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Two-dimensional growth - Eden’'s model
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Kardar-Parisi-Zhang (KPZ) Equation 86

Oth = (0ch)> + O°h + & h(t, x)
N’ N = N’

lateral growth relaxation space—time height at time
white noise t position x

F(Oxh) ~ F(0) + F'(0)8xh + 3 F"(0)(8xh)* + - - -

Oxh=u ~~ stoch Burgers eqn
Or u=2u0x u+02u+0xE

T. Halpin-Healy, Y.-C. Zhang/Physics Reports 254 (1995) 215-414
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Ballistic aggregration

“ ASEP

2.2. Snapshots illustrating surface and bulk propexties of three distinct stochastic growth models: (a) Eden cluster, (b)
stic deposit, and (c) RSOS solid. All belong to the KPZ universality class [HH93].
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A special discretization of KPZ equation (TASEP)

h(x+1):h(x)::l, x € 7
local max — local min at rate 1
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YN OO Y NN N =N i W . I . =)
AT A A AT "/ T W, T ",
X(3) X(2) X(1) X(0) X(-1) X(-2)

21, = 3[(V~h)(VTh) — 1+ Ah]

symmetric random walk invariant (except for height shift)

Lab mouse of non-equilibrium stat mech since the late 60's
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A special discretization of KPZ equation (TASEP)
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Asymptotic fluctuations depend on initial data

In TASEP special initial data could be computed 00's Johansson, Spohn, Borodin,

Sasamoto,...

Corner

l

| N\

2
h(t;x) ~icit = 6=+ et 3FauE

Flat

.

W

h(t,x) ~ cst + cat/3Fgor

Fcur/Fcog are the rescaled top eigenvalues of a matrix from the
Gaussian Unitary/Orthogonal Ensembles
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Asymptotic fluctuations depend on initial data

In TASEP special initial data could be computed 00's Johansson, Spohn, Borodin,

Sasamoto,...

Corner

Flat

h(t,x) ~ cat + cat}/3 A1 (t2/3x)

Airy,/Airy, are special stochastic processes
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The A|ry2 prOCGSS A2 (X) 05 Prahofer-Spohn, Okounkov, Johansson

Defined via its finite dimensional distributions, given by Fredholm
determinants of “extended kernels”

X1 < *20 < Xp X§:12>gj

P(A2(x1) < g1, --,A2(xn) < gn) = det(] — xzgKEI X2) 2({x1,....x0} xR)

J52 dX e A7) Ai(z + A) Ai(Z + A) x> x'

K (x, 2%, 2) = /
2 ) {— ffoo dA e ) Ai(z + N Ai(Z + ) x < X!
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Conjectural KPZ universality class

KPZ fixed point (t, X)
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EW fixed point e/2h(c=2t,c~z)

KPZ fixed point was a complete mystery, both in math and physics.
All we had was a few self-similar solutions (Airy processes)
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What is the fixed point?

KPZ 1:2:3 scaling he(t,x) = €}/?h(e3/%t, e 1x) takes KPZ egn to
Orhe = (Oxhe)? + €/202he + €'/4¢

Goal to understand the limit h of he as ¢ — 0

Or u = 0xh, u = 0xh stochastic Burgers fixed point

Weak solution of Burgers equation 8;u = Oxu? , but not unique

Dissipationless limit dispersionless limit s s
;é (Lax, Levermore, Venakidis, Deift, Zhou, ...)

Ot u=0xu?+€d2u Oru=0xu?+€d3u

KPZ fixed point not dissipative limit because Hopf-Lax formula

h(t,x) = sup,{ho(y) — 3(x — y)?} does not preserve Brownian motion

With Matetski and Remenik (2017) we solve TASEP and take the 1:2:3
scaling limit to find the KPZ fixed point

11/2



The KPZ fixed point

Markov process on state space UC = upper semi-cont fns, with local
Hausdorff topology

(eg. Narrow wedge = lim._,o —€/2|e1x|)

Transition probabilities

]Pf)o (f)(t, X1) ST el f)(t,XM) < aM) — det(l — Kf)o,t,x,a)

Fredholm determinant of a compact (trace class) operator K is
00 1 i
det(/ + K)2(s,) = 1+ Zl — [ det (K (ui, )]y dp(ur) - - dps(un)

Stochastic integrable system: dynamics linearized by a new type of
transform
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Brownian scattering transform

For hg € UC define for B Brownian motion

P2 (01, u2) = Po(_1)—un B(L)=u (B hite hypothe) on |-t L])

The Brownian scattering transform of fg is

bo — 1 —L82 hithO —L82
K —L||_>mooe P_L,Le

Looks terrible because of backwards heat equation, but we only ever use
. t 73

2, t a3

ok because e Is convolution with

2x3 zZx
I HBasd e Ni(—E Mozt
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Properties

' | ' —LH? phit — 152
Brownian scattering transform K% = lim;_,,, e ¢ P_L,b,f’e Lo
—x:)5? .52 52
Extend Kg;‘t(x;, e ) — e(Xj—xi)0 Iy, <x; + € x;0% K ho oX;O

© For t # 0 the map ho — ¥xa UtK‘{ijt Ut_lxa Is continuous from UC into
the trace class on L?({x1, - ,xpm} X R). xa(xi, ) = Ly>a.

