we construct PE. :

size®

gt'(z,y, 2) %O [x=1A..] gt'(z',y,2) 02 =14+azAy=1A..]
gt'(z,y',2) > gt'(z,y,2) [2' = 1+2 Ay =1+yA..]

Existing ITS tools can compute a runtime bound like rt(gt') = x5 for PE._. Hence,

by Thm. 19 we obtain the size bound sz for P& with sz(gt) = rt(gt'){z3/1} = 1.

4.2 Complexity Bounds for Recursive Programs

Now we show how complexity tools for ITSs can be used to infer runtime and
size bounds for RNTSs. We first define a call-graph relation 1 to determine in
which order we analyze symbols of Y. Essentially, f 3 g holds iff f(...) rewrites
to a term containing g.

Definition 21 (3J). For an RNTS P, the call-graph relation 1 is the tran-
sitive closure of {(root(£),g) | £ * rlp] € P,g € X occurs inr}. An RNTS
has mnested recursion iff it has a rule £ = r[p] with root(r|,) 3 root(£) and
root(r|) 3 root(€) for positions m < w'. As usual, 1 < 7' means that 7 is a
proper prefiz of ' (i.e., that ' is strictly below 7). A symbol f € X7 is a bot-
tom symbol iff f 3 g implies g 3 f for all g € X7 . The sub-RNTS of P induced
by fis PF = {05 rlp] € P | f Droot(f)}, where I is the reflexive closure of 1.

Ezample 22. For the RNTS P from Ex. 14 and 17, we have isort 1 ins 1 if Jins
O gt. The only bottom symbol is gt. It induces the sub-RNTS P& = {(7"), (8),
(9}, ins induces {(3'),...,(9),(10)}, and isort induces the full RNTS of Ex. 14.

Our approach cannot handle programs like f(...) — f(...f(...)...) with
nested recursion, but such programs rarely occur in practice. To compute bounds
for an RNTS P without nested recursion, we start with the trivial bounds rt(f) =
sz(f) = w for all f € X In each step, we analyze the sub-RNTS P/ induced by
a bottom symbol f and refine rt and sz for all defined symbols of P/. Afterwards
we remove the rules P/ from P and continue with the next bottom symbol. By
this removal of rules, the former defined symbol f becomes a constructor, and
former non-bottom symbols are turned into bottom symbols.
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Algorithm 1 Computing Runtime and Size Bounds for RNTSs

1 Let rt(f) := sz(f) := w for each f € X7 and rt(f) := sz(f) := 0 for each f € X7 .
2 If P has nested recursion, then return rt and sz.
3 While P is not empty:
3.1 Choose a bottom symbol f of P and let P/ be the sub-RNTS induced by f.
3.2 Construct PZ according to Thm. 27 and (Psle)size according to Thm. 19 (resp.
its generalization) if possible, otherwise return rt and sz.
3.3 Compute a runtime bound for (735fz)size using existing ITS tools and let sz be
this bound (cf. Thm. 19).
3.4 For each g € Efff, let sz(g) := sz (g).
3.5 Construct "Pr{’SZ according to Thm. 27.
3.6 Compute a runtime bound rty for P,{ysz using existing I'TS tools.

3.7 For each g € Z’ff, let rt(g) := rty(g).
3.8 Let P:=P\ P/
4 Return rt and sz.

To analyze the RNTS P/, Thm. 27 will transform P/ into two ITSs P/ and
Pr];sz by abstracting away calls to functions which we already analyzed. Then
existing tools for ITSs can be used to compute a size resp. runtime bound for PJ
resp. Pﬂ;sz. Our overall algorithm to infer bounds for RNTSs is summarized in
Alg. 1. Tt clearly terminates, as every loop iteration eliminates a defined symbol
(since Step 3.8 removes all rules for the currently analyzed symbol f).

When computing bounds for a bottom symbol f € EZZD, we already know
(weakly monotonic) size and runtime bounds for all constructors g € X7 . Hence to
transform RNTSs into ITSs, outer calls of constructors g in terms g(... f(...)...)
can be replaced by sz(g). In Def. 23, while sz(t) replaces all calls to procedures g €
X in t by their size bound, the outer abstraction a,(t) only replaces constructors
g € X by their size bound sz(g), provided that they do not occur below defined
symbols f € 2(7;.

Definition 23 (Outer Abstraction). Let P be an RNTS with the size bound

sz. We lift sz to terms by defining sz(x) = x for x € V and
sz xzi/sz(s;) |1 <j<n} ifgelX

SZ(g(Sl, ~7Sn)): (g){ J/ ( ])' 7177 } fg

9(sz(s1),...,s2(sn)) if 9 € exp

The outer abstraction of a term is defined as a%,(z) = = for x € V and
sz(g) {x;/ag(s;) |1 <j<n} ifge ST

a5, (9(51,- -5 50)) = 4 9(ag,(51), - -, a5, (sn)) if g€ Xexp

g(s15--+55n) ifge X7

Example 24. Consider the following variant R* of AGO1/#3.16.xml from the
TPDB® and its RNTS-counterpart {R*§:

5 Termination Problems Data Base, the collection of examples used at the annual
Termination and Complexity Competition, see http://termination-portal.org.
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R : (R*§:

fi(0,y) —w f+(x Y) —> y [z =1A..] (11)
fi(s(x),y) = s(f(z,y)) fy (2 y) > 1 +fi(zy) =2+ 1A.] (12)
f.(0,y) — 0 fu(z,y) S [ =1A..]  (13)
fu(s(z),y) = fr(Fx(@,9).y)  Fx(z',y) 5 f+(fx (z,9),9) [ =2z +1A..] (14)

Assume that we already analyzed its only bottom symbol f and obtained
sz(f;) = @1 + @9 and rt(fy) = x1. Afterwards, (11) and (12) were removed. Now
Def. 23 is used to transform the sub-RNTS {(13), (14)} induced by fy into an
ITS. The only rule of {R*§ that violates the restriction of ITSs is (14). Thus, let
(14") result from (14) by replacing its right-hand side by al,(f+(fx (z,y),y)) =
sz(fy) {z1/fx (z,y), z2/y} = fx (x,y)+y. Now {(13), (14")} is an ITS, and together
with Thm. 19, existing ITS tools can generate a size bound like sz(fx) = x1 - 5.

To finish the transformation of RNTSs to ITSs, we now handle terms like
f(..g(...)...) where f € X7 is the bottom symbol we are analyzing and we
have an inner call of a constructor g € X7. We would like to replace g by
sz(g) again. However, f might behave non-monotonically (i.e., f might need less
runtime on greater arguments). Therefore, we replace all inner calls g(...) of
constructors by fresh variables z. The size bound of the replaced call g(...) is an
upper bound for the value of x, but x can also take smaller values.

Definition 25 (Inner Abstraction). Let P be an RNTS with size bound sz,
t be a term, and Post? C Pos(t) be the topmost positions of LT -symbols below
X -symbols in t. Thus, u € Pos'®P iff root(t|,) € T, there exists a ™ < p with
root(t|.) € X7, and root(t|r) € Xexp for all m < ©" < pu. For Posto? = {yu,...,
Uk}, t’s inner abstraction is al(t) = t[z1),, - .. [Tk] 4, wherexy, ..., Tk are pairwise
different fresh variables, and its condition is i, (t) = N\jc;jcp i < sz(t]u,)-

Ezxample 26. For the RNTS of Ex. 14 and 17, we start with analyzing P& which
yields sz(gt) = 1 and rt(gt) = 0, cf. Ex. 20. After removing the gt-rules, the new
bottom symbols are ins and if. The right-hand side of Rule (4') contains a call of
gt below the symbol if. With the size bound sz(gt) = 1, the inner abstraction of
this right-hand side is o' (if (gt(z, y), =, ys')) = if (z1, 2, ys'), and the corresponding
condition YL, (if (gt(z,y), z, ys')) is #1 < 1, since sz(gt(x,y)) = 1.

Thm. 27 states how to transform RNTSs into ITSs in order to compute run-
time and size bounds. Suppose that we have already analyzed the function sym-
bols g1,...,gm, that f becomes a new bottom symbol if the rules for gi,..., gm
are removed, that Q is the sub-RNTS induced by f, and that P results from Q
by deleting the rules for gi,. .., gn. Thus, if g; occurs in P, then g; € XF.

So in our leading example, we have g; = gt (i.e., all gt-rules were analyzed and
removed). Thus, ins is a new bottom symbol. If we want to analyze it by Thm. 27,
then Q contains all ins-, if-, and gt-rules and P just contains all ins- and if-rules.

Since we restricted ourselves to RNTSs Q without nested recursion, P has
no nested defined symbols. To infer a size bound for the bottom symbol f of P,
we abstract away inner occurrences of g; by a (e.g., gt on the right-hand side
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of Rule (4’) in our example), and we abstract away outer occurrences of g; by
a%,. So every right-hand side r is replaced by a2 (a'(r)) and we add the condition

1, (r) which restricts the values of the fresh variables introduced by a'.

To infer runtime bounds, inner occurrences of g; are also abstracted by a',
and outer occurrences of g; are simply removed. So every right-hand side r is
replaced by >_ cp. () a'(7|x), where Posy(r) = {m € Pos(r) | root(r|,) € XT}.
However, we have to take into account how many computation steps would be
required in the procedures g; that were called in r. Therefore, we compute the
cost of all calls of g; in a rule’s right-hand side and add it to the weight of the
rule. To estimate the cost of a call g;(s1,...,8,), we “apply” rt(g;) to the size
bounds of s1,...,s, and add the costs for evaluating si, ..., S;,.

Theorem 27 (Transformation of RNTSs to ITSs). Let Q be an RNTS
with size and runtime bounds sz and rt and let P = Q\ (Q9' U...U Q9), where
g1y, gm € X and Q9 is the sub-RNTS of Q induced by g;. We define

P = {£% ag(a(r) [pAvg()] | €5 gl eP}

Let sz’ be a size bound for Ps, where sz/'(f) = sz(f) for all f € X\ X7. If P does
not have nested defined symbols, then sz’ is a size bound for Q.

To obtain a runtime bound for Q, we define an RNTS Py s, . To this end, we
define the cost of a term as ¢ s () =0 forz € V and

Sy Cse (55) + 1t(g) {52 (s5) | 1 < j <m} if g€ 5T

E1§j§n Crt,s2 (S5) otherwise

Crt,sz’ (g(Sl7 . 75n)) = {

wtey o (r)

Now Priszr = {£ ZwE'Posd(r) a'(rlr) [SD A 1/}'52/(7‘)} | ¢ S [¢] € P}.
Then every runtime bound rt’ for Peusy with rt’(f) = rt(f) for all f € X\ X7 is
a runtime bound for Q. Here, all occurrences of w in Ps, or Pus are replaced
by pairwise different fresh variables.

If P does not have nested defined symbols, then Ps, and Py ,r are ITSs and
thus, they can be analyzed by existing ITS tools.

Ezample 28. We now finish analyzing the RNTS {R* § after updating sz as in Ex.
24. The cost of the right-hand side of (14) is ¢ s, (f+ (fx (x, ), y)) = rt(fy) {x1 /2y,
x2/y} = x-y. So for the sub-RNTS P = {(13), (14)} induced by fy«, Pu,s, is

o) 50 [r =1A.]  fuldy) 2% fe(ey) @ =a+1A.]

Hence, existing ITS tools like CoFloCo [16,17] or KoAT [13] yield a bound like
rt(fx) = a3 - 22. So by Thm. 13 and 18 we get ircgx (n) < ircirx5(n) € O(n?).

Ezample 29. To finish the analysis of the RNTS from Ex. 14, we continue Ex. 26.
After we removed P, the new bottom symbols ins and if both induce Ppins =
{(3),...,(6"),(10)}. Constructing P2 yields the rules (3'), (5'), (6'), (10), and

ins(z,ys') 5 if(zy,z,ys’) [y’ =14+y+ys A ... Az <1] (4)
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Existing tools like CoFloCo or KoAT compute size bounds like 1 + x1 + x4 for
ins and 1 + x4 + x3 for if using Thm. 19. After updating sz, we construct P:?;z
which counsists of (4") and variants of (3'), (5'), (6"), (10) with unchanged weights
(as ¢ sz (gt(x, y)) = rt(gt) = 0). ITS tools now infer runtime bounds like 2 - x5 for
ins and 2 - x3 for if. After removing ins and if, we analyze the remaining RNTS
Pisort — {(1'), (2')}. Since the right-hand side of (2') contains an inner occurrence
of ins below isort, (2') is replaced by

isort(zs’, ys) > isort(zs,ys’) [z’ =1+x+asAys <1l+z+ysA..]

where w = 1 in PE" and w = 1+ rt(ins){x1/z,22/ys} = 1+ 2 - ys in P
Using Thm. 19, one can now infer bounds like sz(isort) = x1 + x2 and rt(isort) =

2?2 + 2 21 - 1. Hence, by Thm. 18 one can deduce irc(n) € O(n?).
Based on Thm. 27, we can now show the correctness of our overall analysis.

Theorem 30 (Alg. 1 is Sound). Let P be an RNTS and let rt and sz be the
result of Alg. 1 for P. Then rt is a runtime bound and sz is a size bound for P.

5 Related Work, Experiments, and Conclusion

To make techniques for complexity analysis of integer programs also applicable
to TRSs, we presented two main contributions: First, we showed in Sect. 3 how
TRSs can be abstracted to a variant of integer transition systems (called RNTSs)
and presented conditions for the soundness of this abstraction. While abstractions
from term-shaped data to numbers are common in program analysis (e.g., for
proving termination), soundness of our abstraction for complexity of TRSs is
not trivial. In [3] a related abstraction technique from first-order functional
programs to a formalism corresponding to RNTSs is presented. However, there
are important differences between such functional programs and term rewriting:
In TRSs, one can also rewrite non-ground terms, whereas functional programming
only evaluates ground expressions. Moreover, overlapping rules in TRSs may lead
to non-determinism. The most challenging part in Sect. 3 is Thm. 9, i.e., showing
that the step from innermost term rewriting to ground innermost rewriting
is complexity preserving, even for relative rewriting. Mappings from terms to
numbers were also used for complexity analysis of logic programs [15]. However,
[15] operates on the logic program level, i.e., it does not translate programs to
ITSs and it does not allow the application of ITS-techniques and tools.

Our second contribution (Sect. 4) is an approach to lift any technique for
runtime complexity of ITSs to handle (non-nested, but otherwise arbitrary) re-
cursion as well. This approach is useful for the analysis of recursive arithmetic
programs in general. In particular, by combining our two main contributions we
obtain a completely modular approach for the analysis of TRSs. To infer runtime
bounds, we also compute size bounds, which may be useful on their own as well.

There exist several approaches that also analyze complexity by inferring both
runtime and size bounds. Wegbreit [35] tries to generate closed forms for the
exact runtime and size of the result of each analyzed function, whereas we esti-
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mate runtime and size by upper bounds. Hence, [35] fails whenever finding such
exact closed forms automatically is infeasible. Serrano et al. [33] also compute
runtime and size bounds, but in contrast to us they work on logic programs, and
their approach is based on abstract interpretation. Our technique in Sect. 4 was
inspired by our work on the tool KoAT [13], which composes results of alternating
size and runtime complexity analyses for ITSs. In [13] we developed a “bottom-up”
technique that corresponds to the approach of Sect. 4.2 when restricting it to
ordinary ITSs without (non-tail) recursion. But in contrast to Sect. 4.2, KoAT’s
support for recursion is very limited, as it disregards the return values of “inner”
calls. Moreover, [13] does not contain an approach like Thm. 19 in Sect. 4.1 which
allows us to obtain size bounds from techniques that compute runtime bounds.

