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Mode Connectivity[Freeman and Bruna 16,
Garipov et al. 18, Draxler et al. 18]
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* For neural networks, local minima found via gradient descent are
connected by simple paths in the parameter space
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Mode Connectivity[Freeman and Bruna 16,
Garipov et al. 18, Draxler et al. 18]

* For neural networks, local minima found via gradient descent are
connected by simple paths in the parameter space

* Every point on the path is another solution of almost the same cost.
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Equivalent local minima and symmetry
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Equivalent local minima and symmetry
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* Equivalent solutions: * Equivalent solutions:
X=X*RRR' =1 X = X*P, P permutation

Neural networks only have permutation symmetry,
why do they have connected local min?
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(Partial) short answer: overparametrization

* Existing explanations of mode connectivity:
[Freeman and Bruna, 2016, Venturi et al. 2018, Liang et al. 2018,

Nguyen et al. 2018, Nguyen et al. 2019]

* If the network has special structure, and is highly overparametrized
(#neurons > #training samples), then local mins are connected.

* Problem: Networks that are not as overparametrized were also found
to have connected local min.

* Can we prove similar results in mildly overparametrized regime?
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Our Results

* For neural networks, not all local/global min are connected, even in
the overparametrized setting.

* Solutions that satisfy dropout stability are connected.

* Possible to switch dropout stability with noise stability
(used for proving generalization bounds for neural nets)
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* For simplicity: Fully Connected Networks
* Weights 6 = (W,, W,, ..., W), nonlinearity o

* Samples (x,y), hope to learn a network that maps xtoy

W W,

x(o) =X x(l) — 0(W1X) X(F’): pr(p-l)
* Function fg(x) = W,o(W,_10(---a(W;x) -+
- 1
+ Objective: L(9) = X7, (v, fo (x0)




Deep Neural Networks N

* For simplicity: Fully Connected Networks
* Weights 6 = (W, W,, ..., W), nonlinearity o

* Samples (x,y), hope to learn a network that maps xtoy

W, W,

x(0) = x x(1) = O(Wl)() x(P)= pr(P‘l)
* Function fg(x) = W,o(W,_10(---o(W;x) -+-)
* Objective: L(H) = —Z l(yl,fg(xl))

‘ Convex loss functlon
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Not all local min are connected

* Simple setting: 2-layer net, data (x;, y.) generated by ground truth
neural network with 2 hidden neurons.

* Overparametrization: consider optimization of a 2 layer neural
network with h (h >> 2) hidden neurons.

* Theorem: For any h > 2, there exists a data-set with h+2 samples,
such that the set of global minimizers are not connected.
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What kind of local min are connected?

* Only local min found by standard optimization algorithms are known
to be connected.

* Properties of such local min?
* Closely connected to the question of generalization/implicit regularization.
* Many conjectures: “flat” local min, margin, etc.

* This talk: Dropout stability



Dropout stability



Dropout stability

* A network is e-dropout stable, if zeroing out 50% nodes at every layer
(and rescale others appropriately) increases its loss by at most €.



Dropout stability

* A network is e-dropout stable, if zeroing out 50% nodes at every layer
(and rescale others appropriately) increases its loss by at most €.




Dropout stability

* A network is e-dropout stable, if zeroing out 50% nodes at every layer
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Dropout stability

* A network is e-dropout stable, if zeroing out 50% nodes at every layer
and rescale others appropriately) increases its loss by at most .
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Dropout stability

* A network is e-dropout stable, if zeroing out 50% nodes at every layer
(and rescale others appropriately) increases its loss by at most €.

* Theorem: If both 6, and 0, are e-dropout stable, then there exists a
path between them with maximum loss < max{L(6,),L(63)} + ¢



T N N AT AT
D
BESCHHKHKIE

4

P A IR AR

BISCHHKHKI

<

»

4

B HKHI

IR

)

4

»

PIRAH KK AR

»

PR R AHK]

i &

61029,

»

4

BISCS &

DOITHHIHR

PR HRA]

SAe

LR
R

X

>,
&
%5,
25

"
58

&
.‘

000
PR R RRA]
BOSCRHIS
Tolelelelele!

\
2
%
“‘Q

PRRRHRHA]
PRARHHHN]

D

%8

)
4
PR R RRRE]
DIANHHKS
4
PRRRHHKS
4

D)
]
D (X0
G

D)
4

)
]
P o -
C) (]
P o &
4

D)
)
P COCIC )
CH A
DIAHHHKD
4

D)
4
! D) &
; PRHHRHK]
” PRHIHRRS

: A :
[XXHHXRY PERARHHS
SRS RV

ATA

A
2505
5505
5%
K
&N %Y

. 9
SN
X52505
250505
S
RS

75 :

7
59

&
“

.
T
2%

High level steps

PPPPPPPPPP0P 0000000000000 000900900990
£ 5.5.8.0.00000-000000000000000000000-00-0.0-0-04
PPPPPPPPP 000000000000 0000 900900900994
PPPPPPPPPP0 00000000000 000 000900990999
(PSSP0 000000 0000009009009 9009499







\J
!’:’:’.‘\~

LD
%
RHRHKR

LAY
S258
6258
508
558

&S

&%

%!

5 50K
LR PO

N~
>
”
D
%
&
.,

S
&
55

N

>,

X
A
Qf
55
&S
&
55
S8
&

%

- ™ 4’4“&4& N
.n.u.nounnnum M
S

ﬁ?
S
oTe
S48
258
&5
6255
6258
658
58

.
9.

9.
:?’:f

.
3‘
9,
&
9,
&
.’
oY
¥,

-9
&
&
S8
&
58
"

v

29,

79
S5
o de?

&

Ko

(2

”
)

OO
EHNHN

2
S8

V&?

O
&S
§55

Setels
130505
Setetatetels!

L Sleleieiete)

.‘.;.7
X258
&

‘ -

o

VAT AT AT LAY,
alelatelels
J
PSCH K
PRRHRRS
P505050505052
etadedotet
PRRHRRN]
olalaletels
J
PSRS5050505]
wletelelete
XX HAAN]
PRRRHHK]
$letetetetess
alalalelsls
J
PR A
Blatetetetess
o282 %000
20552528
D
J
PR RRK,
olalelelels!
d
B
% J
PR AAA]
Lolaleletels
loleteletol
D
J
B0 0009,
alalalelsls
J
P5050505¢5058
wlelelelole
BSCSC5C55
PS2505058505
D
J
B0 66020,
2a%a%8%8%
P5250505050
PSR HH A K]
PS5R5050505)
280878700
ela?a% %%
o R

oy
oV

¢ R
)
Patat,

)
&
SRR

High level steps

PP PPPPPP0 0000000000000 0009009000099
P00 00 0000000000000 0009009009999
P00 0000000000000 0000009000999
P00 00000000000 000 0009009000999
PP 00000 0000000000000 90090099009999




<]
|
|

N NS
X
558
CRARHANANHK

S

T
%&p”

&

SIS
o tetetetetetetele!
Poleletetetelele e te et

T,
(55
55

>,
9,

>

”

LAY

&S
52505
oo
255

-
&

(2
.’

5%
o0
55
X

o

&
X
A
&
&
.’

B (7

s

LSS50505054

Setetetete%s!
Setetetelels!
STeasatery

ogatatetetely
spasaseatess
Seteteteteds!
Sesstetetels!
“:??Emwm
’ 9

ST
KRRRRRKK,
RRHIHHHARRS

ototetelele el
GRS

50
&5

&5
&8

855
&

SRR
&
”
&
&
&
S8

50
5

55
&

5K
o0

&
&
S8

&
o
&
&S
&
55

55
Setetetelels)
shatatetate®s
Rsessd
oteetatate®s

& ¢
etesees, |
LN,

—
R
OO
68

O
X
55
5K
o
658

%
o
1S

gajelelels
:?éeéﬂ

B0 00,90,
RRAARK,
B00.0.0.9,
PRHRHHRR
Zoleleleleds!
o
PS05052525052)
PSO505050505)
PS25250505058
PSOS5050505)
PS25250505058
PS25050505058
PSS550505)
PS50
PSO5050505058
PS55854
PO2525250505)
SHHHAK]

.;ﬁ??-

: P
-
— ':f:’."