@ Inverted by the determinant
, M
— t—
det (I — xa UrKi" U, lxa)Lz({xl,“',xM}XR) — ¢ H Lo(xi)<a;
i=1

© The determinants define Markov transition probabilities on UC, i.e.
the Chapman-Kolmogorov equations

/ ]P)f)o(sadf)lp)f(ta B) :Pho(s+ taB)'
ucC

Py (5(,x1) < a1, b(t, xur) < aps) = det (1 — xa UK Uz 2xa)
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KPZ fixed pt h(t, x; ho) unique Markov process with these
transition probs starting from b

@ Conjecturally unique local dynamics satisfying |
© (1:2:3 scaling invariant) ab(a3t, a=2x; abo(a?x)) = h(t,x; bo)
@ (Skew time reversible) P(h(t,x; g) < —f(x)) = P(h(t,x; f) < —g(x))
© (Stationarity in space) bh(t,x + u; ho(x — u)) Lt h(t, x; ho);

e For TASEP (and a few related models) we know that if the rescaled
height function converges to fp in UC. Then

el/2| h(2¢73/2¢,2¢71x) + 6"3/2tJ — h(t,x; ho) in distr. in UC.
5 E—>

e For t > 0, h(t,x) is locally Brownian and locally Holder %— In X.
For fixed x, h(t,x) is locally Holder %— in t > 0.

@ Although Brownian scattering transform looks daunting, in special
cases like flat, narrow wedge, it is easy to compute and recovers the
known formulas for the Airy processes. Also, new closed forms for

cusps, parabolas. 15/2




A determinantal formula for TASEP

Solution to the master equation by using Bethe ansatz:

Schutz'97:

For N > 1 particles one has the determinantal formula

with x,y € {zy < -+- < z1} C ZN and

_ (—1)nj£ dw W )n t(w—1)
Fal 1) = 2, W (1 =W

where [ 1 is a simple loop around 0 and 1

This formula is not suitable for N — o0, since the matrix size goes to oo

Sasamoto (2006) realized that because of special properties of F it can be

written as a (signed) determinantal point process on certain wired
Gelfand-Tsetlin patterns
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Biorthogonalization

For one-sided i.d. X(0) = X(—1) = X(-2) =+ = +o0:

Borodin, Ferrari, Prahofer and Sasamoto’07:
For 1< ny < np<---< np one has

)> a5 J =10, M) =det(] - Lo Kl ye)
Pxo(Xt(”J)>aj J det iSai Tt EXisa, R({ny,...,.nm}XZ) |

where the RHS is a Fredholm determinant,

Ke(ni, xi; nj, xj) = — Q™" (xj, X;) L, <n; Z‘V _pkx ‘DJ _i(x5)

5 1 dw L—wN\k o _1/o
Q(x,y) = Lxsy Vi(x) = 5= fl’o wX—Xo(n—k)+1 ( ) A

271 W

The functions @} are defined implicitly by

© Biorthogonality: ) ., W/ (x)®PL(x) = Lo
@ &} is a polynomial of degree k
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Exact formulas for ®]

The functions @} has been computed only for special initial datum

[Borodin, Ferrari, Prahofer, Sasamoto]

e Step initial data: Xp(i) = —i, i > 1:

n 1 1 — V)X+n v
¢ (x) = —}Iér dv( s gtlvil/2)
0

e Periodic initial data: Xp(i) = —di, i > 1, d > 2:

. . x+dn—1
STRTERP QM CELIC e AT
0

~ 27 v(29(1 — v)d-Ty)k  ©

In these cases @} are essentially the same as the W}
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Explicit biorthogonalization

We can write

t

Vi(x) =e"2¥ Q ¥(Xo(n — k),x)
where Q~1Q =/ and Q(x,y) = 1>y

Matetski, Q, Remenik'17:
The functions @ are given by

i(x) = 2V hy(0,x)
where h7 (4, z) is the unique solution to the backwards heat equation

(Q*)thP(4,2) = h)(f+1,z2) €<k, zeZ
hZ(k,Z) =1 Z € 4
h7(¢, Xo(n—£)) =0 ? < k

Note! hf is well defined because dim ker(Q*)™* =1
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A simple check

(Q*)"h(4,z) = h}(£+1,2) L<k,z€Z
Recall: hi(k,z) =1 zeZ
hi? (£, Xo(n —¥£)) =0 { < k

Then we have

D Vi) = > eV (2,21)Q (21, Xo(n — £)hi(0, )€Y (22, 2)

z€Z 2,21,2,€
= (Q*)~*hi(0, Xo(n — £))
= hg(¢, Xo(n — £))
= ly=¢

To show that ®7 is a polynomial we use Q' =/ + 2V recursively
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