RAML [26-28] reduces the inference of resource annotated types (and hence
complexity bounds) for ML programs to linear optimization. Like other techniques
for functional programs, it is not directly applicable to TRSs due to the differences
between ML and term rewriting.® Moreover, RAML has two theoretical boundaries
w.r.t. modularity [26]: (A) The number of linear constraints arising from type
inference grows exponentially in the size of the program. (B) To achieve context-
sensitivity, functions are typed differently for different invocations. In our setting,
a blow-up similar to (A) may occur within the used ITS tool, but as the program is
analyzed one function at a time, this blow-up is exponential in the size of a single
function instead of the whole program. To avoid (B), we analyze each function
only once. However, RAML takes amortization effects into account and obtains
impressive results in practice. Further leading tools for complexity analysis of
programs on integers (resp. naturals) are, e.g., ABC [11], C*B [14], CoFloCo [16,17],
LoAT [18], Loopus [34], PUBS [1,2], Rank [4], and SPEED [23].

Finally, there are numerous techniques for automated complexity analysis
of TRSs, e.g., [7,8,24,32,36]. While they also allow forms of modularity, the
modularity of our approach differs substantially due to two reasons:

(1) Most previous complexity analysis techniques for TRSs are top-down
approaches which estimate how often a rule g(...) — ... is applied in reductions
that start with terms of a certain size. So the complexity of a rule depends on
the context of the whole TRS. This restricts the modularity of these approaches,
since one cannot analyze g’s complexity without taking the rest of the TRS into
account. In contrast, we propose a bottom-up approach which analyzes how the
complexity of any function g depends on ¢’s inputs. Hence, one can analyze g
without taking into account how g is called by other functions f.

(2) In our technique, if a function g has been analyzed, we can replace it
by its size bound and do not have to regard ¢’s rules anymore when analyzing
a function f that calls g. This is possible because we use a fixed abstraction
from terms to numbers. In contrast, existing approaches for TRSs cannot remove
rules from the original TRS after having oriented them (with a strict order >),
except for special cases. When other parts of the TRS are analyzed afterwards,
these previous rules still have to be oriented weakly (with 77), since existing TRS

5 See [29] for an adaption of an amortized analysis as in [27] to term rewriting. However,
[29] is not automated, and it is restricted to ground rewriting with orthogonal rules.
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approaches do not have any dedicated size analysis. This makes the existing
approaches for TRSs less modular, but also more flexible (since they do not use a
fixed abstraction from terms to numbers). In future work, we will try to improve
our approach by integrating ideas from [3] which could allow us to infer and to
apply multiple norms when abstracting functional programs to RNTSs.

We implemented our contributions in the tool AProVE [22] and evaluated its
power on all 922 examples of the category “Runtime Complexity - Innermost
Rewriting” of the Termination and Complexity Competition 2016.7 Here, we
excluded the 100 examples where AProVE shows irc(n) = w.

In our experiments, we consider the previous version of AProVE (AProVE '16),
a version using only the techniques from this paper (AProVE RNTS), and AProVE
'17 which integrates the techniques from this paper into AProVE’s previous ap-
proach to analyze irc. In all these versions, AProVE pre-processes the TRS to
remove rules with non-basic left-hand sides that are unreachable from basic terms,
cf. [19]. AProVE RNTS uses the external tools CoFloCo, KoAT, and PUBS to com-
pute runtime bounds for the ITSs resulting from the technique in Sect. 4. While
we restricted ourselves to polynomial arithmetic for simplicity in this paper,
KoAT’s ability to prove exponential bounds for ITSs also enables AProVE to infer
exponential upper bounds for some TRSs. Thus, the capabilities of the back-
end ITS tool determine which kinds of bounds can be derived by AProVE. We
also compare with TcT 3.1.0 [7], since AProVE and TcT were the most powerful
complexity tools for TRSs at the Termination and Complexity Competition 2016.

Note that while the approach of Sect. 4 allows us to use any existing (or future)
ITS tools for complexity analysis of RNTSs, CoFloCo can also infer complexity
bounds for recursive ITSs directly, i.e., it does not require the technique in Sect. 4.
To this end, CoFloCo analyzes program parts independently and uses linear invari-
ants to compose the results. So CoFloCo’s approach differs significantly from Sect.
4, which can also infer non-linear size bounds. Thus, the approach of Sect. 4 is
especially suitable for examples where non-linear growth of data causes non-linear
runtime. For instance, in Ex. 28 the quadratic size bound for fy« is crucial to
prove a (tight) cubic runtime bound with the technique of Sect. 4. Consequently,
CoFloCo’s linear invariants are not sufficient and hence it fails for this RNTS.
See [5] for a list of 17 examples with non-linear runtime where Sect. 4 was superior
to all other considered techniques in our experiments. However, CoFloCo’s amor-
tized analysis often results in very precise bounds, i.e., both approaches are ortho-
gonal. Therefore, as an alternative to Sect. 4, AProVE RNTS also uses CoFloCo
to analyze the RNTSs obtained from the transformation in Sect. 3 directly.

The table on [ (m) [TcT[AProVE RNTS|AProVE '16]AProVE & TcT]AProVE '17]

the I'lght shows O(l) 47 43 48 53 53
the results of our [<O(n) [[276 254 320 354 379
experiments. As [<O(n?) [[362 366 425 463 506
Suggested in [8]’ < O(n") 386 402 439 485 541
we used a timeout <. O(n>?)[/393 412 439 491 548

<EXP /393 422 439 491 553

of 300 seconds per

" See http://termination-portal.org/wiki/Termination_Competition/
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example (on an Intel Xeon with 4 cores at 2.33 GHz each and 16 GB of RAM).
AProVE & TcT represents the former state of the art, i.e., for each example here
we took the best bound found by AProVE '16 or TcT. A row “< O(n*)” means
that the corresponding tools proved a bound < O(n*) (e.g., TcT proved constant
or linear upper bounds in 276 cases). Clearly, AProVE '17 is the most powerful
tool, i.e., the contributions of this paper significantly improve the state of the
art for complexity analysis of TRSs. This also shows that the new technique
of this paper is orthogonal to the existing ones. In fact, AProVE RNTS infers
better bounds than AProVE & TcT in 127 cases. In 102 of them, AProVE &
TcT fails to prove any bound at all. The main reasons for this orthogonality are
that on the one hand, our approaches loses precision when abstracting terms to
numbers. But on the other hand, our approach allows us to apply arbitrary tools
for complexity analysis of ITSs in the back-end and to benefit from their respec-
tive strengths. Moreover as mentioned above, the approach of Sect. 4 succeeds
on many examples where non-linear growth of data leads to non-linear runtime,
which are challenging for existing techniques.

For further details on our experiments including a detailed comparison of
AProVE RNTS and prior techniques for TRSs, and to access AProVE '17 via a
web interface, we refer to [5].
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A Improving the Precision of the Size Abstraction (-§

In this section we present improvements to increase the precision when abstract-
ing TRSs to RNTSs. In App. A.1 we adapt the abstraction {-§ to distinguish
different constant constructors, and in App. A.2 we improve the precision of our
analysis by narrowing.

A.1 Improved Size Abstraction

Ezample 31. The TRS R'"°°P (Beerendonk_07/1.xm1, on which all tools failed
in the Termination and Complexity Competition 2016) contains the gt-rules (7),
(8), (9), and

loop(true, z,y) — |00p(gt(x y),p(x),y) (15)
loop(false, z,y) — (16)
p(0) — (17)

p(s(z)) — (18)

R'°°P is completely defined for the obvious type assignment, and { R'°°P§ contains
the rules (7'), (8), (9') for gt from Ex. 7 and the following rules.

loop(b, z,y) + loop(gt(,y), p(x), ) b =1n..] (15')
loop(b, z,y) = 1 b =1A..] (16")
p(z) 5 1 [z =1] (17)
p(a') & [ =1+2zA..] (18)

RI°°P terminates with the runtime complexity ircgus(n) € O(n?), but {R'°°P§
does not terminate, as gt(nl,ng) —>%‘Rloop3 1 holds for all ny,ne € N\ {0} and

thus, we have loop(1,1,1) — loop(1,1,1).

leoopS
Ex. 31 shows that abstracting all constants to 1 loses critical information. To
distinguish different constants after applying {-§, we now improve the abstraction.

Definition 32 (Abstraction {-j..n from TRSs to RNTSs). Let R/S be
a TRS with the constants X9 = {f € XRYS | arity(f) = 0}. For a mapping
con : X% — N from constants to numbers, the improved size abstraction {§con
of a term t is defined as follows:

(25con = T forz eV

z.f;con == COIl(f) fo € E(c]
Uty tr)Seon = L4+ UtaScon + -0+ {thScon  if f € ZFVS\ 20
Zf(tlv cee atk)gcon = f(ztlscon» s ztkscon) if f € E,?US

We lift {-Scon to rules and TRSs analogous to {-§ (cf. Def. 6), where instead of

the condition \ ¢y =2 1 we now use \ ¢y * = min{con(f) | f € 301,
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The following adaption of Thm. 13 shows how (- §con is used in order to infer
bounds on the runtime complexity of TRSs via the transformation to RNTSs.

Theorem 33 (Soundness of Abstraction {-§con). Let R/S be a well-typed
constructor system and let conyax = max({1} U {con(f) | f € X°}). Let N be
a terminating variant of S such that R/(S UN) is well typed and completely
defined. Then we have ircg ;s(n) <irciR /(SUN)§eon (CONmax - 1) for all n € N.

Example 34. Using con(0) = con(false) = 0 and con(true) = 1, the TRS R'°°P
from Ex. 31 is transformed to the RNTS | R'°°PS.,, which consists of

gt(z,y) 50 [z =0] (7")
gt(m’,y)# 1 [¢'=14+xAny=0] (8"
loop(b,z,y) 0  [b=0] (16")
o) 50 [¢=0) (1)

and rules corresponding to (9'), (15"), (18"). Now the information on the control
flow is kept and we have irc;goos, () € O(n?), which implies ircgie (n) € O(n?)
by Thm. 33.

A.2 Pre-Processing TRSs by Narrowing
Although {R'°°P§ ., from Ex. 34 terminates, our approach of Sect. 4 still fails.

Ezample 35. For the two bottom symbols gt and p of {R'°°P§..,, we can easily
infer the size bounds sz(gt) = 1 and sz(p) = x;. However, when abstracting
the inner calls of gt and p in Rule (15') using these bounds, we obtain the
non-terminating rule

loop(b, z,y) — loop(b', 2, y) b=1A0<1A2 <

The problem is that our size bounds are too imprecise to distinguish whether
p returns x; or 1 — 1 and whether gt returns 1 or 0 (resp. true or false).

To make such case analyses explicit, we apply narrowing to the original TRS
in a pre-processing step. Related applications of narrowing for complexity analysis
of TRSs were proposed in [32], for example. If the TRS is a completely defined
constructor system, then a rule £ — r with r|, = f(...g(...)...) for f,g € Xy
can be replaced by those rules that result from performing all possible narrowing
steps on ¢g(...). The reason is that in any reduction of ground terms, the inner
subterm g(...) must be reduced to normal form before a rule can be applied to
the outer symbol f.

Theorem 36 (Narrowing for Complexity). Let R/S be a completely de-
fined constructor system, £ —r € RUS, r|x = f(...) for some f € XY and
let T|u be a basic term for some p > w. Let b1 —11,... by —=>1rm €ERUS be all
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(variable-renamed) rules where {; unifies with r|, and let o; = mgu(r|,,¢;) for
1 <i<m. Let

R' = (R\{{—=r})U{lo; = r[r]uoi |1 <i<m} and S =8\{{—r}.
Then we have dh(t, i—>7g/5) < 2-dh(t, i—>R,/5/) for all ground terms t.

If both £ — r and ¢; — r; are just rules of S, then one can slightly improve
the above construction by adding ¢o; — r[r;],0; to S’ instead of R’. Together
with Thm. 9, Thm. 36 implies that even if R/S is not completely defined, if
N is a terminating variant of S where R/(S UN) is completely defined, then
pre-processing R/(SUN) by k narrowing steps to a TRS R’/ M’ does not change
the asymptotic complexity, i.e., ircg s(n) <ircg/suny(n) < 2k -iregs s pme ().

Ex. 37 shows that narrowing is indeed useful as a pre-processing step. On
the other hand, it usually increases the number of rules. So as a heuristic, our
implementation applies just one narrowing step to all basic terms below defined
symbols on right-hand sides.

Ezxample 37. In the TRS of Ex. 31, there are two ways to narrow the basic
subterm p(x) below the symbol loop in Rule (15). Hence, (15) is replaced by

loop(true, 0,y) — loop(gt(0,y),0,y) using (17), mgu: {z/0} (151)
loop(true, s(z’),y) — loop(gt(s(z'),y),x’,y) using (18), mgu: {z/s(z')} (152)

A next narrowing step simplifies gt in both rules and replaces (151) and (152) by

loop(true, 0,7') — loop(false, 0,y") by narrowing (151) with (7)
loop(true, s(z”),0) — loop(true,z”, 0) by narrowing (152) with (8)
loop(true,s(z”),s(y")) — loop(gt(z”,y'), 2" ,s(y’)) by narrowing (152) with (9)

When we replace (15) by these three rules and use the improved size abstraction,
our technique now automatically infers the complexity O(n?) for Ex. 31.
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B Proofs

To ease the formulation, we use the following notion. For two TRSs R and Q,
2 is the Q-restricted rewrite relation, where s S5 t iff all proper subterms of
the redex of the rewrite step are in normal form w.r.t. Q (i.e., no left-hand side of
Q matches a proper subterm of the redex). So Zz=-37 is the innermost rewrite
relation of R and %5 is the ordinary full rewrite relation. So then the innermost
rewrite relation i—>R/3 of a relative TRS R/S is wg oRYS r o wg

B.1 Proofs for Sect. 3

To prove Thm. 9 for relative rewriting, we need the following crucial properties
of terminating variants.

Lemma 38 (Properties of Terminating Variants). Let R and S be TRSs
and let N be a terminating variant of S. Then we have the following:

(a) Ifatermt has an infinite reduction w.r.1. L run then it also has an infinite
reduction w.r.t. Sr/n. .
(b) For any terms s and t, s “rg/n t implies s g /(sun L

Proof. (a) Suppose that ¢ starts an infinite reduction w.r.t. sz . Since N is
. . . RUN . . . .
innermost terminating, —— s is also innermost terminating and thus, after
a finite number of steps with M)N, there must be a step with Mm,

etc. So the reduction has the form ¢t = tg RUN N to RUN R t1 RUN N
— RUN RUN 4 . . i i i
t1 — R ta — ) ... This implies t =9 Sr/n 11 Br/N T2 DR/N -
(b) Recall that s i%R/N # means s <2V VS RN r1 RUN v t. So all proper
subterms of all redexes are in normal form w.r.t. RUN. Hence, they are also
. RUSUN o — RUSUN_ =+ RUSUN
in normal form'w.r.t. S and we have s N S rt Naz
This implies s >z /sun) T a

Now for any constructor system Q, we define the notion of a saturated ground
system X of Q. The idea is that X consists of (possibly infinitely many) instan-
tiations of rules from Q, where all variables are instantiated by ground normal
forms. Moreover, the conditions on X ensure that X' can reduce any ground redex
of @ and that it is confluent.

Definition 39 (Saturated Ground System). Let Q be a constructor system.
Then a possibly infinite TRS X is called a saturated ground system of Q iff the
following conditions hold:

o For all ¢ — r € Q and all substitutions o where xo is a ground normal form
w.r.t. Q for all x € V({), there is a rule in X whose left-hand side is Lo .

o Foralll! — v’ € X there exists a rule ¢ — r € Q such that ¢! =1’ = lo —
ro for a substitution o where xo is a ground normal form w.r.t. Q for all
x e V().
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o X does not contain two rules with the same left-hand side.