.
)
o8

)
>
RN

?ﬁbﬁ&
PRRRR?

PSOSI5L508

P505250505058
PO25050505058
POR525050505)
PS50
PRRHHA)
PRRHRRN]
P525050506058
wleteteleleds
PSISL5050)
PIRARRARI
wleseserer,
i P505050505058
. PO
25054 PRRRHKS
o428 | PRRRKHS

High level steps

PPPPPPPPPP0 0000000000000 000 000900994
P00 00 0000000000000 0009009000999
P00 0000000000000 0000009009000 999
P00 0000000000000 900 9009000999
P00 9000000000000 9009009009999 9

RRK
“ r’"&’"’" ¥ < .QDQDQDQDQDONA




How to connect a network

with its dropout version?

High level steps
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Connecting a network with its dropout

* Main observation: can use two types of line segments.

* Type (a): if 8, and B; both have low loss, and they only differ in top
layer weight, can linearly interpolate between them.

* Type (b): If a group of neurons do not have any outgoing edges, can
change their incoming edges arbitrarily.

* |dea: Recurse from the top layer, use Type (b) moves to prepare for
the next Type (a) move



K
or
tw

e

rn

laye

th for 3

a

le p

P

m

exa

AN

LZ
) [
R3
(o]
(1)

2L3J

0 |

(4) [

(a) J

2L
0 |

(5)[

(b)

)[2L3| 0 }
2 J
)[2L3| 0
(3

R,

I

Ly
B,

]

(a)

(b)



Example path explained (1) -> (2)

AL

AN/
A
\‘}\/\
X

>
%
# x.
>

A\

» »
SN
OO
KA,
A

b®

».
%
N

SO
%
K0!
o
O
55
KA,

v
P,
%
%,
N

>
\

o0
X pY
/\,/\
X}}(
X%
2
$R58

¥
g
N\
X,
&N
%,
N
W N

\
\

>

W
e ‘/z
S
o
NN

N
\

p 4
&5
%
%
&5
&5

Ny

\

e
N x\,/t\ ’;’
KRR,
5

H XK
OO

s

e

e

FOK
=
e
Pevs
N v \
K

h

\
'

AN

x;\/;x"/
NN ,'\
A
OO
K
X >;)
K5
WA A
) \\ \\
9.9

'

EAAAAAE

| e e e
RO O
K D 000006
| SRS

P A
Sttt
R LN

LS e e e e ey

BSOS

>,

0 0e% % %%
OO

>

RO

>

RSO
” LTHL S o

BRSSO

0% %% e %"

OO

>

TR OO0

>

B e
| Sttt
BSOSO

>

RSO
SOOI

>

BRSO

SN




Example path explained (2) -> (3)
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Example path explained (2) ->
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xample path explained (3) ->
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Example path explained (3) ->
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Example path explained
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Experiments
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Conclusions

/
For neural networks, not all local/global min are

connected, even in the overparametrized setting.

.
/

B R

Solutions that satisfy dropout/noise stability are
connected.

.




Open Problems

* Path found by dropout/noise stability are still more complicated than
the path found in practice.

* Path are known to exist in practice, even if the solutions are not as
dropout stable as we hoped.

* Can we leverage mode connectivity to design better optimization
algorithms? Maybe by proving the stronger convexity requirements as
Leon talked about?



Open Problems

* Path found by dropout/noise stability are still more complicated than
the path found in practice.

* Path are known to exist in practice, even if the solutions are not as
dropout stable as we hoped.

* Can we leverage mode connectivity to design better optimization
algorithms? Maybe by proving the stronger convexity requirements as
Leon talked about?

Thank you!
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Over-parameterization (over-capacity)

e By having (much) more parameters in a neural network than
necessary.
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@ By having (much) more parameters in a neural network than

necessary.
e More parameters than the number of training data.
e More parameters than the minimal number of parameters to represent

the target function.
@ It improves the performance of the neural network (both training and

testing).

large
network

training
data
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The simple example of over-parameterization

o Target network: f*(x)=Y%,a;ReLU({w},x)).
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The simple example of over-parameterization

o Target network: f*(x) = Y%, a;ReLU({w, x)).
o Where x € RY, w; are orthonormal vectors, a; € {-1,1} (all sampled
randomly).

@ Given N = poly(d) training data {x;, " (x,-)},(\_'__l, where x; ~ N (0, /):
o Using a target network of form f(x) = ¥7, ajReLU({w;, x)), with £

loss, running SGD over {a;, w;}¢, starting from random initialization,

the training process doesn't work (stuck at a bad local minimal).

o Using a target network of form f(x) = .7, a;ReLU({w;, x)) where
m >> d (m = poly(d)), with ¢, loss, running SGD over {a;, w;}",
starting from random initialization, the training process works and
generalization works.

Yuanzhi Li (Stanford University) iz¢ \"‘c(mnd date: Today

3/

20




example of over-parameterization
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m >> d (m = poly(d)), with ¢, loss, running SGD over {a;, w;},
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The example of over-parameterization

output
output 4 training works

f linear(mx?1) generalization works

1

linear(dx1) |

f

linear{mxd)

1 over-parameterized
input (d) learner (m = poly(d) >> d)

linear(dxd) Outpst
unitary t

f linear{dx1)

input (d) |
| (gaussian)

?

linear(dxd)

target network

1 training doesn't work
et proper learner

o Folklore example ([Lecun et al'14]), formally reported in for example
[GLM'17], empirically.
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The simple example of over-parameterization

@ Question: Can we prove it?

@ Can we formally prove that over-parameterization does help in this
simple simple simple simple example?

@ What is the fundamental reason behind over-parameterization?

@ Let us start with prior works on over-parameterization (which are
fundamentally different from this work).
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Prior works

e Over-parameterization and the neural tangent kernel (NTK). (More
info: See my talk at the simons institute

https : | /simons.berkeley .edu/talks/tbd — 70
https : [/arxiv.org[abs/1811.03962).

Yuanzhi Li (Stanford University) MSR Redmond date: Today 6 /20




Prior works

@ Over-parameterization and the neural tangent kernel (NTK). (More
info: See my talk at the simons institute

https : | /simons.berkeley .edu/talks/tbd — 70
https : [/arxiv.org[abs/1811.03962).

e When the following Oops condition holds:

Yuanzhi Li (Stanford University) MSR Redmond date: Today 6/20




Prior works

@ Over-parameterization and the neural tangent kernel (NTK). (More
info: See my talk at the simons institute

https : | /simons.berkeley .edu/talks/tbd — 70
https : [/arxiv.org/abs/1811.03962).

e When the following Oops condition holds:

@ Over-parameterization (m = poly(N), N : number of training data, m:
number of parameters).

Yuanzhi Li (Stanford University) MS t’n"'&'imnd date: Today 6 /20




Prior works

@ Over-parameterization and the neural tangent kernel (NTK). (More
info: See my talk at the simons institute
https : | /simons.berkeley .edu/talks/tbd — 70

https : [/arxiv.org/abs/1811.03962).
e When the following Oops condition holds:

e Over-parameterization (m = poly(N), N : number of training data, m:
number of parameters).
@ Proper learning rate.