So a saturated ground system can be obtained by first taking the infinite set
{lc = ro | £ — r € Q,o instantiates all variables by ground normal forms}.
Afterwards, whenever two rules with the same left-hand side are contained in this
set, we delete one of them. The following observations about saturated ground
systems are obvious.

Lemma 40 (Properties of Saturated Ground Systems). Let X be a sat-
urated ground system for a constructor system Q. Then we have the following
properties:

(a) X is confluent.

(b) Every ground term that is innermost terminating w.r.t. Q is also terminating
w.r.t. X.

(c) Every ground normal form w.r.t. X is also a normal form w.r.t. Q.

Proof. For (a), note that the rules in X do not contain any variables (so in
particular, X is left-linear). Moreover, X is non-overlapping as all its rules have
distinct left-hand sides of the form fo for a basic term ¢ and a substitution o
that instantiates all variables of £ by ground normal forms. Every orthogonal
(i.e., left-linear non-overlapping) TRS is confluent.

Claim (b) follows from the fact that every rewrite step with X is an innermost
rewrite step with Q. The reason is that ¢ —x s means that there is a m € Pos(t)
with t|, = ¢ and s = t[r'], for a (ground) rule ¢/ — r’ € X, i.e., t|, = o and
s = t[ro], for arule £ — r € Q and a substitution ¢ that instantiates all variables
of ¢ by ground normal forms. Since £ is a basic term, this implies that o does
not have any redex below the root.

For (c), note that every ground term that is not in Q-normal form contains
an innermost Q-redex o, which is also a redex w.r.t. X. a

For any substitution p that instantiates all variables by ground terms, any
saturated ground system X’ (for some constructor system Q), and any constructor
system U, we now define a relation —x , ¢/ on terms. Here, t —x ,, 14 s holds iff
s results from tu by rewriting gu w.r.t. X for some subterms ¢ of ¢ that are in
U-normal form.

Definition 41 (—x ;). Let U be a constructor systems, X be a TRS, and p
be a substitution such that xpu is a ground term for all x € V. Then for any terms
t and s, we have t —x 0 S iff

o t=f(t,...,th), s= f(s1,...,8K), and t; »x pu s; forall1 <i<k or
o ¢ is in U-normal form and tp —% s

Now we show some properties of the —x ,, ;/-replacement that will be needed
afterwards. If X', u, and U are clear from the context, we write — instead of
—x uu- As usual, we use € to denote the empty position and 7.7’ is the concate-
nation of the positions w and 7’.
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Lemma 42 (Properties of —x /). LetU, X, and p be as in Def. 41. Then
we have the following:

(a) For all termst € T(X,V), we have t — tp.

(b) For all terms t,s € T(X,V), t — s implies tu —% s.

(c) Lett € T(X,V) and let 0,0’ be substitutions such that xo — xo’ for all
x € V(t). Then we have to — to’.

(d) Lett,s,r,q € T(X,V) where t|, is not in normal form w.r.t. U for some
7w € Pos(t). Then t — s and r — q imply t[r], — s[q|r.

Proof. (a) We use induction on ¢. Every variable x is in ¢/-normal form, which
implies ¢ — zp. If t = f(t1,...,tx), then we have t; — t;u for all 1 <i <k
by the induction hypothesis, which implies t — tu.

(b) We again use induction on ¢. If t — s and tu 4% s, then we have ¢t =
fltr, .. te), s = f(s1,...,8k), and t; — s; for all 1 < i < k. Hence, we have
t;it =% s; by the induction hypothesis, which implies t; —7% s.

(c) We use induction on t. For variables, the desired property holds by the
prerequisites on o and ¢’. If t = f(¢1,...,tx), then we have t;c — t;0’ by the
induction hypothesis. Hence, by the definition of —, we also have to — to’.

(d) We use induction on 7. If 7 = ¢, then the claim is trivial. Thus, we now
consider m = j.n’. Hence, t = f(ty,...,t;) with 7’ € Pos(t;). As t is not in

U-normal form, we have s = f(s1,...,s;) with s; — ¢; forall 1 < < k. Since
tj|~ is not in normal form, the induction hypothesis implies ¢;[r] — s;[g]» .
Hencea t[r]ﬂ' = f(th cee ,tj[r]ﬂ"a cee 7tk) - f(sl, BRI Sj[q]ﬂ’, CRE) Sk) = s[q]ﬂ'

O

The following lemma is the crucial observation needed to show that for any
ground substitution g, the derivation height of any term ¢ is at most as large
as the derivation height of tu. To prove this, we will show in Thm. 9 that any
(finite or infinite) rewrite sequence t = t i—>R/3 t1 i—>R/3 to #R/S ... can
be transformed into a rewrite sequence tu = so g sun)T S1 R/(sUN) T
S %R/(SuNﬁ ... of at least the same length. For this proof, the essential idea is
to show that if t; —»x , rRUS s; and t; —Rr/s tiv1, then there exists an s;,; with
tir1 —>x,uRUS Si+1 and s; '—>R/($u/\f)+ Si+1, where X is a saturated ground
system for R UA. This step is provided by the following lemma when setting
Q=RUNMN and U = RUS, and when setting P = R resp. P = S in order to
simulate steps with R or S.

Lemma 43 (Simulating Innermost Rewriting by Ground Innermost
Rewriting). Let Q, U, P be constructor systems such that every Q-normal
form is also an U-normal form and every U-normal form is also a P-normal

form, let t,t' be terms with t lﬁp t', and let p instantiate all variables of t by
ground terms. Then for any saturated ground system X for Q and for any term

s with t —x ;1 s where s is innermost terminating w.r.t. Q, there exists a term

s" with t" —x ,u 8" and s %*Q o 2>7> s'.
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Proof. Since t ﬂ)p t’, there is a rule £ — r € P, a position 7 € Pos(t), and a
substitution o such that t|, = fo and t' = t[ro|,. Thus, ¢ = f(¢1,...,£;) and
tlr = f(t1,...,tx) for a defined symbol f € Xy, and /¢1,..., ¢ are constructor
terms with ;0 = ¢; for all 1 < i < k. Let t — s where s is innermost terminating
w.r.t. Q. Since t|; is a P-redex, no subterm of ¢ at a position on or above 7 is
in P-normal form. As every U-normal form is also a P-normal form, we have
7 € Pos(s) and s|r = f(s1,...,8k) with t; — s; forall 1 <4 < k. For all z € V(¢),
let x7,..., k5 be all positions of £ where x occurs. As f(t1,...,tx) = fo, this
implies f(t1,... ,tk)|K;; = zo for all 1 < j < n,. Note that on positions that are
below the root but above the positions 7, f{t1,...,tr) has the same symbol
as £. Thus, f(t1,...,tx) only contains constructors on these positions since ¢
is basic. As t; — s; for all 1 < i < k, this also means that f(sq,...,s;) and
f(t1,...,tr) have the same symbols on all positions above the positions K.
Moreover, since t; — s; implies ¢, —% s; by Lemma 42 (b), we therefore have
Top —% f(sl,...,sk)\,{;_c for all 1 < j < ng. Recall that X is confluent by
Lemma 40 (a) and s is innermost terminating w.r.t. @ (and by Lemma 40 (b)
therefore also w.r.t. X'). Thus, f(s1,..., sk) is also terminating w.r.t. X and hence,
there exists a unique term s, in normal form such that f(si,..., sk)|,{a7,c —% Su
for all 1 < j < n,. For all variables z € V({), we define zo’ = s,. As zo is in
U-normal form (since fo contains no U-redex below the root due to the step

lo l}'p ro), o —% Sy = xo’ implies xo — xo’. Note that since s, is in normal
form w.r.t. X it is also in normal form w.r.t. @ by Lemma 40 (c).

Then we have f(s1,...,s,) =% ¢o’ since for V(¢) = {z1,..., 2}, we have:
f(s1,...,8kK)

= f(tla"'atk) [f(sla"'ask”nfl]/{fl [f(sla'-'vsk”/{ﬁi]nﬁll
[f(Sl, ey Sk)|ﬁfm]ﬁﬂfm e [f(Sl, ceey Sk)l“i%]’f:zi

= Y4 [f(81,...78k;)|n';1]ﬁ-’1”1 [f(81,...78k)|’£211],€211
[f(s1, o sk)lwom wom - [f(s1,- -5 Sk)wzm wzm

—)’;( ¢ [sm]nfl S [Sil]nﬁi
[Sxm}’,{;m e [Smnl]lizm

= Vlo

As every rewrite step with X’ is obviously an innermost step with Q, this implies
s=s[f(s1,. -, 8K)]x %*Q s[lo’]. Note that o’ instantiates all variables z € V(¢)
by the Q-normal form s,. Thus, as £ is a basic term, o’ does not have any
Q-redex below the root. This implies that we can continue the above reduction
by s %*Q s[lo’] 25 s[ro’]«.

It remains to show that ¢’ = t[ro], — s[ro’], holds. As zo — zo’ for all
x € V(r), Lemma 42 (c) implies ro — ro’. As t|, is not in normal form w.r.t.
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P and therefore also not in normal form w.r.t. i, we can use Lemma 42 (d) to
conclude t' = t[ro]; — s[ro’], which proves the current lemma. O

Now we can show Thm. 9.

Theorem 9 (Soundness of Instantiation and Terminating Variants).
Let R, S be constructor systems and N be a terminating variant of S. Then
dh(t, »rs) < dh(to, =g/ suny) holds for any term t where to is ground.

Proof. If tu is not terminating w.r.t. i—>R/(3U,\/), then we get dh(¢u, i—>73/(3w\/)) =
w and the theorem obviously holds. Otherwise, note that termination of tu w.r.t.
i—>7g/(5uN) implies innermost termination of ty w.r.t. RUN. To see this, assume
that ¢4 has an infinite innermost reduction w.r.t. R UN. By Lemma 38 (a), then
tu also has an infinite reduction w.r.t. i—'>R/N. Then Lemma 38 (b) implies that
tp also has an infinite reduction w.r.t. %%/ (sun)-

Let @ = RUAMN and let f = R US. Then every Q-normal form is also an U-
normal form by the definition of terminating variants. Moreover, every U-normal
form is also an S-normal form and an R-normal form. Let X be a saturated
ground system for Q and consider a finite or infinite sequence ¢ e /st Hr /s
ta “rRr/s --- Thus, we have

U — U Usx — U
t:to.):ksto.)ntl .>gt1 —R ..

We always have ¢ — ¢ by Lemma 42 (a) (where we again write — instead

of —x ,u). Hence, by using Lemma 43 for P = S, we have tu ’%*Qus 50 for
a term 5y with tg — 5. Clearly termination of tu w.r.t. —>R/(3uN) implies
that any term that is reachable from tu by —>Ru8u N is also terminating w.r.t.

L»/(sun)- Recall that ¢y —>QU5 So means tj —>Ru3u/\f 5o and as every

. RUSUN
N-normal form is also an S-normal form, we also have ty ————% sur 50, 1€,

tu i—>RU3U/\/* S0- T_hus7 termination of tu w.r.t. i—>7g/(5wv) implies that sg is also
terminating w.r.t. =g /(sun). With the same argumentation as in the beginning

of the proof, Lemma 38 implies that 5 is innermost terminating w.r.t. R UN

and hence, we can apply Lemma 43 for P = R to obtain tu ’Q»*Qus S0 ’%*Q

o ’%R s1 for a term s; with ¢; — s;. Note that since @ = R U N, this means

ti MRU SUN © —N>R s1. As every N -normal form is also an S-normal form,

RUSUN RUSUN +
we have tu —)RUSUN o ———R 81, Le., tu %R/(SUN) 51

By repeating thls construction, we obtain a rewrite sequence tu i—>73/(guN)+
$1 '—>R/(3U/\/)+ 52 r/sun) T ... of at least the same length as the original
rewrite sequence for ¢. a

To prove Thm. 13, we need an auxiliary lemma which shows that every rewrite
step on ground terms with a constructor system R can also be simulated by its
abstraction {RS§.

Note that [.] : T(ZW X1, V)U{w} = T (XY g, V)U{w} is defined as [z] =
x for x € VU {UJ} For o € {+, ° <}, let [[O(tl,tg)]] = .([[tl]], [[tg]]) if [[tlﬂ, [[tg]] eN,
where e is the arithmetic function associated with the symbol o. Similarly,
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[A(t1,t2)] = o([t1], [t2]]) if [t1], [t2] € {true,false}, where e is the Boolean con-
junction. In all other cases, we define [f(t1,...,tx)] = f([t1],-- -, [tx])-

Lemma 44 (Size Abstraction Does Not Decrease dh). Let R, Q be well-
typed TRSs where R is a constructor system and Q is completely defined w.r.t.
a many-sorted signature X. Let m € N and P = {{ — r§,, | { = r € R}. Let
s,t € T(X,9) be (well-typed) ground terms. Then s Sx t implies [{s5] —=p

[¢51-

Proof. Since s 25 t, there is a rule £ — r € R with s|; = o and t = s[ro],
for some substitution o and some position 7. Moreover, no proper subterm of
lo is a Q-redex. As Q is completely defined, this means that fo is a basic
ground term and o instantiates every x € V by a constructor ground term. So if
L= f(t1,...,tx), then ty0,...,tpo are constructor ground terms. Hence for all
1 <i <k, we have {t;05 € T(Xexp, @) and n; = [{t;05] € N. Let 6 be a natural
substitution with x;6 = n; for fresh variables 1, ..., 2 and 26 = [{zc§] for all
other variables z € V.

Note that P contains the rule {¢ — r§,,, which is f(z1,...,7x) — {r§ []
where ¢ is the constraint /\f:1 z; ={ti5 N Apey® = 1. Clearly [cd] = true,
because [z2;0] = [n:] = ni = [{tio§] = [t:50] = [{t:§6] and [26] = [{zof§] > 1,
as o instantiates every x € V by a constructor ground term.

We now prove that [{s§] —=p [{t5] holds by induction on the position . In
the induction base, we have m = ¢. Thus, s = fo and t = ro. Hence, we obtain

[(s5]
[L4of]
flng, ..., ng)
» [{rso] as [cd] = true
[iroS]
[¢t5]

In the induction step, we have m = 7.7’ for some 1 < i < k. So there is some
g € X withs =g(s1,...,8i,.-.,84), Si|n=w = bo,and t = g(s1,...,8i[ro]zrs. .., 8d)-
The induction hypothesis states that [{s;§] —=p [{s:[ro]«§]. Now we have

[(s5]
[Lg(s1y---y8iy--y84)5]
g([Ls15) - [LsiSls - - -5 [Lsad)

P l9([Lsi5], - - - [Lsilrolx 51, - - [LsaS])]
lo(lsi5, .. (silrolx S, ..., (sa$)]
[Lg(s1,---y8i[rolary. .y 84)]

[¢t5]

o E

TR T

a

Theorem 13 (Soundness of Abstraction (-§). Let R/S be a well-typed,
completely defined constructor system. Then dh(t, “x,s) < dhw([{t5], —i=/s5)
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holds for all well-typed ground terms t. Let N be a terminating variant of S such
that R/(SUN) is also well typed. If R/(S UN) is completely defined, then we
have ircr  s(n) < ircyr /sunys(n) for alln € N.

Proof. By Lemma 44, for any well-typed ground term s, s i—>R/5 t implies
[(sS] —ir/ss™ [Ut5], where the sum of the weights of the rewrite steps is 1.
Therefore,

dh(t, Br,s) < dhw([{t5], =1=/s5) holds for all well-typed ground terms ¢.
(19)
By the requirement on completely defined TRSs, for every type 7 there is a
constant ¢, of type 7. Let u instantiate every variable of type 7 by c.. Thus, we
obtain:

ircr/s(n)
sup{dh(t, i—>R/5) | t basic, [t| < n}
sup{dh(¢, i—>R/S) | t well typed and basic, |t| < n} by persistence of irc [6]

IA

sup{dh(tu, i—>R/(SuN>) | t well typed and basic, |t| < n}
by Thm. 9
sup{dh(s, i—>R/(5uN)) | s well typed, basic, and ground, |s| < n}

IA

since |t| = |tp| for all terms ¢

IN

sup{dhw ([{sS], i—)ZR/(suN)S) | s well typed, basic, and ground, |s| < n}
by (19)
sup{dhw(q, == /(sun)s) | ¢ nat-basic, |¢| < n} since |s| = |[{sS]]| for all

IN

basic ground terms s

= ircir/(sun)s(n)

B.2 Proofs for Sect. 4

Theorem 18 (rt and irc). Let rt be a runtime bound for an RNTS P. Then for
alln € N, we have ircp(n) < sup{[rt(f) {z1/n1,...,zx/nx}] | f € X, n1,...,np €

N, Zle n; <n}. So in particular, ircp(n) € O3 e o[rt(f) {z1/n, ..., 2x/n}]).
Proof. For any n € N we have

ircp(n)
= sup{dhw(¢, =) | ¢ is nat-basic, |t| < n} Def. 5
sup{dhw(f(n1i,...,nx),—=p) | f € X, n1,...,nx ENA1 —}—Zf:l n; <n} Def 5
sup{[rt(f){z1/n1, ..., zr/m}] | f € Zyna,...,ne ENATH P ny <n} Def. 16
sup{[rt(f){z1/n1, ..., zr/m}] | f € Zyna,...,ne ENASE ny < n}

Al

The second statement of the theorem follows by weak monotonicity of rt(f)
for all f € X, i.e., by

[rt(H){x1/ma, .. yxi/ng, . xe/ne ] < [t(H){za/na, ..z /ni+ 1,0 zk /g ]
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for all ny,...,nx € Nand all 1 <7 < k. The reason is due to the construction of
rt(f): constant functions and variables are monotonic w.r.t. <, combinations of
monotonic functions by + or - are again monotonic, and the special value w is
monotonic as well. a

Instead of Thm. 19, we prove the following generalization to an arbitrary
number of defined symbols on the right-hand side. In the following, instead of
to ~5p ... “p t,, we often write tg % t,, where m =my + ...+ my,.
Theorem 45 (ITS Size Bounds (Generalized)). Let P be an ITS whose

rules are of the form £ = (o] or €% u+>" i, vi i [@] for u,v; € T(Xexp, V)
and root(r;) € X. Let o

=y _{f/<-7517-~-axkvz) %Zlgigmgg(ti,la--~7ti,lci7'Ui'Z) ] }
| F @1, mk) S ut Yo i Gt k) [0 € P
U{f (z1,...,25,2) =50 [@] | f(z1,...,21) S u [¢] € P}

for a fresh variable z € V. Let rt be a runtime bound for Psyze. Then sz with
sz(f) = rt(f"){wr41/1} for any f € X is a size bound for P.

Proof. To be able to use the runtime bound rt for P, as a size bound for P,
we prove that if f(ni,...,ni) =5 n, then we have f'(nq,...,ng, 1) i)}‘,m 0 with
e > n for all f € X and n,nqy,...,nr € N. Instead, we prove the following
generalized statement for all numbers d > 0:

f(ni,...,n) =% nimplies f'(nq,...,nk,d) =50 withe>n-d.  (20)

From this, the claim of Thm. 45 follows.
We prove (20) by induction on the length of the derivation. In the base case,

we have f(ni,...,n;) —p n with some rule f(z1,...,z5) = u[p] € P and some
substitution o with Juo] = n, and thus by construction f’(ni,...,ng,d) n—'d>psize

0, from which (20) trivially follows.
In the induction step, we have

f(na,..oone) =p a+ Zl<i<m i gi(tins - tin) =pn

for ground terms @, 9; € T (Xexp, @). Thus, by construction

a-d ~ e -
(/ gi(ti,la e 7t7;1ki,1)7; . d)

/
f (nl, e, N, d) " Pie 1<i<m

Let n; € N be the P-normal forms of gi(fi’l,...,fi,ki) such that n = @ +
E1gigm Ui - M.

From the induction hypothesis (20), we obtain g’ (%; 1, ..., %k, ;- d) i)%‘;size 0
with e; > 7i; - ; - d. Hence, the total weight of the Pg,e-derivation f'(ny,...,nk,d)
=5, 0isd-d+ ) ciepmei = U-d+ Y iy, 0 - d = n-d. Thus, (20)
follows. 0
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To ease notation, we now introduce abbreviations for the RNTSs that result
from applying the inner and the outer abstraction, respectively (Pf{,sz resp. P2).
We also introduce a third abstraction a®, which eliminates outer constructors as
in the construction of Py s,. The result of this new abstraction is P¢. Moreover,
we introduce ¢ and ¢°, which_correspond to the costs of applying a resp. as.
We also introduce an RNTS Py, which rewrites every nat-basic term to any
results bounded by the size bound sz. Finally, we introduce P}, i,, which results
from first applying a' and then applying a® to all rules of a RNTS (and adding
the corresponding costs and conditions to the resulting rules). While Py, ., and
Prt sz are very similar, their rules have slightly different costs. However, later we
will see that every runtime bound for Py g, is also a runtime bound for P}, o, (cf.
Corollary 52).

To ease readability, in the following we write X; and Y. instead of EZ; and
xP.

c

Definition 46 (Abstraction and Resulting Costs and RNTSs). Let P be
an RNTS with size and runtime bounds sz and rt. We define:

0 ifteVy
cirt,sz(t) = 219‘51« cirt,sz(ti) ift=f(tr,....tk), f & X

Crt,sz(l?) ift:f(tl,...,tk),f € Xy
Pha = {00 a0) [n )] |05 e p)

0 ift €V orroot(t) € Xy
c?t,sz(t) = Z19‘§k C(r)t,sz(ti) ift=f(tr,. .., th), [ € Zexp

rt(f)(sz(tl), st Sz(tk)) + Zl<i§k~ c‘r)t,sz(ti) ift = f(th o 7tk)7 f € Ec
Py ={eB el ol (Sl e P}
as(t) = Zweposd(t) t|7T

—

Poy = {z WrEa, s 4] ] NP P}

Wt (N +G (@ () i w
P =10 (6 (r)) [ A iy ()] ]Hrm ep}
Pruse =4S zn) " o < sz(f)] ‘ fe EC}

For i, a°, ¢, ¢, P!, °, P°, P°, and 73, from now on we often omit the indices
indicating the used runtime and size bound unless they differ from rt resp. sz.
Moreover, we assume that all occurrences of w in P¢, P°, P¢, P', and P are
replaced by pairwise different fresh variables.

The following corollary shows that our notations P?, P°, and P¢ from Def. 46

can be used to express P, from Thm. 27 and Py, .

Corollary 47 (Expressing Ps, and P}, with P* and P°). Let P be an
RNTS with size and runtime bounds sz and rt. Then we have (P%)° = Ps, up to
the weights of the rules in Ps, (which do not matter, since Ps, is only used to
compute size bounds, but no runtime bounds). Moreover, we have (P")° =P}, .
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Proof. We have:
(P |
{Z AN a°(r) [¢'] ’ ¢ i [¢'] € 73‘}
0 a®(r’) [¢'] ‘ 0 g [¢'] €
- wc'(r)
P

{e—> al(r) [e A (r)] ‘ziw[@]ep}

0250, o)) [ A ()] ’ N P}

(

{ 2, ) ] | €25 1] € P
{ng r) ] | € vt o) €
e
— P!

{e 2O, G o A () \
OO, (1)) [ A()] jfﬂwm eP}

Eﬂw[ga]eP}

wc'(r)+c®(a'(

rt,sz

O

The following straightforward lemma states that bounds for P are also valid for
P and, in some cases, for certain supersets of P.

Lemma 48 (Runtime and Size Bounds of P and 73) Let P be an RNTS
with size and runtime bounds sz and rt. Then sz and rt are also size and runtime
bounds for P. Moreover, if sz(f) = w resp. rt(f) =w forall f € X4, then sz resp.
rt is also a size resp. runtime bound for P U P and for Pt U P.

Proof. Let s = f(ny,...,n;) be a nat-basic term such that s L}; q (resp.

Ts —oup q 01°.s.—>7)iU73 q) for some term ¢ (the case where the rewrite sequence
is empty is trivial).

If f € X7, then s can neither be reduced by P mnor by P! but just by
P. Hence, we have s i>73 q € N where the rule used for this rewrite step is

flze, ... zk) RSN [z < sz(f)] by definition of P. Thus, we get m = [rt(f)o],
and g < [sz(f)o] where o = {z1/n1,...,2x/nk}.

If fex? 7 » then s is in P-normal form and hence we just have to consider the
+ +
cases s _>7>u73 g and s _>7>iu73 q. It rt(f) = w, we clearly have m < [rt(f)o] for

each natural substitution o. Moreover, if sz(f) = w and ¢ € N, we clearly have
q < [sz(f)o] for each natural substitution o. O
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B.2.1 Properties of sz, ¢, ¢/, and ¢°

The following auxiliary lemma shows that our lifting of sz from function symbols
to terms is sound. From now on, we sometimes write rt(f)(¢y,...,t) instead of
re(f){z1/t1,...,xx/tr} and sz(f)(t1,...,tx) instead of sz(f){z1/t1,...,zr/tr}
to ease readability.

Lemma 49 (Soundness of sz on Terms). Let P be an RNTS with size bound
sz. If n € N is a normal form of s € T(X U Xexp, @) w.r.t. P, then [sz(s)] > n.

Proof. We use structural induction on s. If s € T (Xep, D), then s = n as
s is already in normal form w.r.t. P and by Def. 23 we have [sz(s)] = s. If
s=g(s1,...,8m) and g € X, then

s2(s) = s2(g)(s2(s1), -, 52(5m))- (21)

For each s;, let n; € N be the normal form obtained for s; in the rewrite sequence

s =% n, i.e., we have g(s1,...,5m) =5 g(n1,...,m) =5 n and hence
[[SZ(g(nla s anm))]] Z n (22)

by Def. 16, as sz is a size bound for P. By the induction hypothesis, we have
[sz(s;)] > n, for each 1 < j < m. (23)
Hence, we get:

SZ( )]
9§ESZ(81) sz(sm))] by (21)
(

=

z(g)(n1, )]] by weak monotonicity of sz(g) and (23)
z(g(n1,...,nm))] by def. of sz
by (22)

3 I:H:H:|
AA/\

AV IINAVAR]

O

According to the following lemma, our lifting of sz to terms is also weakly
monotonic, i.e., replacing a subterm of a term ¢ with a “smaller” term results in

a term whose evaluation is smaller or equal to ¢. In the following, we often write
T instead of T(X,V).

Lemma 50 (Lifting of sz is Monotonic). Let t,q € T and m € Pos(q) such
that [sz(qlx)] = [sz(t)]. Then [sz(q)] = [sz(q[t]x)].

Proof. Let t be an arbitrary term. We use induction on 7. If 7 = ¢ we get:

[s2(¢)] > [s2(4[t] )]
> [sz(9)] = [s2(D)]
<= true by assumption [sz(q|.)] = [sz(q)] > [sz(¢)]
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If 7 = i.7w', then ¢ = f(q1,...,qr) and the induction hypothesis implies

[s2(a:)] = [sz(g:lt]=)]- (24)
If f € X, then we get:
[s2(9)]
= [sz(f)(sz(q1), - sz(qr))] by def. of sz
> [sz(f)(sz(q1), - - -, sz(qi[t]x), - - - ysz(qr))] by (24) and monotonicity of sz(f)
= [sz(q[t]x)] by def. of sz

If f € Yexp, then the proof is analogous, since Y, only contains the non-constant
functions + and - which are weakly monotonic. a

The following lemma clarifies the relation between the costs imposed by P, o,

and Pys,. Hence, it allows us to show that runtime bounds for P s, are also

runtime bounds for P, ,.

Lemma 51 (Relation of ¢, ¢/, and °). Let P be an RNTS with size and
runtime bounds sz and rt. Lett be a term and let 0 be a substitution with ['(t)0] =

true. Then [c'(t) + ¢°(a'(2))0] < [c(¥)].

Proof. Structural induction on ¢. If t € V, then we have

['(t) + ¢ (a'(£))0] = 0 = [c(t)].

Let t = f(t1,...,tx). By the induction hypothesis, we have

[e'(t:) + (o' (2))0'] < [e(t:)] (25)

for all 1 <7 < k and all substitutions 6’ with [¢i(t;)0'] = true. If f € Yexp, then
we have

[¢'(t) + c°(a'(t))0] , _
= ZlSiSkHC!(ti)ﬂ + Zlggk[[@(af(t)h)@]] by def. of ¢! and ¢°
=D 1<ickl€ ()] + 30 i< [e°(a'(t:) ) 0] where p is a variable renaming
_ . such that a'(¢;)p = a'(t)];
=D 1<ici € ()] + 221 <icp [ (a'(t:)) 6]
< 21§i§k[c(ti)ﬂ by (25) and ()
= [c(¥)] by def. of ¢

For the step marked with (I), note that we have
[¥!(t:) 6] = true (26)

as we have
[[wf(t)ﬁ]] = true
= [¥'(f(t1, ” ,t1))0] = true

= [M<i<k'(ti)ub] = true  as f € Yoy and as p is a variable renaming
such that a'(t;)p = d'(t)|;
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Moreover, note that the variable renaming p exists as all variables introduced
by a' (which in turn occur in ') are fresh.
If f € X, then we have

[e() + e (' (£))0]
= Dr<icile ()] + X1 <i il (@ ()[)0] + [rt(f) (sz(a (B)]1), - -, sz(a'(t)[1)) 0]
by def. of ¢ and ¢°

= Diicil ()] + X cicile®(@' () )0] + [rt(f) (sz(a'()]1), - -, sz(a'(£) 1)) 0]
see below ()

= 2 1cickl€ )] + 2 il (a'(t) ub] + [rt(f)(sz(a () 1), - - sz(a'()[x))0]
< Yicicile)] + [rt(f)(sz(a(t)]1), - - - sz(a'()]x))0] by (25) and (26)

< Di<i<rle)] + [rt(f)(sz(ta), - - s (tk))]] see below (1)

= [e(t)] by def. of ¢

In the step marked with (), u is again a variable renaming such that a'(t;)u =
al(t)]; for all 1 <4 < k. The step marked with ({1) holds as [¢/(¢)8] = true and
f € X, implies

[a'(t)]s.0] = [a'(t)]:0]=] < [sz(t|s.)] for each 1 < i < k and 7 € Pos®P(t|;).
As di(t)];.» €V, this implies
[sz(a'(t)]:6])] < [s2(t]i.x)]-

By Lemma 50, we know

[sz(s)] < [sz(ql«)] implies [sz(q[s]~)] < [sz(q)]-
With s = ai(t)];0|, and q = t|;, we get

[sz(t]:[a' (1)1:6]])] < [s2(t]:)].

Hence, we have

[sz(t]ifa'()]0]mi )y - - - [0 ()61, ) )] < [s2(2]0)]

where {71,...,7m} = PoslP(t];). As t|; and a(t)];0 only differ at the positions
M1, -, Tm, Dy the definition of a', this implies

[sz(a'(1)]:0)] < [s(t]:)].

With monotonicity of rt, this implies (11).
If f € X4, then we have

[¢'(t) + (o' (£))0] = [e(t) + 0] = [e(t)].
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Corollary 52. Every runtime bound for Pu.s, is also a runtime bound for P, .
Proof. Immediate consequence of Lemma 51. a

The following lemmas introduce alternative equivalent representations of ¢
and ¢' as switching from one representation to the other is handy in later proofs.