Yuanzhi Li (Stanford University) MSR Kedmond date: Today




Prior works

o Over-parameterization and the neural tangent kernel (NTK). (More
info: See my talk at the simons institute
https : | /simons.berkeley .edu/talks/tbd — 70

https : [/arxiv.org/abs/1811.03962).
e When the following Oops condition holds:

@ Over-parameterization (m = poly(N), N : number of training data, m:
number of parameters).

@ Proper learning rate.

@ Small learning rate.

Yuanzhi Li (Stanford University) MSR Redmond date: Today 6 /20




Prior works

e Over-parameterization and the neural tangent kernel (NTK). (More
info: See my talk at the simons institute

https : | /simons.berkeley .edu/talks/tbd — 70
https : [/arxiv.org[abs/1811.03962).

e When the following Oops condition holds:

e Over-parameterization (m = poly(N), N : number of training data, m:
number of parameters).

@ Proper learning rate.

@ Small learning rate.

e Then learning such a neural network via SGD essentially reduces to
learning over its NTK (convex problem).

Yuanzhi Li (Stanford University) Kedmond date: Today 6 /20




Prior works

e Over-parameterization and the neural tangent kernel (NTK). (More

info: See my talk at the simons institute

https : | [simons.berkeley .edu/talks/tbd — 70
https : [/arxiv.org/abs/1811.03962).

e When the following Oops condition holds:

e Over-parameterization (m = poly(N), N : number of training data, m:
number of parameters).

@ Proper learning rate.

@ Small learning rate.

e Then learning such a neural network via SGD essentially reduces to
learning over its NTK (convex problem).

@ As a corollary of [AL"19](https : //arxiv.org/abs/1905.10337) NTK
cannot learn a target network with RelL.U activation with accuracy
1/poly(d), when the input is standard Gaussian (even under the case
where the target network is a single ReLU) and N = e°(9).
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Prior works

@ Over-parameterization and the neural tangent kernel (NTK). (More
info: See my talk at the simons institute

https : //simons.berkeley .edu/talks/tbd — 70
https : [/arxiv.org/abs/1811.03962).

e When the following Oops condition holds:

@ Over-parameterization (m = poly(N), N : number of training data, m:
number of parameters).

@ Proper learning rate.

@ Small learning rate.

e Then learning such a neural network via SGD essentially reduces to
learning over its NTK (convex problem).

@ As a corollary of [AL"19](https : //arxiv.org/abs/1905.10337) NTK
cannot learn a target network with RelLU activation with accuracy
1/poly(d), when the input is standard Gaussian (even under the case
where the target network is a single ReLU) and N = e°(9).

@ So this simple example can not be explained by theorem of NTK.
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Prior works differ from NTK

@ [LY'17] Given a properly parameterized network and a good
initialization (|W - W*|2 <0.1 and a; = a7), then running SGD over
W works. (Note: W™ is unitary so |[W*|,=1.)
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@ [his is such a dumb result — Michael Cohen.

e [GLM'17] Given proper parameterization, using a different loss
function, a different learner network (degree < 4 activation functions)
and then switch back to ReLU when doing prediction, it works.
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[LY'17] Given a properly parameterized network and a good
initialization (|W - W*|2 <0.1 and a; = a7), then running SGD over
W works. (Note: W™ is unitary so |W*|,=1.)

This 1s such a dumb
| GLM'"17] Given proper parameterization, using a different loss
function, a different learner network (degree < 4 activation functions)

and then switch back to ReLU when doing predlctlon It works

We believe that analyzing the original probl

result — Michael Cohen.
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Prior works differ from NTK

@ [LY'17] Given a properly parameterized network and a good
initialization (|W - W*|2 <0.1 and a; = a7), then running SGD over
W works. (Note: W* is unitary so |[W*|,=1.)

This I1s such a dumb result — Michael Cohen.

| GLM'17] Given proper parameterization, using a different loss
function, a different learner network (degree < 4 activation functions)
and then switch back to ReLU when doing prediction, it works.

L. Bl s RS L S R — . R - Bk i e o
We believe that analyzing the original problem is technically

challenging and its resolution will be potentially enlightening fc
understanding landscape of loss function with permutation invariance
- GLM.

[LMW'19] Given an exponential amount of over-parameterization,

noisy SGD works.
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Prior works differ from NTK

[LY'17] Given a properly parameterized network and a good

initialization (|W - W*|2 <0.1 and a; = a7), then running SGD over
W works. (Note: W™ is unitary so |[W*|,=1.)

This i1s such a dumb result — Michael Cohen.

| GLM'17] Given proper parameterization, using a different loss

function, a different learner network (degree < 4 activation functions)

and then switch back to ReLU when domg prediction, it works.

We believe that analyzing the original problem iIs technically
challenging and its re \\)l tion will be potentially el

understanding landscape of loss function with permutation invariance

~ GLM.

[LMW'19] Given an exponential amount of over-parameterization,
noisy SGD works.

However, (1 constrained) linear regression over an n exponential size

set of feature mappings also works — Moving from exponential to

polynomial is the key advantage of using neural networks.
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This work

Theorem (LMZ'19, sketched)

Given target network of form f*(x) = (v*,x) + ¥.;_; a; ReLU({w., x)),
where w* € R? are orthonormal (so r < d), each a} € [1,k] u[-~,-1] for
constant k.
Given learner network of form f(x) = (v,x) + X", a;ReLU({w;, x)) where
m = poly(d), given N = poly(d) many training data, then (mini-batch)

v SGD starting from random initialization with 1/poly(d) learning rate

reaches generalization error 1/poly(d) after poly(d) iterations.
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m = poly(d), given N = poly(d) many training data, then (mini-batch)
SGD starting from random initialization with 1/poly(d) learning rate
reaches generalization error 1/poly(d) after poly(d) iterations.

@ m can be larger than N.

e To simplify the analysis, note that a;, w; are (positive) scaling
invariant, so in this work we re-parameterize a; by a; = |w;||» for a
half of the neuron and a; = —||w;|» for the other half.
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This work

Theorem (LMZ'19, sketched)

Given target network of form f*(x) = (v*,x) + ¥.;_; a; ReLU({w., x)),
where w* € R? are orthonormal (so r < d), each a} € [1,k] u[-~,~-1] for
constant k.

Given learner network of form f(x) = (v,x) + >, ajReLU({w;, x)) where
m = poly(d), given N = poly(d) many training data, then (mini-batch)
SGD starting from random initialization with 1/poly(d) learning rate
reaches generalization error 1/poly(d) after poly(d) iterations.

@ m can be larger than N.

e To simplify the analysis, note that a;, w; are (positive) scaling
invariant, so in this work we re-parameterize a; by a; = |w;||» for a
half of the neuron and a; = —||w;|» for the other half.

@ This is not the NTK regime due to the size of the random

initialization (we use w; ~ N (0,1/m) so |a;| ~ -\—/l_;) NTK requires

jai| ~ 1.
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Why does over-parameterization help?

@ The new tool: Poly-size coupling with a non-convex infinite neuron
process.
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Why does over-parameterization help?

@ The new tool: Poly-size coupling with a non-convex infinite neuron
process.

e With sufficient over-parameterization, the optimization process of the
network is actually simulating an infinite neuron optimization process,
which is not convex (not NTK) but still have a benign landscape.
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Why does over-parameterization help?

@ The new tool: Poly-size coupling with a non-convex infinite neuron
process.

e With sufficient over-parameterization, the optimization process of the
network is actually simulating an infinite neuron optimization process,
which is not convex (not NTK) but still have a benign landscape.

@ Difficulty: why the infinite neuron process has a better training
performance? How does the simulation work with only poly-size
over-parameterization?
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The infinite neuron optimization process

@ For simplicity, let us focus on the case when r = d, all a7 are positive
and all a; are positive (so a; = [w;|2).
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The infinite neuron optimization process

@ For simplicity, let us focus on the case when r = d, all a; are positive
and all a; are positive (so a; = [w;|2).

@ Without the linear term, the population loss
L=Ey a0, (f(x) - f*(x))? is given by

L=oo |3 [willz = a7 ||+ o2 |3 wwi® " = 37 a7 (w))®*
i=1 i=1 F r=1 i=1 i=1

2

F
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The infinite neuron optimization process

e For simplicity, let us focus on the case when r = d, all a; are positive
and all a; are positive (so a; = |w;|2).

@ Without the linear term, the population loss
L=Ey a0, (f(x)- f*(x))? is given by

L=oo ||, wila - D af|| + D o2 |[D w w® " =) af (w)®
i=1 i1 g rm1 i=1 i=1

2

F

1
poly (i)

W.

® Where w; = - and o; » (the Hermits coefficients of RelLU).
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The infinite neuron optimization process

@ For simplicity, let us focus on the case when r = d, all a7 are positive
and all a; are positive (so a; = [w;|2).

@ Without the linear term, the population loss
L=Ey a0, (f(x) - f*(x))? is given by

L=oo| ), wilz =D a7 || + 2 02 |[ D w w® " = ) af (w)®
i=1 i=1 F r=1 i=1 =1

2

F

® Where w; = ”—w":”i and o; ~ m (the Hermits coefficients of RelLU).

@ At initialization, w; ~ N(0,//m).
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The infinite neuron optimization process

e For simplicity, let us focus on the case when r = d, all a; are positive
and all a; are positive (so a; = |w;|2).

@ Without the linear term, the population loss
L=Ey a0, (f(x)- f*(x))? is given by

m d 2 00 m
L =00 Z”Wi”%-Zaf +Z(72r Zw 2 ;&2 - Za( )®2'
=1 ] F r=1 j=1

F

1
poly(7)
@ At initialization, w; ~ N (0,//m).

@ Infinite neuron process: for a distribution P over RY the (infinite
neuron) population loss Linf is given by

® Where w; = 14 “ and o; ~ (the Hermits coefficients of RelLU).

g d
Ew-plwlf -3 o +zgz, WS 1 ()
=1

=1

Yuanzhi Li (Stanford University) MSR Redmond date: Today




The infinite neuron optimization process

@ For simplicity, let us focus on the case when r = d, all a; are positive
and all a; are positive (so a; = [w;|2).

@ Without the linear term, the population loss
L =Ey a0, (F(x) - f*(x))? is given by

L g S P T . G 2
L:O‘O Z”W’”2_Za’* +Z(72r ZW VT/’® e ZQT(W{")@ r
i=1 ] F r-'—']. i= [:1

F

1
poly(7)
@ At initialization, w; ~ N (0,//m).

@ Infinite neuron process: for a distribution P over RY the (infinite
neuron) population loss Linf is given by

® Where w; = - “ and o; » (the Hermits coefficients of RelLU).

g d
le~P“ W“% - Z 3,- + Z oor | Ew-~p ‘3’2 VT/®2’“2 = Z a;f(wi*)®2r
=1

i=1 F
@ At initialization, P = N(O, /).
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The infinite neuron optimization process

@ Infinite neuron optimization: Each step: update P via gradient
descent (with learning rate 1) over w on the infinite neuron loss:

w = w — NV wLinf

3= |wl3) + Ewrp|w'|3 - £,
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The infinite neuron optimization process

@ Infinite neuron optimization: Each step: update P via gradient
descent (with learning rate 1) over w on the infinite neuron loss:

w =W — NV wLinf

VwLinf —UO ”( |V% —|W §)+IEW""P”W’H Z’ 1 '*

()v

—®2F -1 2r-2 2
+Zr L 02 9 “ ..... _ w®2582r “))+IE ’~P(W )®2 ®er= _z' s (W )®2r

v

F

@ [he loss contalns Zero and second order term:
2

G =09 IEW~P||W||§ = Z ai || +o2 Ew-.pw® - Z 3?("";)@2
- E =i F

Yuanzhi Li (Stanford University) MSR Redmond date: Today




The infinite neuron optimization process

@ Infinite neuron optimization: Each step: update P via gradient
descent (with learning rate 1) over w on the infinite neuron loss:

w =W — NV wLinf

*

2
VwLing = 002 [([v]3 - |wl3) + Ewsep|w'|3 - £, a; F

v=w

< D Dy ) . P @2 -2 .
+Zf210'2r5—1, “(V..._.,.zv.._..zr 2 _ 82 2@2r z) +Ew'~p(wl)®2W' r-=2 Z?:l a}’(w,-*)‘gz’

F
V=w

@ [he loss contains: Zero and second order term:
2

d d
2 * ®2 * *\ ®2
G = 00 IEW~p||W||2—Za,- + 02 IEWNPW —Za,-(w,— )
=] E i=1
@ These are PCA-type terms, can not identify w;" uniquely.

2

F
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The infinite neuron optimization process

@ Infinite neuron optimization: Each step: update P via gradient
descent (with learning rate 1) over w on the infinite neuron loss:

w =W — NV wlLinf

VwLinf = UO ”( v 1% — | W 3) +EW’~P”W,|! ZI 1 ;

()v

,®2r=2 d or |12
- Zizl a;"’("viw)® ¢

+ 3% 09 ,(;1 “ — w2 2) +Eyrp(w)®w! -

@ [he loss contalns Zero and second order term:
2

2 * 2 * * 2
G = 00 EW"’PHW”Q—Zaf + 09) IEWNPW® —Za,-(w,- )®
n F i=1 F
@ These are PCA-type terms, can not identify w." uniquely.
@ Forth order term:

d
H =04 ||Ep-pw®w® - Y af (w/)®*
=1 F
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The infinite neuron optimization process

@ Infinite neuron optimization: Each step: update P via gradient
descent (with learning rate 1) over w on the infinite neuron loss:

w = w — NV wLinf

g

ov

1“2

||( v|5 - |w 5.)+1wa~p||w 15

Vwling = 0075

J
+Zf 192r 5y “

@ [he loss contalns Zero and second order term:
2

2 * 2 * *\®2
G = 00 EWNP”W”z—Za,' + 09) IEWNPW® —Za,-(w,— )
- E =1 F
@ These are PCA-type terms, can not identify w;" uniquely.
@ Forth order term:

d
H = o4 IEWNPW®2\7V®2 B Z a;e(wi*)®4
=1 F

uniquely.
Yuanzhi Li (Stanford University) MSR Redmond date: Today
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@ T[ensor-type term, can identify w:




The infinite neuron optimization process

@ Loss function:

2

2
d 00 d
00 ||Ew~p|wl3 - Y ar|| +) oo E,.pw®w® 2 _ ¥ at (w})®2r
i=1 F r=1 .

=1 F
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The infinite neuron optimization process

@ Loss function:

2
d 00 d
00 ||[Ew~p|wl3 - Y ar|| +) oo B, pw w2 - D at (w)®2r
i=1 llF r=1 =1 -

@ Key observation:
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The infinite neuron optimization process

@ Loss function:

2
d 56 p

00 [|Ew~pw|3 =D af|| +) 0o (|Ew-pw®w® 2 =% 2% (w;")®*
i=1 Al r=1 =1 -

@ Key observation:

e Through out the optimization process, P has symmetric, in the sense
that for every i € [d], conditional on &: the value of (w", w) for every
J # i and the absolute value [(w, w)|, then we still have

Pr{w",w)>0|&]=Pr[{w’,w)<0|&] = %
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The infinite neuron optimization process

@ Loss function:

2
d o0 d
oo [[Ew~p|w(3-> a7l +) 02 ||[Ew-pw®2w® 2 = > aF (w;")®*
=1 F r=1 =1 E

@ Key observation:

e Through out the optimization process, P has symmetric, in the sense
that for every i € [d], conditional on &: the value of (w", w) for every
J # i and the absolute value [(w, w)|, then we still have

Pri{w",w)>0|&]=Pr[{w’,w)<0|&] = %

e This observation allows us to simplify many cross terms when
calculating the gradient update.
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Simplification with sign-symmetricity

@ With the symmetric property of P, for example, we have:

Yuanzhi Li (Stanford University) MSR Redmond date: Today 13 /20




Simplification with sign-symmetricity

@ With the symmetric property of P, for example, we have:

Ey-pw® ZIEW~ [(w/, w)?] (w;)®?
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Simplification with sign-symmetricity

@ With the symmetric property of P, for example, we have:

Ew-pw® ZIEW~ [(w/, w)?] (w;)®?