Lemma 53 (Alternative Representation of ¢). Let P be an RNTS with size
and runtime bounds sz and rt. Then for every term t € T with root(t) € Xy we

have C(f) = Zﬂepostfp(t) C(t‘ﬂ).
Proof. Immediate consequence of the definition of c. ad

Lemma 54 (Alternative Representation of ¢'). Let P be an RNTS with
size and runtime bounds sz and rt. Then for every term t € T we have ¢'(t) =

EwGPosé"p(t) c(ﬂﬂ)
Proof. Structural induction on ¢. If t € V, we have
dB)=0= > cth).
TrEPostc'oW(t):Q
Let t = f(t1,...,tg). If f ¢ X4, then we have
ci(t) _ _
1<i<k © () by def. of ¢

= Zlgigk Zﬂep(,siup(ti) ¢(t;|=) by the induction hypothesis
=2 nepostr(t) S(tlx) as f ¢ Xq

If f € Xy, then we have

= ¢(t) by def. of ¢
=2 repostr(r) €(t[x) by Lemma 53

a

Similar to Lemma 50 for sz, the following lemma proves monotonicity of c.
More precisely, replacing a subterm g|, of ¢ with a “smaller” term decreases the
cost of ¢ weakly even if we re-add the costs of the replaced subterm g|.

Lemma 55 (¢ is Monotonic). Let ¢ € T,t € T(Xexp, @), 7 € Pos(q), and

[sz(al=)] = [sz(t)]. Then [e(g)] = [e(alt])] + [e(al)]-

Proof. Let t be an arbitrary ground term. We use induction on 7. If 7 = ¢, then

we have
[¢(¢)] = [e(qlt]x)] + [e(gl=)]
= [e(@)] = [e())] + [e(9)] as T =¢
< 02> [c(t)]
<= true as t € T (Zexp, @)
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If 7 = i.7w', then ¢ = f(q1,...,qxr). By the induction hypothesis, we have

[e(g:)] = [e(gsltlw)] + [e(gil=)]- (27)
By Lemma 50, the assumption [sz(q|-)] = [sz(¢li.x)] > [sz(t)] implies
[s2(g:)] = [sz(alt])]- (28)

If felX., we get:

[e(9)]

( - s2(qr))
= [rt(f)(sz(qr), - - sz(qr))] + [e(q)] + - .- + [e(qn)]
> [re(f)(sz(q1)s - - - »s2(qx))]
Fe(q)] + -+ [e(ailt]w)] + - .- + [e(gr)] + [egil)] by (27)
= [rt(f)(sz(qr), - - - »sz(qx))
+e(qr) + . eqltla) + - 4 elaw)] + [egil)]
> [rt(f)(sz(qr), - - »sz(qilt]), - - sz(qr)) by (28) and
+e(qr) + .. Fe(gltle) + .o+ elaw)] + [e(gil~)] monotonicity of rt(f)
= [rt(f)(sz(q1), - - .,sz(q[t]x]:), - - - sz(qx)) as m=g.7’
+e(q) + - 4 eqlt]xli) + -+ elqr)] + [e(gil~)]
= [e(q(t]x)] + [(gil~)] by def. of ¢
= [e(qlt]o)] + [e(glx)] as m = i.m
Otherwise, we get:
[c(a)]
= [e(q1) + ... +c(qr)] by def. of ¢
= [e(g)] +- - + [e(ax)]
> [e(g)] + - -+ [eqiltlx)] + - - + [e(gr)] + [e(gil~)] by (27)
= [elqr) + -+ c(@ltler) + ... +clgr)] + [e(gil)]
=[e(qr) + ...+ c(qlt]xls) + ... +c(ge)] + [e(@l~)] asm=in
= [e(q[t]x)] + [e(ail~)] by def. of ¢
= [eqlt]=)] + [e(al=)] as m=i.m

a

The following lemma proves the soundness of our definition of ¢. To this end,
we show that the cost of rewriting with P (whose costs are determined by rt) is
indeed bounded by ¢.

Lemma 56 (Soundness of ¢). Let P be an RNTS with size and runtime bounds

sz and rt and let q be a normal form of t w.r.t. 73, i.e., we have t 1)’7% q. Then
[e(t)] = m.

Proof. We use induction on the length n of the reduction ¢ 1% q.- If n =0, we
n—1

have m = 0 and hence the claim is trivial. If n > 0, we have ¢ ﬂt,; 2 5 4

with m = mi; + ms and, by the induction hypothesis,
[e()] = ma. (29)



36 M. Naaf et al.

Let ¢ — r[g], o, and 7 be the rule, the natural substitution, and the position of
the rewrite step ¢ ﬂ>73 t" and let t|; = f(t1,...,tx). By definition of 73, we have
fe€Xetr, .. tr €Ny my = [rt(f)(t1,...,te)], [ro] = e € N, t/ = [tle].], and
[sz(t|+)] > e. By Lemma 55, we get

[e(®)] > [e(tle]x)] + [e(t]=)] = [e(t)] + [e(t]x)]- (30)
With (29), (30) implies

[e(®)] = ma + [c(t]x)]. (31)
As t|lr = f(t1,...,tx) with f € X, and t1,...,tx € N, we have
[e(tlx)] = [rt(f)(tr, - - t)] = (32)

by definition of ¢ and hence
[e(t)] = ma+m1 =m
by (31) and (32) O

Lemma 56 shows that ¢ measures the costs of constructors correctly if they
are evaluated with P. However, Lemma 56 does not deal with evaluating defined
symbols. The following lemma shows that ¢ remains an upper bound on the cost
of possible P-derivations if subterms are normalized w.r.t. PUP. So in particular,
it also applies if rules of P are used to evaluate defined symbols.

Lemma 57 (Normalization Preserves c). Let P be an RNTS with size bound
sz and runtime bound rt, let t be a ground term with t = [t], let Posq(t) =
{71, ..., 7} be parallel positions, let q1, . .., qn be PUP-normal forms of t|,,. ..,
t|x, , respectively, and let s be a P-normal form of [tlg1)ny - - - [@n]x, ], i-e., we have

[tlai]n, - - [an)w,] ﬂ% s. Then [c(t)] > m.

Proof. We use structural induction on ¢. If root(t) € Xy, then Posq(t) = {e}. So

we have t =* _ ¢ %% s, but since ¢ is already a normal form, we have s = m
and m = 0. ﬁggce, thg claim is trivial.

Now we consider t = f(t1,...,tx) and f € Yep. W.lo.g., we assume that the
positions my,..., T, are ordered lexicographically. Then each ¢; either contains
no defined symbols or there exist 1 < a; < b; < k such that m,,, ..., m, are those
positions from {71, ...,m,} that are in the subterm ¢; (i.e., these positions start

with ¢). If t; does not contain defined symbols, then we have ¢; = [¢;] m—)% S;
and by Lemma 56 we obtain [c(¢;)] > m;. If t; contains defined symbols, then we

have t; =7, 5 [tilga:)ra, - - - [@bi]m, ] ﬂ% s; and the induction hypothesis implies
[¢(t;)] = m;. Thus, s = [f(s1,...,sk)] and m = mq + ... + my. Moreover, we
get:

c(t)]
C(f(th e ,tk))]]
c(

3 ISalonalon

t1)] + ... + [c(tx)] by def. of ¢
+ ...+ mg

[N
3
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Finally, let ¢t = f(t1,...,tx) and f € X.. Again each ¢; either contains
no defined symbols or there exist 1 < a; < b; < k such that m,,,...,m,
are those positions from {my,...,m,} that are in the subterm ¢;. As in the

previous case, if t; does not contain defined symbols, then ¢; = [¢;] ﬁ%% Si

and [e(¢;)] > m; by Lemma 56. If ¢; contains defined symbols, then ¢; =P

[tilga:lna, - - - [abi)m,, ] m—>;‘3 s; and [c(t;)] > m; by the induction hypothesis. So
our overall reduction has the form

+o+ /
t =705 [Harle - gn)m, ] 55 f(s1,. 0.5 85) =

where m = my + ... + mp + m’ and [e(f(s1,-..,8k))] = m' by Lemma 56.
Moreover, we get:

— [t(f)(sz(t1), - .o sz(ti)] + [e(t)] + . . . + [e(tx)] by def. of ¢
> [rt(f)(sz(tr),...,sz(tg))] +m1 + ...+ my

If {s1,...,8:} ¢ N, then f(s1,...,s%) is a P-normal form and thus we have
m =mq + ...+ my. Now assume {s1,...,s,} C N. Then:

[rt(f)(sz(tr),...,sz(tx))] +m1 + ... +my
> [rt(f)(s1,---h86)] +ma+ ... +my (1)
=[e(f(s1y..y86))]+m1+...+my
>m 4+ my+ ...+ my

The step (f) holds because t; =7, 5 s; and sz is a size bound of P and hence

also of PUP by Lemma 48, and because of weak monotonicity of rt(f). O

B.2.2 Properties of P

We use P to “summarize” a sub-RNTS U of a larger RNTS Q by the size
and runtime bounds of U/. Hence, it is important that the RNTS that results
from this summarization behaves similar to the original RNTS. The following
two lemmas state that our summarization indeed preserves normal forms from
N and over-approximates the costs of the original RNTS.

Lemma 58 (Replacing Rules With P Preserves Normal Forms from N
and Costs). Let Q =P UU be an RNTS with size and runtime bounds sz and

rt. If t € T(EF U Xep, @) and t ﬂ)*‘g n €N, then t if;; n for some e > m.

Proof. We use structural induction on ¢t = f(t1,...,tx). Let ny,...,ng be the

normal forms obtained for ¢y, ..., ¢ in the rewrite sequence f(t1,...,tx) i)"g n
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and let mq,...,my be the costs of normalizing ¢1, ..., ;. First assume f € Y,
i.e., we have

f(t1, ... tk) M*Q [f(n1,...,nk)] =n and (33)
my+...+m, =m. (34)

By the induction hypothesis, we have

Fltr,ooty) S [f(ng, . ng)] with e; > m; forall 1 <i <k (35)

and hence e; + ...+ e > m by (34).
Now assume f € X, i.e., we have

flt1, ... ty) w"g [f(ny,...,n)] =5 n and (36)
mi+...+mp+m =m. (37)

By the induction hypothesis, we again have (35). Moreover, we have

[f(ni,....,n%)] = f(n1,...,n8) and (38)
Flan o) S o <sz(f)] e P (39)

by definition of [-] and P. As sz is a size bound for Q, (36) implies

[sz(f)(n1,...,nk)] = n. (40)

Hence, (38), (39), and (40) imply

Lf(n, ... one)] Mﬁ n. (41)
Thus, we have
Flt, ) 2 (g, )] Mﬁ n

by (35) and (41). As rt is a runtime bound for Q, (36) implies
Irt(f)(na,...,ng)] = m'. (42)
Finally, (37), (35), and (42) imply e; + ...+ eg + [rt(f)(n1,...,ng)] >m. O

Lemma 59 (Replacing Rules With P Preserves Costs for Arbitrary
Normal Forms). Let Q = PUU be an RNTS with size and runtime bounds sz

and rt. If t € T(XT U X, D), ﬂf‘g q, and q is a Q-normal form, then t i)% n
for somen € N and e > m.

Proof. We use structural induction on t = f(¢1,...,tx). Let ¢1,...,qr be the

Q-normal forms of ¢y, ..., t; obtained in the rewrite sequence f(t1, ..., tx) i>*Q q
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and let mq,...,my be the costs of reducing t; to ¢; for each 1 < i < k. First
assume f € Yep, i.e., we have

Fltny oo ty) T Tf(gr, .., q1)] = ¢ and (43)
m=mi—+...+mg. (44)

By the induction hypothesis, we have
ti e—>73 n; with e; > m; and n; € Nforall 1 <i < k. (45)
With (44), we get e; + ... + e > m. Furthermore, we have [f(ni,...,n;)] € N

by definition of [-].
Now assume f € X, i.e., we have

Fltny oo ty) ST flgr, L a) 2 ¢ and (46)
m=mq+...+mg+m'. (47)

By the induction hypothesis, we again get (45). Moreover, we have

rt(f) 5

flay, ... xg) z [z<sz(f)]eP (48)

by definition of P.If f(q1,---,qx) is a Q-normal form, then we have m’ = 0 and
thus e; 4+ ... + e > m by (45) and (47). Moreover we have:

f(tl, - ,tk)
it deh f(ni,...,ng) by (45)
rt(f)(n1,...,nk)
S e)
50 by (48)

If f(q1,--.,qk) is not a normal form, then we have qi,...,qr € N by definition
of —¢. Hence, by Lemma 58, we have

t; 3>73 q; with e; > m; for each 1 < i < k. (49)
Thus, we get:
Flta, ..o tg)
ST f(q k) Dy (49)
[rt(f)(g1;--»qx)] 5 0 by (48)
Moreover, we have [rt(f)(q1,...,qx)] > m/, as rt is a runtime bound for Q. Thus,
we have e; + ... +ep + [rt(f)(qu,...,q)] = m by (47). O

The following lemma allows us to replace subterms where the evaluation “got
stuck” by other terms.

Lemma 60 (Replacing Subterms in Reductions). If [s] —5% [t] and
[s|~] ¢ N is a P-normal form, then for all ¢ € T we have [s[q]x] —% [t[g]]-



40 M. Naaf et al.

Proof. We use induction on the length of the reduction k. If £ = 0, then the claim
is trivial. Let k& > 0, i.e., we have [s] —5p [s'] =25 [t] with m = mq + mo.
Let £ — r[y], o, and k be the rule, the natural substitution, and the position

used for the rewrite step [s] —p [s']. Since [s|.] ¢ N is in P-normal form and
Yexp-symbols above m cannot be evaluated, x and 7 are parallel. Hence we have:

[sla)~]
= [slal=][tols
“5p  [[slglxllrols]
= [[s[rolx]lg)=] as  and & are parallel and (})
= [s'[4]~]
R | by the induction hypothesis

For the step marked with (1), note that Xe,-symbols above 7 resp. k cannot be
evaluated by [-] as [s|.] ¢ N resp. [s|.] ¢ N. O

Building upon the previous two lemmas, the following theorem shows that
replacing a larger RNTS Q by a subsystem P and the rules P which summarize
the function symbols whose rules have been removed is indeed sound for size as
well as runtime bounds. In the following, for any RNTS U/ let XY consist of all
function symbols occurring U except the ones from X,.

Theorem 61 (Approximating Removed Rules by 73) Let Q =P UU be

an RNTS with size and runtime bounds sz and rt such that 2(7; NXY = @. Then
every size bound sz’ and every runtime bound rt’ for P UP is also a size resp.
runtime bound for Q. Here, we assume sz’ (f) = rt’(f) = w for all symbols f from
X that do not occur in P.

Proof. To prove that every size bound sz’ for P U P is also a size bound for Q,

let ¢ be a nat-basic term such that ¢t =+% n € N where root(t) occurs in P. We
assume a rewrite strategy where U-rules are applied with a higher priority than
P-rules (i.e., P-rules are only applied to U/-normal forms). This assumption can
be made without loss of generality, because P and U share no defined symbols
and the variables in rules of RNTSs can only be instantiated by numbers (i.e.,
every U redex is in P-normal form and vice versa). Hence, the rewrite sequence

t 1>*Q n has the form

t=1ty =5y 81—ty B S sk Sty =0 (50)

where each s; is in U-normal form. Note that we have
to, 81,11, Skt € T(EZF U (EF N ZY) U Zewo, @). (51)
To see why symbols from XY U (Z‘f \ Ezj) cannot occur, recall that we have

Xrnit=go (52)
ze=3x7usy (53)
XUnx¥=gand XTNXF =g (54)
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and hence
zenzy
=(XTurfinzy by (53)
= (SN2 (Y n sy (55)
=XUnxu by (52), as XY C x4
=g by (54)

Moreover, we have

TENET\ZY)
= (g NIH)\ 2y
(EPUSH)nEP)\ Y by (53)
(Zq NZZ) U (X N X))\ I
YN P\ oY by (54)

(56)

|
—~S~

Hence, by (55) and (56), symbols from XY U (X7 \ XY) cannot be reduced using
Q and thus every term containing symbols from XY U (X7 \ XY) cannot be
reduced to a natural number. With (50), this implies (51).