®2 ®2 Z ]EW~ [ >2<ijae’ W>2] (Wi*)®2(wj*)®2

I=1
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The infinite neuron optimization process

@ Loss function:

2

2
d o0 d
g0 IEw~p|| W“% —_ Z a;f 4 Z T2/, ]EWNPW®2 W@ZI’—Z _ Z a;e(wix-)®2r
i=1 F r=1 .

=1 F
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The infinite neuron optimization process

@ Loss function:

2

2
d 0o d
00 [|Ew-plw(5 =Y af|| +> oo [|[Ew-pw®w® 2 -3 af (w})®
i=1 F r=1 s £

@ Optimization process:
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The infinite neuron optimization process

@ Loss function:

2

d = 00 d
i=1 F r=1 i=1 F

@ Optimization process:
e Using the key observation, it is not hard to show:
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The infinite neuron optimization process

@ Loss function:

2

2
d 0o d
00 |[Ew~p|w(3 - D aF|| +D 02 |[Ew-pw®@®* 2 = 3 af (w;*)®
i=1 llf r=l i=1 F

@ Optimization process:

e Using the key observation, it is not hard to show:
o After a small number of iterations, G (0, 2 order term, e.g. PCA term)
will become small (smaller than 4-order term).
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The infinite neuron optimization process

@ Loss function:
2

2
d 0o d
o0 [Eu-plwlZ =33t +3 o2 [Ewepwo2aer2 5 a1 (wiyox
i=1 F r=1 i=1 F

@ Optimization process:

e Using the key observation, it is not hard to show:

o After a small number of iterations, G (0, 2 order term, e.g. PCA term)
will become small (smaller than 4-order term).

e [he optimization process then enters the tensor phase and the tensor
decomposition process over H (the 4-order term e.g. tensor term) thus

can identify w; correctly.
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The infinite neuron optimization process

@ Loss function:

2

2
d 00 d
oo Eu-rlwlz- 32| + 5o [Eu-pw2ao2-2 3t (o
i=1 F r=1 i=% F

@ Optimization process:

e Using the key observation, it is not hard to show:

o After a small number of iterations, G (0, 2 order term, e.g. PCA term)
will become small (smaller than 4-order term).
The optimization process then enters the tensor phase and the tensor
decomposition process over H (the 4-order term e.g. tensor term) thus
can identify w; correctly.
So the entire infinite neuron process is a mixture of PCA and tensor
decomposition, which is highly non-convex (not NTK).
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From infinite to finite (the naive way)

@ How do we move from infinite process to poly-size finite neuron
process?
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From infinite to finite (the naive way)

@ How do we move from infinite process to poly-size finite neuron
process?

@ Approach 1: {w;}", is close to P in e.g. Wasserstein distance?
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From infinite to finite (the naive way)

@ How do we move from infinite process to poly-size finite neuron
process?

@ Approach 1: {w;}", is close to P in e.g. Wasserstein distance?

@ Impossible! Need at least 29(d) neurons, but we focus on
m = poly(d).
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From infinite to finite (the naive way)

@ How do we move from infinite process to poly-size finite neuron
process?

@ Approach 1: {w;}", is close to P in e.g. Wasserstein distance?
@ Impossible! Need at least 29(d) neurons, but we focus on

m = poly(d).
@ Approach 2: Finite neuron can preserve the key observation?
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From infinite to finite (the naive way)

How do we move from infinite process to poly-size finite neuron
process?

Approach 1: {w;}, is close to P in e.g. Wasserstein distance?

Impossible! Need at least 29(d) heurons, but we focus on

m = poly(d).

Approach 2: Finite neuron can preserve the key observation?
Through out the optimization process, {w;}7, is (approximately)
symmetric? in the sense that for every r € [d], conditional on &: the

value of (w/, w;) for every j # r and the absolute value |[(w;", w;)|, then

Pr [(w ,w;) 20| &] =~ Pr [(w,*,w,-)$0|5]~1

i~Uniform| m] i~Uniform[ m] 2
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From infinite to finite (the naive way)

How do we move from infinite process to poly-size finite neuron
process?

Approach 1: {w;}", is close to P in e.g. Wasserstein distance?

Impossible! Need at least 29(d) neurons, but we focus on

m = poly(d).

Approach 2: Finite neuron can preserve the key observation?
Through out the optimization process, {w;}7, is (approximately)

symmetric? in the sense that for every r € [d], conditional on &: the

value of (w/, w;) for every j # r and the absolute value |[(w;", w;)|, then

Pr (w ,w;) 20| &] =~ Pr [(w,*,w,-)£0|€]%1

i~Uniform| m] i~Uniform[ m] 2

Impossible! Need at least 2°*(9) neurons, but we focus on
m = poly(d).
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From infinite to finite (the actual way)

@ Infinite neuron dynamic for each w:

w — Tl(W)—> T2(W)—->—> Tt(W), via W=W_77vainf
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From infinite to finite (the actual way)

@ Infinite neuron dynamic for each w:
w— Ti(w) = Ta(w) = = Te(w), viaw=w-nVyLs
@ Finite neuron dynamic for each w;:

~

w; > Ti(w;) > Ta(w;) > - - 'f't(w;), via w; = w; — NV, L

= LS (F0g) - F09))?
N & j j
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From infinite to finite (the actual way)

@ Infinite neuron dynamic for each w:
w— Ti(w) = To(w) = = Te(w), via w=w—nVyLs
@ Finite neuron dynamic for each w;:

~

w; > Ti(w;) > To(w;) = - - 7~'t(w,~), via w; =w; —nVy.L

= LS (F0g) - F09))?
N & J J

@ Question: (ignoring the \/m multiplicative scaling between the norm
of w; and w) if w=w;, then is T¢(w) close to T¢(w;)?
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From infinite to finite, one step

@ The error between w — T1(w) and w; - T1(w;):
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From infinite to finite, one step

o The error between w — T1(w) and w; > T1(w;):

o Three steps: w; — Ti(w;) > T1(w;) = T1(w;).
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From infinite to finite, one step

® The error between w — T1(w) and w; - T1(w;):
o Three steps: w; » T1(w;) = T1(w;) = T1(w;).

@ T1(w;) = T1(w;) : over-parameterization error: the error caused by
moving from P to the “empirical version” {w;}",: e.g. the error
between E,,..pw®? and + A w®? where each w; i.i.d. w; ~ P.

m = I
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From infinite to finite, one step

o The error between w — T1(w) and w; > T1(w;):

@ Three steps: w; » T1(w;) — f'l(w;) - '7'1(w,-).