For any 0 < ¢ < k — 1, if the length of the U-reduction of ¢; is not 0, there
exist positions 7 such that

(A) root(t;|.) € XY,
(B) tilr € T(EY U Xexp, @) and hence t;|r € T(XF U Xexp, @) due to (51), and
(C) there is no proper prefix s of 7 that satisfies (A) and (B)

Let n’ € N be the normal form obtained for ¢;|, in the rewrite sequence ¢ —>*Q n.
Note that we have n’ € N as otherwise ¢; and hence ¢ could not be reduced to
a natural number. With (B) and (52), we get t;|, —;, n’. Hence, we can apply
Lemma 58 to ti|r for eaclll position satisfying (A), (B), and (C). Thus, we

get to e—1>;‘3 81 —5k t 6—2% e—’“% sk —55% tr = n where ¢} > e; for all

0 < ¢ < k—1. Hence, if sz’ is a size bound for P U ﬁ, then it is also a size bound
for Q.

To prove that every runtime bound rt’ for P U P is also a runtime bound for
Q, we additionally have to consider the case that we obtain a normal form ¢ ¢ N.
This time, let t € T(X7 U (X7 N EY) U{0} U Xy, @) be an arbitrary ground
term, i.e., ¢ does not have to be nat-basic. Here, O is a fresh constant. (This is
needed for the generalized statement that we need to prove the claim.) Again,

the rewrite sequence ¢ i>*Q q has the form
t=1ty 5y 51 Tk L s T =g

where each s; is in /{-normal form. We prove the following statement by induction
on k. This suffices to show that every runtime bound rt’ for PUP is also a runtime
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bound for Q.

For all to, s1,t1,...,tg, 55 € T(Z] U (ZF N ZY) U{O} U Zexp, @)
where ty = [to] and each s; is in ¢-normal form
to 5y 51 T Ly s T ty, implies (57)

to i>;;U73q' for some ¢’ € T,e>e; +m1+ ...+ e, +my

If £k =0, the claim is trivial. Let £ > 0. Then we have

to
di+...+d,
1 0 ;:[ 51

= [tola1]x, - - - [qn]m,ﬂ

where 71,...,m, are the positions satisfying (A), (B), and (C) for the term tg,
g; is the Y-normal form of ty|,, obtained in the rewrite sequence to —7; s1, d; is
the cost of reducing to|r, to ¢;, and d1 + ...+ d, =e;.

W.lo.g, assume ¢1,...,¢. € N and ¢eq1,...,¢, ¢ N for some 1 < ¢ < n.
Then, due to (B) and (52), each U-normal form ¢.y1, ..., g, contains at least one
YU _symbol and no X7 -symbol. Hence, we have s1|r, = ti|r, = ... = Sg|r, =
tilr, = gi for each ¢ < i < n as Zeg,-symbols above m; can never be evaluated by
[-] and no rules are applicable above ; (as ¢; contains X¥-symbols). Hence, we
have

to
6_1% sl[qC+1]7rc+1 o anlw,
mi s
—p 31 [qc+1}7rc+1 s [qn}ﬂn
€2 4
u

e_k>l>t{ sk[qc+1]ﬂc+1 .o [Qn]wn
ﬂ)*P tk[qC-l-l]ﬂcH e [Qn]wn

With the definition of —;, and — and ¢y = [to] this implies

to
6_1%{ [[Sl[qc+1]7fc+1 s [qn]ﬂ'n
ﬂ)ak? [[tl [qc+1}ﬂc+1 s [qn}ﬂn
=y,
e_k%{ [[sk[qc+1]7rc+1 s [qn]ﬂ'n]]
=55 [tklderilness - - [anlra]

I
I

By applying Lemma 60, we obtain®
[t [Oreys - - Ol ]

i [t Drers - [T, ]
e 1Ol - - (O]

8 See Footnote 9 for an explanation why this replacement by [ is needed.
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By the induction hypothesis, (58) implies

| L] P ] iy i>;9u73 dwith e > ey +mo+...+ep +my (59)

By applying Lemma 58 to o], for 1 < i < ¢ (which is applicable due to (B)),
we get

d; ) . / .
tolr, =25 qi with d; > d;. (60)

By applying Lemma 59 to to|,, for ¢ < i < n (which is applicable due to (B)),
we get

tolw, %55 b; with d} > d; and b; € N (61)
Hence, we have
to
dy+...+dj,
—>73 [tolg1]r, - - - [gc]x. [bc+1]7rc+1 oo [brlr,] by (60) and (61)
= [to [ql}ﬂd s [QH]W” [bc+1]7rc+1 cee [bn]ﬂn]] (62)

= [[tolg1]r - - [an]x, D bc+1)mess - - - [On]r, ] (1)
= [s1[bct1]meys - - - [Onln,]

The step marked with (1) holds as g.41, ... ,q, contain £¥-symbols and hence
Yexp-symbols above mc41,. .., T, cannot be evaluated by [-].
By applying Lemma 60 to the rewrite step

[s1(ge1)mers - [nlma] = [E1lderilmess - - [Gn],]
we get
[[Sl[bc+1]7rc+1 s [bn}ﬂ-n]] ﬂ% Htl[bc+1]77c+l s [bn]wn]] (63)
Moreover, by applying Lemma 60 to (59), we obtain?

[t1(berlness - - Bnlw, ] 5 5 [0 est]mes - - [Ouls, ] (64)

Thus, we have

to
DLt Istlbeslnes -+« [baw, ] by (62)
"5 [tlbestlnes -+ bals,] by (63)

*

£>7Du73 ﬂq/ [b6+1]7l'c+1 s [b’ﬂ]ﬂnﬂ by (64)

I remains to show dj + ... +dj, + m1+e > e1 +m1 + ... + e + my. By (60)
and (61), we have d} + ... +d) > di + ...d; = e1. Hence, it suffices to show
e > ey +mo+ ...+ ex + my, which follows by (59). m|

9 Here, one can see why we need the construction with 0. Otherwise, Lemma 60
would not apply here, as gc+1,...,gn are in Y-normal form, but not necessarily in
P U P-normal form.
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The outer abstraction eliminates constructors above defined symbols. This
elimination should be over-approximating the size of the result in the sense that
reducing the resulting term does not yield smaller results than reducing the
original term. The following lemma shows that a® indeed has this property.

Lemma 62 (Soundness of Outer Abstraction for Size). Let P be an RNTS
with size bound sz. If ] —5n €N, then [a°(s)] -5 n’ with n' > n.

Proof. We use structural induction on s. If s € T(Xep, @) then the claim is
trivial. Otherwise, we have s = f(s1,...,s,) and [s] = f([s1],-..,[sk]). Let

n1,...,ny be the normal forms of [[s1], ..., [sx] obtained in the rewrite sequence
f(s1,...,8k) —>;‘3 n, i.e., we have
[s] = f([sa], - [s]) =5 [f (s me)] =55 e (65)

Clearly, n € N implies ny,...,nx € N by definition of —5. By the induction
hypothesis, we have

[a°(s:)] =% n;i with ng > n; for each 1 < i < k. (66)

If f € Yeyp, then we have [f(n1,...,nx)] = n and hence [f(n],...,n})] > n by
(66) and monotonicity of f € Yexp.
If f € X, then we have f(n},...,n}) =[f(n},...,n})] and

)

flzy, ... xp) = 2z <sz(f)] €

for some w, by definition of P. Hence, we get

Hf(n/h ) n;c)]] -5 Sz(f)(n/lv cee 777';@)
As[f(ni,...,ne)] = f(n1,...,nk) —%5 nby (65) and sz is a size bound for P and
thus also for P by Lemma 48, we have sz(f)(n1,...,nx) > n. By monotonicity

of sz and (66), this implies sz(f)(n},...,n}) > n.
Note that f € Xy is not possible, since a term containing defined symbols
cannot be reduced to a natural number using P. a

B.2.3 Properties of P?

The following lemma shows the soundness of our inner abstraction from Def. 25
for ground terms whose only defined symbol is at the root position.

Lemma 63 (Soundness of Inner Abstraction). Let P be an RNTS with
size bound sz, let t be a ground term whose only defined symbol is at position e,
and let q be a normal form of t w.r.t. P. Then there is a substitution 6 such that

[ai(t)0] = [q] and ['(t)0] = true.
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Proof. If t is already in normal form w.r.t. 73, then the claim is trivial since
al(t) = t and ¢'(t) = true. Otherwise, let PostP(t) = {u1,...,ux}, let g; =
root(t|,,) for each 1 <+ <k, and let n; € N be the P-normal form obtained for
t|,,, in the rewrite sequence ¢ %;‘3 q for each 1 <1i <k, i.e., we have:

t
=5 [tna]u, - - [l (67)
= q as root(t) € Xy

To see why the normal forms n; are in N, note that we have t|,,, € T (U, ),

as ¢ is ground and its only defined symbol is at position e. Moreover, every P-
normal form of a term from 7 (X, U Xeyp, @) is in N by definition of P. Since sz

is a size bound for P and hence, by Lemma 48, also for 73, we get
n, < fsz(t],,)]- (68)

By definition of a', a'(t)|,, = y1,...,a(t)|,, = yx are pairwise different fresh
variables and these are the only positions where t and a'(¢) differ. Let 6 = {y; /n; |
1 <4 < k}. Then (67) implies

[a'(t)6] = [q]-
Moreover, we get:

[¥'()6]
= [ (Avcici i < s2(t1,,)) 0] by def. of o
= [(Ar<icp i < sz(t|m)>ﬂ by def. of 6
= true by (68)
O

Lemma 64 shows that rewrite steps with P on nat-basic terms can be simu-
lated by the RNTS P* that results from the inner abstraction.

Lemma 64 (Simulating P-steps with P?). Let P be an RNTS with size and
runtime bounds sz and rt, where P does not have nested defined symbols, and let

s be a nat-basic term such that s %P t %*73 t' where t' is a P-normal form.

Then s 5* ' where e > mq + ms.
S = nip U Wheree > 1+ me

Proof. Let Posg(t) = {m1,...,mm}. Since P does not contain nested defined

symbols, these positions are parallel. Let g; be the P-normal form of ¢ = obtained
in the rewrite sequence t —>’7*3 t’ for each 1 < ¢ < m, i.e., we have

t ma,1 ok ma 2 *

—>ﬁ [[t[ql]ﬂ—l e [qm]ﬂ—m]] —>P t/ where ma1 + ma 2 = M. (69)
By definition, a' only modifies subterms below defined symbols. Hence,

t and a'(t) only differ below 71, ..., Tp. (70)
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By Lemma 63, for each 1 < i < m there is a substitution #; such that

[a(t|x,)0:] = [a:] and (71)
[¥' (t],)0;] = true. (72)

As t does not have nested defined symbols, we have

a'(t)|r, = a'(t]r,)p and (73)
V(1) = Ni<icm V't )1 (74)

for each 1 < i < m where y is a variable renaming such that a'(t|,,)p = a'(t)|,
for all i < ¢ < m. Note that such a variable renaming exists, as all variables
introduced by a' are fresh. Let £ ~ 7 [¢] and o be the rule and substitution used
for the rewrite step s —p t. Note that we have

t = [ro] (75)
as s is nat-basic. By definition of P? and Lemma 54, we have

02 G () [p A(r)] € PP owhere u = Z c(r],)- (76)

uEPos? (1)

Let =" = {z/y | u(y) = z} be the inverse of the variable renaming  and let
6 be the substitution that behaves like y~16; on the fresh variables in a'(t|,,)u

and like o on the variables of the applied rule /¢ SCRINg [¢]. Then we have

[l A wi(r))0]
= [po A'(r)6] since ¢ = po
= [po A (1)0; ... 0,0] by def. of 0
= [po A (ra)0y ... 00] as z6; = x for all x € V(r),1 <i < m,
and o is nat. subst.
= [po AY!(t)0: ... Om] by (75)

= 190 A (Ascizm ¥ (tle 1) 01 .. 0] By (74)
= o A (Ai<icm Pi(t m)uu_19i)]] by def. of ;

= [o A (Ai<i<m wi(t|m)9¢)]] by def. of ="
= true by (72)
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and hence
20
Lwlrull, . Jai(r)6] by (76) and (77)
= [a'(ro)6] since 7 = ro and
o is nat. subst.
- [o(1)0] | by (75)
= [a'(t) (@' (t]ry ) pa] s o [0t )], O] by (73)
= [t[a’(t]x, )il v, o [0t )i, O] by (70)
= ([0 (], ) g™ 0]y - [0 (E| e, ) o™ O], ] Dy def. of 6
= [tla (¢ x,)01]x, - - - [a (t|_ﬂm)9m]ﬂm]] by def. of p~!
= [t[[a' (|7, )01])x, - - - ([0 (¢l )]l ] (1)
= [tllallz, - - [lgm]]x,.] by (71)
= [tlgal, - - lgmlx,, ] ()
”"”—>73 t. by (69)

The steps marked with (f) hold as we clearly have [t[q]] = [¢[[¢]]~] for all
t,q € T and all positions 7 € Pos(t).
It remains to show [wé + uf] + mso o > mq + mo. We have:

[wh + ub] + ma o > mq + mo
<~ [[w@]} + H’Uﬂ]] + ma 2 >mq + mao 1 + ma 2 by (69)
— [wh] + [wl] > m1 +maa
— [wl] + [ul] > [wo] +maa

— [wo] + [uo] > [wo] +maa by def. of 6
< [uo] > maa

— Z;AE’POS?”(T) IIC(T’LM)(TH > ma by (76)

= D epostr(mle(roly)] = may o is nat. subst.
— Zp,E’PosiOp(t) [[c(ﬂu)]] Z man by (75)

< [c(t)] = m2; by Lemma 53
<~ true by Lemma 56

For the last step, recall that mo 1 is the cost of normalizing all terms ¢|, with 73,
for all m € Posq(t). O

In the special case where the term after the rewrite step is already in normal
form w.r.t. P, the corresponding rewrite step can of course also be done with P*.

Lemma 65 (Simulating P-steps with P* for P-normal forms). Let P be
an RNTS with size and runtime bounds sz and rt. If s ﬂ>7;, t and t is in P-normal
form, then s ﬂxpi t.

Proof. Let £ % r[p] be the rule used for the rewrite step s —p t. As t is in
P-normal form, r does not have constructors below defined symbols. Hence, we
have £ = 7 [p] € P 0
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Now we can show that every size resp. time bound for PiUP is also a size
resp. time bound for P U P.

Theorem 66 (Bounds for P UP and P UP). Let P be an RNTS with size
and runtime bounds sz and rt, where P does not have nested defined symbols. Then
every size bound for PP UP is also a size bound Jor PUP and every runtime
bound for P* U P is also a runtime bound for P UP.

Proof. To prove that every size bound for P* U P is also a size bound for P U 72,
it suffices to show that if a nat-basic term has a normal form n € N w.r.t. PUP,
then it has the same normal form w.r.t. P* U P. To this end, we show a slightly
generalized claim: If s € 7 is a ground term in P-normal form without nested
defined symbols and s _>;€>u73 n for n € N, then we also have s —piup

We use induction on k and assume a reduction strategy that applies rules
from P with a higher preference than rules from P, i.e., P-rules are just applied to
P-normal forms. This assumption can be made without loss of generality, because
the variables in the rules of RNTSs may only be instantiated by numbers.