@ T1(w;) - T1(w;) : over-parameterization error: the error caused by
moving from P to the “empirical version” {w;}",: e.g. the error
between E,,.pw®? and + i w®? where each w; i.i.d. w; ~ P.

m $os I

o Ti(w;) » Ti(w;): sample error, the error caused by moving from

"~

population loss to empirical loss, e.g. the error between L and L.
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From infinite to finite, one step

The error between w — T1(w) and w; - T1(w;):
Three steps: w; - Ti(w;) - T1(w;) > T1(w;).
T1(w;) — ﬁ(w;) . over-parameterization error: the error caused by

moving from P to the “empirical version” {w;}",: e.g. the error
between E,,.pw®? and + i w®? where each w; i.i.d. w; ~ P.
m $= I

ﬂ(w,-) - f‘l(w,-): sample error, the error caused by moving from

~

population loss to empirical loss, e.g. the error between L and L.

The key observation:

| Ta(wi) - T1(w)| » [ T1(wi) = Ta(w;)| »

1
m

=
VN
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From infinite to finite, one step

The error between w — T1(w) and w; - T1(w;):
Three steps: w; - Ti(w;) » T1(w;) > T1(w;).
T1(w;) - T1(w;) : over-parameterization error: the error caused by

moving from P to the “empirical version” {w;}",: e.g. the error
between E,,.pw®? and = 37, w®? where each w; i.i.d. w;~ P.
m = i

f'l(w,-) - ﬁ(w,-): sample error, the error caused by moving from
population loss to empirical loss, e.g. the error between L and L.

The key observation:

[ Ta(wi) = Ta(wi)| » [ T1(w;) - Ta(wi)| »

8
VN

1
v

= The role of (poly-size) over-parameterization.

-
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From infinite to finite, the entire process

o The error between w — T¢(w) and w; » T¢(w;):
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From infinite to finite, the entire process

@ The error between w — T¢(w) and w; » T¢(w;):

e Fundamental question: if | ft_l(w,-) — Te-1(w;)||2 < € for every i, then
whether:

Yuanzhi Li (Stanford University) MSR Redmond date: Today 18 /20




From infinite to finite, the entire process

@ The error between w — T¢(w) and w; » T¢(w;):

o Fundamental question: if | Te—1(w;) — Te—1(w;)|2 <  for every i, then
whether:

o Contraction? | T¢(w;) — Te(w;)|2 < e (typical for convex process).
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From infinite to finite, the entire process

@ The error between w - T;(w) and w; — Tt(w;):
e Fundamental question: if | ft_l(w,-) — Te-1(w;)|[2 < € for every i, then
whether:

o Contraction? | T¢(w;) — T¢(w;)|2 < & (typical for convex process).
o Mild amplification? || T¢(w;) — T¢(w;)|2 = (1 +n/poly(d))e, where n is
the learning rate of the SGD.
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From infinite to finite, the entire process

o The error between w — T¢(w) and w; » T¢(w;):

o Fundamental question: if || Tr—1(w;) — Te—1(w;)|2 <  for every i, then
whether:
o Contraction? || T¢(w;) — T¢(w;) |2 < & (typical for convex process).
o Mild amplification? || T¢(w;) — Te(w;) |2 = (1 +n/poly(d))e, where n is
the learning rate of the SGD.
o Exponential amplification? | T,(w;) — T¢(w;)|2 ~ (1 + n)e (can happen
for non-convex process). (If so, m, N has to be exponential in d)

non-convex

convex: contraction \ = )
exponential amplification
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From infinite to finite, the entire process

@ The infinite neuron process is a mixture of PCA and tensor
decomposition, which is highly non-convex.
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From infinite to finite, the entire process

@ The infinite neuron process is a mixture of PCA and tensor
decomposition, which is highly non-convex.

Lemma (Critical, sketched)

T:(w) — T¢(w) is an exponential amplification for an arbitrary w (due to

non-convexity), but with high probability for w; sampled from spherical

~ Gaussian, T¢(w;) — T¢(w;) is a mild amplification as long as € < m.

>
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From infinite to finite, the entire process

@ The error between w - T;(w) and w; — Tt(w;):

o Fundamental question: if || Tz—1(w;) — Te—1(w;)|2 < & for every i, then
whether:
o Contraction? || T¢(w;) — T¢(w;)|2 < & (typical for convex process).
o Mild amplification? || T¢(w;) — T¢(w;)|2 = (1 +n/poly(d))e, where n is
the learning rate of the SGD.
o Exponential amplification? | T,(w;) — T¢(w;)|2 ~ (1 + n)e (can happen
for non-convex process). (If so, m, N has to be exponential in d)

non-convex

convex: contraction a e )
exponential amplification
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From infinite to finite, the entire process

@ The infinite neuron process is a mixture of PCA and tensor
decomposition, which is highly non-convex.

Lemma (Critical, sketched)

Te(w) — To(w) is an exponential amplification for an arbitrary w (due to

non-convexity), but with high probability for w; sampled from spherical

Gaussian, T¢(w;) — T¢(w;) is a mild amplification as long as & < m.

k
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From infinite to finite, the entire process

@ The infinite neuron process is a mixture of PCA and tensor
decomposition, which is highly non-convex.

Lemma (Critical, sketched)

T:(w) — T¢(w) is an exponential amplification for an arbitrary w (due to

non-convexity), but with high probability for w; sampled from spherical

Gaussian, T¢(w;) — T¢(w;) is a mild amplification as long as € < W;(_d)'

k

@ Together with the infinite neuron process result, this gives the final
theorem.
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Summary: the most example of
over-parameterization

@ We show that running SGD on a over-parameterized two-layer neural
network with RelL.U activation can learn a smaller two-layer neural
network with RelLU activation, where the hidden weights are
orthonormal, and the data distribution is spherical Gaussian.
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Summary: the most example of
over-parameterization

@ We show that running SGD on a over-parameterized two-layer neural

network wit
network wit
orthonorma

h RelL.U activation can learn a smaller two-layer neural
h RelLU activation, where the hidden weights are

. and the data distribution is spherical Gaussian.

e Poly-size over-parameterization is actually simulating the infinite
neuron optimization process.
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Summary: the most example of
over-parameterization

@ We show that running SGD on a over-parameterized two-layer neural
network with RelL.U activation can learn a smaller two-layer neural
network with RelLU activation, where the hidden weights are
orthonormal, and the data distribution is spherical Gaussian.

e Poly-size over-parameterization is actually simulating the infinite
neuron optimization process.

e Infinite neuron optimization process has a non-convex but benign
landscape (a mixture of PCA and tensor decomposition, with
symmetric property and mild-amplification property).
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Summary: the most example of
over-parameterization

@ We show that running SGD on a over-parameterized two-layer neural
network with Rel.U activation can learn a smaller two-layer neural
network with RelLU activation, where the hidden weights are
orthonormal, and the data distribution is spherical Gaussian.

e Poly-size over-parameterization is actually simulating the infinite
neuron optimization process.

e Infinite neuron optimization process has a non-convex but benign
landscape (a mixture of PCA and tensor decomposition, with
symmetric property and mild-amplification property).

@ When the hidden weights are not orthonormal, it can require 2€2(d)
queries in the worst case [ VW'19] for any SQ model.
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The infinite neuron optimization process

@ Infinite neuron optimization: Each step: update P via gradient
descent (with learning rate 1) over w on the infinite neuron loss:

w =W — NV wLinf

VwLinf = 005 L ”( .Vé — |W %)-’rEme”W,l! Z, 1 ,*

v

,®2r=2 d or |12
- zizl 3;(Wi*)® ?