In the induction base (k = 0) we have s = n and hence the claim is trivial.
In the induction step (k > 0) there are two cases:

Case 1: We first consider the case s —>§> n. Note that due to the reduction

strategy, all terms in this sequence are in P-normal form. Then we have

s —>é§i n due to Lemma 65.

Case 2: Now we consider the case s =% s —p s” %;’3 s %ZL’%_b_l
a,b > 0 where 5 is in ﬁ—norlgal form. Note thaAt in this case there is at least
one P-step before the first P-step, as s is in P-normal form. Let ¢ — r [¢],
o, and 7 be the rule, the substitution, and the position of the rewrite step

s’ =p §”. Then, by Lemma 64, we get |, =75 4 where ¢ is the P-normal
form of [ro] obtained in the rewrite sequence s” —>;’3 s, i.e., we have

n for

/ *

!/ *
s' =55 [S'ldx] =5 5

By the induction hypothesis, we know that n is a P! U P-normal form of
5. Moreover, we have s —%,; s’ due to Lemma 65 since by the assumption
on the reduction strategy, rules from P are just applied to P-normal forms.
Hence, we obtain

*

U S 7R S

To prove that every runtime bound for P? U P is also a runtime bound for

PU 73, it suffices to show that if we have s iﬁ?uﬁ t for a nat-basic term s and a
term ¢ in P-normal form, then we have s l);;f?u 5 t for some m’ > m. Note that
we can assume that ¢ is in P-normal form, as P is trivially terminating. Again,

we show a slightly generalized claim: If s € T is a ground term in P-normal form
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without nested defined symbols and s i>l7€>u 5 for some term ¢ in P-normal

form, then s il)}';iuﬁ t for some m’ > m.

We again use induction on k and assume a reduction strategy that applies
rules from P with a higher preference than rules from P.

In the induction base (k = 0) we have s = ¢ and m = 0 and hence the claim

is trivial. In the induction step (k > 0) there are two cases:

Case 1: We first consider the case s ﬂ)?, t. Since again all terms in this sequence

are in P-normal form by the reduction strategy, we have s ﬂ%; t due to

Lemma 65.
Case 2: Now we consider the case s % s' "2, s ﬂ)% A %5{%—1)—1 t for

a,b > 0 where s is in P-normal form. Let £ % r [¢], o, and 7 be the rule,
the substitution, and the position of the rewrite step s’ ~2, s” and let ¢ be

the P-normal form of [ro] obtained in the rewrite sequence s” ﬁe%% s, L.e.,

we have
s 50 %;3 [s'[d)] M}% § where m3 1 + mg 2 = ms. (78)
Then, by Lemma 64, we get
§'lx 257, 5 @ where eg 3 > my +my ). (79)

By the induction hypothesis, we know

~ €4
§ =5 p L for some e > my. (80)

Moreover, we have
s L% s (81)

due to Lemma 65 since by the assumption on the reduction strategy, rules
from P are just applied to P-normal forms. Hence, we obtain

s

Ihe by (81)
€2,3 x /

2ty [/[qla] by (79)
M% g by (78)
€4 %

—ip U by (80)

and we have
my + ez 3+ Mg+ ey
>my +mo +ma1 +m32+es by (79)
> my +mg +ma; +maz2 +my by (80)
=my +ma + mg +my by (78)
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B.2.4 Properties of P°

Now we want to prove a similar theorem for P° instead of P?. Here, however,
we are not interested in the runtime of P°, but just in the size of the results
computed by P°. The reason is that a° (which is used to obtain P°) is just used
to construct Ps,, but not for Py s,. In other words, a® is just needed to compute
size bounds, but not for time bounds.

As a first auxiliary lemma towards this goal, we show how to exchange the
order of replacing subterms in a term and of applying a®.

Lemma 67 (Subterm Replacement and a°®). Let P be an RNTS with size
bound sz, let s be a term, and let m € Pos(s). Then there are positions w1, ..., T,
with a®(s[t]z) = a®(s)[tlny - - - [t]n,, for every ground term t where constructors
just occur below defined symbols.

Proof. Note that we have a°(t) = t, as constructors just occur below defined
symbols in . We use induction on «. If 7 = ¢, let m = 1 and 7m; = €. Then we
get a®(s[t]z) = a°(t) = ¢t = a°(s)[t]r,. In the induction step, let # = i.7’ and
s = g(s1,...,8yn). By the induction hypothesis, there exist positions =,..., 7},
with

@ (siltlar) = 0®(50)lt]m; - [ (2)

k

If g € Yexp, we have

ao(g(slv wsn)[t]ﬂ')
= Clo(g(Sh . Sn)[t]iﬂr’)
:Clo( (817 ., S t]ﬂ-/,...,sn)
=g(a°(s1),...,a°(si[t]x), ... a°(sn)) by Def. 23
= g((51)s- 2 0(5)tln - [lmg - 0°(50) by (82)
= g(a°(sl), ,aO(SZ‘), ceey a°(sn))[t]i_,r/1 ce [t}”";c
=a°(g(s1,-- ) [tim; - [ty by Def. 23
Now we consider the case g € X.. Let Kq,...,Kkq be the positions of z; in

sz(g) (). Then we get:

a°(g(s1,- - 8n)[t]x)
= a%(g(s1,- -+ 80)[tlin)
=a°(g(S1,.--,Silt]ary---s8n))
= Sz(g)(ao(sl)v e vao(si[t]ﬂ")v ) ao(sn)) by Def. 23
=52(9)(a°(51), -5 @°(80) [ty - [ty -5 0%(50) by (82)
—sz(g)(a°(51), vao(sl)v "7a0(5n))

[t]m‘ﬂ’l e [t]m.vr; S [t]ﬁd.ﬂi s [ﬂmﬂr}c by (1)
= a°(g(sl, ey Sn))[t]m,ﬂi .. [t}m'ﬂ.é . [t]ﬁd-ﬂi ceey [15],%_,,1.;C by Def. 23

If g € Xy, then the claim is trivial since a°(s[t]) = s[t]r and a®(s) =s. O

Now we show that every rewrite step with P can be simulated with P° when
applying a°.
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Lemma 68 (Simulating P-steps with P°). Let P an RNTS with size bound
sz and let s be a term without nested defined symbols. If s —p t, then

a°(s) —po [a°(1)].

Proof. Let £ = r[p], 7, and o be the rule, the position, and the natural sub-
stitution used for the rewrite step s —p t. By Lemma 67 there are positions
M1y« ..,Tm Such that

a°(8)[g)x, - [alw,, = a®(s[g]x)

for every ground term ¢ where constructors just occur below defined symbols.
Hence, we have

a®(s)[slxlm, - - [slr]r,, = a®(s) (83)
as root(s|) € Xq and

0*($)[[0°(r0) s - - [[0°(r )]},
— a(s[[a(ro)]}x) (84)

as, by definition of a°, constructors just occur below defined symbols in a°(ro)
and hence also in [a°(ro)]. Since s does not have nested defined symbols and
root(s|z) € X4, s does not have defined symbols above the position 7. Hence,
since [s[ro].] = t, we get

a®(s[[a°(ro)llx) = a®([s[rolx]) = a*([1])- (85)

By definition, we have £ = a°(r) [¢] € P°. Hence, we get

a®(s)
= a®(8)[slr]ay - - [Sla)mp by (83)
—5o [a°(s)[a(r)0]x, ... [a°(r)0]x,,] as lo = 5|, and [po] = true
= [a°(s)[a®(ro)]x, - [a°(ro)]x,. ] as o is a natural substitution
= [a°(s[a®(ro)]x)] by (84)
= [e°(®)]. by (85)

O

The following lemma shows that rewrite steps with P° can still be performed
when applying a°.

Lemma 69 (Simulating P°-steps When Applying a°). Let P be an RNTS
with size bound sz and let s be a term without nested defined symbols. If s —po t,

then
[a®(s)] =P [a®(@)].

Proof. Let £ = r [¢], ™, and o be the rule, the position, and the natural sub-
stitution used for the rewrite step s —p t. By Lemma 67 there are positions
M1y ..., Tm Such that

a®(s)[qlr, - - (g, = 0°(s]g])
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for every ground term g where constructors just occur below defined symbols.
Hence, we have

a®(s)[slzlr - - [Slx]r,, = a°(s) (86)
as root(s|) € X4 and

a®(s)[[rollr, - - [[rollx,, = a®(s[lrallx),

as constructors just occur below defined symbols in 7 (and hence 7o) by definition
of P°. As [s[ro],] = t, this implies

[a®(s)lrolz, ... [rols,.] = [a®()]- (87)

Hence, we get:

[a°(s)]
= [a°(s)[slxlns - - - [S|a)r,. ] Dy (86)
—5o [a°(8)[r0)x, ... [rO])x,.]
= [«°(®)] by (87)

O

Similar to Thm. 66 for Pikwe can now show that every size bound for P° upP
is also a size bound for P U P.

Theorem 70 (Size Bounds for P UP and P° Uﬁ) Let P be an RNTS with
size bound sz, where P does not have X-symbols below defined symbols. Then
every size bound for P° U P is also a size bound for PU P.

Proof. Let t € T be a nat-basic term and let n € N such that ¢t =% _ n. We

PUP
prove t —>;§ B n' > n by induction on k. If kK = 0, then the claim is trivial. Let
k > 0. As t is nat-basic, we have t —p t' — k=1 and
“pup
t =a°(t). (88)
By Lemma 68 we get
a®(t) =5 [a°(t)]. (89)

Let Posq(t') = {m1,...,mm}. Since P does not contain nested defined symbols,
these positions are parallel. Let n; € N be the normal form of |, obtained in

the rewrite sequence t %53;173 n, i.e., we have

t=pt' =5 5 [l - [vnlx,] =5 n (90)

(If Posq(t') = @, then we have just t' instead of [t'[n1]r, - .. [Pm]x,,], but the
proof works analogously.) Note that as P does not have X-symbols below defined
symbols, /|, = [¢'|r,] is nat-basic. By the induction hypothesis, we therefore
have t'|, H;ouﬁ n; with n, > n, for each 1 <i < m. As P and hence P° and
t’ do not have Y-symbols below defined symbols, the reduction has the form
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e, =0 t” —>;3 n;, i.e., we can first reduce t'|, to its P°-normal form ¢ and
reduce the constructors in t” afterwards. Hence, we obtain

[a°(t'[x)] =50 [a°(t")] =5 ni’ = n; (91)

by Lemma 69 and 62. (To see why we can apply Lemma 62, note that ¢t” results
from a rewrite step with an RNTS and thus, ¢ = [¢"].) For each 1 <i <m, as
r00t(t'|x,) € Yq, by Lemma 67 there are positions «,.. ., x}, such that

for every ground term ¢ where constructors just occur below defined symbols.
Hence, we have

ao(t/) = ao(t/)[tllﬂ'i]m’i s [t/‘ﬂ'i]lﬁ};?
as root(t'|,) € X4 and hence
a®(t) = a®()[a®(t'lw) ]y - - [0 (| )y, (92)

as a°(q) = ¢ for each term ¢ with root(q) € X4. Moreover, we have

(Y [1)x,) = () g [y (93)
Thus, we get
t by
= a®(t) by (883)
—po [[a°(t’)]] by (89)
= [a®(@)[a® (@ |z )]xs - - [0°(F|x)]i ] Dy (92)
“poup [0 i - 0] ] by (91)
= [a°(#'[nif m)ﬂ by (93)

for each 1 <7 < m and hence:

—houp [[a (t'[0V]ry - - [, )]
=% [sz(t'[nf]n, .- [n]x, )] as E 0]z, o [, € T(Ze U Lep, @)
> [sz(t'[n1]ny - - - [Pm],, )] by monotonicity of sz

By Lemma 48, sz is a size bound for P. By (90), n is a P-normal form of
[t'[n1)ny - - - [m)r,, ]- Hence, we have [sz(¢'[n1]r, - - - [Pm]x,, )] = n, which proves
our claim. O

B.2.5 Properties of P°

Finally, we also want to prove a similar theorem for P¢. Here, however, we are
just interested in the runtime of P¢. The reason is that a® (which is used to
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obtain P¢) is just used to construct P}, g,, but not for Pg,. In other words, a* is
just needed to compute time bounds, but not for size bounds.
As a first step towards this goal, we show how P-steps can be simulated using

Pe.

Lemma 71 (Simulating P-steps With P¢). Let P be an RNTS with size

bound sz and runtime bound rt without constructors below defined symbols and

let s be a nat-basic term. If s i"%p t, then

[as(s)] L2Oh fas()].

Proof. Let £ = r[¢] and o be the rule and the natural substitution used for the
rewrite step s —p t. We get

[0*(s)]

5 as s is nat-basic
M’pc [a*(r)o] by def. of P
= [a*(ro)] as o is nat. subst.

- t30)

We have [wo] = m and [¢°(r)o] = [°(ro)] = [c°(t)]. Moreover, we have
[ee(®)] = [c(¢)] as P and thus ¢ does not have constructors below defined sym-
bols. a

The next lemma shows that P°-steps can still be applied if the reduced term
is abstracted using a°.

Lemma 72 (Simulating P¢-steps When Applying a®). Let P be an RNTS
with size bound sz and runtime bound rt without X' -symbols below defined symbols

and let s be a nat-basic term. If s %pc t, then

[a(s)] =pe [o*(1)].

Proof. Let £ = r[p] € P¢ and o be the rule and the natural substitution used for
the rewrite step s —pe t. As P does not have Y-symbols below defined symbols
and r is a sum of terms with defined root symbols, we have

r=a’(r). (94)

We get
[a*(s)]

= s as s is nat-basic

th [ro]

= [as(r)o] by (94)
= [a*(ro)] o is nat. subst.

= [o=(®)]

As we have Jwo]] = m, this proves the claim. O
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Now we can show that time bounds for P¢ U P are indeed also time bounds
for PUP.

Theorem 73 (Time Bounds for P U P and P° U 73) Let P be an RNTS
with size and runtime bounds sz and rt without X'-symbols below defined symbols.
Then every runtime bound for P¢ U P is also a runtime bound for PU P.

Proof Let ¢ be a nat-basic term and let ¢ be a P U P-normal form such that
t —) 5 4 We prove t —> P q' for some term ¢’ with e > m by induction on
k. If k = 0, then the Clalm is trivial. Let k > 0. If root(t) € X7, as t is nat-basic

we obtain ¢ ﬂ%A q € N, ie, k=1 and the claim is again trivial. If root(t) € X7,
SRR m2 k—1

we have t ﬂh, —pup O
m = mj + mgy, and (95)
t = as(t). (96)
By Lemma 71 we get
foe ()] 2 (). (97)
Let Posq(t') = {m1,...,m}. Since P does not contain nested defined symbols,

these positions are parallel. For all 1 <14 < n, let ¢; be the normal form of /|,
obtained in the rewrite sequence ¢’ ﬂf) L% q and let d; be the cost of reducing
t'|x, to gi, i.e., we have

Sy ¢ Dt [ ) - lan)e,] 225 g where (98)
d1—|—...+dn+m272 = mas. (99)

Note that as P does not have X-symbols below defined symbols, /|, is nat-basic.
By the induction hypothesis, we therefore have
tl

P_l>;3ru7> q; for some term ¢, with e; > d; for each 1 <i < n. (100)

As P does not have Y-symbols below defined symbols, ¢’

and the right-hand

T

sides of P¢ do not contain any symbols from Y. Hence, we get t|, e—>’73L qi.
Thus, we obtain
[o°(t' )] e [0°(a))] (101)

by Lemma 72. As Posq(t') = {m,... wn} and t'|r, = a*(t'|,) (as t' does not
have nested defined symbols and root(¢'|,) is defined), we have

S\ / — S(¢
() = ZISiSnt ™ Zlﬁiéna ¢

7 ) (102)
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Thus, we get

t
= [t] as t is nat-basic
= [o(1)] by (96)
L@, fos(t)] by (97)
= S <ical0*(]x)] by (102)
A Sicical®(@)] by (101)

It remains to show [my + ¢(t')] +e1 + ... + e, > m. We have:

[mi+ct)]+er1+...+e,>m
= mi+[ct)]+er+...+en >my+mo by (95)
)] +er1+...+en >mg
= [ct)]+e1+...+en>di+...+dy +ma2 by (99)
< [[C(t/)]] > ma 2 by (100)
<> true (1)

The step marked with (1) holds because of Lemma 57. To see this, recall that
ma,2 is the cost of normalizing [t'[¢1]x, . . . [¢n]x, ] With P and g¢; is a PUP-normal
form of ¢'|,, for each 1 <4 < n. Hence, Lemma 57 applies. O

B.2.6 Properties of Ps, and Py s,

Now we can show the soundness of our construction of Ps, when considering size
bounds of P U P.