+Zcr>?10_ r(_;,i “ - W*::52:2‘7V:{'»32r ) +E ’~P(W )®2 -

v

@ [he loss contams Zero and second order term:
2

2 * 2 * * 2
G = 00 IEWNP“W”z—Za,' + 09) IEWNPW® —Za,-(w,- )®
- E =1 F
@ These are PCA-type terms, can not identify w;" uniquely.
@ Forth order term:

d
H =04 ||E, wPW W ZE’?(W,'*)®4

F
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The infinite neuron optimization process

@ Infinite neuron optimization: Each step: update P via gradient
descent (with learning rate 1) over w on the infinite neuron loss:

w =W — NV wLinf

VwLinf = 002 ||( v[5 - |w §)+Ew'~P”W| Z, 1 ;

ov
v=w

+ Zr 1 02 r(ﬁ, “(V::E::-ZZ \—/-::E::Qr * W ‘/-1-/ D21 .2) +E ’NP(W )®2

,®2r-2 d ®2 2
— Yarsr 3y (W) -

V=w
@ [he loss contains: Zero and second order term:
2

2 * 2 * * 2
G =00 ||[Ew-p|w|5-> af|| +02||Ew-pw® =) af (w;)®
o F i=1 F
@ These are PCA-type terms, can not identify w." uniquely.
@ Forth order term:

d
1 o4 IEWNPW®2\7V®2 N Z a;e(w’_*)®4
i=1 F
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The Memorization Phenomenon

e Qverparametrized NNs trained with SGD can memorize
even random NOISe [Zhang et al., 2017]

2.5 g , : 4.0 ; T 1.0
»—-u true labels =& |nception 0.0 liad e e ek
2.0} o—e random labels | 33 o0 AlexNet 0.8
g «-= shuffled plnxels & 30l ™= MLP1x512 _ 0.7l
o 1.5k random pixels |- g o gl
o gaussian o 2.5} o
10} -~ +« 0,5
o 101 W 0
@ oA = 4 »—a |nception
! 0.3
0.5 15 P o—~o AlexNet
P o 0.2 Wt MLP 1x512 |
0.0 1.0 " - 0.1 - n ' n
0 5 10 15 20 25 08 082 04 065 068 21b 00 082 04& 06 608 10
thousand steps label corruption label corruption
(a) learning curves (b) convergence slowdown (c) generalization error growth

Figure 1: Fitting random labels and random pixels on CIFAR10. (a) shows the training loss of
various experiment settings decaying with the training steps. (b) shows the relative convergence
time with different label corruption ratio. (c) shows the test error (also the generalization error since
training error is ) under different label corruptions.
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Expressive power of NNs

e o understand memorization phenomenon, it is important
to understand expressive power

 EXpressive power a classic topic in NN theory; universal
approximation theory [Cybenko, ’89, Hornik '91, Leshno 93, ...]

e 1 Weighted output from hidden layer
.

(http://neuralnetworksandadeeplearning.com/chap4.htmi)
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Expressive power of NNs

e o understand memorization phenomenon, it is important
to understand expressive power

 EXpressive power a classic topic in NN theory; universal
approximation theory [Cybenko, ‘89, Hornik '91, Leshno 93, ...]

Majority of results consider function approximation (infinite points),
Not finite samples!

o
-t -~
L

(http://neuralnetworksandaeeplearning.com/chap4.htmi)
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Finite sample expressivity

Defn. We define (universal) finite sample expressivity of a
neural network fy( - ) as the network’s ability to satisfy:
For arbitrary {(x;, y;) € R? X RP}Y  there exists a

parameter @ such that fy(x;) =y, forl <i < N.
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Finite sample expressivity

Defn. We define (universal) finite sample expressivity of a
neural network fy( - ) as the network’s ability to satisfy:

For arbitrary {(x;, y,) € R? X RP}Y  there exists a
parameter @ such that fy(x;) =y, forl <i < N.

That is, the net can memorize an arbitrary
dataset with (input, output) points.
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Memorization capacity

Defn. For p = 1, we define memorization capacity to be

the maximum value of NV for which the network has finite
sample expressivity.

That is, the maximum N, s.t. for any {(x;,y;) € R x R};.i],
’ there exists a parameter @ such that fy(x;) = y..
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Comparison to VC dimension

 Memorization capacity:

The maximum N such that for all { (x;, y;) },\:] there exists a
parameter @ such that fy(x;) = y; (recall ‘p’=1 here)

e VC dimension:

N

The maximum N for which there exists {x;}._,

such that for any
(y: € {£] })‘;.\;], there exists a parameter @ s.t. fo(x;) = y..
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Comparison to VC dimension

 Memorization capacity:

The maximum N such that for all { (x;, ;) }[\:] there exists a
parameter @ such that fy(x;) = y; (recall ‘p’=1 here).

e VC dimension:

N

The maximum N for whichthere exists {x;}._,

such that for any
(€ k] })}\;1’ there exists a parameter @ s.t. fy(x;) = y..

Memorization capacity < VC dimension
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Related work on memorization

Classical works

e focus on memorization
capacity of NNs with
activations such as linear

threshold or sigmoid
[Cover, 1965, Baum, 1988; Huang &
Huang, 1991; Huang & Babri, 1998;
Huang, 2003; etc...]

Suvrit Sra (suvrit@mit.edu) A Tight Analysis of Memorization Capacity of ReLU Networks 7 Illir



Related work on memorization

Classical works

e focus on memorization
capacity of NNs with \
activations such as linear |
threshold or sigmoid

[Cover, 1965; Baum, 1988; Huang & | o )
fi e el * oLl ully-connected NNs

Huang, 2003: etc...] (FNNS) [zhang et al., 2017]

Recent Results

e Residual networks (ResNets)
[Hardt & Ma, 2017]

e Convolutional neural networks
(CNNS) [Nguyen & Hein, 2017]

Suvrit Sra (suvrit@mit.edu) A Tight Analysis of Memorization Capacity of ReLU Networks 7 l'lir



Limitations of previous work

» Recent results impose strong assumptions on
the number of hidden nodes!
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Limitations of previous work

» Recent results impose strong assumptions on
the number of hidden nodes!

» A 1-hidden-layer ReLU network with NV hidden nodes can

memorize any arbitrary dataset with /N points.
[Zhang et al., 2017]
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Limitations of previous work

» Recent results impose strong assumptions on
the number of hidden nodes!

» A 1-hidden-layer ReLU network with NV hidden nodes can

memorize any arbitrary dataset with /N points.
[Zhang et al., 2017]

» Results on ResNets and CNNs require N hidden nodes.
[Hardt & Ma, 2017, Nguyen & Hein, 2017]

Suvrit Sra (suvrit@mit.edu) A Tight Analysis of Memorization Capacity of ReLU Networks 8 Illii-



Limitations of previous work

» Recent results impose strong assumptions on
the number of hidden nodes!

» A 1-hidden-layer ReLU network with NV hidden nodes can

memon, ....... e - --- u..a---..---..-..-mr.--;.--..-,‘

[Zhang ei
. Can we use depth to memorize

> Resulte  With fewer hidden nodes? .
[Hardt & M, '

---------------------------------
PR L N R AL s s R L R R s e T R s R R SR P a

Nn nodes.
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Outline

Tight memorization capacity of FCNNs

number of hidden nodes necessary and sufficient for universal memorization

Behavior of SGD near memorizing global min

Analysis of without replacement SGD near global min
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Finite sample expressivity of FCNNs

Setup
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Finite sample expressivity of FCNNs

Setup

Training data: {(x,y)}Y,, x; € Ry, € R”
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Finite sample expressivity of FCNNs

Setup

Training data: {(x,y,)}Y , x, € R%y, € R?

Assumption: all x;’s are distinctand all y, € [—1,1]
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Finite sample expressivity of FCNNs

Setup

Training data: {(x,y)}Y,, x;€ Ry, € R?