Theorem 74 (Soundness of P, for Size Bounds of P U 73) Let P be an
RNTS with size and runtime bounds sz and rt, where P does not have nested
defined symbols. Let Ps; be defined as in Thm. 27. Then every size bound sz’ for
Ps, (where we assume sz'(f) = w if f does not occur in Ps;) is also a size bound

forPUﬁ.

Proof. The size bound sz’ for P, is also a size bound for Ps, U P. The reason
is that Pg, does not contain symbols from X7 and thus, we have sz/(f) = w for
all f € X7. Moreover, the rules from P cannot be applied in (P, U ﬁ)—rewrite
sequences that start with a nat-basic term whose root is from 2(7;.

W.lLo.g., let sz(f) = w for all f € X7. Then sz is clearly still a size bound for
P and this change of sz does not influence the construction of P?, P°, or P since
they only rely on the size bound for constructors (as P does not have nested
defined symbols). Moreover w.l.o.g., let rt(f) = w for all f € X7. Again, this
does not influence the construction of Pt or P as they only rely on the runtime
bound for constructors. By Lemma 48, then sz is also a size bound for P? U P
and thus in particular for P?. Clearly, P! does not have E/—Eymbols below defined
symbols. So by Thm. 70, every size bound for (P?)° U P is also a size bound
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for 77Z U7Pi. With Corollary 47, we have (PH)° = Pg, i.e., every size bound for
Ps, U 73 is also a size bound for ’Pl U 771 Ab sz’ is a size bound for P, U 73 it is
clearly also a size bound for Pg, U Pi (as Pi C 73) Thus, it is also a size bound
for P*U 771 Clearly, defined symbols from P? U P that do not occur in Pt U 77Z
do not occur in Pg,. As we assumed sz/(f) = w if f does not occur in Py, sz’ is

also a size bound for Pt U P. R R
Finally, by Thm. 66, every size bound for P?UP is a size bound for PUP. 0O

Similarly, the following theorem shows the soundness of our construction of
Prt,sz when considering time bounds of P U P.

Theorem 75 (Soundness of Py, for Time Bounds of P U P). Let P be
an RNTS with size and runtime bounds sz and rt, where P does not have nested
defined symbols and sz is also a size bound for P*. Then every time bound rt' for
Prs: (where we assume rt'(f) = w if f does not occur in Prs,) is also a time

bound for P U P.
Proof. The time bound rt’ for Py s, is also a time bound for P, ¢, by Corollary 52
and hence it is also a time bound for Py, i, U P. The reason is that Prt,s, does not
contain symbols from X7 and thus, we have rt’(f) = w for all f € X¥. Moreover,
the rules from P cannot be applied in (P}, o, U ﬁ)—rewrite sequences that start
with a nat-basic term whose root is from X7.

W.lo.g., let rt(f) = w for all f € X7. Then rt is clearly still a time bound
for P and this change of rt does not influence the construction of P?, P¢, or P
since they only rely on the time bound for constructors (as P does not have

nested defined symbols). Hence, by Lemma 48, rt is also a time bound for P? U P
and thus in particular also for P?. Moreover, by the prerequisites, sz is a size
bound for P?. Clearly, P? does not have X- bymbolb below defined symbols So

by Thm. 73, every time bound for (P?)¢U Pi is also a time bound for P’ U 772

With Corollary 47, we have (73")C = Py s 1-€., every time bound for Py, ., uPpi
is also a time bound for 7 UP?. As rt’ is a time bound for Pl U P, it is clearly
also a time bound for Py, ;, U Ppi (as PicC P). Thus, it is also a time bound for
PiuU Pi. Clearly, defined symbols from P* U P that do not occur in P! U 7/7\1 do
not occur in P s, As we asEumed rt'(f) = w if f does not occur in Py sy, rt’ is
also a time bound for P* U P.

Finally, by Thm. 66, every time bound for P? U P is a time bound for P U P.
O

In contrast to Thm. 74, Thm. 75 requires that sz is also a size bound for P?.
The following auxiliary lemma allows us to ensure this requirement.

Lemma 76 (Size Bounds for P and P?). Let P be an RNTS with size and
runtime bounds sz and rt and without nested defined symbols and let sz’ be a size
bound for Ps, such that

[sZ'(f)o] < [sz(f)a] for all f € X and all natural substitutions o. (103)
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%

Then sz’ is a size bound for P}, ..
;

Proof. In the following, we write P., instead of P _,. Let s be an arbitrary
term such that s —p: ¢ and let

0= a'(r) [ Ay ()]

and o be the rule and the substitution used for this rewrite step. We omit
the weights here, since they are not of interest. By construction, we have ¢ —
al(r) [e A ’(/J;Z(T)] € PL. By definition of 9!, [(¢ A ¥, (r))o] = true and (103)
implies [(¢ A 9, (r))o] = true. Hence, we get s —pi t. So s —pi ¢ implies
s —p; t and hence N

every size bound for P, is also a size bound for P, (104)

sz/*

Now we want to apply Thm. 74 to deduce that every size bound for (PL)s, is

also a size bound for P, U PL. To apply Thm. 74, we need to know that P,
does not have nested defined symbols (which is the case by Def. 46) and that
sz is a size bound for PZ,. W.l.o.g., assume sz(f) = w for each f € X7 = ZZ;;Z.
Clearly, this assumption does not affect the construction of P, and (P2 )s;, which
just require size bounds for constructors. Then, sz is trivially a size bound for
PZ, and hence Thm. 74 applies. By Corollary 47, we have (PL)s, = ((P4)5)S,.
Moreover, as an immediate consequence of Def. 46, we have (P,)L, = PL,. Hence,
by Thm. 74 every size bound for (P)s, = ((P4)4)% = (PL), is also a size

Sz/)sz sz

bound for PZ, U PZL. By Corollary 47, we have (PL,)2, = Ps, and hence every size

sz
bound for Py, is also a size bound for P, U PL,. Since sz’ is a size bound for Py,
this implies that sz’ is a size bound for P, U PL. As P, is a subset of P, U PL,
sz’ is also a size bound for P.,. With (104), this proves the claim.
O

Now we can finally prove the soundness of Thm. 27.

Theorem 27 (Transformation of RNTSs to ITSs). Let Q be an RNTS
with size and runtime bounds sz and rt and let P = Q\ (Q9* U...U Q9m), where
g1y, gm € X and Q9 is the sub-RNTS of Q induced by g;. We define

P = {5 ag(a(r) [oAve(r)] | € 7]p] e P}

Let sz’ be a size bound for Ps, where sz/'(f) = sz(f) for all f € X\ X7. If P does
not have nested defined symbols, then sz’ is a size bound for Q.
To obtain a runtime bound for Q, we define an RNTS Py . To this end, we
define the cost of a term as ¢ (x) =0 for x €V and
o (aln. . 50)) = {ZKM Cnser(57) + 1t(9) {3 /52 (35) | 1 < j <m} if g € 2T
Y i<j<n Sz (85) otherwise
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wcy o (1) . i w
Now Pusy = {{ ——— Zweposd(r) a'(r|.) [(p A w'sz,(r)} | £ rp] € P}

Then every runtime bound rt' for Pu sy with vt (f) = rt(f) for all f € X\ X7 is
a runtime bound for Q. Here, all occurrences of w in Ps, or Pu s are replaced
by pairwise different fresh variables.

Proof. By Thm. 74, every size bound for Ps, is a size bound for P U P. By
Thm. 61, every size bound for P U P is a size bound for @, as X7 N Y2\? = &
by construction.
Now we want to apply Lemma 76 to establish that sz’ is a size bound for
¢ /. To this end, w.l.o.g. assume sz(f) = rt(f) = w for all f € X7 as in the
proof of Thm. 74. Then we clearly have [sz/'(f)o] < [sz(f)o] for all f € ¥ and
all natural substitutions o by definition of sz’. Hence, by Lemma 76, sz’ is a size
bound for PZ,. With Thm. 75, this implies that every time bound for Py is a

time bound for P UP. By Thm. 61, every time bound for P U P is a time bound
for @, as X7 N Y2\P = & by construction. O

Theorem 30 (Alg. 1 is Sound). Let P be an RNTS and let rt and sz be the
result of Alg. 1 for P. Then rt is a runtime bound and sz is a size bound for P.

Proof. Let P;,, be the analyzed RNTS. We prove that

sz is a size bound for P,  and (105)

rt is a runtime bound for Py, (106)

are loop invariants. Then our claim follows, since the algorithm obviously termi-
nates. Initially, sz and rt are clearly size and runtime bounds for P;,, by construc-
tion. If P;, has nested recursion, the algorithm returns these initial bounds in
Step 2, so from now on we assume that P;,, does not have nested recursion. As-
sume that (105) and (106) hold at the beginning of the loop body. First consider
the case that (PL)size is not well defined (as PZ, does not satisfy the preconditions
of Thm. 45 (i.e., the generalization of Thm. 19)). Then the algorithm soundly
returns rt and sz.

Now consider the case that (PZ)ge is well defined. When entering the loop for
the first time, we have P = P;,,. But in general, we have P = P;,,\ (Pir U...UPI")
for some g1, ...,g, € X such that g; 7 g for all g € X7. For the bottom symbol
f of P, we have P/ =P/ \ (P2 U...uPI).

By Thm. 45, sz; is a size bound for PY. Let sz’ and rt’ be the values of sz
and rt at the end of the loop body. As sz’ is like sz for all defined symbols of
P and like sz for all other symbols of X, we obtain that

sz’ is a size bound for P/

by Thm. 27. As sz is a size bound for P;, and sz and sz’ only differ for symbols
s

from Eff - 217;"", sz’ is a size bound for P;,,, which finishes the proof of (105).

It remains to show that (106) is a loop invariant. Recall that we have P =

PLA(PEU...UPIT). Note that rty is a runtime bound for PL _,. As rt’ is like

,-
,sZ
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rty for all defined symbols of P/ and like rt for all other symbols of X, we obtain
that

rt’ is a runtime bound for Pifn

by Thm. 27. As rt is a runtime bound for P;,, and rt and rt’ only differ for symbols

: 5
from Zzi)f - Ezlj’m, rt’ is a runtime bound for P;,, which finishes the proof of
(106). O

B.3 Proofs for Appendix A

Theorem 33 (Soundness of Abstraction {-§.on). Let R/S be a well-typed
constructor system and let conyay, = max({1} U {con(f) | f € X°}). Let N be
a terminating variant of S such that R/(S UN) is well typed and completely
defined. Then we have ircgs(n) < irCiR /(SUN)Seon (CONmax - 1) for all n € N,

Proof. Lemma 44 can easily be adapted to the improved size abstraction {-§econ.
Thus, for any well-typed ground term s, s i—>73/3 t implies [{sScon] =R /S5e0n
[{tScon], where the sum of the weights of the rewrite steps is 1. Therefore,
dh(t, Br,s) < dhw([{tScon], PR /S5eon) holds for all well-typed ground terms ¢.

Now ircr /s(n) < irCiR /(SUN)Seon (CONmax - 1) can be shown similar as in the
proof of Thm. 13. The only main difference is the following step:

sup{dhw([[{sScon], L)gg/(suj\f)gcon) | s well typed, basic, and ground, |s| < n}
< sup{dhw(q, =R /(SUN)Seon) | ¢ Nat-basic, |¢| < conmax - 1}

To see why this step is correct, note that [{$§con] < cONmax - |s| holds for all
constructor ground terms s. Thus, we have |[[{sScon]| < conmax - |$| for all basic
ground terms s. a

Theorem 36 (Narrowing for Complexity). Let R/S be a completely defined
constructor system, £ —r € RUS, r|. = f(...) for some f € RS and let
rlu be a basic term for some p > w. Let £y —11,... . by =1y, €RUS be all
(variable-renamed) rules where ¢; unifies with r|, and let o; = mgu(r|,, ;) for
1<i<m. Let

R'=(R\{{—=r})U{lo; = r[r]uo |1 <i<m} and S =8\{{—r}.
Then we have dh(t, i—>73/3) < 2-dh(t, i—>R//3/) for all ground terms t.

Proof. A maximal (finite or infinite) 55 /s-derivation of ¢ has the form

RUS RUS RUS
t=1to Po b1 P, t2 Py - - -

where P; € {R,S} for all j. Let ¢ be the first step where the reduction ¢; R—Usmi

t;1+1 is performed via the rule £ — 7. Thus, t; = ¢;[¢p], %pi ti[rpl. = tiy1 for

some substitution p and some position x € Pos(t;). Note that p instantiates all
variables of ¢ by constructor ground terms. The reason is that all other ground
terms are not in normal form w.r.t. R US, as R/S is completely defined.
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Since |, is a basic term, t;y1|xr = 7p|x = r|zp is a basic ground term as p
instantiates r’s variables by constructor ground terms. Since R/S is completely
defined, t;41|xr is not in normal form w.r.t. RUS.

As we consider innermost rewriting and the derivation is maximal, w.l.0.g.
we can assume that the next rewriting step is performed below x (otherwise one
can rearrange the derivation steps without changing the length of the reduction).
Then we have

=tiltple Z=p, tilrple = tilrpll'6)ale Sp

i1 7 ti[Tp[’l“/(S]ﬂ—]n =tit+2
for some rule ¢/ — 1’ € RUS and some substitution 4.

W.l.o.g. we can assume that £ — r and ¢ — r’ have distinct variables. We
know that r|,p = ¢'6. Instead of using d, we can extend p to the variables of ¢’
and obtain r|,p = £ p. Thus, p unifies r|, and ¢'. Hence, there exists an mgu o
of r|; and ¢ and we have p = op’ for some substitution p’.

So we have t;|,, = €p = (bo)p/, i.e., the narrowed rule o — r[r'] o is appli-
cable. Moreover, its application is again an innermost step w.r.t. R U S since
lop’ = fp has no redex as a proper subterm. Applying this narrowed rule to ;
results in

= t;[(lo)p']x R—Usm/ t[(r[r']xo)p']x
tilr[r'zpls = tilrplr'plzls = tilrplr'd]x] = tite

Thus, we have t; R_usm/ ti+2. We proceed in the same way for all such steps
1. Note that by the construction of the narrowed rules, a ground term is a normal
form w.r.t. R US iff it is a normal form w.r.t. R’ U S’. Hence, every rewrite
step with %'p is also a rewrite step with %’p Therefore, our construction
yields a derivation w.r.t. S s+ which is at least half as long as the original
152 /s-derivation, i.e., we obtain dh(t, Bg,s) < 2-dh(t, Br//s). O