Assumption: all x;’s are distinctand all y, € [—1,1]

FCNN architecture:

a’(x) =x, a'x) =e(Wa"'(x)+b"), le(l,....L-1}, fo(x) =W-a"'(x)+ b~

/N 1

Activation Weight Bias
function matrix vector

Activation o(f) = max{s,t,s_t}, s, > s_ > 0.
(includes RelLU and Leaky Rel.U)
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Finite sample expressivity of FCNNs

For scalar regression:
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Finite sample expressivity of FCNNs

For scalar regression:
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Memorization: sufficiency results
Theorem 1.
- A 2-hidden-layer ReLU network with hidden layer
- dims d,d, > 4Np can memorize arbitrary datasets

with N distinct points. (Recall ‘v’ is output dim.)
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Memorization: sufficiency results
Theorem 1.
- A 2-hidden-layer ReLU network with hidden layer
- dims d,d, > 4Np can memorize arbitrary datasets

with /N distinct points. (Recall ‘o’ is output dim.)

- A 3-hidden-layer ReLLU network with hidden layer
- dimensions d,d, > 4N and d; > 4p can memorize any

- arbitrary classification dataset with NV distinct points
(here ‘p’ is the number of classes)
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Memorization: necessity resulit

Theorem 3.

A 1-hidden-layer ReLU network with d; + 2 < N, or
‘a 2-hidden-layer ReLU network with 2d,d, +d, +2 < N

‘cannot memorize arbitrary datasets (p = 1) with N points.
(I.e., there exist datasets that they fail to memorize)
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Discussion

Depth-width
tradeoff in finite
sample expressivity
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Discussion

Depth-width
tradeoff in finite
sample expressivity | | Necessary and sufficient width for

memorizing (p = 1): 1-hidden-layer

®(N) vs 2-hidden-layers @(\/N)
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Discussion

Depth-width
tradeoff in finite
sample expressivity | | Necessary and sufficient width for

memorizing (p = 1): 1-hidden-layer

®(N) vs 2-hidden-layers @(\/N)

For p-class classification, ©(,/Np)

requirement of 2-hidden-layer improves
to ®(/N + p) by adding another layer
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Discussion

Depth-width
tradeoff in finite
sample expressivity | | Necessary and sufficient width for

memorizing (p = 1): 1-hidden-layer

®(N) vs 2-hidden-layers @(\/N)

For p-class classification, ©(y/Np)

requirement of 2-hidden-layer improves
to ®(/N + p) by adding another layer

“‘-~.- \

% ImageNet N ~ 10°, p = 10° memorizable with 2k-2k-4k FCNN.

w Surprisingly small network size is required to memorize &
achieve zero training loss at global minimum.

Suvrit Sra (suvrit@mit.edu) A Tight Analysis of Memorization Capacity of ReLU Networks 14 Illii- .



Proof ideas: setup

o Training data: {(x,,y)}Y.,, x, €RY y €R

< |

 Assumption: all x;’s are distinctand all y; € [—1,1].

o Clipping region: R\[—1,1]
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Key ideas of proof
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Key ideas of the proof

. ) = hard-tanh, oy(t) = {1 fe[—1.1] =,
i = ‘
—
N/
’/ ‘\\
g
\_____/‘ = : .
{ y
‘\H/J ‘\.)_‘_./i
r'/ ; 7 "
n._\)_'__/ \\)_(, -
’/ ™~ P 3
1) (1
N S .
\o
V\ 1 /\“

Suvrit Sra (suvrit@mit.edu) A Tight Analysis of Memorization Capacity of ReLU Networks 1 Illii-



Key ideas of the proof
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Key ideas of the proof
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) = hard-tanh, oy(f) = 4
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Key ideas of the proof

") = hard-tanh, 6,(f) = 4
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Key ideas of the proof

7

) = hard-tanh, oy(t) = <

._\- J

llIXl < 117.\'3 < 1.-17.\'3 < l.l[.l'4
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Key ideas of the proof
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Key ideas of the proof
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Key ideas of the proof
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Key ideas of the proof
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Key ideas of the proof
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Key ideas of the proof
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Key ideas of the proof
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Key ideas of the proof

N (-1 t< -1 T
::: ;ﬁl = hard-tanh, oy(f) = 4t 1€ [—1,1] e
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Key ideas of the proof
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Extension to deeper networks

 Extension to deeper networks possible:
if there are (2(Np) parameters between hidden layers, the
network can memorize NN points.

[H])Hl ,] /]"f‘] /2 /'_‘3*{*1 /;; /.;-'*] ()nlpm

' - - Aalt kol s . ol ol Yol 0
O-GO-O-O-GO-O-0,
3 \

3 Fit o> »3 Fit

([,; : ‘\.I N _ : \.
: ; points :\ 4 T

4 .. \ 5 . . » : ‘ : ( ]H
\ . s |4 i \ . ", > \ . .
S A v [ ANA « P P ®,

(schematic above shows only nonzero weights; it’s still an FCNN)
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Lower and upper bounds

o If p =1, ®(N) parameters suffice to memorize N points
—> lower bound (W) on memorization capacity

e Upper bound on VC-dim O(WL1log W) [Bartlett et al., 2019
gives almost-tight upper bound on memorization capacity
(assuming L is a constant).
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Finite sample expressivity of ResNets

o Assumption: data points x;'s are in general position, i.e., no
d + 1 data points lie on the same affine hyperplane.

 Assumption: y. € {0,]}” is a one-hot encoding.

X

 Residual network (ResNet) S

F(x)

weight layer

identity

h(x) = x, Fx) +
h'(x) = k=) + Vie(U'h" ') + b)Y + ¢!, 1e{1,...,L—1)

go(x) = VEs(ULRE 1 (x) + bL) + cf

 d;is the number of hidden nodes in [/-th residual layer
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Sufflmency result for ResNets

Theorem 4,

ResNets with hidden layer dims 2(/, > _1 +4pand d; > 2p

Can memorize arbitrary N point Classn‘lcatlon datasets.

e Under a different assumption, we improve the

. 4."\/‘
requirement NV + p of [Hardt & Ma, 2017] to — + 6p.

d

e For CIFAR-10 (N = 50k, d = 3,072, p = 10):
50,010 nodes vs 126 nodes
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SGD near memorizers

e We want to solve the empirical risk minimization problem:

i | v .

minimize, R(O) := N Z} £ (fo(x:);y:)

e Assumption. The loss £(z; y) is strictly convex and three
times differentiable in z. For any y, there exists a global

minimizer z of £(z; y).

e Defn. A point 6* is a memorizing global minimum of R (@) if
V.C(fg«(x;);y;) =0foralll <i <N.

Suvrit Sra (suvrit@mit.edu) A Tight Analysis of Memorization Capacity of ReLU Networks 22 Illir



SGD near memorizers

 We analyze without-replacement SGD; mini-batch size B.

o At every E = N/B steps, dataset reshuffled and
partitioned into B*%), BWE+D pE+E=])

e SGD update

A+ L @ _% Z Vol (fou(X,); ;)

ieBW
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SGD near memorizers
Theorem 5 (informal).

If the initialization 'Y satisfies || — 0*|| < p for some

‘memorizing global minimum 6* and small constant p, initialization
satisfies R(OV)) — R@*) < C||0 — 6*||°.

If we run SGD with small enough 7, it finds a point @ that satisfies

R(@O) — ROF) < )10V — 6*||*, and
10 — 64| < 2[l0© — 6.
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SGD near memorizers

4+ Theorem restricted to initialization very close to
memorizing global minima

+ However, holds without any width/depth requirement on
the network or distributional assumption on data—

the only requirement: 8* memorizes the data.

+ Completely deterministic, independent of the partition of
dataset taken by SGD

+ The behavior of SGD after finding @ is not well understood

Theorem 5 (informal).

n¢ satisfies ||/ {7 < p for some memorizing alobal minimum &* and small co "© 0,

R(O) —RE*) < || —OF|7, and |0 — F|| < 2{|§8" — 6F|
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